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1 Introduction

The parton distribution functions (PDFs) and fragmentation functions (FFs) are two
important quantities in particle physics to understand the dynamics of a parton inside a
hadron. These functions have been studied extensively both by experiment and theory
hadron physics community [1]. In the last decade, the hadron physics community proposed a
new kind of distribution function called transverse momentum dependent (TMD) distribution
functions to extend this studies [2, 3]. These TMD functions provide information on a
parton carrying a certain amount of longitudinal momentum fraction x and transverse
momentum k7 inside a nucleon, which can be used to probe the quantum correlation
between the nucleon spin and active quark or gluon polarization as well as its motion. The
measurement of TMD observables provides the leading information on the three-dimensional
imaging of a nucleon.

The TMD factorization and resummation framework offer a bridge between TMD
functions and observations, which was originally obtained by Collins, Soper and Sterman
in [4, 5] and has also been derived in Soft-Collinear Effective Theory (SCET) [6-10] based
on renormalization group (RG) methods [11-13]. In the small transverse momentum
limit, the differential cross section can be factorized as the product of the hard factor and
TMD functions at the leading power. Therefore, one can directly probe TMD functions
via different processes, including the Drell-Yan, semi-inclusive deep-inelastic scattering
(SIDIS) and back-to-back two hadron production in ete™ collisions. The universality of



the non-perturbative parametrization of TMD functions has been investigated extensively
in [14-25]. In the context of the small-z limit, the naive TMD factorization formula at the
leading-power might no longer apply, and numerous studies have addressed TMD functions
with considerations for gluon saturation effects [26-30]. Conversely, as x approaches larger
values, the underlying factorization theorem of leading-power TMD factorization remains
robust; nonetheless, the associated resummation formula begins to incorporate non-negligible
logarithmic contributions. Intriguingly, recent lattice QCD simulations [31] demonstrate
that in this large x regime, lattice results show inconsistencies with the predictions of
various existing non-perturbative parametrization of TMD PDF models [19, 20, 24, 25].
Extending our comprehension of TMD functions in this limit is thus of pivotal importance.
This study aims to extend our understanding of TMD functions in the large x limit.

In the threshold limit, the phase space for real radiation is restricted, and then the
infrared cancellations between real and virtual diagrams leave behind large logarithms
~ In(1 — x). Therefore, near the threshold limit, it becomes necessary to take into account
these large logarithmic corrections to all orders to have a reliable theoretical prediction.
In the Mellin space, these large logarithms are transformed into powers of logarithms of
the Mellin variable N. A systematic approach has been proposed to resum these large
logarithms to all order [32, 33] in the Mellin space and the technique is known as threshold
resummation. It is noted that, unlike the TMD resummation, the singular threshold
logarithms do not appear explicitly in the physical cross section, since they are always
convoluted with PDFs or FFs at the hadron level. After analyzing the dynamical origins
of the large corrections in both threshold and TMD resummations, the joint resummation
framework of threshold and TMD logarithms was first developed in [34]. Such a framework
has been applied in various processes [35-39] at hadron colliders. Later on, a factorization
and resummation formalism based on SCET [40, 41] was introduced in [42, 43], which
can be used to perform resummation calculation beyond the next-to-leading logarithmic
(NLL) accuracy.

In this paper, we introduce a new type of unpolarized TMD functions, threshold-TMD
distribution functions, within the joint threshold and TMD factorization and resummation
framework. We apply the crossed threshold resummation method [44] to find a close
correspondence between resummation for Drell-Yan, SIDIS and eTe™ processes. Therefore,
one can obtain the resummation formula for each of the processes using the same procedure.
In the joint limit, the cross section is factorized as the product of hard factor and threshold-
TMD functions, including threshold-TMD PDFs and FFs, and the structure of the logarithms
turns out to be identical. Among these three processes, we have the universality among
these unpolarized threshold TMDs (TTMDs). Explicitly, we find

(?/gMD(x7kT7Q)’SIDIS = qT/gMD(kaTaQ)’Dy7 (11)
DE/TJMD(vaTa Q) ’SIDIS = D}T/T]MD(vaTv Q) ’e+6_- (1.2)

This property also appears in the standard TMD factorization and resummation formula,
which is very useful in the global fitting of different sets of TMD functions. In principle,
such property of universality can also be generalized to the polarized TMD functions, which



will be discussed thoroughly in future work. In this paper, we present the numerical results
on the unpolarized threshold-TMD functions and also the transverse momentum cross
section in three processes. In numerics, we restrict ourselves to resummation at NLL, which
captures the main effects in the QCD evolution.

The rest of this paper is organized as follows. In section 2, we first review the
factorization theorem in the joint threshold and small transverse momentum limit for
the Drell-Yan process. Then, we introduce the definition of threshold-TMD PDFs and
write down the corresponding QCD evolution function. In this section, we also briefly
show the factorization theorem for SIDIS and eTe™ processes and give the definition of
threshold-TMD FFs. We present the numerical results in section 3, where we first give
the numerical predictions of the transverse momentum distribution for threshold-TMD
PDFs and FFs, and then discuss the cross section for Drell-Yan, SIDIS and also eTe™. We
conclude in section 4. The details of perturbative results of the collinear-soft function are
provided in the appendix A. We also collect the fitting parameters of PDFs and FFs used
in our numerics in the appendix B.

2 Factorization and resummation formalism

This section presents the factorization theorems for processes, characterized by the leading
order partonic reaction gg — v* or one of its crossed versions, in the joint threshold and
small transverse momentum limits. First, we show the factorization theorem for the Drell-
Yan process and present our definition of threshold-TMD PDFs based on RG equations.
Then, we generalize our results to SIDIS and eTe™ processes and introduce the definition
of threshold-TMD FFs, which captures both soft gluons and TMD evolution effects for the
inclusive hadron production.

2.1 Theory formalism in Drell-Yan

For simplicity, we consider the Drell-Yan process mediated by a virtual photon with time-like
momentum g*,

hl(P1)+h2(P2) —)’}/*(q) 4)l++l_+X, (21)

where X denotes the undetected hadronic particles in the final state. The standard TMD
factorization theorem reads

d4 O'DY O.(I)DY

_ DY
d2qT dQQdY - s H (Q?:U’) (22)

&by .
X /?ge ar bTZegfqu/—‘}l:/{D(xhbTJM?C)fQ?}%D(x27bT7M7<)+O(q%/Q2)7
q

where g7, @ and Y denote the transverse momentum, invariant mass and rapidity of
final-state lepton pairs respectively. The differential cross section is factorized in terms of
hard factor H(Q, u) and TMD PDFs f;F/%D(a:i, br, i, ¢) from two colliding beams where p
and ¢ denote the factorization and Collins-Soper scale respectively, and the soft function has



been subtracted as in the standard redefinition procedure [45, 46]. Here ¢ runs over quarks
and anti-quarks participating in the hard scattering, and e, denotes the corresponding
charges. The light-cone momentum fractions of the hadron hq 2 carried by the partons are
denoted by x1 2, which can be expressed as

2
1 =VrPYe Y gy =V7DYeY | with PY = @ and s= (P, + P)° (2.3)
s

In addition, for simplicity, we define the Born cross section as

2
O'DY — 47-‘-O[em
0 T 3N.QY

(2.4)

with the number of color N, = 3 and the fine structure constant aep,, so that the leading-
order hard function HPY(Q, 11) is normalized to unity. The perturbative calculation of TMD
PDFs using the operator-product expansion method shows that large logarithmic terms
will appear in the limit z — 1 [47-58]. Therefore, one needs to consider the factorization of
the cross section in the joint threshold and TMD limit.

Following [44] and performing the Mellin transformation with respect to the threshold

variable 7Y we obtain
N-1 dto
d DY DY /de 2 5(+PY _
—S/dx dx (x:v)N_lelia (2.5)
= 1ax2(T12T2 2qr A2y .

where from the first line to the second line the Jacobian for converting between (Q?,Y") and
(z1,22) can be easily worked out using the definitions of the kinematic variables in (2.3).
Therefore, the differential cross section can be re-expressed as

ngDY DY DY -N d bT z
_—— = qr-br HDY 26
d2(IT dTDY UO /CN 2772 / (Q lu’) ( )
TMD 7 TMD
XZ@Q a/h N7bT7M7€)fq/h2 (N,bT”U,,C)’
where we have applied the inverse Mellin transformation ch ... to obtain the cross section

in the momentum space. In the moment space, TMD PDF is defined as

1
RPN b0 = [ dwa™ LR by 0. (2.7)

It is worth emphasizing that such transformation is not necessary for the standard TMD
factorization theorem, but we keep it for the following joint threshold and TMD factorization.

Now we briefly discuss the factorization formula in the joint threshold and TMD limit in
SCET formalism. More detailed discussions on the NLL resummation formula can be found
in [35, 36], and the factorization formula within SCET is given in [42, 43]. The threshold
effects embody the behavior of the cross sections at 7 — 1, since near the machine threshold
s ~ @2, the colliding energy is just sufficient enough to produce the final-state lepton pair



with the invariant mass ). Therefore, one immediately realizes that the threshold limit in
momentum space 7 — 1 corresponds to N — oo in Mellin space. This means the above
factorization is incomplete in the sense that the threshold kinematics are ignored. Generally,
there is a standard operator expansion step to relate TMD PDFs to collinear PDFs at small
br [5, 45, 59]. Explictly, we have

14
f;hMD (x,br, 1, Q) = Z/x gycij (2,07, 11,Q) fimn(y/ 2 1) + O(bFAGcp); (2.8)
J

where Cj; (2, br, p, () are perturbative matching coeflicients. It is known that to arbitrary
order there are threshold logarithms [In"(1 — 2)/(1 — 2)]+ in Cj; as z — 1, which must be
resummed to achieve precise results. To incorporate both the TMD and threshold effects,
we employ the re-factorization technique presented in [42, 43] for the TMD PDF fi%\m

-ﬂ?]yD(N7 bTvM? C) ]\[_)—Oo> Sélnsub(anu'u CN/VQ) S(bT7 M, V) ﬂ/h(N,ﬂ) + O(b%AéCD%

= Sc(bTa H, CN)

(2.9)

where we introduce the Collins-Soper scale (y = ¢(/N? with N = Ne?® and the Euler
constant g in the threshold limit. The rapidity scale dependence v is cancelled between
the Mellin space unsubtracted collinear-soft function S (by, 1, Cx /v?) and the standard
TMD soft function S(br,u,v). We refer to S.(br,u,Cn) as the genuine collinear-soft
function in the joint threshold and TMD limit, which is flavor and spin-independent, but
different for quarks and gluons. In the appendix A, we provide the derivation of its one-loop
expression in the perturbative region and also discuss its relation to the perturbative
matching coefficient of TMD PDFs in threshold limit. Moreover, we derive its expressions
up to the three-loop order based on the threshold behaviors of the next-to-next-to-next-
to-leading order (NNNLO) perturbative matching coefficients of TMD PDFs [56-58]. In
eq. (2.9), f; /n(N, 1) is the collinear PDF in Mellin space, which takes the form

~ 1
Fin(N, ) = /0 da N1 (2, ). (2.10)

It is important to emphasize that the aforementioned refactorization formula (2.9) is only
proven for small values of by [42, 43]. The generalization of this formula to higher-twist
distributions remains unclear, and further investigation is required to address this issue.
We leave the study of higher-twist distributions for future works.

Since both the unsubtracted collinear-soft and TMD soft function depend on the
rapidity scale v, their rapidity scale evolution is governed by the following v-RG evolution
equations [12, 60]

d =~ -
S (b, G /%) = S b, 1) S (b G ) (2.11)

_ S
d]nyS(bT’M’V) =T (anU’)S(bTauay)7 (212)



Se — —’yf /2. Upon subtracting the soft function, as previously outlined in eq. (2.9),

with v,
we have the genuine collinear-soft function S'c(bT, 1, ¢n). In particular, we find that
Susub(pr 11, ¢ /v?) depends only on the combination (x/v? in the threshold limit,! which
is verified up to the three-loop order in appendix A. This allows us to convert the above two
v-RG evolution equations in egs. (2.11) and (2.12) into a similar Collins-Soper evolution
equation for genuine collinear-soft function SC(bT, i, ¢n) by following the procedure outlined

in [46]

@(h;l@ Se(br, ) = Kb, 1) Se(br, 11, Cn), (2.13)

where k(br, i) = —5¢(br, u) is the Collins-Soper kernel [45, 46] or the rapidity anomalous
dimension [12, 60] and collinear anomaly exponent [11, 62] in SCET. Here, from perturbative
calculation, s(br, ) can be written as k(br,p) = —Teusp(as)Ly + O (?), where Ly, =
In (1262 /b3) with by = 2¢~7%. We have verified eq. (2.13) up to three-loop order based on
the NNNLO expression of S, given in eq. (A.13). The four-loop perturbative expression of
k(br, 1v) was recently calculated in [63, 64], and its nonperturbative analysis can be found
in [65, 66] and the preliminary nonperturbative numerical simulation in lattice QCD is
presented in [67-69].

It is noteworthy that the Collins-Soper equation governing S, as a function of \/Cx
coincides with the equation for TMD PDFs as a function of /(. This correspondence
arises from the (v-)RG invariance analysis elucidated in ref. [42]. Specifically, the rapidity
divergence remains the same in the threshold limit, defined by @ > Q(1 — 7) > ¢, where
7 is the partonic analog of 7°Y. Consequently, the rapidity-RG equation (2.11) for the
unsubtracted collinear-soft function is unchanged. It is crucial, however, to highlight that the
rapidity scale differs between the unsubtracted collinear-soft function and the unsubtracted
TMD PDFs. In essence, all threshold logarithms present in the matching coefficients of
TMD PDFs are subsumed into the rapidity logarithms. This has been rigorously confirmed
up to three-loop calculations [56-58]. Therefore, we introduce a modified Collins-Soper
scale ( in the joint threshold and TMD limit.

After solving the above Collins-Soper evolution equation for the ( dependence at the
renormalization scale pu = up, we have

&(br, 1)
Se (b7, 15, Cn,p) = Se <bT,ub,cN,i>< N/ ) : (2.14)
(N
where we can choose (n,; = u% = b3 /b% and ¢ ~,f will be determined from RG consistency [45,
46]. To obtain its value, we first write down RG equations for the hard function, collinear-soft
function and threshold PDFs
d

M@HDY (@, 1) =T"(as) HPY (Q, ), (2.15)

N@Sc (br, i, () = 5 (o, ) Se (bry i, G ) s (2.16)
d - . _

M@fq (N7 N) :qu(as)fq (N7M)7 (2‘17)

'Note that away from the threshold limit, the unsubstracted TMD PDFs usually depend on the combina-
tion ¢/v? [46, 61].



and the corresponding anomalous dimensions are

QQ
Fh(as) = 2T cusp(s) lnﬁ + 2y (as), (2.18)

5 CN,
PSC (0457 CN,f) = _FCusp<as) H2f + 3. (as) ) (219)
Ta () = —2Tusp(cts) InN + 295 (as), (2.20)

with perturbative coefficients of anomalous dimensions needed at the NLL accuracy? as

W =-6Cr, '=3Cp, =0, (2.21)
2 A2 4
To=4Cp, T5= <28 - g) CpCa — Eocpnf, (2.22)

where they are defined by

+1

n+1 n
cusp as Z r, ( ) > T, Se, fa Oés Z ’YV Se: fa () . (223)

Then the RG consistency I'* + 2 IS 4 2TF = implies that
Q2
N2
We observe that the value of (s is different from the one in the standard TMD factorization
formula. In the momentum space the scale (s can be expressed as (y, 5 ~ Q*(1—7)%. We

CNf = (2.24)

note that its value is reduced from the original Collins-Soper scale (y = @Q? in the standard
TMD factorization. This is expected since we have taken into account the threshold effects
in the joint factorization formula, and the phase space for the initial collinear radiations is
further constrained in the threshold limit. Especially, as Q(1 —7) — qr, i.e. (n,f — (v,
the rapidity evolution effects in (2.14) will be turned off automatically.

All-order resummation formula can be obtained by solving the RG equations in both
position and moment spaces and evolving the ingredients from their intrinsic scales to a
common scale. The all-order resumed cross section is given as

dN dbrb
:“gY/Csz(TDY) /0 5 Jolar br) HPY(Q,Q) (2.25)

x Z 2 fIIMP (N, by, Q) FTIMP (N, br, Q),

d3 UDY

d2 qr dr DY

where we introduce a new type of TMD PDFs, i.e. the threshold-TMD PDFs ;}F}?MD,
and then the cross section could be factorized as the product of the hard function and

threshold-TMD PDFs. The definition of the threshold-TMD PDF at a scale of () is

Tl M (N b1, Q) = exp | =Spert (Qu . s 112) = Skp (b7, Q0. Cv,p)| Fiyn(Nopir), (2.26)

2Here, we provide the two-loop cusp anomalous dimensions that are employed in T'* and r/i. However, it
is important to note that, for the Collins-Soper kernel x, we consistently utilize its one-loop results in our
NLL resummation calculations.



where the perturbative evolution kernel Spert involves the contribution from both collinear
PDF and collinear-soft functions, which reads

h N
Spert (@, L, > HF) = /Q dul (o) — /Mb* d—'uf‘fi(ozs) - 1/<a(b*,/ib*)hr1CNi’f. (2.27)
p, M 2 pr M 2 CNyi

Here note that the I'* term is the same as the standard TMD PDFs since the hard function
only receives virtual pQCD corrections and is unchanged in the threshold limit. The /i
term may be viewed as a simplified DGLAP equation, where the flavor off-diagonal pieces
are non-singular as N — oo, and thus can be neglected at the leading power formalism.
Besides, pp, and pp are the intrinsic scales of collinear-soft function and collinear PDFs.
We stress that the above perturbative evolution kernel is consistent with that in NLL
resummation formula [35, 36], and it can also be evaluated beyond the NLL accuracy [42]
after including higher order ingredients within the perturbative QCD framework.

To match the perturbative and non-perturbative contributions in (2.26), we first apply
the standard b,-prescription [5] to avoid the Landau pole in the non-perturbative region as
br — oo, which is

b
b= ———"  with gy, =bo/bs and byayx = 1.5GeV L. (2.28)

i,

In addition to the b.-prescription, we also apply the model in [14, 23] to parametrize the non-
perturbative contribution at large bp. Explicitly, in (2.26), we define the non-perturbative

kernel as
Vi b
Sk (b, Qu.Gg) = 9t + 2 YL 1 3T (2.20)

with g{ = 0.106 GeV?, g, = 0.84 and Q2 =24 GeV?2. We observe that the value of CN,f
in the threshold limit deviates from its counterpart in standard TMD resummation, as
elucidated subsequent to eq. (2.24). Accordingly, in eq. (2.29), we opt for the Collins-Soper
scale factor Q/N rather than @ as originally posited in ref. [14]. We must underscore the
fact that our adaptation of the model does not account for the complete non-perturbative
threshold enhancement effects. Therefore, additional fits in the threshold region are requisite
for achieving high-precision results. Lastly, apart from the non-perturbative factor Sxp
associated with TMDs, it is necessary to incorporate the collinear PDF, encapsulated in
the factor fi/h(N, ur), defined at the scale pp.

2.2 Theory formalism in SIDIS and eTe™

In addition to TMD PDFs, another important set of distributions for probing hadronic
three-dimensional structures is the TMD FFs, which can be studied in SIDIS and back-to-
back two hadron production in eTe™ collisions, separately. Similar to the structure of the
previous subsection, we first review the factorization in terms of usual threshold variables
in SIDIS and ete™. Then we define the TMD FFs in the threshold limit. As we will see,
our formalism has an advantage over the usual pure threshold formalism allowing further



discussions. Finally, we present the factorization for SIDIS and eTe™ in the joint threshold
and TMD limit and a collected version.

For the SIDIS process, we consider a proton p with momentum P{* is probed by a
virtual photon with space-like momentum ¢* and produces a final-state inclusive hadron A
with momentum P4'. Explicitly, we have

e (ﬁ) +]3(P1) — e (5/) + h(PQ) + X, (2.30)

which probes the short-distance scattering of the electron and a quark inside the proton

p by exchanging a virtual photon. The standard unpolarized differential cross section

s [23, 45, 70]
doSIDIS

D18 SIDIS
- H 2.31
dxdydzdqu (@ 1) (2.31)

d%br piarb 2 TMD TMD
/ 4 qr- TZ q/p :p bTanC)Dh/q (ZprnuaC))

where g7 is the transverse momentum of the photon in the hardon proton frame, and O'(]])IS

is the leading order electromagnetic scattering cross section given by
2ma2, 1+ (1 —y)?
ob1s = ”5;‘“ * (y kg (2.32)
Besides, H3PIS denotes the hard function in the SIDIS process, and DT/MD is the standard
TMD FF. Note that we have included a factor of z? into the definition of DT/MD(z, br, 1, C).

Here, we have employed the usual SIDIS kinematic variables

Q? Q? PPy
= _ = 2 =
2P -0 VT as P -q

, (2.33)

with g =0 — ¢, Q> = —¢? and s = (P, + £)2. In the Mellin space, the above factorization
takes the form

d3a( N-1 ddo
475108 SIDIS / dedz 5 (SIS _
dydqu / ( v (T wz) dzdydzd2qr’
= /dazdz(a:z)N_l(Pa (2.34)
N dxdydzd2qr’ ’

SIDIS = 4> that is very similar to the Drell-Yan threshold

where, following [44], we have T
variable 7PY. For this reason, this is referred to as “crossed threshold variable” in [44].

After the inverse Mellin transformation, the above factorization can be rewritten as
d*oSP DIS / dN FSIDIS) / b1 jgrbr pysinrs Q. 1) (2.35)
dyd2qpdrSIPIS O Jen 2772 ’ ’

XZeQ (;2/[]3 vaTa,UaC> h/q (N bT:M?C)

In the threshold limit i.e 75'P — 1 in momentum space or N — oo in Mellin space, the
above factorization is incomplete. One needs to re-factorize the TMD FFs to take into



account this threshold effect. We find that the re-factorized formula can be written in
Mellin space as

DIMP(N, by, 1, €) 222 S (b, (v /1) £/ S(br, p,v) Dy yg(N, ) + O (0 M),

= Sc(br, 1, CN) (2.36)

where Dy, /q(INV; ) is the collinear FF in Mellin space. It is not surprising to find that the
genuine collinear-soft functions for TMD FFs are the same as the ones in TMD PDFs. Since,
in the threshold limit, the longitudinal momentum fractions of TMD FFs z — 1, making
the behavior of the TMD FFs similar to that of the TMD PDFs at NLL. Moreover, we
stress that it is one of the advantages of our joint threshold and TMD formalism to allow
one to define threshold distributions separately.

To obtain the Collins-Soper scale, one exploits the RG consistency by

g B (@) = T (@ ) HE (), (2.37)
pgy S (b Cxp) = T s, ) Se (b ) (2.38)
pDa (V. ) = TP4(@) D, (V. ). (2.39)
pgp o (Vo) = T () (N, ) (2.40)

and the corresponding anomalous dimensions are

Q2
() = 2 Teusples) haP + 27y () (2.41)

S ¢,
FSC (0457 <N,f) = _Fcusp(as) In Mgf + PYS’C(O‘s) (2'42)
IP4(as) = =2 Tensp(0s) IN + 275, (ars) (2.43)
qu(as) = —2T cusp (@) InN + 2'yfq (as) (2.44)

with perturbative coefficients of anomalous dimensions needed at the NLL accuracy as

’y(‘)/ =—-6Cp, 'yODq =3Cp = *ygq, 'ygc =0, (2.45)
268 472 40
F0:4CF, F1: (9—7;) CFCA_ECan- (246)

Then I + (FgC + FDQ) + (FSC + qu) = 0 just implies exactly the same Collins-Soper scale

as that in the Drell-Yan process
2

Q
V=2 (2.47)
Therefore, we define the threshold-TMD FFs in the Mellin moment space at a scale @) as

DM (N, br, Q) = exp [~ Spert (@1, 157) = SKp (b1, Qo,Cnp)| Diyi (Nopr),  (2.48)

~10 -



with the perturbative evolution kernel Spert is defined as

9 dpT"(as) 7/%* dﬁrf%(

1
Spert (@ b, 1F) = / 5 ) — §m(b*,pb*)ln NS (2.49)
Bo M

pr M (N

The nonperturbative factor S{\:I)P is defined as
v/ b
2 1 YN g br (2.50)
2 QO b*

with ¢gP = 0.042 GeV? [14, 23]. The values of Qo and g have been given in (2.29). Tt is
noted that the above parametrization is consistent with the model used in [14, 23] in the

S&p (b1, Qo,Cn.p) = g7 b% +2

threshold limit z — 1. Also, as mentioned earlier, a new fitting including the threshold
effect is required for a higher precision theoretical result. Thus, the all-order resummation
formula reads

d4USIDIS

dN ~N [ dbp by
T Pgr T D18 /C o (TSIDIS> z To(qrbr) H'S (Q, Q) (251)
N

X Z ex frin > (N, br, Q)DL JP (N, by, Q).
Finally, we move on to the factorization and resummation for the inclusive back-to-back
two hadron production in e*e™ collision, i.e.
et +e — ’7*((]) — hl(Pl) + ]’LQ(PQ) + X, (2.52)

where P! is the momentum of the hadron h;, and the threshold variable in this process is
defined by

ete~ (Pl + P2)2

T —z

with Q2 = ¢%. As expected, in the joint limit, the cross section is factorized as the product
of hard factor and two TMD FFs that describe final-state di-hadron production. Besides,
the RG consistence also implies the Collins-Soper scale is the same as that in the Drell-Yan

(2.53)

and SIDIS processes. Therefore, we obtain the following all-order resummation formula.

d3ge+e_ ete— dN ete— —-N de bT .
dgrdrete 70 /CN 2 () o Jolarbr) HT(Q,Q) (2.54)

X Z ez Dy P (N, br, Q) Dy P (N, br, Q),

where 08+67 = 4ma?,/Q? is the Born cross section and H e is the corresponding hard
factor, and the definition of the threshold-TMD FFs at the scale @ is given in (2.48).
From now on, we have obtained the all-order resummation formula for Drell-Yan,
SIDIS and eTe™ processes, and also find a close correspondence between them. In the joint
limit, the cross section is factorized as the product of the hard factor and threshold-TMD
functions, including TMD PDFs and FFs. Such a property of universality is significant in

the future global fitting analysis for threshold-TMD functions in different processes. To
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summarize this section, we give the following generic resummation structure for all three
processes as

diot A dN AN dbp by A
2grdrd ~° /CNQM‘(T ) 5 Jolarbr)H* (Q, Q) (2.55)

% 262 TTMD N b Q) z’I‘erIZ‘MD(Ny bTvQ)v

where for A = DY; .ET}:E MD _ ?EIMD ZT}}; MD fql/“gMD for A = SIDIS; .7-" TTMD qu;gll\AD,
TTMD _ ) TTMD — ¢te—: FITMD TTMD FTTMD _ TTMD

]-'Z o Dh2/q ,and for A = e 0 Fing Dhl/q ]:’LhQ Dhg/q and the

Born cross sections O'O and hard function H”* are defined accordingly. Here in addition to

7, the Born cross section og can also depend on additional variables, for example, angIS

depends on the inelasticity y as shown in (2.51). This structure holds in the all-order QCD
resummation formula.

3 Numerical results

In this section, we numerically study the threshold effect in TMD PDF and TMD FF using
the factorization formula of Drell-Yan, SIDIS, and the back-to-back di-hadron production
via the eTe™ annihilation process. We apply these extracted TMD functions to provide
transverse momentum distributions for these three processes for different experimental
kinematics. Throughout our numerical analysis, we use one loop strong coupling constant
(avs). The fine structure constant (cem) is taken to be 1/137 and the number of active quark
flavor ny = 5 in the massless limit. For the TMD and collinear evolution, we choose our
initial scale (pur) to be 1.3 GeV. As mentioned earlier, threshold factorization has been done
in the Mellin space because, in this space, the convolutions become a simple product. After
achieving the factorization formula in Mellin space, we need to do the Mellin inversion to
achieve results in the = space. During our numerical study, we observe that one needs to
modify the Collins-Soper scale in order to achieve results that are consistence throughout
the allowed kinematic region of 7. This modified Collins-Soper scale will introduce new
poles in the Mellin inversion formula. We discuss these issues in detail in the next subsection
and present a prescription for Mellin inversion.

3.1 Modified Collins-Soper scale and inverse Mellin transformation

In the NLL resummation formula, the Collins-Soper scale in the non-perturbative factor
Sxp (2.50) is given by Q/N. When the moment variable N becomes very large, CTTMD goes
down to the nonperturbative scale QO, which violates the power counting, Q) > Q(l —7)>
qr, in the factorization theorem. Therefore, we need to freeze the Collins-Soper scale

as (n,f < Q(Q)

(3.1)

2 172
G = G, f5 Qo) = <]i2[) (1 + %N > ,

Q?
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Im n

Figure 1. Mellin inversion contour. We choose ¢ = /2 and ¢ = 1.6 to adapt various @ in our
numerical analysis as shown in the blue dashed line.

which reproduces the resummation formula in the moment variable N as long as Q/N > Qq.
Besides, it also allows us to perform a straightforward numerical calculation in the complex-
N plane. We leave the investigation of different function forms and corresponding theoretical
uncertainties for future studies.

To implement the inverse Mellin transformation, one often rewrites the standard
textbook Mellin inversion [71] as an integration over a real variable with adjustable contour:

1 o . —c—zexp(t
QD(.%) = ;/0 dz Im [exp(zd))x p( ¢)90n:c+z exp(ip) | - (32)

Then contour is characterized by a real number ¢, which should be the right to the rightmost
singularity of ¢, and an arbitrary angle ¢ as shown in figure 1. The parametrization forms
we chose are certain simple combinations of power functions, so they only have poles on the
real axis. In this regard, one can always find a suitable ¢ and may try various ¢ to reach
higher numerical efficiency. There are different Mellin inversion prescriptions available in
the literature [71, 72]. However, when we modify the Collins-Soper scale term from (s to
Cx, we find that this modified term would contribute two new poles

n= —c:l:z'g (3.3)

Qo’
with Q = €72Q. These two singularities would cause numerical issues even when the contour
might not exactly pass the poles for different Q/Qq. For simplicity, we chose ¢ = 7/2 for
our contour, which is safe no matter what the ) value is. Also, we choose ¢ = 1.6 to avoid
all the other poles. Numerically, we vary the value of ¢ and ¢ and find the results are stable
and do not depend, within errors, on the particular choice of input parameters.

3.2 Threshold-TMD PDFs and FFs

In this subsection, we present the numerical results for threshold-improved TMD PDFs and
FFs. To investigate the impact of threshold resummation, we compare the TMD PDFs with
and without threshold resummation in figure 2, which shows the transverse momentum
distributions of TMD PDFs for the up (u) quark in the proton. We vary the value of z
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Figure 2. Transverse momentum distribution of TMD PDFs for the up (u) quark in the proton,
obtained for three different Bjorken scales x = 0.1,0.4,0.8 at @ = 5 GeV. The green curves correspond
to the results obtained without threshold resummation. The red and blue curves represent the
results obtained with threshold resummation using the (, scheme and without it, respectively. The
collinear PDF sets used in this analysis are parameterized according to the CT18NNLO prescription,
with the parameterized equations specified at the initial scale pp = 1.3 GeV.

from 0.1 to 0.8 at 5 GeV. The green curves represent the results obtained without threshold
resummation, corresponding to the case where (y 5 = Q* in (2.26). The red and blue curves
correspond to the results obtained with threshold resummation using the (. scheme (3.1)
and naive replacement (y r = Q?/N?, respectively. In the low z region, all three curves
exhibit consistent behavior since the threshold effect is mild. However, as we increase the
value of x, the threshold effects become evident. Especially, it is noteworthy that in the
naive scheme the theoretical predictions for the distribution rapidly decrease to zero and
then turn negative. Consequently, we conclude that the (., prescription is necessary to
ensure reliable theoretical predictions.

In figure 3, we present the threshold improved TMD PDF for v and d quarks. We
make the use of CT18NNLO [73] parameterized colinear PDF set at a given initial scale
ur = 1.3GeV. The upper panel is for the u quark and the bottom panel is for the d quark.
We present our results for three different choices of hard scales; @ = 2.0, 5.0, 10.0 GeV with
three different choices of Bjorken scales x = 0.4, 0.6, 0.8, from left to the right respectively.
In the threshold region when the hadronic threshold variable is in the order of 1, the Bjorken
scales are also in the order of 1. We present our results for a large Bjorken scale to highlight
the threshold effect in this region. The uncertainty bands correspond to the 1-o variation
from CT18NNLO PDFs using the Hessian method. The details of these uncertainties are
given in appendix B.

In figure 4, we present threshold improved TMD fragmentation function of Pion (7
hadron). In this case, we use the parameterized JAM20 fragmentation function [74] at the
scale up = 1.3 GeV. Similar to figure 3, the upper panel is for the up-type and bottom panel
is for the down-type quark fragmentation functions and z is the fragmentation variable.
Here, we present our results for three different values of hard scale (@) with three different
values of fragmentation (z) variables. The uncertainty bands correspond to 1-o variation of
JAM FFs using the replica method.

At this point, we would like to emphasize that the direct comparison between the usual
TMD functions and threshold-improved TMD functions is not trivial. In our theoretical
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Figure 3. Transverse momentum distribution of threshold-TMD PDFs for u (upper panel) and d
(lower panel) quark in the proton for three different hard scales and three different Bjorken scales.
Here, we choose parameterized CT18NNLO collinear PDF sets where the parameterized equations are

given at initial scale pp = 1.3 GeV.

formalism, we evolve the TMD evolution factor from the initial scale pur to the desired
final scale. On the other hand, in the standard TMD evolution, one starts from scale ;.
Besides, both perturbative and nonperturbative parts in the Collins-Soper evolution are
also different in these two frameworks. Because of this different evolution scheme, it is not
straightforward to compare them and we leave such a study for future investigation.

3.3 Predictions for different experiments

Finally, we use previously determined threshold-improved TMD functions (PDFs and FFs)
to predict some experimental results. For this, we investigate three different processes
namely, DY, SIDIS, and ete™ annihilation process. For the DY process, we consider
dilepton transverse momentum distribution from proton-proton collision. We choose the
hadronic center of mass energy to be /s = 15.0 GeV and @Q = 6.0 GeV, which is relevant
to the Drell-Yan production at typical Fermilab experiments. The results are presented
in the left panel of figure 5. For the e™e™ annihilation process, we consider Pion (71) in
the final hadronic state. We choose the virtuality of the photon to be @Q = 10.58 GeV and
the threshold variable 7 = 0.64 for the BELLE [75] kinematics. The results are presented
in the right panel of figure 5. The uncertainties in all the cross sections are coming from
the threshold-TMD functions which are computed from the 1-o variation of PDF and FF
using Hessian and Replica methods respectively. As shown in the previous subsection, the
uncertainty from FFs is larger than that from PDFs at a similar value of the light-cone
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Figure 4. Transverse momentum distribution of threshold-TMD FFs for the 7+ from u (upper
panel) and d (lower panel) quark. Here, we choose parameterized JAM20 collinear FF sets at a given
scale pup = 1.3 GeV.
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Figure 5. Cross section distribution for Drell-Yan and ete™ processes. The left panel is for
Drell-Yan dilepton production in pp collisions, p +p — v* — ¢ + ¢~ + X. The right panel is
for back-to-back two hadron production in eTe™ collisions, et + e~ — 7t + 7t + X, where we
choose both hadrons to be 71 as an example. The e*e™ annihilation result is presented for BELLE
kinematics. All the parameters for the numerical computations are mentioned in the main section of
the numerical results.

momentum fraction making a wider uncertainty band in the e™e™ process than in the
Drell-Yan process.

Finally, in figure 6, we present the results for the SIDIS process. In this case, we make use
of four experiments kinematics namely HERMES [76], COMPASS [77], the future Electron-
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Figure 6. Cross section distribution for SIDIS process, ¢ +p — e + 7" + X, where we choose the
final state hadron to be a 7™ meson as an example. The upper panel is for HERMES (left) and
COMPASS (right) kinematics, and the lower panel is for future EIC (left, 5 x 41 beam energies for
ep collisions with /s = 29 GeV) and JLab 12 GeV program (right).

Ion Collider (EIC) [3] at Brookhaven National Laboratory, and the 12 GeV program [78]
currently underway at Jefferson Lab (JLab). The upper left panel is for HERMES kinematics
of ep collision with hard scale Q? = 4 GeV? and threshold parameter 7 = 0.24 and the
upper right panel is for COMPASS kinematics with hard scale Q? = 20 GeV? and threshold
parameter 7 = 0.32. In the lower panel, we present the results for EIC (left, Q? = 50 GeV?
and 7 = 0.4) and JLab 12 GeV program (right, Q? = 3GeV? and 7 = 0.48) kinematics. To
conclude this section, we notice that although the future EIC will make the most precise
SIDIS measurements at small z (down to 2 ~ 10~%), the EIC will also increase the precision
of the data in the large-x region up to x ~ 0.5. The JLab 12 GeV program will make
precision measurements up to « ~ 0.6 and smaller values of Q2. We expect both EIC and
JLab 12 to make important constraints on these threshold TMD PDFs and TMD FFs in

the near future.

4 Conclusion

In this paper, we have introduced the threshold TMD functions namely, PDFs and FFs. To
probe this threshold effect, we use three different processes: Drell-Yan, SIDIS and eTe™
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processes. Considering the extra degrees of freedom in this kinematical region known as
collinear-soft degrees of freedom, we re-factorized the formula for these processes and defined
threshold-improved TMD distribution functions. We observe that because of the phase
space reduction in the threshold region, the Collins-Soper scale is not the same for the usual
TMD and threshold-improved TMD distribution functions. We find that (y ¢ = Q?/N? for
threshold TMD whereas (; = @? for the usual TMD. During our numerical analysis, we
observe that apart from the RG consistency, the Collins-Soper scale has to be chosen in
such a way that it is always greater than the non-perturbative scale ()g. Therefore, one
needs to modify the Collins-Soper scale, and this modified scale introduces a new kind of
pole in the integration contour. We provide a Mellin inversion prescription to avoid all
kinds of poles in the integration contour. Finally, we provide the numerical predictions for
transverse momentum distributions of Drell-Yan, SIDIS and eTe™ processes for different
experimental kinematics using these threshold-improved TMD functions.

Our theoretical formalism would open a new window into TMD physics. Future
experimental analysis and global fitting analysis will certainly help in understanding the
non-perturbative mechanism of the TMD functions in the threshold limit and unveiling the
three-dimensional picture of a hadron in the large x limit. Our formalism will be important
to extract these TMD functions in the threshold region and will be reliable theoretical
input to understand the experimental data. In this work, we only present the factorization
and resummation formula for the unpolarized cross section, but it can be generalized to
the process involving polarized hadron in both initial and final states. The corresponding
theoretical predictions on the spin asymmetry in the threshold limit will be explored in
future work.
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A Collinear-soft function

In this appendix, we furnish a one-loop perturbative analysis of the collinear-soft functions.
Additionally, we investigate the threshold asymptotics of the perturbative matching coeffi-
cients for TMD PDFs, elucidating their equivalence to the collinear-soft functions. We then
extend our analysis to offer comprehensive expressions for the perturbative expansion of
the collinear-soft function, valid up to three-loop order. Importantly, we corroborate that
these expressions are consistent with the Collins-Soper equations, paralleling the behavior of
standard TMD PDFs. Furthermore, we confirm the RG invariance up to the third loop level.
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In the following calculation, the light-like basis vectors are defined as
n* =(1,0,0,1), n*=(1,0,0,—1). (A.1)
In order to regularize the rapidity divergences we add the factor

alk = [atk (=) (A.2)
Jatio fat (i)

in the phase space integrals [11, 12] in the collinear-soft function. This regulator preserves

the n* < n* symmetry of the process. Explicitly, the momentum scaling of the collinear-soft
modes kE, is

2
— (7 A q
kgs - (n : kCSa n- kCS) kcs,L) ~ <Q(1 - 7_)7 Q(lijif—)’ QT> ’ (A?’)
so the rapidity regulator should be further expanded as (v/n - k)" at the leading power
due to gr < Q(1 — 7). Similarly, the rapidity regulator is expressed as (v/n - k)" in the
anti-collinear-soft sector. Then the one-loop unsubtracted bare collinear-soft function in
N-space is defined as

3 B 2.7\ ¢ dek v \"7 2n-n
0,unsub N)=1 2 [ H€ / 2 0 ( )
Sc <bT7€7777Q/ ) —|—Cng ( 5(k )G(k ) n-k n-kk-n

47 27r)d—1
« tkrbr ,~N-k/Q
a 2 V2N2\ /2

where we apply the approximation (1—2)" ~ e~V after expanding out the power suppressed
terms in the large IV limit. We note that the rapidity divergence is the same as the one in
TMD PDFs, which should be expected based on the factorization formula. After factorizing
the soft function, one can write

Se(br, 1, Cn) = llg% Zuy (1, C, €) SO (b €., Q)N )1/ SO (br, €, 1)
n—0

= Svcunsub(bT’H’ CN/VQ) S(bT)N’u V)a (A5)

where the one-loop bare soft function reads [60, 79]

0 a 2 v2\ /4 ) 4 g T2
=1+ —|Z4+h— | (-+4L — —2L: - —|. A.
S (bTaﬁan) + 47TCF [ <77 +n /112> (6 + b))+ €2 b 3 ( 6)

In addition, we replaced @?/N? with the Collins-Soper scale (. Therefore, at one-loop
order (A.5) has the form as

S.(b g)—1+%c —L? +2L m“i—ﬁ (A7)
c\0T, by CN ) = Ar F b b (N 6 3 .
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where rapidity divergences related to the poles in 77 cancel out during the combination and
the remainder divergences in € are absorbed into the renormalization factor Z,, by defining
a finite collinear-soft function based on the standard RG methods.

Finally, we want to point out that the perturbative results of the collinear-soft function
can also be obtained by taking the N — oo limit in the TMD PDFs or TMD FFs [52]. In
the following discussion, we use TMD PDFs as our example. After performing operator
product expansion, the x-space unsubtracted TMD PDF can be expressed as

;l/n:ub(x bT?M C/V Z/ 7 ‘1<—’L z bT?:U' C/V )fz/h(x/z /”L)—i_o(bTAQCD) (AS)

where Cy; is the perturbative matching coefficient, and in the moment space at one loop
it can be written as

Coq(z,br, ¢ /v?) =6(1-2) (A
s ) PO
+ leLb<3+21nVC>5(1—Z)+q<_2q(Z)Lb+20F(1_Z) +0(a),
where
1+ 22 3
Pylq(z) =4Cp 1= +50(1 z)} (A.10)

is the one-loop Altarelli-Parisi splitting kernel. In the Mellin N-space the matching coefficient
can be written as

Cyeq (N b, p,¢/1?) =1 (A.11)
Qg V2 ¥ 1 2

Then we take the large N limit and can have

2

Caeq (Nsbr, 1, ¢/12) T2 52 (b, G ) = 1+ T2C lsz In CVN] ., (A12)
where the contribution from the flavor off-diagonal splitting kernels is power suppressed in
the threshold limit, and so can be neglected in the leading-power factorization formula.

To rigorously validate the factorization theorem in the joint threshold and TMD limit,
examining higher-order corrections in the perturbative expansion of collinear-soft functions
should be illuminating. Specifically, we employ the threshold asymptotics of the NNNLO
expressions for the perturbative matching coefficients Cy4 [56-58] to ascertain the three-
loop collinear-soft function. We represent the expansion coefficients of the unsubtracted
collinear-soft functions as

Svcunsub (bT;M7CN/V2) =1+ Z (Z;) S'én), (A13)
n=1
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where the coefficients up to three loop are given by

st (55 a0 (7 )]
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where L¢ = ln(z/2 /Cn). We can immediately confirm that the above expressions satisfy
the standard Collins-Soper equations. Upon factorizing the soft function, as previously
outlined in eq. (A.5), we procure the properly subtracted collinear-soft function S’c(bT, 1y CN)-
Furthermore, the non-cusp anomalous dimensions are as follows:

404 1172 112 272
C—CC CpT -
FA<27 18 >+FF"f< 27+9>’

1711 272 8« 304
27 3 45

3 = C3Trny <—+++C3

136781 632572 447t 658 4472
2 — — —
+CFCA< 1153 136 + 15 C3+ C3+96C5>
11842 141472 87t 728
T — - 4 ==
+ CrCaTiny ( 729 T 943 15 C3>
4160 4072 224
CpT?n2 [ ——— = A.15
+ FF”f< 729 81 +27<3) (A.15)

which allows us to corroborate the RG consistency condition I'* 4 2 I 420 =0 up to
the third-loop level. Below, we also provide, for convenience, the anomalous dimensions for
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the hard function and the threshold PDF [80]:
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B Fitting parameters for PDFs and FFs

In this appendix, we will collect parametrization functional forms of PDF and FF at the
initial scale pp, where we consider CT18 PDF sets [73] and JAM20 FF sets used in section 3.
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In CT18 PDF sets [73], the valence quarks is parameterized as
Fautp (@, 1F) = agz™ (1 — )2 Py(Va), (B.1)
with P,(y) a sum of Bernstein polynomials defined by
Py(y) = as(1 —y)* +dagy(l — y)° + 6asy®(1 —y)* +4(1+ar/2) y* (L —y) +¢".  (B2)
Similarly, for the sea quarks, one has
Fasenyp (@5 pi7) = a0z (1 — )2 Py (1 —(1- \/5)4> : (B.3)
where
Piea(y) = (1-y)°+5a3y(1-y)* +10asy* (1~y)>+10a5y> (1 ~y)*+5agy* (1-y) +ary’. (B.4)

The best-fit values of the parameters a; have been given in [73], and we collect them in
table 1. Besides, we also provide their Hessian uncertainties which have been included in
our numerics as the theoretical uncertainty estimation. In order to evaluate the Hessian
uncertainties, we apply the following formula

=

4 2
5+F: l:maX (infl _F(]7F2i _F()ao):l ) (B5)
1

<.
Il

2

d 2
0 F = {max (Fo - FQZ',l, F() - FQZ,O):| s (BG)
1

<.
Il

where Fj represents the value of the central PDF of the Hessian set, and Fy; 1 (Fb;) represents
the value of the error PDF of the Hessian set in the positive (negative) directions of the
itn eigenvectors in the Ny dimensional PDF parameter space. Then we use the functional
forms (B.1) and (B.3) to fit the uncertainties and get best-fitting parameters. The fitting
results are also collected in table 1 as errors of parameters aj.

For the pion FFs, we apply JAM20-SIDIS sets, and the corresponding parametrization
functional form reads

29(1 — 2)" (1 4 ag\/z + a3z)
Jo dz 20+ (1 — 2)a2 (1 4 a3v/z + ag2)’

Dyt (2 pir) = (B.7)

with initial scales are up = 1.3GeV. The best fitting parameters are summarized in
table 2, where we give the error of a; corresponding uncertainties of FFs evaluated by the
replica method.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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CT18

Uy

dy

Usea = U

dsea = CZ

s=358

agp
ay
as
as
a4
as
ag

az

3.38510 0%
0.76310 005
3.036-0922
15027084
01470072

0.813
1671155510

0.49010:573
0.763-0 005
3.0861039)
2,615,812
18280158

0.163
2.72177 609

0,414,932
0,022,382
773700z
0.6187 6o
0.195792%8
0.87110-336
0.267037:

0.267
0.73310505

0,414,095
00223992
7.737T0 80
0.2020347
064723
0.4747993
071858

1+0.990
—0.696

0.28810112
0.02279022
103150478

04662093

0.466 ;545

0.25510:309
02550213

1+0.035
—1.098

Table 1. Best-fit parameter values for the proton PDFs of the CT18 at the initial scale pp = 1.3 GeV,
where the explicit parametrization functional forms are given in (B.1) and (B.3) for valence and
sea quark, respectively. The errors are the Hessian uncertainties calculated as explained after (B.3).
The upper (lower) part of the numbers is the difference from the central values corresponding to the

upper (lower) bound of the PDFs.

JAM20 w=d deifi—s—3
ag —1.37270:010 —1.02619:062
a1 0.92415-016 1.29010258
@ ~154133018 121659318
as 0.8970018 0.210;0%23

Table 2. Best-fit parameter values for the pion 7+ FFs of the JAM20 at the initial scale pur = 1.3 GeV,
where the parametrization functional form is shown in (B.7), and the errors are the uncertainties
calculated by the replica method. The upper (lower) part of the numbers is the difference from the
central values corresponding to the upper (lower) bound of the FFs.
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