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Abstract
We address the end-to-end sample complexity bound for learning in closed loop the state estimator-
based robust H2 controller for an unknown (possibly unstable) Linear Time Invariant (LTI) system,
when given a fixed state-feedback gain. We build on the results from Ding et al. (1994) to bridge the
gap between the parameterization of all state-estimators and the celebrated Youla parameterization.
Refitting the expression of the relevant closed loop allows for the optimal linear observer problem
given a fixed state feedback gain to be recast as a convex problem in the Youla parameter. The
robust synthesis procedure is performed by considering bounded additive model uncertainty on the
coprime factors of the plant, such that a min-max optimization problem is formulated for the robust
H2 controller via an observer approach. The closed-loop identification scheme follows Zhang et al.
(2021), where the nominal model of the true plant is identified by constructing a Hankel-like matrix
from a single time-series of noisy, finite length input-output data by using the ordinary least squares
algorithm from Sarkar et al. (2020). Finally, a H∞ bound on the estimated model error is provided,
as the robust synthesis procedure requires bounded additive uncertainty on the coprime factors of
the model. Reference Zhang et al. (2022b) is the extended version of this paper.
Keywords: Linear Observers, Coprime Factorization, LTI Systems, Sample Complexity.

1. Introduction

In the past few years, significant research efforts have been spent into employing contemporary
high dimensional statistics methods from the machine learning framework in order to approach
classical Linear Quadratic control problems, see for instance Dean et al. (2018), Boczar et al. (2018),
Mania et al. (2019), Dean et al. (2020), Zheng et al. (2020), Wang et al. (2015), Lee and Lamperski
(2020), Tsiamis et al. (2020). In this paper we propose a method for the closed-loop learning in
finite time (from a single time-series of noisy, finite length input-output data) of the optimal state-
estimator for an unknown and potentially unstable Linear and Time Invariant (LTI) plant. Unlike the
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e xisti n g r es ults m e nti o n e d a b o v e, w hi c h d e al wit h p ar a m etri c u n c ert ai nt y o n t h e m atri c es of s o m e
st at e-s p a c e r e ali z ati o n of t h e pl a nt, i n t his p a p er w e c o nsi d er b o u n d e d, a d diti v e m o d el u n c ert ai nt y
o n t h e c o pri m e f a ct ors of t h e pl a nt. St e m mi n g fr o m r o b ust c o ntr ol, t his is t h e pr e e mi n e nt m et h o d
of m o d elli n g u n c ert ai nt y f or L TI d y n a mi cs. T h e m ai n a d v a nt a g e i n c urr e d is t h at w e e x pli citl y a v oi d
t h e n e e d f or m a ki n g ass u m pti o ns o n t h e M c Mill a n d e gr e e of t h e u n k n o w n pl a nt or of its l e ar n e d
m o d el, si n c e i n pr a cti c e it c a n n e v er b e d et er mi n e d wit h a c c ur a c y s ol el y fr o m ( n ois y) i n p ut- o ut p ut
m e as ur e m e nts.

A n e n d-t o- e n d s a m pl e- c o m pl e xit y b o u n d of l e ar ni n g o bs er v er- b as e d H 2 c o ntr oll er f or a n u n-
k n o w n ( p ot e nti all y u nst a bl e) L TI pl a nt t h at st a bili z es t h e tr u e s yst e m wit h hi g h pr o b a bilit y is es-
t a blis h e d b y i n c or p or ati n g r e c e nt a d v a n c es i n fi nit e-ti m e s yst e m i d e nti fi c ati o n. T h e r es ulti n g s u b-
o pti m al g a p is b o u n d e d as a f u n cti o n of t h e l e v el of m o d el u n c ert ai nt y. T h e e n d-t o- e n d s a m pl e c o m-

pl e xit y b o u n d f or l e ar ni n g t h e r o b ust o bs er v er- b as e d H 2 c o ntr oll er is O

l o g T

T

1 − α
l o g T

T

, w h er e

T is t h e ti m e h ori z o n f or l e ar ni n g a n d α is a c o nst a nt w hi c h is l o w er b o u n d e d b y p erf or m a n c e of
t h e i niti al c o ntr oll er i n t h e cl os e d l o o p.

P a p e r O r g a ni z ati o n : R ef er e n c e Z h a n g et al. (2 0 2 2 b ) is t h e e xt e n d e d v ersi o n of t his p a p er. T h e
g e n er al s et u p a n d pr o bl e m f or m ul ati o n is gi v e n i n S e cti o n II . T h e r o b ust o bs er v er s y nt h esis wit h
u n c ert ai nt y o n t h e c o pri m e f a ct ors is i n cl u d e d i n S e cti o n III . A bri ef dis c ussi o n o n t h e s u b- o pti m alit y
g u ar a nt e es wit h e n d-t o- e n d s a m pl e c o m pl e xit y r es ults ar e st at e d i n S e cti o n I V . C o n cl usi o n a n d
f ut ur e dir e cti o ns ar e gi v e n i n S e cti o n V .

2. G e n e r al S et u p a n d Te c h ni c al P r eli mi n a ri es

T h e n ot ati o n us e d i n t his p a p er is f airl y c o m m o n i n c o ntr ol s yst e ms. U p p er a n d l o w er c as e
b ol df a c e l ett ers ( e. g. G ) ar e us e d t o d e n ot e tr a nsf er f u n cti o n m atri c es, w hil e l o w er a n d u p p er c as e
l ett ers ( e. g. z a n d A ) ar e us e d t o d e n ot e v e ct ors a n d m atri c es. T h e e n cl os e d r es ults ar e v ali d
f or dis cr et e-ti m e li n e ar s yst e ms, t h er ef or e z d e n ot es t h e c o m pl e x v ari a bl e ass o ci at e d wit h t h e Z -
tr a nsf or m f or dis cr et e-ti m e s yst e ms. A L TI s yst e m is st a bl e if all t h e p ol es of its T F M ar e sit u at e d
i nsi d e t h e u nit cir cl e f or dis cr et e ti m e s yst e ms. T h e T F M of a L TI s yst e m is c all e d u ni m o d ul ar if
it is s q u ar e, st a bl e a n d h as a st a bl e i n v ers e. F or t h e s a k e of br e vit y t h e z ar g u m e nt aft er a tr a nsf er
f u n cti o n m a y b e o mitt e d. R (z ) d e n ot es t h e s et of all r e al –r ati o n al tr a nsf er f u n cti o ns a n d R (z )

p × m

d e n ot es t h e s et of p × m m atri c es h a vi n g all e ntri es i n R (z ). T h e n ot ati o n T
ℓ ε

is us e d t o i n di c at e
t h e m a p pi n g fr o m si g n al ε t o si g n al ℓ aft er c o m bi ni n g all t h e w a ys i n w hi c h ℓ is a f u n cti o n of ε . F or
e x a m pl e, T

z w
is t h e m a p pi n g fr o m t h e dist ur b a n c es w t o t h e r e g ul at e d m e as ur e m e nts z .

2. 1. T h e St at e Esti m ati o n P r o bl e m

F or a dis cr et e-ti m e L TI ( Li n e ar a n d Ti m e I n v ari a nt) s yst e ms dri v e n b y G a ussi a n pr o c ess a n d
s e ns or n ois e, t h e st at e-s p a c e m o d el is gi v e n b y:

x k + 1 = A x k + B (u k + w k ) + δ k ,

y k = C x k + D u k + ν k ,
( 1)

w h er e x k ∈ R
n

is t h e st at e of t h e s yst e m, u k ∈ R
m

is t h e c o ntr ol i n p ut a n d y k ∈ R
p

is t h e m e as ur e d
o ut p ut a n d w k ∈ R

m
, δ k ∈ R

n
ar e t h e c o ntr ol a d diti v e a n d st at e a d diti v e dist ur b a n c es, w hil e

2
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ν k ∈ R
p

is t h e m e as ur e m e nt n ois e, all c o nsi d er e d t o b e G a ussi a n wit h z er o m e a n a n d c o v ari a n c e

m atri c es σ
2
w I , σ

2
δ I a n d σ

2
ν I r es p e cti v el y.

A st at e esti m at or ( o bs er v er) f or ( 1 ) is d e fi n e d as a s yst e m t h at pr o vi d es a n esti m at e x k of t h e
i nt er n al st at e x k , w hil e h a vi n g a c c ess s ol el y t o t h e c o ntr ol i n p ut u a n d m e as ur e d o ut p ut y , wit h
t h e u n d erl yi n g r e q uir e m e nt t h at t h e esti m ati o n err or c o n v er g es t o z er o i n t h e st e a d y-st at e, t h at is
li m

k → ∞
(x k − x k ) = 0 . A st at e esti m at or is g e n eri c all y of t h e f or m:

x (z ) = Ψ u (z )u (z ) + Ψ y (z )y (z ), ( 2)

w h er e Ψ
u
(z ) a n d Ψ

y
(z ) ar e t w o L TI filt ers (st a bl e Tr a nsf er F u n cti o n M atri c es ( T F M s)) f or t h e

d esi g n of w hi c h o n e n e e ds t o k n o w t h e m o d el (1 ) of t h e pl a nt , s e e f or e x a m pl e Di n g et al. (1 9 9 4 ).
T h e c el e br at e d K al m a n Filt er, r e pr es e nts t h e c a n o ni c al f or m ul ati o n of p erf or m a n c e s p e ci fi c ati o ns
f or a st at e esti m at or (2 ) as it mi ni mi z es t h e tr a nsf er fr o m t h e e x o g e n o us si g n als i n (1 ) ( e. g. t h e
m e as ur e m e nt n ois e ν k ) t o t h e esti m ati o n err or x k − x k ( b y usi n g f or e x a m pl e n or m b as e d c osts).

2. 2. O ut p ut F e e d b a c k St a bili zi n g C o nt r oll e rs

A st a n d ar d u nit y f e e d b a c k c o n fi g ur ati o n is d e pi ct e d i n Fi g ur e 1 , w h er e G ∈ R (z )
p × m

is a m ulti-
v ari a bl e L TI pl a nt a n d K ∈ R (z )

m × p
is a n L TI c o ntr oll er. H er e w , ν a n d r ar e t h e i n p ut dist ur b a n c e,

s e ns or n ois e a n d r ef er e n c e si g n al r es p e cti v el y w hil e u , z a n d y ar e t h e c o ntr ols, r e g ul at e d si g n als
a n d m e as ur e m e nts v e ct ors, r es p e cti v el y.

+r z
K

u v+

w

+

G

ν

+
+ y

–

Fi g ur e 1: St a n d ar d u nit y f e e d b a c k l o o p of t h e pl a nt G wit h t h e c o ntr oll er K

If all t h e cl os e d –l o o p m a ps fr o m t h e e x o g e n o us si g n als [r T w T ν T ]T t o a n y p oi nt i nsi d e
t h e f e e d b a c k l o o p ar e st a bl e, t h e n K is s ai d t o b e a n (i nt er n all y) st a bili zi n g c o ntr oll er of G or
e q ui v al e ntl y t h at K st a bili z es G .

2. 3. T h e Yo ul a- K u ç e r a P a r a m et e ri z ati o n of All St a bili zi n g C o nt r oll e rs

D e fi niti o n 2. 1 (Vi d y as a g ar (1 9 8 5 )) A c oll e cti o n of ei g ht st a bl e T F Ms M , N , M , N , X , Y , X , Y

is c all e d a D o u bl y C o pri m e F a ct ori z ati o n (D C F ) of t h e pl a nt G if M a n d M ar e i n v erti bl e, yi el d
t h e c o pri m e f a ct oriz ati o ns G = M

− 1
N = N M

− 1
, a n d s atisf y t h e f oll o wi n g e q u alit y ( B éz o ut’s

i d e ntit y):

M N
− X Y

Y − N

X  M
= I p + m ,

Y − N

X  M

M N
− X Y

= I p + m . ( 3)
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T h e o r e m 2. 2 (Di n g et al. (1 9 9 4 ), Vi d y as a g ar (1 9 8 5 )) Gi v e n a st a biliz a bl e a n d d et e ct a bl e st at e-
s p a c e r e aliz ati o n (1 ) of t h e pl a nt G , t h e n a D C F as i n D e fi niti o n 2. 1 a b o v e is gi v e n b y:

M (z ) = I + F (z I − A F ) − 1 B, N (z ) = C F (z I − A F ) − 1 B

M (z ) = I − C (z I − A L ) − 1 L, N (z ) = C (z I − A L ) − 1 B L

X (z ) = − F (z I − A L ) − 1 L, Y (z ) = I − F (z I − A L ) − 1 B L

X (z ) = − F (z I − A F ) − 1 L, Y (z ) = I + C F (z I − A F ) − 1 L

( 4)

w h er e A F
d e f
= A + B F , A L

d e f
= A − L C , C F

d e f
= C + D F a n d B L

d e f
= B − L D , w h er e F a n d L ar e

st a bilizi n g st at e-f e e d b a c k a n d esti m ati o n g ai ns t h at all o c at e all ei g e n v al u es of A F a n d A L i nsi d e
t h e u nit dis k.

R e m a r k 1 T h e or e m 2. 2 a b o v e st at es t h at t h e D C F (4 ) of t h e pl a nt is ess e nti all y e q ui v al e nt wit h
est a blis hi n g c ert ai n st a bilizi n g st at e- f e e d b a c k F a n d esti m ati o n g ai n L , s u c h t h at u k = F x k i n

t a n d e m wit h x k + 1 = A x k + B u k + L (y k − C x k ) is t h e o ut p ut st a bilizi n g c o ntr oll er K = Y
− 1

X .

T h e o r e m 2. 3 ( Yo ul a- K u c̆ e r a) (Vi d y as a g ar , 1 9 8 5 , C h. 5) L et M , N , M , N , X , Y , X , Y b e a
d o u bl y c o pri m e f a ct oriz ati o n of G . A n y c o ntr oll er K Q st a bilizi n g t h e pl a nt G , c a n b e writt e n as

K Q = Y − 1
Q X Q = X Q Y − 1

Q , ( 5)

w h er e X Q , X Q , Y Q a n d Y Q ar e d e fi n e d as: X Q
d e f
= X + Q M , X Q

d e f
= X + M Q , Y Q

d e f
=

Y − Q N , a n d Y Q
d e f
= Y − N Q , f or s o m e st a bl e Q i n R (z )

m × p
. It als o h ol ds t h at K Q fr o m (5 )

st a biliz es G , f or a n y st a bl e Q .

2. 4. P a r a m et e ri z ati o n of All St at e Esti m at o rs

T h e f oll o wi n g r es ults pr o vi d es t h e p ar a m et eri z ati o n of all st at e o bs er v ers of a gi v e n L TI s yst e m.

T h e o r e m 2. 4 (Di n g et al. (1 9 9 4 )) Gi v e n st a bilizi n g st at e-f e e d b a c k F a n d esti m ati o n g ai n L , or

e q ui v al e ntl y, gi v e n a D C F (4 ) of t h e L TI pl a nt (1 ) (s e e als o R e m ar k 1 ), l et us d e n ot e P (z )
d e f
=

(z I − A F )
− 1

B . T h e n: ( A) t h e p air of filt ers (Ψ
u
; Ψ

y
) g e n er at e a st at e esti m at or (2 ) f or t h e s yst e m

i n (1 ) if a n d o nl y if

Ψ u (z )M (z ) + Ψ y (z )N (z ) = P (z ). ( 6)

( B) F urt h er m or e, a n y st at e esti m at or f or (1 ) c a n b e writt e n as

x (z ) = Ψ u
S (z )u (z ) + Ψ y

S (z )y (z ), ( 7)

w h er e

Ψ u
S (z )

d e f
= P (z )Y (z ) + S (z )N (z ), Ψ y

S (z )
d e f
= P (z )X (z ) − S (z )M (z ) ( 8)

f or s o m e st a bl e S (z ) ∈ R (z )
n × p

. C o n v ers el y, f or a n y st a bl e S (z ) it h ol ds t h at (7 ), wit h (Ψ
u
S , Ψ

y
S )

as i n (8 ), is a st at e esti m at or f or (1 ).
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R e m a r k 2 T h e i ntri nsi c c o n n e cti o ns of T h e or e m 2. 4 wit h o ut p ut f e e d b a c k st a biliz ati o n ar e a p p ar-
e nt. F urt h er m or e t h e af fi n e p ar a m et eriz ati o n (8 ) of all st at e- esti m at ors is a ki n t o t h e Y o ul a p a-
r a m et eriz ati o n of T h e or e m 2. 3 . Fi n all y, t o w ar ds t h e s c o p e of t his p a p er, is i m p ort a nt t o n ot e t h at
T h e or e m 2. 4 h ol ds j ust t h e s a m e if t h e pl a nt (1 ) is i n o p e n l o o p or if t h e pl a nt is i n a f e e d b a c k i nt er-
c o n n e cti o n wit h a st a bilizi n g c o ntr oll er K . H o w e v er, t h e m a ps fr o m t h e e x o g e n o us t o t h e esti m ati o n
err or diff er gr e atl y. I n t his p a p er w e ar e i nt er est e d i n "l e ar ni n g " t h e o pti m al st at e esti m at or of a n
u n k n o w n pl a nt i n cl os e d f e e d b a c k l o o p. T o t his e n d t h e f oll o wi n g t w o r es ults (f or t h e cl os e d-l o o p
s c e n ari o) will b e i nstr u m e nt al t o w ar ds t h e m ai n r es ult a n d s ur prisi n gl y e n o u g h, t h e y c a n n ot b e
f o u n d i n t h e ori gi n al w or k fr o m Di n g et al. (1 9 9 4 ).

T h e o r e m 2. 5 C o nsi d er t h e t h e L TI pl a nt (1 ) i n f e e d b a c k i nt er c o n n e cti o n wit h t h e c o ntr oll er gi v e n
b y: u k = F x k i n t a n d e m wit h a n y st at e- esti m at or of t h e f or m x = Ψ

u
S (z )u (z ) + Ψ

y
S (z )y (z ). T h e

cl os e d l o o p m a ps fr o m t h e dist ur b a n c es w a n d m e as ur e m e nt n ois e ν t o t h e esti m ati o n err or (x − x )
ar e af fi n e f u n cti o ns of t h e S p ar a m et er fr o m T h e or e m 2. 4 ( B), m or e o v er:

T
( x − x ) w
S = Ψ u

S (z ) a n d T
( x − x ) ν
S = − Ψ y

S (z ), r es p e cti v el y . ( 9)

T h e o r e m 2. 6 Gi v e n a D C F (4 ) of t h e L TI pl a nt (1 ) a n d its s u bs e q u e nt st a bilizi n g st at e-f e e d b a c k
g ai n u k = F x k , l et us ass u m e t h at t h e F ∈ R

m × n
m atri x is o nt o (i. e. it h as f ull r o w r a n k). T h e n

a n y st a bilizi n g o ut p ut f e e d b a c k c o ntr oll er K Q fr o m (5 ) c a n b e r e aliz e d as: u k = F x k i n t a n d e m
wit h t h e st at e- esti m at or x = Ψ

u
S (z )u (z ) + Ψ

y
S (z )y (z ) fr o m (7 ), w h er e

F S (z ) = Q (z ) + X (z ) ( 1 0)

R e m a r k 3 T h e t w o t h e or e ms a b o v e cl arif y t h e f a ct t h at t h e t w o filt ers t h at r e aliz e a n y st at e esti m a-
t or (7 ) i n cl os e d-l o o p ar e a ct u all y t h e cl os e d l o o p m a ps fr o m t h e e x o g e n o us si g n als t o t h e esti m ati o n
err or. F urt h er m or e, t h e ass u m pti o n t h at t h e st at e-f e e d b a c k g ai n m atri x F h as a ri g ht i n v ers e all o ws
us t o r e p hr as e p ar a m et eriz ati o n (8 ) of all st at e o bs er v ers w hi c h is af fi n e i n S , t o a p ar a m et eriz ati o n
(Ψ

u
Q ; Ψ

y
Q ) af fi n e i n t h e Y o ul a p ar a m et er, t h us bri d gi n g t h e g a p b et w e e n a n y st a bilizi n g c o ntr oll er

K Q fr o m (5 ) a n d its r e aliz ati o n vi a: a fi x e d st at e-f e e d b a c k g ai n F i n t a n d e m wit h t h e d y n a mi c st at e
esti m at or (Ψ

u
Q ; Ψ

y
Q ). T h e fi x e d st at e-f e e d b a c k g ai n F b el o n gs t o t h e i niti al st a bilizi n g c o ntr oll er

i n t h e cl os e d l o o p, si n c e X (z ) = − F (z I − A F )
− 1

L is n eit h er a f u n cti o n of Q , n or a f u n cti o n of S .

2. 5. A Fi rst Gli m ps e i nt o t h e S e p a r ati o n P ri n ci pl e

We s u m m ari z e b el o w t h e f a ct t h at a n y st a bili zi n g c o ntr oll er c a n b e r e ali z e d eit h er as a fi x e d
st at e-f e e d b a c k g ai n i n t a n d e m wit h a d y n a mi c st at e- esti m at or or as a fi x e d esti m ati o n g ai n i n t a n d e m
wit h d y n a mi c st at e f e e d b a c k. B ot h p ar a m et eri z ati o ns ar e af fi n e i n t h e Yo ul a p ar a m et er.

Di n g et al. (1 9 9 4 ) a n d S u bs e cti o n 2. 4 Al a z ar d a n d A p k ari a n (1 9 9 9 )

A n y st a bilizi n g K Q fr o m (5 ) c a n b e r e aliz e d vi a
t h e st ati c st at e-f e e d b a c k g ai n F i n t a n d e m wit h
t h e d y n a mi c st at e esti m at or (Ψ

u
Q ; Ψ

y
Q ).

A n y st a bilizi n g K Q fr o m (5 ) c a n b e r e aliz e d
vi a t h e st ati c esti m ati o n g ai n L i n t a n d e m
wit h t h e d y n a mi c f e e d b a c k Q .

u k = F x k

x = Ψ
u
Q u + Ψ

y
Q y

x k + 1 = A x k + B u k + L (y k − C x k )

u = F x + Q (y − C x )

5
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2. 6. T h e O pti m al St at e Esti m at o r

T H E P R O B L E M: I n t his p a p er w e c o nsi d er t h e u n k n o w n pl a nt ( 1 ) i n f e e d b a c k i nt er c o n n e cti o n
wit h s o m e k n o w n st a bili zi n g c o ntr oll er K , c o ntr oll er t h at is r e ali z e d as: a fi x e d st at e-f e e d b a c k
g ai n F c o nsi d er e d t o b e i m m ut a bl e ( n a m el y u k = F x k ), i n t a n d e m wit h s o m e st at e- esti m at or
x = Ψ

u
u + Ψ

y
y . I niti all y, w e m ust l e ar n t h e u n k n o w n s yst e m wit h hi g h pr o b a bilit y, i n fi nit e

ti m e, fr o m a si n gl e tr aj e ct or y i n t h e cl os e d l o o p. S u bs e q u e ntl y, w e m ust d esi g n t h e o pti m al
st at e- o bs er v er t h at i n t a n d e m wit h t h e st at e-f e e d b a c k g ai n u k = F x k yi el ds t h e o pti m al L Q
p erf or m a n c e.

T h e c a n o ni c al f or m ul ati o n of p erf or m a n c e s p e ci fi c ati o ns f or a st at e esti m at or is t o mi ni mi z e t h e
tr a nsf er fr o m t h e e x o g e n o us si g n als t o t h e esti m ati o n err or. H o w e v er, as r e p e at e dl y st at e d a b o v e,
t h e d e cl ar e d s c o p e of t his w or k is t o d esi g n a st at e- esti m at or s p e ci fi c all y t ail or e d t o w or k i n t a n d e m
wit h t h e fi x e d st at e-f e e d b a c k g ai n u k = F x k . I n t his c o nt e xt, t h e c h oi c e of t h e o pti m alit y crit eri o n
is ess e nti al, as cl ari fi e d b el o w.

P r o p ositi o n 2. 7 We d e fi n e t h e O pti m al O bs er v er E v al u ati o n Pr o bl e m as f oll o ws: gi v e n a fi x e d
st at e-f e e d b a c k g ai n F wit h u = F x , mi ni miz e t h e n or m of t h e T F M b el o w aft er all Y o ul a p ar a m et ers
Q :

mi n
Q st a bl e

F Ψ
u
Q − F Ψ

y
Q H 2

( 1 1)

w hi c h i n t ur n is e q ui v al e nt wit h:

mi n
Q st a bl e

I m − Y Q (z ) + I m − M (z ) Q (z )N (z ) X Q (z ) + I m − M (z ) Q (z )M (z )
H 2

( 1 2)

R e m a r k 4 ( O pti m alit y) T h e r e as o n b e hi n d c h o osi n g (1 1 ) f or t h e o bs er v er d esi g n is t h e f a ct t h at t h e
m o d el of t h e pl a nt c a n n e v er b e l e ar n e d wit h a bs ol ut e a c c ur a c y. C o ns e q u e ntl y, i n t h e pr es e n c e of
fr e q u e n c y- d o m ai n u n c ert ai nti es, t h e pr o bl e m of d esi g ni n g a st at e o bs er v er is n ot w ell- p os e d, si n c e
n ot e v e n t h e di m e nsi o n of t h e st at e v e ct or of t h e tr u e pl a nt c a n b e k n o w n. Pr o p ositi o n 2. 7 d e fi n es
o pti m alit y i n t h e f oll o wi n g s e ns e: t h e o bj e cti v e f u n cti o n fr o m (1 1 ) p ert ai ns t o t h e diff er e n c e i n H 2

p erf or m a n c e i n t h e cl os e d l o o p b et w e e n t h e st at e-f e e d b a c k c o ntr ol u = F x ( wit h dir e ct a c c ess t o
t h e st at e) a n d a n y o ut p ut f e e d b a c k c o ntr oll er K Q . T h e t h or o u g h r e as o ni n g f or t his a n d all ot h er
u n d erl yi n g i m pli c ati o ns ar e d ef err e d t o Z h a n g et al. (2 0 2 2 b ).

3. R o b ust C o nt r oll e r S y nt h esis: A n O bs e r v e r B as e d A p p r o a c h

T h e o ut c o m e of t h e "l e ar ni n g " of t h e tr u e pl a nt G fr o m cl os e d-l o o p m e as ur e m e nts c o m es i n t h e

f or m of a l eft c o pri m e f a ct ori z ati o n of w h at w e h a v e d u b b e d t h e n o mi n al m o d el
1
, n a m el y G

m d
=

(M
m d

)
− 1

N
m d

= N
m d

(M
m d

)
− 1

. F or t h e d et ail e d d es cri pti o n of t h e l e ar ni n g al g orit h m w e r ef er t o
t h e A p p e n di x G fr o m Z h a n g et al. (2 0 2 1 ). I n or d er t o e v al u at e t h e dis cr e p a n c y b et w e e n t h e l e ar n e d
G

m d
a n d t h e tr u e pl a nt, w e m a k e a r e c o urs e t o t h e pr e e mi n e nt m et h o d f or m o d elli n g u n c ert ai nt y f or

L TI s yst e ms (st e m mi n g fr o m cl assi c al r o b ust c o ntr ol), s p e ci fi c all y vi a a d diti v e p ert ur b ati o ns o n t h e
c o pri m e f a ct ors.

1. A n alt er n ati v e n a m e mi g ht as w ell h a v e b e e n “t h e l e ar n e d m o d el ”.

6
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Wit h t h e D C F of t h e n o mi n al m o d el of t h e pl a nt G
m d

= ( M
m d

)
− 1

N
m d

= N
m d

(M
m d

)
− 1

, w e
c a n writ e t h e B é z o ut’s i d e ntit y t h at i n c or p or at es t h e c o pri m e f a ct ori z ati o n of t h e i niti al, k n o w n

st a bili zi n g c o ntr oll er
2

K
m d

= ( Y
m d

)
− 1

X
m d

= X
m d

(Y
m d

)
− 1

, s p e ci fi c all y:

M
m d

N
m d

− X
m d

Y
m d

Y
m d

− N
m d

X
m d

M
m d =

I p 0
0 I m

. ( 1 3)

D e fi niti o n 3. 1 ( M o d el U n c e rt ai nt y S et) T h e γ -r a di us m o d el u n c ert ai nt y s et f or t h e n o mi n al pl a nt
G

m d
wit h ∆

M
, ∆

N
b ot h st a bl e is d e fi n e d as:

G γ
d ef
= { G = M − 1 N M = ( M m d + ∆

M
), N = ( N m d + ∆

N
); ∆

M
∆

N ∞
< γ } ( 1 4)

D e fi niti o n 3. 2 ( γ - R o b ustl y St a bili zi n g) A fi x e d st a bilizi n g c o ntr oll er K of t h e n o mi n al pl a nt is
s ai d t o b e γ -r o b ustl y st a bilizi n g iff K st a biliz es n ot o nl y G

m d
b ut als o all pl a nts G ∈ G γ .

Ass u m pti o n 1 It is ass u m e d t h at t h e tr u e pl a nt, d e n ot e d b y G
p t

, b el o n gs t o t h e m o d el u n c ert ai nt y

s et i ntr o d u c e d i n D e fi niti o n 3. 1 , i. e. t h at t h er e e xist st a bl e ∆
M

, ∆
N

wit h ∆
M

∆
N ∞

< γ

f or w hi c h G
p t

= ( M
m d

+ ∆
M

)
− 1

(N
m d

+ ∆
N

).

I n t h e pr es e n c e of a d diti v e u n c ert ai nt y o n t h e c o pri m e f a ct ors t h e B é z o ut’s i d e ntit y i n ( 1 3 ) n o l o n g er
h ol ds, h o w e v er, t h e f oll o wi n g h ol ds f or c ert ai n st a bl e ∆ M , ∆ N f a ct ors:

(M
m d

+ ∆
M

) ( N
m d

+ ∆
N

)

− X
m d
Q Y

m d
Q

Y
m d
Q − (N

m d
+ ∆ N )

X
m d
Q (M

m d
+ ∆ M )

=
Φ 1 1 (Q ) O

O Φ 2 2 (Q )
. ( 1 5)

T h e bl o c k di a g o n al str u ct ur e of t h e ri g ht h a n d si d e t er m i n ( 1 5 ) is d u e t o t h e f a ct t h at G
p t

=
(M

m d
+ ∆

M
)
− 1

(N
m d

+ ∆
N

) = ( N
m d

+ ∆ N )( M
m d

+ ∆ M )
− 1

f or t h e st a bl e ∆ M , ∆ N f a ct ors fr o m
Ass u m pti o n 1 .

L e m m a 3. 3 A st a bilizi n g c o ntr oll er of t h e n o mi n al pl a nt K
m d
Q = ( Y

m d
Q )

− 1
X

m d
Q = X

m d
Q (Y

m d
Q )

− 1
is

γ -r o b ustl y st a bilizi n g iff f or a n y st a bl e m o d el p ert ur b ati o ns ∆
M

, ∆
N

wit h ∆
M

∆
N ∞

< γ

t h e T F M

Φ 1 1 (Q ) = I p + ∆
M

∆
N

Y
m d
Q

X
m d
Q

, ( 1 6)

fr o m (1 5 ) is u ni m o d ul ar i. e. it is s q u ar e, st a bl e a n d h as a st a bl e i n v ers e.

T h e o r e m 3. 4 T h e Y o ul a p ar a m et eriz ati o n yi el ds a γ -r o b ustl y st a bilizi n g c o ntr oll er K Q iff its c or-

r es p o n di n g ri g ht c o pri m e f a ct ors s atisf y
Y Q

X Q ∞

≤
1

γ
, w h er e Q d e n ot es as t h e Y o ul a p ar a m-

et er.

As a n i nt er m e di ar y r es ult, b y e m pl o yi n g T h e or e m 3. 4 a n d t h e st a n d ar d i n e q u alit y fr o m A p-
p e n di x A of Z h a n g et al. (2 0 2 2 b ) it is c o n cl u d e d t h at:

2. T h e c o ntr oll er wit h w hi c h t h e cl os e d-l o o p l e ar ni n g is b ei n g p erf or m e d is ass u m e d t o b e k n o w n.

7
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− ∆
M

− ∆
N

Y Q

X Q ∞

≤ ∆
M

∆
N

∞

Y Q

X Q ∞

< γ ×
1

γ
= 1 .

St arti n g fr o m t h e l eft c o pri m e f a ct ori z ati o n of t h e tr u e pl a nt, k n o w n t o b e of t h e f or m G
p t

=

(M
m d

+ ∆
M

)
− 1

(N
m d

+ ∆
N

), o n e c a n al w a ys o bt ai n a D C F of t h e tr u e pl a nt b y r e d e fi ni n g M
p t d e f

=

Φ
− 1
1 1 M

m d
+ ∆

M
, N

p t d e f
= Φ

− 1
1 1 N

m d
+ ∆

N
, M

p t d e f
= M

m d
+ ∆ M Φ

− 1
2 2 , a n d N

p t d e f
= N

m d
+

∆ N Φ
− 1
2 2 , s u c h t h at t h e B é z o ut i d e ntit y h ol ds wit h t h e X

m d
Q , Y

m d
Q , X

m d
Q a n d Y

m d
Q f a ct ors a v ail a bl e

fr o m t h e k n o w n c o ntr oll er. H er e, Φ 1 1 , Φ 2 2 ar e as i n ( 1 5 ). B y r e- est a blis hi n g t h e B é z o ut i d e ntit y w e
ar e a bl e t o f or m ul at e t h e r o b ust v ersi o n of ( 1 2 ) as:

T h e o r e m 3. 5 T h e R o b ust Li n e ar O bs er v er E v al u ati o n Pr o bl e m gi v e n a fi x e d st at e f e e d b a c k g ai n
F , wit h u = F x is d e fi n e d as :

mi n
Q st a bl e

m a x

∆
M

∆
N ∞

< γ

I m − Y
m d
Q + ( I m − M

m d
)Q Φ

− 1
1 1 N

m d
+ ∆

N
)

X
m d
Q + ( I m − M

m d
)Q Φ

− 1
1 1 M

m d
+ ∆

M
)

T

H 2

s.t.
Y Q

X Q ∞

≤
1

γ
.

( 1 7)

R e m a r k 5 Asi d e fr o m b ei n g a bl e t o c o p e wit h l e ar ni n g u nst a bl e pl a nts (i n cl os e d l o o p), t his m et h o d
of m o d elli n g u n c ert ai nt y e x pli citl y a v oi ds t h e n e e d of k n o wi n g a pri ori t h e M c Mill a n d e gr e e (i. e. t h e
st at e di m e nsi o n of a mi ni m al st at e-s p a c e r e aliz ati o n) of t h e u n k n o w n pl a nt, w hi c h c a n n e v er b e
d et er mi n e d i n pr a cti c e. Si n c e t h e l e ar n e d n o mi n al m o d el G

m d
a n d t h e tr u e pl a nt will n ot e v e n h a v e

t h e s a m e M c Mill a n d e gr e e, it is i m p ossi bl e t o r etri e v e a n yt hi n g a b o ut t h e st at e r e pr es e nt ati o n (1 )
of t h e tr u e pl a nt s ol el y fr o m t h e k n o wl e d g e of G

m d
. H o w e v er, b y c o nsi d eri n g a fi x e d st at e f e e d b a c k

g ai n ( b el o n gi n g t o t h e i niti al c o ntr oll er i n t h e cl os e d l o o p), it is p ossi bl e t o e v al u at e t h e p erf or m a n c e
of diff er e nt o bs er v ers wit h r es p e ct t o t h e Y o ul a p ar a m et er Q . T h e o pti m al Q

∗
fr o m pr o bl e m (1 7 )

will yi el d a r o b ust c o ntr oll er h a vi n g t h e s a m e st at e f e e d b a c k g ai n as t h e i niti al o n e, i n t a n d e m wit h
a n o bs er v er t h at a c hi e v es t h e b est H 2 p erf or m a n c e w h e n c o m p ar e d t o t h e c o ntr oll er w hi c h h as f ull
a c c ess t o t h e st at e, n a m el y u = F x .

It c a n b e s e e n t h at (1 7 ) is a ct u all y p hr as e d i n t er ms of t h e c o pri m e f a ct ors of t h e tr u e pl a nt, w hi c h
c a n n e v er b e “l e ar n e d ” i n pr a cti c e. T h e n o n- c o n v e xit y of t h e st a n d ar d mi n- m a x f or m ul ati o n fr o m
T h e or e m 3. 5 (f or t h e r o b ust o bs er v er e v al u ati o n) is c a us e d b y t h e f a ct t h at Φ

− 1
1 1 is n o l o n g er a n

af fi n e f u n cti o n i n Q , t h er ef or e t h e n o n z er o d u alit y g a p m a k es it i m p ossi bl e t o s ol v e (1 7 ) b y m er el y
fli p pi n g mi n a n d m a x. I n or d er t o cir c u m v e nt t his, a n u p p er b o u n d o n t h e c ost f u n cti o n al will b e
d eri v e d a n d w e will f or m ul at e t h e r o b ust o bs er v er e v al u ati o n pr o bl e m i n a q u asi- c o n v e x f or m.

P r o p ositi o n 3. 6 ( Q u asi- C o n v e x F or m ul ati o n) F or t h e tr u e pl a nt, G
p t

∈ G γ t h e r o b ust o bs er v er
e v al u ati o n pr o bl e m i n (1 7 ) a d mits t h e f oll o wi n g u p p er b o u n d:

mi n
α ∈ [ 0,1 / γ )

1

1 − γ α
mi n

Q st a bl e
( 1 − γ α )

I m − Y m d
Q

X m d
Q

T

H 2

+ I m − M m d

∞
Q

H 2

N m d

M m d

T

∞
+ γ

s.t.
Y m d

Q

X m d
Q ∞

≤ α.

( 1 8)

8
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T h e i n n er o bj e cti v e f u n cti o n i n ( 1 8 ) is af fi n e i n Q , h e n c e t h e i n n er o pti mi z ati o n pr o bl e m i n Pr o p o-
siti o n 3. 6 is c o n v e x f or e a c h fi x e d α .

R e m a r k 6 ( Vali d ati o n of C o nstr ai nts) T h e q u asi- c o n v e x f or m ul ati o n fr o m (1 8 ) is n ot e q ui v al e nt
wit h (1 7 ). It tr a d es o pti m alit y f or f e asi bilit y i n t h e f oll o wi n g s e ns e: f or a c h os e n p ositi v e c o nst a nt

α <
1

γ
, t h e f e asi bl e s et s hri n ks t o { Q ∈ R (z )

m × p
st a bl e |

Y
m d
Q

X
m d
Q ∞

≤ α } i n or d er t o c o n-

v e xif y t h e i n n er o bj e cti v e f u n cti o n. N ot e t h at as t h e i niti al c o ntr oll er is a st a blizi n g o n e, n e c ess aril y

Q = 0
m × p

s h o ul d b e f e asi bl e. T his i m pli es t h at α c a n n ot b e s m all er t h a n
Y

m d

X
m d

∞

.

R e m a r k 7 T h e q u asi- c o n v e x pr o bl e m i n Pr o p ositi o n 3. 6 is f or m ul at e d i n fr e q u e n c y d o m ai n. T o
s ol v e it i n pr a cti c e, w e n e e d t o p erf or m a Fi nit e-I m p uls e R es p o ns e ( FI R) tr u n c ati o n o n M ar k o v
p ar a m et ers of t h es e s yst e ms. Aft er t h e FI R tr u n c ati o n, f or e a c h fi x e d α ∈ [ 0, 1 / γ ), A n e q ui v al e nt
S e mi D e fi nit e Pr o gr a m ( S D P) c a n b e f or m ul at e d f or t h e i n n er o pti miz ati o n pr o bl e m, w hi c h w o ul d
gi v e us t h e v e ct oriz ati o n of M ar k o v p ar a m et ers of t h e o pti m al Q

∗
t o Pr o p ositi o n 3. 6 . D et ails o n t h e

S D P f or m ul ati o n ar e gi v e n i n A p p e n di x B of Z h a n g et al. (2 0 2 2 b ).

4. A n al ysis of E n d-t o- E n d P e rf o r m a n c e

T h e p erf or m a n c e of t h e R o b ust Li n e ar O bs er v er fr o m ( 1 7 ) w or ki n g i n t a n d e m wit h t h e fi x e d
st at e f e e d b a c k g ai n F , s u c h t h at u = F x , will b e dis c uss e d i n t his s e cti o n. D e n ot e t h e H 2 - c ost of
a p pl yi n g t h e c o ntr ol i n p uts u = F x a n d u = F x b y J u a n d J u , r es p e cti v el y. T h e n it is s h o w n i n
A p p e n di x C of Z h a n g et al. (2 0 2 2 b ) t h at:

J u − J u ≤
m

k = 1

{
∞

t= 0

[(F x t − F x t )
T (F x t − F x t )]; w t = e k δ t } , ( 1 9)

w h er e e k r e pr es e nts t h e k
t h

st a n d ar d b asis v e ct or i n R
m

a n d δ t is t h e dis cr et e Dir a c i m p uls e f u n cti o n.
T h e n, b y t h e u p p er b o u n d fr o m Pr o p ositi o n 3. 6 , w e g et t h at:

J u − J u ≤ ∥ u − u ∥ 2
2

≤ I m − Y m d
Q ∗ X m d

Q ∗

H 2

+ I m − M m d

∞
Q ∗

H 2

1

1 − γ α
N m d M m d

∞
+ γ ,

( 2 0)

w h er e Q
∗

is t h e o pti m al s ol uti o n t o (1 8 ). S p e ci fi c all y, if t h e fi x e d st at e f e e d b a c k g ai n F h a p p e ns t o
b e t h e st a bili zi n g Ri c c ati st at e-f e e d b a c k F

o pt
, t h e n b y t h e virt u e of s e p ar ati o n pri n ci pl e t h e c ost J u i n

(2 0 ) b e c o m es t h e o pti m al H 2 - c ost. I n t his c as e, (2 0 ) i m m e di at el y gi v es a b o u n d f or t h e diff er e n c e i n
H 2 - c ost b et w e e n t h e R o b ust Li n e ar C o ntr oll er fr o m (1 7 ) a n d t h e o pti m al Li n e ar Q u a dr ati c R e g ul at or
( L Q R) f or t h e tr u e pl a nt. T h e d et ail e d ar g u m e nt ati o n is d ef err e d t o Z h a n g et al. (2 0 2 2 b ).

F urt h er m or e, fr o m ( 2 0 ), it is e vi d e nt t h at (J u − J u ) ∼ O (
γ

1 − γ α
) w hi c h i n di c at es t h at t h e

s a m pl e c o m pl e xit y r eli es h e a vil y o n t h e c h os e n c o nst a nt α . I n pr a cti c e, it is i m p ossi bl e t o e x a mi n e
u n c o u nt a bl y m a n y α ’s i n [ 0, 1 / γ ), t h er ef or e o n e c o ul d si m pl y pi c k t h e v al u e of α e m piri c all y, i n
or d er t o b al a n c e t h e p erf or m a n c e a n d t h e f e asi bilit y. T h e f oll o wi n g r e m ar k i n di c at es t h at α a ct u all y
s er v es as a n e v al u ati o n p ar a m et er f or t h e q u alit y of t h e i niti al c o ntr oll er i n t h e cl os e d l o o p, a n d
c o ns e q u e ntl y it c a n n ot b e t a k e n t o b e ar bitr aril y s m all.
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R e m a r k 8 ( Fe asi bilit y) As α <
1

γ
is pi c k e d m a n u all y e a c h ti m e t o f or m ul at e a n e w S D P a n d

t h e p erf or m a n c e of t h e o bs er v er d e gr a d es m u c h f ast er wit h a l ar g er α , o n e w o ul d li k e α t o b e as
s m all as p ossi bl e. H o w e v er, as s h o w n i n R e m ar k 6 , a r el ati v el y s m all α m a y r e n d er t h e f e asi bl e
s et e m pt y. T his i m pli es t h at t h e r o b ust o bs er v er p erf or m a n c e ess e nti all y r eli es o n t h e q u alit y of t h e
i niti al c o ntr oll er (t h e o n e wit h w hi c h t h e l e ar ni n g pr e o c e d ur e is b ei n g p erf or m e d). A b ett er i niti al
c o ntr oll er w o ul d pr o vi d e n ot o nl y a b ett er fi x e d f e e d b a c k g ai n, b ut als o a l ar g er f e asi bl e s et f or t h e
i n n er o pti miz ati o n i n Pr o p ositi o n 3. 6 .

We i nt e gr at e t h e a b o v e r es ults wit h t h e s yst e m i d e nti fi c ati o n g u ar a nt e es of Z h a n g et al. (2 0 2 2 a ),
t o pr o vi d e e n d-t o- e n d s a m pl e c o m pl e xit y b o u n ds f or l e ar ni n g t h e li n e ar o bs er v ers gi v e n a fi x e d
f e e d b a c k g ai n. T h e n f oll o wi n g t h e s yst e m i d e nti fi c ati o n pr o c e d ur e wit h pr o b a bilit y at l e ast ( 1 − δ )
w h er e δ is t h e f ail ur e pr o b a bilit y, it h ol ds t h at

∥ − ∆
M

− ∆
N ∥ ∞ ≤ ∥ X

m d
Y

m d ∥ ∞ 1 2 c β R
m d + p d

2
+ d l o g (T / δ )

T

C o m bi ni n g wit h t h e pr er e q uisit e f or r o b ust n ess a n al ysis, ∥ − ∆
M

− ∆
N ∥ ∞ < γ as i n As-

s u m pti o n 1, it is r e as o n a bl e t o c o nsi d er t h at t h e r o b ust n ess r a di us γ is at t h e l e v el O
l o g T

T
.

T h e o r e m 4. 1 D e fi n e s = 1 4 4 X
m d

Y
m d

2

∞
c
2
β

2
R

2
. T h e n, t h e err or i n H 2 c ost of a p pl yi n g

t h e c o ntr ol l a ws u = F x a n d u = F x is b o u n d e d as i n (2 0 ) wit h pr o b a bilit y at l e ast ( 1 − δ ) pr o vi d e d
t h at T ≥ m a x { T s , T∗ (δ )} . H er e, T s t a k es t h e l ar g er v al u e b et w e e n 0 a n d t h e ri g ht m ost z er o of

γ
2
T − s d l o g (T / δ ) − s (m d + p d

2
), a n d T ∗ (δ ) = i nf{ T |d ∗ (T, δ ) ∈ D (T ), d∗ (T, δ ) ≤ 2 d ∗ ( T

2 5 6 , δ)} ,

w h er e, d ∗ (T, δ ) = i nf{ d |1 6 β R α (d ) ≥ H 0 , d, d − H 0 ,∞ ,∞
2
} ,

D (T ) = { d ∈ N |d ≤
T

c m 2 l o g3 (T m / δ )
} a n d f (d ) =

√
d.

m + d p + l o g ( T / δ )

T
.

C o m bi ni n g T h e or e m 4. 1 wit h ( 2 0 ), it f oll o ws t h at wit h hi g h pr o b a bilit y t h e diff er e n c e J u a n d J u

b e h a v es as

J u − J u ∼ O

l o g T

T

1 − α
l o g T

T

5. C o n cl usi o n a n d F ut u r e w o r k

I n t his p a p er, w e h a v e pr o vi d e d t h e s a m pl e c o m pl e xit y b o u n ds f or a n o bs er v er- b as e d r o b ust
L Q G r e g ul at or s y nt h esis pr o c e d ur e f or a n u n k n o w n pl a nt, w h er e u n c ert ai nt y is m o d el e d as a d diti v e
p ert ur b ati o ns o n t h e c o pri m e f a ct ors. We c o m bi n e d fi nit e-ti m e, n o n- p ar a m etri c L TI s yst e m i d e n-
ti fi c ati o n (S ar k ar a n d R a k hli n (2 0 1 9 )) wit h t h e Yo ul a p ar a m et eri z ati o n f or o bs er v er p erf or m a n c e
e v al u ati o n gi v e n a fi x e d st at e f e e d b a c k g ai n.
As a n o p e n e d a v e n u e f or f ut ur e r es e ar c h is t h e o nli n e l e ar ni n g of t h e o bs er v er- b as e d L Q G c o ntr oll er
u n d er t h e s a m e t y p e of m o d el u n c ert ai nt y. O n e p ossi bl e dir e cti o n is t o w or k o ut t h e s a m pl e c o m-
pl e xit y f or o nli n e l e ar ni n g f or: ( a) t h e o pti m al st at e f e e d b a c k ( L Q R) i n t a n d e m wit h ( b) t h e o pti m al
st at e- o bs er v er ( K al m a n Filt er ( Tsi a mis et al. (2 0 2 0 ))) f or a p ot e nti all y u nst a bl e s yst e m.

1 0
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