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We  d e v el o p  a  s elf- c o nsist e nt  v ari a nt  of t h e  c o nstr ai n e d  p at h  q u a nt u m   M o nt e   C arl o  a p pr o a c h   w hi c h  e ns ur es

its i n d e p e n d e n c e  of t h e tri al   w a v e f u n cti o n,  a n d  a p pl y t h e   m et h o d t o  c o m p ut e  gr o u n d-st at e  c orr el ati o ns i n t h e

t w o- di m e nsi o n al  S U( 3)  F er mi- H u b b ar d   H a milt o ni a n  at 1
3

filli n g,   m o d eli n g  f er mi o ns   wit h t hr e e  p ossi bl e  s pi n

fl a v ors   m o vi n g  o n  a  s q u ar e  l atti c e   wit h  a n  a v er a g e  of  o n e  p arti cl e  p er  sit e.   We  pr o vi d e  cl e ar  e vi d e n c e  of  a

q u a nt u m criti c al p oi nt s e p ar ati n g a n o n m a g n eti c u nif or m   m et alli c p h as e fr o m a r e gi m e   w h er e l o n g-r a n g e “s pi n ”

or d er is  pr es e nt.   T his  dis c o v er y  of   m ulti pl e  s u c c essi v e tr a nsiti o ns t o   m a g n eti c  st at es   wit h  r e g ul ar, l o n g-r a n g e

alt er n ati o n  of t h e  diff er e nt  fl a v ors,   w h os e s y m m etr y  c h a n g es  as t h e i nt er a cti o n str e n gt h i n cr e as es, si g ni fi c a ntl y

e xt e n ds  pr e vi o us   w or k i n t h e   H eis e n b er g li mit t o iti n er a nt f er mi o ns. I n a d diti o n t o t h e ri c h q u a nt u m   m a g n etis m,

t his i m p ort a nt p h ysi c al s yst e m all o ws o n e t o st u d y i nt e g er  filli n g a n d t h e ass o ci at e d   M ott tr a nsiti o n dis e nt a n gl e d

fr o m n esti n g, i n c o ntr ast t o t h e us u al S U( 2)   m o d el,   w hil e pr es er vi n g t h e s q u ar e-l atti c e g e o m etr y.   O ur r es ults als o

pr o vi d e a si g ni fi c a nt st e p t o w ar ds t h e i nt er pr et ati o n of pr es e nt a n d f ut ur e e x p eri m e nts o n f er mi o ni c al k ali n e- e art h

at o ms, a n d ot h er r e ali z ati o ns of  S U( N ) p h ysi cs.
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I.  I N T R O D U C TI O N

T h e  F er mi- H u b b ar d   m o d el ( F H M) [ 1 ,2 ] is  a  p ar a di g m ati c
d es cri pti o n  of str o n gl y c orr el at e d   m at eri als [ 3 ,4 ]. I n its  ori gi-
n al  si n gl e- b a n d,  S U( 2)-s y m m etri c  f or m, it  e x hi bits  a   w e alt h
of  p h ysi cs  i n cl u di n g  a   m et al-t o-i ns ul at or  tr a nsiti o n  at  h alf-
filli n g  [ 5 ],  as   w ell  as  f err o m a g n eti c  a n d  a ntif err o m a g n eti c
or d ers  a cr oss its i nt er a cti o n- filli n g  p h as e  di a gr a m  [ 6 – 9 ].   O n
a  s q u ar e  l atti c e,  u p o n  d o pi n g  a w a y  fr o m  h alf- filli n g,  it  als o
m a nif ests   m or e s u btl e p h ysi cs i n cl u di n g str a n g e   m et alli cit y, a
ps e u d o g a p, s pi n- c h ar g e “stri p e ” d o m ai ns, a n d d - w a v e p airi n g,
p h e n o m e n a c e ntr al t o t h e c u pr at e s u p er c o n d u ct ors [ 1 0 – 1 2 ].

H o w e v er, i n t his g e o m etr y a n d at h alf- filli n g t h e pr o p erti es
of t h e  S U( 2)   H u b b ar d   H a milt o ni a n ar e d et er mi n e d si m ult a n e-
o usl y  b y t h e s p e ci al f e at ur es  of t h e  n o ni nt er a cti n g  dis p ersi o n,
p erf e ct  n esti n g  at k = (π , π ),  a n d  b y t h e  o nsit e r e p ulsi o n U .
T his  l e a ds  t o  t h e  a n o m al o us  f e at ur e  t h at  t h e  criti c al  i nt er-
a cti o n  str e n gt h  f or  t h e   m et al-i ns ul at or  tr a nsiti o n  is U c = 0,
a n d a  bl urri n g  of “ Sl at er ” i ns ul ati n g  b e h a vi or ass o ci at e d   wit h
t h e  o p e ni n g  of  a n  a ntif err o m a g n eti c  g a p  at  (π , π ),  a n d  t h e
M ott  i ns ul at or   w hi c h  d o es  n ot  r el y  o n  l o n g-r a n g e   m a g n eti c
s y m m etr y  br e a ki n g  b ut  o nl y  o n t h e  hi g h- e n er g y c ost f or l o c al

P u blis h e d  b y t h e   A m eri c a n   P h ysi c al  S o ci et y  u n d er t h e t er ms  of t h e
Cr e ati v e   C o m m o ns   Attri b uti o n  4. 0  I nt er n ati o n al li c e ns e.   F urt h er
distri b uti o n  of t his   w or k   m ust   m ai nt ai n  attri b uti o n t o t h e  a ut h or(s)
a n d t h e p u blis h e d arti cl e’s titl e, j o ur n al cit ati o n, a n d   D OI.

d o u bl e  o c c u p a n c y.   W hil e  s u c h  a  s e p ar ati o n  is  als o  p ossi bl e
b y i n v o ki n g  a tri a n g ul ar  or  k a g o m e  g e o m etr y,  o ur   w or k  d o es
s o   w hil e  pr es er vi n g t h e  bi p artit e s q u ar e l atti c e   w h os e st u d y is
c e ntr al t o   m a n y e x p eri m e nts.

T h e  S U( N )   H u b b ar d   m o d el,   w hi c h  f e at ur es  l ar g er  s pi ns
a n d  a n  e n h a n c e d  s y m m etr y,  h as  b e e n  i nt e nsi v el y  st u di e d
[1 3 – 2 3 ],  i n  p art  b e c a us e  q u a nt u m  fl u ct u ati o ns  ar e  e x p e ct e d
t o  gi v e  ris e  t o  a   m or e  c o m pl e x  s et  of  l o w-t e m p er at ur e  s pi n
str u ct ur es.   A  ri c h  p h e n o m e n ol o g y  h as  b e e n  pr e di ct e d  i n
t h e  gr o u n d  st at e  i n  t h e   H eis e n b er g  li mit  (U t at n =
1)  [ 2 4 – 3 3 ],  i n cl u di n g  a n  a ntif err o m a g n eti c  ( A F M)  gr o u n d
st at e   wit h  a  t hr e e-s u bl atti c e  p att er n  at  t h e   w a v e  v e ct or k =
(± 2 π / 3 , ± 2 π / 3) [ 2 5 ,3 2 ].   T h e  p h ysi cs  a w a y  fr o m t his li mit
h as  b e e n l ess  e x pl or e d,   wit h  e xisti n g  r es ults l ar g el y  f o c us e d
o n f airl y hi g h-t e m p er at ur e pr o p erti es, e m pl o yi n g   m et h o ds t h at
ar e  u n c o ntr oll e d  at l o w t e m p er at ur e [ 1 3 ,1 5 ,1 6 ,3 4 – 3 9 ],  or r e-
stri ct e d t o  o n e  di m e nsi o n [ 4 0 – 4 3 ],  or  o n  diff er e nt  g e o m etri es
[4 4 ],  or  h alf- filli n g f or  e v e n N [4 5 – 4 9 ] ( w hi c h is  c h all e n gi n g
t o  r e a c h  d u e t o  p arti cl e l oss es i n  e x p eri m e nts   wit h  ultr a c ol d
at o ms i n o pti c al l atti c es).

Dri v e n  b y i nt er est i n  c u pr at e s u p er c o n d u cti vit y,  a u xili ar y-
fi el d  q u a nt u m   M o nt e   C arl o  ( A F Q M C)  a p pr o a c h es  i niti all y
f o c us e d  o n  si n gl e- or bit al,  s q u ar e-l atti c e  g e o m etri es   wit h t w o
s pi n  s p e ci es.   H o w e v er,  as  n e w   m at eri als  a n d  p h as es  c a m e t o
t h e f or efr o nt,   A F Q M C  pl a y e d a  k e y r ol e i n t h eir st u d y,   Dir a c
f er mi o ns a n d s e mi m et al  p h as es  o n a  h o n e y c o m b l atti c e  b ei n g
o n e  pr o mi n e nt  e x a m pl e  [ 5 0 ,5 1 ].   T h e  r a pi d  d e v el o p m e nt  of
e x p eri m e nts   wit h  ultr a c ol d  al k ali n e- e art h-li k e  at o ms ( A E As)
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t h at  e x hi bit  a  n at ur al  S U(N )-s y m m etri c  i nt er a cti o n  [5 2 – 6 2 ]
pr o vi d es a c o n cr et e a n d e x citi n g s etti n g t o e x pl or e t h e i ntri g u-
i n g  p h as es  n ot e d  a b o v e,  a n d  off ers  a  si mil ar  o p p ort u nit y  f or
A F Q M C t o  pl a y a   m aj or r ol e i n a n e m er gi n g ar e a  of str o n gl y
c orr el at e d  q u a nt u m   m att er.   O n g oi n g  e x p eri m e nts  ai mi n g  t o
p air  q u a nt u m  g as   mi cr os c o p es  [ 6 3 – 6 6 ]   wit h   A E As  ar e  e x-
p e ct e d  t o  s o o n  e n a bl e  r e al-s p a c e  i m a gi n g  of  c orr el ati o ns,
w hi c h  d e m a n ds  a  d e e p er  u n d erst a n di n g  of  t h e  or d er  i n  t h e
S U( N )   H u b b ar d   m o d el.

It  is  a   m aj or  c h all e n g e  t o  o bt ai n  r eli a bl e  a ns w ers  t o  t h e
q u esti o n   w e a d dr ess h er e, n a m el y, t h e gr o u n d-st at e pr o p erti es
of t h e S U( 3) F H M o n a t w o- di m e nsi o n al ( 2 D) s q u ar e l atti c e at
1
3

filli n g.   A  hi g h- a c c ur a c y tr e at m e nt is r e q uir e d i n  a str o n gl y
c orr el at e d s yst e m, as   w ell as l ar g e s u p er c ell si z es t o e xtr a ct t h e
t h er m o d y n a mi c li mit.   U nli k e its  S U( 2) c o u nt er p art, a f er mi o n
si g n pr o bl e m [ 6 7 ] is pr es e nt i n t h e  S U( 3)   m o d el at n = 1. I n
t his  p a p er   w e  us e  a n i m pl e m e nt ati o n  of t h e  c o nstr ai n e d  p at h
( C P) a u xili ar y- fi el d q u a nt u m   M o nt e   C arl o ( A F Q M C)   m et h o d-
ol o g y  [ 6 8 ]   w hi c h  it er ati v el y  r e fi n es  t h e  c o nstr ai ni n g  Sl at er
d et er mi n a nt  [ 6 9 ]  t o  s ol v e  t his  i m p ort a nt  pr o bl e m  of  str o n g
c urr e nt  e x p eri m e nt al i nt er est.   T his  all o ws  us t o  q u a ntif y t h e
l o c ati o n  of t h e   Q C P  a n d  d et er mi n e  a  p h as e  di a gr a m.   A b o v e
a  criti c al  i nt er a cti o n  str e n gt h U c w hi c h  is  r o u g hl y  h alf  t h e
b a n d wi dt h, t h e s yst e m d e v el o ps   A F M or d er.   We als o dis c o v er
t w o  pr e vi o usl y  u n k n o w n i nt er m e di at e  or d ers ( w hi c h   w e l a b el
3- 2  a n d  3- 4   A F M)  al o n g t h e r o ut e t o t h e l ar g e- U H eis e n b er g
li mit.

II.   H A MI L T O NI A N   A N D   M E T H O D O L O G Y

T h e  S U( 3)  F H M is d e fi n e d  b y t h e   H a milt o ni a n

H = − t
i, j , σ

(c †
iσ c jσ + H .c .) +

U

2
i, σ = τ

n iσ n iτ , ( 1)

w h er e c †
iσ (c iσ )  is  t h e  cr e ati o n  ( a n ni hil ati o n)  o p er at or  f or  a

f er mi o n   wit h s pi n  fl a v or σ = A , B , C o n sit e i o n a  2 D s q u ar e
l atti c e. N s = L x × L y d e n ot es t h e n u m b er of l atti c e sit es, n iσ =

c †
iσ c iσ i s  t h e  n u m b er  o p er at or  f or  fl a v or σ o n  sit e i, i, j

d e n ot es  n e ar est- n ei g h b or  p airs, t is  t h e  h o p pi n g  a m plit u d e
w hi c h   will  s er v e  as t h e  e n er g y  u nit,  a n d U is t h e i nt er a cti o n
str e n gt h.   We  st u d y  t h e  gr o u n d  st at e  of  t h e   H a milt o ni a n  i n
E q. ( 1 ) as a f u n cti o n of U i n t h e s pi n- b al a n c e d c as e at 1

3
filli n g

( w h er e t h er e is a n a v er a g e of o n e f er mi o n p er l atti c e sit e), t h at
is, i n t h e s e ct or  of   Hil b ert s p a c e   wit h N A = N B = N C = N s / 3.
T o c h ar a ct eri z e t h e gr o u n d-st at e pr o p erti es,   w e   m e as ur e e n er-
gi es, c orr el ati o n f u n cti o ns, a n d str u ct ur e f a ct ors. F or e x a m pl e,
t h e  s pi n-r es ol v e d  t w o- b o d y  c orr el ati o n  f u n cti o ns n σ

i n τ
j ≡

φ 0 | n σ
i n τ

j |φ 0 .   T his  is  c o m pl e m e nt e d  b y  t h e  c orr es p o n d-
i n g   m o m e nt u m-s p a c e   m e as ur es, f or  e x a m pl e, t h e  e q u al ti m e,
e q u al s p e ci es, d e nsit y str u ct ur e f a ct or S (k ) = 1

3 σ S σ σ (k ) =
1

3 N s i, j, σ (n σ
i − n σ

i )(n σ
j − n σ

j ) e i k(r i− r j ),   w h er e r i a n d r j

ar e t h e c o or di n at es  of sit es i a n d j.
We  p erf or m  u nr estri ct e d   H artr e e- F o c k ( U H F) c al c ul ati o ns

as  pr eli mi n ar y  e x pl or ati o ns  t o  s u g g est  c a n di d at e  p h as es  of
m att er, a n d t o  g e n er at e tri al   w a v e f u n cti o ns f or   A F Q M C (s e e
b el o w).  I n  t h e   U H F  tr e at m e nt   w e  a p pr o xi m at e  t h e   H a mil-
t o ni a n  as H H F = σ H σ

H F ,   w h er e H σ
H F = − t i, j (c †

iσ c jσ +

H. c .) + U eff i, τ = σ ( n iτ n iσ − 1
2

n iτ n iσ ),  a n d  d et er mi n e
t h e   m e a n  fi el ds n iσ s elf- c o nsist e ntl y  fr o m  v al u es

FI G.  1.  P h as e  di a gr a m  of  t h e 1
3
- filli n g  S U( 3)  F er mi- H u b b ar d

M o d el. [( a) –( d)]  S c h e m ati c  d e nsit y  c orr el ati o ns f or  o n e  of t h e t hr e e
s pi n  s p e ci es  i n  diff er e nt  p h as es  o n  a N = 1 2 × 1 2  s q u ar e  l atti c e.
( a)   At  s m all U < U c 1 ,  t h e  s yst e m  r esi d es  i n  a  p ar a m a g n eti c  ( P M)
p h as e,  as  i n di c at e d  b y  t h e  u nif or m  gr a y  c ol or   m a p.  ( b)  F or U c 1 <
U < U c 2 a  n o n u nif or m  p att er n  e m er g es   w hi c h  h as  p eri o d  3 i n  o n e
dir e cti o n  a n d  2 i n t h e  ot h er,   w hi c h   w e  d e n ot e  b y  “ 3- 2   A F M ”  p h as e.
( c) U c 2 < U < U c 3 i s si mil arl y d e n ot e d as “ 3- 4   A F M ” a n d ( d) fi n all y,
f or U > U c 3 , t h e  or d er is  a  “ 3- 3   A F M.” ( e)   H artr e e- F o c k  p h as e  di a-
gr a m:   T h e q u a nt u m p h as e tr a nsiti o n p oi nts ar e U M F

c 1 ≈ 3 .2 5, U M F
c 2 ≈

4 .7 5, a n d U M F
c 3 ≈ 5 .6 5. (f)   A F Q M C p h as e di a gr a m: U c 1 ≈ 5 .5, U c 2 ≈

7 .7,  a n d U c 3 ≈ 8 .3.   T h e  q u esti o n   m ar k i n di c at es t h at,  alt h o u g h  3- 3
h as  a  sli g htl y l o w er  e n er g y, it  c a n n ot  b e  cl e arl y  disti n g uis h e d fr o m
3- 4 i n o ur c al c ul ati o ns.

i niti ali z e d  r a n d o ml y  or  c o nstr u ct e d  fr o m  s e v er al  p ossi bl e
or d er e d  p att er ns  pr o p os e d  f or  t h e 1

3
- filli n g  S U( 3)  F H M

[1 5 ,1 6 ].   O ur   m et h o d  r e pr o d u c es  t h e  S U( 2)   U H F  p h as e
di a gr a m  [ 6 ,7 0 ].  I n H σ

H F a b o v e   w e  h a v e  all o w e d  a n  eff e cti v e
i nt er a cti o n  str e n gt h U eff ,   w hi c h  d o es  n ot  h a v e  t o  e q u al  t h e
“ p h ysi c al ” U .   T his  t ur ns  o ut  t o  b e  i m p ort a nt  i n  v erif yi n g
t h e  i n d e p e n d e n c e  of  fi n al  r es ults  o n  t h e  tri al   w a v e  f u n cti o n
( H artr e e- F o c k  s ol uti o n)   wit h  diff er e nt U eff ( s e e   A p p e n di x).
As  dis c uss e d i n   m or e  d et ail l at er, t h e f o ur  p h as es  d e pi ct e d i n
Fi g. 1 e m er g e as   m e a n- fi el d  gr o u n d st at es f or  diff er e nt  v al u es
of t h e i nt er a cti o n  str e n gt h;  h o w e v er,  esti m at es  of t h e  criti c al
v al u es  of U c o ul d diff er si g ni fi c a ntl y fr o m t h e e x a ct r es ult.

I n  or d er  t o  c o m p ut e  t h e  gr o u n d-st at e  pr o p erti es  b e y o n d
t h e   m e a n- fi el d l e v el,   w e  us e t h e  st at e- of-t h e- art   C P- A F Q M C
m et h o d  [ 6 8 ,7 1 ].   A F Q M C  is  a  pr oj e cti o n  q u a nt u m   M o nt e
C arl o  a p pr o a c h,  b as e d  o n  t h e  f a ct  t h at  t h e  gr o u n d  st at e  c a n
b e  o bt ai n e d  b y  a cti n g  a n  i m a gi n ar y-ti m e- e v ol uti o n  o p er at or
o n a tri al   w a v e f u n cti o n, |φ 0 ∝ li mτ → ∞ e − τ H |φ T , as l o n g as
t h e tri al   w a v e  f u n cti o n is  n o n ort h o g o n al t o t h e  gr o u n d  st at e
φ T |φ 0 = 0.   Wit hi n   A F Q M C,  a  c o m bi n ati o n  of  t h e   Tr ott er

d e c o m p ositi o n  a n d t h e   H u b b ar d- Str at o n o vi c h tr a nsf or m ati o n
m a ps t h e i m a gi n ar y-ti m e e v ol uti o n o nt o a r a n d o m   w al k i n t h e
m a nif ol d  of  Sl at er  d et er mi n a nts,  a n d  gr o u n d-st at e  pr o p erti es
ar e  a v er a g es  o v er  t his  r a n d o m   w al k.   O bs er v a bl es  ar e   m e a-
s ur e d  b y  b a c k- pr o p a g ati o n [ 6 8 ,7 2 ] i n t h e  o p e n- e n d e d r a n d o m
w al k a p pr o a c h  of   C P- A F Q M C.

A F Q M C  yi el ds  e x a ct  gr o u n d-st at e  c orr el ati o ns i n  s p e ci al
sit u ati o ns,  li k e  t h e  S U( 2 N )   H u b b ar d   m o d el  at  h alf- filli n g
[3 6 ,4 1 ,4 6 ],  a n d  el e ctr o n- p h o n o n   H a milt o ni a ns  i n cl u di n g
t h e   H olst ei n  [7 3 – 7 8 ]  a n d  t h e  S u- S c hri eff er- H e e g er   m o d els
[7 9 – 8 3 ]. I n t h e S U( 3)   m o d el, t h e i nf a m o us f er mi o n si g n pr o b-
l e m [6 7 ,8 4 – 8 6 ] n e c essit at es a c o nstr ai n e d p at h a p pr o xi m ati o n
w hi c h i m p os es  a  si g n  or  g a u g e  c o n diti o n  o n t h e  s a m pli n g i n
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a u xili ar y- fi el d s p a c e [ 6 8 ,8 7 ] r el yi n g  o n  a tri al   w a v e f u n cti o n.
I n t his   w or k   w e l e v er a g e t h e r e c e nt   m et h o d ol o gi c al  a d v a n c es
[6 9 ] t o i m pl e m e nt s elf- c o nsist e n c y l o o ps   w hi c h   mi ni mi z e t h e
bi as es r el at e d t o t h e tri al   w a v e f u n cti o n.   T h e  v er y  pr o misi n g
s u c c ess  of  s u c h  t e c h ni q u es  i n  t h e  S U( 2)   m o d el,  i n  b ot h  t h e
r e p ulsi v e  [8 8 – 9 1 ]  a n d  attr a cti v e  r e gi m es  [9 2 ],  t o g et h er   wit h
s e v er al  cr oss- c h e c ks   w e  di d i n t his   w or k  ( A p p e n di x,  Fi g. 5 ,
a n d  a n al ysis  b el o w),  d e m o nstr at es  t h e  hi g h  a c c ur a c y  of  t h e
m et h o d.

III.   R E S U L T S

O ur   m ai n  r es ults  ar e  s u m m ari z e d i n  Fi g. 1 ,  as  a  gr o u n d-
st at e  p h as e  di a gr a m  of  t h e 1

3
- filli n g  ( n = 1)  S U( 3)  F H M.

Fi g ur es 1( a) – 1( d) ill ustr at e t h e p att er ns i n t h e   m a g n eti c c orr e-
l ati o ns i n e a c h  of t h e  p h as es.   Bl a c k a n d   w hit e r e pr es e nt  hi g h-
a n d l o w- d e nsit y  c orr el ati o ns f or  a  si n gl e  fl a v or, r es p e cti v el y.
T h e   m a n y- b o d y p h as e di a gr a m is gi v e n i n Fi g. 1(f) . [ T h e   U H F
r es ult  is  s h o w n  i n  Fi g. 1( e) f or  r ef er e n c e  a n d  c o m p aris o n.]
At  s m all U ,  t h e  s yst e m  is  i n  a  p ar a m a g n eti c  ( P M)  ( m et al)
p h as e,   w hil e  at l ar g e U ,   m ulti pl e  o c c u p a n ci es  ar e s u p pr ess e d
a n d  s u p er e x c h a n g e  c a us es  a dj a c e nt  sit es  t o  f a v or  diff er e nt
s pi n  s p e ci es,  a n d  t h er ef or e  g e n er at es  a n  a ntif err o m a g n eti c
( A F M)  p att er n. I n c o ntr ast t o t h e  S U( 2) c as e   w h er e t h e   A F M
c orr el ati o n  d et er mi n es  a  u ni q u e  ( u p  t o  tr a nsl ati o ns)  s p ati al
p att er n,   m a n y  p att er ns  ar e  p ossi bl e f or  S U( 3).   We  fi n d   m ulti-
pl e or d eri n g v e ct ors o c c ur, r e pr es e nti n g disti n ct gr o u n d st at es
f or  diff er e nt U v al u es.  Fi g ur e 1( b) h as  a  p eri o d  of  3 i n  o n e
dir e cti o n  a n d  2 i n t h e  ot h er  dir e cti o n, t h us it is  d e n ot e d  as  a
3- 2   A F M.  Si mil arl y,  p att er ns 1( c) a n d 1( d) ar e  d e n ot e d  3- 4
a n d  3- 3   A F M, r es p e cti v el y.

Wit hi n t h e   H artr e e- F o c k tr e at m e nt,   w e  h a v e U M F
c 1 ∼ 3 .2 5

b el o w   w hi c h t h e  s yst e m is i n t h e  p ar a m a g n eti c  p h as e.   W h e n
3 .2 5 U 4 .7 5, t h e  3- 2   A F M  h as  a l o w er  e n er g y   wit h r e-
s p e ct t o t h e ot h er t w o st at es,   w hil e t h e 3- 4   A F M is t h e gr o u n d
st at e f or t h e i nt er m e di at e r e gi o n  4 .7 5 U 5 .6 5.   H o w e v er,
t h e  e n er g y  g a p t o  ot h er  or d ers i n t his i nt er m e di at e r e gi m e is
r el ati v el y s m all.   T h e  3- 3   A F M is t h e   m e a n- fi el d  gr o u n d st at e
f or  t h e  l ar g e-U r e gi o n U 5 .6 5.   T h e  c orr es p o n di n g  p h as e
di a gr a m  fr o m   A F Q M C  is  s h o w n  i n  Fi g. 1(f) .   As  e x p e ct e d,
t h e   m et al-i ns ul at or  p h as e tr a nsiti o n  h a p p e ns at a l ar g er U c 1 ∼
5 .5 > U M F

c 1 ∼ 3 .2 5  t h a n  i n   U H F,  r e fl e cti n g  t h e  f a ct  t h at  t h e
l att er  o v er esti m at es t h e  or d eri n g t e n d e n c y  d u e t o its  a bs e n c e
of  fl u ct u ati o ns.   As i n   U H F,   A F Q M C  als o  gi v es t h e  3- 3   A F M
as t h e gr o u n d st at e at l ar g e U , c o nsist e nt   wit h t h e gr o u n d st at e
f o u n d i n pri or   w or k i n t h e   H eis e n b er g li mit [2 5 ].   H o w e v er, t h e
e n er g y  of t his st at e,  o bt ai n e d fr o m   A F Q M C, is  n e arl y  d e g e n-
er at e   wit h t h e  3- 4  p att er n f or t h e l ar g er- U v al u es i n v esti g at e d
h er e.

T h e  t hr e e   A F M  p h as es  c a n  b e  c h ar a ct eri z e d  b y  s pi n-
r es ol v e d  t w o- b o d y  c orr el ati o ns n σ

i n τ
j .   T h e  c orr el ati o ns  ar e

dis pl a y e d  i n  Fi g. 2 al o n g  t h e  r e al-s p a c e  p at h r i − r j =
( 0, 0) → ( 6, 0) → ( 6, 6) i n a 1 2 × 1 2  s q u ar e  l atti c e.  Fi g-
ur es 2( a) , 2( c) ,  a n d 2( e) ar e f or U = 7 , 8 , 9,  a n d  c orr es p o n d
t o t h e  3- 2,  3- 4,  a n d  3- 3   A F M  p h as es, r es p e cti v el y.   Diff er e nt
s pi n- fl a v or c orr el ati o ns ar e d e pi ct e d b y diff er e nt c ol ors.   Al o n g
t h e x dir e cti o n,  as  s e e n  fr o m  s e p ar ati o ns  ( 0, 0)  t o  ( 6, 0),  t h e
c orr el ati o ns i n  all t hr e e   A F M  p h as es  alt er n at e  “ A B C A B C...”
( p eri o d  3),   w hil e i n t h e y dir e cti o ns,  3- 2,  3- 4,  a n d  3- 3   A F M
h a v e  p eri o ds  2,  4,  3, r es p e cti v el y.   T h e  si n gl e- fl a v or  str u ct ur e

FI G.  2.  ( a),  ( c),  ( e)  S pi n-r es ol v e d t w o- b o d y  c orr el ati o ns n σ
i n τ

j

a s  a f u n cti o n  of r i − r j, t h e  v e ct or  c o n n e cti n g sit e i a n d j, at U = 7
( 3- 2   A F M), U = 8 ( 3- 4 A F M), U = 9 ( 3- 3   A F M) gi v e n b y   A F Q M C
o n a 1 2 × 1 2 l atti c e.   Diff er e nt c ol ors r e pr es e nt diff er e nt s pi n s p e ci es
{σ , τ } = A A ; A B ; A C .  ( b),  ( d),  (f)   T h e  si n gl e- fl a v or  str u ct ur e  f a ct or
S σ σ (k )  as  a f u n cti o n  of   m o m e nt a k = (k x , k y ) f or t h e s yst e ms i n ( a),
( c), a n d ( e), r es p e cti v el y.

f a ct or S σ σ (k ),   w hi c h is a  F o uri er tr a nsf or m of t h e c orr es p o n d-
i n g r e al-s p a c e t w o- b o d y  c orr el ati o ns, is  pl ott e d  as  a f u n cti o n
of k i n  Fi gs. 2( b) , 2( d) ,  a n d 2(f) .   T h e  3- 2,  3- 4,  a n d  3- 3   A F M
p h as es  h a v e  p e a ks  at  disti n ct k p oi nts,  a p pr o pri at e  t o  t h e
p eri o di cit y of t h e r e al-s p a c e p att er ns of  Fi gs. 1( b) – 1( d) .

T o  f urt h er  c h ar a ct eri z e  t h e  p h as e  i n  diff er e nt U r e gi o ns,
t h e gr o u n d-st at e str u ct ur e f a ct or at t h e t hr e e c h ar a ct eristi c   m o-
m e nt a k = ( 2π / 3 , π /2) , ( 2π / 3 , π ), ( 2π / 3 , 4 π / 3) ar e s h o w n
i n  Fi g. 3 as  f u n cti o ns  of U .   T h e  v erti c al  li n es  s e p ar at e  t h e

FI G.  3.   T h e  str u ct ur e  f a ct or S (k )  at  c h ar a ct eristi c k = (k x , k y )
v al u es  of  ( 2 π / 3 , π /2) , ( 2π / 3 , π ), ( 2π / 3 , 4 π / 3)  as  a  f u n cti o n  of
U o n  a  1 2 × 1 2  l atti c e.   T h e   A F Q M C  c al c ul ati o ns  ar e  st art e d   wit h
s e v er al diff er e nt p ossi bl e tri al gr o u n d st at es f or e a c h U .   T h e o n e   wit h
t h e l o w est e n er g y aft er c o n v er g e n c e of t h e s elf- c o nsist e nt it er ati o n is
s h o w n h er e.
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( a) ( b)

FI G.  4.   D et er mi ni n g t h e tr a nsiti o n p oi nts b et w e e n p h as es. ( a)  T h e 3- 2   A F M str u ct ur e f a ct or vs U is s h o w n f or t hr e e l atti c e si z es. S ( 2π / 3 , π )
is s m all  a n d  n e arl y i n d e p e n d e nt  of t h e s yst e m si z e i n t h e   m et alli c  p h as e  b ut  gr o ws  pr o p orti o n all y t o s yst e m si z e i n t h e  3- 2   A F M  p h as e.   T h e
b o u n d ar y b et w e e n t h e t w o r e gi m es gi v es t h e   m et al-i ns ul at or p h as e tr a nsiti o n p oi nt U c 1 .   T h e i ns et s h o ws S (π , π ) f or 1

2
filli n g,   w hi c h e x hi bits a

criti c al  p oi nt  at U = 0, i n  c o ntr ast   wit h t h e  fi nit e U c 1 at 1
3

filli n g. ( b)   E n er g y  diff er e n c es   wit h r es p e ct t o t h e  3- 4   A F M  p h as e.   R e d,  gr e e n,  a n d
bl u e c ur v es r e pr es e nt  3- 2,  3- 4, a n d  3- 3   A F M st at es, r es p e cti v el y. I ns ets ( b 2) a n d ( b 3) s h o w c o m pl e m e nt ar y r es ults  o n str u ct ur e f a ct ors t o  h el p
v ali d at e t h e l o c ati o n  of U c 2 a n d U c 3 . I n  e a c h, t h e  c al c ul ati o ns  us e  a tri al   w a v e f u n cti o n  c o nstr u ct e d fr o m t h e  s u p er p ositi o n  of t h e t w o  st at es
i n v ol v e d, a n d t h e t w o c orr es p o n di n g str u ct ur e f a ct ors ar e s h o w n.   Diff er e nt s y m b ol s h a p es r e pr es e nt r es ults fr o m diff er e nt r a n d o m s e e ds.

r e gi m es   w h er e t h e  diff er e nt   A F M  or d ers  ar e  st a bl e.   T h er e is
n o  p e a k i n t h e  P M   m et al; i n t h e  3- 2  p h as e,  a  p e a k is  pr es e nt
at k = ( 2π / 3 , π );  i n  t h e  3- 4  p h as e,  p e a ks  ar e  s e e n  at  b ot h
k = ( 2π / 3 , π )  a n d ( 2π / 3 , π /2);  fi n all y, t h e  3- 3   A F M  p h as e
s h o ws a  p e a k at k = ( 2π / 3 , 4 π / 3). I n a   U H F c al c ul ati o n, t h e
p h as e  b o u n d ar y  c a n  b e  d et er mi n e d  b y  eit h er  s e ar c hi n g  f or
t h e  gl o b al  gr o u n d  st at e  at  e a c h U ,  or  b y  c o m p ari n g  t h e  e n-
er gi es  of  diff er e nt  s elf- c o nsist e nt  or d er e d  s ol uti o ns,  e ns uri n g
i n  eit h er  c as es t h at t h e t h er m o d y n a mi c li mit is r e a c h e d.   T his
is  c h all e n gi n g t o  e x e c ut e i n   m a n y- b o d y  c o m p ut ati o ns   w h er e
st atisti c al  err or  b ars  a n d ( m u c h l ar g er)  fi nit e-si z e  eff e cts  c a n
e x c e e d e n er g y diff er e n c es.   We us e a c o m bi n ati o n of str at e gi es
t o r es ol v e t h e diff er e nt b o u n d ari es as ill ustr at e d i n  Fi g. 4 .

T h e  tr a nsiti o n  b et w e e n  t h e  P M   m et al  a n d  t h e  3- 2   A F M
p h as es  c a n  b e  o bs er v e d   wit h  r o b ust  a n d  u n a m bi g u o us  s elf-
c o nsist e nt   A F Q M C  c al c ul ati o ns.  I n  Fi g. 4( a) ,   w e  s h o w  t h e
c o m p ut e d  str u ct ur e f a ct or S ( 2π / 3 , π )  as  a f u n cti o n  of U f or
a  n u m b er  of l atti c e si z es.   At  e a c h U ,   w e st art t h e  c al c ul ati o n
fr o m  a tri al   w a v e  f u n cti o n  g e n er at e d  fr o m   U H F   wit h  a n  es-
s e nti all y  ar bitr ar y U eff ,  a n d  p erf or m  s elf- c o nsist e n c y  vi a t h e
n at ur al or bit als [ 6 9 ].   T h e s elf- c o nsist e nt it er ati o n c o nsist e ntl y
c o n v er g es t o t h e s a m e  fi n al v al u e (s e e  Fi g. 5 i n t h e   A p p e n di x)
w hi c h is  s h o w n i n t h e  pl ot.   T h e  e xist e n c e  of t h e   Q C P U c 1 i s
e vi d e nt  fr o m  t h e  diff er e nt  si z e  d e p e n d e n ci es  of S ( 2π / 3 , π )
as U is  v ari e d  a cr oss it.   E xtr a p ol ati n g t h e  fi nit e-t e m p er at ur e
c o m pr essi biliti es  l e a ds  t o  a U c 1 [9 3 ]  c o nsist e nt   wit h  o ur  r e-
s ults.   A s h ar p c o ntr ast is s e e n b et w e e n t his b e h a vi or a n d t h at at
1
2

filli n g, s h o w n i n t h e i ns et of Fi g. 4( a) , e m p h asi zi n g t h e r es ult

of d e c o u pli n g of n esti n g fr o m t h e   M ott tr a nsiti o n:   At n = 3
2
,

t h e  s pi ns  f or m  a n  alt er n ati n g  p att er n  “ A( B & C) A( B & C)...”
w hi c h si n gl es  o ut  o n e s p e ci es ( e. g.,   A)   wit h t h e  ot h er t w o ( B
a n d   C)  b e h a vi n g i nt er c h a n g e a bl y [ 1 3 ].   T his s pi n arr a n g e m e nt

h as  p eri o d  2  i n  b ot h  t h e x a n d y dir e cti o ns,  h e n c e  gi vi n g
ris e  t o  a  str u ct ur e  f a ct or  p e a k  at  (π , π ).  I n  t his  c as e,  t h e
d e p e n d e n c e of t h e str u ct ur e f a ct or o n l atti c e si z e st arts as s o o n
as t h e i nt er a cti o n U is t ur n e d o n, i m pl yi n g t h at t h e l o n g-r a n g e
or d er  d e v el o ps  at U c 1 = 0,  si mil ar t o t h e  h alf- filli n g  c as e i n
t h e  S U( 2)   H u b b ar d   m o d el.   T his is  e x p e ct e d  si n c e t h e  S U( 3)
c as e  als o  h as t h e s a m e  p erf e ctl y  n est e d  F er mi s urf a c e  at k =
(π , π ), as ar g u e d i n [1 3 ].

T o  d et er mi n e  t h e  n at ur e  of  t h e  or d er e d   A F M  p h as es,   w e
a p pl y  c o m pl e m e nt ar y   m e as ur e m e nts,   wit h  a d diti o n al  n o n-
s elf- c o nsist e nt c al c ul ati o ns  usi n g   m ulti d et er mi n a nt tri al   w a v e
f u n cti o ns.   As  dis c uss e d  a b o v e, t h e   U H F  s ol uti o ns  usi n g  dif-
f er e nt U eff c a n  pr o d u c e  disti n ct  p att er ns,   w hi c h  c a n  b e  us e d
as  tri al   w a v e  f u n cti o n  a n d  t h e  i niti al  Sl at er  d et er mi n a nt  t o
st art  o ur   A F Q M C  c al c ul ati o ns  at  a n y U .   H o w e v er, t his t ur ns
t h e   w h ol e  pr o c e d ur e fr o m  a li n e ar  pr o c ess ( pr oj e cti o n) i nt o  a
n o nli n e ar  pr o c ess,   w hi c h  c a n  g et  st u c k  i n  l o c al   mi ni m a.  I n
t his  sit u ati o n,   w e  d et er mi n e  t h e  tr u e  gr o u n d  st at e  b y  c o m-
p ari n g  t h e  e n er gi es  o bt ai n e d  fr o m  diff er e nt  c o nstr ai nts,  as
ill ustr at e d i n Fi g. 4( b) .   T hr e e r e gi o ns ar e s e e n,   wit h t h e l o w est
e n er gi es  gi v e n  b y  t h e  3- 2,  3- 4,  a n d  3- 3  st at es,  r es p e cti v el y.
T h eir  b o u n d ari es,   w h er e  t w o  e n er g y  c ur v es  cr oss,  gi v e  t w o
m or e  tr a nsiti o n  p oi nts, U c 2 a n d U c 3 .   A F Q M C   wit h  si n gl e
Sl at er  d et er mi n a nt  c o nstr ai nts  t y pi c all y  a c hi e v es  e n er g y  a c-
c ur a c y  of   w ell  o v er  s u b p er c e nt  l e v el  [ 8 7 – 8 9 ,9 1 ].   W h e n  t h e
e n er g y  diff er e n c e  b e c o m es   m u c h  s m all er,   w e  a u g m e nt  o ur
pr o c ess: i n t h e  vi ci nit y  of U c 2 w e  us e  a  s u p er p ositi o n  of t w o
Sl at er  d et er mi n a nts  c orr es p o n di n g  t o  3- 2  a n d  3- 4   A F M  as
t h e tri al   w a v e f u n cti o n.   T his l e a ds t o  a  fi nit e  str u ct ur e f a ct or
S ( 2π / 3 , π )  ( 3- 2   A F M  or d er)  o n  o n e  si d e,  i n  c o ntr ast   wit h
fi nit e S ( 2π / 3 , π )  a n d S ( 2π / 3 , π /2)  ( 3- 4)  o n  t h e  ot h er,  as
ill ustr at e d i n  Fi g. 4( b 2) .   N e ar U ∼ U c 3 ,   w e  c o n d u ct t h e s a m e
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pr o c e d ur es, as s h o w n i n Fi g. 4( b 3) .   B e y o n d U / t ∼ 8 .2 5, h o w-
e v er,  e v e n  t his  pr o c e d ur e  l e a ds  t o  a m bi g u o us  r es ults,   w h er e
b ot h  3- 4 a n d  3- 3 str u ct ur e f a ct ors c a n  b e c o m e  fi nit e,  d e p e n d-
i n g  o n t h e r a n d o m  n u m b er s e e d.   T his c o m bi n e d   wit h t h e ti n y
e n er g y  diff er e n c es i n di c at es t h at, t o   wit hi n t h e  r es ol uti o n  of
t h e c urr e nt c al c ul ati o ns, t h e 3- 4 a n d 3- 3 or d ers ar e ess e nti all y
d e g e n er at e f or t h e l ar g er- U v al u es i n v esti g at e d  h er e.

I V.   DI S C U S SI O N

Usi n g a hi g h- a c c ur a c y   m a n y- b o d y n u m eri c al c o m p ut ati o n,
w e  h a v e   m a p p e d  o ut  t h e  gr o u n d-st at e  p h as e  di a gr a m  of  t h e
t w o- di m e nsi o n al  S U( 3)   H u b b ar d   m o d el  at 1

3
filli n g ( o n e  p ar-

ti cl e  p er  sit e).   We  fi n d  a   m et al-i ns ul at or  p h as e  tr a nsiti o n  at
t h e   Q C P U c 1 ∼ 5 .5, a b o v e   w hi c h l o n g-r a n g e   m a g n eti c  or d ers
d e v el o p.   C o m p ar e d t o t h e   m or e u bi q uit o us S U( 2) c o u nt er p art,
t h e  S U( 3)  c as e  all o ws  t h e  s e p ar ati o n  of  str o n g  i nt er a cti o n
eff e cts  at  i nt e g er  filli n g  fr o m  n o n g e n eri c  f e at ur es  of  b a n d
str u ct ur e:  n esti n g  of  t h e  F er mi  s urf a c e  a n d  a  v a n   H o v e  si n-
g ul arit y i n t h e d e nsit y of st at es.   A n i m m e di at e c o ns e q u e n c e is
t h e n o n z er o  v al u e  of U c .

A b o v e U c 1 ,  o ur r es ults s u g g est t w o i nt er m e di at e   m a g n eti c
or d ers  ( 3- 2  a n d  3- 4   A F M  p h as es)  b ef or e  t h e  fi n al,  str o n g
c o u pli n g  3- 3  p h as e.   We  d et er mi n e d  t h e  criti c al  i nt er a cti o n
str e n gt hs  f or  t h e  or d eri n g   w a v e  v e ct ors  b y  c o m p ari n g  t h eir
e n er gi es a n d als o b y usi n g a s u p er p ositi o n of t w o st at es as t h e
i niti al  a n d tri al   w a v e  f u n cti o ns i n  o ur   A F Q M C  c al c ul ati o ns.
T h e r es ults  gi v e n  b y t h es e t w o a p pr o a c h es ar e c o nsist e nt.   B e-
y o n d U c 3 ∼ 8 .2 5, t h e  3- 3   A F M  e n er g y  a p p e ars t o  b e sli g htl y
l o w er  t h a n  3- 4   A F M,  b ut  t h e y  ar e  al m ost  d e g e n er at e  at  t h e
i nt er a cti o n str e n gt hs c o nsi d er e d i n t h e st u d y.

T h e   m et al-i ns ul at or  tr a nsiti o ns  a n d   m a g n eti c  or d er e d
p h as es  pr e di ct e d i n  o ur   w or k  pr o vi d e i m p ort a nt  st e ps t o  u n-
d erst a n d  S U( N )  p h ysi cs.   T his  is  es p e ci all y  ti m el y   wit h  t h e
i nt e ns e  e x p eri m e nt al  eff orts  t o  e m ul at e  s u c h  s yst e ms  usi n g
ultr a c ol d   A E As.   H o w t h es e   m a g n eti c  or d ers  e v ol v e  at  fi nit e
t e m p er at ur e  a n d  ot h er  p ot e nti all y  e x oti c  p h as es i n t h e  d o p e d
s yst e ms  e m er g e  ar e  i nt er esti n g  q u esti o ns  f or  f ut ur e   w or k,
es p e ci all y i n t h e e x p eri m e nt al c o nt e xt.

A C K N O W L E D G M E N T S

We  t h a n k   Z e w e n   Z h a n g  f or  t h e  dis c o v er y  of  t h e  3- 4
or d er   wit hi n   H artr e e- F o c k  c al c ul ati o ns  as   w ell  as  us ef ul
dis c ussi o ns.   E. V.  a c k n o wl e d g es  s u p p ort  fr o m  t h e   N ati o n al
S ci e n c e  F o u n d ati o n   A w ar d   N o. 2 2 0 7 0 4 8.  S e v er al c al c ul ati o ns
h a v e  b e e n  p erf or m e d  usi n g t h e   A C C E S S- X S E D E  all o c ati o n.
R. T. S.  a n d   E.I.- G.- P. ar e s u p p ort e d  b y t h e   Gr a nt   N o.   D E- S C-
0 0 2 2 3 1 1, f u n d e d b y t h e   U. S.   D e p art m e nt of   E n er g y,   Of fi c e of
S ci e n c e.   K. R. A. H  a n d   E.I.- G.- P.  a c k n o wl e d g e  s u p p ort  fr o m
t h e   R o b ert   A.   Wel c h  F o u n d ati o n ( Gr a nt   N o.   C- 1 8 7 2), t h e   N a-
ti o n al  S ci e n c e  F o u n d ati o n ( Gr a nt   N o.  P H Y- 1 8 4 8 3 0 4), a n d t h e
W.  F.   K e c k  F o u n d ati o n  ( Gr a nt   N o.  9 9 5 7 6 4).   C o m p uti n g  r e-
s o ur c es   w er e s u p p ort e d i n p art b y t h e   Bi g- D at a  Pri v at e- Cl o u d
R es e ar c h   C y b eri nfr astr u ct ur e   M RI- a w ar d f u n d e d  b y   N S F  u n-

d er   Gr a nt   N o.   C N S- 1 3 3 8 0 9 9 a n d  b y   Ri c e   U ni v ersit y’s   C e nt er
f or   R es e ar c h   C o m p uti n g ( C R C).   K. H.’s c o ntri b uti o n b e n e fit e d
fr o m  dis c ussi o ns  at t h e   As p e n   C e nt er f or  P h ysi cs,  s u p p ort e d
b y t h e   N ati o n al  S ci e n c e  F o u n d ati o n   Gr a nt   N o.  P H Y- 1 0 6 6 2 9 3,
a n d  t h e   KI T P,   w hi c h   w as  s u p p ort e d  i n  p art  b y  t h e   N ati o n al
S ci e n c e  F o u n d ati o n  u n d er   Gr a nt   N o.   N S F  P H Y- 1 7 4 8 9 5 8.   We
t h a n k  t h e  Fl atir o n  I nstit ut e  S ci e nti fi c   C o m p uti n g   C e nt er  f or
c o m p ut ati o n al  r es o ur c es.   T h e  Fl atir o n  I nstit ut e is  a  di visi o n
of t h e  Si m o ns  F o u n d ati o n.

A P P E N DI X

I n t his   A p p e n di x,   w e  pr es e nt a d diti o n al  d et ails c o n c er ni n g
( 1) s elf- c o nsist e n c y pr o c e d ur es   w e c o n d u ct i n t h e c o nstr ai n e d
p at h  a u xili ar y- fi el d  q u a nt u m   M o nt e   C arl o  ( C P- A F Q M C)
m et h o d; ( 2)  c o m p aris o ns  of  e n er gi es i n  diff er e nt  p h as es  a n d
fi nit e l atti c e si z e eff e ct a n al ysis i n t h e   H artr e e- F o c k.

1.  S elf- c o nsist e n c y:   R e al-s p a c e s pi n c o r r el ati o ns

I n t his  p a p er   w e  h a v e i m pl e m e nt e d  a  s elf- c o nsist e nt   C P-
A F Q M C  a p pr o a c h,  d es cri b e d  i n  [ 6 9 ].   A n  e x a m pl e  of  t h e
c o n v er g e n c e  of  t h e  s a m e-s pi n  d e nsit y- d e nsit y  c orr el ati o ns
n A

i n A
j i s  gi v e n  i n  Fi g. 5 t o  ill ustr at e  t his  pr o c ess.   T h e  c al-

c ul ati o n  is  i niti at e d  fr o m  a  Sl at er  d et er mi n a nt  gi v e n  b y  t h e
U eff = 3 .5   H artr e e- F o c k  3- 2   A F M s ol uti o n  a n d t h e  o n e- b o d y
d e nsit y   m atri x  is  o bt ai n e d  fr o m   Q M C.   We  di a g o n ali z e  t h e
o n e- b o d y  d e nsit y   m atri x a n d  fi n d t h e ei g e n v e ct ors   w hi c h c or-
r es p o n d t o t h e l ar g est N σ ei g e n v al u es.   T h os e ei g e n v e ct ors ar e
us e d  t o  c o nstr u ct  a  n e w  Sl at er  d et er mi n a nt,   w hi c h  is  t h e n

FI G.  5.  Ill ustr ati o n  of  c o n v er g e n c e  of r e al-s p a c e  d e nsit y- d e nsit y
c orr el ati o n.   We h a v e c h os e n U c 1 < U = 7 .5 < U c 2 ,   w h er e t h e s yst e m
is i n t h e  3- 2   A F  p h as e.  S pi n  c orr el ati o ns  c o n v er g e  fr o m l o w er  a n d
hi g h er  v al u es   w h e n  t h e  st arti n g  p oi nt  is  i n  t h e  3- 2  p h as e  usi n g  a n
i niti al  Sl at er  d et er mi n a nt   wit h U eff = 3 .5  a n d  1 0,  r es p e cti v el y.   T h e
l e g e n d i n di c at es t h e n u m b er of s elf- c o nsist e nt it er ati o ns.
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( a)

FI G.  6.  ( a)   T h e e n er g y diff er e n c e E = E − E 3- 4   A F M ( 3- 4   A F M
e n er g y is  vi e w e d  as  a  r ef er e n c e)  p er  sit e  gi v e n  b y   H artr e e- F o c k  as
a  f u n cti o n  of  i nt er a cti o n  str e n gt h.  3- 2,  3- 4,  3- 3   A F M  e n er gi es  ar e
d e pi ct e d  b y  r e d,  gr e e n,  a n d  bl u e  c ur v es  r es p e cti v el y.  ( b)   E n er g y
p er  sit e E / N s v s  1 / N s ,  gi v e n  b y  t h e   H artr e e- F o c k  c al c ul ati o n  f or
U = 4 , 5 , 7,  c orr es p o n di n g t o  “ 3- 2,”  “ 3- 4,”  a n d  “ 3- 3 ”   A F M  p h as es,
r es p e cti v el y.   T h e  l atti c e  si z es L x × L y ar e  l a b el e d  n e xt  t o  t h e  d at a
p oi nts  i n  p a n el  ( 2)  as  e x a m pl es.   Diff er e nt  s y m b ols  i n  t h e  l e g e n d
r e pr es e nt t h e p ossi bl e “l o c al   mi ni m u m ” or d ers.

us e d  as t h e i niti al  Sl at er  d et er mi n a nt f or t h e  n e xt it er ati o n  of
si m ul ati o n.   T h e  n u m b er i n t h e l e g e n d  of  Fi g. 5 i n di c at es t h e
s elf- c o nsist e nt it er ati o n  v al u e.   Bl u e ri g ht tri a n gl es ( “ 5 ” i n t h e
l e g e n d)  a n d  bl u e  st ars ( “ 6 ”)  ar e  al m ost  o n t o p  of  e a c h  ot h er,
i m pl yi n g  t h e  d e nsit y- d e nsit y  c orr el ati o ns  c o n v er g e  aft er ∼ 6
s elf- c o nsist e nt it er ati o ns.

As a c h e c k t h at t h e r es ults ar e i n d e p e n d e nt of i niti ali z ati o n,
w e  als o  st art  o ur  si m ul ati o n   wit h  a n ot h er i niti al  Sl at er  d et er-
mi n a nt,  o bt ai n e d fr o m t h e U eff = 1 0 , 3- 2   A F M   H artr e e- F o c k
s ol uti o n.   T h e  r es ults  (r e d  st ars)  a gr e e   wit h  t h e  o n e  st arti n g
fr o m t h e U eff = 3 .5   H artr e e- F o c k ( bl u e st ar).   All r es ults  pr e-
s e nt e d  i n  t h e   m ai n  t e xt  ar e  gi v e n  b y  t h e  l ast  s elf- c o nsist e nt
(f ull y c o n v er g e d) it er ati o n.

2.   Fi nit e l atti c e si z e eff e cts:   E n e r g y

I n  Fi g. 6 ,   w e  e x pl or e  fi nit e  l atti c e  si z e  eff e cts  i n  t h e
H artr e e- F o c k c al c ul ati o ns.  First, si mil ar t o  Fi g. 4( b) , w e s h o w
t h e t ot al  e n er g y  diff er e n c e  p er  sit e E / N s gi v e n  b y   H artr e e-
F o c k  as  a  f u n cti o n  of U f or  a  1 2 × 1 2  s q u ar e  l atti c e  i n
Fi g. 6( a) .   T h e 3- 2, 3- 4, a n d 3- 3   A F M p h as e h as t h e l o w est e n-
er g y f or U M F

c 1 U U M F
c 2 , U M F

c 2 U U M F
c 3 , a n d U U M F

c 3 ,
r es p e cti v el y. I n  or d er t o  d et e ct   w h et h er t h e s m all  e n er g y  dif-
f er e n c e  at  str o n g i nt er a cti o ns is  d u e t o t h e  fi nit e l atti c e  si z e
eff e ct,   w e c h o os e U = 4 ( 3- 2  p h as e), U = 5 ( 3- 4  p h as e), a n d
U = 7 ( 3- 3  p h as e)  a n d  pr es e nt t h e  e n er g y  p er  sit e E / N s a s  a
f u n cti o n  of  1/ N s i n  Fi g. 6( b) .   Diff er e nt s y m b ols i n t h e l e g e n d
r e pr es e nt t h e l o c al   mi ni m u m 3- 2, 3- 4, 3- 3   A F M st at es.   L atti c e
si z es ar e l a b el e d n e xt t o t h e d at a p oi nts i n Fi g. 6( b) ( 2).   We c a n
e xtr a p ol at e t h e e n er g y t o t h e t h er m o d y n a mi c li mit  1 / N s → 0.
T h er e is n o cr ossi n g b et w e e n diff er e nt   A F M p h as es, i m pl yi n g
t h e e n er g y or d eri n g b et w e e n t h e t hr e e   m a g n eti c p h as es o n t h e
1 2 × 1 2 l atti c e i n  Fi g. 6( a) still  h ol ds i n t h e t h er m o d y n a mi c
li mit.   We  h a v e  als o  v eri fi e d t h at t his  c o n cl usi o n is  r o b ust t o
t h e a p pli c ati o n t wist e d  b o u n d ar y c o n diti o ns t o t h e l atti c e a n d
t a ki n g t h e  a v er a g e  of  e n er gi es f or  diff er e nt t wist  a n gl es.   T his
m et h o d eff e cti v el y s a m pl es a  fi n er   m es h of   m o m e nt u m p oi nts
a n d h e n c e l ar g er s p ati al si z es [ 9 4 – 9 6 ].

[ 1]  J.   H u b b ar d,   El e ctr o n c orr el ati o ns i n n arr o w e n er g y b a n ds, Pr o c.

R.  S o c.   L o n d o n   A 2 7 6 , 2 3 8 ( 1 9 6 3).

[ 2]   M.   C.   G ut z will er,   C orr el ati o n  of  el e ctr o ns i n  a  n arr o w  s  b a n d,

P h ys.   R e v. 1 3 7 ,   A 1 7 2 6 ( 1 9 6 5).

[ 3]   M.   R as etti, T h e   H u b b ar d   M o d el:   R e c e nt   R es ults ( W orl d  S ci e n-

ti fi c,  Si n g a p or e, 1 9 9 1),   Vol. 7.

[ 4]   D.  S c al a pi n o,   Disti n g uis hi n g  hi g h- Tc t h e ori es, J.  P h ys.   C h e m.

S oli ds 5 6 , 1 6 6 9 ( 1 9 9 5).

[ 5]  F.   G e b h ar d, M et al-i ns ul at or  Tr a nsiti o ns ( S pri n g er,   B erli n,

1 9 9 7).

[ 6]  J.   E.   Hirs c h,   T w o- di m e nsi o n al   H u b b ar d   m o d el:   N u m eri c al si m-

ul ati o n st u d y, P h ys.   R e v.   B 3 1 , 4 4 0 3 ( 1 9 8 5).

[ 7]  S.   R.   W hit e,   D.  J.  S c al a pi n o,   R.   L.  S u g ar,   E.   Y.   L o h,

J.   E.   G u b er n atis,  a n d   R.   T.  S c al ett ar,   N u m eri c al  st u d y  of

t h e  t w o- di m e nsi o n al   H u b b ar d   m o d el, P h ys. R e v. B 4 0 ,  5 0 6

( 1 9 8 9).

[ 8]  P.  F a z e k as, L e ct ur e   N ot es  o n   El e ctr o n   C orr el ati o n  a n d   M a g-

n etis m ( W orl d  S ci e nti fi c,  Si n g a p or e, 1 9 9 9),   Vol. 5.

[ 9]   H.   X u,   H.  S hi,   E.   Vit ali,   M.   Qi n,  a n d  S.   Z h a n g,  Stri p es  a n d

s pi n- d e nsit y   w a v es  i n  t h e  d o p e d  t w o- di m e nsi o n al   H u b b ar d

m o d el:   Gr o u n d st at e  p h as e  di a gr a m, P h ys. R e v. R es. 4 ,  0 1 3 2 3 9

( 2 0 2 2).

[ 1 0]   H.   Tas a ki,   T h e   H u b b ar d   m o d el  -  a n  i ntr o d u cti o n  a n d  s e-

l e ct e d  ri g or o us  r es ults, J.  P h ys.:   C o n d e ns.   M att er 1 0 ,  4 3 5 3

( 1 9 9 8).

[ 1 1]   D.  P.   Ar o v as,   E.   B er g,  S.   A.   Ki v els o n,  a n d  S.   R a g h u,   T h e

H u b b ar d   m o d el, A n n u.   R e v.   C o n d e ns.   M att er  P h ys. 1 3 ,  2 3 9

( 2 0 2 2).

0 4 3 2 6 7- 6

https://doi.org/10.1098/rspa.1963.0204
https://doi.org/10.1103/PhysRev.137.A1726
https://doi.org/10.1016/0022-3697(95)00166-2
https://doi.org/10.1103/PhysRevB.31.4403
https://doi.org/10.1103/PhysRevB.40.506
https://doi.org/10.1103/PhysRevResearch.4.013239
https://doi.org/10.1088/0953-8984/10/20/004
https://doi.org/10.1146/annurev-conmatphys-031620-102024


M E T A L-I N S U L A T O R   T R A N SI TI O N   A N D   Q U A N T U M   … P H Y SI C A L   R E VI E W   R E S E A R C H 5 , 0 4 3 2 6 7 ( 2 0 2 3)

[ 1 2]   M.   Qi n,   T.  S c h äf er,  S.   A n d er g ass e n,  P.   C or b o z,  a n d   E.   G ull,

T h e   H u b b ar d   m o d el:   A  c o m p ut ati o n al  p ers p e cti v e, A n n u.   R e v.

C o n d e ns.   M att er  P h ys. 1 3 , 2 7 5 ( 2 0 2 2).

[ 1 3]   C.   H o n er k a m p  a n d   W.   H ofst ett er,   Ultr a c ol d  f er mi o ns  a n d t h e

S U( N )   H u b b ar d   m o d el, P h ys. R e v. L ett. 9 2 , 1 7 0 4 0 3 ( 2 0 0 4).

[ 1 4]  I.   Tit vi ni d z e,   A.  Pri vit er a,  S.- Y.   C h a n g,  S.   Di e hl,   M.   A.

B ar a n o v,   A.   D al e y,  a n d   W.   H ofst ett er,   M a g n etis m  a n d  d o m ai n

f or m ati o n  i n  S U( 3)-s y m m etri c   m ulti-s p e ci es  F er mi   mi xt ur es,

N e w J.  P h ys. 1 3 , 0 3 5 0 1 3 ( 2 0 1 1).

[ 1 5]   A.  S ot ni k o v  a n d   W.   H ofst ett er,   M a g n eti c  or d eri n g  of  t hr e e-

c o m p o n e nt  ultr a c ol d  f er mi o ni c   mi xt ur es  i n  o pti c al  l atti c es,

P h ys.   R e v.   A 8 9 , 0 6 3 6 0 1 ( 2 0 1 4).

[ 1 6]   A.  S ot ni k o v,   Criti c al  e ntr o pi es  a n d   m a g n eti c- p h as e- di a gr a m

a n al ysis  of  ultr a c ol d  t hr e e- c o m p o n e nt  f er mi o ni c   mi xt ur es  i n

o pti c al l atti c es, P h ys. R e v. A 9 2 , 0 2 3 6 3 3 ( 2 0 1 5).

[ 1 7]   M.   H af e z- T or b ati a n d   W.   H ofst ett er,   Arti fi ci al  S U( 3) s pi n- or bit

c o u pli n g  a n d  e x oti c   M ott i ns ul at ors, P h ys. R e v. B 9 8 ,  2 4 5 1 3 1

( 2 0 1 8).

[ 1 8]   M.   H af e z- T or b ati  a n d   W.   H ofst ett er,   C o m p eti n g  c h ar g e  a n d

m a g n eti c  or d er  i n  f er mi o ni c   m ulti c o m p o n e nt  s yst e ms, P h ys.

R e v.   B 1 0 0 , 0 3 5 1 3 3 ( 2 0 1 9).

[ 1 9]   M.   H af e z- T or b ati,  J.- H.   Z h e n g,   B.  Irsi gl er,  a n d   W.   H ofst ett er,

I nt er a cti o n- dri v e n  t o p ol o gi c al  p h as e  tr a nsiti o ns  i n  f er mi o ni c

S U( 3) s yst e ms, P h ys. R e v. B 1 0 1 , 2 4 5 1 5 9 ( 2 0 2 0).

[ 2 0]   W.   Ni e,   D.   Z h a n g,  a n d   W.   Z h a n g,  F err o m a g n eti c  gr o u n d  st at e

of t h e  S U( 3)   H u b b ar d   m o d el  o n t h e   Li e b l atti c e, P h ys. R e v. A

9 6 , 0 5 3 6 1 6 ( 2 0 1 7).

[ 2 1]   E.   V.   G or eli k  a n d   N.   Bl ü m er,   M ott tr a nsiti o ns i n t er n ar y  fl a v or

mi xt ur es  of  ultr a c ol d f er mi o ns  o n  o pti c al l atti c es, P h ys. R e v. A

8 0 , 0 5 1 6 0 2( R) ( 2 0 0 9).

[ 2 2]   A.  P ér e z- R o m er o,   R.  Fr a n c o,  a n d  J.  Sil v a- Val e n ci a,  P h as e  di-

a gr a m  of t h e  S U( 3)  F er mi   H u b b ar d   m o d el   wit h  n e xt- n ei g h b or

i nt er a cti o ns, E ur. P h ys. J. B 9 4 , 2 2 9 ( 2 0 2 1).

[ 2 3]   E.  I b arr a- G ar cí a- P a dill a,  S.   D as g u pt a,   H.- T.   Wei,  S.   Tai e,   Y.

Ta k a h as hi,   R.   T.  S c al ett ar,  a n d   K.   R.   A.   H a z z ar d,   U ni v ers al

t h er m o d y n a mi cs  of  a n  S U(N )  F er mi- H u b b ar d   m o d el, P h ys.

R e v.   A 1 0 4 , 0 4 3 3 1 6 ( 2 0 2 1).

[ 2 4]   M.   H er m el e,   V.   G ur ari e,  a n d   A.   M.   R e y,   M ott  i ns ul at ors

of  ultr a c ol d  f er mi o ni c  al k ali n e  e art h  at o ms:   U n d er c o nstr ai n e d

m a g n etis m a n d c hir al s pi n li q ui d, P h ys.   R e v.   L ett. 1 0 3 ,  1 3 5 3 0 1

( 2 0 0 9).

[ 2 5]   T.   A.   T ót h,   A.   M.   L ä u c hli,  F.   Mil a,  a n d   K.  P e n c,   T hr e e-

s u bl atti c e  or d eri n g  of  t h e  S U( 3)   H eis e n b er g   m o d el  of  t hr e e-

fl a v or f er mi o ns o n t h e s q u ar e a n d c u bi c l atti c es, P h ys. R e v. L ett.

1 0 5 , 2 6 5 3 0 1 ( 2 0 1 0).

[ 2 6]   M.   H er m el e  a n d   V.   G ur ari e,   T o p ol o gi c al  li q ui ds  a n d  v al e n c e

cl ust er st at es i n t w o- di m e nsi o n al  S U( N )   m a g n ets, P h ys.   R e v.   B

8 4 , 1 7 4 4 4 1 ( 2 0 1 1).

[ 2 7]  P.   N at af  a n d  F.   Mil a,   E x a ct  di a g o n ali z ati o n  of   H eis e n b er g

S U( N ) m o d els, P h ys.   R e v.   L ett. 1 1 3 , 1 2 7 2 0 4 ( 2 0 1 4).

[ 2 8]  P.   C or b o z,   A.   M.   L ä u c hli,   K.  P e n c,   M.   Tr o y er,  a n d  F.   Mil a,

Si m ult a n e o us  di m eri z ati o n  a n d  S U( 4)  s y m m etr y  br e a ki n g  of

4- c ol or  f er mi o ns  o n  t h e  s q u ar e  l atti c e, P h ys.   R e v.   L ett. 1 0 7 ,

2 1 5 3 0 1 ( 2 0 1 1) .

[ 2 9]   B.   B a u er,  P.   C or b o z,   A.   M.   L ä u c hli,   L.   M essi o,   K.  P e n c,   M.

Tr o y er, a n d F.   Mil a,   T hr e e-s u bl atti c e or d er i n t h e S U( 3)   H eis e n-

b er g   m o d el o n t h e s q u ar e a n d tri a n g ul ar l atti c e, P h ys. R e v. B 8 5 ,

1 2 5 1 1 6 ( 2 0 1 2) .

[ 3 0]   D.   Ya m a m ot o,   C.  S u z u ki,   G.   M ar m ori ni,  S.   O k a z a ki,  a n d   N.

F ur u k a w a,   Q u a nt u m  a n d  t h er m al  p h as e  tr a nsiti o ns  of  t h e  tri-

a n g ul ar  S U( 3)   H eis e n b er g   m o d el  u n d er   m a g n eti c  fi el ds, P h ys.

R e v.   L ett. 1 2 5 , 0 5 7 2 0 4 ( 2 0 2 0).

[ 3 1]  P.   N at af,   M.   L aj k ó,  P.   C or b o z,   A.   M.   L ä u c hli,   K.  P e n c,  a n d  F.

Mil a,  Pl a q u ett e  or d er  i n  t h e  S U( 6)   H eis e n b er g   m o d el  o n  t h e

h o n e y c o m b l atti c e, P h ys. R e v. B 9 3 , 2 0 1 1 1 3( R) ( 2 0 1 6).

[ 3 2]   C.   R o m e n  a n d   A.   M.   L ä u c hli,  Str u ct ur e  of s pi n  c orr el ati o ns i n

hi g h-t e m p er at ur e  S U( N )  q u a nt u m   m a g n ets, P h ys.   R e v.   R es. 2 ,

0 4 3 0 0 9 ( 2 0 2 0) .

[ 3 3]   H. S o n g a n d   M.   H er m el e,   M ott i ns ul at ors of ultr a c ol d f er mi o ni c

al k ali n e  e art h  at o ms  i n  t hr e e  di m e nsi o ns, P h ys.   R e v.   B 8 7 ,

1 4 4 4 2 3 ( 2 0 1 3) .

[ 3 4]   K.   R.   A.   H a z z ar d,   V.   G ur ari e,   M.   H er m el e,  a n d   A.   M.   R e y,

Hi g h-t e m p er at ur e  pr o p erti es  of  f er mi o ni c  al k ali n e- e art h- m et al

at o ms i n o pti c al l atti c es, P h ys. R e v. A 8 5 , 0 4 1 6 0 4( R) ( 2 0 1 2).

[ 3 5]   L.   B o n n es,   K.   R.   A.   H a z z ar d,  S.   R.   M a n m a n a,   A.   M.   R e y,

a n d  S.   Wess el,   A di a b ati c  l o a di n g  of  o n e- di m e nsi o n al  S U( N )

al k ali n e- e art h- at o m f er mi o ns i n o pti c al l atti c es, P h ys.   R e v.   L ett.

1 0 9 , 2 0 5 3 0 5 ( 2 0 1 2).

[ 3 6]   Z.   C ai,   H.- H.   H u n g,   L.   Wa n g,   D.   Z h e n g,  a n d   C.   W u,  P o m er-

a n c h u k c o oli n g of S U( 2 N ) ultr a c ol d f er mi o ns i n o pti c al l atti c es,

P h ys.   R e v.   L ett. 1 1 0 , 2 2 0 4 0 1 ( 2 0 1 3).

[ 3 7]   A.   Ci c h y  a n d   A.  S ot ni k o v,   Or bit al   m a g n etis m  of  ultr a c ol d

f er mi o ni c  g as es  i n  a  l atti c e:   D y n a mi c al   m e a n- fi el d  a p pr o a c h,

P h ys.   R e v.   A 9 3 , 0 5 3 6 2 4 ( 2 0 1 6).

[ 3 8]   A.   G ol u b e v a,   A.  S ot ni k o v,   A.   Ci c h y,  J.   K u n eš,  a n d   W.

H ofst ett er,   Br e a ki n g of  S U( 4) s y m m etr y a n d i nt er pl a y  b et w e e n

str o n gl y c orr el at e d  p h as es i n t h e   H u b b ar d   m o d el, P h ys.   R e v.   B

9 5 , 1 2 5 1 0 8 ( 2 0 1 7).

[ 3 9]   V.   U n u k o v y c h  a n d   A.  S ot ni k o v,  S U( 4)-s y m m etri c   H u b b ar d

m o d el at q u art er filli n g: I nsi g hts fr o m t h e d y n a mi c al   m e a n- fi el d

a p pr o a c h, P h ys. R e v. B 1 0 4 , 2 4 5 1 0 6 ( 2 0 2 1).

[ 4 0]  S.   R.   M a n m a n a,   K.   R.   A.   H a z z ar d,   G.   C h e n,   A.   E.  F ei g ui n, a n d

A.   M.   R e y,  S U( N )   m a g n etis m i n  c h ai ns  of  ultr a c ol d  al k ali n e-

e art h- m et al  at o ms:   M ott tr a nsiti o ns  a n d  q u a nt u m  c orr el ati o ns,

P h ys.   R e v.   A 8 4 , 0 4 3 6 0 1 ( 2 0 1 1).

[ 4 1]  S.   X u,  J.   T.   B arr eir o,   Y.   Wa n g,  a n d   C.   W u, I nt er a cti o n  eff e cts

wit h  v ar yi n g N i n  S U(N ) s y m m etri c  f er mi o n l atti c e  s yst e ms,

P h ys.   R e v.   L ett. 1 2 1 , 1 6 7 2 0 5 ( 2 0 1 8).

[ 4 2]   R.   Ass ar af,  P.   A z ari a,   M.   C aff ar el,  a n d  P.   L e c h e mi n a nt,   M et al-

i ns ul at or  tr a nsiti o n  i n  t h e  o n e- di m e nsi o n al  S U(N )   H u b b ar d

m o d el, P h ys. R e v. B 6 0 , 2 2 9 9 ( 1 9 9 9).

[ 4 3]  S.   C a p p o ni,  P.   L e c h e mi n a nt,  a n d   K.   T ots u k a,  P h as es  of  o n e-

di m e nsi o n al  S U( N ) c ol d at o mi c  F er mi g as es — Fr o m   m ol e c ul ar

L utti n g er  li q ui ds  t o  t o p ol o gi c al  p h as es, A n n.  P h ys. 3 6 7 , 5 0

( 2 0 1 6).

[ 4 4]  S.  S.   C h u n g  a n d  P.   C or b o z,  S U( 3) f er mi o ns  o n t h e  h o n e y c o m b

l atti c e at 1
3

filli n g, P h ys. R e v. B 1 0 0 , 0 3 5 1 3 4 ( 2 0 1 9).

[ 4 5]   N.   Bl ü m er  a n d   E.   V.   G or eli k,   M ott tr a nsiti o ns i n t h e  h alf- fill e d

S U( 2 M )  s y m m etri c   H u b b ar d   m o d el, P h ys. R e v. B 8 7 ,  0 8 5 1 1 5

( 2 0 1 3).

[ 4 6]   D.   Wa n g,   L.   Wa n g,  a n d   C.   W u,  Sl at er  a n d   M ott  i ns ul ati n g

st at es i n t h e  S U( 6)   H u b b ar d   m o d el, P h ys.   R e v.   B 1 0 0 ,  1 1 5 1 5 5

( 2 0 1 9).

[ 4 7]   D.   Wa n g,   Y.   Li,   Z.   C ai,   Z.   Z h o u,   Y.   Wa n g, a n d   C.   W u,   C o m p et-

i n g or d ers i n t h e 2 D h alf- fill e d S U( 2N )   H u b b ar d   m o d el t hr o u g h

t h e pi n ni n g- fi el d q u a nt u m   M o nt e   C arl o si m ul ati o ns, P h ys.   R e v.

L ett. 1 1 2 , 1 5 6 4 0 3 ( 2 0 1 4).

[ 4 8]   Z.   C ai,   H.- H.   H u n g,   L.   Wa n g,  a n d   C.   W u,   Q u a nt u m   m a g n eti c

pr o p erti es  of t h e S U ( 2N )   H u b b ar d   m o d el i n t h e s q u ar e l atti c e:

A q u a nt u m   M o nt e   C arl o st u d y, P h ys.   R e v.   B 8 8 , 1 2 5 1 0 8 ( 2 0 1 3).

0 4 3 2 6 7- 7

https://doi.org/10.1146/annurev-conmatphys-090921-033948
https://doi.org/10.1103/PhysRevLett.92.170403
https://doi.org/10.1088/1367-2630/13/3/035013
https://doi.org/10.1103/PhysRevA.89.063601
https://doi.org/10.1103/PhysRevA.92.023633
https://doi.org/10.1103/PhysRevB.98.245131
https://doi.org/10.1103/PhysRevB.100.035133
https://doi.org/10.1103/PhysRevB.101.245159
https://doi.org/10.1103/PhysRevA.96.053616
https://doi.org/10.1103/PhysRevA.80.051602
https://doi.org/10.1140/epjb/s10051-021-00242-4
https://doi.org/10.1103/PhysRevA.104.043316
https://doi.org/10.1103/PhysRevLett.103.135301
https://doi.org/10.1103/PhysRevLett.105.265301
https://doi.org/10.1103/PhysRevB.84.174441
https://doi.org/10.1103/PhysRevLett.113.127204
https://doi.org/10.1103/PhysRevLett.107.215301
https://doi.org/10.1103/PhysRevB.85.125116
https://doi.org/10.1103/PhysRevLett.125.057204
https://doi.org/10.1103/PhysRevB.93.201113
https://doi.org/10.1103/PhysRevResearch.2.043009
https://doi.org/10.1103/PhysRevB.87.144423
https://doi.org/10.1103/PhysRevA.85.041604
https://doi.org/10.1103/PhysRevLett.109.205305
https://doi.org/10.1103/PhysRevLett.110.220401
https://doi.org/10.1103/PhysRevA.93.053624
https://doi.org/10.1103/PhysRevB.95.125108
https://doi.org/10.1103/PhysRevB.104.245106
https://doi.org/10.1103/PhysRevA.84.043601
https://doi.org/10.1103/PhysRevLett.121.167205
https://doi.org/10.1103/PhysRevB.60.2299
https://doi.org/10.1016/j.aop.2016.01.011
https://doi.org/10.1103/PhysRevB.100.035134
https://doi.org/10.1103/PhysRevB.87.085115
https://doi.org/10.1103/PhysRevB.100.115155
https://doi.org/10.1103/PhysRevLett.112.156403
https://doi.org/10.1103/PhysRevB.88.125108


C H U N H A N  F E N G et al. P H Y SI C A L   R E VI E W   R E S E A R C H 5 , 0 4 3 2 6 7 ( 2 0 2 3)

[ 4 9]  F.  F.   Ass a a d,  P h as e  di a gr a m  of t h e  h alf- fill e d t w o- di m e nsi o n al

S U( N )   H u b b ar d- H eis e n b er g   m o d el:   A  q u a nt u m   M o nt e   C arl o

st u d y, P h ys.   R e v.   B 7 1 , 0 7 5 1 0 3 ( 2 0 0 5).

[ 5 0]   Z.   M e n g,   T.   L a n g,  S.   Wess el,  F.   Ass a a d,  a n d   A.   M ur a m ats u,

Q u a nt u m  s pi n  li q ui d  e m er gi n g  i n  t w o- di m e nsi o n al  c orr el at e d

Dir a c f er mi o ns, N at ur e ( L o n d o n) 4 6 4 , 8 4 7 ( 2 0 1 0).

[ 5 1]   Y.   Ots u k a,  S.   Yu n o ki,  a n d  S.  S or ell a,   U ni v ers al  q u a nt u m  crit-

i c alit y  i n  t h e   m et al-i ns ul at or  tr a nsiti o n  of  t w o- di m e nsi o n al

i nt er a cti n g dir a c el e ctr o ns, P h ys. R e v. X 6 , 0 1 1 0 2 9 ( 2 0 1 6).

[ 5 2]   A.   V.   G ors h k o v,   M.   H er m el e,   C.   X u,  P.  S.  J uli e n n e,  J.   Ye,  P.

Z oll er,   E.   D e ml er,   M.   D.   L u ki n,  a n d   A.   M.   R e y,   T w o- or bit al

S U( N )   m a g n etis m   wit h  ultr a c ol d  al k ali n e- e art h  at o ms, N at.

P h ys. 6 , 2 8 9 ( 2 0 1 0).

[ 5 3]   M.   A.   C a z alill a  a n d   A.   M.   R e y,   Ultr a c ol d  F er mi  g as es   wit h

e m er g e nt  S U( N )  s y m m etr y, R e p.  Pr o g.  P h ys. 7 7 ,  1 2 4 4 0 1

( 2 0 1 4).

[ 5 4]   C.   W u, J.- P.   H u, a n d  S.- C.   Z h a n g,   E x a ct  S O( 5) s y m m etr y i n t h e

s pi n- 3 / 2 f er mi o ni c s yst e m, P h ys. R e v. L ett. 9 1 , 1 8 6 4 0 2 ( 2 0 0 3).

[ 5 5]   M.   A.   C a z alill a,   A.  F.   H o,  a n d   M.   U e d a,   Ultr a c ol d  g as es  of

ytt er bi u m: f err o m a g n etis m  a n d   M ott  st at es i n  a n  S U( 6)  F er mi

s yst e m, N e w J.  P h ys. 1 1 , 1 0 3 0 3 3 ( 2 0 0 9).

[ 5 6]  S.   Tai e,   R.   Ya m a z a ki,  S.  S u g a w a,  a n d   Y.   Ta k a h as hi,   A n  S U( 6)

M ott  i ns ul at or  of  a n  at o mi c  F er mi  g as  r e ali z e d  b y  l ar g e-s pi n

P o m er a n c h u k c o oli n g, N at.  P h ys. 8 , 8 2 5 ( 2 0 1 2).

[ 5 7]   C.   H ofri c ht er,   L.   Ri e g g er, F. S c a z z a,   M.   H öf er,   D.   R. F er n a n d es,

I.   Bl o c h,  a n d  S.  F ölli n g,   Dir e ct  pr o bi n g  of t h e   M ott  cr oss o v er

i n t h e  S U(N )  F er mi- H u b b ar d   m o d el, P h ys.   R e v.   X 6 ,  0 2 1 0 3 0

( 2 0 1 6).

[ 5 8]   H.   O z a w a,  S.   Tai e,   Y.   Ta k as u,  a n d   Y.   Ta k a h as hi,   A ntif err o-

m a g n eti c  s pi n  c orr el ati o n  of  S U( N )  F er mi  g as  i n  a n  o pti c al

s u p erl atti c e, P h ys.   R e v.   L ett. 1 2 1 , 2 2 5 3 0 3 ( 2 0 1 8).

[ 5 9]  S.   Tai e,   E.  I b arr a- G ar cí a- P a dill a,   N.   Nis hi z a w a,   Y.   Ta k as u,   Y.

K u n o,   H.- T.   Wei,   R.   T.  S c al ett ar,   K.   R.   A.   H a z z ar d,  a n d   Y.

Ta k a h as hi,   O bs er v ati o n  of  a ntif err o m a g n eti c  c orr el ati o ns i n  a n

ultr a c ol d  S U( N )   H u b b ar d   m o d el, N at.  P h ys. 1 8 , 1 3 5 6 ( 2 0 2 2).

[ 6 0]   Y.   Ta k a h as hi,   Q u a nt u m si m ul ati o n of q u a nt u m   m a n y- b o d y s ys-

t e ms   wit h  ultr a c ol d  t w o- el e ctr o n  at o ms  i n  a n  o pti c al  l atti c e,

Pr o c. J p n.   A c a d.,  S er.   B 9 8 , 1 4 1 ( 2 0 2 2).

[ 6 1]   D.   T usi,   L.  Fr a n c hi,   L.  F.   Li vi,   K.   B a u m a n n,   D.   B e n e di ct o

Or e n es,   L.   D el   R e,   R.   E.   B arf k n e c ht,   T.- W.   Z h o u,   M. I n g us ci o,

G.   C a p p elli ni,   M.   C a p o n e,  J.   C at a ni,  a n d   L.  F all a ni,  Fl a v o ur-

s el e cti v e l o c ali z ati o n i n i nt er a cti n g l atti c e f er mi o ns, N at.  P h ys.

1 8 , 1 2 0 1 ( 2 0 2 2).

[ 6 2]   G.  P as q u al etti,   O.   B ett er m a n n,   N.   D.   O p p o n g,   E. I b arr a- G ar cí a-

P a dill a, S.   D as g u pt a,   R.   T. S c al ett ar,   K.   R.   A.   H a z z ar d, I.   Bl o c h,

a n d  S.  F ölli n g,   E q u ati o n  of  st at e  a n d  t h er m o m etr y  of  t h e  2 D

S U( N )  F er mi- H u b b ar d   m o d el, ar Xi v: 2 3 0 5. 1 8 9 6 7 .

[ 6 3] C.   Gr oss  a n d  I.   Bl o c h,   Q u a nt u m  si m ul ati o ns   wit h  ultr a c ol d

at o ms i n o pti c al l atti c es, S ci e n c e 3 5 7 , 9 9 5 ( 2 0 1 7).

[ 6 4]  I.   Bl o c h, J.   D ali b ar d, a n d  S.   N as ci m b è n e,   Q u a nt u m si m ul ati o ns

wit h ultr a c ol d q u a nt u m g as es, N at.  P h ys. 8 , 2 6 7 ( 2 0 1 2).

[ 6 5]   R.   Ya m a m ot o,  J.   K o b a y as hi,   T.   K u n o,   K.   K at o,  a n d   Y.

Ta k a h as hi,   A n ytt er bi u m q u a nt u m g as   mi cr os c o p e   wit h n arr o w-

li n e l as er c o oli n g, N e w J.  P h ys. 1 8 , 0 2 3 0 1 6 ( 2 0 1 6).

[ 6 6]   C.   Gr oss  a n d   W.  S.   B a kr,   Q u a nt u m  g as   mi cr os c o p y f or  si n gl e

at o m a n d s pi n d et e cti o n, N at.  P h ys. 1 7 , 1 3 1 6 ( 2 0 2 1).

[ 6 7]   E.   Y.   L o h,  Jr.,  J.   E.   G u b er n atis,   R.   T.  S c al ett ar,  S.   R.   W hit e,

D. J.  S c al a pi n o, a n d   R.   L.  S u g ar,  Si g n pr o bl e m i n t h e n u m eri c al

si m ul ati o n  of   m a n y- el e ctr o n  s yst e ms, P h ys.   R e v.   B 4 1 ,  9 3 0 1

( 1 9 9 0).

[ 6 8]  S.   Z h a n g,  J.   C arls o n,  a n d  J.   E.   G u b er n atis,   C o nstr ai n e d  p at h

M o nt e   C arl o   m et h o d  f or  f er mi o n  gr o u n d  st at es, P h ys.   R e v.   B

5 5 , 7 4 6 4 ( 1 9 9 7).

[ 6 9]   M.   Qi n,   H.  S hi,  a n d  S.   Z h a n g,   C o u pli n g  q u a nt u m   M o nt e

C arl o  a n d  i n d e p e n d e nt- p arti cl e  c al c ul ati o ns:  S elf- c o nsist e nt

c o nstr ai nt  f or  t h e  si g n  pr o bl e m  b as e d  o n  t h e  d e nsit y  or  t h e

d e nsit y   m atri x, P h ys. R e v. B 9 4 , 2 3 5 1 1 9 ( 2 0 1 6).

[ 7 0]  J.   X u,   C.- C.   C h a n g,   E.  J.   Walt er,  a n d  S.   Z h a n g,  S pi n-  a n d

c h ar g e- d e nsit y   w a v es i n t h e   H artr e e – F o c k  gr o u n d  st at e  of t h e

t w o- di m e nsi o n al   H u b b ar d   m o d el, J. P h ys.:   C o n d e ns.   M att er 2 3 ,

5 0 5 6 0 1 ( 2 0 1 1) .

[ 7 1]   H.  S hi  a n d  S.   Z h a n g,  S y m m etr y  i n  a u xili ar y- fi el d  q u a nt u m

M o nt e   C arl o c al c ul ati o ns, P h ys. R e v. B 8 8 , 1 2 5 1 3 2 ( 2 0 1 3).

[ 7 2]   W.  P ur w a nt o  a n d  S.   Z h a n g,   Q u a nt u m   M o nt e   C arl o   m et h o d

f or t h e  gr o u n d  st at e  of   m a n y- b os o n  s yst e ms, P h ys. R e v. E 7 0 ,

0 5 6 7 0 2 ( 2 0 0 4) .

[ 7 3]   M.   H o h e n a dl er  a n d   G.   G.   B atr o u ni,   D o mi n a nt  c h ar g e  d e nsit y

w a v e c orr el ati o ns i n t h e   H olst ei n   m o d el o n t h e h alf- fill e d s q u ar e

l atti c e, P h ys.   R e v.   B 1 0 0 , 1 6 5 1 1 4 ( 2 0 1 9).

[ 7 4]   C.  F e n g  a n d   R.   T.  S c al ett ar,  I nt er pl a y  of  fl at  el e ctr o ni c

b a n ds   wit h   H olst ei n  p h o n o ns, P h ys.   R e v.   B 1 0 2 ,  2 3 5 1 5 2

( 2 0 2 0).

[ 7 5]   C.  F e n g,   H.   G u o,  a n d   R.   T.  S c al ett ar,   C h ar g e  d e nsit y   w a v es

o n a  h alf- fill e d  d e c or at e d  h o n e y c o m b l atti c e, P h ys.   R e v.   B 1 0 1 ,

2 0 5 1 0 3 ( 2 0 2 0) .

[ 7 6]   C.   C h e n,   X.   Y.   X u,   Z.   Y.   M e n g,  a n d   M.   H o h e n a dl er,   C h ar g e-

d e nsit y- w a v e tr a nsiti o ns of   Dir a c f er mi o ns c o u pl e d t o p h o n o ns,

P h ys.   R e v.   L ett. 1 2 2 , 0 7 7 6 0 1 ( 2 0 1 9).

[ 7 7]   Y.   Z h a n g,   C.  F e n g,   R.   M o n d ai ni,   G.   G.   B atr o u ni,  a n d   R.   T.

S c al ett ar,   C h ar g e  si n gl ets  a n d  or bit al-s el e cti v e  c h ar g e  d e nsit y

w a v e tr a nsiti o ns, P h ys.   R e v.   B 1 0 6 , 1 1 5 1 2 0 ( 2 0 2 2).

[ 7 8]   C.   K v a n d e,   C.  F e n g,  F.   H é b ert,   G.   G.   B atr o u ni,  a n d   R.   T.

S c al ett ar,   E n h a n c e m e nt  of  c h ar g e  d e nsit y   w a v e  c orr el ati o ns i n

a  h olst ei n   m o d el   wit h  a n  a n h ar m o ni c  p h o n o n  p ot e nti al, P h ys.

R e v.   B 1 0 8 , 0 7 5 1 1 9 ( 2 0 2 3).

[ 7 9] C.  F e n g,   B.   Xi n g,   D.  P ol etti,   R.  S c al ett ar,  a n d   G.   B atr o u ni,

P h as e  di a gr a m  of t h e  S u- S c hri eff er- H e e g er- H u b b ar d   m o d el  o n

a s q u ar e l atti c e, P h ys. R e v. B 1 0 6 ,   L 0 8 1 1 1 4 ( 2 0 2 2).

[ 8 0]   X.   C ai,   Z.- X.   Li,  a n d   H.   Ya o,   A ntif err o m a g n etis m  i n d u c e d

b y  b o n d  S u- S c hri eff er- H e e g er  el e ctr o n- p h o n o n  c o u pli n g:   A

q u a nt u m   M o nt e   C arl o  st u d y, P h ys.   R e v.   L ett. 1 2 7 ,  2 4 7 2 0 3

( 2 0 2 1).

[ 8 1]   B.   Xi n g,   W.- T.   C hi u,   D. P ol etti,   R.   T. S c al ett ar, a n d   G.   B atr o u ni,

Q u a nt u m   M o nt e   C arl o  si m ul ati o ns  of  t h e  2 D  S u- S c hri eff er-

H e e g er   m o d el, P h ys.   R e v.   L ett. 1 2 6 , 0 1 7 6 0 1 ( 2 0 2 1).

[ 8 2]   A.   G öt z,  S.   B e yl,   M.   H o h e n a dl er,  a n d  F.  F.   Ass a a d,   Val e n c e-

b o n d s oli d t o a ntif err o m a g n et tr a nsiti o n i n t h e t w o- di m e nsi o n al

S u- S c hri eff er- H e e g er   m o d el b y   L a n g e vi n d y n a mi cs, P h ys.   R e v.

B 1 0 5 , 0 8 5 1 5 1 ( 2 0 2 2).

[ 8 3]   B.   Xi n g,   C.  F e n g,   R.  S c al ett ar,   G.   G.   B atr o u ni,  a n d   D.  P ol etti,

Attr a cti v e  S u- S c hri eff er- H e e g er- H u b b ar d   m o d el  o n  a  s q u ar e

l atti c e  a w a y  fr o m  h alf- filli n g, P h ys.   R e v.   B 1 0 8 ,   L 1 6 1 1 0 3

( 2 0 2 3).

[ 8 4]   M.   Tr o y er  a n d   U.-J.   Wi es e,   C o m p ut ati o n al  c o m pl e xit y  a n d

f u n d a m e nt al  li mit ati o ns  t o  f er mi o ni c  q u a nt u m   M o nt e   C arl o

si m ul ati o ns, P h ys.   R e v.   L ett. 9 4 , 1 7 0 2 0 1 ( 2 0 0 5).

[ 8 5]   C.  J.   U mri g ar,  J.   T o ul o us e,   C.  Fili p pi,  S.  S or ell a,  a n d   R.   G.

H e n ni g,   All e vi ati o n  of t h e f er mi o n-si g n  pr o bl e m  b y  o pti mi z a-

ti o n of   m a n y- b o d y   w a v e f u n cti o ns, P h ys. R e v. L ett. 9 8 , 1 1 0 2 0 1

( 2 0 0 7).

0 4 3 2 6 7- 8

https://doi.org/10.1103/PhysRevB.71.075103
https://doi.org/10.1038/nature08942
https://doi.org/10.1103/PhysRevX.6.011029
https://doi.org/10.1038/nphys1535
https://doi.org/10.1088/0034-4885/77/12/124401
https://doi.org/10.1103/PhysRevLett.91.186402
https://doi.org/10.1088/1367-2630/11/10/103033
https://doi.org/10.1038/nphys2430
https://doi.org/10.1103/PhysRevX.6.021030
https://doi.org/10.1103/PhysRevLett.121.225303
https://doi.org/10.1038/s41567-022-01725-6
https://doi.org/10.2183/pjab.98.010
https://doi.org/10.1038/s41567-022-01726-5
http://arxiv.org/abs/arXiv:2305.18967
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1038/nphys2259
https://doi.org/10.1088/1367-2630/18/2/023016
https://doi.org/10.1038/s41567-021-01370-5
https://doi.org/10.1103/PhysRevB.41.9301
https://doi.org/10.1103/PhysRevB.55.7464
https://doi.org/10.1103/PhysRevB.94.235119
https://doi.org/10.1088/0953-8984/23/50/505601
https://doi.org/10.1103/PhysRevB.88.125132
https://doi.org/10.1103/PhysRevE.70.056702
https://doi.org/10.1103/PhysRevB.100.165114
https://doi.org/10.1103/PhysRevB.102.235152
https://doi.org/10.1103/PhysRevB.101.205103
https://doi.org/10.1103/PhysRevLett.122.077601
https://doi.org/10.1103/PhysRevB.106.115120
https://doi.org/10.1103/PhysRevB.108.075119
https://doi.org/10.1103/PhysRevB.106.L081114
https://doi.org/10.1103/PhysRevLett.127.247203
https://doi.org/10.1103/PhysRevLett.126.017601
https://doi.org/10.1103/PhysRevB.105.085151
https://doi.org/10.1103/PhysRevB.108.L161103
https://doi.org/10.1103/PhysRevLett.94.170201
https://doi.org/10.1103/PhysRevLett.98.110201


M E T A L-I N S U L A T O R   T R A N SI TI O N   A N D   Q U A N T U M   … P H Y SI C A L   R E VI E W   R E S E A R C H 5 , 0 4 3 2 6 7 ( 2 0 2 3)

[ 8 6]   R.   M o n d ai ni,  S.   Tar at,  a n d   R.   T.  S c al ett ar,   Q u a nt u m  criti c al

p oi nts a n d t h e si g n pr o bl e m, S ci e n c e 3 7 5 , 4 1 8 ( 2 0 2 2).

[ 8 7]   C.- C.   C h a n g  a n d  S.   Z h a n g,  S p ati all y i n h o m o g e n e o us  p h as e i n

t h e t w o- di m e nsi o n al r e p ulsi v e   H u b b ar d   m o d el, P h ys.   R e v.   B 7 8 ,

1 6 5 1 0 1 ( 2 0 0 8) .

[ 8 8]  J.  P.  F.   L e Bl a n c,   A.   E.   A nti p o v,  F.   B e c c a, I.   W.   B uli k,   G.   K.- L.

C h a n,   C.- M.   C h u n g,   Y.   D e n g,   M.  F err er o,   T.   M.   H e n d ers o n,

C.   A. Ji m é n e z- H o y os,   E.   K o zi k,   X.- W.   Li u,   A. J.   Millis,   N.   V.

Pr o k of’ e v,   M.   Qi n,   G.   E.  S c us eri a,   H.  S hi,   B.   V.  S vist u n o v,

L. F. T o c c hi o, I. S. T u pits y n et  al. ( Si m o ns   C oll a b or ati o n  o n

t h e   M a n y- El e ctr o n  Pr o bl e m),  S ol uti o ns of t h e t w o- di m e nsi o n al

H u b b ar d   m o d el:   B e n c h m ar ks  a n d r es ults fr o m  a   wi d e r a n g e  of

n u m eri c al al g orit h ms, P h ys. R e v. X 5 , 0 4 1 0 4 1 ( 2 0 1 5).

[ 8 9]   B.- X.   Z h e n g,   C.- M.   C h u n g,  P.   C or b o z,   G.   E hl ers,   M.- P.   Qi n,

R. M. N o a c k, H. S hi, S. R. W hit e, S. Z h a n g, a n d G. K.- L. C h a n,

Stri p e  or d er i n t h e  u n d er d o p e d  r e gi o n  of t h e t w o- di m e nsi o n al

H u b b ar d   m o d el, S ci e n c e 3 5 8 , 1 1 5 5 ( 2 0 1 7).

[ 9 0]   M.   Qi n,   C.- M.   C h u n g,   H.  S hi,   E.   Vit ali,   C.   H u bi g,   U.

S c h oll w ö c k,  S.   R.   W hit e,  a n d  S.   Z h a n g ( Si m o ns   C oll a b or ati o n

o n t h e   M a n y- El e ctr o n  Pr o bl e m),   A bs e n c e  of s u p er c o n d u cti vit y

i n t h e  p ur e t w o- di m e nsi o n al   H u b b ar d   m o d el, P h ys.   R e v.   X 1 0 ,

0 3 1 0 1 6 ( 2 0 2 0) .

[ 9 1]   M.   Qi n,   H.  S hi,  a n d  S.   Z h a n g,   B e n c h m ar k  st u d y  of  t h e

t w o- di m e nsi o n al   H u b b ar d   m o d el   wit h  a u xili ar y- fi el d  q u a nt u m

M o nt e   C arl o   m et h o d, P h ys.   R e v.   B 9 4 , 0 8 5 1 0 3 ( 2 0 1 6).

[ 9 2]   E.   Vit ali,  P.   R os e n b er g, a n d  S.   Z h a n g,   E x oti c s u p er fl ui d  p h as es

i n s pi n- p ol ari z e d F er mi g as es i n o pti c al l atti c es, P h ys. R e v. L ett.

1 2 8 , 2 0 3 2 0 1 ( 2 0 2 2).

[ 9 3]   E.  I b arr a- G ar cí a- P a dill a,   C.  F e n g,   G.  P as q u al etti,  S.

F ölli n g,   R.   T.  S c al ett ar,   E.   K h at a mi,  a n d   K.   R.   A.

H a z z ar d,   M et al-i ns ul at or  tr a nsiti o n  a n d   m a g n etis m  of  S U( 3)

f er mi o ns  i n  t h e  s q u ar e  l atti c e P h ys.   R e v.   A 1 0 8 ,  0 5 3 3 1 2

( 2 0 2 3).

[ 9 4]  S.  S or ell a,  Fi nit e-si z e  s c ali n g   wit h   m o di fi e d  b o u n d ar y  c o n di-

ti o ns, P h ys. R e v. B 9 1 , 2 4 1 1 1 6( R) ( 2 0 1 5).

[ 9 5]   C.   Gr os,   C o ntr ol of t h e  fi nit e-si z e c orr e cti o ns i n e x a ct di a g o n al-

i z ati o n st u di es, P h ys. R e v. B 5 3 , 6 8 6 5 ( 1 9 9 6).

[ 9 6]   C.   Li n,  F.   H.   Z o n g, a n d   D.   M.   C e p erl e y,   T wist- a v er a g e d b o u n d-

ar y c o n diti o ns i n c o nti n u u m  q u a nt u m   M o nt e   C arl o al g orit h ms,

P h ys.   R e v.   E 6 4 , 0 1 6 7 0 2 ( 2 0 0 1).

0 4 3 2 6 7- 9

https://doi.org/10.1126/science.abg9299
https://doi.org/10.1103/PhysRevB.78.165101
https://doi.org/10.1103/PhysRevX.5.041041
https://doi.org/10.1126/science.aam7127
https://doi.org/10.1103/PhysRevX.10.031016
https://doi.org/10.1103/PhysRevB.94.085103
https://doi.org/10.1103/PhysRevLett.128.203201
https://doi.org/10.1103/PhysRevA.108.053312
https://doi.org/10.1103/PhysRevB.91.241116
https://doi.org/10.1103/PhysRevB.53.6865
https://doi.org/10.1103/PhysRevE.64.016702

