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ABSTRACT: We study applications of spectral positivity and the averaged null energy condition
(ANEC) to renormalization group (RG) flows in two-dimensional quantum field theory. We
find a succinct new proof of the Zamolodchikov c-theorem, and derive further independent
constraints along the flow. In particular, we identify a natural C-function that is a completely
monotonic function of scale, meaning its derivatives satisfy the alternating inequalities
(—1)*C™(42) > 0. The completely monotonic C-function is identical to the Zamolodchikov
C-function at the endpoints, but differs along the RG flow. In addition, we apply Lorentzian
techniques that we developed recently to study anomalies and RG flows in four dimensions,
and show that the Zamolodchikov c-theorem can be restated as a Lorentzian sum rule relating
the change in the central charge to the average null energy. This establishes that the ANEC
implies the c-theorem in two dimensions, and provides a second, simpler example of the
Lorentzian sum rule.

KEYWORDS: Anomalies in Field and String Theories, Renormalization and Regularization,
Renormalization Group, Scale and Conformal Symmetries

ARXIv EPRINT: 2310.15217

OPEN ACCESS, © The Authors.

Article funded by SCOAP, https://doi.org/10.1007/JHEP01(2024)102



Contents

1 Introduction 1
2 A c-theorem appetizer 4
2.1 The c-theorem from the positive spectrum axiom 4

2.2 Zamolodchikov’s derivation

3 General monotonicity conditions 6
3.1 Inequalities from the positive spectrum condition 6
3.2 Complete monotonicity from the spectral measure 7

3.2.1 Completely monotonic functions 7
3.2.2 Complete monotonicity of F 7
3.3 Examples 9
3.3.1 Free massive scalar 9
3.3.2  Free massive fermion 10

4 The ANEC in two dimensions 11

5 Lorentzian sum rule 12
5.1 Review of the Zamolodchikov sum rule 13
5.2  Sum rule from the 3-point function 15

5.2.1 Comparison to the Zamolodchikov sum rule 17
5.3 The c-theorem from the ANEC 17
5.4 FExamples 17
5.4.1 Free massive scalar 18
5.4.2 Free massive Majorana fermion 18

A Varying the trace anomaly 20
A.1 Correlator conventions 20
A.2 Trace anomaly 21
A3 (T,,0) 21
A4 (T,,00) 22
A.5 Lorentzian correlators 23

1 Introduction

A fully consistent quantum field theory (QFT) can abstractly be thought of as a renormal-
ization group (RG) flow between two conformal field theories (CFTs). The starting point
is a UV fixed point, perturbed by relevant and marginal operators to trigger a flow in the
space of theories. It is a longstanding open problem to characterize the allowed flows in
theory space, and to understand their underlying structure.



This subject is guided by C-theorems, which are often said to encapsulate the following
intuition. Along the renormalization group flow, from the high-energy (UV) fixed point to
the low-energy (IR) fixed point, we expect the total number of degrees of freedom to decrease.
This is consistent with the Wilsonian picture of renormalization, where high-energy degrees
of freedom are progressively integrated out as we proceed to lower energies. It is however
not clear how to characterize degrees of freedom, and C-theorems exhibit diverse forms in
different dimensions, lacking a unified, dimension-independent description. Moreover, the
C-theorems in greater than two dimensions have only an indirect and tenuous connection
to the intuition that the C-function counts degrees of freedom.

A C-function is a function on the space of quantum field theories that is universal
at conformal fixed points — that is, it depends only on the physical data of the CFT —
and monotonic under RG flow. If a C-function exists, then the renormalization group is
irreversible [1]. There is a candidate for a universal quantity that counts degrees of freedom
at fixed points, related to the free energy on a sphere (and to a subleading term in the
entanglement entropy) [2—4]. However monotonicity has been proven only in certain cases
including dimensions d = 2 (the c-theorem [1]), d = 3 (the F-theorem [5]), and d = 4 (the a-
theorem [2, 6]), as well as supersymmetric theories in six dimensions [7-9] and holographic RG
flows in all dimensions [10]. These results highlight a fascinating interplay between holographic
duality, quantum information, and more traditional approaches to quantum field theory.

In two dimensions, the degrees of freedom of a CFT are characterized by its central
charge, c¢. There are various arguments for why the central charge counts degrees of freedom;
for example, it is the coefficient of the thermal free energy [11] and the vacuum entanglement
entropy [12]. Zamolodchikov’s pioneecring work identified a particular C-function, which is
a linear combination of form factors in the stress tensor two point function, and flows to ¢
at conformal fixed points. Invoking reflection positivity of the Euclidean two-point function
(©©), where © = T is the trace of the stress tensor, he proved that

CIR < cUv, (1.1)

for the central charges at the endpoints of an RG flow. This is the c-theorem.

Our work focuses on deriving universal constraints on two-dimensional QFTs by applying
two closely related positivity conditions. The first is the positive spectrum Wightman axiom,
which asserts that the spectrum of the momentum operator P* lies in the closed forward
lightcone. In Euclidean notation with ds? = |dz|?, let us denote the null momenta by

=P, E=-P;. (1.2)

The positive spectrum axiom in two dimensions is equivalent to the statement that these
operators are positive semi-definite:

>0, £>0. (1.3)

The second positivity condition that we will apply is the averaged null energy condition
(ANEC). The averaged null energy (ANE) operator is

&@:/MRWML (1.4)



with u a null coordinate. The ANE is a non-local operator that exhibits remarkable properties.
In quantum field theory in Minkowski spacetime, the ANEC states that this operator is
non-negative,

£.>0. (1.5)

This was first discussed in the context of general relativity, where it is necessary to prove clas-
sic theorems on causality, positive energy, and wormholes [13-15]. In QFT, it was originally
proven in free theories and lower dimensional settings [16-19], and there are now two deriva-
tions for interacting theories in higher dimensions, that rely respectively on quantum informa-
tion [20] and conformal bootstrap techniques [21]. In QFT, the ANEC has provided several
non-trivial constraints on the coupling constants and anomaly coefficients in CFTs [22, 23] (see
also [21, 24-30]). It is the prototypical example of a light-ray operator, which have a wide array
of applications ranging from holography [22, 23, 31-37] to particle phenomenology [22, 38—40],
the Lorentzian inversion formula [21, 41, 42], and quantum information [20].

In two dimensions, the ANEC and the positive spectrum axiom are closely related —
possibly equivalent. As we will discuss below, in a theory that is either conformal or gapped,
one can prove &, = P, and so these positivity conditions are identical. It is plausible that
this equality holds in a dense set of states in all 2d QFTs, but we do not have a general proof
for theories that flow to a nontrivial IR fixed point. We will therefore state our results as
derived from either the ANEC or the positive spectrum axiom, keeping in mind that under
some additional assumptions these are in fact the same.

Using the positive spectrum axiom, we will first give a very simple new proof of the
c-theorem. The C-function we obtain from this proof is different from Zamolodchikov’s,
though of course it agrees at the endpoints of the RG flow. While Zamolodchikov’s C-function
is built from a linear combination of (7%,T.), (1..0), and (00), we show that the stress
tensor two-point function itself provides a monotonic C-function:

C = 8?24 T..(2,2)T..(0)) . (1.6)

In fact, C' is a completely monotonic function of scale, meaning its derivatives along the RG
flow have alternating signs. This statement is derived both from the positive spectrum axiom
and, separately, from the spectral decomposition of the two-point function, using a theorem
relating complete monotonicity to positivity of the inverse Laplace transform. We also find
an infinite set of other, similar constraints on the two-point functions.!

We then describe another new derivation of the c-theorem, using the Lorentzian method
that we developed in a recent paper on the four-dimensional a-theorem [43]. This method,
based on the ANEC, is suitable for either two or four dimensions as it does not use the
connection to the Poincaré generators, but instead uses the three-point function (©&,0). In
a QFT that flows between two conformal fixed points, we derive the following sum rule for
the change in the central charge, written in the metric ds? = —dudv:

Ac=cyy — cig = —671'/

v

a2y / Py (11 — us)? (O(21)Ton(0)0(22)) . (1.7)
1<0 12<0

'We initially found only the first few constraints. We thank Clay Cérdova for posing the question of
whether it is possible to characterize the complete set of constraints of this type.



A similar sum rule for the change in the Euler coefficient Aa in four dimensions was recently
derived in [43] and relies on the same machinery. The only difference between two and
four dimensions is the kernel in the integrand. These sum rules come from matching the
conformal anomaly in the IR. The sum rule in (1.7) can be rewritten as an expectation
value of the averaged null energy,

Acr (Y€ (0)) (1.8)

for a particular wavepacket |¢) in a low-frequency limit. We therefore obtain the c-theorem
as a direct consequence of the ANEC in this state. Using the relation between the ANE
and the null momentum, we also show that the sum rule (1.7) is equivalent to the sum
rule derived by Zamolodchikov.

Outline. We start with the short and simple derivation of the c-theorem in two dimensions
from the positivity of null momentum, together with a brief review of the usual derivation, in
section 2. In section 3, we derive the monotonicity properties that are obeyed by the coefficient
functions in (7},,T,3). In light of Bernstein’s theorem on completely monotonic functions,
this implies that some combinations of these form factors have non-negative inverse Laplace
transforms, which we confirm using the spectral representation. We then illustrate complete
monotonicity in two examples, the free massive scalar and free massive Majorana fermion.
In section 4, we spell out the connection between the ANE operator and the generator of
null translations in two dimensions in detail. In section 5, we discuss the contact terms at a
conformal fixed point in two dimensions, derive the contact terms in the retarded correlator
(R [E4;©0]) as well as the time-ordered correlator (7 [£,00]), and match the anomaly
between the UV and the IR for a theory that flows between two fixed points. This allows us
to derive Lorentzian sum rules that imply the c-theorem. We also work out the example of a
free massive scalar and free massive Majorana fermion. More details on the computations of
the contact term in CFT using the conformal anomaly are presented in appendix A.

2 A c-theorem appetizer

2.1 The c-theorem from the positive spectrum axiom

To begin, we will describe what is probably the simplest possible derivation of the Zamolod-
chikov c-theorem. Let us first setup the notation. Our convention for the stress tensor
in Euclidean signature is

2 6Sg 2 6
T,uu = T =% v’ - =
V9 09 V9 o9

with Sg the Euclidean action. Note that the convention (2.1) differs by a factor of —27

(Th) = log 7, (2.1)

from some of the two-dimensional CFT literature. The null momenta defined in (1.2) are
the generators of translations, such that

[£,0(z,2)] = i00(z, 2), [£,0(z,2)] = —i00O(z, %), (2.2)

with @ = 9, and 9 = 9;.



Let us consider a 2d QFT with mass scale s = M? that flows between two conformal
fixed points. By dimensional analysis, the stress tensor correlator takes the form [1]

1

(TZZ(Z7§)TZZ(0)> = W

F(zzs). (2.3)

Inserting the operator £, we obtain the following equalities

S%F = Z0F = —871%iz2M(T,.(2,2)ET..(0)) . (2.4)

Choose z =i so that <Tzngzz> can be interpreted as an expectation value, and the prefactor

evaluates to izz* = 1. Applying the positive spectrum axiom (1.3) we conclude that

o
—F <0. .
5. F <0 (2.5)

At the conformal fixed points, F' = ¢ and (2.5) implies the c-theorem [1]:
CIR < Ccuv - (2.6)

The change in the central charge can also be written as a sum rule. Equation (2.4) is
equivalent to

|2|? F = —2(2m)%i|2*23 (T12(2, 2)ET.(0)) . (2.7)

0
|zI?
Therefore

Ac = F(0) — F(oo) = — /OOO d|z[? 8|(Z|2F — i / PP T DET0) - (28)

2.2 Zamolodchikov’s derivation

For comparison, let us briefly review Zamolodchikov’s original derivation. In addition to (2.3)
the other components of the stress tensor 2-point function take the form

1

(O(z,2)T:2(0)) = WG(SVF) (2.9)
(O(90(0)) = Gz H(lel).

with similar expressions involving Tzz. The trace is © = TM“ = 4T,5, and the conservation
equation 9,T* = 0 implies

oT,. = —ia@, 0T = —ié@. (2.10)

This implies the following relations amongst two-point correlators:
2F+G—-3G =0, 4G+ H—-4G—-2H =0, (2.11)

at separated points (z # 0), with X = S%X . These relations can be combined into

0 3
S%CZam = _ZH, (212)



with the Zamolodchikov C-function
3
Cram=F — G~ 2H. (2.13)
Reflection positivity requires H > 0. Therefore, Cza,(s|2|?) decreases monotonically as a

function of s. At long and short distances, the theory is conformal and the trace © vanishes, so
G = H =0, while F approaches the central charge of the CFT at the fixed points. Therefore

l% CZam = F(O) = CUv, algIolc CZam = F(OO) = CIR - (2.14)

This establishes the c-theorem, cyy > ¢rg, with strict inequality for nontrivial flows where
© # 0. Integrating (2.12) gives the sum rule [1, 44]

Ac=3m d?z |2|*(9(z, 2)0(0)) . (2.15)

270

Let us compare this original derivation to the derivation above. Positivity of (©©) leads to
the Zamolodchikov C-function Cy,,,, while positivity of <Tzngzz> implies that F itself is
monotonic, and thus serves as a C-function. These are two different C-functions that agree at
the endpoints, but differ along the flow. The Zamolodchikov C-function has a natural flow in
the space of couplings, while we will see that F' satisfies an infinite set of additional inequalities.

3 General monotonicity conditions

More inequalities can be generated by inserting higher powers of £ and & in the stress tensor
2-point functions. We will now show that this leads to an infinite class of constraints on the
scale dependence of the coefficient functions F', G, and H defined in (2.3) and (2.9).

3.1 Inequalities from the positive spectrum condition

Acting on an arbitrary function f(|z|?s), we have
505 f(|2*s) = 20f (12[*s) = 20f (|2s). (3.1)

Using the Poincare algebra (2.2) and applying this identity repeatedly, it is straightforward
to derive the relations

_ 8m+2
(O EmEO0) = ¢ 271T)Q e (ﬂ@g%) (3.2)
-~ 1 Sm+4
(Toa(2, 2)EME"T2:(0)) = 5 B T o (5" 40uF) . (3.3)

By the positive spectrum axiom, the expectation value (¥|E™E™| W) is non-negative in any
state |U). By setting z = 4, Z = —i we can interpret the two correlation functions above as
expectation values in the states |U) = e_H/2(~)(0)|O> and |¥) = e‘ﬁ/2TZZ(O)|O> respectively,
with H the Hamiltonian. Accounting for the prefactors we obtain the inequalities

(—1)mtnam <s"agg) >0 (3.4)

(~1)mngp (5" torF) > 0,



for any non-negative integers m and n. The second inequality, with (n,m) = (1,0), is the
case studied in section 2 which implies the Zamolodchikov c-theorem. Constraints on the
coefficient function G' can be obtained by using the conservation equation (2.10). For example,

£06I0) = 4€T..|0), (3.5)
which leads to
m—+3
\em+leon _ S m n—1 n+1G
(Ol DEIEO0) = gy <s o ;> . (36)
Setting z = —z = i gives the inequalities
(_1)m+na’£n (ya—la;z&l%) > 0. (37)

3.2 Complete monotonicity from the spectral measure

In this section we will show that the generalized inequalities derived above can be restated in
terms of completely monotonic functions. The complete monotonicity of F' is then analyzed
from another perspective in terms of the spectral representation.

3.2.1 Completely monotonic functions

A function f(s) is called completely mononotic if it is C* on s € (0,00) and its derivatives
obey the alternating inequalities

(—U”%;ﬂs) >0. (3.8)

According to the Bernstein theorem [45, 46], a necessary and sufficient condition for complete
monotonicity is that the function f(s) is the Laplace transform of a non-negative distribution,

f(s) = /0 T e (N (3.9)

where g > 0 and the integral converges for s > 0. Therefore according to (3.4) and (3.7)
the functions

H,(s,|2]?) = (—1)"5"82%22'2) (3.10)
Fu(s,|2*) = (=1)"s" 100 F (s]=)
sl2[%)

Gn(S, |Z|2) = (_1)n5n—1a?+1 G(

S

are completely monotonic in s for integer n > 0.

3.2.2 Complete monotonicity of F

In particular, the case F,— implies that the function F(s|z|?), seen as a function of s, is
completely monotonic. We will now give a second derivation of this fact using the spectral
representation to write it as the Laplace transform of a positive function.



The Kéllén-Lehmann spectral representation of the stress tensor 2-point function in
two dimensions is [47]

9] 2 . _ _
Byl T 0)) = g3 [ o) [ gty eGPk g k) (5.1

where the spectral density p(u) is non-negative,
o) = 0. (312)

Starting from equation (3.11), we can perform the Fourier transform to obtain the stress
tensor two-point function in terms of a single integral over u. To perform these integrals,
we will need the following standard result:

o0 e—az)\—g . r 1—%
AN\ ——— =2 — Kn_ . 3.13
/0 5 () s 1 (ar) (3.13)

N3

We can now start from (3.11) and compute the momentum integral to write the two-point
function in terms of a single u integral. We derive

2 e dp-dpz i oiip.z:  Pi
T..(2)T. =— /| d paatipsE L2 14
(Ta(Ta(0) = 1= [~ o) [ @n? © P (3.14)
A
=— (=2 d ‘K 1
3502 <Z> /0 () Ky (1) (3.15)

where we introduced a Schwinger parameter A for the denominator, and then used (3.13)
to perform the A integral.
As shown in [47], the spectral density takes the general form

1. (p?
p(p) = crrd(p) + AR (3.16)
where cyg is the central charge of the infrared fixed point, s has dimensions of mass-squared and

sets the scale of the QFT, and p > 0. The delta function is defined such that [;° dpd(p) = 1.
Therefore the form factor is

F(s|z?) = 8n224(T..(2, 2)T:-(0)) (3.17)
2 4 (< dp, [y / &’p (p:)te?”
= = —p|— 1
CIR+32/O ,up<s @) P21 2 (3.18)
o0 2 o0 .
=cir+ gz‘l/o do?c%p (02) / ((21:))2 /0 d\ e”“p"”pge_’\(pus) ) (3.19)

where p-x = p,z+pzz. To obtain the third line, we have redefined the integration variables first
as 1> — o2s and then as p — op, and introduced a Schwinger parameter for the denominator.
We can then exchange the order of integration to find the Laplace transform representation

OO A
F(s|z]?) = cm+/ AN E( |22)e ™, (3.20)
0



where

2
P\ |2P?) 3/ iﬁ ) st [/ (;“)9 671"“—@2} . (3.21)
o2 i
The Gaussian integral is
/ Cp opegwt = L kF (3.22)
J (2m)? TN ' '

We can thus finally obtain F'(), |z|?), which is given by

2| _ %2
F(\)2P2) 3()'72/\5 / do? o%p (%) e . (3.23)

This is manifestly positive. It follows that F(s|z|?) is a completely monotonic function of s.

3.3 Examples

In this section, we illustrate the generalized monotonicity constraints in the case of a free
massive scalar and a free massive Majorana fermion.

3.3.1 Free massive scalar

Consider a free massive scalar field of mass m, with the action

1
-3 / /=g ((96)° +m?¢*) | (3.24)
and stress tensor
1
Tuw = = 59w (70" + (90)°) + 046000, (3.25)

such that T.,(z,%) = (9.¢(z, 2))%. The propagator is

Go(2,2) = (9(= o(0)) = 5 Kolml]) (3.26)

where the subscript b refers to boson. The stress tensor two-point function, computed by
Wick contractions, is

(Toa (2, 2)Toa (0)) = 2—02G)? = (Z)QK (m\/z2>2 (3.27)
z2z\~s 2z - b - 327‘(’2 > 2 . .
The spectral density in the stress tensor two-point function is [47]
s2 45\ "3
pl) = 2455 (1= 35 ) 70 (u-25) (3.28)

with s = m?, which corresponds to

~1/2
py(t) = 24%2 (1 - %) o(t—4). (3.29)
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Therefore the positive function F' defined in (3.23) is

3 2 |2 5 5 4N\TV2 e
B J2?) = 128A5A doto? (1- ) e (3.30)
o

21° i |22 |2
= oo ||PKo | 5y +<|z|2+/\)K1 ol - (3.31)

Performing the Laplace transform in (3.20) reproduces the stress tensor form factor obtained
from (3.27),

Fb(s|z|2) = 2(27r)224 (T..(2,2)T,,(0)) = is2|z|4K2(|z|\/§)2 , (3.32)

thus confirming that Fj is a completely monotonic C-function. Note that Fj, is not the same
as the Zamolodchikov C-function given in (2.13), though of course it agrees at the endpoints
of the flow, where F,(0) = cyy = 1 and Fy(c0) = erp = 0. The function F}, and its first
few derivatives are plotted in figure 1. The complete monotonicity of F’/ 52, which is the
case Fp—2 in (3.10), is illustrated in figure 2.

3.3.2 Free massive fermion

We now consider a free massive Majorana fermion in two dimensions. The action is
S; = / P (V0= + P04 +imiy) | (3.33)

where 1, 1) are one-component spinors. The propagator is [48]

~ d2p e'ip~x 1 m [z 1/2
(¥ (2, 2)1(0,0)) = 20, V@T)zm} = —0:Ko (m|z]) = — o~ (;) K (mz]) ,
(3.34)
and the stress tensor derived from the action (3.33) has
0 - -
TZZ(Z,Z) = 57,&(2’,2)8277/)(2,2) : (335)

— 10 —



Correlators can be computed using Wick’s theorem. The stress tensor two-point function is

(Tez(z1, 2)Tez (22, 22)) = i [(9zy (Y1902)) (82, (P11h2)) — (P14h2) (02, 0z, (V1¢02))],  (3.36)

where ¥; = ¥(z;, %), leading to

Fy(s|2[?) = 22* [0. Ko (V5] 2) 03 Ko (vsl2]) — (92 Ko(V/sl2])?] . (3.37)

The spectral density for the stress tensor is [47]

1
S 4s\ 2
pr(i) =675 (1= 22) 0 (= 2v5) (3.39)
with s = m?, so
. 1 4\ 2
pr(t) =6 (1 _ ¥> o(t—4). (3.39)

Therefore, using (3.23), F is the Laplace transform of the manifestly positive function

R Z8 4 1/2 _62\z|2
Fr J2F) —5'12'»/ rtot (1-55) e (3:40)
IZI4 ET |2 2 |22
= oni® =Ko | 5y + (1P +40) K it
1

It follows that Fy is a completely monotonic C-function, interpolating from Fy(0) = cyy = 3
in the UV to Ff(oco) = ¢;gp = 0 in the IR.

4 The ANEC in two dimensions

So far we have worked in Euclidean signature and derived constraints from the positive
spectrum axiom. We will now venture into Lorentzian signature, with the aim of writing
a Lorentzian sum rule for Ac and deriving the c-theorem from the averaged null energy
condition (ANEC). We will first discuss the close relation between the ANEC and the positive
spectrum axiom.

In two-dimensional Minkowski space we use null coordinates ds®> = —dudv, with u = t—vy,
v = t+y. These are related by analytic continuation to the Euclidean coordinates ds? = |dz|?
by z = —u,z = v. With our conventions, the stress tensor is T}, = \Qﬁ 397> and the

classical null energy condition is Ty, Ty, > 0. The momentum operator is
By [, Vit (4-1)
b

where X is a Cauchy slice and u* is the forward-pointing timelike unit normal.
The averaged null energy (ANE) is the operator

Eulv) = / du T (1, 0) (4.2)

- 11 —



This operator has several nice properties, but in particular, the ANE operator is non-negative:

(YlEu(v)[¥) = 0, (4.3)

in any state [16-21]. In two dimensions, the ANEC is almost equivalent to the positive
spectrum axiom, which states that the spectrum of the momentum operator lies in the
closed forward cone [49]:

P! >0, P?<0. (4.4)
Equivalently,
P, <0, P, <0. (4.5)

To relate this to the ANEC, let us write the null momentum as an integral over the ¢t = 0
Cauchy slice,

o0
P = / dyTos (4.6)

Deforming the contour of integration as shown in figure 3 gives

1
P, = —Eu(v0) + 7/ o, (4.7)
45,01,
where we used T}, = —%@. 7, and Z, are segments of future and past null infinity, respectively:
Z; = {u=o0,v € (—o0,vg]} Iy = {u= —00,v € [vp,00)} . (4.8)

In states satisfying the physical condition that there is no flux of right-moving energy along
Ty or Iy, the trace term in (4.7) vanishes and we have

Eu=—P,>0. (4.9)

It seems plausible that £, = — P, holds within a dense set of states in any QFT, but we do
not have a general proof. In a CFT, it holds because © = 0. In a theory with a mass gap,
a rigorous proof of (4.9) in algebraic QFT can be found in [50, Theorem 2.5]. For theories
with a flow to a nontrivial IR fixed point, with local operators inserted at finite distance
from the origin, it also holds for the leading terms in the OPE.

If we assume &, = —P,, then the ANEC follows from the positive spectrum axiom. This
is quite different from the situation in higher dimensions, where the derivation of the ANEC
in interacting QFT relies on monotonicity of relative entropy [20] or causality/analyticity
of correlation functions [21].

5 Lorentzian sum rule

Consider a 2d QFT with mass scale M that flows from CFTyy to CEFTigr. Connected
correlation functions in the QFT are denoted (-), while the connected correlation functions
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Figure 3. Relation between the null translation generator P, and the ANE operator &, in 2d QFT.
The null momentum P,, initially defined on the ¢ = 0 slice, is deformed to the blue contour. This
implies P, = —&,, so long as © falls off fast enough that the contributions along Z; and Z, vanish.

of the UV and IR CFTs are denoted (-)yy and (-);1g. When not referring to any particular
CFT, the CFT correlators are written {-)cpr.
The trace of the stress tensor in a 2d CFT in curved space is

(©)cpr = ﬁ}u %A?. (5.1)

The first term is the Weyl anomaly, with ¢ the central charge and R the Ricci scalar of the

background spacetime. The second term, with A the UV cutoff and b a dimensionless constant,

can be removed by a local counterterm so it is customarily set to zero. It corresponds to
a cosmological constant in the effective action.

We tune the cosmological constant to zero in the UV, setting by = 0. The cosmological

constant will be generated along the RG flow, so in order to match the QFT we write the

trace at the UV and IR fixed points as

_cuv
(O)uv =5 R (5:2)
= — M~ . .
(©)m 247TR + 247 ! (5-3)

In this section we will discuss two manifestly-positive sum rules for the difference in central
charge between the two CFTs, i.e. Ac = cyy — crg. The first is Zamolodchikov’s sum rule
relating Ac to the Euclidean 2-point function, (©©), which we review. We then derive the
new sum rule relating Ac to the averaged null energy (©&,0) using the method developed
in [43]. We also show that in two dimensions, these sum rules are in fact equivalent using
the identity &, = — P, to reduce the 3-point function to a 2-point function.

5.1 Review of the Zamolodchikov sum rule

In section 2.2 we reviewed Zamolodchikov’s derivation of the c-theorem from the conservation
laws, which only uses the correlation functions at separated points. We will now review how
the same sum rule can be obtained by the studying the contact term in (©0).

In a CFT, any stress tensor correlation function involving at least one © can be obtained by
varying the Weyl anomaly (5.1) with respect to the metric. This is reviewed in appendix A.1.
The first variation gives the Euclidean 2-point function, which is

(O(z1)0(z9))crr = ﬁ(—a?? + A2 (z) — ), (5.4)

- 13—



and is derived in detail in appendix A. The Fourier transform is

(OU)O(—K)orr = [ e *(O(0)OO)crr = 1o (cK* +51%),  (55)

where we use the double bracket notation,
(O(k1) - O(kn)) = 2m) "6 D (ky + -+ + k) (Ok1) -+ O(kn)) - (5.6)

This computation is presented in appendix A. The formula (5.5) can be inverted to solve for the
central charge ¢. We simply act on both sides with the momentum Laplacian 9% = 0%, + 0%,
then set the momentum to zero. This produces the identity

c=3m G| _ (OUOO(-K))crr = —37 [ dat(O@OO)crr. (5.7

K=0

The integral in (5.7) is over Euclidean space, and the entire contribution comes from the
contact term at x = 0.

We will now apply this formula to the infrared CFT coming from an RG flow. The
correlators of the QFT match those of CFT;r at low momentum, i.e.

(O(K)O(-K)) = (0(K)O(-K))r , (5.8)

for K? < M?. The match includes the O(K?) term that is responsible for the IR anomaly.
Therefore,

cir =37 9| _ (O(K)O(=K)), (5.9)

K=0

where now the correlator on the right-hand side is in the QFT, not the CFT. Writing this
as a Fourier integral, we obtain

Cip = —37 / P 22(0(2)6(0)) (5.10)

The integral has a UV contact term at x = 0, which is controlled by the UV CFT, plus
contributions from separated points. Let us write the 2-point function in the QFT as

(B(2)0(0)) = (©(2)0(0))uv + (B(%)O(0))sep , (5.11)

where the first term is a pure contact term, and the second term is only nonzero at separated
points. Moving the UV contact term to the other side of (5.10), we find the sum rule

Ac=cyy —cip = 3w / d?x 2?(0(2)0(0))sep - (5.12)
This is the sum rule of Zamolodchikov [1] (see also [44, 47, 51]), as reviewed in section 2.2.
The right-hand side is manifestly positive because in Euclidean signature, reflection positivity

implies that

(©(2)0(0))sep = 0. (5.13)
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5.2 Sum rule from the 3-point function

We will now apply a similar strategy to the correlation function (6&,0), following [43]. This
is a Lorentzian correlation function, so ordering is important, and the sum rule will be in
Lorentzian signature. We nonetheless start in Euclidean signature. Varying the Weyl anomaly
a second time gives the Euclidean 3-point function (©©T,z)crr. In momentum space, the
result for the null-null component (which is presented in appendix A) is

c

(O(E1)O (K2) Tuu(Ks))orr = o

KluK2u . (514)

Since this is a pure contact term, the analytic continuation to the time-ordered, anti-time-
ordered, retarded, or advanced correlator in Lorentzian signature is trivial in momentum
space, as reviewed in [43, 52]. Time ordering 7 is defined in the standard way, and the
retarded ordering is defined

(R[Tap(w3); O(21)O(w2)]) = —0(ts — t1)0(t1 — ta2)([Tap(x3), O(x1)], O(22)]) — (21 <> x2)
+ contact terms. (5.15)

For O = O in a CFT only the contact terms are nonzero. By analytically continuing (5.14)
we obtain
<

(RlTuu(ks); ©(k1)O (k)] crr = —(T[O(k1)O(k2) Tuu(ks)lhcrr =

kiukoy - (5.16)

We use K for Euclidean momentum and k for Lorentzian momentum. The ANE operator is

1 A
Eulv) = — / dky €V T (ke = 0, k) = / dt Ty (0, 0) . (5.17)

This relation is used to calculate retarded and time-ordered correlators of the ANE from
(0OT,3). Thus integrating (5.16) using 6 (k) = $6(ky)8(ky) we find

(R[E4(0); ©(k1)O(k2)])crr = —(T [Eu(0)O(k1)O(k2)])crr = gklukgué(klu + kay) . (5.18)

Note that £,(0) = &, (v = 0) is in position space while the other operators are in momentum
space. The equation (5.18) can be inverted to solve for ¢ as follows: write the retarded
correlator in (5.18) as a Fourier transform, integrate both sides [ dkg,, act with —%(Zflu,

then set the momenta to zero. The result is
c=3n / &z, / P 125 (us) (R[E4(0); ©(21)O (w2)]) it - (5.19)

This holds in CFT, where the correlator is a pure contact term. To turn it into an RG sum
rule we will now follow the same strategy as in the derivation of the Zamolodchikov sum rule
above. First, we apply (5.19) to the IR CFT. Since the integral is a correlation function at zero
momentum, we can replace the IR, CFT correlation function by the QFT correlation function,

Cir = 31 / &y / 25 426 (un) (R[Ea(0); ©(21)0 (22)]) (5.20)
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Now we split the QFT correlator into three pieces:

(R[E€4(0); O(21)O(22)]) = (R[Eu(0); O(21)O(22)])sep + (RIE(0); O(21)O(22)]) e (5.21)
+ (R[Eu(0); ©(21)O(22)])uv

which are the terms with no points coincident (labeled ‘sep’ for separated), two points
coincident (labeled ‘PC’ for partial contact), and three points coincident, respectively.? In [43]
we showed that in d < 4, partial contact terms in this correlation function can only come from
marginal spin-2 operators O,g other than the stress tensor. In two dimensions, assuming
an interacting theory so there is a unique stress tensor, there are no such operators so the
partial contact term vanishes. This is a special feature of the lightray correlation function,
as the derivation of this result in [43] uses both the fact the ANE operator annihilates the
vacuum &,|0) = 0 [53] and properties of the stress tensor OPE.

Applying (5.21) to (5.20), discarding the vanishing partial contact term, and moving
the UV contact term to the other side, we obtain the sum rule

A / ey / 2y 028 (un) (R[E4(0): ©(21)O (2)]ysep - (5.22)
The retarded correlator at separated points is by definition

(R[E4(0); ©(21)O(22)])sep = —O(—v1)0(v1 — v2)([[€4(0), O(x1)], O(2)])sep — (1 ¢+ 2) . (5.23)

When the nested commutator is expanded in Wightman functions, many of the terms vanish
using &,|0) = 0. Only the two orderings where each trace is on one side of the lightray
integral (i.e. (©&,0)) survive. We therefore obtain the sum rule

cyv — Cc[gr = —67 /
Ju1<0

d*z / » d?zo u3d(u2)(O(21)E,(0)0(x2)) . (5.24)

There is no contribution to the integral from coincident points.
In (5.24) the ug position is fixed to zero. Using translation invariance we can instead fix
the null energy to the origin, which leads to the equivalent, more symmetrical sum rule

cov — cig = —61 / &Py / Py (1 — u9)2(O(21)Tuu(0)0(22)) . (5.25)
v1<0 v2<0

If we had started from the time-ordered rather than retarded correlator, the only differ-

ences would be the sign of the contact term and the arguments of the step functions when the

ordered correlator is expanded in Wightman functions. This leads to a time-ordered sum rule

Cyv — CIR = 67T/

v

&y / 3 w28 (12)(O(21)E4(0)O (w2)) (5.26)
1>0 v2<0

which is equivalent to (5.24) under rotating the vy contour.

2The formula (5.21) must be interpreted carefully: it holds when integrated against a test function such
that all three terms converge individually. Otherwise, the split into three terms can have ambiguities. For
example, if the separated term is highly singular, then its Fourier transform diverges and must be regulated,
and the choice of regulator affects the contact terms.
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5.2.1 Comparison to the Zamolodchikov sum rule

We will now show this is equivalent to the Zamolodchikov sum rule (5.12). Using
[Eu, O] = =[P, O] = —i0,0, (5.27)

and d’z = }dudv, the sum rule (5.26) becomes

Cyv — CIR = 3?ﬂ-i/duldvldvg 9(v1)0(—v2)u%8u1 (O(u1,v1)0(0,v2))sep (5.28)
= —3mi / duydvidvg 9(1)1)9(—1)2)U1<@(U1, v — U2)9(0)>sep (529)
— 6 / 22 0(0)2(8(2)O(0))sep (5.30)

=3 / &z 22(T10(2)0(0)])sep - (5.31)

We integrated by parts in the second line and used [;° dv, ff)oo dvy G(v1 —v2) = [¢7 dvv G(v)
and 22 = —uwv in the third line. These formulas are all in Minkowski space. Wick rotating
the last line gives the Zamoldchikov formula (5.12).

5.3 The c-theorem from the ANEC

The sum rules in (5.24)—(5.26) are not manifestly positive. To prove the c-theorem from
the ANEC, we must write Ac = cyy — ¢rr in terms of the expectation value of £, in some
state. The obvious candidate from (5.24) is a state created by an insertion of the trace in
the region v < 0. Consider the wavepacket

[W(ka)) = / d%e(—q;)eiku”*g@(u,7;)|o> (5.32)

where ¢ is an infrared cutoff with ¢! < k, < M. The sum rule (5.24) is equivalent to
the statement that at leading order in k,

/ a2z / P TR 2 (0 (1) €,(0)0 (22)) ~ LY TEE2 Sk + kou) . (5.33)
v1<0 v2<0 6

The expectation value of the ANE in the state |¥(k,)) is calculated from this relation by a
convolution with the Gaussian damping factor. The result at order k? is
o

12427

with corrections suppressed by k,,/M and 1/(k,0). Thus the ANEC, (¥ (k,)|E4(0)| T (k,)]) > 0,
implies the c-theorem cyy > crg.

(U (k) |Ea(0)[ W (ko)) ~ (cuv — crr)ks (5.34)

5.4 Examples

In this section, we will illustrate the ANE sum rule for a free massive scalar field and a
free massive fermion.
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5.4.1 Free massive scalar

We will first apply the ANE sum rule to a free massive scalar field in two dimensions, which
flows from the massless scalar in the UV with ¢y = 1 to the trivial theory in the IR with
crr = 0. The analogous calculation in four dimensions was described in [43].

The action for a free massive scalar is given in (3.24), while the stress-tensor is presented
in (3.25). From this stress-tensor, we can obtain the trace and null energy, which are

0= _m2¢2 ) Tyu = (au¢)2 . (535)

The Feynman propagator is

2m)2 p? +m? —ie’

Gl =) = (Tlola)ow)) =~ [
The 3-point function at separated points, calculated by Wick contractions, is
<T[Tuu(13)@(ll)9(12)]>sep = 877L4Gb($1 - $2)au18u2 [Gb(l'l - $3)Gb($2 - 13)] . (5'37)

In momentum space,

(T 1Tuu(k3)O(k1)O(k2)]))sep (5.38)
_ 87’)’14i/ dzp (pu + klu)(pu - kZu)
' (27)2 (p2 +m2 —ie)((p + k1)2 +m2 —ie)((p — k)2 + m2 — ie)

This is a triangle loop diagram. FExpanding at low momentum,
1
(T(Tua(ks)O (k0O (ko) scp = o= (R + Bhrukou + K3,) + O(K?). (5.39)

We calculated the loop in (5.38) by combining the denominator with Feynman parameters,
then expanding in k. Finally we evaluate the sum rule in the form (5.26),

Ac=3n / du / 210209 026 (uz) (T (Tuu(uz, v5 = 0)0(21)O(22))sep  (5.40)
= =37 (Oky — Oko)* (T [T (—k1 — k2)O (k1) O (k2)]sep
=1.

k1=ko=0

This produces the correct Ac.

Note that the momentum dependence in (5.39) does not naively match the CFT re-
sult (5.16). It is only after setting ks,, = 0 that they agree. This reflects the presence of nonzero
partial contact terms in the 3-point function, which drop out of the averaged null energy.

5.4.2 Free massive Majorana fermion

A free massive Majorana fermion in two dimensions flows from a massless Majorana fermion
CFT (i.e. the 2d critical Ising model) with cyy = % to an empty theory in the IR with
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crr = 0, such that Ac = 1/2. The action was presented in (3.33) while the (¢ (z, 2)¥(0))
propagator was presented in (3.34). The two other fermion propagators are

d2p eip-:c
(2m)2 p?2 +m?

d2p ep

(5 (2. 200,00 = —im [

m 2\ Y2
] = oo i) =12 (2) " KaGmial), (5.)

z

(1(z.2)1(0.0)) = 20; [ /

.m

Note that under the interchange of two fermions, all the correlators pick up a minus sign, i.e.

<QZ(27 2)@(07 O)> - - <1/;(07 O)JJ(Z’ §)> ) <1/J(Zv 5)111(07 0)> - - <¢(57 2)&(070» : (543)

The stress tensor derived from the action (3.33) is shown in (3.35), and repeated here for
convenience along with the trace:

(2, 2) = %w(z, 20.0(2,7) , O = —imi (=, 2)(2, 7). (5.44)

The theory is free, so correlators can be computed using Wick’s theorem. The trace two
point function is

m2

2
(©(29)0(0.0)) = (%) (1 Gml21)? — Ko (m=])?) (5.45)
The Zamolodchikov sum rule is given in (5.12), and in radial coordinates, it becomes
Ac = 37T/d2:rx (B(x) ) = 672 / drr® )©(0)) , (5.46)
with r = v/zZ. Using (5.45) within (5.46), we obtain
Ac = gm4 /OO dr 3 (Kl (mr)? — Ko (mr)2) = % (5.47)
0

Now that we have checked the c-theorem at the level of the trace-trace two-point function
using Zamolodchikov’s result, we can move to the sum rule involving the ANE operator.
For this, we need to compute the three-point function. This is again a Wick contraction
exercise, and we obtain

(T [TZZ(Z37 23) (21, 21)© (22, 22)]) gep (5.48)
d2p1 d2p2 d2p3 eP1-T124p2-T13+ip3-T23
/ 2m)2 (p3 + m? — i€)(p3 + m? — i€)(p3 + m? — ie)

X [2(P2z - psz)(m (p1z — P2 +p3.) + 4P12P2zp3z)} ;

where p; - T, = Diz(%j — z1) + piz(Z; — Z). Going to momentum space, we obtain a one-loop
integral that is performed by the same method as above. We then use k;;, — —k;, and
kiz — ki» and expand at low momenta to obtain

k%u + 4k1uk2u + k%u
24m

(T [Tuu(k3)O (k1) O (k2)] )sep = +O(k"). (5.49)
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We can now evaluate the sum rule in the form (5.26). This amounts to
Ac= 3F/du3/d2$1d2x2 36 (u2) (T [Tuu(us, v3 = 0)O(21)O(22)])sep (5.50)
=3 (Fky, — Onan)* (T [Tuu(—k1 — k2)O (k1) O (k2)]sep

k1=k2=0

5 )

as expected.
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A Varying the trace anomaly

In this appendix, we give more details on the CFT calculations necessary to obtain the
results in the main text. By varying the conformal anomaly, we compute both Euclidean and
Lorentzian two- and three-point functions involving the trace of the stress tensor. We will
perform the variations in Euclidean spacetime, then Wick rotate to Lorentzian at the end.
These calculations (and our conventions) are similar to the four-dimensional CFT calculations
in [43] and we refer the reader there for more detailed discussion of analytic continuations,
choices made in the variational definitions, and the Ward identities.

A.1 Correlator conventions

Brackets (---) denote connected correlators. In Euclidean signature, we define the stress
tensor correlators through the variations
\/g l’” 5glw($1) 5g0//3(xn)

(T (1) ... Top(xn)) = il
() 2) ’ "gaﬁ(xn

log Z . (A1)

Vo(x

(O(z1)...0(zn)) = =

g" (z1)

o Sgr(ar) log 2

) 1)
59a6(xn)
and

4 )
9°" (21)

Vo(z1)/g(x2) 09" (2)
—_8 S
V(@) Vg(z2)\/g(xs) 09" (w3)

(O(z1) T (22)) = log Z (A.2)

0
397 (1)

1)
9*° (w2)

5g2P (x2)

<@(m1) (7'2) ul/(T3)> = g7 (1 log Z .

1)
)59’”(951)
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These conventions, in particular where to place the trace contractions and ,/g’s, affect the
contact terms, and were chosen to simplify the discussion of partial contact terms in [43].

A.2 Trace anomaly
The trace of the stress tensor in a 2d CFT is

(O(z)) = i (cR(x) +bA?) . (A3)

where ¢ is the central charge, R is the Ricci scalar of the background, and the b term is
explained in section 5. By varying the trace (A.3) according to the definitions in section A.1,
we can obtain higher-point functions involving the stress tensor and its trace.

A3 (T,,0)

To obtain the Euclidean two-point function, we vary the trace (A.3) once with respect to
the background metric:

2 )
O Tyula2)) = = s s | Voten 0@ (A.4)

Using the variation of the Ricci scalar, we obtain

1 1 1 5“8 (1)
T, v = - —F | = A2 —Va 2 i| -~ 7.
(O@)Tula2) =~ == |50 (cR+04%) + ¢ (o = VoVt g5 7?) 5977 (22)
(A.5)
We now use the variation
59a6($1) _Lcacs | cass) 52
(59“”(172) - 5 (5H5V + 5”5M) J (l‘l - x2)» (A6)

The Dirac delta function in (A.6) is the density 6(¥)(z), which is related to the scalar Dirac
delta function 0¥ (z) by

6@ (z)

¥ (z) = , AT

which obeys [ de\/g(S(Q)(x) = 1. The Euclidean two-point function is thus

1 1 2 SN
<@(331)T;w($2)> = _m _igw/ (CR + DA ) +c (R;w - v(Mvu) + g/wv ) 0 (1 — 1'2) .
(A.8)
In flat space, (A.8) becomes
171 2 2\ ] <(2)

(O(1) Ty (w2)) = [ | 5b9 A + ¢ (08 — 900 ) | 87 (w1 = w2) (A.9)

where all the derivatives act at position z1, and g, is the flat Euclidean metric. The Fourier
transform to momentum space is

<@(K1)TMV(K2)> = /dziL‘ldziL'Q (iiKlmr"_iKNC2 <®(LL‘1)THV(£L‘2)> y (AlO)
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such that

1

(O ) T (~ K1) = 1

( bguA? — o (K1 Ky — gWK%)> : (A.11)

where the double bracket notation was defined in equation (5.6). Note that the correlator
in (A.11) does depend explicitly on b even in flat space.
It is straightforward to calculate the trace-trace two-point function from (A.11). We find

(O(21)0(22)) = g" (O (1) Ty (2)) = V2 +bA%| 60 (21 — wy), (A.12)

12[

which is the curved spacetime expression. In flat space,

(O(21)0(w2)) = == (—cd” +bA?) 6P (21 — 2). (A.13)

1
127

This is (5.4) in the main text. In momentum space, it becomes

1
——(ck? +bA?), (A.14)

(O(K)O(—K1)) =1

which is the result (5.5) of the main text.

A4 (T,,06)

With the conventions in (A.2), the three-point function can be calculated by the variation

(6 (21)0(w2) Ty (23)) = w — ¢g e gw 5 [Vatan atea) ©(eote)

N V(x1) \/9 )V g(x3) Cl”” (x3) {gaﬁégo‘g(xz) [ g(%)(@(xﬁ}” (A-15)

We will use the following metric variation

1 ‘
o [5(2)(1’12)} = 55(2)(3312)911/359&’37 (A.16)

where z;; = x; — ;. Performing these variations explicitly, and taking the flat space limit,
we obtain the Euclidean three-point function

(©(21)0(22) Ly (23)) = 6% (5(2)(3713)6u3u5(2)(-7712) + 3@5(2)(1713)5'u)5(2)($12)) (A.17)

+ 2 [ (00 (@13)0%6) (@12) + 00 ® (@12)0°6 P (213)) + bA%6P) (212)6 (21)]

where all derivatives act at position x1. The Fourier transform to momentum space is done
by first converting the derivatives acting at x1 to derivatives acting on z2 and x3, accounting
for minus signs, which then makes Fourier transforming trivial. The result, for the Euclidean
momentum space correlator is

(OEDOE) T (K3)) = o (KiuKa) = |

[ (K1 - Ky) = bA?] . (A.18)
In flat Euclidean space, the null-null component is

(O(21)O(22) Tyu(3)) = é (3u15(2)(1712)3u15(2)(1713) + 5(2)(9313)3315(2)(9312)) (A9
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where we used gy, = 0. All terms proportional to b vanished, as needed for the sum rule.
Finally, in momentum space, we obtain

C

(O(K)O () Tuu(Ka)) = -

K, Koy, (A.20)

which is the result (5.14) in the main text.

In [43], we derived the Ward identities that follow from the definitions in section A.1.
While we will not go through this exercice again here, we will just quote the equation that
the three-point correlator must solve, which is

KT (K3)O(K1)O(K2)) = — K2 (O K1)O(—K1))) — K1, (O(K3)0(—K)) . (A21)
Plugging in (A.18) and (A.14), it is easy to verify that this equation holds.

A.5 Lorentzian correlators

Following similar steps but in Lorentzian signature, or by Wick rotating the final answers,

we obtain
(TIO()O(e)]) = — 5= (ckF +42) . (422
The Lorentzian three-point functions are
(T [O(k1)O (ko) T (k3)])) = —6% (Figiban)) + %”T [y - ks) — bA?] (A.23)
(T 100k (k) Tun (ks )]) = — Rk (A.24)
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