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Resolutions of local face modules,
functoriality, and vanishing of local

h-vectors

Matt Larson, Sam Payne & Alan Stapledon

ABSTRACT We study the local face modules of triangulations of simplices, i.e. the modules
over face rings whose Hilbert functions are local h-vectors. In particular, we give resolutions
of these modules by subcomplexes of Koszul complexes as well as functorial maps between
modules induced by inclusions of faces. As applications, we prove a new monotonicity result for
local h-vectors and new results on the structure of faces in triangulations with vanishing local
h-vectors.

1. INTRODUCTION

In this paper, we study the modules over face rings, introduced by Athanasiadis and
Stanley, whose Hilbert functions are the relative local h-vectors of quasi-geometric
homology triangulations of simplices, a broad class of formal subdivisions that includes
all geometric triangulations and is natural from the point of view of combinatorial
commutative algebra. See Section 2.1 for the precise definition and further references.

Fix an infinite field k. Let o: T' — 2" be a quasi-geometric homology triangulation
of a simplex, and let E be a face of T'. Say that a face G € T is interior if o(G) =V,
and let I be the ideal in the face ring k[lkr (F)] generated by the faces that are interior
relative to F, i.e.

I = (2" : FUE is interior).

Let d = |V| — |E|, which is the Krull dimension of k[lkp(E)], and let 61,...,0q be a
special L.s.o.p., as in [14, 1]. See also Section 2.2, where we recall the definition and
construction of special l.s.0.p.s.

DEFINITION 1.1. The local face module L(T', E) is defined as the image of I in
kllkp(E)]/ (61, ., 04)-

Note that L(T', F) is a finite dimensional graded k-vector space. The local h-vector
is its Hilbert function:
T, E) = (b, ...,0q), where ¢; := dim L(T', E);.

The local face module L(T', E') depends on the choice of a special 1.s.0.p., but ¢(T', E)
is an invariant of the triangulation with the symmetry ¢; = £4_;. See Section 2.1
for details and references. In the past few years, there has been significant research
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activity on the combinatorics of local h-vectors and relations to intersection homology
[3, 10, 16, 4]. Recent advances include a proof that every non-negative integer vector
satisfying ¢y = 0 and ¢; = {4_; is the local h-vector of a quasi-geometric triangulation
for F = @ [8], and a relative hard Lefschetz theorem that yields unimodality of local
h-vectors for regular subdivisions in a more general setting (for regular nonsimplicial
polyhedral subdivisions that are not necessarily rational) [9].

Here, we investigate the local face modules L(T", E') using methods of combinatorial
commutative algebra. In particular, we describe natural combinatorial resolutions of
these modules as well as natural maps of k[lkp(F)]-modules, L(T', E) — L(T", E'), for
E C E'. Our first theorem gives explicit generators for the kernel of the natural map
I — k[lkr(E)]/(61,-..,04). Moreover, we extend this to an exact sequence of graded
k[lkr(E)]-modules in which each term is a direct sum of degree-shifted monomial
ideals.

Label the vertices of the simplex V' = {vy,...,v,}. For a subset U C V, let
U¢ := V . U. After relabeling, we may assume that o(E)¢ = {vy,...,vp}. Given
S C {v1,...,va}, we define the ideal I's C k[lkr(E)] by

Is = (zF: o(FUE) C S).

Note that Is: C Ig for 8" C S, and Is depends only on SN{vy,...,v}. For instance,
Iy =1 and Ig = k[lkp(E)] if {v1,...,vp} C S. By the definition of a special 1.s.0.p.
(Definition 2.3), after reordering, we may assume

supp(0;) C {w € Ikp(F) : v; € o(w)},
for 1 < i < b. As a consequence, for any v; € S, multiplication by #; induces a degree
1 map At Ig — IS\{vi}-
THEOREM 1.2. There is an exact sequence of graded k[lkr(FE)]-modules
0 — k[lkp(E)][—d] — | ‘@ Is[-d-1]— - — ‘ G|9 Is[-1)]—-1— L(T',E) — 0,
S|=d—1 S|=1

where, for S = {viy,..., v}, with ig < -+ < iy, the differential restricted to Ig is
BF_o(—1)7 ;.
COROLLARY 1.3. The kernel of the surjection I — L(T', E) is the ideal J generated by
{Hi-xF : FUE is interior } U {6; 2% 0(GUE) = {v;}¢, for1<j< b}.
We also construct maps between local face modules, as follows. For faces £ C E’

in T, let Star(E’ \ E) denote the closed star of E’ \ E in lkp(E). We have a natural
inclusion of complexes lkp(E’) C lkp(E).

THEOREM 1.4. Let E C E’ be faces of T, with
d=n—|E|, d=n—|FE|, and V =n-|c(E)|.
Let {01,...,0a4} be a special Ls.o.p. for k[lkp(E)], and let 8] = b;|star(pr~g)- Then
there is a unique homomorphism of graded k-algebras
¢ k[Ikp(E)]/(61,...,04) — k[lkp(E")]/(k[lkr(E)] N (07, ...,05))

whose kernel contains {[z¥] : F ¢ Star(E’ \ E)} and satisfies ¢(xf) = z¥' for all
F € lkp(E'). Moreover, there is a special l.s.0.p. (1,...,Ca for k[lkp(E")] such that
(C1y-v vy Car) = k[lkp(E)] N (01, ..., 0)) and, up to reordering, we have 0.y = G,
for 1 <i < V. With this choice of special l.s.o.p., ¢(L(T', E)) C L(T, E’).

REMARK 1.5. Theorem 1.4 may be viewed as a functoriality statement for local face
modules. Start by fixing the special 1.s.0.p. 01,...,604. Then L(T', E) is well-defined.
For E' O F the special 1.s.0.p. (1, ...,{s depends on some choices, but the ideal that
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it generates does not, nor does the map ¢: L(I', E) — L(T', E’). Moreover, for E” D
E’, one readily checks that the maps ¢': L(T',E') — L(T',E"”) and ¢": L(T', E) —
L(T, E") are independent of all choices and satisfy ¢” = ¢’ o ¢. Thus one obtains a
functor from the poset of faces of I' that contain F to graded vector spaces, given by
E'+w L(T,E).

We now give two applications of the above theorems. The first is a monotonicity
property for local h-vectors.

THEOREM 1.6. Let E C E’ be faces of T' such that o(E) = o(E’). Then ¢(T,E) >
o, EY).

The inequality in Theorem 1.6 is term by term, i.e. dim L(T', E); > dim L(T', E’);
for all 4. The proof is by showing that the map ¢: L(I', E) — L(T',E’) given by
Theorem 1.4 is surjective.

Our second application of the above theorems is to a decades old problem posed by
Stanley, who introduced and studied local h-vectors in the special case where £ = &
and asked for a characterization of triangulations for which they vanish [14, Prob-
lem 4.13]. This problem remains open, and is of enduring interest [3, Problem 2.12].
The extension to the case where E is not empty is particularly relevant for appli-
cations to the monodromy conjecture [7, 6, 16]. In [11], we prove a theorem on the
structure of geometric triangulations with vanishing local h-vectors that is tailored
to this purpose, and we use it to prove the monodromy conjectures for all singu-
larities that are nondegenerate with respect to a simplicial Newton polyhedron. See
Theorems 1.1.1, 1.4.5, and 4.1.3 in loc. cit..

Here, we apply Theorem 1.2 to prove another theorem on the structure of faces
in triangulations with vanishing local h-vectors. Let F' € lkp(E) be a face such that
F U F is interior. Following terminology from the monodromy conjecture literature
(see, e.g. [12]), we say that F' is a pyramid with apex w € F if (F U E) \ w is not
interior. Let

Ap ={w € F: F is a pyramid with apex w}, and V,, :=0c((FUE)\ w).

The elements of V,, correspond to the base directions of F, i.e. the facets of 2" that
contain the base of F', when viewed as a pyramid with apex w. We say F' is a U-
pyramid if there is an apex w € Ap such that |V,,| = 1. In other words, a U-pyramid
is a pyramid with a unique base direction, for some choice of apex.

DEFINITION 1.7. Let F' € Ikp(FE) be a face. An interior partition of F' is a decompo-
sition

F=FUFRUAfr
such that Fy UArp UFE and Fy U Ap UE are both interior.

THEOREM 1.8. Suppose ¢(I', E) = 0 and F € lkp(E) has an interior partition F =
Fy U Fy U Ap such that |Fy| < 2. Then F is a U-pyramid.

See Remark 3.2 for a short proof in a special case that illustrates the naturality
of the U-pyramid condition. The method of proof breaks down when |F;| > 3. See
Example 5.3.

REMARK 1.9. The analogous theorem in [11] requires that the triangulation be geo-
metric and that the interior partition satisfies the additional condition o(Fs U E)¢ =
Uwea, V- But then the hypothesis that [ F1| < 2 is dropped entirely. So, even for geo-
metric triangulations, there are cases of Theorem 1.8 that are not necessarily covered
by [11, Theorem 4.1.3]. It should be interesting to look for a common generalization
of these vanishing results, and to pursue further progress on Stanley’s problem of
characterizing triangulations with vanishing local h-vector more generally.
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REMARK 1.10. To the best of our knowledge, all of the theorems stated in the intro-
duction are new even for regular triangulations. The reader who prefers to do so may
safely restrict attention to geometric or even regular triangulations. However, while
the structure results for triangulations with vanishing local h-vectors in [5] and [11]
rely on special properties of geometric triangulations, the proofs presented here work
equally well for quasi-geometric homology triangulations, and we find it natural to
work in this level of generality.

We conclude the introduction with an example illustrating the above theorems.

EXAMPLE 1.11. Let T" be the triforce triangulation, which figures prominently in [5]
and in the adventures of hero protagonist Link in the video game series The Legend
of Zelda.

U

w v
a

Let z, == m{a}, Ty = x{b}7 T, = x{c}, Ty = x{“}, Ty = x{”}, 2y = 2%}, Consider
first E = @. The face ring is

Ellkr(E)] = k[Za, Ty Tey Ty Toy To| /(X a Ly ToTy TeXyy Tyyy LyLapy ToLap )y
and its ideal of interior faces is
I = (2qTp, Tale, TpZe).
A special l.s.0.p. is of the form 61,05, 63, with
supp(61) = {b, c,u}, supp(62) = {a,c,v}, supp(fs) = {a, b, w},

subject to the condition that the restrictions (of the corresponding affine linear func-
tions) to the face {a,b,c} are linearly independent. Our resolution of the local face
module L(T', E') also involves the monomial ideals

Iu = (l’a7.’EbeC), I’u = (-Tbvxaxc)v I’w = ($c,$a$b)7
Iuv = (xa7xb7$w)7 Iuw = ($a7xczxv>7 I’U’LU = (xb,$0,$u).

The resolution given by Theorem 1.2 is then
& e

—02 —03 0 61

03 0: 61 0

0 — kllkp(E)] —— Tyw @ Luw ® Tuv
In particular, we have L(T', E) = I/J, where

IL,oI, &1, (61 62 62

I—-LT,E)—0
(91 . CL‘meg ':Eb,eg, '.’lﬁc) c J.

Since 61, 65, and 05 restrict to linearly independent functions on {a, b, ¢}, the elements
{01 24,02 xp,03- 2.} span the 3-dimensional subspace (x,Tp, Lo, Tpxc) of k[lkr (F)].
Hence I = J and L(T', E) = 0.

Next, consider E’ = {c}. Then

Ellkr(E")] = k[Za, Tb, Tus To) [/ (Tau, Toy, TuTy).

A special Ls.o.p. is any l.s.o.p. of the form (1, (2, where supp(¢1) C {a,b}. The ideal
of interior faces in this case is I' = (24, 23), and the resolution given by Theorem 1.2

is
[_452} [¢1 ¢2]
0 — k[lkkp(E")] —— k[lkp(E)]® ' ——=I' — LT, E') — 0.
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Note, in particular, that L(T', E') = I’ /J’, where J' = ({1, (2%, C22p). Thus one sees
that L(T', E’) has dimension 1 in degree 1, i.e. (T, E’) = (0, 1,0).

Let us now consider Theorem 1.4 in this example. Let 6 denote the restriction of
0; to k[Star(E’ ~\ E)]. Note that ¢; := 6% is supported on lkp(E’). Extend {(1} to
a basis for k[lkp(E)] N (01, 05,0%), e.g. by choosing (2 to be a linear combination of
07 and 64 in which the coefficient of z. vanishes. Then (i, (s is a special 1.s.0.p. for
k[lkr(E")], and the map ¢ in Theorem 1.4 is given as follows. First, we set

¢(Ia) = Za, ¢(xb) = Tp, ¢(mu) = Ty, (b(xv) = Ty, (b(xw) =0.

Then, writing 02 = A\cxe + Ao + AyTy, with all three coefficients nonzero, we set

(b(xc) = %:(Aa'ra + )\vx'u)-

Note that there is no subset of {61, 63,603} whose restrictions to k[lkr(E’)] form an
l.s.0.p. This explains and motivates our two-step process for constructing the map:
first restricting to Star(E’ \ E) and then intersecting with k[lkp(E’)] to produce the
special 1.s.0.p. that yields the functorial map ¢: L(T', E) — L(T, E’).

Let also describe how Theorems 1.6 and 1.8 manifest in this example. For The-
orem 1.8, observe that the face F' = {a,b} in lkp(E’) has an interior partition
F = {a} U {b}. The proof in this case shows that the classes of both z, and z
are nonzero in L(T', E’), for any choice of special 1.s.0.p.

Finally, note that L(T', E) = 0 and L(T', E’) # 0, so there is no surjective map of
graded vector space L(I', E) — L(I', E’). In this case, o(FE) # o(E’). Thus, we see
that the hypothesis o(E) = o(E’) cannot be dropped in Theorem 1.6.

2. PRELIMINARIES

We begin by recalling definitions and background results that will be used throughout,
following [15, Chapter III] and [3]. We work over a field k. In particular, all rings are
commutative k-algebras and singular homology is computed with coefficients in k.

2.1. TRIANGULATIONS OF SIMPLICES. In this section only, for the purposes of provid-
ing context, we allow that the field k£ may be finite, and the triangulation o: I' — 2V
is not necessarily quasi-geometric.

We recall the notion of a homology triangulation, following [2]. A d-dimensional
simplicial complex I" with trivial reduced homology is a homology ball of dimension d
if there is a subcomplex OI' C I' such that

e OI' is a homology sphere of dimension d — 1,
e lkp(F) is a homology sphere of dimension d — |F| for F ¢ OT.
e lkp(F) is a homology ball of dimension d — |F| for all nonempty F € 9T

The interior faces of a homology ball I' are the faces not contained in I'. A homology
triangulation of the simplex 2V is a finite simplicial complex I and a map o: I' — 2V
such that for every non-empty U C V,
e the simplicial complex I'yy := 0 ~1(2Y) is a homology ball of dimension |U|—1.
e o7 1(U) is the set of interior faces of the homology ball ~!(2Y).
Note that the Betti numbers of a simplicial complex, and hence the property of
being a homology ball, depend only on the characteristic of the field k. Homology
triangulations are a special case of the (strong) formal subdivisions of Eulerian posets
considered in [14, Section 7] and [10, Section 3].
The carrier of a face ' € T is o(F). A homology triangulation o: I' — 2V is
quasi-geometric if there is no face F' € I' and U C V such that the dimension of
I'y is strictly smaller than the dimension of F' and the carrier of every vertex in F
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is contained in U. A homology triangulation is geometric if it can be realized in R"
as the subdivision of a geometric simplex into geometric simplices. Every geometric
homology triangulation is quasi-geometric.

The local h-vector, which we have defined in the introduction as the Hilbert func-
tion of the local face module, can be expressed in terms of h-vectors of subcomplexes
of links of faces in the homology balls I'y:

(1) (rE)y= Y ()Y ke, (B)).
UDo(E)

Note that (1) makes sense even when k is finite or o: I' — 2V is not quasi-geometric,
and should be taken as the definition of the local h-vector in this broader context.

THEOREM 2.1 ([14, 2, 10]). Let o: T — 2V be a homology triangulation, let E be a
face of T and let d = |V| — |E|. Then the local h-vector ({y, ..., Lq) satisfies:

e (symmetry) b= "Ly i;

e (non-negativity) if T is quasi-geometric, then £; > 0;

e (unimodality) if T' is regular, then £y < 0y < --- < {q/2)-

Note that the proof of non-negativity for quasi-geometric triangulations, due to
Stanley and Athanasiadis, is via the identification with the Hilbert function of the
local face module. It suffices to consider the case where k is infinite, since (1) is
invariant under field extensions.

2.2. FACE RINGS AND SPECIAL L.S.0.P.S. Here, and for the remainder of the paper,
the field k is fixed and infinite, and all triangulations are quasi-geometric homology
triangulations.

Given a finite simplicial complex I" with vertex set V = {v1, ..., v, }, let k[T'] denote
the face ring. In other words, for each subset ' C V, let 2" be the corresponding
squarefree monomial in the polynomial ring k[z1,...,x,], i.e. 2 = [1,,cr i Then

the face ring is
E[[] := k[z1,...,2,]/ (2" : F is not a face in T').

Given a subcomplex IV of ', we have a natural restriction map k[I'] — k[I"], taking
2f to 2 if F € T and to 0 otherwise. Given 6 € k[I'], let 8|1 denote the image of 6
in k[I]. In particular, each F' in " may be viewed as a subcomplex, and we write 0|z
for the restriction of 6 to this subcomplex.

Note that k[I'] is graded by degree. By definition, a linear system of parameters
(Ls.o.p.) for a finitely generated graded k-algebra R of Krull dimension d is a se-

quence of elements 61,...,0; in Ry such that R/(61,...,60;) is a finite-dimensional
k-vector space. If T is a Cohen-Macaulay complex (i.e. if k[I'] is a Cohen-Macaulay
ring) and 64,...,0y is an ls.o.p. for k[I'], then (61,...,604) is a regular sequence and

the h-polynomial of T" is the Hilbert series of k[T']/(f1,...,604). Links of faces in tri-
angulations of simplices are Cohen-Macaulay [13].

Suppose I" has dimension d — 1, so k[I'] has Krull dimension d. Then a sequence of
elements 61, ...,6,4 in k[T']; is an L.s.o.p. for k['] if and only if the following condition
is satisfied [15, Lemma 2.4(a)]:

(*) For every face F € T' (or equivalently, for every facet F' € T'), the restrictions
01|F,-..,04|F span a vector space of dimension |F|.

This characterization provides flexibility in constructing l.s.o.p.s in which the linear
functions have specified support, where the support of 0 = 3" a;x; is supp(0) = {v; :
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LEMMA 2.2. Let S1,...,Sq be subsets of the vertices of I'. Then there is an l.s.o0.p.
01,...,0q for k[T] such that supp(0;) = S; for 1 < i < d if and only if, for every face
FeT,

(2) {S;:S;NF #@} = |F|

Proof. The argument is similar to that given by Stanley in [14, Corollary 4.4]. The
necessity of (2) follows immediately from (*). We now prove its sufficiency. Suppose
S1,...,Sq are chosen such that (2) holds for every F € . Let N = |Sy| + -+ + |Sal,
and consider the space kY parametrizing tuples (61,...,04) with supp(6;) C S;. Fix
F ={vy,...,v} €. Let Xp C k~ parametrize the tuples whose restrictions to F
span a vector space of dimension |F|. Note that X is Zariski open. By Hall’s Marriage
Theorem, there is a permutation o € &4 such that v; € S, ;). If we set 0,(;) = x; for
1 <i<k,and 0, =0 for i > k, then 6 € Xp, and hence Xr is nonempty. Also, the
subset of k&~ where all coordinates are nonzero is Zariski open and nonempty. Since k
is infinite, the intersection of these nonempty Zariski open subsets of k% is nonempty,
and hence there is an l.s.o.p. 61, ..., 604 with supp(6;) = 5. O

Let o: T' = 2V be a quasi-geometric homology triangulation, and let £ € T be
a face.

DEFINITION 2.3 ([14, 1]). A linear system of parameters 61,...,04 for k[lkp(E)] is
special if, for each vertexr v € V with v & o(FE), there is an element 0, of the l.s.0.p.
such that supp(8,) consists of vertices in lkp(E) whose carrier contains v, and such

that 0, # 0, for v #v'.

In other words, after reordering so that o(E)¢ = {v1,...,v}, an ls.o.p. for
E[lkr(E)] is special if we can order it 6q,..., 0y such that

supp(0;) C {w € Ikp(E) : v; € o(w)},

for 1 < 7 < b. The existence of special 1.s.0.p.s is well-known to experts and the proof
is similar to Stanley’s argument in the case E = @. For completeness, we provide a
short proof.

PROPOSITION 2.4. Suppose k is infinite. Let 0: T' — 2V be a quasi-geometric homology
triangulation of a simplex, and let E be a face of I'. Then there is a special l.s.0.p.

for k[lkp(E)].

Proof. Let V. = {vy,...,v,}. After renumbering, we may assume that o(E)¢ =
{v1,...,u}. Fix d = n — |E|. Note that b < d. We define subsets S,S5s,...,Sq
of the vertices in lkr(F), as follows. For ¢ < b, let S; be the set of vertices w such
that v; € o(w). For i > b, let S; be the set of all vertices of lkp(E). Because o
is quasi-geometric, for each face F of lkp(E), the union of the sets o(w) C V,
as w ranges over vertices of E LI F', has size at least |E| + |F|. It follows that
Hi <b: S NF # o} > |F|—(d-»b). Since S; N F # @ for j > b, we conclude
that |{i : S; N F # @}| > |F|. Hence, by Lemma 2.2, there is an l.s.o.p. 61,...,04 for
k[lkr(E)] with supp(6;) = S;. O

3. A RESOLUTION OF THE LOCAL FACE MODULE

In this section, we prove Theorem 1.2, giving an explicit resolution of the local face
module L(T, E) by a subcomplex of the Koszul resolution of k[lkr(E)]/(01,...,04).
We continue to use the notation established above. In particular, o: I' — 2" is a quasi-
geometric homology triangulation of the simplex with vertex set V = {vy,...,v,}. We
consider a face E € T' with d = n—|E| and b = n—|o(E)|. After reordering, we assume
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o(E)¢ ={v1,...,up}. For S C {v1,...,v4}, we consider the ideal I's C k[lkp(E)] given
by
Is = (2 : o(FUE)° C S).
Let 61, ...04 be a special 1.s.o.p. for k[lkp(E)]. We may assume that
supp(0;) C {w € lkp(E) : v; € o(w)},

for 1 <@ < b. For any v; € S, multiplication by 6; gives a map \;: Is — Is .}, and
we c0n81der the complex of graded k[lkr(E)]-modules

(3) 0— k[lkp(E)][-d] = @ Is[-(d-1)]—--—1I1—LT,E)—0,
|S|=d—1

in which the differential restricted to Ig, for S = {v;,,...,v;, }, with ig < -+ < iy, is
BF_o(—1)7 ;.

EXAMPLE 3.1. If F is an interior face of I" then every l.s.o.p. is special, Is = k[lkp(F)]
for all S, and (3) is the Koszul resolution of L(T', E) = k[lkp(E)]/(61, ..., 04).

Proof of Theorem 1.2. We must show (3) is exact. We begin by considering two com-
plexes of k[lkr(E)]-modules studied by Stanley and Athanasiadis. Recall that, for
U CV, we write I'y == o~ 1(2Y).

Say U D o(E) and U N\ 0(F) = {viy, ..., 04, }, with ig < -+ < i. For 0 < j < k,
let p;: kllkp, (E)] — k[lkpu\{,Uij}(E)] be the restriction map. The first complex we

consider is

(4)  klke(E)] - . EB(E) kllkry, (E)] + . @(E) kllkry (E)] » - -+ = kllkr, ) (E)] =+ 0,
|U|=n—1 |U|=n—2

in which the differential restricted to k[lkr, (E)] is €@ j(—l)j p;. Next, we consider its
quotient by (01,...,04):

k[lkr (E)] kllkry, (B)] kllkry, (B)] kllkr, (g (B)]
®) o) jD?ESel,U,ed) — U;EBE) Grty) ) 0.
|Ul=n— U]=n—2

For any U C V, with U D ¢(E), let Sy be defined as

Sy = (Uﬂ {vl,...,vb}) U{vb+1,...,vd}.

Then dim k[lkr,, (E)] = |Sy| and it follows that the restriction of 6; to lkr, (F) is
nonzero if and only if v; € Syy. Furthermore, {0i|1krU(E) :v; € Sy} is a special Ls.o.p.
for k[lkp, (F)]. Stanley and Athanasiadis proved that both (4) and (5) are exact, and
the kernel of the first arrow in (5) is L(T', E). (We will recall the proofs below.) Using
the additivity of Hilbert functions in exact sequences, they deduced that the Hilbert
function of L(T', E) satisfies (1) [14, 2].

With the goal of proving that (3) is exact, we take Koszul resolutions of each term
n (5) to build a double complex of k[lkr(E)]-modules. Since k[lkr, (E)] is Cohen-
Macauley, the special 1.s.0.p. {9i|lkrU(E) :v; € Sy}t is a regular sequence. Hence the
corresponding Koszul complex K7

klikry, (B)]

0 — k[lkr, (E)]s, — @kllkr, (E)]ls — -+ — k[lkr, (E)] — 00y

SCSu
[S|=[Sv|-1

— 0,
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is exact. Here, for a graded module M and a finite set S, we write Mg = M[—|S]].
Replacing each term in (5) with its corresponding Koszul resolution, gives a complex
of complexes

(6) Ky — @K} — @Ky — - » Kogy — 0,
U>o(E) UDo(E)
|U|=n—1 |U|=n—2

which may be expanded as the commuting double complex shown in Figure 1. The

0 0 0 e 0
{lkr ()] Kllkr,, (2)] Kllkry, (B)] Kllkr, ) (B)]
rr U)Q?( 0 0.) o) G0 P T T (8h,00) >0
|U|=n—1 |U|=n—2 W\
Elkp(E)] —— @ klkr,(E)] —— @ klkr, ()] — - — k[lkrﬁ<E)(E)} — 0

UDo(E) Udo(E)

[U]=n-1 T U[=n—2 T [

Drlkr(B)ls — @  Dklkr,(E)ls » @  Dkllke, (E)ls » -+ + Dkllkr, , (E)ls » 0
|S|=1 UDo(E) SCSu UDo(E) SCSu SCSo (k)
[U|=n—1 [|S]=1 U|]=n—2 [S]=1 |S|]=1

| | !

@k[lkF(E)]S - @ @k[lkFU(E)]S - @ @k[lkFU(E)]S o @k[lkra(E)(E)]S = 0.
|S]=2 U>o(E) SCSu U>o(E) SCSu SCSa(m)
U|=n-1 [S|=2 |U|=n—2 [S|=2 |S|=2

| T T T
i ¢ i

@ kllkr(B)]ls ——— @ k[lkr(E)]lsy —————— 0

k[lkF(E)]{vh...‘,vd} —0

|

0
FIGURE 1. The double complex obtained by taking the Koszul reso-

lution of (5).

columns of this complex are exact by construction. We claim that the rows are also
exact, and prove this using ideas from [14, Theorem 4.6]. First, we show that all rows
except for the top row are exact. Choose a subset S of {vy,...,v4}, and consider the
piece of the complex indexed by S:

(7)) klkr(E)s — @ klkr,(B)s — @ klkr, (E)]s — - — 0.
SCSu SCSu
|U|=n—1 |U|=n—2
When S = @, we obtain (4). Observe that the complex (7) is multigraded by
N, where m is the number of vertices of lkp(F). Explicitly, dega{* - -z&m =

m
(a1,...,0u,). Therefore it suffices to show exactness on graded pieces. Fix a =
(01,...,Qy). By the definition of the face ring, every term of (7) will have 0 in

the graded piece corresponding to « unless the set of vertices with a; # 0 forms a
face F', in which case the a-graded part can be identified with the augmented cochain
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complex of a simplex, indexed by all U that contain o(E) U o(F) U S, and hence is
exact.
We now recall the proof that the top row of the double complex, (5), is exact.

k[lkr (E)] — @ E[lkr, (E)] _ @ k[lkr, (B)] NN k[lkrg(E)(E)] 0
(01,..-,04) Uja(ESel"”’ed) Unel(E) (01,..-,04) (01,-.,04)
|U|=n—1 |U|=n—2

The proof involves showing that the quotients of (4) by (64, ...,04_(»—1)) is exact by
induction on 7. The case of r = 0 is the exactness of the second row.

Now assume that (4) remains exact after quotienting by (64, ...,04_(,—1)). Let C?
denote the ith term of (4) tensored with k[lkp(E)]/ (64, . . . ,04—(r—1)). By the induction
hypothesis, we have an exact sequence

Cc*: C®'—C'—» ... C 0.
Set m = d — r. Recall that 0; = 0 € k[lkr, (E)] if v; ¢ Sy, and that {0;|n, (m) :vi €

Sy} is a special l.s.o.p. for k[lkp, (E)]. Also, for o(E) C U, vy, ¢ Sy if and only if
vm ¢ U. Hence, we have an exact sequence

(8) 0= B* = C* 22 C* = C*/(6.) — 0,
where
B' = @ k[lkFU(E)]/(ada---aem-i-l)'
Udo(E), |U|=n—i
Vi @U

For example, when m > b, v,,, € o(F) and B® = 0. Up to signs and a degree shift, we

can then identify B® with the complex (4) for I'|y,, je quotiented by (64, ..., 0m11).

Then B*® is exact by the induction hypothesis applied to I'|,, 1-. By breaking (8) up

into two short exact sequences we see that H'(C*®/(0,,)) = H'*2(B*®) = 0 as desired.
Now that we know the exactness of (6), let

UDo(E)
|U|=n—1

A® = ker (K‘; = EBK&).

Then, by construction, we have an exact sequence of complexes

0 A Ky, @K{] e @K['] K;(E) 0.
U>o(E) UDo(E)
|U|=n—1 |U|=n—2

As above, we repeatedly apply the long exact sequence on cohomology to see that A®
is exact. We may then identify A® with the exact sequence

0— k[lkp(E)][—n] — @|S‘:d,1fs[—(n — 1)] — = @|S|:1ls[—l] -1 — A" >0,

Since I surjects onto A and A° C k[lkr(E)]/(61,...,04), we conclude that A° =
L(T, E), as required. O

REMARK 3.2. Let o: I' — 2V be a quasi-geometric homology triangulation of a sim-
plex, and let E be a face of I". Let F' € lkp(FE) such that F'UF is interior, and suppose
that ' = Ap is an interior partition of F, i.e. with F; = F; = &. Suppose that F’
is not a U-pyramid. By Corollary 1.3, J is generated by elements of the form 6; - 2
for F' U E interior or 0; - % for some G with o(G U E) = {v;}¢. Because F is not a
U-pyramid, no monomial appearing in any of these generators divides 2%, so z! is

nonzero in L(T', E). This proves Theorem 1.8 in the special case when F} = Fy = &.

Algebraic Combinatorics, Vol. 6 #4 (2023) 1066



Resolutions of local face modules

4. FUNCTORIAL PROPERTIES OF LOCAL FACE MODULES

In this section, we prove Theorem 1.4, giving natural maps between local face modules.
Consider a quasi-geometric homology triangulation o: I' — 2V, and let E C E’ be
faces of I.

LEMMA 4.1. Let R be a graded k-algebra with Ry = k. Let {01, ...,0,} be an l.s.o.p.
for Rlxy, ..., %], where each x; has degree 1. Then there is a unique graded R-algebra
isomorphism

¢: Rlx1,...,xm]/(01,...,0,) = R/RN (61,...,0,).

Moreover, any k-basis for Ry N (01,...,0,) is an Ls.o.p. for R and generates R N
(01,...,6,).

Proof. Consider the exact sequence of k-linear maps
0— Rl — R[.’Bl,...,.’lim]l — (a:l,...,xm)l — O,

where the right hand map takes r + ZZ a;z; to ZZ a;x;, for any r € Ry and o € k.
This restricts to an exact sequence of k-linear maps

0—)R10(017...,9n)1 — (017~~~70n)1 — (xh...,xm)l —>0,

where the surjectivity of the right-hand map follows from the fact that 6,,...,6,
is an l.s.o.p. Hence, for 1 < i < m, we can write z; = r; + s;, for some r; €
Ry and s; € (01,...,60,)1. For any R-algebra map ¢: R[z1,...,2,]/(01,...,0,) —
R/RN(b4,...,0,), we must have that ¢(x;) = r;, so there is a unique such map. On
the other hand, the R-algebra homomorphism defined by ¢(x;) = r; is well-defined,
since if z; = 7} + s}, for some r} € Ry and s} € (61,...,60,)1, then r; — 7} € Ri N
(61,...,0n)1. Note that the unique R-algebra homomorphism from R/RN(61,...,0,)
to R[x1,...,2m]/(01,...,0,) is the inverse of ¢.

Since ¢ is an isomorphism and factors through R/(R; N (61, ...,0,)1), we conclude
that the R-ideal RN (0y,...,0,) is generated in degree 1 and hence any k-basis for
RiN(64,...,60,) is an Ls.o.p. for R. O

Proof of Theorem 1.4. Note that Star(E’\ E) is the join of E' \ E with lkp(E"). The
face ring k[Star(E’~\ E)] is therefore a polynomial ring over k[lkp(E’)]. Its Krull dimen-
sion is equal to d = dim k[lkp (E)], and hence the restrictions 61, . . .,/ form an l.s.o.p.,
where 0; := 0;|gtar(5/ < £). By Lemma 4.1, there is a unique graded k[lkr(E’)]-algebra
homomorphism k[Star(E’ \ E)|/(0},...,0,) — klkr(E")]/(k[lkr(E")] N (61,...,6))),
which lifts to the unique homomorphism ¢ in the statement of the theorem. It remains
to construct a special 1.s.0.p. for k[lkp(E’)] with the specified properties.

After reordering, we may assume that o(F)¢ = {vi,...,vp}, supp(6;) C {w :
v; € o(w)} for 1 < 4 < b, and o(E')® = {v1,...,vy}. Note, in particular, that
0! is supported on vertices in the link of E’, for 1 < ¢ < b'. By Lemma 4.1, any
k-basis for E[lkp(E£')] N (61,...,0}) is an Ls.o.p. for k[lkp(E’)]. Set §; = Oilwr (5,
for 1 < i < ¥, and note that {¢1,...,(p} is linearly independent. Extending this
independent set to a basis produces a special ls.o.p. for k[lkp(E’)]. It remains to
verify that ¢(L(T", E)) C L(T', E’). Let F € lkp(E) be a face with F' U F interior. If F'
is not in Star(E’ \ E), then ¢(z") = 0. Otherwise, F' can be written uniquely as the
join of possibly empty faces F; C E’' \ E and F; € lkp(E’). Then F, U E’ is interior,
and ¢(zf) = ¢(xf")zf? € (22). Hence ¢(2¥') € L(T, E'), as required. O

Proof of Theorem 1.6. Let E C E’ be faces of a quasi-geometric homology triangu-
lation T' of a simplex, and assume that o(E) = o(E’). It is enough to show that the
induced map ¢: L(T', E) — L(T', E’) given by Theorem 1.4 is surjective. Note that
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L(T, E') is generated by the monomials " such that F' € lkp(E’) and F U E’ is inte-
rior. If F' is such a face, then it is also in the link of F and, since o(F) = o(E’), the face
(FUE) < (FUE') is also interior. Then ¢(z%') = 2, and the theorem follows. [

5. RESTRICTIONS OF LOCAL FACE MODULES

In this section, we use the resolution found in Theorem 1.2 to show that the vanishing
of a local face module L(T', E) implies the vanishing of a restricted local face module
LT, Ar U E)|p,ur,, for certain interior partitions Fy U Fy U Ap. We then develop
algebraic arguments, inspired by ideas from [5], to show that F' being a U-pyramid
is necessary for the vanishing of the restricted local face module when |F;| < 2 and
thus prove Theorem 1.8.

We use the notation introduced in the introduction. Let A be a subcomplex of
lkr(E). For any k[lkr (E)]-module M, the restriction of M to Ais M|a == M @, (B))
E[A], where k[A] is a k[lkr(F)]-module via the restriction map. By the resolution of
L(T', E) in Theorem 1.2 and the right exactness of tensoring with k[A], we have an
exact sequence
) |S€|B Is|a[-1] = I|a — L(I', E)|a — 0.

=1
Recall from Corollary 1.3 that L(T', E) = I/J, where J is the ideal generated by
{0,2F : F U E is interior} and {0;2¢ : ¢(G U E) = {v;}°}. Hence, L(T, E)|an =
I|a/J|a, where I|a, J|a are the k[A]-ideals

(10) Ia=(z :HCcAo(HUE)=V),

(11) Jla = 01]a,...,0dla) I|a +(0j|AxG : GCA, o(GUE) ={v;}9).

For example, if F is a face of lkp(E), then k[F] is a polynomial ring with variables
indexed by the vertices of F', and L(I', E)|r is identified with a quotient of ideals in
this polynomial ring.

LEMMA 5.1. Let o: T' = 2V be a quasi-geometric homology triangulation of a simple,
and let E be a face of I'. Let F € lkp(E) be a face with F' U E interior. Assume that
F is not a U-pyramid. Then there is a surjective graded k[F|-module homomorphism

L(Fa E)|F - L(FvAF U E)|F\.AF[_|~AFHa
where the second term is a k[F]-module via the restriction map k[F| — k[F \ Af].

Proof. If A is a subcomplex of lIkp(E) contained in the closed star of Ap, then z4F
is a non-zero divisor in k[A]. In particular, 2AF is a non-zero divisor in k[F] (this
is also clear since k[F] is a polynomial ring). Note that every face of F' with carrier
codimension at most 1 contains Ap. Thus I|p = xAF - M and Jlr = TAF . N, where
M and N are the ideals in k[F]

M=@@": HCFNAp, o(HUArUE)=YV),
N = (b1|p,..,0alr) - M+ (0;|pz® : GCF~Ap, o(GUARUE) = {v;}°).
Then we have surjective graded k[F]-module homomorphisms
Ilp/J|p = M/N[=|Ap[] = M|p<ar /NIr<ar[-|Arll,

where the first map is the isomorphism taking z*rzH +— 2 and the sec-

ond map is restriction. Finally the right hand term can be identified with
L(F7V4F UE)|F\.AF[_|"4F|]’ 0

We will derive Theorem 1.8 from the following more technical statement.

Algebraic Combinatorics, Vol. 6 #4 (2023) 1068



Resolutions of local face modules

THEOREM 5.2. Let o: T' — 2V be a quasi-geometric homology triangulation, and let
E be a face. Let F € kp(E) be a face with F U E interior. Suppose Ap = & and F
admits an interior partition F = Fy U Fy. Assume that F' has no faces G with GU FE
interior and |G| < |F1|. If |F1| < 2, then L(T', E)|r is non-zero in degree |Fi|.

EXAMPLE 5.3. The conclusion of Theorem 5.2 can fail when |Fy| > 3, even for Ap =
E = @. Consider a geometric triangulation o: I' — 2V, where V = {v1,...,v6} with
a face F' = {wy,...,ws} such that

o(wy) = {v1,v3,v6} o(ws2) = {v1,v4,v5} o(w3) = {va,v3, 05}
o(wy) = {ve,v4,v6} o(ws) = {vs,v4,v5} o(we) = {v3,v5,06}

Then Ar = @, and F admits an interior partition given by Fy = {wi, w4, ws},
Fy = {wy, w3, ws}. Then (9) gives generators and relations for L(T', @)|r, and a linear
algebra computation shows that L(T', @)|r = 0.

Before proceeding with the proof of Theorem 5.2, we show how Theorem 1.8 follows
from it.

Proof of Theorem 1.8. We may assume that F' = F| U Fj U Ap is an interior partition
of F with |F]| minimal among all possible interior partitions of F. In particular, if
|F{| = 2, then there is no vertex v € F \ Ap such that {v} U Ap U E is interior, as
then {v} U (Fy U Fy \ {v}) U Ar would be an interior partition. Hence there are no
faces G of F \. Ap with G U Ap U E interior and with cardinality smaller than |F}|.
By Theorem 5.2, L(I', Ar U E)|p/ry is non-zero in degree |F]|. Then, by Lemma 5.1,
L(T, E) is nonzero in degree |F|| + |Ap|. a

We now proceed with the proof of Theorem 5.2. We begin with a series of three
lemmas. Inspired by the results of [5] in the case E = &, we consider the internal edge
graph of a subcomplex A C lkp(F). This is the graph contained in the 1-skeleton of
Ikr(F) consisting of edges e C A with el E interior.

LEMMA 5.4. Assume o(E) has codimension at least 2. Let A be a subcompler of
Ikr(E), and assume A has no vertices v with {v} U E interior. If L(T, E)|a is zero
in degree 2, then each connected component of the internal edge graph of A satisfies
one of the following.
(1) The component is a tree, and it has at most one vertex v with {v} UE having
carrier codimension more than 1.
(2) The component has a unique cycle, and the carrier codimension of {w} U E
is equal to 1 for every vertex w in the component.

Proof. From (9), we have the following exact sequence for the degree 2 part of
L(T,E)|a.

‘GP (Is)1 @ik (2)) FIA] = Iz Qg () KIA] = (LT, E)|[a)2 — 0.
S|=1

Because (L(T', E)|a)2 = 0, the first map in the above complex is surjective. As A has
no vertices v with {v} U E interior, we see that

(12)  (z°:eC A, eUFE is interior )y = ({60, : v C A, o({v} UE) = {v;}%)s.
Thus the number of edges e with el E interior is less than or equal to the number of
vertices w with the carrier codimension of {w} U E equal to 1. If c({v} U E) = {v; }°
and 6; = > ai,jx{wj}, then

21v1g, = Z a; jalvwil,

{v,w; }UE interior

wj
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In particular, both vector spaces in (12) naturally decompose into a direct sum of vec-
tor spaces indexed by the connected components of the internal edge graph. Therefore,
in each connected component of the internal edge graph, the number of edges e with
el E interior is less than or equal to the number of vertices v with {v} U E of carrier
codimension 1. As the only connected graphs (V, E) where |E| < |V are either trees
or contain a unique cycle, the result follows. O

LEMMA 5.5. Assume o(E) has codimension at least 2. Let F C lkp(F) be a face.
Assume F has no vertices v with {v} U E interior. If L(T', E)|r is zero in degree 2,
then no component of the internal edge graph of F contains a cycle of length 4.

Proof. Suppose a component of the internal edge graph contains a 4-cycle of vertices
F = {t1,t3,u1,us}. By Lemma 5.4, this is the unique cycle in this component and
every vertex w € F has {w} U E of carrier codimension 1. Because F' is a face and
there are no 3-cycles in this component of the internal edge graph, we may assume
that o({t;} U E) = {v1}° and o({u;} U E) = {v2}°. Restricting to F' and using that
(L(T, E)|F)2 = 0, we have that

(x{t1,u1}7 x{ul,tz}, x{t%uz}’ x{uz,tl}) = (x{t1}927 x{t2}92, ai{“l}@l, ${u2}91)-

The relation 6,0, — 0260, = 0 expands into a relation between the generators of the
right-hand side. But the left-hand side is 4-dimensional, a contradiction. O

LEMMA 5.6. Assume o(E) has codimension 1. Let A C lkp(FE) be a subcomplex. Then
dim(L(T, E)|a)1 = {v € A: {v} U E interior}| — 1.

Proof. By considering the degree 1 part of (9), as the codimension of o(E) is 1, we
get the following exact sequence.

k— Pk -2 —— (L(T,E)|a)y — 0,
A
{w}u%einterior

and the result follows. O

Proof of Theorem 5.2. We must show that L(I', E)| r is non-zero in degree |F;|. Recall
that L(T', E)| is isomorphic to I|g/J|r, where I|p and J| are described in (10) and
(11) respectively. First we handle the cases when |Fy| < 1. If F} = @, then F is interior
and £ = 1, but J|r is a proper ideal as it is generated by elements of positive degree,
so it & J|p. If Fi = {v}, then we assume that F is not an interior face. Then J|r
is generated by elements of degree at least 2, so 2 ¢ J|p.

Suppose |Fi| = 2. We assume that there are no vertices v with {v} U E interior
and F is not interior. If o(E) has codimension 1, then both F; and F, must have a
vertex v with {v} U F interior. Then by Lemma 5.6, we see that dim L(T, E)|r > 1.
Hence we may assume that o(F) has codimension at least 2.

Let Fy = {u,t} and assume that L(T, F)|r has no non-zero elements in degree
2. Consider the connected component of the internal edge graph containing Fj. By
Lemma 5.4, we may assume that o({u} U E) = {v1}¢. Note that v; € o(¢). There is a
vertex t' € Fy such that v; € o(t'), so {u,t'} U E is interior. Therefore either {t} UE
or {t'} U E has carrier codimension 1.

If o({t} U E) = {v2}°, then there is a vertex u’' € Fy such that v € o(u’). First
assume v’ and t' are distinct. Since at least one of {v/} U E and {¢'} U F has carrier
codimension 1, it follows that {u,#'} U FE is interior. Then {u,t,u’,t'} forms a 4-cycle,
contradicting Lemma 5.5.

If w' = ¢/, then the internal edge graph contains a cycle and hence every vertex w
in it (including ¢) has {w} U FE of carrier codimension 1. As F; is interior and {v'} UFE
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has carrier codimension 1, there is a vertex w € Fy such that {v/,w} U E is interior.
But then either {u,w} U E or {¢t,w} U E is interior, contradicting the uniqueness of
the cycle in Lemma 5.4.

If {t} U E does not have carrier codimension 1, then we may assume that o({¢'} U
E) = {v2}°. Choose a vertex u’ € Fy with v € o(v’). Then {¢,u'} U FE is interior,
so {u'} U E has carrier codimension 1. If v; € o(u'), then {u,v'} U E is interior. If
vy & o(u'), then {¢t, v }UFE is interior. In either case, there is a cycle and a vertex v with
{v} U E of carrier codimension more than 1 in the internal edge graph, contradicting
Lemma 5.4. O

REMARK 5.7. One can use the same overall strategy more generally to show that
other combinatorial types of faces cannot appear in triangulations with vanishing
local h-vectors. For instance, suppose V = {v1,...,v6} and o: I' — 2V is a geometric
triangulation with a facet F' = {wq, ..., wg} such that

o(wr) = {v} o(wz) = {v2} o(ws) = {vs}

o(wy) = {v1,v4,v5} o(ws) = {va,v4,v6} o(we) = {v3, V5, 06}

Then the interior 2-faces of F are {wy,ws,wgs}, {we,ws,ws}, {ws,ws,ws}, and
{wy, ws,we}. But F has no interior vertices or edges, and it has only three edges with
carrier codimension one, namely {wg,ws}, {wy, ws}, and {ws,wg}. Thus L(T, @)|r
is non-zero in degree three. Note that F' is not a pyramid and does not admit an
interior partition.
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