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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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FIG. 2. Fermi surface of Nd-LSCO at p = 0.24p = 0.24p = 0.24. (a) Left panels: The angle-dependent mag-

netoresistance of Nd-LSCO at p = 0.24 as a function of ✓ for four di↵erent temperatures, T = 25,

20, 12, 6 K, and at B = 45 T. The grey bar near ✓ = 90� for T = 6 K and 12 K indicates the

presence of superconductivity. Right panels: simulations obtained from the Chambers formula,

using the tight-binding parameters from ARPES measurements [12], and in which the relaxation

time ⌧(k) is the only free parameter. (b) The Fermi surface used for the calculation in panel (a),

shown as cuts at kz = 0, ⇡/c, and 2⇡/c, where c is the height of the body-centered-tetragonal unit

cell (and c/2 is the distance between copper oxide layers). (c) The full 3D Fermi surface obtained

from ADMR at p = 0.24. The coloring corresponds to the vz component of the Fermi velocity,

with positive vz in teal, negative vz in purple, and vz = 0 in magenta. A single cyclotron orbit,

perpendicular to the magnetic field, is drawn in black, with the Fermi velocity at di↵erent points

around the orbit shown as gray arrows. The strong variation in vz around the cyclotron orbits is

what leads to ADMR.

!c is the cyclotron frequency, m? is the cyclotron e↵ective mass, e is the electron charge, and

12

FIG. 4. Fermi surface reconstruction in Nd-LSCO at p = 0.21p = 0.21p = 0.21. The top three panels show the

Fermi surface for three di↵erent scenarios, and the bottom three panels show the resulting ADMR

simulations. (b) Calculated ADMR using the same tight-binding and scattering rate parameters

as in Figure 2a, but with the chemical potential shifted past the van Hove singularity (p ⇡ 0.23) to

p = 0.21, for which the Fermi surface is shown in panel (a). (d) Calculated ADMR for a period-3

CDW reconstructed Fermi surface; the section of reconstructed Fermi surface used to calculate the

ADMR is highlighted in orange in panel (c), the unreconstructed Fermi surface is shown with a

blue dashed line. These are the small nodal electron pockets believed to result from CDW order in

YBa2Cu3O6+x and are able to account for the ADMR in YBa2Cu3O6+x at p = 0.11. (f) Calculated

ADMR for reconstruction of the Fermi surface caused by a (⇡,⇡) order parameter, using the same

tight-binding parameters as Figure 2, a gap of 58 kelvin, and a constant scattering rate; (e) The

hole pockets used to simulate the ADMR in (f) are highlighted in orange.

weakest along � = 45�. The gap magnitude (the strength of the potential associated with

the FSR) that best reproduces the data is 58 kelvin — comparable to the onset temperature

T
? of the pseudogap phase at this doping [11, 29]. We find that a momentum-independent

p > pc Large Fermi surface
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Fermi surface transformation at the pseudogap critical point of a cuprate superconductor 
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The dance of electrons on Cu atoms in YBCO

All nearest-
neighbor pairs of 
electrons have 
opposite spins

Antiferromagnetism
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Universal theory of strange metals from spatially
random interactions
Aavishkar A. Patel1,2, Haoyu Guo3,4,5, Ilya Esterlis4,6, Subir Sachdev4,7*

Strange metals—ubiquitous in correlated quantum materials—transport electrical charge at low
temperatures but not by the individual electronic quasiparticle excitations, which carry charge in
ordinary metals. In this work, we consider two-dimensional metals of fermions coupled to quantum
critical scalars, the latter representing order parameters or fractionalized particles. We show that at low
temperatures (T), such metals generically exhibit strange metal behavior with a T-linear resistivity
arising from spatially random fluctuations in the fermion-scalar Yukawa couplings about a nonzero
spatial average. We also find a T ln(1/T) specific heat and a rationale for the Planckian bound on the
transport scattering time. These results are in agreement with observations and are obtained in the
large N expansion of an ensemble of critical metals with N fermion flavors.

A
major theme in the study of correlated
metals has been their strange metal be-
havior at low temperatures—i.e., a linear-
in-temperature resistivity smaller than
the quantum unit of resistivity (h/e2 in

two dimensions), which appears to be con-
trolled by a dissipative Planckian relaxation
time of order ℏ= kBTð Þ (where h is Planck’s
constant, ℏ ¼ h= 2pð Þ, e is the electron charge,
kB is Boltzmann’s constant, and T is the ab-
solute temperature) (1–8). This behavior is in
sharp contrast to T2 dependence of the resist-
ivity and the 1/T2 relaxation time, invariably
observed in conventional metals described by
Fermi liquid theory. Moreover, the anomalous
resistivity of strange metals is accompanied by
a logarithmic enhancement of the Sommerfeld
metallic specific heat to T ln(1/T) (1) from the
~T behavior of conventional metals.
Starting with the seminal work by Hertz

(9), there has been extensive research on the
properties of electronic Fermi surfaces at quan-
tum phase transitions (10). The quantum crit-
ical fluctuations are represented by a scalar
field, which is usually a symmetry-breaking
order parameter but could also be a fraction-
alized particle at phase transitions without an
order parameter (11). This scalar field has a
Yukawa coupling to the electrons, by which
the electrons scatter by emitting or absorbing
a scalar field excitation (the Yukawa coupling

is similar to the electron-phonon coupling but
without a suppression by the gradient of the
scalar field). It is nowknown that such a Fermi
surface coupled to a quantum critical scalar
leads to a breakdown of the electronic quasi-
particle excitations in two spatial dimensions
(10, 12). But the Fermi surface survives as a
sharp boundary in momentum space, sepa-
rating particle- and hole-like excitations, which
are diffuse in energy space. In the presence of
random impurities that scatter the electrons
(13–17), there are cases where the quasipar-
ticles are at the boundary of stability, which
leads to marginal Fermi liquid behavior (18)
in single-particle observables, such as those
observed in photoemission experiments.
However, despite these advances, theory has

so far found limited success in explaining all of
the defining transport properties (such as the
linear-in-T resistivity) of strange metals. Con-
servation of momentum in the low-energy
theory of a clean metal implies that the dc
and optical conductivities are not affected by
the anomalous self-energy of the excitations
near the Fermi surface (15–17, 19–22). In other
words, the strong coupling between the Fermi
surface and the scalar field places the system
in the limit of strong scalar drag, and this clean
metal theory cannot describe strange metal
behavior. This is in contrast to the electron-
phonon system, where the weak electron-
phonon coupling makes phonon drag a factor
only in ultrapure samples (23). Umklapp scat-
tering can lead to nonzero resistance, and its
influence in quantum critical metals has been
investigated in other works (16, 24). However,
umklapp is suppressed at low T, its predictions
for transport are not universal and depend
upon specific Fermi surface details, and there
is no corresponding T ln(1/T) specific heat.
Given the ubiquity of strange metal trans-

port across numerous correlated electronmate-

rials (from the cuprates and the pnictides to
recently discovered twisted bilayer graphene),
a simple and universal mechanism may be at
play. We propose that spatial disorder in the
fermion-scalar Yukawa coupling, about a non-
zero spatial average, provides just such amech-
anism. Such disorder is ubiquitous in models
of correlated electron materials; for example,
in a Hubbard model with on-site repulsion U
and an impurity-induced disorder in the elec-
tron hopping tij, the Schrieffer-Wolff transfor-
mation generates disorder in the exchange
interactionJij ¼ 4t2ij=U, and this disorder then
feeds into the Yukawa coupling after a stan-
dard decoupling procedure (9) that introduces
the scalar field. Moreover, our mechanism ap-
plies universally across different classes of quan-
tum critical metals, with scalars that are either
fractionalized particles or order parameters
at zero or nonzero momentum, which have dis-
tinct critical behaviors in the clean limit. In the
limit of a large number of fermion flavors, N,
we find auniversal phenomenology thatmatches
observations, including the T-linear resistivity,
the Planckian relaxation time, and the T ln(1/T)
specific heat.
A key observation of our analysis is that al-

though the fermion inelastic self-energy cor-
rections can be dominated by the spatially
uniform coupling, the transport is nevertheless
dominated by the spatially random coupling,
and this leads to our main results. Our work
follows other recentworkswith randomYukawa
interactions (25–34) inspired by the Sachdev-
Ye-Kitaev (SYK) model (35, 36) along with
studies that found linear-in-T resistivity with
random interactions but with vanishing spa-
tial average (32, 34, 37–39).

Spatially uniform quantum critical metal

We begin by recalling the SYK-inspired large
N theory of the two-dimensional quantum
critical metal (32, 34) for the case where the
order parameter has zero momentum. The
imaginary time (t) action for the fermion field
yi and scalar field ϕi (with i = 1…N a flavor
label carried by the fermions introduced only
to enable a controlled large N limit) is (34)

Sg ¼ ∫dt
X

k

XN

i¼1

y†
ik tð Þ @t þ e kð Þ½ &yik tð Þ þ

1
2 ∫dt

X

q

XN

i¼1

fiq tð Þ '@2
t þ Kq2þm2

b

! "
fi;'q tð Þ þ

gijl
N ∫dtd2r

XN

i;j:l¼1

y†
i r; tð Þyj r; tð Þfl r; tð Þ

ð1Þ

where k and q are spatial momenta, the fer-
mion dispersion e(k) determines the Fermi
surface, the scalar massmb must be tuned to
criticality and is needed for infrared regula-
rization but does not appear in final results,
and the Yukawa fermion-scalar coupling gijl
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temperatures but not by the individual electronic quasiparticle excitations, which carry charge in
ordinary metals. In this work, we consider two-dimensional metals of fermions coupled to quantum
critical scalars, the latter representing order parameters or fractionalized particles. We show that at low
temperatures (T), such metals generically exhibit strange metal behavior with a T-linear resistivity
arising from spatially random fluctuations in the fermion-scalar Yukawa couplings about a nonzero
spatial average. We also find a T ln(1/T) specific heat and a rationale for the Planckian bound on the
transport scattering time. These results are in agreement with observations and are obtained in the
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in-temperature resistivity smaller than
the quantum unit of resistivity (h/e2 in
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trolled by a dissipative Planckian relaxation
time of order ℏ= kBTð Þ (where h is Planck’s
constant, ℏ ¼ h= 2pð Þ, e is the electron charge,
kB is Boltzmann’s constant, and T is the ab-
solute temperature) (1–8). This behavior is in
sharp contrast to T2 dependence of the resist-
ivity and the 1/T2 relaxation time, invariably
observed in conventional metals described by
Fermi liquid theory. Moreover, the anomalous
resistivity of strange metals is accompanied by
a logarithmic enhancement of the Sommerfeld
metallic specific heat to T ln(1/T) (1) from the
~T behavior of conventional metals.
Starting with the seminal work by Hertz
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tum phase transitions (10). The quantum crit-
ical fluctuations are represented by a scalar
field, which is usually a symmetry-breaking
order parameter but could also be a fraction-
alized particle at phase transitions without an
order parameter (11). This scalar field has a
Yukawa coupling to the electrons, by which
the electrons scatter by emitting or absorbing
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without a suppression by the gradient of the
scalar field). It is nowknown that such a Fermi
surface coupled to a quantum critical scalar
leads to a breakdown of the electronic quasi-
particle excitations in two spatial dimensions
(10, 12). But the Fermi surface survives as a
sharp boundary in momentum space, sepa-
rating particle- and hole-like excitations, which
are diffuse in energy space. In the presence of
random impurities that scatter the electrons
(13–17), there are cases where the quasipar-
ticles are at the boundary of stability, which
leads to marginal Fermi liquid behavior (18)
in single-particle observables, such as those
observed in photoemission experiments.
However, despite these advances, theory has
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the defining transport properties (such as the
linear-in-T resistivity) of strange metals. Con-
servation of momentum in the low-energy
theory of a clean metal implies that the dc
and optical conductivities are not affected by
the anomalous self-energy of the excitations
near the Fermi surface (15–17, 19–22). In other
words, the strong coupling between the Fermi
surface and the scalar field places the system
in the limit of strong scalar drag, and this clean
metal theory cannot describe strange metal
behavior. This is in contrast to the electron-
phonon system, where the weak electron-
phonon coupling makes phonon drag a factor
only in ultrapure samples (23). Umklapp scat-
tering can lead to nonzero resistance, and its
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for transport are not universal and depend
upon specific Fermi surface details, and there
is no corresponding T ln(1/T) specific heat.
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and an impurity-induced disorder in the elec-
tron hopping tij, the Schrieffer-Wolff transfor-
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Ye-Kitaev (SYK) model (35, 36) along with
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random interactions but with vanishing spa-
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N theory of the two-dimensional quantum
critical metal (32, 34) for the case where the
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label carried by the fermions introduced only
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Figure 3: Doping dependence of the spatially resolved gap filling and gap magnitude. a Gap 
magnitude histogram for each doping concentration. b-d The spatial distributions of the gap 
magnitude for the OD23K, OD12K, and OD3K samples. The spectra that are omitted from the 
histograms (see main text and supplementary SII) are indicated by the white areas in figure 
b-d. e Gap filling histogram for each doping level. f-h Spatial distribution of the gap filling for 
the OD23K, OD12K, and OD3K samples respectively. 
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Transport properties of a strange metal:

1. Resistivity ⇢(T ) = ⇢0 +AT + . . . as T ! 0

and ⇢(T ) < h/e2 (in d = 2).

Metals with ⇢(T ) > h/e2 are bad metals.

2. Optical conductivity
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Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="NNpCd4dz3xxjIu7joHf6CHgECYg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZnIGvUW9OIxgbwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MVVLSgoajqprvLiwVXGuMPq7Cyura+UdwsbW3v7O6V9w86KkokZW0aiUj2PKKY4CFra64F68WSkcATrOtNbzK/e8+k4lHY0rOYuQEZh9znlGgjNVvDcgXb59i5cjDCNl4gI04N4xqq5koFcjSG5ffBKKJJwEJNBVGqX8WxdlMiNaeCzUuDRLGY0CkZs76hIQmYctPFoXN0YpQR8iNpKtRooX6fSEmg1CzwTGdA9ET99jLxL6+faP/STXkYJ5qFdLnITwTSEcq+RiMuGdViZgihkptbEZ0QSag22ZRMCF+fov9J58yu1myn6VTq13kcRTiCYziFKlxAHW6hAW2gwOABnuDZurMerRfrddlasPKZQ/gB6+0T6cqNBw==</latexit>

T

<latexit sha1_base64="RRfwJso2a5BphLuOf1fm4bX6QRo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZmVNeot6MVjAuYByRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE1WUNGChqKqm+4uPxFcaUI+rNLS8srqWnm9srG5tb1T3d3rqDiVDNosFrHs+VSB4BG0NdcCeokEGvoCuv7dVe5370EqHkc3epqAF9JxxAPOqDZSKxlWa8Q+Je6FSzCxyRw5ceuE1LFTKDVUoDmsvg9GMUtDiDQTVKm+QxLtZVRqzgTMKoNUQULZHR1D39CIhqC8bH7oDB8ZZYSDWJqKNJ6r3ycyGio1DX3TGVI9Ub+9XPzL66c6OPcyHiWphogtFgWpwDrG+dd4xCUwLaaGUCa5uRWzCZWUaZNNxYTw9Sn+n3RObKduuy231rgs4iijA3SIjpGDzlADXaMmaiOGAD2gJ/Rs3VqP1ov1umgtWcXMPvoB6+0TFEmNIw==</latexit>p

<latexit sha1_base64="8qmPbCdmWvnnVw6lis6qF/4s5nQ=">AAACIXicbVDLSgMxFM34rPVVdSnCYBFclWnFx7IoiAsXFewDOqVkMrdtaCYzJHfUMnTlp7hyq1/hTtyJ3+A/mD4Ubb0QODnnnnuT40WCa3Scd2tmdm5+YTG1lF5eWV1bz2xsVnQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOp1zwZ69QaU5qG8xl4EjYC2JW9xRtFQzcyO60Gby4SBRFD99PmlC9L/vjYzWSfnDMv+AflJkCXjKjUzn64fsjgwdiao1vW8E2EjoQo5E9BPu7GGiLIubUPdQEkD0I1k+I2+vWcY326FyhyJ9pD97UhooHUv8ExnQLGjJ7UB+Z9Wj7F10ki4jGIEyUaLWrGwMbQHmdg+V8BQ9AygTHHzVpt1qKLMZGAmaTCxyjZ2EhfhDm+5b/YkB1wO8plKYxpUCrn8Ue7wqpAtno6TSpFtskv2SZ4ckyK5ICVSJozck0fyRJ6tB+vFerXeRq0z1tizRf6U9fEFgiulXw==</latexit>

FL

<latexit sha1_base64="Onz/YMW4taSCbBEKN4fk5+3EJmM="></latexit>

Strange
metal

<latexit sha1_base64="qg7bsVuZtC4GvW6mcWvd8lRt4XU="></latexit>

d-wave superconductivity.
Charge order.

<latexit sha1_base64="7lcSYnc3Xtj4e6hqU4MCbJqiXOc=">AAACInicbVDLSgMxFM3UV62vqktBBovgqkwrPpY+QNwIFewDOqVkMrdtMJMZkjtqGbrzU1y51a9wJ64Ef8F/MH0o2nohcHLOPfcmx4sE1+g471Zqanpmdi49n1lYXFpeya6uVXQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOpdn/b16g0ozUN5hd0IGgFtS97ijKKhmtlN14M2lwkDiaB6meOzCxek/31vZnNO3hmU/QMK4yBHRlVqZj9dP2RxYOxMUK3rBSfCRkIVciagl3FjDRFl17QNdQMlDUA3ksE/eva2YXy7FSpzJNoD9rcjoYHW3cAznQHFjh7X+uR/Wj3G1mEj4TKKESQbLmrFwsbQ7odi+1wBQ9E1gDLFzVtt1qGKMpOBmaTB5Crb2ElchDu85b7Zk+xy2c9nIo1JUCnmC/v5vcti7uhklFSabJAtskMK5IAckXNSImXCyD15JE/k2XqwXqxX623YmrJGnnXyp6yPLxwMpas=</latexit>

AFM

<latexit sha1_base64="3XTbQ12REAjMx6isiUPpxkAgOJM="></latexit>

FL*

Hole pockets

and spin liquid

<latexit sha1_base64="ItALZbpIZshIlIu4TbrOc/PHjgQ="></latexit>

• Which spin liquid?

• Mean-field theory for FL* in a single-band model?



tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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<latexit sha1_base64="8qmPbCdmWvnnVw6lis6qF/4s5nQ=">AAACIXicbVDLSgMxFM34rPVVdSnCYBFclWnFx7IoiAsXFewDOqVkMrdtaCYzJHfUMnTlp7hyq1/hTtyJ3+A/mD4Ubb0QODnnnnuT40WCa3Scd2tmdm5+YTG1lF5eWV1bz2xsVnQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOp1zwZ69QaU5qG8xl4EjYC2JW9xRtFQzcyO60Gby4SBRFD99PmlC9L/vjYzWSfnDMv+AflJkCXjKjUzn64fsjgwdiao1vW8E2EjoQo5E9BPu7GGiLIubUPdQEkD0I1k+I2+vWcY326FyhyJ9pD97UhooHUv8ExnQLGjJ7UB+Z9Wj7F10ki4jGIEyUaLWrGwMbQHmdg+V8BQ9AygTHHzVpt1qKLMZGAmaTCxyjZ2EhfhDm+5b/YkB1wO8plKYxpUCrn8Ue7wqpAtno6TSpFtskv2SZ4ckyK5ICVSJozck0fyRJ6tB+vFerXeRq0z1tizRf6U9fEFgiulXw==</latexit>

FL

<latexit sha1_base64="Onz/YMW4taSCbBEKN4fk5+3EJmM="></latexit>

Strange
metal

<latexit sha1_base64="qg7bsVuZtC4GvW6mcWvd8lRt4XU="></latexit>

d-wave superconductivity.
Charge order.

<latexit sha1_base64="7lcSYnc3Xtj4e6hqU4MCbJqiXOc=">AAACInicbVDLSgMxFM3UV62vqktBBovgqkwrPpY+QNwIFewDOqVkMrdtMJMZkjtqGbrzU1y51a9wJ64Ef8F/MH0o2nohcHLOPfcmx4sE1+g471Zqanpmdi49n1lYXFpeya6uVXQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOpdn/b16g0ozUN5hd0IGgFtS97ijKKhmtlN14M2lwkDiaB6meOzCxek/31vZnNO3hmU/QMK4yBHRlVqZj9dP2RxYOxMUK3rBSfCRkIVciagl3FjDRFl17QNdQMlDUA3ksE/eva2YXy7FSpzJNoD9rcjoYHW3cAznQHFjh7X+uR/Wj3G1mEj4TKKESQbLmrFwsbQ7odi+1wBQ9E1gDLFzVtt1qGKMpOBmaTB5Crb2ElchDu85b7Zk+xy2c9nIo1JUCnmC/v5vcti7uhklFSabJAtskMK5IAckXNSImXCyD15JE/k2XqwXqxX623YmrJGnnXyp6yPLxwMpas=</latexit>

AFM

<latexit sha1_base64="3XTbQ12REAjMx6isiUPpxkAgOJM="></latexit>

FL*

Hole pockets

and spin liquid

<latexit sha1_base64="ItALZbpIZshIlIu4TbrOc/PHjgQ="></latexit>

• Which spin liquid?

• Mean-field theory for FL* in a single-band model?



The CP1/  -flux spin liquid<latexit sha1_base64="NO1Vgzvlam8/h0xNKoYS0hRE2MM="></latexit>⇡



Towards a final phase diagram

[1] L. Wang and A.W. Sandvik, Phys. Rev. Lett. 121, 107202 (2018)

[2] F. Ferrari, F. Becca, Phys. Rev. B 102, 014417 (2020)

[3] Y. Nomura and M. Imada, arXiv:2005.14142

[4] W.-Y. Liu, S.-S. Gong, Y.-B. Li, D. Poilblanc, W.-Q. Chen, Z.-C. Gu, arXiv:2009.01821
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<latexit sha1_base64="H9M+xueahruX5AuQzrG2vD6OksQ=">AAACEnicdVDLSsNAFJ3Ud3xFXboZLIJuSipWzU5048KFon1AE8pkcluHTiZxZiKU0G9w46+4caGIW1fu/BsntYKKHhg4nHMPd+4JU86Udt13qzQxOTU9Mztnzy8sLi07K6sNlWSSQp0mPJGtkCjgTEBdM82hlUogccihGfaPC795A1KxRFzqQQpBTHqCdRkl2kgdZ9sPocdETkFokEP7ImXC9+1Tdp2xyPZBRF9Wxym7Fe+g5nk17FbcEQrieW5tF1fHShmNcdZx3vwooVls4pQTpdpVN9VBTqRmlMPQ9jMFKaF90oO2oYLEoIJ8dNIQbxolwt1Emic0HqnfEzmJlRrEoZmMib5Sv71C/MtrZ7p7EORMpJkGQT8XdTOOdYKLfnDEJFDNB4YQKpn5K6ZXRBJqOlC2KeHrUvw/aexUqnsV93ynfHg0rmMWraMNtIWqaB8dohN0huqIolt0jx7Rk3VnPVjP1svnaMkaZ9bQD1ivH/Wunk4=</latexit>

Spin
Liquid

<latexit sha1_base64="pKwMskRqAaVkjg5CkHcESxwvrds=">AAAB7XicdVBNSwMxEM36WetX1aOXYBE9lWyxtseiF09SwX5Au5RsOtvGZrNLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPz/FhwbQj5cJaWV1bX1nMb+c2t7Z3dwt5+S0eJYtBkkYhUx6caBJfQNNwI6MQKaOgLaPvjy5nfvgeleSRvzSQGL6RDyQPOqLFS67p3AiD6hSIpEUIqFRfPiYUl1VqlVj3DbqYUUYZGv/DeG0QsCUEaJqjWXZfExkupMpwJmOZ7iYaYsjEdQtdSSUPQXjq/doqPrTLAQaRsSYPn6veJlIZaT0LfdobUjPRvbyb+5XUTE9S8lMs4MSDZYlGQCGwiPHsdD7gCZsTEEsoUt7diNqKKMmMDytsQvj7F/5NWueSel8hNuVi/yOLIoUN0hE6Ri6qojq5QAzURQ3foAT2hZydyHp0X53XRuuRkMwfoB5y3T0i1jvI=</latexit>

Néel

<latexit sha1_base64="XkBi82enggKB+HoJNbDifR3CLZw=">AAACDXicdVDLSgMxFM3UVx1fVZduglVwVWZG7dRd0Y3LCvYBbSmZ9LYNzWSGJCOUoT/gxl9x40IRt+7d+TemL1DRA4HDOfdwc08Qc6a043xamaXlldW17Lq9sbm1vZPb3aupKJEUqjTikWwERAFnAqqaaQ6NWAIJAw71YHg18et3IBWLxK0exdAOSV+wHqNEG6mTO2oF0GcipSA0yLFtEkkoiLRbILoLtZPLOwXPd32/iA0pnZa80oT4ZxfnHnYLzhR5NEelk/todSOahCZOOVGq6TqxbqdEakY5jO1WoiAmdEj60DRUkBBUO51eM8bHRuniXiTNExpP1e+JlIRKjcLATIZED9RvbyL+5TUT3Su1UybiRIOgs0W9hGMd4Uk1uMskUM1HhhAqmfkrpgMiCTUdKNuUsLgU/09qXsEtFpwbL1++nNeRRQfoEJ0gF/mojK5RBVURRffoET2jF+vBerJerbfZaMaaZ/bRD1jvX8eCnKs=</latexit>

Columnar

<latexit sha1_base64="dKFRFZDDWJkSwAfBT4kyQDBZDYk=">AAAB6nicdVDLTgIxFO3gC/GFunTTSExcTVpABncENy4xCJLAhHRKgYZOZ9J2TMiET3DjQmPc+kXu/BvLw0SNnuQmJ+fcm3vvCWLBtUHow8msrW9sbmW3czu7e/sH+cOjto4SRVmLRiJSnYBoJrhkLcONYJ1YMRIGgt0Fk6u5f3fPlOaRvDXTmPkhGUk+5JQYKzXb9WY/X0AuxrhU9iByvVK5clGyBKPqpedB7KIFCmCFRj//3htENAmZNFQQrbsYxcZPiTKcCjbL9RLNYkInZMS6lkoSMu2ni1Nn8MwqAziMlC1p4EL9PpGSUOtpGNjOkJix/u3Nxb+8bmKGVT/lMk4Mk3S5aJgIaCI4/xsOuGLUiKklhCpub4V0TBShxqaTsyF8fQr/J+2iiysuuikWavVVHFlwAk7BOcDAAzVwDRqgBSgYgQfwBJ4d4Tw6L87rsjXjrGaOwQ84b59PIo3T</latexit>

VBS

<latexit sha1_base64="o40XFgii1wDg5ua2xKfR0saqazU=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmIzGxutxRiCXRxhKNIAlcyN4yByt7e5fdPRNC+A82Fhpj6/+x89+4wBUKvmSSl/dmMjMvTAXXxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBD+HoeuY/PKHSPJH3ZpxiENOB5BFn1FipdYeRS2q9csVzvTnIKvFzUoEcjV75q9tPWBajNExQrTu+l5pgQpXhTOC01M00ppSN6AA7lkoaow4m82un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRZTDhMs0MSrZYFGWCmITMXid9rpAZMbaEMsXtrYQNqaLM2IBKNgR/+eVV0qq6/oXr31Yr9as8jiKcwCmcgw81qMMNNKAJDB7hGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AWjKjlw=</latexit>

Ref. 7

<latexit sha1_base64="cfMqiAQZDgOKZJ0JJdPtjOqXCD0=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmIzGxutxRKCXRxhKNIAlcyN4yByt7e5fdPRNC+A82Fhpj6/+x89+4wBUKvmSSl/dmMjMvTAXXxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBD+HoeuY/PKHSPJH3ZpxiENOB5BFn1FipdYeRS2q9csVzvTnIKvFzUoEcjV75q9tPWBajNExQrTu+l5pgQpXhTOC01M00ppSN6AA7lkoaow4m82un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzNRLZhwmWYGJVssijJBTEJmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K//PIqaVVd/8L1b6uV+lUeRxFO4BTOwYdLqMMNNKAJDB7hGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AWpOjl0=</latexit>

Ref. 8
<latexit sha1_base64="LvFSya3ie0RrOV4O1JCAN02l2ss=">AAAB7XicbVC7TsNAEFzzDOEVoKQ5ESFRWXYKHl0EDWVA5CElVnS+rJMj57N1d0aKovwDDQUI0fI/dPwNl8QFJIy00mhmV7s7YSq4Np737aysrq1vbBa2its7u3v7pYPDhk4yxbDOEpGoVkg1Ci6xbrgR2EoV0jgU2AyHN1O/+YRK80Q+mFGKQUz7kkecUWOlxj1GLrnqlsqe681AlomfkzLkqHVLX51ewrIYpWGCat32vdQEY6oMZwInxU6mMaVsSPvYtlTSGHUwnl07IadW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/z2pmJLoMxl2lmULL5oigTxCRk+jrpcYXMiJEllClubyVsQBVlxgZUtCH4iy8vk0bF9c9d/65Srl7ncRTgGE7gDHy4gCrcQg3qwOARnuEV3pzEeXHenY9564qTzxzBHzifP2vSjl4=</latexit>

Ref. 9
<latexit sha1_base64="2LTW3ixM9IHE/e0yKiAh6gqR2zQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CkkP6rHoxWMV+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpoJr43nfztr6xubWdmmnvLu3f3BYOTpu6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZqP2DkEt/rV6qe681BVolfkCoUaPQrX71BwrIYpWGCat31vdQEOVWGM4HTci/TmFI2pkPsWippjDrI5+dOyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eNzPRdZBzmWYGJVssijJBTEJmv5MBV8iMmFhCmeL2VsJGVFFmbEJlG4K//PIqadVc/9L172vV+k0RRwlO4QwuwIcrqMMdNKAJDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8Ac78jpA=</latexit>

Ref. 10

FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the square lattice, from the numerical results

of Refs. [7–10], all of which agree that the spin liquid is gapless. Each ellipse in the valence bond solid

(VBS) represents a singlet pair of electrons. Lower part of figure adapted from Ref. [11].

are the nature of the quantum phases of the model, and of the quantum phase transitions between

them, as a function of increasing J2/J1 after the Néel order vanishes at a critical value of J2/J1.

These questions are also the focus of our attention here.

An early proposal [5, 6, 12, 13] was that there was a direct transition from the Néel state to

a valence bond solid (VBS) (see Fig. 1) which restores spin rotation symmetry but breaks lattice

symmetries (followed by a first order transition at larger J2/J1 to a ‘columnar’ state which breaks

spin rotation symmetry, and which we do not address in the present paper). A theory of ‘deconfined

criticality’ was developed [14–16] showing that a continuous Néel-VBS transition was possible, even

though it was not allowed in the Landau-Ginzburg-Wilson framework because distinct symmetries

were broken in the two phases. Evidence has since accumulated for the presence of a VBS phase in

the J1-J2 model, but the nature of the Néel-VBS transition in this model has remained a question

4

<latexit sha1_base64="8CcINC4St4B7nIp2AJOWvAighbc="></latexit>

H = J1

X

hi,ji

Si · Sj + J2

X

hhi,jii

Si · Sj

<latexit sha1_base64="x+ZFwThS8syIi1AUvA4ofpqNi7E=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAILqRkSrV1V3QjriraC7RDyaSZNjSTDElGKEMfwaW6Ebc+kQvfxnQ6gooeCPx8/znknN+PONMGoQ8nt7S8srqWXy9sbG5t7xR399paxorQFpFcqq6PNeVM0JZhhtNupCgOfU47/uRy7nfuqdJMijszjagX4pFgASPYWHR7PagMiiVURghVEYKpQKk4r9XrLoJuRkogq+ag+N4fShKHVBjCsdY9F0XGS7AyjHA6K/RjTSNMJnhEe1YKHFLtJemqM3hkyRAGUtknDEzp94kEh1pPQ992htiM9W9vDk/88C+7F5ug7iVMRLGhgiz+CmIOjYTz0+GQKUoMn1qBiWJ2XUjGWGFibEAFm8PXsfB/0a6U3bPy6U211LjIEsmDA3AIjoELaqABrkATtAABI/AAnsCzI51H58V5XbTmnGxmH/wo5+0T6y+Orw==</latexit>

J2

<latexit sha1_base64="S7XMh/6mMh8+baUrQaH7OFJKnec=">AAAB7XicdZDLSgMxFIYzXmu9VV26CRbBhZSMVFt3RTfiqqK9QDuUTJppQ3MZkoxQhj6CS3Ujbn0iF76N6bSCih4I/Hz/OeScP4w5MxahD29hcWl5ZTW3ll/f2NzaLuzsNo1KNKENorjS7RAbypmkDcssp+1YUyxCTlvh6HLqt+6pNkzJOzuOaSDwQLKIEWwdur3u+b1CEZUQQmWEYCZQJs4r1aqPoD8nRTCveq/w3u0rkggqLeHYmI6PYhukWFtGOJ3ku4mhMSYjPKAdJyUW1ARptuoEHjrSh5HS7kkLM/p9IsXCmLEIXafAdmh+e1N4HIq/7E5io2qQMhknlkoy+ytKOLQKTk+HfaYpsXzsBCaauXUhGWKNiXUB5V0OX8fC/0XzpOSflU5vysXaxTyRHNgHB+AI+KACauAK1EEDEDAAD+AJPHvKe/RevNdZ64I3n9kDP8p7+wTpqI6u</latexit>

J1

<latexit sha1_base64="gP9nVI+DBLu2vAjBdk9jLUbLX04=">AAAB+HicdZDLSgMxFIYz9VbrrerSTbAKFUrJFLV1VxXEjVDBXqCtJZNm2tBMZkgyQh36Hi7Vjbj1XVz4NqbTEVT0QODn+8/hnPxOwJnSCH1Yqbn5hcWl9HJmZXVtfSO7udVQfigJrROf+7LlYEU5E7Sumea0FUiKPYfTpjM6n/rNOyoV88WNHge06+GBYC4jWBt0u5fvBKwA0cEePL246mVzqIgQOkQIxgLF4qRcqdgI2gnJgaRqvex7p++T0KNCE46Vatso0N0IS80Ip5NMJ1Q0wGSEB7RtpMAeVd0ovnoC9w3pQ9eX5gkNY/p9IsKeUmPPMZ0e1kP125vCguP9ZbdD7Va6ERNBqKkgs11uyKH24TQF2GeSEs3HRmAimTkXkiGWmGiTVcbk8PVZ+L9olIr2cfHoupSrniWJpMEO2AV5YIMyqIJLUAN1QIAED+AJPFv31qP1Yr3OWlNWMrMNfpT19gk7UJF+</latexit>

(⇡, 0) AFM

<latexit sha1_base64="qwbajmyLmJGWYMa26YQ2lgc2Bos=">AAAB/HicdZDLSgMxFIYzXmu9jbp0E2yFCqVkitq6qwriRqhgL9AOJZNm2tDMhSRTKEN9EpfqRtz6Ji58G9PpCCp6IOHn+88hJ78TciYVQh/GwuLS8spqZi27vrG5tW3u7DZlEAlCGyTggWg7WFLOfNpQTHHaDgXFnsNpyxldzvzWmArJAv9OTUJqe3jgM5cRrDTqmWa+0A1ZEerrKA/Pr256Zg6VEELHCMFEoEScVapVC0ErJTmQVr1nvnf7AYk86ivCsZQdC4XKjrFQjHA6zXYjSUNMRnhAO1r62KPSjpPNp/BQkz50A6GPr2BCv0/E2JNy4jm608NqKH97M1h0vL/sTqTcqh0zP4wU9cn8LTfiUAVwlgTsM0GJ4hMtMBFMrwvJEAtMlM4rq3P4+iz8XzTLJeu0dHJbztUu0kQyYB8cgAKwQAXUwDWogwYgYAwewBN4Nu6NR+PFeJ23LhjpzB74UcbbJ5cmksg=</latexit>

(⇡,⇡) AFM

1. Wang and Sandvik, Phys. Rev. Lett. 121, 107202 (2018)

2. Ferrari and Becca, Phys. Rev. B 102, 014417 (2020)

3. Nomura and Imada, Phys. Rev. X 11, 031034 (2021)

4. Liu, Gong, Li, Poilblanc, Chen, and Gu, Sci. Bull. 67, 1034 (2022)
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Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>
H =

X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>

Schwinger bosons
<latexit sha1_base64="PT4zyq5uqrFFYvF1VubWItRDugo="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

X

↵=",#
b†i↵bi↵ = 1

<latexit sha1_base64="kJjnLKtO9htxv+5/T06y+O9fhbY=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAILqRkpNq6K7px2YK9QDuUTHqmDU1mhiQjlNIncKluxK2P5MK3MZ2OoKIHAj/ffw455/djwbUh5MPJrayurW/kNwtb2zu7e8X9g7aOEsWgxSIRqa5PNQgeQstwI6AbK6DSF9DxJzcLv3MPSvMovDPTGDxJRyEPOKPGoqYeFEukTAipEIJTQVJxVa3VXILdjJRQVo1B8b0/jFgiITRMUK17LomNN6PKcCZgXugnGmLKJnQEPStDKkF7s3TROT6xZIiDSNkXGpzS7xMzKrWeSt92SmrG+re3gGe+/MvuJSaoeTMexomBkC3/ChKBTYQXh+MhV8CMmFpBmeJ2XczGVFFmbDwFm8PXsfh/0T4vu5fli2alVL/OEsmjI3SMTpGLqqiOblEDtRBDgB7QE3p2pPPovDivy9ack80coh/lvH0CAZSOMw==</latexit>s

<latexit sha1_base64="KlLq5Tmp0kWuKhXk5BnHNwHGjMM="></latexit>

Mean-field spin liquid
with gapped bosonic spinons.

Low energy CP1 U(1) gauge theory

Arovas and Auerbach, Phys. Rev. B 38, 316 (1988)

<latexit sha1_base64="yOcOiXjk9xhCVVR2bwes/u2Rgfk="></latexit>

hb↵i 6= 0:
Néel order

<latexit sha1_base64="/dXu8mJn93I4H6Dk/Jc4Bzzux34="></latexit>

hb↵i = 0:
Spin liquid



(a)

(b)

(a)

(b)

or

Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>
H =

X

i<j

JijSi · Sj

<latexit sha1_base64="QcWA/QRWhG2TnQixTBgO8XGRFLE=">AAAB/HicdZDNSgMxFIUz9a/Wv1GXboJFcCElU9TWXdGNy4q2FdqhZNK0Dc0kQ5KplKE+iUt1I259Exe+jel0BBW9EDh8517uzQkizrRB6MPJLSwuLa/kVwtr6xubW+72TlPLWBHaIJJLdRtgTTkTtGGY4fQ2UhSHAaetYHQx81tjqjST4sZMIuqHeCBYnxFsLOq67jUZ3jExoAoGUkuhu24RlRBCxwjBVKBUnFWqVQ9BLyNFkFW96753epLEIRWGcKx120OR8ROsDCOcTgudWNMIkxEe0LaVAodU+0l6+RQeWNKDfansEwam9PtEgkOtJ2FgO0Nshvq3N4NHQfiX3Y5Nv+onTESxoYLMd/VjDo2EsyRgjylKDJ9YgYli9lxIhlhhYmxeBZvD12fh/6JZLnmnpZOrcrF2niWSB3tgHxwCD1RADVyCOmgAAsbgATyBZ+feeXRenNd5a87JZnbBj3LePgHc9JTj</latexit>
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We have performed density-matrix renormalization group studies of a square lattice t-J model with small
hole doping, δ ≪ 1, on long four and six-leg cylinders. We include frustration in the form of a second-
neighbor exchange coupling, J2 ¼ J1=2, such that the undoped (δ ¼ 0) “parent” state is a quantum spin
liquid. In contrast to the relatively short range superconducting (SC) correlations that have been observed in
recent studies of the six-leg cylinder in the absence of frustration, we find power-law SC correlations with a
Luttinger exponent, KSC ≈ 1, consistent with a strongly diverging SC susceptibility, χ ∼ T−ð2−KSCÞ as the
temperature T → 0. The spin-spin correlations—as in the undoped state—fall exponentially suggesting
that the SC “pairing” correlations evolve smoothly from the insulating parent state.
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Although the physics of cuprate high temperature super-
conductors is surely complex, there are a variety of reasons
[1–3] to believe that the “essential” [4] physics is captured
by the two-dimensional (2D) Hubbard model or its close
relatives. To begin with, as is the case in cuprates, in an
appropriate regime of parameters, the Hubbard model on a
square lattice with n ¼ 1 electrons per site exhibits an
undoped “parent” state that is a Mott insulating antiferro-
magnet. However, two key theoretical issues concerning
this proposition remain unsettled: (1) Does d-wave super-
conductivity (SC) “robustly” arise in this model upon light
doping, i.e., for 0 < δ≡ ð1 − nÞ ≪ 1? (2) If so, how does it
arise (i.e., what is the “mechanism”) and under what
circumstances (e.g., does it depend on specific features
of the band structure)?
For parametrically small values of the Hubbard U ≪ W

(where W is the bandwidth), it is possible to establish [5]
that such a superconducting state arises, but here (except
under extremely fine-tuned circumstances in which
the Fermi surface is perfectly nested) the undoped state
at n ¼ 1 is also superconducting, and the superconducting
Tc is exponentially small in units of W. For intermediate
U ∼W, no controlled analytic approach exists, but calcu-
lations based on a variety of physically motivated approx-
imations [6–8] yield results suggestive of values of Tc as
large as Tc ∼W [where the proportionality is a number of
order 1 but may be small, e.g., ∼ð2πÞ−2]. This was further
supported by density-matrix normalization group (DMRG)
studies of the Hubbard and t-J models on four-leg square
cylinders [9–13]. However, recent [14] DMRG calculations
on six-leg square cylinders, as well as variational
Monte Carlo [15] calculations on 2D models, have called

this proposition into question. Specifically, the tendency of
a doped antiferromagnet to phase separation [15,16] or to
charge-density wave (CDW) formation [11,13,14,17–21]
appears to play a much more dominant role in the physics
at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
from the QSL (i.e., evolves continuously as δ → 0) and
with a superfluid stiffness—that rises with δ.
In the present Letter, we explore the possibility of SC in a

doped spin liquid using DMRG to treat the t-J model (a
proxy for the Hubbard model) on cylinders of circum-
ference 4 and 6. A number of studies of the spin-1=2
Heisenberg model on the square lattice with first and
second neighbor exchange couplings, J1 and J2, have
led to a consensus [28–35] that there is a QSL phase in
the range of 0.46 < J2=J1 < 0.52 [35]. In this range,
DMRG on cylinders of circumference up to Ly ¼ 10 show
a pronounced spin-gap and exponentially falling spin-spin
correlations with a correlation length ξs considerably
smaller than Ly [30,32]. However, there is still some debate
about whether this gap persists in the 2D limit, or if instead
the QSL phase has a gapless nodal spinon spectrum.
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neighbor exchange coupling, J2 ¼ J1=2, such that the undoped (δ ¼ 0) “parent” state is a quantum spin
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Although the physics of cuprate high temperature super-
conductors is surely complex, there are a variety of reasons
[1–3] to believe that the “essential” [4] physics is captured
by the two-dimensional (2D) Hubbard model or its close
relatives. To begin with, as is the case in cuprates, in an
appropriate regime of parameters, the Hubbard model on a
square lattice with n ¼ 1 electrons per site exhibits an
undoped “parent” state that is a Mott insulating antiferro-
magnet. However, two key theoretical issues concerning
this proposition remain unsettled: (1) Does d-wave super-
conductivity (SC) “robustly” arise in this model upon light
doping, i.e., for 0 < δ≡ ð1 − nÞ ≪ 1? (2) If so, how does it
arise (i.e., what is the “mechanism”) and under what
circumstances (e.g., does it depend on specific features
of the band structure)?
For parametrically small values of the Hubbard U ≪ W

(where W is the bandwidth), it is possible to establish [5]
that such a superconducting state arises, but here (except
under extremely fine-tuned circumstances in which
the Fermi surface is perfectly nested) the undoped state
at n ¼ 1 is also superconducting, and the superconducting
Tc is exponentially small in units of W. For intermediate
U ∼W, no controlled analytic approach exists, but calcu-
lations based on a variety of physically motivated approx-
imations [6–8] yield results suggestive of values of Tc as
large as Tc ∼W [where the proportionality is a number of
order 1 but may be small, e.g., ∼ð2πÞ−2]. This was further
supported by density-matrix normalization group (DMRG)
studies of the Hubbard and t-J models on four-leg square
cylinders [9–13]. However, recent [14] DMRG calculations
on six-leg square cylinders, as well as variational
Monte Carlo [15] calculations on 2D models, have called

this proposition into question. Specifically, the tendency of
a doped antiferromagnet to phase separation [15,16] or to
charge-density wave (CDW) formation [11,13,14,17–21]
appears to play a much more dominant role in the physics
at small δ than accounted for by most approximate
approaches.
One attractive notion that was suggested early on is that

high temperature superconductivity could arise naturally
[1,22–27] under circumstances in which the insulating
parent state is a quantum spin liquid (QSL) rather than
an ordered antiferromagnet. In particular, a QSL with a gap
(even a partial gap with nodes), can in some sense be
thought of as a state with preexisting Cooper pairs but with
vanishing superfluid stiffness. Then, upon light doping, one
might naturally expect SC with a gap scale that is inherited
from the QSL (i.e., evolves continuously as δ → 0) and
with a superfluid stiffness—that rises with δ.
In the present Letter, we explore the possibility of SC in a

doped spin liquid using DMRG to treat the t-J model (a
proxy for the Hubbard model) on cylinders of circum-
ference 4 and 6. A number of studies of the spin-1=2
Heisenberg model on the square lattice with first and
second neighbor exchange couplings, J1 and J2, have
led to a consensus [28–35] that there is a QSL phase in
the range of 0.46 < J2=J1 < 0.52 [35]. In this range,
DMRG on cylinders of circumference up to Ly ¼ 10 show
a pronounced spin-gap and exponentially falling spin-spin
correlations with a correlation length ξs considerably
smaller than Ly [30,32]. However, there is still some debate
about whether this gap persists in the 2D limit, or if instead
the QSL phase has a gapless nodal spinon spectrum.
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Paramagnon theory of the Hubbard model 
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This yields the ‘Scalapino-Pines-Chubukov-Schmalian...’ theory for a ‘paramagnon
quantum rotor’ �i coupled to otherwise free fermions ci�.

�i is the creation/annhilation operator for charge 0, spin S = 1 particle.
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<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

Ancilla theory of the Hubbard model Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

Ancilla theory of the Hubbard model Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

Ancilla theory of the Hubbard model Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

Ancilla theory of the Hubbard model Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2
<latexit sha1_base64="QtJHfLgpRszaYiDfhEe95EcFbNo="></latexit>

� paramagnon

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

Ancilla theory of the Hubbard model Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



Free  
holes of  
density 

1+p

Hubbard  
model of 

hole density 
1+p

Ancilla 
qubits

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="LsS3OiSal5k+095/MFZPKgWxqwc="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U ⇠ J2
K/J?

Ancilla theory of the Hubbard model 

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK

Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="RN2yjk3EYDyCVjh9OpI3o2M4tI8="></latexit>

0

<latexit sha1_base64="Zcjpn7pcgKgArvXOqPQ4UFGSaM0="></latexit>

JK
Kondo 

RG

Ancilla 
qubits

Hubbard  
model of 

hole density 
1+p

Free  
holes of  
density 

1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK <latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>Ferromagnetic
Kondo eJK

Ancilla theory of the Hubbard model Zhang and Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="nsPAOSbSUjnsJ12XIDq6Ql9iVjI="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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<latexit sha1_base64="8qmPbCdmWvnnVw6lis6qF/4s5nQ=">AAACIXicbVDLSgMxFM34rPVVdSnCYBFclWnFx7IoiAsXFewDOqVkMrdtaCYzJHfUMnTlp7hyq1/hTtyJ3+A/mD4Ubb0QODnnnnuT40WCa3Scd2tmdm5+YTG1lF5eWV1bz2xsVnQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOp1zwZ69QaU5qG8xl4EjYC2JW9xRtFQzcyO60Gby4SBRFD99PmlC9L/vjYzWSfnDMv+AflJkCXjKjUzn64fsjgwdiao1vW8E2EjoQo5E9BPu7GGiLIubUPdQEkD0I1k+I2+vWcY326FyhyJ9pD97UhooHUv8ExnQLGjJ7UB+Z9Wj7F10ki4jGIEyUaLWrGwMbQHmdg+V8BQ9AygTHHzVpt1qKLMZGAmaTCxyjZ2EhfhDm+5b/YkB1wO8plKYxpUCrn8Ue7wqpAtno6TSpFtskv2SZ4ckyK5ICVSJozck0fyRJ6tB+vFerXeRq0z1tizRf6U9fEFgiulXw==</latexit>

FL

<latexit sha1_base64="Onz/YMW4taSCbBEKN4fk5+3EJmM="></latexit>

Strange
metal

<latexit sha1_base64="qg7bsVuZtC4GvW6mcWvd8lRt4XU="></latexit>

d-wave superconductivity.
Charge order.

<latexit sha1_base64="7lcSYnc3Xtj4e6hqU4MCbJqiXOc=">AAACInicbVDLSgMxFM3UV62vqktBBovgqkwrPpY+QNwIFewDOqVkMrdtMJMZkjtqGbrzU1y51a9wJ64Ef8F/MH0o2nohcHLOPfcmx4sE1+g471Zqanpmdi49n1lYXFpeya6uVXQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOpdn/b16g0ozUN5hd0IGgFtS97ijKKhmtlN14M2lwkDiaB6meOzCxek/31vZnNO3hmU/QMK4yBHRlVqZj9dP2RxYOxMUK3rBSfCRkIVciagl3FjDRFl17QNdQMlDUA3ksE/eva2YXy7FSpzJNoD9rcjoYHW3cAznQHFjh7X+uR/Wj3G1mEj4TKKESQbLmrFwsbQ7odi+1wBQ9E1gDLFzVtt1qGKMpOBmaTB5Crb2ElchDu85b7Zk+xy2c9nIo1JUCnmC/v5vcti7uhklFSabJAtskMK5IAckXNSImXCyD15JE/k2XqwXqxX623YmrJGnnXyp6yPLxwMpas=</latexit>

AFM

<latexit sha1_base64="3XTbQ12REAjMx6isiUPpxkAgOJM="></latexit>

FL*

Hole pockets

and spin liquid

<latexit sha1_base64="y+bFi0RVTgx/wlUCkRNEF5C6ACQ="></latexit>

FL*

Hole pockets and

CP1/⇡-flux spin liquid



<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*
<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1
<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="XLF8Iti4Ge6OifmKkpUxzQ8QZoU="></latexit>

⇡-flux spin liquid
of f↵ with SU(2)N

gauge field

{
{

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>e+<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>e+

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

<latexit sha1_base64="czJXdHNSUShGoMu5OYCVM74Yag8="></latexit>

Kondo lattice
heavy Fermi liquid.

Size 1 + p+ 1 = p (mod 2).



<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*
<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="+Jj0X+gIe8ODabGfjWyjnQNqhKM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOlR9rLuiiSIU565YpbdWcgy8TLSQVy1Hvlr24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MQqfRLGypY0ZKb+nsgw0nocBbYzQjPUi95U/M/rpCa89jMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLLy+T5lnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/AMzMkQQ=</latexit>c↵

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1
<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="XLF8Iti4Ge6OifmKkpUxzQ8QZoU="></latexit>

⇡-flux spin liquid
of f↵ with SU(2)N

gauge field

{
{

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>e+<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>e+

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

<latexit sha1_base64="frbvDwUJviLyRcewUZaMh3FWhRs="></latexit>

Higgs field 1

� ⇠ c†↵f1↵
h�i 6= 0

<latexit sha1_base64="EL6MdekIxrOpdmSVqFq7TBF8lqw="></latexit>

Higgs field � drives FL*-strange metal-FL, Higgs field B drives FL*-dSC-CDW



<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*
<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="NNpCd4dz3xxjIu7joHf6CHgECYg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZnIGvUW9OIxgbwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MVVLSgoajqprvLiwVXGuMPq7Cyura+UdwsbW3v7O6V9w86KkokZW0aiUj2PKKY4CFra64F68WSkcATrOtNbzK/e8+k4lHY0rOYuQEZh9znlGgjNVvDcgXb59i5cjDCNl4gI04N4xqq5koFcjSG5ffBKKJJwEJNBVGqX8WxdlMiNaeCzUuDRLGY0CkZs76hIQmYctPFoXN0YpQR8iNpKtRooX6fSEmg1CzwTGdA9ET99jLxL6+faP/STXkYJ5qFdLnITwTSEcq+RiMuGdViZgihkptbEZ0QSag22ZRMCF+fov9J58yu1myn6VTq13kcRTiCYziFKlxAHW6hAW2gwOABnuDZurMerRfrddlasPKZQ/gB6+0T6cqNBw==</latexit>

T

<latexit sha1_base64="RRfwJso2a5BphLuOf1fm4bX6QRo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZmVNeot6MVjAuYByRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE1WUNGChqKqm+4uPxFcaUI+rNLS8srqWnm9srG5tb1T3d3rqDiVDNosFrHs+VSB4BG0NdcCeokEGvoCuv7dVe5370EqHkc3epqAF9JxxAPOqDZSKxlWa8Q+Je6FSzCxyRw5ceuE1LFTKDVUoDmsvg9GMUtDiDQTVKm+QxLtZVRqzgTMKoNUQULZHR1D39CIhqC8bH7oDB8ZZYSDWJqKNJ6r3ycyGio1DX3TGVI9Ub+9XPzL66c6OPcyHiWphogtFgWpwDrG+dd4xCUwLaaGUCa5uRWzCZWUaZNNxYTw9Sn+n3RObKduuy231rgs4iijA3SIjpGDzlADXaMmaiOGAD2gJ/Rs3VqP1ov1umgtWcXMPvoB6+0TFEmNIw==</latexit>p

<latexit sha1_base64="8qmPbCdmWvnnVw6lis6qF/4s5nQ=">AAACIXicbVDLSgMxFM34rPVVdSnCYBFclWnFx7IoiAsXFewDOqVkMrdtaCYzJHfUMnTlp7hyq1/hTtyJ3+A/mD4Ubb0QODnnnnuT40WCa3Scd2tmdm5+YTG1lF5eWV1bz2xsVnQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOp1zwZ69QaU5qG8xl4EjYC2JW9xRtFQzcyO60Gby4SBRFD99PmlC9L/vjYzWSfnDMv+AflJkCXjKjUzn64fsjgwdiao1vW8E2EjoQo5E9BPu7GGiLIubUPdQEkD0I1k+I2+vWcY326FyhyJ9pD97UhooHUv8ExnQLGjJ7UB+Z9Wj7F10ki4jGIEyUaLWrGwMbQHmdg+V8BQ9AygTHHzVpt1qKLMZGAmaTCxyjZ2EhfhDm+5b/YkB1wO8plKYxpUCrn8Ue7wqpAtno6TSpFtskv2SZ4ckyK5ICVSJozck0fyRJ6tB+vFerXeRq0z1tizRf6U9fEFgiulXw==</latexit>

FL

<latexit sha1_base64="Onz/YMW4taSCbBEKN4fk5+3EJmM="></latexit>

Strange
metal

<latexit sha1_base64="qg7bsVuZtC4GvW6mcWvd8lRt4XU="></latexit>

d-wave superconductivity.
Charge order.

<latexit sha1_base64="7lcSYnc3Xtj4e6hqU4MCbJqiXOc=">AAACInicbVDLSgMxFM3UV62vqktBBovgqkwrPpY+QNwIFewDOqVkMrdtMJMZkjtqGbrzU1y51a9wJ64Ef8F/MH0o2nohcHLOPfcmx4sE1+g471Zqanpmdi49n1lYXFpeya6uVXQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOpdn/b16g0ozUN5hd0IGgFtS97ijKKhmtlN14M2lwkDiaB6meOzCxek/31vZnNO3hmU/QMK4yBHRlVqZj9dP2RxYOxMUK3rBSfCRkIVciagl3FjDRFl17QNdQMlDUA3ksE/eva2YXy7FSpzJNoD9rcjoYHW3cAznQHFjh7X+uR/Wj3G1mEj4TKKESQbLmrFwsbQ7odi+1wBQ9E1gDLFzVtt1qGKMpOBmaTB5Crb2ElchDu85b7Zk+xy2c9nIo1JUCnmC/v5vcti7uhklFSabJAtskMK5IAckXNSImXCyD15JE/k2XqwXqxX623YmrJGnnXyp6yPLxwMpas=</latexit>

AFM

<latexit sha1_base64="3XTbQ12REAjMx6isiUPpxkAgOJM="></latexit>

FL*

Hole pockets

and spin liquid

<latexit sha1_base64="y+bFi0RVTgx/wlUCkRNEF5C6ACQ="></latexit>

FL*

Hole pockets and

CP1/⇡-flux spin liquid



tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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The onset of conventional order
is a confinement transition for
the emergent gauge theory

describing the
fractionalized excitations

of the spin liquid
in the FL* state.
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of the conserved current nx∂yvy − vy∂ynx associated with the
emergent O(4) symmetry (in the XY-VBS rotation channel),
which is a unique feature of the easy-plane DQCP. The gap-
less point (π, 0) also follows naturally, because the XY-VBS
current can decay into the nx continuum at (π,π ) and the
vy continuum at (0,π ), such that the momenta add up to
(π, 0). A similar interpretation applies to the Sz channel as
well. The only difference is that the spin-VBS current there
is not conserved, but is nevertheless still critical. The (π, 0)
continua exhibit a remarkable spatial anisotropy. On the edge
of the continua, the spectral weight is always larger along
(π, 0)-(π,π ) line and smaller along (π, 0)-(0, 0) line. This
spatial anisotropy is a signature of current-current correlation,
which originates from the nontrivial ω2 − q2

x form factor on
the numerator as given in Eqs. (8) and (9). The (0,π ) continua
will also exhibit the spatial anisotropy but with the form
factor rotated by π/2 to ω2 − q2

y . These “shadow” continua
allow us to probe the critical VBS fluctuation in the spin
excitation spectrum, which is another remarkable hallmark of
the DQCP.

As discussed in Sec. I, the spectral features uncovered here
are relatively easy to probe in INS or RIXS experiments,
hence paving way for observation of the seeming ephemeral
DQCP in real materials. These features are also robust even
if the parameter is slightly off the critical point. Our simu-
lation itself serves as a “numerical proof” of this statement.
As we measure the DQCP spectra at q = 0.6 of the EPJQ
model [not exactly at its critical point qc = 0.6197(2)], we
still observe all the low-energy spectral features consistent
with the field theory qualitatively. This demonstrates that the
dynamical signatures do not require fine-tuning and should
be easier to measure in experiments. Whereas the previous
studies of DQCP mainly focused on the critical scaling and
exponents from the theoretical perspective, these quantities
require more fine-tuning and are rather difficult to measure
in experiments. Even if the DQCP turns out to be first order
(as expected if the anisotropy is strong) or becomes unsta-
ble against other intermediate phases at low temperature, its
distinct spectral features over a large range of frequencies
can still be robustly observed above the low-energy scale
at which the potentially other transitions of phases become
manifest.

Finally, the spectra of the EPJQ model in the VBS phase
is shown in Figs. 3(c) and 3(f). Their EPJ1J2 counterpart
in the columnar singlet phase is shown in Figs. 4(c) and
4(f). All spin excitations are gapped in both Sx (q,ω) and
Sz(q,ω) for both models. For the EPJQ model, the spectra
in the VBS phase still maintain broad continua above the gap,
in contrast to the much sharper spectra of gapped magnons
in the EPJ1J2 columnar phase. This might be related to the
two-length-scale phenomena, which is inherent to the DQCP,
persisting in the VBS phase of the standard JQ model [25],
namely, the domain wall size of the VBS order may still
remain large while the spin correlation length is small. The
domain wall size of the VBS order is directly related to the
confinement length scale of the spinons [2]. This implies that,
although the spin-correlation length is finite, the confinement
length scale of the spinon can still be large, which leads to
the large continuum above the spin gap in the spin-excitation
spectrum.

FIG. 5. Comparison of the DQCP dynamic spin structure factors
between numerics [(a) Sx channel and (c) Sz channel] and theory [(b)
Sx channel and (d) Sz channel]. The color map is the same as that
in Fig. 3. The dashed curves trace out the upper and low edges of
the two-parton continuum, assuming free fermionic partons with the
π -flux state dispersion εk in Eq. (14). The lower edge simply follows
εk and the upper edge is given by the maximal two-parton excitation
energy Eq = maxk∈BZ |εk + εq−k|. The suppressed spectral weight
near (0,0) can be captured by matrix element effects.

IV. PARTON MEAN FIELD THEORY FOR
THE DQCP SPECTRA

In this section, we provide theoretical account for the over-
all shape of the dynamic spin structure factors Sx (q,ω) and
Sz(q,ω) observed at the DQCP. The easy-plane DQCP admits
several candidate field theory descriptions, including the easy-
plane NCCP1 theory [1–3], the Nf = 2 noncompact QED3
theory [6,7,9–13], and the Nf = 2 QCD3 theory [5,13] (or
its Higgs descendent Nf = 4 compact QED3 [4,6,13,15,16])
with additional anisotropy in the SO(5) symmetric tensor
representation. Although all theories are believed to provide
equivalent descriptions of the low-energy physics under pro-
posed duality relations [13], some of them are more conve-
nient to handle by mean-field treatment than others. Among
these theories, we found that the Nf = 2 QCD (or Nf = 4
QED) theory gives the best account for the overall spectral
features at the mean-field level. Because, in these theories,
both the AFM and VBS order parameters are treated on equal
footing as fermionic parton bilinears, it is already possible
to approximately capture both spin and dimer fluctuations at
the free fermion level (ignoring gauge fluctuations and local
interactions). Figure 5 shows the comparison of the dynamics
spin-structure factors between numerics and theory, based on
the parton mean-field theory. The overall features match quite
nicely. However, if similar mean-field treatment were applied
to other dual field theories such as the NCCP1 or the Nf = 2
noncompact QED3 theories, some low-energy continua that
involve gauge monopole excitations will be missing, as the
gauge fluctuation can not be captured at the mean-field level.

Let us start with the parton construction on the square
lattice [60], where the spin operator Si is fractionalized into
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exhibit VBS phases, sign problems in quantum Monte Carlo
(QMC) simulations and other technical difficulties in methods
such as the density matrix renormalization group and tensor
product states prohibit studies of the large system sizes needed
to reliably characterize critical points. However, for generic
and universal properties, other “designer hamiltonians” [18]
can be constructed that do not suffer fromQMC sign problems
but still host the desired phases. Many such studies have
pointed to the existence of the DQCP in both two-dimensional
(2D) quantum magnets [19–28] and related (through the
path integral) three-dimensional (3D) classical models
[29–32]. In these studies it has been observed, e.g., that
the order parameters have unusually large anomalous dimen-
sions [21,24,25,27,28,31], which is an important deviation
from the common 3D Wilson-Fisher fixed point. More con-
crete evidence of deconfinement has been found by directly
probing the length scale associated with the fractionalization
process [25,33] and from thermodynamics [34]. However, the
experimentally most direct signatures of a DQCP, the dynamic
spin structure factor S(q,ω), have so far not been calculated
in the case of electronic spins (while there are already some
intriguing results for an SU(3) symmetric model [35]). His-
torically, in quasi-1D systems, the experimentally observed
spinon continuum, which agrees with calculations for the
spin-1/2 Heisenberg chain, was crucial in establishing spinon
deconfinement. Indications of fractionalized magnetic exci-
tations in 2D quantum spin liquids have also been similarly
observed [36–42]. Given that S(q,ω) is detectable by multiple
experimental techniques, including inelastic neutron scatter-
ing (INS), resonant inelastic x-ray scattering (RIXS), and
nuclear magnetic resonance (NMR), identifying the distinct
signatures of fractionalization in S(q,ω) at the DQCP will
provide a useful guide to experimental searches for DQCPs in
magnetic materials. Since the qualitative features of S(q,ω)
remain the same in the entire critical “fan” extending from the
critical point to finite temperature, the dynamical signatures
proposed in our study should be robustly observed even if
the experimental parameter is slightly off the critical point.
Moreover, due to a recently investigated duality relation be-
tween the DQCP and a certain bosonic topological transitions
(BTTs) in fermion systems [13,27,28], similar dynamical
signature of fractionalization is also expected in interaction-
driven topological phase transitions. Therefore, our work also
can impact the ongoing efforts in finding experimentally ac-
cessible signatures of topological phase transitions in strongly
correlated electron systems.

In this paper, we will investigate a U(1) version of the
DQCP on the square lattice, with the easy-plane J -Q (EPJQ)
model defined by the Hamiltonian

HJQ = −J
∑

〈ij〉

(
Pij + !Sz

i S
z
j

)
− Q

∑

〈ijklmn〉
PijPklPmn, (1)

where Si denotes the spin-1/2 operator on each site i and
Pij = 1

4 − Si · Sj is the singlet-projection operator on the link
ij (between nearest-neighbor sites). The two- and six-spin
terms are both illustrated in Fig. 1(a). For ! = 0, this is the
previously studied SU(2)spin J -Q3 model [21,22,43], which
is an extension of the original J -Q model (or J -Q2 model)
[20], with two instead of three singlet projectors in the Q

AFXY DQCP VBS

EPJQ

J
i j
k l
m n

Q

q = Q
J+Q

(a)

AFXY 3D XY Columnar

EPJ1 J2
J1

J2

g = J2
J1

(b)

= 1

2
−

FIG. 1. The two lattice models considered in this paper and their
schematic phase diagrams. (a) The EPJQ model with two-spin (J )
and six-spin (Q) couplings preserve all symmetries of the square
lattice. We define the tuning parameter chosen as q = Q/(J +Q).
The antiferromagnetic XY (AFXY) phase is separated by the DQCP
at q = qc from the columnar VBS phase, which spontaneously
breaks lattice symmetries but which has significant fluctuations of
the fourfold degenerate dimer pattern close to qc, as indicated. (b)
The EPJ1J2 model, with the tuning parameter g = J2/J1. The J2 term
explicitly pins a columnar dimer pattern and drives the AFXY phase
to the spin-disordered trivial (nondegenerate) columnar singlet phase
(without spontaneous lattice symmetry breaking) through the 3DXY
transition at g = gc.

terms. With three singlet projectors, we can go further into the
VBS state while still keeping J > 0 in sign-free QMC simu-
lations. The term !Sz

i S
z
j with ! ∈ (0, 1] introduces the easy-

plane anisotropy that breaks the SU(2)spin symmetry down to
U(1)spin explicitly. It has been shown [27] that when ! = 1/2
(which is the value we will use here), the EPJQ model exhibits
a direct and continuous quantum phase transition between the
antiferromagnetic XY (AFXY) and VBS phases, as illustrated
in Fig. 1(a), realizing the easy-plane DQCP (while for larger
anisotropy, such as ! = 1, the transition becomes first-order).
The XY order parameter has a U(1)spin rotational symmetry
and the VBS order parameter exhibits an emergent U(1)VBS
symmetry as the DQCP is approached, and, as argued based
on dualities [13], the two U(1) symmetries combine to form
an emergent higher O(4) symmetry exactly at the DQCP.

To make a comparison with the EPJQ model, we will also
study an easy-plane J1-J2 (EPJ1J2) model,

HJ1J2 = J1
∑

〈i,j〉′
Dij + J2

∑

〈i,j〉′′
Dij , (2)

whereDij = Sx
i S

x
j + S

y
i S

y
j + !Sz

i S
z
j . The J1 bonds 〈i, j〉′ and

the J2 bonds 〈i, j〉′′ correspond to the thin black and the thick
blue bonds in Fig. 1(b), respectively. Since the Hamiltonian
explicitly breaks the lattice symmetry, with the J2 terms pin-
ning a columnar pattern of bonds with higher singlet density,
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fundamental, massless, Dirac fermions.
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fermionic spinons moving in ⇡-flux.
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].
The analysis of the ARPES spectra in Fig. 2 indicates a

SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).

PRL 95, 077001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
12 AUGUST 2005

077001-2

<latexit sha1_base64="NNpCd4dz3xxjIu7joHf6CHgECYg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZnIGvUW9OIxgbwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MVVLSgoajqprvLiwVXGuMPq7Cyura+UdwsbW3v7O6V9w86KkokZW0aiUj2PKKY4CFra64F68WSkcATrOtNbzK/e8+k4lHY0rOYuQEZh9znlGgjNVvDcgXb59i5cjDCNl4gI04N4xqq5koFcjSG5ffBKKJJwEJNBVGqX8WxdlMiNaeCzUuDRLGY0CkZs76hIQmYctPFoXN0YpQR8iNpKtRooX6fSEmg1CzwTGdA9ET99jLxL6+faP/STXkYJ5qFdLnITwTSEcq+RiMuGdViZgihkptbEZ0QSag22ZRMCF+fov9J58yu1myn6VTq13kcRTiCYziFKlxAHW6hAW2gwOABnuDZurMerRfrddlasPKZQ/gB6+0T6cqNBw==</latexit>

T

<latexit sha1_base64="RRfwJso2a5BphLuOf1fm4bX6QRo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZmVNeot6MVjAuYByRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE1WUNGChqKqm+4uPxFcaUI+rNLS8srqWnm9srG5tb1T3d3rqDiVDNosFrHs+VSB4BG0NdcCeokEGvoCuv7dVe5370EqHkc3epqAF9JxxAPOqDZSKxlWa8Q+Je6FSzCxyRw5ceuE1LFTKDVUoDmsvg9GMUtDiDQTVKm+QxLtZVRqzgTMKoNUQULZHR1D39CIhqC8bH7oDB8ZZYSDWJqKNJ6r3ycyGio1DX3TGVI9Ub+9XPzL66c6OPcyHiWphogtFgWpwDrG+dd4xCUwLaaGUCa5uRWzCZWUaZNNxYTw9Sn+n3RObKduuy231rgs4iijA3SIjpGDzlADXaMmaiOGAD2gJ/Rs3VqP1ov1umgtWcXMPvoB6+0TFEmNIw==</latexit>p

<latexit sha1_base64="8qmPbCdmWvnnVw6lis6qF/4s5nQ=">AAACIXicbVDLSgMxFM34rPVVdSnCYBFclWnFx7IoiAsXFewDOqVkMrdtaCYzJHfUMnTlp7hyq1/hTtyJ3+A/mD4Ubb0QODnnnnuT40WCa3Scd2tmdm5+YTG1lF5eWV1bz2xsVnQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOp1zwZ69QaU5qG8xl4EjYC2JW9xRtFQzcyO60Gby4SBRFD99PmlC9L/vjYzWSfnDMv+AflJkCXjKjUzn64fsjgwdiao1vW8E2EjoQo5E9BPu7GGiLIubUPdQEkD0I1k+I2+vWcY326FyhyJ9pD97UhooHUv8ExnQLGjJ7UB+Z9Wj7F10ki4jGIEyUaLWrGwMbQHmdg+V8BQ9AygTHHzVpt1qKLMZGAmaTCxyjZ2EhfhDm+5b/YkB1wO8plKYxpUCrn8Ue7wqpAtno6TSpFtskv2SZ4ckyK5ICVSJozck0fyRJ6tB+vFerXeRq0z1tizRf6U9fEFgiulXw==</latexit>

FL

<latexit sha1_base64="qg7bsVuZtC4GvW6mcWvd8lRt4XU="></latexit>

d-wave superconductivity.
Charge order.

<latexit sha1_base64="7lcSYnc3Xtj4e6hqU4MCbJqiXOc=">AAACInicbVDLSgMxFM3UV62vqktBBovgqkwrPpY+QNwIFewDOqVkMrdtMJMZkjtqGbrzU1y51a9wJ64Ef8F/MH0o2nohcHLOPfcmx4sE1+g471Zqanpmdi49n1lYXFpeya6uVXQYKwZlFopQ1TyqQXAJZeQooBYpoIEnoOpdn/b16g0ozUN5hd0IGgFtS97ijKKhmtlN14M2lwkDiaB6meOzCxek/31vZnNO3hmU/QMK4yBHRlVqZj9dP2RxYOxMUK3rBSfCRkIVciagl3FjDRFl17QNdQMlDUA3ksE/eva2YXy7FSpzJNoD9rcjoYHW3cAznQHFjh7X+uR/Wj3G1mEj4TKKESQbLmrFwsbQ7odi+1wBQ9E1gDLFzVtt1qGKMpOBmaTB5Crb2ElchDu85b7Zk+xy2c9nIo1JUCnmC/v5vcti7uhklFSabJAtskMK5IAckXNSImXCyD15JE/k2XqwXqxX623YmrJGnnXyp6yPLxwMpas=</latexit>

AFM

<latexit sha1_base64="3XTbQ12REAjMx6isiUPpxkAgOJM="></latexit>

FL*

Hole pockets

and spin liquid

<latexit sha1_base64="Onz/YMW4taSCbBEKN4fk5+3EJmM="></latexit>

Strange
metal

<latexit sha1_base64="ubS6g63rGF1SNps7jnnDzxU+xCQ=">AAAB+3icbVDLTgIxFO3gC/E14tJNI5i4msyggkuiG5aYyCOBCemUztDQaSdtx0gIv+LGhca49Ufc+TcWmERFT3KTk3Puzb33BAmjSrvup5VbW9/Y3MpvF3Z29/YP7MNiW4lUYtLCggnZDZAijHLS0lQz0k0kQXHASCcY38z9zj2Rigp+pycJ8WMUcRpSjLSRBnaxQaNIwUAowWG53xzR8sAuuU714rzmVaHruAt8Ey8jJZChObA/+kOB05hwjRlSque5ifanSGqKGZkV+qkiCcJjFJGeoRzFRPnTxe0zeGqUIQyFNMU1XKg/J6YoVmoSB6YzRnqkVr25+J/XS3V45U8pT1JNOF4uClMGtYDzIOCQSoI1mxiCsKTmVohHSCKsTVwFE4K3+vJf0q44XtW5vK2U6tdZHHlwDE7AGfBADdRBAzRBC2DwAB7BM3ixZtaT9Wq9LVtzVjZzBH7Bev8CutSTmg==</latexit>

Higgs boson �

<latexit sha1_base64="9mxy9R0QiwmAygNA/ST++J8LOtw=">AAAB+HicbVBNTwIxEO3iF+IHqx69NIKJp80uKngkeOGIiQgJbEi3dJeGbrtpuyZI+CVePGiMV3+KN/+NBTZR0ZdM8vLeTGbmBQmjSrvup5VbW9/Y3MpvF3Z29/aL9sHhnRKpxKSNBROyGyBFGOWkralmpJtIguKAkU4wvp77nXsiFRX8Vk8S4sco4jSkGGkjDexik0aRgoFQgsNyozywS65TvTiveVXoOu4C38TLSAlkaA3sj/5Q4DQmXGOGlOp5bqL9KZKaYkZmhX6qSILwGEWkZyhHMVH+dHH4DJ4aZQhDIU1xDRfqz4kpipWaxIHpjJEeqVVvLv7n9VIdXvlTypNUE46Xi8KUQS3gPAU4pJJgzSaGICypuRXiEZIIa5NVwYTgrb78l9xVHK/qXN5USvVGFkceHIMTcAY8UAN10AQt0AYYpOARPIMX68F6sl6tt2VrzspmjsAvWO9fXSuSQQ==</latexit>

Higgs boson B
<latexit sha1_base64="4pfX6SXMOVAeuVoTwz86JZopvqE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AruBpmqrYui266rGAf0A5DJk2noZlkSDJCrV34K25cKOLW33Dn35g+QK0euHA4517uvSdMGFXadT+tzNLyyupadj23sbm1vWPv7jWUSCUmdSyYkK0QKcIoJ3VNNSOtRBIUh4w0w8HVxG/eEqmo4Dd6mBA/RhGnPYqRNlJgH1RpFCkYCiU4LNwFHcSSPioEdt51SmenZa8EXced4pt4c5IHc9QC+6PTFTiNCdeYIaXanptof4SkppiRca6TKpIgPEARaRvKUUyUP5reP4bHRunCnpCmuIZT9efECMVKDePQdMZI99WiNxH/89qp7l34I8qTVBOOZ4t6KYNawEkYsEslwZoNDUFYUnMrxH0kEdYmspwJwVt8+S9pFB2v5JxfF/OVy3kcWXAIjsAJ8EAZVEAV1EAdYHAPHsEzeLEerCfr1XqbtWas+cw++AXr/QsQkpWA</latexit>

Higgs boson z↵

{ <latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>JK
<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?{<latexit sha1_base64="zbyWf6NOCggbOvfkqXmQVwF0B1g=">AAACBnicdVDLSgNBEJyNrxhfUY9eBqPgadkkusZb0ItHBROFJMjspJMMmZ1dZnrVsOTuyat+hTfx6m/4Ef6Dk4egogUNRVU33V1BLIVBz3t3MjOzc/ML2cXc0vLK6lp+faNuokRzqPFIRvoqYAakUFBDgRKuYg0sDCRcBv2TkX95A9qISF3gIIZWyLpKdARnOJJ2jndy1/mC51ZK+2X/kHquV/b3PX9MKhX/iBZdb4wCmeLsOv/RbEc8CUEhl8yYRtGLsZUyjYJLGOaaiYGY8T7rQsNSxUIwrXR865DuWqVNO5G2pZCO1e8TKQuNGYSB7QwZ9sxvbyT+5TUS7FRaqVBxgqD4ZFEnkRQjOnqctoUGjnJgCeNa2Fsp7zHNONp4ck0DNjvVxV7aRLjDW9G2e9KyUEObz1cI9H9SL7lF3z04LxWqx9OksmSLbJM9UiSHpEpOyRmpEU565IE8kifn3nl2XpzXSWvGmc5skh9w3j4BjaiZmA==</latexit>B
<latexit sha1_base64="HIJ976WngP+NTeT8j3kJN8h2oQI="></latexit>

�

<latexit sha1_base64="edF9M8r/HPGMif5/1sX0RPG5aZ4=">AAAB8XicbVBNS8NAEN34WetX1aOXxVbwFJKqrceiF48V7Ae2oUy2m3bpZhN2N0IN/RdePCji1X/jzX/jtg2o1QcDj/dmmJnnx5wp7Tif1tLyyuraem4jv7m1vbNb2NtvqiiRhDZIxCPZ9kFRzgRtaKY5bceSQuhz2vJHV1O/dU+lYpG41eOYeiEMBAsYAW2ku9JDrws8HkKpVyg6duXstOpWsGM7M3wTNyNFlKHeK3x0+xFJQio04aBUx3Vi7aUgNSOcTvLdRNEYyAgGtGOogJAqL51dPMHHRunjIJKmhMYz9edECqFS49A3nSHooVr0puJ/XifRwYWXMhEnmgoyXxQkHOsIT9/HfSYp0XxsCBDJzK2YDEEC0SakvAnBXXz5L2mWbbdin9+Ui7XLLI4cOkRH6AS5qIpq6BrVUQMRJNAjekYvlrKerFfrbd66ZGUzB+gXrPcvCi6QhA==</latexit>z↵


