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Spectral and Dynamical Contrast on Highly
Correlated Anderson-Type Models

Rodrigo Matos®, Rajinder Mavi and Jeffrey Schenker

Abstract. We study spectral and dynamical properties of random Schro
dinger operators Hvert = —Agy.,, + Vi and Hpiag = *AGDiag + V., on
certain two-dimensional graphs Gvert and Gpiag. Differently from the
standard Anderson model, the random potentials are not independent
but, instead, are constant along any vertical line, i.e V,(n) = w(n1), for
n = (n1,n2). In particular, the potentials studied here exhibit long range
correlations. We present examples where geometric changes to the under-
lying graph, combined with high disorder, have a significant impact on
the spectral and dynamical properties of the operators, leading to con-
trasting behaviors for the “diagonal” and “vertical” models. Moreover,
the “vertical” model exhibits a sharp phase transition within its (purely)
absolutely continuous spectrum. This is captured by the notions of tran-
sient and recurrent components of the absolutely continuous spectrum,
introduced by Avron and Simon (J Funct Anal 43:1-31, 1981).

1. Introduction and Main Results

In this paper, we present and analyze examples of random Schrédinger opera-
tors for which contrasting dynamical and spectral behaviors can be observed.
In comparison with the well-established theory of Anderson localization, dis-
cussed below in detail, the systems studied here exhibit some form of long
range correlations. Depending on the geometry of the underlying graph, the
dynamical and spectral properties of the models can change significantly. In-
deed, the first of the models described below, which we call the vertical model,
exhibits purely absolutely continuous spectrum and a ballistic lower bound for
the time averaged second moments of the position operator. Furthermore, its
absolutely continuous spectrum splits into a transient and a recurrent com-
ponent, in the sense of Avron and Simon [8]. The transient spectrum for the
vertical model is shown to appear only at the spectral edges and, for small val-
ues of a vertical hopping parameter, is much smaller (in the sense of Lebesgue
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measure) than the recurrent component. The notions of transient and recur-
rent absolutely continuous spectrum will be reviewed below in Sect. 1.4. On
the other hand, the second model presented here, referred to as the diagonal
model, exhibits dynamical localization and has pure point spectrum.

The nature of transport can be markedly different for strongly correlated
potentials from what is familiar from the weakly correlated context. For in-
stance, in [41] two of us considered a system consisting of a particle in a random
potential and a spin-1/2 which can flip only when the particle visits the origin.
This model can be viewed as an Anderson model on two lines connected at
the origin, viewing the up and down spin states as distinct horizontal layers:
[ L L L L L

@ L L L L L

In this geometric picture, the single-site values of the potential are iden-
tical on the two layers, and thus have long range correlations in the graph
metric. In [41] it was shown that resonant tunneling is compatible with corre-
lated pure point spectrum. More precisely, the model exhibits Green’s function
decay in the graph metric, has pure point spectrum, but its eigenfunctions are
only localized in the particle position [41, Theorems I1.2 and I1.5]. The present
paper explores the consequences of correlations along the lines of those con-
sidered in [41], but of a longer range nature. The key observation is that the
geometry of the hopping matters a great deal to dynamics in the presence of
long range correlations.

1.1. Overview of the Models

We now present a brief outline of the graphs and random operators studied in
this note. A detailed description is given below in Sect. 3.

Let Z>o = {0,1,2,...}. The graph Gvert has vertex set equal to Z>g x
Z>o with nearest neighbor connections which are either horizontal or vertical
(in the y-axis only); see Fig. 1. Contrasting to Gvert is the following family
{Gpiag,e}2, of “diagonal” graphs indexed by an integer ¢ € Z>. For £ = 0,
let Gpiag,0 denote the graph whose the vertex set lies on or below the diagonal
of the first quadrant with nearest neighbors connected horizontally or through

(0,1) b—@—0—8—0—0—8—0—0—8—0—0—8.- .- i

GVert ........ @

(0,0) (m, 0)

FIGURE 1. The graph Gves
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(0,0) (0,0)

GDiag,Q

(0,0)

FIGURE 2. The graphs Gpjag with £ =0,/ =1 and £ =2

the diagonal {(n,n) : n € Z>o} (see Fig.2). For £ > 1, the graph Gpiag ¢
is an “interpolation” between Gvers and Gpiag,e—o obtained by alternating £
vertical connections among different layers with one “diagonal” connection
(see Fig. 2 for the cases £ = 1 and ¢ = 2). Somewhat more precisely, the graph
Gnpiag,¢ has as its vertex set the portion of Z>y x Zx>¢ on or to the right of the
path D = Upez. {(n,n({ +1)+7) : r =0,1,...,¢}, with vertices connected
horizontally or aiong @. To simplify notation, we often suppress the parameter
¢ in the discussion below, writing Gpiag for Gpiag,¢ with the understanding that
we are considering an arbitrary but fixed value of £. A more detailed definition
of these graphs can be found in Sect. 3.
We now describe the operators of interest for this work,

Hyery = _AVert,ry +V, and HDiag = _ADiag,'y + V.

Here Ay ~, for § = Vert or Diag, ¢, denotes the weighted adjacency operator for
the graph Gy, with hopping equal to 1 along horizontal edges and equal to v > 0
along vertical edges (if § = Vert) or diagonal edges ( if § = Diag). We take the
hopping equal to 1 along vertical edges of Gpiage, although analogous results
could be obtained for other values. The operator V,, is a “random potential”
of the form (V,¢) (n) = V,(n)y(n) with V,(n) random variables indexed
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by n € Gy. By definition, the single-site values of the random potentials we
consider depend only on the horizontal coordinate, and thus are perfectly
correlated in the vertical direction. More precisely, we assume that

Von) = w(n) for mn=(n,ne) € Gy. (1.1)
Our main assumption is the following

Assumption 1. The random variables {w(n1)}n,ez., are non-negative, inde-
pendent and identically distributed, with a common density p. Furthermore,
p(v) > 0 for almost every v € [0,wmax] and p(v) vanishes for v < 0 and
V > Wmax-

Remark. Note that 0 < w(n) < wpax almost surely and Probjv — e < w(n) <
v+ €| >0 for every 0 < v < wpax and € > 0.

Given mg,ng € Z>o, the restriction of Hy, f = Vert or Diag, to a single
layer Zsm, x {no} of Gy is, by definition, a copy of the Anderson model on
the half-line Z>,,, ={m € Z: m > mq}:

(mo)
/)LAnd (m)
= —p(m+1)—Im>me+1(m—1)+w(m)(m) m >mg.
(1.2)

Under Assumption 1 the spectrum of this Anderson model is a(/igmnod)) =
[~2,2 + wmax] almost surely (see, for example, [5, Corollary 3.13]). Further-
more, with probability one, ﬁf{gg) exhibits Anderson localization and exponen-
tial dynamical localization (these concepts are reviewed below in Sect. 2). The
operator Hy has identical samples of the disorder on each layer and, in general,
has some spectrum induced by the diagonal/vertical hopping that falls outside
the interval [—2,2 4+ wmax|. As will become apparent from our main results,
there are fundamental differences in the spectral and dynamical properties of
the operators obtained by connecting these horizontal components in distinct
ways.

Remark. The assumption that p(v) > 0 for almost every v € [0, wmax] is purely
for convenience, as it allows us to identify the spectrum of the Anderson model
with a single interval. Most of what we do below would carry over to the
more general case, even to unbounded potentials, with some modifications to
Theorem 8 in case there are additional boundaries in the spectrum.

1.2. Dynamical Contrast Between the Vertical and Diagonal Models

For ¢ > 0, the time-averaged g-moments of a self-adjoint operator H on ¢?(Gy)
are defined by

2 o0
ML(H, X;) = T/o e

where | X;|, j = 1,2, acts as a multiplication operator on ¢ (Gy) via (| X;|?¢) (n)
= |n;|%(n) for n = (nq1,n2) € G4. We also introduce

iy = 2 [

0

—2t
T

]E<50,6itH|Xj|q€_itH(50> dt (13)

2t

%E<50,€itH|X‘q€_itH60> dt (14)
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where | X| = |X;| + | X2| (note that, up to g-dependent constants, M. (H)
M3 (H, X1) + M(X2)).

Our first result concerns Hyert, where a combination of the symmetry
and localization in the horizontal direction induces ballistic transport in the
vertical direction.

VIA

Theorem 1. For all v > 0 there is Ty > 0 such that the averaged moments
satisfy

M7 (Hvyert, X2) > CoT1 (1.5)

for all times T > Ty and some positive constant Coy which depends on ||pllco
and 7.

Perspectives and open problems related to Theorem 1 are discussed in
Sect. 4.1. The proof of Theorem 1, which appears in Sect. 5.3 below, is based
on the following outline:

(1) We show that Hye,t has purely absolutely continuous spectrum. This is a
deterministic fact which follows from the vertical structure of the graph
Gvert along with the fact that the random potential depends only on the
first coordinate.

(2) The Guarnieri bound [22], specialized to the two-dimensional case, im-
plies that M (Hvyer) > Co (T)% . This is a general fact which does not
rely on the randomness at all, only on the absolute continuity of the
spectral measure g for Hyepy associated to dg.

(3) In Lemma 11 below, we show that Hye exhibits exponential dynam-
ical localization in the horizontal direction, from which it follows that
M, (Hvyert, | X1]) is bounded as T — oo. Therefore, it is possible to im-
prove upon the Guarneri bound for M% (Hvert)- The intuitive idea is that
transport may only occur in the vertical direction (since the horizontal di-
rection essentially consists of an one-dimensional Anderson model). Thus
one should obtain a result consistent with the Guarnieri bound in one
dimension, namely M7 (Hvyert) & MF (Hvyert, | X2|) > CoT1.

The above arguments are implemented through several technical steps in Sects.
5.1, 5.2 and 5.3. We emphasize that Theorem 1 is valid for all v > 0. We keep
the vertical hopping parameter here for consistency, since it plays an important
role in our results for Hpjag-

Our second result concerns Hpiag = —Apiag,y + Vi, which we show ex-
hibits a strong form of dynamical localization in the horizontal direction:

Theorem 2. For each { € Z>q there existyg > 0 and Ty > 0 such that whenever
v < Y0, we have that

E (Sup |(0n e“HD‘agém)D < CreTvimimm (1.6)
teR
with Cp < oo and v > 0 depending on £ and ~.
In this diagonal model, transport in the vertical direction is constrained

by horizontal transport. As a consequence we have a bound on all position
moments:
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Corollary 3. When y < 7o, with 7o as in Theorem 2, we have supp M3 (Hpiag)
< oo for all q.

Perspectives and open problems related to the above results are discussed
in Sect. 4.1. The main elements of the proof of Theorem 2 are the following

(1) The model Hpiag exhibits, for small values of v, exponential decay for
the fractional moments of the Green’s function; see Lemma 23 below.
This follows from an argument similar to the one in [5, Theorem 6.3]
adapted to the present context. The main ingredient is Feenberg’s loop-
erased expansion for the Green’s function ([5, Theorem 6.2]) combined
with the geometry of the graph Gpjag,¢. In particular, it is crucial that for
ng = ka(€4+1)+re, ro € {0,..., ¢} and nf > (ka+1)(£+1), the restriction
of Hpiag t0 €% (Gpiag.e N (Z>o x {nh})) is independent of w(ksa), while the
restriction of this operator to €2 (Gpiag,e N (Z>o % {n2})) depends on this
variable.

(2) Once decay of fractional moments of the Green’s function is known, one
expects to find upper bounds on the quantum dynamics. In the present
context, we obtain exponential dynamical localization by a proof similar
to that used in the context of discrete random Schrodinger operators with
weakly correlated potentials [3, Theorem Al].

The details of the above outline are completed in Sects. 6.1 and 6.2.
1.3. Spectral Contrast Between Hvrt and Hpjag

The following is a simple consequence of Theorem 2 and the RAGE theorem.

Corollary 4. Whenever 0 < v < vy, Hpiag has pure point spectrum with prob-
ability one.

The spectral contrast between the two models becomes evident from the
result below.

Theorem 5. With probability one, Hvyery has simple, purely absolutely contin-
wous spectrum. Furthermore, dg is a cyclic vector and the associated spectral
measure o has a bounded density and is supported on a set of Lebesgue mea-
sure 4+.

Remark. That is, duo(E) = f(E)dE with supg f(F) < oo and [{f > 0}] = 4.

A notable feature of Theorem 5 is that, for small values of -y, the support
of o has Lebesgue measure much smaller than the spectrum of Hyet, since
the later contains the interval [0,2 4 wpayx]. While such behavior is necessary
in systems exhibiting spectral localization (for which the support has measure
zero), we are not aware of explicit examples of it in the context of random
operators exhibiting transport and AC spectrum, as in the case of Hyg. As
we shall see in the following section, this phenomenon is linked to the fact that
Hyert has recurrent AC spectrum in [0, 2 + wWiax]-

The proof of Theorem 5 may be found in Sect. 5.4 below. In calculating
the Lebesgue measure of the support for pg, we make use of a generalization
of Boole’s identity which is of independent interest. As we could not find a
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reference in the literature with the exact statement needed, we present the
result here and give the details of the proof in the Appendix. Let p be a finite
Borel measure and let F(z) = [ — du(u) be its Borel transform, defined
whenever z € C*. Then the limit

F(E +i0) = lim F(E +i0)

exists and is finite for Lebesgue almost every E and is furthermore real for
almost every F if u is purely singular (see, e.g., [48, Theorem 5.9.1]). For the
Borel transform of a singular measure there is a beautiful equality of Boole:

Proposition 6 (Boole’s identity [9]). Let p be a finite, purely singular Borel
measure on R and let F(z) = [ ——du(u) be its Borel transform. Then

{EeR :F(E+i0)>t}|:@. (1.7)

Remarks. (1) Here ’S ‘ denotes the Lebesgue measure of S. 2) Boole’s identity
and its extensions have been rediscovered or studied in various contexts by
different authors ([13,14,16,24,38,43,50]). For further historical notes we refer
to [48, Chapter 5] and [5, Chapter 8].

To prove Theorem 5 we prove the following generalization of Boole’s identity:

Proposition 7. Let y and F be as in Proposition 6. Then
{EER:a<E+F(E+i0) <} =8-a (1.8)
for every real o < 3.

1.4. Phase Transition Within o (Hvert)

Our next result sheds light on Theorem 5, providing further information on
the dynamics e ®HVert by describing the splitting of the spectrum of Hver
into transient and recurrent components, in the sense of Avron and Simon [8].
This may be interpreted as a phase transition within the purely absolutely
continuous spectrum of Hyeyt.

Before stating the result, it is useful to recall the notions of transient and
recurrent AC spectrum. A key observation of [8] was that the absolutely con-
tinuous subspace # . of a self-adjoint operator H can be further decomposed
into its transient and recurrent subspaces. The subspace #*2¢ is defined to be
the closure of the set of all ¢ € #2° such that, for all N € N,

[, e ) =0 (t7); (1.9)
such vectors v are called “transient vectors”. By the Riemann-Lebesgue lemma,
for any ¢ € #2* we have that lim;_ .. [{(¢, e"®H1))| = 0. For a transient vec-
tor ¢ € #*2¢, the limit is then required to converge faster than any inverse
power of ¢. As a result, the Radon—Nikodym derivative fy(E) = % of the
spectral measure associated to ¢ is a C*° function (see [8, Proposition 3.1]).
The recurrent AC subspace #¢ is defined to be the orthogonal complement
of the transient space #'2° within the AC subspace: #™¢ = #2¢ O #*3¢. As
explained in [8], one of their motivations for introducing these refined notions



1452 R. Matos et al. Ann. Henri Poincaré

is that in case py = xc dx, where C is a Cantor-like set of positive Lebesgue
measure, the measure p, resembles a singular measure, despite its absolute
continuity; and indeed this is a typical situation in which v belongs to the
recurrent subspace F#2°.

The transient and recurrent AC subspaces associated to a self-adjoint
operator H are seen to be invariant subspaces for H [8, Theorem 3.4]. The
transient and recurrent AC spectra of H, denoted 0**°(H) and ¢"*“(H) respec-
tively, are the spectra of the restriction of H to the corresponding subspaces,
%tac and Ffrac.

Theorem 8. For all v > 0 we have

(a) 0% (Hvyert) is a non-deterministic closed subset of [—2 — 2y, —=2] U [2 +
Wmax 2+ Wmax + 27]
(b) UraC(HVert) = [_23 2+ wmax] .

The points —2 and 2 + wiyax in o(Hyert) are “mobility edges” separating
two distinct types of spectra. The recurrent spectrum o2¢(Hyet) is equal to
the bulk spectrum of the 1D Anderson model on the horizontal lines of Gy,
whereas the transient spectrum o'¢(Hyer) falls outside the bulk spectrum.
Further comments on the transient and recurrent subspaces of Hye¢ are given
in Sect. 4. Theorem 8 follows from Corollary 20 in Sect. 5.5 below.

1.5. Organization of the Paper

The remainder of this paper is organized as follows: Sect. 2 consists of a brief
review of Anderson localization, Sect. 3 includes the precise definitions of the
graphs Gvery and Gpjag, further perspectives and open problems are given in
Sect. 4. The proofs of results for Hyet (Theorems 1, 5 and 8) are given in
Sect. 5. The proof of Theorem 2 (dynamical localization for Hpiag) is given in
Sect. 6. A proof of Proposition 7, a generalization of Boole’s lemma, is given
in Appendix A. In further appendices, we derive horizontal localization for
Hyert and review the harmonic analysis leading to boundedness of fractional
moments of the Green’s functions for Hyers and Hpiag-

2. A Short Review of Anderson Localization

We now discuss the relevant background on Anderson localization, as many of
the specific results and different notions of localization will play a key role in
the subsequent analysis.

The effects of disorder on transport properties of quantum systems have
drawn a significant amount of attention in the mathematics and physics com-
munities since their introduction in 1958 in the celebrated paper [7] by the
physicist P.W. Anderson. The efforts to encode Anderson’s claim that ran-
domness localizes waves in disordered media into a rigorous mathematical
statement and to obtain a proof for it gave rise to a beautiful theory. For a
more complete historical picture we refer to the surveys [34,51] and the book

[5].
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In the present paper we make extensive use of known bounds for the 1D
Anderson model 49 on the half-line €2(Zs,,), defined above in Eq. (1.2).
More generally, the Anderson model may be defined on ¢2(€2), with Q c Z¢,
as the random operator A = —Aqg + AV, where

(i) Agq is the adjacency operator acting on ¢ € £2 (Q) through
(Aop)(m) = Y @(m), neQ, Inl=|n|+-+ndl-

|m—n|1=1
mes)

(ii) The random potential V,, acts as a multiplication operator on ¢? (Q) via

(Vo) (n) = w(n)p(n), ne.
(i) w = {w(n)}neq is a list of independent, identically distributed random
variables.
(iv) A > 0 denotes the disorder strength.
Let {6, }nea be the canonical basis of £2 (Q), with 6, (m) = d,n, the Kronecker
delta. Dynamical localization for 42 is defined as averaged decay of the matrix
elements |(d,, e‘it’i<n)§0>|, made explicit through a bound such as

E (sup |(On, e_itﬁ(ﬂ>60)|) < Cr(n), (2.1)

teR
where C > 0 and ) _,.7(n) < oo. If the bound is obtained with r(n) =
e~vI"l for some v > 0, this is called exponential dynamical localization. If
Cq =3, cza|n?%(n) < oo, then dynamical localization in the sense of (2.1)
implies the bound

]E(suﬂ}g <5o,eimm)|X1|qeitﬁ(mé@) < Cy < o0, (2.2)
te

where (] X1]9¢)(n1) = |n1|%(nq) is defined on 2 (Z>o) . The inequality (2.2)
in turn shows a bound on the disorder and time averaged moment (defined
analogously to (1.3))

E(ML(AD, X)) < C, < oo. (2.3)

The chain of implications (2.1 = (2.2) = (2.4)) was stated above in the con-
text of A2 only for the sake of simplicity; as can be readily verified, analogous
statements hold in much greater generality. The inequality

E(MI(H)) < C; < oo. (2.4)
for a self-adjoint operator H is then interpreted as a signature of localiza-
tion whereas its counterpart, M{(H) > CT® for a > 0, indicates non-trivial
transport, which is called ballistic when oo = ¢ and diffusive in case o = ¢ /2.

There is a close relationship between dynamical localization, as in (2.1),
and decay of matrix elements of the Green’s function

G (n,m;z) = (0,, (A — 2)716,,) (2.5)

as |n —m| — oo. For random potentials of the type considered here, with
variables having an absolutely continuous distribution with a bounded density,
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a convenient signature of exponential localization is given by exponential decay
of the fractional moments of the Green’s function, namely

sup limsup E (’G(Q)(n, m; E + i€)]®
E

e—0

) < Canerainl (2

with 0 < s < 1, pgana > 0 and Cpng < 00. See [5, Chapter 7] for a more
complete discussion of the relation between fractional moments and dynamical
localization. The key fact for the purposes of the present paper is that:

Egs. (2.1) and (2.6) hold for the one-dimensional Anderson model

/ixzcol) on the half line Z>y,, with non-constant random wvariables
satisfying Assumption 1.

See, e.g., [5, Chapter 12] for further details.

More generally, in the one-dimensional setting, exponential dynamical
localization has been shown for any A > 0 whenever the support of the ran-
dom variables {w(n)},cz contains at least two points. This is the result of
many efforts, starting with [35]; see also [19] for the analysis of a related one-
dimensional model. For singular distributions, complete spectral localization in
one dimension was first showed in [10], and the recent works [11] and [30] have
established complete exponential dynamical localization. See also [20,21, 39, 46]
for related results. In dimension d > 2, exponential dynamical localization has
been proved at large disorder, meaning that A\ is taken sufficiently large, or at
weak disorder at the edges of spectral bands, see [5, Theorems 10.2 and 10.4]
for precise statements.

Finally, we recall the notion of spectral localization. Associated to any self-
adjoint operator H on a Hilbert space #, there is a decomposition # = #HPP ®
H5° ® H?C into the pure point, singular continuous, and absolutely continuous
sub-spaces, such that the spectral measure p,, associated to a vector ¥ € #y
is of the corresponding type (pure point for § =pp, singular continuous for
# =sc, etc.). The RAGE theorem (after Ruelle, Amrein, Georgescu and Enss;
see [5, Theorem 2.6]) provides dynamical characterizations for these subspaces.
One of its consequences is that dynamical localization as in Eq. (2.1) implies
that £ has pure point spectrum almost surely, meaning that # = #PP and
the spectrum o(4Y) is the closure of the set of eigenvalues for #(¥). When
£ has pure point spectrum, we say that 42 exhibits spectral localization. If
the associated eigenfunctions decay exponentially, the operator /() is said to
exhibit exponential localization. Neither spectral localization nor exponential
localization imply dynamical localization in general; see, e.g., [15,28]. We say
that A2 exhibits exponential decay of eigenfunction correlators when

E (sup |<5”,g(/’1(9))§0>|) < CeHinl (2.7)
lgl<1

holds for positive constants C' and p, where the above supremum is taken over

all Borel measurable functions g : R — C bounded by one. In this setting

of independent, identically distributed potentials it is known that exponential

decay of eigenfunction correlators follows from fractional moment localization
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(2.6) and implies exponential dynamical localization and exponential localiza-
tion. For a proof of these facts and more detailed statements we refer to [5,
Theorems 7.2 and 7.4].

3. Definition of the Models

We now proceed to define the graphs of interest for this work, starting with
Gvert — see Fig. 1 above. The vertex set of Gye is given by

Wert = Z>0 X ZL>o (3.1)

where Z>9 = NU {0}. Given m = (m1,mq2) and n = (n1,n2) in Ve, we
write m ~ m whenever m and n are connected by an edge. The edge set of
Gvert is then given by m ~ n such that either {mq = ny and |m; — ny| = 1}
or {my; =n; =0 and |mg — ny| = 1}, with m, n € Gvyer. Thus, the adjacency
operator of Gvert i8S Xvert + Yvert With

1 if mo = ng, \ml — n1| =1 and m,n € Wert.
XVert(ma ’I'L) =
0 otherwise.

and

1if my=mn1 =0, |ma—ng|=1and m,n € V.
YVert(m7 n) =
0 otherwise.

(3.3)

We are interested in a weighted adjacency operator, namely Averty = Xvert +
YYvert- More explicitly,

v if mi=n; =0, |mg—ne|=1and m,n € We.
Avert y(m,n) = < 1 if mg =ng, [m1 —ni| =1 and m,n € Vyer.
0 otherwise.

(3.4)

We turn now to the graphs Gpiag,¢ for £ € Z>¢ — see Fig. 2 above. For
each £ € Z>0, Gpiag,¢ is defined as follows. Its vertex set is

k)
VDlag L = U V]glag, (35)
kEZZO
with
U o= {(ma,ma) € Zzo X Zso| ma >k and k(£ +1) < ma < (k+1)(¢+1)}
(3.6)



1456 R. Matos et al. Ann. Henri Poincaré

GDiag,2

(0,0)

FIGURE 3. Types of edges in Gpjag,¢ with £ =2

Two vertices m = (my,mz) and n = (n1,n2) in Gpiag are adjacent, m ~ n,
if (m,n) belongs any of the following three sets, which represent horizontal,
vertical and “diagonal” connections, respectively:

s®  — {(m,n) | m2 =nz, /m; —ni|=1and m,n € VDiag,Z}

Diag
Sglg = {(m,n) | mi=ni1 =k [ng—mz|=1and m,n € ngigj for some k > 0}
and

850, = {(m,n), (n,m) | n =m + (1,1) with m = (k, k(¢ + 1) + £) for some k >0} .

In Fig. 3, this decomposition is illustrated for Gpjag,2, with the connections of
types égi)ag, 8%21)&?; and é’g’i)ag colored in black, red and blue, respectively.
The adjacency operator of Gpiag,¢ is then Xpiag + YDiag + Dbiag, With
1 if (m,n) S gDiagJ
XDiag (m, n) = (37)
0 otherwise,
1 if (m,n) S 8Diag,2
YDiag(m7 TL) = (38)
0 otherwise,

and
1 if (m,n) S gDiag,S
DDiag(ma TL) = (39)
0 otherwise.
We shall study a weighted version of this, namely Apiagy = XDiag + YDiag +
’yDDiag~

4. Perspectives and Open Problems

4.1. On the Ballistic Bound of Theorem 1

The notion of ballistic transport employed here means that M7 (H) ~ T9
with M7(H) as in (1.4). Note that this requires averaging over time and dis-
order. Such double averaging is important here, as our methods rely heavily
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on the Guarnieri bound [22], which requires time averaging, and on localiza-
tion bounds in the horizontal direction which rely on disorder averaging. See
Sects. 5.2 and 5.3 for further details. It is an interesting question whether a
ballistic bounds hold for the operator Hye,t without time averaging.

We now mention a number of prior results on ballistic transport for vari-
ous Schrédinger operators. A general ballistic upper bound, without time aver-
aging, holds for discrete operators with finite range or exponentially bounded
hopping terms, see, e.g., [4, Appendix B] for a proof. This bound corresponds
to the single-particle version of the more general Lieb-Robinson bound [36].
In the context of random operators on a tree with independent single-site po-
tentials, Aizenman and Warzel showed that absolutely continuous spectrum
implies ballistic transport for time averaged moments, see [4]. A ballistic upper
bound for operators of the form H = —A+V on L? (R"), where V is relatively
bounded with respect to A with relative bound less than one, was obtained
n [45]. Finally, the work [31] establishes ballistic transport for certain limit
periodic and quasi-periodic potentials in two dimensions.

4.2. On the Localization Bound of Theorem 2

As explained in the introduction, our proof of Theorem 2 connects bounds
on time-averaged moments to the exponential decay of the Green’s function
fractional moments, see Sects. 6.1 and 6.2. For independent potentials (more
generally, potentials with a bounded conditional single-site distribution), decay
of the Green’s function fractional moments implies dynamical localization, see,
for instance, [3, Theorem A1l]. This perspective also allows to show dynamical
localization in certain “weakly” interacting systems as the ones considered by
two of us in [40].

An alternative to fractional moments, the multiscale analysis technique,
usually relies on the assumption of independence at distance, meaning that
there is R > 0 such that events based on boxes A, (m) are independent of
events based on boxes Ap,(n) if dist(Ag, (m),Ar,(n)) > R. Here Ap(m) =
{m' € Z¢ : |m — m'|oc < %}. This assumption is not fulfilled in strongly
correlated systems, precluding a direct “off-the-shelf” application of the mul-
tiscale analysis to Hpjag-

4.3. On the Surface States of Hvert

The states ¢ € #'2 are surface modes, exponentially localized near the line
{n1 = 0}. Such states are analogous to surface modes found in other disor-
dered models [25-27,37] (though of a different dynamical character). By way
of contrast, the states in #™¢ are bulk states whose propagation, intuitively
speaking, can be conceived of as resonant tunneling between states of the 1D
Anderson model on the horizontal strips of the graph Gy, enabled by virtual
transitions to the edge.

Both the surface and bulk modes can be formally described through sep-
aration of variables as generalized eigenfunctions of the form

Y(ni,ng) = sin(p(ng +1))p(n1)
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where p € [0,27) and ¢ = (hgfr)ld — E)71§y with E the eigenvalue and hffl)ld as
in (1.2). For v to satisfy the eigenfunction equation, p and E must be related
by

—2vycos(p) = X(E) (4.1)
where 3(E) denotes the Weyl function of the one-dimensional Anderson model
on the half-line, i.e, X(F) := —

B (80,(hjna—E—i0)=180) "
Outside of 0(fiand) = [—2, 2+ wmax], the Weyl function X(E) is a smooth,
monotonic function of E. There are two smooth maps p — E4(p) satisfying
(4.1), with ranges

J_={E<-2: |8(E)| <2y} and Jy={F>24 wnax:|X(E)| <27}

respectively. The transient spectrum of Hyeyt i8 0tac = J— U J4. The sets Ji
are non-deterministic, and for small « one or both may be empty. The maps
E4 (p) give dispersion relations for the edge states, which decay exponentially
away from {n; = 0} by the Combes-Thomas bound (see [5, Theorem 10.5]).
By way of contrast, in the spectrum of fianq there is no smooth map
p — E(p). Instead, for each p there is a countable set S, of energies, dense in
o(fiana), at which (4.1) holds. There is no meaningful dispersion relation for
these states, since the set S, varies non-smoothly with p. As we show below,
both the set {F € [—2,2+wmax] :  a solution to(4.1)exists for some p} and its
complement are dense and have positive Lebesgue measure in [—2,2 4+ wpax]-
However, with probability one, the resulting states still decay exponentially
into the bulk due to the localization of the Anderson model Green’s function.

4.4. Open Questions

We end this section with some open questions. As a starting point, one may

wonder whether the result of Theorem 1 can be improved to show the existence
q

of the limit limp_, 4 o W for each ¢ > 0. More generally, we pose the

following question:

Problem 1. Let (X2p)(n) = nap(n) act on €? (Gyer). Ast — oo, does %e”HVe“
Xoe~iHvert converge, in the strong sense, to an operator acting in 2 (Gyert) ?

Existence of the limit V' = lim, e/ vert Xpe~#Hver g called strong ballis-
tic transport (in the vertical direction) and is known to occur for limit periodic
Schrodinger operators, e.g., see [12]. The resulting limit V' plays the role of a
velocity operator, which would typically be related to the derivative E’(p) of
the dispersion relation. For this reason we expect a negative answer to the
above question, but it is not obvious how to prove that the limit does not
exist. A second question concerns the behavior of Hpiae for values of 7 in
the complement of the regime covered by Theorem 2. Here the situation is
much less clear. Theorem 2 demonstrates a certain stability of the pure point
spectrum, however the proof of relies crucially on the smallness of . More
concretely, one may ask:

Problem 2. Does Hpiag display complete localization for any v > 07 If not,
does Hpjag still display localization at suitable spectral edges for any v > 0%



Vol. 25 (2024) Spectral and Dynamical Contrast 1459

(0, n) ) . oot PR
- (m, n)

(0,0) (m, 0)
FIGURE 4. The diagonal model in the quarter-space

Finally, it is natural to ask for generalizations of Theorem 2 on various
graphs that extend Gpjae. Due to the increased number of vertices, these mod-
els can be significantly more correlated than the ones covered by Theorem 2.
For example, one may consider “quarter-spaces”, for which the underlying
graph contains all vertices in Z>g X Z>¢, see Fig. 4 below. More precisely, let
GQS = (UQS, (ng) where VQS = ZZO X ZZO and (m, n) S (Cc;QS when m and n
are related by one of the following conditions: 5(53 ={m=n+(1,0), mn¢€
VQS} or (g(ZQS = {m =nzt (1,1), m,n c VQs}. Let HQS =—-A; — ’)/Az + Vo,
with A; o the adjacency operators of the edge sets é’ég , respectively, and V,
as in (1.1).

Problem 3. Is there a value vy > 0 for which v < o implies at least one of
the following?
(a) o (Hgqgs) is pure point.
(b) supp M1 (Hgs) < oo with Mj (Hqs) defined as in (1.4).
(c)
E (sup |<5n e“HQsémH) < Cpevlm-n (4.2)
teR
for positive constants C and v?

In a similar way, one can define “half-space” and “full-space” versions of
Hpjag. For all of these extensions, the proof of Green’s function decay given
below fails due to the more extensive correlations of the potential.

5. Analysis of Hy—Proofs of Theorems 1, 5 and 8

5.1. Absolute Continuity of g
In this section, we take the first step towards proving the three theorems on
Hyert:

Lemma 9. The spectral measure pg for Hvyey associated to dg is absolutely
continuous.
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To prove Lemma 9 a useful tool is the Green’s function, defined for z €
C\ R by (2.5). In particular,

Gvert (07 0; Z) = <50> (HVert - 2)7150>~ (51)

Its boundary values Gyert (0,0; E + i0) := lim, _ g+ Gvert (0, 0; E + ic) are well
defined for Lebesgue almost every E € R by a theorem of de la Vallé-Poussin,
see [5, Proposition B.3] and references therein. Moreover, by [5, Proposition
B.4], the singular component of pg with respect to Lebesgue measure is sup-
ported on the set

{E €R: ImGyer (0,0; E +i0) = oo}. (5.2)

We will prove that ug is absolutely continuous by showing that the above set
is empty.

Let Gi@n be the component of Gvyery which contains (0, 1) and is obtained
from Gvery by deleting the edge connecting (0,0) to (0,1). Denote by Hy .
the restriction of Hyey to €2 (GYy,,) and define U : 2 (GY,) — €% (Gvert)
by (U®) (m,n) =¥ (m,n+1). It follows from the geometric resolvent identity
that

Gg)l’)ld (07 0; Z)
112G 4(0,0:2)GYy, ((0,1),(0,1);:2)

where szd(0,0; z) = (do, (flgﬁd — 2)7180) is the Green’s function of the An-

derson model (1.2) and Gy, denotes the Green’s function of Hy . However,

since the random potential depends only on the first coordinate of the position,
we have

GVert (07 07 Z) =

(5.3)

U*HvertU = H\t&rt‘ (54)

Therefore G5, ((0,1),(0,1);2) = Gvert (0,0;2) from which it follows, using
(5.3), that

4,)/2 1/2
2 . _ : —
2’}/ GVert (0707 Z) =w (1 — ,11)2) —w with w = —m

(5.5)

Note that, for Imz > 0, we have Im Gveyt (0,0; 2) > 0 and, on the other hand,
Imw = —Im 1/G§)3d(0,0;z) > 0. Thus, in (5.5) we take the branch of the
square root so that F(w) = w(1 — %)1/2 —w is a Herglotz function, mapping
the upper half plane {Imw > 0} into itself.

Consider the boundary values of F' for z € R:

g i1 i if || < 2y
F(z+40) = lim F(x +1ie) = 2y yoe
€l0 5 (1 — J:g) if || > 2y
where the sign of the square root is dictated for |z| < 2v by the fact that F
is Herglotz, and for |z| > 2y by F(w) — 0 as w — oo (consistent with the

solution to (5.3) with Gana(0,0,2) = —= = 0). It follows that |F'(x+1i0)| < 2

1
w
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for € R. Thus, by the maximum principle |F(w)| < 2v throughout the upper
half plane {Imw > 0}.

Therefore, letting Imz — 0 in (5.5), we see that |Gvyert (0,0; E 4 i0) | < %
for all E' € R. In particular, the set in (5.2) is empty and the spectral measure
o is purely absolutely continuous with a bounded density; see [5, Appendix
B, Proposition B.4].! This completes the proof of Lemma 9.

5.2. Floquet Theory and Horizontal Localization for Hv/ert

The vertical symmetry (5.4) of the graph Gve,t and the definition of the oper-
ator Hyery suggest the use of a Fourier transform to help study the dynamics
e~ tHvert Given 1 € £1(Gvert), let

(FY) (n1,p \/7 Z Y(ny,ng)sin (p(ng + 1)) . (5.6)

na= 0
Initially defined for ¢ € (1(Gyey), F may be extended to £?(Gver) since

{\/g sin(mp) : m € N } is a complete orthonormal system in L?[0,7]. One
shows that

F 7 (g)(n1,nz) = \/E/Oﬂ g(n1,p)sin (p(ng + 1)) dp (5.7)

is a unitary map from LL? ([0, 7]; €2 (Z>0)) onto £?(Gvert) and satisfies F ' Fop =
1 for 1) € £1(Gvert). Therefore F given by (5.6) may be extended to a unitary
map

F : 2 (Gyers) — L2 ([0,7]; €% (Z0))

with inverse given by (5.7). For simplicity of notation, we let J(nl, p) =
F () (n1,p). It is immediate from the above argument that the following ver-
sion of Plancherel’s identity holds

(B )iz (10,72 (250)) = (P V)2 Gvens)- (5.8)
From the definition of Hyes one readily sees that

Hyerrth(m.p) = Ry (m, p) — 2y cos pb—ot)(m. p) (5.9)
where the Anderson model /ig)lzd (see (1.2)) acts on the first coordinate m,
namely

(O b(m,p) = —d(m+1,p) — I[m > 1d(m — 1,p) + w(m)d(m, p).
(5.10)

Tt is worth noting that this argument does not depend on the fact that we take the Anderson
model on the horizontal layers. Indeed, the same argument shows that if H is of the form

Hiy(ni,n2) =~Ini =0][(0,n2 + 1)+ I[ne > 1]9(0,n2 — 1)] + £ Q@ I(ni,n2)

with /i any self-adjoint operator on 62(220), then the Green’s function of H is bounded by
% and the spectral measure po for H is absolutely continuous.
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Equation (5.9) shows that Hvey is unitarily equivalent to the direct integral
€3]
Jio.q) fip o0
53]
L2 ([0, 7]; €2 (Z>0)) %/[ ]fz(Zzo)
0,7
with the operators £, on each fiber given by a rank-one perturbation of the
Anderson model:
fipp = K)o — 2y cosp(do, ¢)do (5.11)

for ¢ € (% (Z>0). The following result on dynamical localization for £, will be
technically useful.

Lemma 10. Given s € (0, 1) there exist positive constants Cana(s) and fiand =
tand(s) such that, for all m,n € Z>,

[f1<1

E<Sup <5Wf<ﬁp>5n>l> < AemFImon (5.12)

with A = ((2wmax + 27)°||plloo (4 + 47y + Wmax) C’And(s))ﬁ and the supremum
taken over all Borel measurable functions bounded by one.

Remark: This result follows easily from known results for the one-dimensional
Anderson model, e.g., see [5, Chapter 12], via rank-one perturbation formulas.
For completeness, we give a sketch of the proof in Appendix B. We note that
the constants Cang and piang are as in (2.6).

The localization for /i), described in Lemma 10 can immediately be trans-
lated into a strong form of horizontal localization for Hy¢. For each m; € Z>q
let P,,, denote the orthogonal projection of £2(Gye,t) onto Span{d(m, m,) | ma €
Z>o}. We have the following

Lemma 11. For s € (0,1) let Cana(s), and(s) and A be as in Lemma 10.
Then for all m1,n1 € Z>o and ¢ € £?(Gyert) we have

_ HAnd mi—n
E<|§up ||P7n1f(HVen)Pm<ﬂ||2> < Allpljze” @HmIml (5.13)
<1

where the supremum is taken over all Borel measurable functions bounded by
one.

Proof. By Plancherel’s identity (5.8) and (5.9), we have
(6 P (o) Payip) = [ (Pt £(8,) P ) dp
0
= [ G DB s 0,)50,)
0

for any 1, ¢ € £?(Gyer). Taking absolute values and the supremum over ¢
with [|¢|l, <1 yields, by Cauchy-Schwarz and (5.8),

HPmlf(HVert)Pm‘PHz < /0 |<5m17f(ﬁp>5n1>‘2‘ p(n1, )‘ dp.
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We find after taking the expectation that

E (sup | Py f (Hvert) Pm‘PHQ)

[f1<1

< / E <sup |<5m1,f<ﬁp>5m>|> B, o) dp
0

lF1<1

where we noted that [(0,,,,, f(fip)0n,) < 1| for | f| < 1. Using Plancherel’s iden-
tity (5.8) one more time, the result now follows from Lemma 10. O

Corollary 12. For each q, we have supy M. (Hyer, | X1]) < 00
Proof. Observe that

Mé{ (HVerta |X1D = 7 / 2? Z |n1|QE (‘<5naeiitchrt60>|2) dt

n EGvert

= — -Z c- q —it Hvert 2

= T m|E (|| Paye Podol|?) dt
n1—0

< Z [n1]9E (sup || P, e~ Hvere p 50||2> 00,

np= =0
where Lemma 11 was used in the last step. O

5.3. Lower Bound on M7 (Hvert): Proof of Theorem 1

For a self-adjoint operator H on £2(Gyert), the Guarneri bound [22] states that
if the spectral measure pq is uniformly a-Hélder continuous then

M. (H) > CT% (5.14)

holds for some C' > 0. Recall that a finite Borel measure u is said to be
uniformly a-Holder continuous if there exists a constant C' < oo such that for
all intervals I with |I| < 1 we have u(I) < C|I|*; see [5, Definition 2.2]. In
particular, if the spectral measure pg for H is purely absolutely continuous
with a bounded density, then (5.14) implies that M% (H) > CT%.

To bound M}(Hyert, | X2]), we will use an adaptation of the proof of the
Guarneri bound, incorporating improvements due to the disorder which are
specific to our context. To begin, we reproduce the derivation of (5.14). The
starting point is the following estimate on averaged quantum dynamics in an
abstract setting.

Theorem 13 (Strichartz-Last). Let H be a self-adjoint operator on a Hilbert
space #H and assume the spectral measure of H with respect to ¥ is uniformly

a-Hélder continuous for some o € [0, 1]. Then, there exists a constant Cy, < 00
such that for all ¢ € # and oll T > 0

i/ fth,(/} | Cw”gb“z (515)

Ta
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This result, which may be found in [5, Theorem 2.3], can be used to prove
the Guarnieri bound (5.14) as follows. Suppose that the spectral measure pg for

H is uniformly a-Holder continuous. Writing Mf. (H) = 23, |n|? fooo o R
|(0n, e 1He 50) |2 dt, we obtain

1 /T .
M) = 2N S 1 [ )P
In|>N

1 [t ,
o EED D N
0

[n|<N

Applying the Strichartz-Last Theorem to each term in the sum on the right-
hand side, we see that

_ N(N +1)Cs qo
M{i(H) > 2¢*N? (1—2To§ > COTz
N(N+1) o . .
where ——=— counts the number of sites in Gyert with || < N and in the last

step we chose N? comparable to 7% and adjusted the constant accordingly.
For H = Hyert, we now follow the proof of (5.14) to estimate E(M7
(H,|X3]|)). First, we have

E (M7(H, [ X2]))

o) N T
> 2e7N* (1— DD / E (| (8, 1) € 60) ) dt)-

n1:0 1’7,2:0

(5.16)

Let K > 0 be a sufficiently large integer to be specified below. Applying the lo-
calization bound of Lemma 11 for n; > K and the Strichartz-Last Theorem 13
for ny < K, we find that

B Xal) 2 22N (1-cr L e )

e
HKAnd
T 1] — e 2

for s € (0,1). Choosing K sufficiently large and then taking N oc L (for T
sufficiently large) yields the desired bound, Eq. (1.5), and completes the proof
of Theorem 1.

5.4. A Formula for Spectral Measures: Proof of Theorem 5

The proof of Theorem 5 is based on an exact formula for spectral measures
of Hvyery which is also crucial to the analysis of the transient and recurrent
components in the next section. Let

1
Y(E):= — (5.17)
(60, (R, — E — i0)=18)
denote the Weyl function for the Anderson model (1.2), where the boundary
values exist for Lebesgue almost every F € R (see, e.g., [48, Theorem 5.9.1]).
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Lemma 14. Denote by fin, n;, the spectral measure of Hyery associated to 6(g p.,)
and 6(o,ny)- Then, for Ng,nb € Z>o we have that

(5.18)
where [x]4 = max(x,0) denotes the positive part and U,,(2), m =0,1,2,...,
denote the Chebyshev polynomials of second kind.

Proof. Let L € N be given and let H\L,ert denote the restriction of Hyert to
2% ({0,...,L} x Z>p). Since

~

2 .
5(07n2)(m1ap) = \/;50(m1) sin (p(n2 + 1)),

it follows from Plancherel’s identity (5.8) that if f is, for example, a bounded
continuous function, then

(0(0,m2)» f (Hert) 0(0,m1))

=2 / (60, f (1) L) o) sin ((ns + 1)p) sin ((nh + 1)p) dp.

/ / (E)dyy “(E)) sin (n2 + 1)p) sin ((nf, + 1)p) dp.

where ug’ is the spectral measure for /iﬁ associated to dg and /’sz is the

restriction of A, to ¢2({0,...,L}) (see eq. (5.11)). Recalling that U, (cosp) =
sin((m+1)p)

& , we obtain
sinp

<5(0 na)s f HVert (0 n2)>
/ / dﬂO’L(E)> Un, (cos p)Uy, (cos p) sin?pdp (5.19)

Let F%(Ar;d denote the restriction of the Anderson model /ig)gd to 2

({0, ..., L}). Since /’15 is a rank-one perturbation of /ig)r’lﬁ), it follows from [5,

Theorem 5.3] that

™ (B) = 6 (S1(E) + 2y cosp) dE (5.20)
1 (0,L) -1 . . L
where s = <50,( And — E) dp). As explained in [5], the distribu-

tional identity (5.20) is equivalent to stating that MO’L is supported on the
set {E£ € R : ZL(E) = —2vycosp}, assigning to each point is this set the
mass 5" ({E}) = STE) (E Given E € R with X1 (E) € (—2v,27), let ¢ = q(E)
denote the unique value in (0, ) for which —27cos(q) = 1 (F). We have that

6 (BL(E) + 2ycosp)dp = %5@ — p)dp, (5.21)

2vsin(q
see Eq. (5.11) in [5].
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In particular, letting P, ,;(2) = Un,(2)Uny(2) it follows from Fubini’s
theorem along with Eqgs. (5.19), (5.20) and (5.21) that

(0(0,n2)s  (Hort) O0,m5))

1 m(E)?} <2L<E>

= ) B [1_ 4y? 2

) dE  (5.22)

where we have used that foﬂ d(p—q) dp = 1 holds for g € (0, 7). Letting L — oo,

eq. (5.18) follows from the dominated convergence theorem. O
A first consequence of the prior lemma is the cyclicity of dg:

Lemma 15. g is a cyclic vector for Hvert.

Proof. By lemma 14, we have
Y(FE
o,a(B) = Uns (552 ) dolE)

where djig , is the spectral measure associated to the pair of vectors (§(o,,,), d0)
and

o - & [~ 2

E 2
™y 4y? } + ! (5:23)

is the spectral measure associated to dg. Denote by # the cyclic subspace of
Hyery associated to do. Let ny € Zxo and let Py, ,0(0,n,) be the orthogonal
projection of 9o ,) onto #o. It follows from the spectral theorem that

e YX(E
Pl = [ 02 (352) duol)

Applying Lemma 14 a second time with ny = n}, we conclude that
1 [ Y(E) Y(E)? 2
P 2= = Ue, | = l————| = =
Patonl® = 2= [ U2 (52) 1= 5] = Il
Thus d(g,n,) € #o for each ny € Zxp. It readily follows from the definition

of Hyert that 2 (Gyer) = Span{H\(fé)rt5(0,n2) ¢ jyng € Z>o}. Therefore dg is a
cyclic vector for Hyert. O

We are now ready to complete the proof of Theorem 5. Since d¢g is cyclic
and pg is absolutely continuous, it follows that Hyert has simple, purely abso-
lutely continuous spectrum. By Lemma 14, pg is supported on {E : |2(FE)| <
27} and its density is bounded by % (see eq. (5.23)). To compute the Lebesgue
measure of the support, we use the following

Lemma 16. The Weyl function X(E) satisfies
S(E) = E — w(0) + (61, (A)) = E —i0)716;) (5.24)
with figzd the Anderson model (1.2) on (*(Z>1).
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Proof. Letting ¢ = (ﬁffr)ld — 2)716y, we have by definition of fiffr)l

—¢(1) + (w(0) — 2) p(0) = 1.
Since, by the geometric resolvent identity,
(1) = (01, (A0 — 2)7200) = (81, (g — 2) 71010 (0)
eq. (5.24) follows by taking z = F + ie and € — 0. O

q that

Returning to the proof of Theorem 5, we see that
{E: [Z(E) <29} = HE: |[E—-w(0)+ F(E+i0)] <27}
where F(z) = (41, (ﬁgr)ld —2)7161) = [5 7 dp(u), with py the spectral mea-

sure for ﬁgr)l 4 associated to d;. Almost surely, u; is pure-point, hence purely sin-
gular (see, e.g., [30]). Thus, with probability one, we have [{E : |X(E)| < 2v}|

= 4~, by Proposition 7. This completes the proof.

5.5. Transient and Recurrent Components: Proof of Theorem 8

We now turn to the study of the transient and recurrent components of the
spectrum of Hyert. We begin by recalling some measure theoretic topology
from [8]. An event is an equivalence class [S] of Borel subsets of R under
the relation S ~ T if S and T differ by a Lebesgue measure zero set, i.e.,
|SAT| = 0. The support of an absolutely continuous measure dy = f(F)dE is
the event [{f > 0}]. The essential interior of an event [S] is the open set

U=A{E: |(F-t,E+t)NnS| =2t for some ¢ >0}

and the essential frontier of [S] is the event [S\U].

Given a self-adjoint operator H on a separable Hilbert space, a mazimal
spectral measure for H is a Borel measure p such that for any Borel set A,
u(A) > 0 if and only if the corresponding spectral projection satisfies Py (H) #
0. Every self-adjoint operator H admits a maximal spectral measure p and any
other spectral measure (i, is absolutely continuous with respect to p, see [52,
Lemma 3.16]. The H-event is the support of the absolutely continuous part of a
maximal spectral measure p for H. If H has a cyclic vector 1), then the H-event
coincides with the support of the absolutely continuous part of the spectral
measure fy. A key result of Avron and Simon is that the essential interior
and essential frontier of the H-event determine the transient and recurrent
spectrum of H:

Theorem 17 ([8, Theorem 3.4)). Let H be a self-adjoint operator on #, a sep-
arable Hilbert space. Let [A] be the H-event and let B, [C] be its essential
interior and essential frontier. Then

Hiae = Epdlac;  Hrac = EcHac.
For Hvert we have the following

Lemma 18. The Hvyeri-event is [S] where S := {E : |Z(E)| < 2v}. With
probability one the essential interior of [S] is the open set S\[—2,2 + wWmax]
and the essential frontier of [S] is the event [S N [—2,2 4+ Wmax]]-



1468 R. Matos et al. Ann. Henri Poincaré

Proof of Lemma 18. That S is a support for ps, follows from Lemma 14; we
have already used this fact in our proof of Theorem 5 above. Since, according
to Lemma 15, dg is cyclic, it follows that [S] is the Hyet-event. Since X(F) is
continuous (analytic, in fact) on [—2,2 + wmyax]© we see that S\ [—2,2 + Wiax]
is open, and thus contained in the essential interior of [S].

Since the essential frontier and essential interior are essentially disjoint
(see remark following [8, Proposition 2.2]), to complete the proof it suffices to
show that [SN[—2, 24 wmax]] is contained in the essential frontier of [S]. Below
we show that S€ is essentially dense in [—2, 24+wmax], i-€., |(E—t, E+t)NS¢| > 0
for any F € [—2,2+4wmax] and any ¢ > 0. It follows that |(E—¢, E+t)NS| < 2t
for any E € [—2,2 + wmax) and ¢ > 0, 80 [S N [—2,2 + wpyax|] is contained in
the essential frontier of [S]. O

We recall that a set T is essentially dense in an interval I C Rif |JNT| > 0
for any interval J C I (see [17, §3]). To complete the proof of Lemma 18 it
remains to show the following

Lemma 19. With probability one, both S and S¢ are essentially dense in [—2, 2+

wmax] .

Proof. We must show that with probability one |J N S| > 0 and |J N S| > 0
for every interval J C [—2,2 4+ wax]-
Fix a configuration w in the probability one event such that the Anderson

model /ix)r)ld on (?(Zx¢) has pure point spectrum, o(ﬁg?1 ) = [—2,2 4+ Wmax],

and &g is cyclic for ﬁfr)ld. Let po denote the spectral measure /’Lgfr)ld associated
to dp. We conclude that 1(J) > 0 for any interval J C [—2, 24 wmax]. Because

1o is purely singular, it follows that
2
Jim t|{E € J : (00, (Aana — E —i0)'60)| > t}| = ;uo(J) > 0

by [44, Eq. (5.4)] ([43, Theorem 1], when restated in terms of Borel measures
on the real line, would also suffice). In particular, choosing t sufficiently large
yields

1
|SnJ| = HE € J: (0o, (hana — E —i0)"'50)| > 27}‘ > 0.
Thus, with probability one S is essentially dense in [—2,2 + wiax]-

Similarly, letting /,Lgl) denote the spectral measure of the Anderson model

/igr)ld on (?(Z>1) associated to &1, with probability one we have ugl)(J) >0

and
2
lim ¢H{E € T2 (81, (fq — B —i0)"60)| > 1}] = ;ug”u) > 0

for all intervals J C [—2,2 + wmax|. By choosing t sufficiently large and using
Lemma 16, we conclude by the triangle inequality that

|ScnJ| = {E€J:|w(0) = E = (61, (hf,q — E —i0)""61)| = 27}| > 0.
Hence with probability one S¢ is essentially dense in [—2,2 4 wiax]- O
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Theorem 8 follows from the corollary below, which is a direct consequence
of Theorem 5, Theorem 17 and Lemma 18:

Corollary 20. Let PT» = P[72’2+Wrnax] (HVert) and Pt = P[72,2+wmax]c(HVert)
denote the spectral projections of Hyert 0nto [—2,2+wmax] and [—2, 24 wmax]®
respectively. Then, with probability one, ranP, = #H,,. and ranP; = Hyac.

Note that the transient spectrum of Hvert, 0tac = S\(—2,2 + wWmax), 1S
non-deterministic. Since X(E) is monotone increasing on each component of
the complement of (—2,2 + Wmax), Otac = J— U J4 where J_ C [-2 — 27, 2]
and Ji C [2 + Wmax, 2 + Wmax + 27] are intervals given by

J_ = {E<-2: |2(E)| <2y} and
Jp = {E>2+wnax: |Z(E)| <2v}. (5.25)

Depending on the configuration w and the hopping ~, one or both of Ji can

be empty. Indeed, by monotonicity of X(E) we have Jy # () if and only if

v > W where F_ = —2 and E; = 2+ wpyax. For completeness we provide

a proof that these numbers are non-zero and finite almost surely. Here we
commit a slight abuse of notation: since Y(F) is only defined for Lebesgue
almost-every E € [—2,2 + wmax|, the values 3(Ey) are understood as the side
limits (£, ) = limg g, X(£) and X(E_) = limgiep_ X(E) (which are well
defined due to monotonicity of X(E) in [—2,2 + wpax]©)-

Lemma 21. At the edges E_ = —2 and Ey = 2 + wmax we have that
0<|B(Ey)| < o0 (5.26)
almost surely.

Proof. Assume, for the sake of contradiction, that P (X(E4) = 0) > 0. Then,
Lemma 16,

P (w(0) — Ex — (61, (AL ,q — B+ —i0)"'61) = 0) > 0.

Since (61, (A%, 4—FE+—i0)~18;) is independent of w(0), the above equation con-
tradicts the fact that the distribution of w(0) is purely absolutely continuous.
We conclude that

P(X(EL)=0)=0.
By a similar argument, one sees that P (X(EL) = o0) = 0. O

6. Analysis of Hp;ag— Proof of Theorem 2 and Corollary 4

6.1. Green’s Function Decay

In this section we turn to the analysis of the operator Hpiag on KQ(GDiag,g) for
fixed £ > 0. Let Gpiag(m,m; 2) = (6m , (Hpiag—2) 6 ) for m, n € Gpjag,¢ and
z € C\R denote the corresponding Green’s function. A preliminary observation
is that the fractional moments of Gpjag are bounded:
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Lemma 22. There is Cap < oo such that for each s € (0,1), z € C\ R and
m = (m1,M2), n = (n1,n2) in Gpiag,¢ we have

‘ ) < Cip
m1,7’b1 1—s

E (|Gpiag(m,m; 2) (6.1)

where E (
w(n1).

| . m) denotes averaging with respect to the variables w(my) and

Remarks. (i) Due to the correlation between potentials at different sites,
the rank-one bounds of the original Aizenman—Molchanov method [2] do
not work here. However, eq. (6.1) is a straightforward consequence of
the Hilbert-Schmidt fractional moment bounds developed for continuum
Schrodinger operators [1]. For completeness we give a brief sketch of the
proof of Lemma 22 in Appendix C, based on results from [1].

(ii) The a priori bound Cap depends on s and the distribution of the random
variables, but is independent of /, m, n and z.

(ili) The average E (-|F2 ) is the conditional expectation with respect to
the o-algebra generated by {w(r) : r # my and r # n; }, which explains
the notation.

The key estimate we use below to prove Theorem 2 is exponential decay
of the fractional moments of the Green’s function:

Lemma 23. Let r € (0,3). If (Capv)® < 1 —3r, then there exist constants
Cbiag < 00 and ppiag > 0 such that for all m,n € Gpiagye and z € C\R we
have

E (|Gpiag (M, 1;2)|") < Cpjgge” #rinsdpies(mm) (6.2)
where dpiag denotes the graph distance in Gpiag,e.

Remark. In terms of the constants pand = tand(37), Canda = Cana(3r) ap-
pearing in eq. (2.6), with s = 3r, we have pipiag = min(%uAnd, H%) where

1o g(%) and Cpiag = 2maX(CAndé,CAnd% (lcép)l e21pins(240))
3r)3 —37r)3

Lemma 23 combines two estimates: 1) localization of the 1D Anderson
model in the bulk of Gpiag ¢, see eq. (2.6), and 2) decay along the boundary
of Gpiag,¢, expressed in the following

Lemma 24. Let s € (0,1) be given. For allm,m’ € Z>o, j,j' € {0,1,...,£} and
z € CT we have

E (1Gtag ('m0 (€4 1)+ 3'), (m, (€ + 1) + ) 2) | T

< Gip ( (Capy)® )l - (6.3)

~1-—s 1—s

where K ( |9’m m]> denotes averaging over w(r) for each r between m’ and m.
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Remark. As above, E <|ff - m]) is a conditional expectation, in this case

with respect to the o-algebra generated by {w(k) : k > max(m,m’) or k <
min(m,m’)}.

Proof. Since Hpjag is a real symmetric operator, the Green’s function is sym-
metric: G(m,n;z) = G(n,m;z). Thus it suffices to consider m > m/. Fix
4,7 €{0,1,..,¢}, z € C" and let @, ; = (m,m(¢ + 1) + j). We proceed by
induction in m. When m = m’ the statement reduces to the a priori bound
of Lemma 22. Suppose that the desired conclusion holds for some m > m’.
Let Hgiag denote the restriction of Hpiag to £2(G$iag), where Gaag denotes
the component of Gpiag Which contains 41,0 and is obtained from Gpjg
by deleting the edge connecting «,, ¢ to Tm41,0. By the geometric resolvent
identity, we have the factorization

G (:Bm’,j’ y Lm+1,55 Z) = ’YG (wm’,j’a L 05 Z) G+ (merl,O; Lm+1,55 Z)
where G* is the resolvent of HSiag. Taking absolute values, raising both sides

to the power s, and averaging, we find that
E(IG @ @m11,552) | T sy )
= 7°E (IG (@ 0> T3 2) || GF (@in1,05 By 1,55 2) |S|<7[fn/,m+1]) :

Integrating first with respect to w(0), ...,w(m), using the inductive assumption
and the fact that Gt (@, 41,0, Tm+1,5; 2) depends only on w(k) for k& > m, we
obtain

E (16 (@ g i 5:2) | T )

(CAP’Y)S m+1—m’ e
< (1—5 E (G+ (Tm41,0, Tm1,5:2) | |9f[;ngm+1]> .

Finally, another application of Lemma 22 concludes the proof. O

We now turn to the proof of Lemma 23. Fix 0 < r < %, z € C\R, and let
Cand = Cand(37), ttana = and(3r) be such that the Green’s function decay
for the Anderson model (2.6) holds with s = 3r. Let @ denote the boundary
layer of Gpiag:

D= {(p,p(l +1)+j):p€Z>oand j€{0,...,¢}}.

Let us begin by considering the case that neither m nor n are in @. It follows
that m = m/' + (4,0) and n = n’ + (k,0) with m’,n’ € ® and j,k > 1. By
two applications of the geometric resolvent identity, we find that

Gpiag (m,n) = I/m’ = n/}G(ATZ:{H)(m/l +4,m1 + k)

+ G (mh + jymh + 1) Giiag (m”,n/) GYSD (0 + 1,05 + k)
where G(Amn?i(j7 k) = (4;, (lixﬂmz1 — 2)714,) is the Green’s function of the An-

derson model A" and we have suppressed the energy arguments from the
Green’s functions to simplify notation. It follows that
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1

r 1 1
E(|Gpiag(m,n)|") < Im' = o'} [E(GUE"™ (m] + 4, m] + K]

+ [BAGSE™ (md + 4, mf + DIPE(Gpiag(m,n )

1
E(GSS (nf + 1,0 + )]

where we have used Holder’s inequality. Using fractional moment decay (2.6)
and Lemma 24, it follows that

E(|GDiag(man)‘T) S I[ —TL]CS e 3#And‘] k|
|mf—ni|
10} e bmmatimaivie-t)__Che <(CAP7)1) T (64
nd (1-3r)3 \(1—3r)s

where piand = and(37), Canda = Cana(37r). Let a = —log (M), HDiag =

Ch .
AR 62"“3‘“5(2“)). In terms

1 2
mln( HUAnd, l+2) and Cpiag = 2max(C’And,C/§nd(1 e
—or

of the graph distance in Gpiag ¢, (6.4) implies

E((Giag (1, m)") < Cpigeomsdoms(mn) (63)
0 (6.2) holds. Here we made use of the inequality
dpiag(m,m) < [j] + k| + (£ + 1)|my —my| + £ (6.6)

which follows from the triangle inequality and the definition of Gpiag,e-
If m € @ but n =n’ + (k,0) is not, then similarly we have

E(|Gpiag (m2,2)[") < [E(Gpiag (m, n)PIE(GTL ™ (0 + 1,m5 + )]
< CA% de_%HAndlk_ll CT\P i ( (CAPry)Tl >|m1n1| .
- oA (1-3r)s \(1—3r)s

thus (6.2) also holds in this case, as well as when m = m/ + (4,0) is not
in @ but n is, by symmetry. Finally, If m,n € @, then (6.2) follows from
Lemma 24.

6.2. Dynamical Localization for Hp;ag

To conclude the proof of Theorem 2 we will need the following bound.

Proposition 25. Let (i, m be the spectral measure of Hpiag associated to m =
(n1,n2) and m = (mq,ms) and denote its total variation norm by ||t m ||-
Let &,,, = {(mi,m2) € Gpiag : ma € Zy}. Then, for r € (0,1) and J =
[—2 — 27,2 4 Wmax + 27] we have that

14r
2

/Z (IGoiag(n, ks E)|F7)dE| . (6.7)

kE€&m,

(Hﬂn mll)

1+7‘

with C = ||p|| .o Wmhx-
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Proof. Let H” be the restriction of Hpiag to {n € Gpiag : n1,n2 < L}. Let
,uﬁ’m be the spectral measure of H” associated to m = (ni,n) and m =
(77117 mg).

Fix a disorder configuration w. Fix my and let HLX = HE+(G—w(my)) P, ,
where P,,, is the projection onto £2(§,,,), which has rank

d:= (mi+1)({+1).

Thus HL is a copy of H* with the random potential set to ¥ € R at each
m € &,,,. The eigenvalues of Hp, may be expressed as analytic functions of 0.
Some of these functions may be constant, corresponding to eigenfunctions that
vanishes on the range of P,,,. Let & (9),...,&,(0) denote the non-constant
eigenvalues. Then for all but a countable, discrete set of values © we have
&;(0) & o(HE) for each j = 1,...,m. For any such o, we have that HL1p =
Evyg with P, ¢¥E # 0 if and only if

Ve = (@—wm))(H" —E) Pos (6:8)
where the inverse (I;T L — E)~! should be understood by restricting to the cyclic

subspace for HE containing the range of P,,,. In the rest of the proof, we will
use (HY — E)~1P,,, to denote this restriction without further comment. Thus

Puytop = (0 —w(my)) P, (H* — E)" Py, 5. (6.9)
Let A\ (E), ---, A;(E) denote the eigenvalues of Pml(fIL — E)7'P,,, with
corresponding normalized eigenvectors ¢1(E,-),...,¢5(E,-) (which we regard

as functions of £ € R and k € Gpjag). Choose branches so that these functions
are continuously differentiable in F away from the finite set of poles (the

cigenvalues of HZ). To simplify notation, we sometimes write ¢j(E) to denote
the function k — ¢;(E, k).

From (6.9), we conclude that if 1z is a normalized eigenvector of H* with
eigenvalue F, then Py, ¢p = c¢;(E) with ¢ # 0 and (v —w(m1)));(E) = 1 for
some j € {1,--- ,d}. By (6.8) this implies

Vr = o0 — wim))(H" — B)™" P, ¢;(E).
The normalization constant c is given by

1

= wm) 22 |- E)_lpml‘bj(E)HQ

= (¢;(E), P, (HY — )Py, 6,(E)) = N(E)

where in the last step we made use of the Hellmann-Feynman Theorem.
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It follows from the above considerations that the spectral measure /“Lﬁm
for H” associated to n and m is given by

diiz m (B) = Y dp(n)yp(m)§ (0 —wimi)X;(B) - 1) [5 - wim)|\;(E) dE

M=

1

<.
Il

9i(E,m)g;(E,m)é((—w(mi))A;(E) —1) [v - w(mi)|dE ,

Il
M=

1

.
I

(6.10)

where g;(E,n) = (n, (H: — E)™'P,,, ¢;(E)) and we note the following dis-
tributional identity (see [5, Eq (5.11)])

1
SE) = Y, (B8, (6.11)
cer oy 17O

valid for any function f such that f~1({0}) is finite and f is C' with a non-
vanishing derivative in a neighborhood of this set. Observe that
1
(E,m)=X\(E)p;(E,m) = ——=¢,;(E,m 6.12
0 (Bm) = X (E)oy(B.m) = o ssoy(Bom) - (612)

since Py, 6m = dm . We note that

d
FZI/J(g]-(E,m))Q6((6—w<m1>>xj<E>—1) 10— wim)|dE = /Jdu,ﬁ (B =1,

since 0 (Hpiag) C J = [—2—27, 2+ wmax +27] for all realizations of the random
potential. Furthermore, we have

d
Z/J(gj(Evn))z 5((V = w(m))A;(E) = 1) [o — w(m1)|dE

<d/1’£;m )2 L
= [ (G ®)) duby () < 1 (6.13)
R

dpk m

since the integral on the right-hand side gives the norm-squared of the projec-
tion of 6,, onto the cyclic subspace for H” generated by 6, .

It follows from (6.10) and the fact that o(H*) C J that the total variation
norm of Mﬁ,m is given by

d
L = : n A m
||un,mu—j; /] 19;(E.n)lg; (B, m)|
5((% — w(my))A (E) + 1) |5 — w(ma)|dE. (6.14)

Let  denote averaging over w and an arbitrarily chosen distribution for ¥
(which we will take below to be the same as the distribution for w(m;)). It
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follows from (6.14) and (6.13) that

Bk ) < (Z ] s .m) 5 gy (12, m) 5
147
2
X0((U—w(my))A;(E) — 1) |ﬁ—w(m1)|dE> (6.15)
where 0 < r < 1 and we have used Holder’s inequality with exponents p = 1ir

and g = & (applied first to the integral over J and then to the expectation).
We wish to rewrite (6.15) in terms of the normalized eigenfunctions ¢, (E)

of Py, (HY — E)'P,,,. Let G(n,k; E) = (0n, (HE — E)7'6). Noting that

g;(E,n) = qu (n k; E)¢;(E, k) and using (6.12), we find that

B (11 m 1)
~ d ~ 2r 1 2r 2
< [E(X‘;/J D G, ks B)[7F ——————— | (B, k)| 77 |5 (B,m)| 7+
o

wern 6 — w(ma)| 7+

1+r
2

X6((F — w(m)\s (B) = 1) |7 - w<m1>|dE>]
Now integrate first with respect to w(mq), assuming that 0 < 9 < wpax, using

/me“x 5 — w(m)['" T 8((5 — w(ma)) A (B) — 1) plw(mi))dw(my)

_ max ~ 1277“76 ~ -
/0 [0 — w(mq)|T+ (v w(myq) N (E)

< Nl it (6.16)
where we have used that (az) = £:6(z) and that \;(E)([® — w(mq)) = 1.

al

) pletm)stm)

2r

Thus, letting C' = ||p|| ., wmhx, we have

E (1% 1)
147

d ]
<C[ ZE<|é<n7k;E>|fﬂZ¢j<E,k>|$¢j(E,m>|$>] .

J keéml ]:1

(6.17)

Since {¢;(E )}j | is an orthonormal basis for £2(&,,, ), we have, by Holder’s
inequality,

Z 63 (B, k)| 757 | s (B, m)| 77 (ZI@ ) (Zlcbj(E,m)IQ)

Jj=1
=1.
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Therefore, it follows from (6.17) that

< o[ £ #emrm]

Choosing the distribution of v to be identical to that of w(m;), and indepen-
dent from w, we find that

E (|u% 1) [/ S E(IG(n, k; B)|7¥

k€&m,

E (Il )

147

)] 2 , (6.18)

where G denotes the Green’s function of H*. Since pf ,, converges in the
vague topology t0 fin m, (6.7) follows from (6.18) and Fatou’s Lemma. O

Theorem 2 immediately follows from Proposition 25 and Lemma 23 since
ln,m is a regular Borel measure and thus for any Borel set F' C R we have
that

|/lnm‘ :Sup’/f d,Lan )|,
[fI<1

with the supremum taken over Borel measurable functions f bounded by one.
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Appendix A. A Version of Boole’s Equality for Level Sets of
Herglotz Functions: Proof of Proposition 7

In this appendix we prove Proposition 7, recalled here for the reader’s conve-
nience:

Proposition 7. Let p be a finite Borel measure which is purely singular and let
F(z) = [ = du(u) be its Borel transform. Then

HEER :a<E+F(E+i0) <8} =8-q (1.8)
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It is instructive to consider first the situation when g is a pure point
measure with finitely many atoms, in which case F' is a rational function of
the form F(FE) = Zgzl w2np with real poles {u, })_, at the atoms of y and
weights {p,}_; with p, = u(u,). For example, the diagonal elements of the
Green’s function in finite volume are of this form. For a real number A, let Q)

be a polynomial of degree N + 1 given by
N

QA(E) = (A= E — F(E)) [[ (E - un).
n=1
The solutions vy (A), ..., vn+1(A) of the equation E+F(E) = A coincide with the
roots of Q). Therefore, the coefficient of EV in Q) (E) = — Hf:’;l (E —vn(N))
equals 2[:_11 v (A). On the other hand, by definition of @y, this coefficient is

A+ Zﬁ[jll . Therefore,

N+1 N
DN =A+ Dt (A1)
n=1 n=1

Since E + F(F) is monotone increasing between poles, the set {£ € R: a <
E + F(E) < 8} is a disjoint union of intervals UN"! (v, (a), v, (8)). Therefore,
we conclude from Eq. (A.1) that

N+1

HEE€ER: a < E+F(E) < B} =Y (0n(B) —va(e)) = B—a.
n=1
The above proof is not readily generalized to other types of measures.

The following argument is inspired by the analysis in [5, Proposition 8.2] and
provides a proof which is valid for general singular measures.

Proof of Proposition 7. The function F(z) is a Herglotz function, i.e., a holo-
morphic map from the upper half plane to itself. It follows from the classical
theory of such functions (see [48, Theorem 5.9.1]) that for almost every E € R,

(1) the boundary value F(FE + i0) = lim._,o F/(E + i¢) exists, and

(2) F(E +10) is real (because p is singular).
Furthermore, for any A € R the level set {E : E + F(E 4+ i0) = A} is a
Lebesgue null set. To see this note that G(z) = (A — 2 — F(z))~! is a Herglotz
function, so its boundary value G(FE 4+ i0) exists for almost every E € R. Thus
F(E +1i0) + E # X for almost every E.

It follows from the above considerations that the indicator function of

the set {E: o < E + F(E +i0) < 3} can be represented, for almost every F,
as

1
1E: « < E+F(E+i0) <pf] = liﬁlfuaﬁ(EJrie) (A.2)
€ ™
where uq g(2) = Imlog(z + F(z) — ) — Imlog(z + F(z) — «) and log denotes

the principal branch of the logarithm. The function g, g(z) is harmonic and
bounded by 7 for z in the upper half plane. By dominated convergence and
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the fact that a harmonic function is reproduced by the Poisson integral of its
boundary values over a half plane (see [48, Theorem 5.9.2]), we have

HEER : a<E+F(E+i0) <8} = lim~ [ uas(E +ie)dE
R

e—0 T

— lim lim 1/ o, (E + ie)dE
- w B2 0

e—0n—oo T

= lim lim nua, g(i(n +€))

e—0n—oo

= lim nuq,g(in) ,
—00

where the equality follows since limsup,_,q limsup, _, . €|ua,5(i(n + €))| = 0,
because uq,3 is bounded. On the other hand, by definition of u,,3 we know
that
o 1
aplin) =1 ———dF A3

Hence, by dominated convergence again,

B 2 TmF (i
lim nuq g(in) = lim 0"+ ntmF (i) dE = f—«
77— 00

n—o0 Jo (E—ReF(in))* + (n+ImF(in))?

where we have used the simple facts that lim, o, F'(in)=0 and lim,,_, o, nImF (in)
= u(R).

Appendix B. Localization in the Horizontal Direction

In this section we sketch the proof of Lemma 10, which recall here for the
reader’s convenience:

Lemma 10. Given s € (0,1) there exist positive constants Cand(s) and piang =
tand(8) such that, for all m,n € Z>o,

E (Sup <5m7f(ﬁp)5n>|> < (2Wmax +27)7 (5.12)
[fI<1

1 BAnd|m_n
(lplloc (4+ 47 + wmax) Cana(s)) 7 e~ 25 mnl,
with the supremum taken over all Borel measurable functions bounded by one.

Proof. Recall that, according to (5.11) A, = /igolzd — 2vcospPy with Py the
projection onto dy. We follow closely the proof of [3, Theorem Al]. It suffices
to show that, for every L € N, (5.12) holds with £, replaced by its restriction
to £2 (Z4 N0, L]), denoted henceforth by /. Note that ) — /i, in the strong

resolvent sense as L — oo. Let ©(0) € R be arbitrary and

A= R0+ (©(0) — w(0) Py = iy + (@(0) — w(0) + 2y cosp) Py
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be a copy of fiffr)ld with the random potential at zero set to w(0). Write v, =
w(0) — 2ycosp. From rank-one perturbation formulas (see, for instance, [5,
Theorem 5.3] or [3, Equation(A.7)]), the spectral measure of /ilf is given by

dpt, (B) = (@(0) = vp) GRpg (m,m; B) 6(v, — 0(0) = SH(E))dE (B.1)
where Gk, (m,n; E) is the Green’s function of the Anderson model f;goid
restricted to ¢? (Z, N[0, L]) and

1

—_—. B.2
Gna (0,05 B) 2

SHE) =

Equation (B.1) implies a couple of estimates. The first one is obtained letting
m =n in (B.1) to achieve

by, (E) = 6(vp — ©(0) — S*(E)) dE. (B.3)

In particular
/ §(vy —0(0) — SH(E)) dE = 1. (B.4)

A second observation is that
2 R

19(0) — vp|2/‘égnd (m,n; B)| (v, — 0(0) — SE(E)dE < 1. (B.5)

Indeed, by Eq. (B.1), dut;h, (E) = ¢(E)duk%, (E). Furthermore, as ex-
plained in [3, Equation(A.9)], we have

/ W(E) P At (E) = (6, Py, 6) < 1,

where Pj, is the projection onto the cyclic subspace of ﬁ]f which contains d,,.

Combining equations (B.1), (B.5) and (B.4) with Holder’s inequality (ap-
plied to the exponents (p,q) = (2 — s, f:i )) and Jensen’s inequality for expec-
tations, we conclude that for all intervals I C R

E (|u55] (1)

< B (1600 - 0 [ |as 0o )] 800, ~ 200) - S4B a5 )|

1
2—s

(B.6)
Thus,
= (] )

1
2—s

< (2wmax + 29) T+ (/I E (\éknd (m, n; E)‘) §(vy — &(0) — SH(E)) dE)

Recalling that v, = w(0) — 2y cosp, integrating first over w(0) and choosing
@(0) to be a random variable independent of w(0) but identically distributed
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with it we conclude that
1

I ([ & (16K (%) a) "
(B.7)

Since the operator /i, has spectrum contained in [—2 — 2,2 + 2y + Wmax], the
inequality (B.7) together with (2.6) suffices to conclude the proof of lemma 10.
We mention that by introducing an integrable weight, one could also handle
the case where the random potentials are unbounded. For further details we
refer to [3, Equations (A.13)—(A.18)]. O

(|umn I)) < (meax +27)ﬁ

Appendix C. A prior: Bounds on the Green’s Function

Let # and #¢; be separable Hilbert spaces and let A : D(A) C # — # be
a maximally dissipative operator. Recall that a densely defined operator A
is said to be dissipative if Im(p, Ap) > 0 for every ¢ € D(A). A is said to
be maximally dissipative when it is dissipative and has no proper dissipative
extension. Let My : # — #¢1 and M, : #1 — # be Hilbert-Schmidt operators.
Denoting by |.| Lebesgue measure and by || - ||zs the Hilbert-Schmidt norm,
the following weak L; bounds hold

Lemma 26 [1, Lemma 3.1].

1
’{U s My Ms|lgs > t}| < CW||M1||HS||M2||HS; (C.1)

A—v+i0
where the constant Cy is independent of A,My and Ms.

Lemma 27 [1, Proposition 3.2]. Let A,M; and My be as above and let Uy, Us
be nonnegative operators.

{(o1,02) € 0,17 MUY U M1 > )
< 20w M s Mo s 7 (€2)
The bounds (C.1), (C.2) easily imply the apriori bound of Lemma (6.1)
E (|Gpiag(m, m; 2)[* |72, ) < fjps (©.3)

where we recall that E (- | i n,) denotes averaging with respect to the vari-
ables w(my) and w(ny). For further details refer the reader to [42, appendix

Al
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