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Statistical Evaluation of Seismic Velocity Models
of Permafrost
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Abstract: The warming climate in high-latitude permafrost regions is leading to permafrost degradation. Estimating seismic wave velocities
in permafrost could help predict the geomechanical properties of permafrost and provide information to plan and design resilient civil infra-
structure in cold regions. This paper evaluates the performance of seven models when predicting the seismic wave velocities of permafrost
statistically; these models are the time-average, Zimmerman and King, Minshull et al., weighted equation, three-phase, Biot-Gassmann
theory modified by Lee (BGTL), and Dou et al. models. The data used in the evaluation are from published laboratory and in situ data,
which includes 369 data points for joint P and S wave velocities from nine publications and 943 unfrozen water content data points from
12 publications. The unfrozen water content that is used in these models is determined from a modified Dall’ Amico’s model that is proposed,
which is evaluated against six existing unfrozen water content models based on soil temperature. This paper finds that saturated nonsaline
permafrost generally shares similar linear trends between the P and S wave velocities, regardless of soil type, porosity, grain size, and
temperature. Fitting all existing data, an empirical linear relationship is derived between the P and S wave velocities. Among the seven
models evaluated, the Minshull et al. and BGTL models are the most accurate when predicting the seismic velocities of permafrost.
DOI: 10.1061/JCRGEL.CRENG-T760. © 2024 American Society of Civil Engineers.

Practical Applications: Unfrozen water content and seismic wave velocity models are valuable tools for quantitatively predicting perma-
frost dynamics and degradation, with practical applications in various engineering areas with permafrost environments. As permafrost thaws
due to rising temperatures, these models could be used to guide the quantitative interpretation of geophysical changes in subsurface condi-
tions, assess the potential for ground instability, and predict future permafrost degradation. Unfrozen water content models are used to predict
the percentage of unfrozen water within permafrost, which links the changes with permafrost temperature. Unfrozen water content models of
permafrost are essential when assessing permafrost thaw, thermal performance, heat transfer processes in permafrost, and the effect of civil
infrastructure on permafrost (Chen et al.,). The seismic wave velocity models could help engineers assess the subsurface conditions in per-
mafrost areas; this assessment is crucial for environmental and seismic monitoring, land use planning, infrastructure design and construction,
and natural resources exploration.

Author keywords: Permafrost; Seismic velocity; Statistical evaluation; Unfrozen water content.

Introduction of permafrost include strength characteristics, such as compressive,
tensile, yield, and shear strengths, and elastic moduli, such as bulk,
shear, Young’s, and Poisson’s ratio. The acquisition of these geo-
mechanical properties requires accessing and sampling permafrost
using borehole drilling and laboratory testing, which could be dif-

ficult, expensive, and time-consuming (Ferrero et al. 2014). Obser-

Increasing air temperatures are driving permafrost warming across
high-latitude permafrost regions. As permafrost warms, its geome-
chanical properties degrade, which leads to permafrost degradation
that disrupts natural ecosystems and infrastructure systems and re-

sults in enduring societal consequences. Studying the geomechan-
ical properties of permafrost could improve the quantitative
prediction of permafrost warming. The geomechanical properties
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vations that are based on sampling are limited due to a limited
number of sites, and the heterogeneity of permafrost leads to poten-
tially significant variations in conditions within a short distance
(e.g.. near the edge of an ice wedge). In addition, many studies
were based on remolded, artificially frozen soil samples, which
might not represent field conditions (Yang et al. 2015). For in-
stance, the shear strength of frozen soil is influenced by the sample
preparation method, which includes freezing conditions, strain rate,
and sample orientation and size (Radd and Wolfe 1979). Therefore,
to understand the in situ geomechanical properties, in situ measure-
ment techniques are preferred.

Seismic wave velocities that are estimated using in situ mea-
surements could be used to indicate the in situ strength and moduli
of soils. Previous studies found that seismic wave velocities corre-
lated with the compressive strength of permafrost (Schon 2011;
Dou et al. 2016), because seismic wave propagation is affected
by external stresses in permafrost (i.e., compressive, tensile, and
shear). In addition, previous laboratory tests demonstrated that
the geomechanical strengths and seismic wave velocities are
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affected by temperature variations (Ferrero et al, 2014). For in-
stance, the elastic modulus and compressive strength of permafrost
increase with decreasing temperature (Yang et al. 2015; Haynes
and Karalius 1977; Zhu and Carbee 1984; Liew et al, 2022). The
elastic modulus can be calculated based on seismic wave velocities
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where ¥, =compressional wave velocity (m/s); ¥, =shear wave
velocity (m/s); K =bulk modulus (Pa): G =shear modulus (Pa);
p =bulk density of a soil specimen(g)m“): E=Young's modulus
(Pa); and v=Poisson’s ratio.

Seismic methods allow maps of in situ permafrost geomechan-
ical properties to be reconstructed in larger regions and identify the
heterogeneity of permafrost. These methods could be used to study
the temporal changes in permafrost, the distribution of the active
and permafrost layers, talik formation, thermokarst, and ice
wedges. Previous laboratory tests have shown an apparent increase
in seismic wave velocities in permafrost as the temperature de-
creased below 0°C (Nakano et al. 1972; Kurfurst 1976; King
et al. 1988). The increase correlates with the increase in ice content
(Timur 1968; Nakano and Froula 1973; Zimmemman and King
1986), which is equivalent to the decrease in unfrozen water con-
tent (King et al. 1988; Leclaire et al. 1994). Therefore, seismic
wave velocities could be quantified based on ice content and
water saturation using seismic wave velocity models. However, es-
tablishing a precise quantitative relationship between the seismic
velocities and ice content is challenging due to the substantial influ-
ence of the ice microstructure (Dou et al. 2017).

Thimus et al. (1991) and Lyu et al. (2020) evaluated seismic
wave velocity models to determine the unfrozen water content. Thi-
mus et al. (1991) compared Boom clay between the three-phase
Wood’s and time-average equations and the Zimmerman and
King (1986) model. Lyu et al. (2020) evaluated eight seismic
wave velocity models that related seismic wave velocities to unfro-
zen water content and summarized the limitations and applications
of each model. Carcione and Seriani (1998) evaluated six seismic
wave velocity models, which included the Voigt (Voigt 1928)
and Reuss (Reuss 1929) models and the three-phase Biot theory
that was proposed by Leclaire et al. (1994), Building on the find-
ings of these previous evaluation studies, models that are suitable
for permafrost will be assessed in this paper. The Voigt and the
Reuss models are excluded from the scope of this paper, because
they could be applied to all viscoelastic composite materials,
which encompasses a broader range than permafrost.

Of note, all seismic velocity models that are discussed in this
paper assume saturated permafrost and are based on the volumetric
proportions of the three permafrost constituents: (1) soil grains; (2)
unfrozen water; and (3) ice. Therefore, these seismic velocity mod-
els employ ice and unfrozen water contents as inputs. Unfrozen
water in frozen soil is the amount of liquid water that remains at
a negative temperature due to capillarity and the surface potential
energy of the soil (Hu et al., 2020). The volumetric unfrozen
water content could be used to reflect the volumetric proportions
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of the unfrozen water content and ice and to calculate the volumet-
ric proportion of the scil grains. In addition, the unfrozen water
content significantly influences the thermo-hydro-mechanical
(THM) behavior of frozen soils (Lyu et al. 2020) and plays an im-
portant role when determining the responses of seismic wave veloc-
ities and geomechanical property changes to thermal perturbations
(Dou et al. 2016, 2017); therefore, exerting an impact on perma-
frost’s seismic wave velocities and geomechanical properties. As
the unfrozen water content changes, the volume proportions of un-
frozen water and ice alter and strongly influence the mechanics of
frozen soil and, therefore, seismic wave velocities. The unfrozen
water content decreases with the decrease in temperature (Wata-
nabe and Osada 2017). The connection between seismic wave ve-
locities and temperature variation could be achieved using the
unfrozen water content models. By integrating the seismic wave
velocity with the unfrozen water content models, the prediction re-
sults could establish the relationship between the seismic wave ve-
locities and temperature.

This paper aims to evaluate seven seismic velocity models that
use the unfrozen water content as the input parameter: (1) time-
average (Wyllie et al. 1958); (2) Zimmerman and King (1986);
(3) Minshull et al. (1994); (4) weighted equation (Lee et al.
1996); (5) three-phase (Leclaire et al. 1994); (6) Biot-Gassmann
theory (BGTL) modified by Lee (Lee 2002); and (7) two end-
member (Dou et al. 2017). These models calculate the P or S
wave velocities or the composite elastic moduli of permafrost
based on different theoretical assumptions. Based on the evalua-
tion, the performance and applications of these seismic wave veloc-
ity models are summarized. The empirical relationship between the
P and S wave velocities of saturated permafrost that is based on 369
data points is derived, which could provide valuable information
for the study of permafrost and engineering applications. To pro-
vide unfrozen water content estimations, a modified and simpler
unfrozen water content model is proposed that is based on Dall”A-
mico’s model, which is evaluated with six existing unfrozen water
content models that use 943 data points.

Reviews of Existing Unfrozen Water Content
Models and Seismic Wave Velocity Models Applied
in Permafrost

Reviews of Existing Unfrozen Water Content Models
in Permafrost

Unfrozen water content is determined using soil temperature, the
specific surface area of soil particles, the soil-water characteristic
curve, or different types of water (e.g., free, capillary, and
bound) (Hu et al. 2020; Li et al. 2023a, in press). The models
that use soil temperature are relatively easy to implement when pre-
dicting seismic wave velocity. Therefore, in this section, six com-
monly used unfrozen water content models that use soil
temperature are reviewed, which include Michalowski (1993),
McKenzie et al. (2007), Kozlowski (2007), Anderson and Tice
(1972), Zhang et al. (2017), and Dall’ Amico et al. (2011) (Appen-
dix 1). The soil parameters used in these models that are listed in
Appendix | include volumetric unfrozen water content [6,=
(V. )(V))] (where the volume of unfrozen water is V), and the
total volume of frozen soil including the pore space is V), water
freezing temperature (7)), initial volumetric water content (6y) at
T residual volumetric water content (6, ), and soil-water potential
energy as a function of temperature ["(7')] [Eq. (9)].

The models by Anderson and Tice (1972), Michalowski (1993),
and Kozlowski (2007) are initially expressed by gravimetric
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unfrozen water content. These values are converted into volumetric
unfrozen water content, as shown in Eq. (8). For nonsaline soil,
T; =0°C is used. The residual volumetric unfrozen water content
(Bree) is the unfreezable water content at a low temperature (7qs).
The temperature of T, is usually below —10°C, at which the un-
frozen water content is constant or has small changes (Kozlowski
2007).

The unfrozen water content models listed in Appendix I include
empirical and semitheoretical models. The empirical models, such
as those that use soil temperature, are easy to implement in numer-
ical modeling with simple formulas. Their limitations are that the
fitting parameters lack physical meaning (Hu et al. 2020; Li et al.
2023a, in press), and the parameters vary between soil samples.
Lu et al. (2019) discussed the influence of fitting parameters and
the boundary conditions of the Michalowski (1993), McKenzie
et al. (2007), Kozlowski (2007), Anderson and Tice (1972), and
Zhang et al. (2017) models. Semitheoretical unfrozen water content
models provide relatively accurate results; however, they present
challenges due to their complexity and difficulty in practical appli-
cations and numerical modeling (Hu et al. 2020). For instance, the
models that use soil-water characteristic curves are semitheoretical
models that were established based on van Genuchten equation
(van Genuchten 1980) and the Clapeyron equation (Dall’ Amico
et al. 2011; Ren et al. 2017; Li et al. 2023a, in press; Li et al,
2023h). Although these models provide enhanced accuracy for un-
saturated soils by considering suction, they require more input
properties and entail a longer computation time compared with em-
pirical models. Therefore, simplified models are frequently em-
ployed in applications (Li et al. 2023a, in press).

The most common model by Anderson and Tice (1972) is an
empirical power function that fits the relationship between unfrozen
water content and negative temperature. However, the model pre-
diction approaches infinity when the temperature is close to 0°C,
which makes it unreasonable for conditions that are frequently en-
countered in polar regions. For the McKenzie et al. (2007) and Ko-
zlowski (2007) models with e>1 (Appendix ), the derivative of
the unfrozen water content curve at the freezing point is zero;
this means that the unfrozen water content remains constant near

Table 1. Assumptions and applications of seismic wave velocity models

the freezing point, a behavior that is inconsistent with the actual
rapid decrease in unfrozen water content during freezing (Lu
et al. 2019). The unfrozen water content curve slightly varies dur-
ing a freezing—thawing process (Zhang et al. 2020; Li and Li 2023),
which is referred to as the freezing—thawing hysteresis. The freez-
ing-thawing hysteresis is not considered in the unfrozen water con-
tent models that are evaluated in this paper.

Review of Existing Seismic Wave Velocity Models in
Permafrost

The seismic wave velocity models that are discussed in this paper
assume that the composite density is the volume-weighted average
of the densities of the constituents given by

B= ‘f)n'pu' + i + 95_‘.{)‘.“ (5)

where ¢, ¢, and ¢, = volume proportions of unfrozen water, ice,
and soil solids, respectively; and ¢, + ¢+ ¢ps= 1. Then, ¢, ¢
and ¢, can be derived based on unfrozen water content [i.c.,
=80y, pi=06,—8,, and ¢, =1 -8, (Appendix 1)].

This section reviews seven seismic wave velocity models. The
time-average, Minshull et al. (1994), weighted equation (Lee
et al. 1996), and three-phase models directly calculate the P wave
and S wave velocities. The Zimmerman and King (1986) and
BGTL models calculate the bulk and shear moduli, which could
be used to derive the P and S wave velocities [Eqgs. (1) and (2)].
The complete equations for the seismic wave velocity models are
presented in Appendix II. Table | summarizes the assumptions
and applications of these models. Some models are extended
from poroelastic theory, which adds assumptions for permafrost
[e.g.. Zimmerman and King (1986) and three-phase models].
Some models were initially proposed based on other materials,
such as rock and gas hydrates [e.g., time-average, Minshull et al.
(1994), weighted equation, and BGTL models] and applied in sat-
urated permafrost. The conclusions drawn from hydrate sediment
studies should be evaluated before applying them to unconsoli-
dated permafrost, despite the similarities between frozen soil and
gas hydrate (Pearson et al. 1983; Lyu et al. 2020).

Models Assumptions

Applications

Time-average (Wyllie et al. 1958; Timur

Zimmerman and King (1986)

This model assumes rigid consolidated rock waith little fluid. The
1968) wave velocities and transmission coefficients are independent of
frequencies for elastic media when there is no slippage or
separation of interfaces
This model assumes discontinuous water phase in frozen soils

P wave velocity of gas hydrates or
permafrost (which uses artificially low
matrix velocity for unconsolidated
sediments)

Permafrost porosities ¢ € [0.3, 0.5] and

and only considers spherical shape for water and soil phases of  low unfrozen water saturation below 60%
unconsolidated permafrost

Minshull et al. (1994)

This model uses a two end-member mixing approach based on
time-average model and Gassmann’s equation. Poisson’s ratio is

Initially proposed for partially
gas-saturated oceanic sediments

independent of porosity

Weighted equation (Lee et al. 1996)

This model calculates the weighted average of the three-phase
Wood equation and the time-averaged model, and only

Initially proposed for unconsolidated gas
hydrates

considers spherical shapes for water and soil phases of
unconsolidated permafrost

Three-phase (Leclaire et al. 1994)

This model is extended based on Biot theory, the corresponding

Frozen porous media

assumptions are statistically isotropic, fully saturated, and with a
uniform and connected porosity. In addition, it assumes no direct
contact between solid grains and ice inclusions

BGTL theory modified by Lee (Lee 2002)

This model is extended based on Biot theory. The V,/V, ratio of a

Initially proposed for gas hydrates

consolidated sediment is related to the 1,/ ratio of the matrix
material and the effective porosity of the soil

Two end-member model (Dou et al. 2017)

This model uses a two end-member mixing approach based on
self-consistent approximation and Biot theory

Initially proposed for saturated,
unconsolidated saline permafrost
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Time-Average Model (Wyllie et al. 1958 and Timur 1968)
The time-average model [Eq. (10)] estimates the effective slowness
(ie., the inverse of velocity) of the multiphase material as the
volume-weighted average slowness of the constituents of the
two-phase material (Wyllie et al. 1958). The model calculates
the average time needed for the P wave velocity to travel through
the material. The assumption is that the P wave velocity and the
transmission coefficient are independent of the wave frequencies
for elastic media when there is no slippage or separation of the in-
terfaces. Timur (1968) first proposed a three-phase, time-average
equation to explain the compressional wave velocity in various
consolidated rocks that are measured at subzero temperatures. It
calculates the sum of the travel time of the individual components
and is highly idealized for rock material.

The time-average model is empirical and lacks a physical basis.
In applications to saturated permafrost, the time-average model
could be considered to assume fully frozen permafrost (Lyu et al,
2020) and predict V. In addition, the assumption leads to overes-
timating the P wave velocity. Therefore, some studies use artifi-
cially low P wave velocities of the soil matrix (V) (Hoyer et al.
1975; Lee et al. 1996). The model is not applicable if the material
is unconsolidated (Wyllie et al. 1958; Dvorkin and Nur 1998), has
clay or organic content, or contains secondary porosity such as
fractures (Timur 1968; Castagna et al. 1985; Eberhant-Phillips
et al. 1989).

Zimmerman and King (1986) Model

Zimmerman and King (1986) extended the two-phase wave-
scattering theory of Kuster and Tokstz (1974) for estimating the
three-phase bulk and shear moduli of unconsolidated permafrost
(King ct al. 1988; Zimmerman and King 1986). Because limited
parameters are required, the model [Eqgs. (11)-(14)] was frequently
used (King et al. 1988; Lyu et al. 2020). The Zimmerman and King
(1986) model assumes unconsolidated permafrost with spherical
s0il particles embedded in ice—water mixtures. The ice-water mix-
ture is composed of spherical water inclusions in a continuous ice
phase. In addition, the model assumes a discontinuous water phase
in the frozen soil; therefore, porosities between 30% and 50% and
low unfrozen water saturation below 60% could be estimated. This
assumption might be invalid for frozen soils with a high unfrozen
water content,

Minshull et al. (1994) Model

The Minshull et al. (1994) model [Egs. (15)-(20)] employs a dual
end-member mixing approach to calculate the seismic wave veloc-
ities of permafrost. This model constitutes two end members: (1)
fully ice-saturated sediment (completely frozen) as the stiff end
member; and (2) fully water-filled sediment (completely unfrozen)
as the soft end member. The fully frozen end uses the time-average
model, and the fully unfrozen end employs Gassmann’s equation
(Gassmann 1951). By averaging the two end members, the P and
S wave velocities of partially frozen permafrost could be derived.

Weighted Equation Model (Lee et al. 1996)

The weighted equation model [Eq. (22)] that was proposed by Lee
et al. (1996) is a modification of the weighted average relationship
that was proposed by Nobes et al. (1986). The model calculates the
weighted average of the three-phase time-average model (Timur
1968; Wyllie et al. 1958) and Wood equation (Wood 1941) of
the P wave velocity, initially proposed for hydrate-bearing sedi-
ments (Lee et al. 1996). The S wave velocity (V) in the weighted
equation model could be approximately predicted based on an em-
pirical equation for mudrock by Castagna et al. (1985) [Eq. (23)].
When applying the weighted equation model to permafrost, this
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empirical linear relationship between the P and S wave velocities
needs to be revised.

Three-Phase Model (Leclaire et al. 1994)
The three-phase model by Leclaire et al. (1994) [Egs. (26) and (27)]
is an extension of the two-phase Biot theory, which imposes a soil
grain—water—ice layered medium structure. Biot theory describes
wave propagation in a statistically isotropie, fully saturated me-
dium with uniform porosity (Biot 1956; Lyu et al. 2020). The
three-phase model assumes no direct contact between the solid
grains and ice (Leclaire et al. 1994). The model considers the influ-
ence of potential and kinetic energy and a stress—strain relationship
for wave propagation in a frozen medium (Leclaire et al. 1994).
Due to the strong theoretical basis, it requires many material prop-
erties and empirical factors, such as soil and hydrate matrix perme-
ability, friction coefficients, and the viscosity of free water. These
values are difficult or impossible to measure, and some need to
be determined by data fitting (Lyu et al. 2020). The three-phase
model utilizes the Kuster and Toksoz (1974) equation, which
was initially proposed for two-phase media and commonly used
for low-porosity rocks to derive the ice matrix elastic moduli.
Lee (2002) modified the Biot-Gassmann theory (Biot 1956;
Gassmann 1951) by updating the original two-phase Biot theory;
the modified model is the BGTL model [Egs. (58)—(61)]. This
model was proposed for unconsolidated gas hydrate-bearing sedi-
ments (Lee 2002). The BGTL model considers the effective solid
matrix that consists of soil grains and ice based on the Hashin—
Shtrikman (HS) average equation (Hashin and Shtrikman 1963;
Hill 1952). In the BGTL model, Lee (2002) assumed that the rela-
tionship between the P and S wave velocities between soil and its
solid skeleton were proportional to (1 —¢,,) [Eq. (56)] and pro-
posed an empirical relationship between the Biot coefficient (f3)
and volume proportion of unfrozen water (¢, =#,) that used the
weighted equation model [Eq. (57)]. The latter assumption [Eq.
(57)] is invalid when grains lose contact in high porosity materials.
The empirical relationship in Eq. (56) is derived from tested exam-
ples of gas hydrate-bearing sediments with ¢,, in the range of 0.19-
0.68 (Lee 2002). When the BGTL model is applied to permafrost,
Eq. (54) could yield an imprecise Biot coefficient (f).

Dou et al. (2017) Model

The two end-member model by Dou et al. (2017) [Egs. (61)~(70)]
is an effective medium model for saturated, unconsolidated saline
permafrost and is an improvement on the Minshull et al. (1994)
model. In addition, this model could be applied to nonsaline perma-
frost with a salinity of zero. The two end members that form the ef-
fective medium of partially frozen sediments include an ice-filled,
fully frozen end member and a water-filled, fully unfrozen end
member (Dou et al. 2017). The Dou et al. (2017) and Minshull
et al. (1994) models use the two end-member mixing approach. In-
stead of using the time-average model for the fully frozen end, as in
the Minshull et al. (1994) model, Dou et al. (2017) used an effective
medium modeling procedure. The fully frozen end uses the self-
consistent approximation (Berryman 1995), and the fully unfrozen
end uses the Herz-Mindlin contact (Mindlin 1949) and Biot theo-
ries (Dou et al. 2017). The Dou et al. (2017) model does not require
parameter tuning for the mixing proportions and inherently as-
sumes mixed pore-scale ice distributions. However, it overesti-
mates the P wave velocity at moderate to high ice saturations,
which indicates that the model might overestimate the role of ce-
menting ice at those saturations. Another limitation is that the
Dou et al. (2017) model uses a modified HS average as a mixing
strategy, which lacks a physical interpretation.
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Statistical Evaluation of Unfrozen Water Content
Models and Seismic Wave Velocity Models in
Permafrost

This section evaluates the six unfrozen water content models and
proposes a modified model based on the Dall’Amico et al. (2011)
model (the modified Dall’ Amico’s model). Then, the modified Dal-
I’Amico’s model was used to evaluate the seven seismic wave ve-
locity models. The data that was used to evaluate the models were
collected from published laboratory results, For the unfrozen water
content models, 61 data sets of unfrozen water content versus tem-
perature were collected with 943 data points from 12 journal and
conference publications. For the seismic wave velocity models,
4] data sets of seismic wave velocities were collected (which
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Statistical Evaluation of Unfrozen Water Content Models
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The 61 data sets of volumetric unfrozen water content with various
soil types are shown in Fig. 1, which includes clean sand, sand with
fines, silt, clay, and organic soil, which are major soil types based
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Fig. 1. Volumetric unfrozen water content data with temperature and total volumetric moisture content: (a) clean sand; (b) sand with fines; (c) silt;
(d) clay: and (e) organic soil.
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classified using the USCS, as listed in Appendix [11. More details of
the laboratory data can be found in the literature (Christ et al. 2009;
Li 2009; L1 et al. 2020; Smith and Tice 1988; McGaw et al. 1983;
Oliphant et al. 1983; Hivon and Sego 1990; Lai et al. 2021; Qiu
et al. 2020; Watanabe and Wake 2009; Zhang et al. 2019; Wen
et al. 2012). This meta-analysis indicated that clay (data sets=
25% or 40%) was the most tested soil, followed by clean sand
(data sets=15% or 25%) and silt (data sets =9% or 15%). Sand
with fines and organic soil was the least tested (data sets =6% or
10%). Clay permafrost was the most tested, which was probably
due to its capability to hold more moisture and, therefore, its higher
susceptibility to permafrost degradation. As the temperature de-
creased from 0°C, the rate of unfrozen water content reduction
was higher at approximately 0°C and then gradually decreased as
the temperature further decreased. The rate of change in the unfro-
zen water content was much less below —15°C compared with ap-
proximately 0°C.

The residual unfrozen water content (i.e.. the water that cannot
freeze at extremely low temperatures) is usually difficult to mea-
sure. The estimated values used in practice are based on empirical
relationships. Based on the Dall’ Amico et al. (2011) model, a mod-
ified model was proposed that assumed that the permafrost was
fully saturated; therefore, the soil-water potential energy that is re-
lated to the total water content is zero (V.o =0). and the residual
unfrozen water content is ignored to simplify the calculation (i.e.,
6,..=0)

6‘!; = 9“

L n _(l_r-l")
] - wi T— T {6]
+[ ﬁg?}{ ;)] }

where ' and »’ = fitting parameters.

The modified Dall’Amico’s model is a semitheoretical model
that is based on soil temperature and assumes that the permafrost
is fully saturated and the residual unfrozen water content is zero.
The model needs one variable and two fifting parameters, which
are simplified for practical purposes. The modified Dall’Amico
model [Eq. (6)] was evaluated with the six unfrozen water content
models, which used the root mean square error (RMSE) and aver-
age deviation. The RMSE is the square root of the average of the
squared differences between the predicted and true values in the
collected data sets. A lower RMSE value indicates that the model
makes better predictions on the data set. The unit of RMSE is the
same as the evaluated variable. The average deviation is the
mean of the predicted minus the measured values and could quan-
tify whether the models were biased to overestimate or underesti-
mate quantities of interest. Fig. 2 shows the calculated and
measured volumetric unfrozen water contents of the 61 soil sam-
ples by the six existing models and the modified Dall’ Amico
model for different soil types that include clean sand, sand with
fines, silt, clay, and organic soil. Figs. 7 and 8 show the RMSE val-
ues and average deviations of the seven models for the volumetric
unfrozen water content data sets that are grouped by soil types.

The regression analysis showed a similar prediction accuracy of
the modified Dall’ Amico’s compared with the original model. The
modified model showed slightly larger RMSE values for clean sand
and sand with fines than the values of the original model and re-
quired fewer input properties (Appendix [). The values that were
predicted by the modified Dall’Amico model for clay samples
had a smaller RMSE, which indicated a better performance than
the Dall’Amico et al. (2011) model for clay. The modified model
has the advantages of a sound theoretical basis, good performance,
and a suitable amount of input properties. The ranges of the two fit-
ting parameters of the modified Dall’Amico model were derived
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based on the fitting results: (1) f'€(2.49, 3610), n' €(1.13,
2.72). In the following section, the modified Dall’Amico model
is used to predict unfrozen water content that is used as an input
for the seismic wave velocity models.

The prediction of all unfrozen water content models showed an
overall good performance. This was because all the unfrozen water
content models that were reviewed and evaluated in this paper use
fitting parameters. However, the disadvantage of these models is
the determination of fitting parameters when the models are applied
to a sample without unfrozen water content measurements. The An-
derson and Tice (1972) and Zhang et al. (2017) models are empir-
ical models with simple equations. These models are easy to apply
but have less accuracy. The Anderson and Tice (1972) model pro-
vides good performance with the advantage of a simple formula
format; however, it underestimates 8, for sand with measured 6,.
between 30% and 50%. But its prediction approaches infinity
when the temperature is approximately 0°C. The Zhang et al.
(2017) model was initially proposed for silt and performs well
for sand with fines. The performance of the Zhang et al. (2017)
model is unsuitable for clean sand, clay, and organic soil.
Fig. 2(e) shows a general trend that the Zhang et al. (2017)
model overestimates &, when the measured 8, is < 25% and under-
estimates 8, as the measured @, increased.

The Michalowski (1993), McKenzie et al. (2007), and Kozlow-
ski (2007) models have similar formulas, which use exponential
equations and consider residual unfrozen water content. The Ko-
zlowski (2007) model with two fitting parameters performed better
than the models that have a similar formula format but one fitting
parameter, which includes the Michalowski (1993) and McKenzie
et al. (2007) models [Figs. 2(a—c)]. The Michalowski (1993) and
McKenzie et al. (2007) models underestimated @, for the measured
6, below 20%. In addition, the Michalowski (1993) model under-
estimated 6, for sand with the measured 6, above 30%. The
McKenzie et al. (2007) model overestimated &, for sand and clay
with the measured 6, above 30%. The similar performance from
the Michalowski (1993) and McKenzie et al. (2007) models
might be due to similar formula trends; both use an exponential
equation and consider the residual unfrozen water content.

Statistical Evaluation of Existing Seismic Wave Velocity
Models in Permafrost

This section evaluates the seven seismic wave velocity models in
nonsaline saturated permafrost. Table 2 summarizes the number
of data sets and points for each soil type. More details of the labo-
ratory data can be found in Appendix IV and the literature (Wang
et al. 2006; Christ et al. 2009; Nakano and Amold 1973; Kim et al.
2016; Li 2009; Meng et al. 2008; Fu et al. 1983; Yang et al. 2015;
Ge et al, 2013; Zhang et al. 2018). All data sets were nonsaline sat-
urated permafrost. The data from the original publications included
the P and S wave velocities, bulk, shear, and Young's moduli, and
Poisson’s ratio. All elastic moduli that were collected were con-
verted into seismic wave velocities based on Egs. (1)-(4).

The data sets represented the variations in the seismic wave ve-
locities with temperature for various soil types (e.g., clean sand,
sand with fines, silt, clay, and organic soil) and are shown in
Fig. 3 (P wave velocity versus temperature) and Fig. 9 (S wave ve-
locity versus temperature). As the temperature decreased from 0°C,
the increase rates in the P and S wave velocities were higher at ap-
proximately 0°C and gradually decreased as the temperature further
decreased. This trend was consistent with the decrease rate in the
unfrozen water content as the temperature decreased (Fig. 1),
which indicated that the variation in the seismic wave velocities
was correlated with the variation in the unfrozen water content.

J. Cold Reg. Eng.

J. Cold Reg. Eng., 2024, 38(3): 04024021



Downloaded from ascelibrary.org by Pennsylvania State University on (7/08/24, Copyright ASCE. For personal use only; all rights reserved.

70+ 701 704
60 60 60
= 50+ = 50 & 504
S ap 4 @ 4p | @ 404
T 40 o N5 T 40 o5 T 40
@ s @ e @
G 30 il B 301 . S 301 :
& 204 & 201 ” & 201 =
10 10 g 101

0 -EEL e
0 10 20 30 40 50 60 70

0 10 20 30 40 50 60 70

0 ———— 7
0 10 20 30 40 50 60 70

(a) Measured 8, (%) (b) Measured 8,, (%) (c) Measured 8, (%)
704 701 704
B0 B0 A 60
& 501 & 501 2 501
3 3 3
@ 40 D 4 4 D 44
3 40 3 40 ; 3 40 -
‘S 30 o B 30+ oo & 8 30+
-8 LE? '- E & , ;’ 2 -8 .
& 204 & & 20+ i d a 207
10 10168, 10
0 ———————————— 0 R 0 ———————————
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
(d) Measured 8, (%) (e) Measured 8, (%) (f) Measured 8, (%)
70 References Soil Types
60 Christ et al. 2009 Clean Sand
- Li 2009 »  Sand with Fines
3 50 . ,
= Li et al. 2020 = Silt
S 404 . Smith and Tice 1988 o Clay
% 301 o McGaw et al. 1983 o Organic Soil
E . Oliphant et al. 1983
& 207 Hivon and Sego 1990
10+ Lai et al. 2021
0 i Qiu et al. 2020
0 10 20 30 40 S50 60 70 Watanabe and Wake 2009

(g) Measured 8, (%)

Zhang et al. 2019
Wen et al. 2012

Fig. 2. Comparisons between the measured and calculated volumetric unfrozen water contents of the six current models and the proposed model:
(a) Michalowski (1993); (b) McKenzie et al. (2007); (c) Kozlowski (2007); (d) Anderson and Tice (1972); (e) Zhang et al. (2017); (f) Dall’ Amico

et al. (2011); and (g) modified model (this paper).

Table 2. Number of data sets for seismic wave velocities

Soil types Number of data sets Number of data points
Clean sand 14 11
Sand with fines 9 103
Silt 9 73
Clay 8 48
Organic soil 1 31
Total 41 369

By comparing V), (Figs. 3) and V, (Figs. 9) with the temperature of
each soil type, similar trends were observed between the P and S
wave velocities. Nakano and Arnold (1973) conducted seismic
wave velocity experiments for clean sand under various total mois-
ture contents, which are shown in Figs. 3(a) and 9(a). A higher total
moisture content corresponded to higher ¥, and V; for clean sand in
saturated permafrost (Nakano and Arnold 1973).
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The data sets for V, and V), in saturated permafrost are shown in
Fig. 4; the linear trend shows a correlation between ¥, and V;, for
saturated nonsaline permafrost, which was similar for all soil
types. The following equation shows the linear regression relation-
ship between V, and ¥, in Fig. 4 with R*=0.88:

V,=0.6116V, —210.4 7

Eq. (7) is a new empirical linear relationship between the P and
S wave velocities for unconsolidated permafrost that is based on a
large amount of data (369 data points for the joint P and S wave
velocities), which could be applied in the weighted equation
model to calculate V, as a replacement for Eq. (23). Because Eq.
(23) was derived based on mudrock (Castagna et al. 1985), the re-
placement by Eq. (7) could increase the accuracy of V, predictions
in the weighted equation model for permafrost.

First, the modified Dall’Amico’s model [Eq. (6)] was used to
predict the unfrozen water content, which was used as input for
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Fig. 3. P wave velocity data of various soils with temperature and total moisture content: (a) clean sand; (b) sand with fines; (c) silt; (d) clay; and
(e) organic soil.

3000 4

2500 4

¥
(=]
=]
(=]

S-Wave Velocity (m/s)

15004

1000 4

w
=]
5]

the seismic wave velocity models. Therefore, the evaluation results
could only represent the performance of the seismic wave velocity
models that were based on the predicted unfrozen water content,
which might introduce uncertainty in the evaluation results. The ap-
plied fitting parameter ranges of the modified Dall’ Amico’s model
in this paper are summarized in Table 3 for different soil types,
where the f and n’ values were selected to make the best fit of
the seismic wave velocity models.

The calculated and measured seismic wave velocities of 41 soil
samples are shown in Fig. 5 for the P wave velocities and Fig. 6 for

s p_i,?; Velocity mf;:f" 4000 the S wave velocities. The time-average model predicts P wave
References Soil Types u . iy
Wang at al. 2006 Clean Sand Table 3. Parameter ranges of the modified Dall’Amico’s model for
Christ et al. 2009 Sand with Fines different soil types
Nakano and Amold 1973 Silt N .
Kim et al. 2016 Clay Soil type i n
Li 2009 Organic Soil
i Clean sand (6, <40%) [6. 100] [1.7.2.7]
ookl A00E Clean sand (8,>40%) 23 1.57
Yang et al. 2015; Ge et al. 2013 Sand with fines [2.5.10] [1.2. 1.8]
Zhang et al. 2018 Silt [2.5,5] [1.2. 1.§]
Clay [1.2,2.7] 2.5
Fig. 4. Correlations between P and S wave velocities. Organic soil 4 1.8
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velocities. Therefore, it is not shown in Fig, 6. The values that were
used for the elastic moduli and densities are given in Table 4. Figs.
12-15 show the RMSE values and average deviations for different
models for the P and S wave velocities for different soil types. Of
note, the time-average model could only predict ¥}, with an overes-
timation. Table 5 summarizes the evaluation results and suggests
applications of the seven seismic wave velocity models of saturated
permafrost. The seismic wave velocities that were calculated by the
Minshull, Dou et al. (2017), and BGTL models matched better with
the measured data than other models.

The performance of different models for saturated nonsaline
permafrost varied due to the different theories and assumptions.
For all soil types, the time-average and weighted equation models
mostly overestimated the P wave velocities. The time-average
model showed poor predictions among all the models and might
be unsuitable for seismic wave velocity predictions in permafrost.
In addition, the time-average model cannot predict S wave veloci-
ties. For the time-average model, this was due to the assumption
that the fully frozen state of permafrost and unfrozen water exist
in permafrost. Among the seven seismic wave velocity models,
this could be treated as the upper bound prediction.

The performance of the weighted equation model was similar to
that of the time-average model because the weighted equation
model uses input from the time-average model. In the weighted
equation model, Lee et al. (1996) selected W=1 and n=1 to fit
the joint P and S wave velocities that were reported by Zimmerman
and King (1986). It is challenging to establish the values of W and n
for predictions, because the values depend on the observed data
(Lee etal. 1996; Lee 2002). Here, W= 1 favors the Wood equation
[Eq. (19)] (Nobes et al. 1986). In this paper, W=1.1 and n = lwere
selected.

The empirical equation of the Biot coefficient (f) [Eq. (57)] in
the BGTL model is derived from the weighted equation model,
and the performance of the BGTL model is better than the weighted
equation model. The weighted equation and BGTL models have
acceptable predictions for silt, clay, and organic soils when V), <
3,000 m/s; however, they overestimated ¥, and V, for sand with
fines, as shown in Figs. 5(d) and 6(e). In the BGTL model, V,./
Vi (the P and S wave velocities of the porous solid matrix) are as-
sumed to be equal to the multiplication of V,/V'; and the solid frac-
tion for unconsolidated permafrost [Eq. (56)]: however, the actual
V! Vi was smaller than the value assumed by the BGTL model.
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Fig. 5. Comparisons between the measured and calculated V),: (a) Zimmerman and King (1986); (b) Minshull et al. (1994); (c) weighted equation;
(d) three-phase; (e) BGTL; (f) Dou et al. (2017); and (g) time-average models.
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Fig. 6. Comparisons between the measured and calculated V;: (a) Zimmerman and King (1986); (b) Minshull et al, (1994); (¢) weighted equation;
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Table 4. Elastic moduli and densities of matenals

The Minshull et al. (1994) model is a two end-member mixing
approach, which provided an overall good performance for each

Materials K (GPa) G (GPa) p (kg/m’) soil type. The two end members are mixed to model the intermedi-
Quartz 44 37 Gy Py ate, partially frozen sediment, and the mixing proportions are equal
Ice 8.4 3.7 920 to the relative proportions of the pore ice and water. Instead of re-
Water 20 0 1,000 lying on parameter tuning, the mixing proportion is consistent over
Soil matrix (K., and G,,) 1 1 —

Therefore, the BGTL model has a relatively low bias but a large
prediction error [Figs. 6(¢), 13(e), and 15(e)]. Another error source
was from the Biot coefficient estimation. When the temperature in-
creased, the S wave velocity that was estimated by the BGTL
model was less than the actual measurements for fine-grained
soils [Fig. 6(e)].

The Zimmerman and King model generally performs better with
decreasing unfrozen water content, which corresponds to higher V,,
and V, values. A trend is shown in Fig. 5(b), especially for sand
with fines. This was because the Zimmerman and King model as-
sumes a medium unfrozen water content range (< 60%). However,
when ice formation starts at approximately 0°C, the water phase
might be continuous. Therefore, the Zimmerman and King model
might overestimate the seismic wave velocities in most soils as
the temperature increases.
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the full range of the possible ice saturations. However, the mixing
scheme in Minshull et al. (1994) cannot apply to unconsolidated
sediments, because the time-average model [Eq. (10)] is used to
model the velocities of the fully frozen end-member and partially
frozen condition. Therefore, the Dou et al. (2017) model is an im-
provement on the Minshull et al. (1994) model.

The prediction of the three-phase model was relatively accurate
when V), was between 2,000 and 3,000 m/s, overestimated when V),
was<2,000 m/s, and underestimated when ¥, was larger than
3,000 m/s, This might be due to the assumption of no direct contact
between solid grains and ice inclusions. This assumption worked
well for negative temperatures of approximately 0°C when perma-
frost was close to the unfrozen state but not for lower temperatures
as the ice content increased, which was probably due to the com-
plex contact between the soil skeleton, unfrozen water, and ice
and the effects of the diffuse double layer and different microstruc-
ture of ice. The three-phase model performed better for clean sand
and sand with fines and overestimated fine-grained soils that
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Cannot estimate S wave velocity or

Predict P wave velocity only; fully frozen

Owerestimates P wave velocities for all soil

Time-average (Wyllie et al. 1958; Timur 1968)

partially frozen permafrost
Can only estimate permafrost with porosity
between 30% and 50% and low unfrozen

permafrost
Predict S wave velocity of sand and P

types
Good performance on P wave velocity of

Zimmerman and King (1986)

wave velocity of clay

clay, and § wave velocity of sand

water content below 60%

The time-average model is a component of

Predict P and S wave velocities for sand

Overall good performance on P and S

Minshull et al. (1994)

this model

with fines and clay, P wave velocity of

wave velocities of all soil types

sand, and S wave velocity of silt
Predict 8§ wave velocity of silt

The time-average model is a component of

Good performance on 8 wave velocity of

Weighted equation (Lee et al. 1996)

this model

Relatively complicated calculation,
requiring many material properties and

silt

Good performance on P wave velocity of

Predict P wave velocity of silt and S wave

Three-phase (Leclaire et al. 1994)

velocity of clay

silt Good performance on S wave velocity

empirical factors
Initially proposed for unconsolidated gas

of clay
Good performance on P and S wave

Predict P wave velocity of sand and clay
and S wave velocity of sand with fines

BGTL theory modified by Lee (Lee 2002)

hydrate-bearing sediments, adaptation
needed when applied to for permafrost.

velocities of sand and clay Good
performance on S wave velocity of sand

Unsuitable for high porosity materials

with fines
Overall good performance on P and §

Suitable for saturated, unconsolidated

Predict P and S wave velocities of sand and

Dou et al, (2017) model

permafrost. Maight overestimate the role

clay

wave velocities of all soil types

of cementing ice
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included silt, clay, and organic soil. The overestimation of V), in the
three-phase model when V,, was <2,000 m/s V of the three-phase
model was underestimated for clean sand and sand with fines.

The performances of the S wave velocity predictions differed
from the P wave velocity predictions due to different estimation
methods for V,, which included calculation of the composite
shear modulus (most common), direct theoretical calculation, and
empirical relationships between the P and S wave velocities. The
Zimmerman and King (1986) and BGTL models calculate the
bulk and shear moduli and derive I, and V. The Minshull et al.
(1994) and three-phase models calculate V), and V, directly; first,
the weighted equation model predicts V), then it derives V, based
on the empirical relationship between V), and V.. Therefore, the
V,, prediction results were more reliable in the weighted equation
model than the ¥V, prediction results. The S wave velocity that
was derived by the original weighted equation model depends on
the empirical V9, and V relationship that was developed for mu-
drock by Castagna et al. (1985) in Eq. (23). This relationship is un-
suitable for permafrost. In this paper, a new empirical linear
relationship between V), and F, was derived for unconsolidated
nonsaline permafrost based on a large amount of data (369 data
points for the joint P wave and S wave velocities), as shown in
Fig. 4 and Eq. (7). Eq. (7) was used for V, prediction in the
weighted equation model to replace the original equation [Eq.
(23)].

The performance of the same model varied for different soil
types. This indicated that different seismic velocity models should
be used depending on the permafrost soil types. For the Zimmer-
man and King model, the prediction for sand with fines showed bet-
ter accuracy than other soil types. The BGTL model performed
better for clean sand compared with other models. For the V), of
silt, the three-phase model showed lower RMSE values, and the
Zimmerman and King model showed larger RMSE values. The
performance of the models varied for the same soil type. For exam-
ple, as Vp decreased, the bias of the Dou et al. (2017) model in-
creased. In addition, as shown in Figs. 5 and 6, the predictions
for sand with fines for the data set by Kim et al. (2016) were higher
compared with other data sets of sand with fines. This was probably
because the testing method that was used by Kim et al. (2016) was a
resonant column test, different from the other samples’ testing
method, which might affect the microstructural distribution of
pore ice in the sample.

The unfrozen water content and seismic wave velocity data sets
were independent. The unfrozen water content in the seismic wave
velocity models was estimated using the modified Dall’ Amico’s
model, and errors in this estimation might contribute to the estima-
tion accuracy of the seismic wave velocity models.

Conclusions

This paper presented an evaluation of six unfrozen water content
models for permafrost. The regression analyses showed that semi-
empirical models gave an overall good performance (average
RMSE values were smaller than 5%) when the appropriate fitting
parameters were used. The empirical models were easier to apply
than the theoretical models but lacked physical meaning. The em-
pirical models with two fitting parameters performed better com-
pared with models with one fitting parameter. A simple
semiempirical semitheoretical model was proposed (the modified
Dall’ Amico’s model) to predict the unfrozen water content based
on soil temperature. The proposed model gives a good balance be-
tween the theoretical basis and engineering practices with accurate
fitting results and simplified calculations.

J. Cold Reg. Eng.

J. Cold Reg. Eng., 2024, 38(3): 04024021



Downloaded from ascelibrary.org by Pennsylvania State University on (7/08/24, Copyright ASCE. For personal use only; all rights reserved.

Seven seismic velocity models were further evaluated with tem-
perature variations for saturated nonsaline permafrost. Regardless
of soil type, porosity, grain size, and temperature, the saturated
nonsaline permafrost generally shared the same linear correlation
between the P and S wave velocities. An empirical relationship
was derived between the P and S wave velocities of saturated non-
saline permafrost, which was based on a large number of data
points. This relationship could provide valuable information for
permafrost studies and engineering applications. This paper evalu-
ated the prediction results of seven seismic wave velocity models

based on the predicted unfrozen water content that used the modi-
fied Dall’ Amico’s model. The statistical evaluation results showed
that Minshull et al. and BGTL models have an overall better perfor-
mance in seismic wave velocity prediction, which was reflected by
lower RMSE values than other models. The prediction performance
of the seismic wave velocity models varied with permafrost soil
type. The application of the seismic wave velocity models for sat-
urated nonsaline permafrost was summarized in this paper, which
might offer valuable insights into the use of seismic wave velocity
models under different scenarios.

Appendix I. Comparison of Existing Unfrozen Water Content Models

Models Formulas

Assumptions

Michalowski (1993)
ty

McKenzie et al. (2007)
S(J
or

rory?
6, = | Ot (@0 - r1m51exp[—(-7£) } T<T;
o

g = { Ores + (B = Oped exp [T = T3)]
|

ﬂ T<T

B I Swres +(1 = S“m,;lexp[—(

T<1; Residual unfrozen water content is independent of
T=Tp soil temperature

Residual unfrozen water content is constant
T=T;

T=1
Bres T < Thes
Kozlowski (2007) Gy = { Ores + (6 — Ores) exp[ci(?.r“_;i Ta<T<T Water remains in liquid form when the soil
o s T temperature is above T and the unabsorbed water
=~ is all frozen when the soil temperature is below
Tn:s
b
Anderson and Tice (1972) W= l a(;r} ;: z ;;f Adsorptive force govems the freezing of pore
tr = water
f, = @ F‘er(_T}h r< T}
* hy T=Ty
where
Ina=0.5519In5+0.2618
In h=0.2640 In §+0.3711
All liquid water in soil would change into ice if the
Zhang et al. (2017) 8 [1 — (=T ...] LT T T soil temperature fell below absolute zero
6, = ‘ ” "'+T’) i i (—273.15°C)
B =T Assumption: the residual unfrozen water content
is constant

Dall’ Amico et al. (2011)

0 = O + (0 — ) {1 + [P} WT) =W, + (T - T))

Note: all fitting parameters are stated in Table 6.

Appendix Il. Equations Used in Unfrozen Water
Content and Seismic Wave Velocity Models

Table 6 states the parameters that were used in the unfrozen water
content models in Appendix 1. The relationship between the volu-
metric unfrozen (6,) and gravimetric unfrozen water contents
(W,) is

The soil-water potential energy [W(T)] is calculated based on
the following equation (Dall” Amico et al. 2011):

-Lm' 2
W(T)ETII{J+_(T_TI) (9)
&Ty

where W, = soil-water potential energy related to the total water

0, =,M uPd (8) content and is equal to the soil-water potential divided by pg:
Pw pr =density of liquid: and g = gravitational acceleration. For satu-

where p; =dry density of soil; and p,, = density of water. rated soil, ¥, ,=0.
© ASCE 04024021-12 J. Cold Reg. Eng,
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Table 6. Parameters used in unfrozen water content models

Maodel Parameter Explanation
Michalowski (1993) a, Volumetric unfrozen water content
Bres Residual volumetric unfrozen water content
T Temperature (°C)
T Temperature of freezing or initial freezing point of pore water (°C)
e Initial volumetric water content at T}
u Fitting parameter
McKenzie et al. (2007) S Unfrozen water saturation
Sores Residual saturation corresponding to the residual volumetric unfrozen water content
So Initial water saturation at 7
¥ Fitting parameter
Kozlowski (2007) 15 Temperature corresponding to 8.,
a4 Fitting parameter
£ Fitting parameter
Anderson and Tice (1972) W, Gravimetric unfrozen water content
Wy Initial gravimetric unfrozen water content
P Dry density of soil
§ Specific surface area of soil grains
“ Fitting parameter
b Fitting parameter
Zhang et al. (2017) Tw T=0°C
® Fitting parameter
Dall’ Amico et al. (2011) W(T) Soil-water potential energy (m)
Lt The latent heat of phase change between ice and water, L,; =334 kl'’kg
yij Fitting parameter (m)
n Fitting parameter

The equations that were used in seismic wave velocity models
are summarized as follows.
1. Three-phase time-average model (Wyllie et al. 1958; Timur
1968)

1 b b b
Vp— Vn K Vﬁf+ Vs (10

where V,,,, Vy,;, and V,; =P wave velocities of water, ice, and

P
soil solids, respectively.
2. Zimmerman and King (1986) model
In the Zimmerman and King (1986) model, the Kuster and Tok-

s6z (1974) equations are used for the moduli of an ice-water mix-

ture, given by
1+ 4G{(K, — K;) "
Kfr Lo {BKN' +4G, ]‘KI'

E_ ] o |:3(K“'_ KJ) . (l]]
3Ky + 4G, |
G (1-5)OK, +8G) i

G~ 9K, + 8G; + s(6K; + 12G))

where K, and G, = bulk and shear moduli of the ice-water mixture,
respectively; K; and G; = bulk and shear moduli of ice, respectively:
K. =bulk modulus of water; and s=¢,/(1 —¢,) is the water
saturation.

Similarly, the bulk (K') and shear (G') moduli of the soil can be
obtained using the Kuster-Toksdz equations

4GHK, — K
g [m(,. ¥ 4@.)&]"’-‘

E _ (6K + 12G3)G, + (9K, + 8G[(1 — b )Gy + b, Gy
Gy (9K}, +8Gy)Gy + (6K + 12G))[(1 — )G + .Gy

(14)

where K, and G,=bulk and shear moduli of soil solids,
respectively.
3. Minshull et al. (1994) model

In the Minshull et al. (1994) model, the P and S wave velocities
of the fully frozen end (i.e.. ¥, and ;) are determined first

! (1 —[,‘5‘.] '?Sv
Vp; ¥ pi Vps “5)

V.r: - Vs' I"’s.\t

where F; and V=S wave velocities of ice and soil solids, respec-
tively. The corresponding density is p,= (1 — ¢, )p;i+ s
Then, Gassmann’s equation is applied to determine the moduli
for the fully unfrozen end
(] _ K)
K

“1=¢, ¢,  Km
X kTR

K, — Ko (17)

G}_{ = Han ( ] 8)

where K, and G,=bulk and shear moduli of the water-filled sedi-
ment, respectively: K, and u,, =bulk and shear moduli of the
porous soil matrix, respectively; and K; and K,, =bulk moduli of
soil solids and water, respectively. The density of the water-filled

K_.— 3K K [I3J Sediml?rlt is pg=(l _¢.~'pn'+¢.\p&'<
i 1 — {LL_"’_)] b, Finally, the P and S wave velocities of permaftost are obtained
3K, +4G, | by a weighted average of the slowness of the fully frozen end and
© ASCE 04024021-13 J. Cold Reg. Eng.
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fully unfrozen end, which uses the unfrozen water saturation (s) as
the mixing ratio

I (1-=9) s

e L 19)
Yy Vpr Ve ;
1 (-9, s 55

Ve Va Vg

where V,, and V., =P and § wave velocities of the water-filled
sediment, which correspond to K, and G, in Egs. (17) and (18).
4. Weighted equation model (Lee et al. 1996)

The weighted equation model (Lee et al. 1996) calculates the
weighted average of the P wave velocity based on the three-phase
time-average model in Eq. (23) and the Wood equation. The Wood
equation calculates the weighted sum of the kinetic energy for the
constituents of water, ice, and soil solids (Lee et al. 1996; Lyu et al.
2020)

1 ¢..- ¢l’ + ¢5‘

— T —— o —— —_—
ﬂyzu Py Vf:w Py V;Zu' Py szu

(21)

where V,,,= predicted P wave velocity; and V,,,,, V,,, and V. =P
wave velocities of water, ice, and soil solids, respectively.
The weighted equation model by Lee et al. (1996) is

| W8 1 -We-s"
ROl o (22)

Ve Vpa Vob

where F,,=P wave velocity by the time-average equation [Eq.
(23)]: ¢p =g, + ¢h,=porosity: unfrozen water saturation s = ¢,,/¢h;
and W= dimensionless weighting factor. For permafrost, n is a di-
mensionless constant that simulates the rate of water freezing. An
increase in n indicates that the changing rate is faster when freezing.

The S wave velocity (F,) in the weighted equation model can be
approximately predicted based on an empirical equation for mu-
drock by Castagna et al. (1985)

Ve=0.8621V,—- 11724 (23)

5. Three-phase model (Leclaire et al. 1994)
The resulting equation to calculate the P wave velocity (V) is

Vy=[Re(/A)] ", j=1,2,3 4)

where Re =real part; and A, is obtained from the following charac-
teristic equation:

AN ~[py 1B+ pnC + p33D = AR Rospys + RisRizp1)]A
+[bR11 +cRyp +dR33 = 2pypasas + piapaRi2)]A —a=0

(25)
The coefficients in Eq. (25) are given in Eqgs. (28)-(41).
The S wave velocity (V) is given by
vy =[Re(y@)] ™", j=1.2 (26)
where £}, is obtained from the second-order equation
QD poaptypis = Qb+ psd) +a =0 (27

where V), and V;=solutions of Egs. (24) and (26). The coefficients
in Eq. (27) are given in Egs. (39) and (42)47).

© ASCE

04024021-14

The coefficients of Egs. (25) and (27) are provided in Eqgs.
(28)H55). The completed procedures and equations are found in
Leclaire et al. (1994)

A= Ry RaR33 = RaRyy = B3, R (28)
B=RyRy — RS, (29)
C=R| 1Ry (30)
D=RyR»n-R, (31)
Ruy =[(1 = 1) Koy + Kim (32)
Riz =[(1 = )1 Ko (33)
Ry = Koy (34)
Rys = [(1 = el Kaw (35)
Rys =[(1 = e3)p, P Koy + Ko (36)
pu =g, + @z — Dy, (37)
P2 =—(aiz = Dghp,, (38)
P2 =(a1a+azs — p, (39)
Pz =—(az = D,p,, (40)
Pz =y +(a — Dy, (41)
a =P _ﬂgsi’n —.-"fzf’n (42)
b =pppn - ﬂ%a (43)
C=pnps (44)
d=ﬂnﬂzz‘l’%z (45)
1 =[(1 = ATt + tom (46)
p3 = [(1 = 230 oy + b (47)
2

by = Mo %‘ (48)
b=’ (49)
= )

[' = _@T
kj=—b P (s1)

@)
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The tortuosity values

5= %ﬁ:‘:}) +1 (52)
an = %ﬁ? +1 (53)

6. BGTL model (Lee 2002)

In the BGTL model, Lee (2002) assumed the relationship be-
tween the P and S wave velocities between soil and its solid skel-
eton as

Ve _Vp

o= (l=d) (56)

where V. and V.= P and S wave velocities of the porous solid ma-
trix (soil grains and ice), respectively.

Lee (2002) proposed an empirical relationship between the Biot
coefficient (f) and volume proportion of unfrozen water (¢, =86,)
that used the weighted equation model

- 1840468 | 0.99494 (57)

p=
1 + e oIRD

Then, the Biot coefficient is used to calculate the modulus (M),
which describes the pressure that is needed to change the fluid vol-
ume without changing the total volume based on Gassmann's
theory
L _p-b,

¢“'
" % K

(58)

where K., =HS average bulk modulus of the solid matrix (soil
grains and ice); and G, = corresponding shear modulus.
The bulk modulus (K) can be calculated as follows:

K=K, (1 -p)+pM (59)
The shear modulus (G) can be estimated from Egs. (55) and
(5R):
_ G K (1 -p(1 = 9,) + G M1 - ¢,)
- 4G, [1-(1-9,)’]
3

G

(60)
K.ﬂ' +

7. Dou et al. (2017) model

The two end-member model by Dou et al. (2017) uses the self-
consistent approximation (Berryman 1995), Herz—Mindlin contact
(Mindlin 1949) and Biot theories (Dou et al. 2017). The fully fro-
zen end consists of soil grains and ice, which is calculated by self-
consistent approximation. The effective moduli of the fully frozen
end member (Kjp and Gy) are calculated from the following

equations;

PK; = Kip)PE™ + (1 — p)(K, — Kip)PP™ =0 (61)

HGi — Gp)OE™ + (1 — §)G, — GO =0 (62)

where P'.’f n":", inm m”', P‘ff.]mm, and Q‘iﬁhﬂm = shape factors calculated
based on the bulk and shear moduli (unitless) (Dou et al. 2017).

The fully unfrozen end consists of soil grains and water. First,
the effective moduli of the dry granular frame (K, and G,/ are cal-
culated using the Hertz—Mindlin contact theory. Then, the effective
moduli of the water-filled granular pack (Kwr and Gywg) are calcu-
lated by

4
Kyr = (Pifz‘oo = 5 Vszw)pr (63)
Gwr = VsuPwr (64)

where pwr=pi(1 —¢)+p.; and Ve and Vi, = high-frequency
limiting velocities given by Biot’s fluid substitution equations
(Dou et al. 2017).

The effective moduli of permafrost are calculated based on the
modified HS averages as

1
K=§(KHS+ + Kys-) (65)
1
G=§{GHS++GH5—) (66)
Kusy =Kip + ? 3 = (67)
(Kwr — Kig)™' +(1 -A‘J(K'lF +§G|F)
Gus+ =Gip + =
Kir + 26
(Gwr — Gip)™' +2(1—5) 'F—f
5G (Klr + EGIF)
(68)
, l -5
Kns- = Kwr + 7 — (69)
(Kip = Kwe) ™' + S(KwF + EG\M—)
|
Gus— = Gwr +
(Gir — Gwr) ™" +2s Kwe + ZG:F
SGwr (KWF %= 3 Gwp)
(70)

The complete procedures and equations are in Dou et al. (2017).

Appendix lll. Index Properties and Testing Conditions for Soil Samples in Unfrozen Water Content Data Sets

Soil types in - USCS or soil description if USCS is Total moisture
References Test method figures not available content (%) Porosity
Christ et al. (2009) Time domain reflectometry Clean sand SP 12 0,28
Sand with fines sC 12 0.27
Silt ML 20 0.38

© ASCE
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(Continued.)

Soil types in  USCS or soil deseription if USCS is Total moisture

References Test method figures not available content (%) Porosity
Li (2009) Frequency domain reflectometry Silt ML 20, 26 0.43, 0.49
sensor; 50 MHz
Li et al. (2020) Pulsed nuclear magnetic resonance Clean sand Medium sand 23,27 041, 0.45
Sand with fines Silty clay 20-38 0.45-0.51

Clay CL 20-38 0.42-0.46
Smith and Tice (1988) Nuclear magnetic resonance Clay CL 33 0.47
McGaw et al. (1983) Nuclear magnetic resonance Silt Silt 15, 18 0.36
Oliphant et al. (1983) Nuclear magnetic resonance Clay Clay 22 0.46
Hivon and Sego Time domain reflectometry Clean sand S 17.6
(1990)

Sand with fines SM 16.5
Lai et al. (2021) Nuclear magnetic resonance Clean sand S 39 —
Qiu et al. (2020) Collected from literature Clay CL 10-32 0.34-0.42
Watanabe and Wake Nuclear magnetic resonance Clean sand S 16-29 —
(2009) Silt ML 21-37
Organic soil OL 27-51

Zhang et al. (2019) Nuclear magnetic resonance Sand with Fines SM 17 0.35

Silt ML 18 0.38

Clay CL 9-23 0.38-0.40
Wen et al. (2012) Nuclear magnetic resonance Clay Silty Clay 16-29 ==

Note: USCS = Unified soil classification system.

Appendix IV. Index Properties and Testing Conditions for Soil Samples in Seismic Wave Velocity Data Sets

USCS or soil
description if Total moisture Confining
References Test method Soil types in figures USCS is not available  content (%) Porosity pressure (kPa)
Wang et al. (2006) Ultrasonic; 500 kHz Clean sand Fine sand 18 0.38 0
Sand with fines SC 19 0.41
Fine-grained soil CL 31 0.45
Christ et al. (2009) Ulirasonic; 2 MHz Clean sand SP 12 0.28 0
Sand with fines SC 12 0.27
Fine-grained soil ML 20 0.38
Nakano and Arnold (1973) Ultrasonic; 1 MHz Clean sand Medium sand 8-22 0.39-0.41 [i]
Zimmerman and King (1986) Ultrasonic; 500 850 kHz Clean sand s -5 0.36-0.40 350
Fine-grained soil ML-CL, CL 6-22 0.32-0.44
Kim et al. (2016) Resonant column Clean sand Fine to medium sand 19-21 0.36-0.38 0
Sand with fines SC-5M 8-11 0.26-0.27
Li (2009) Ultrasonic; 400 kHz Clean sand Fine sand 30-34 0.44-047 0
Sand with fines sC 20 0.50-0.53
Fine-grained soil ML, silt 20-36 0.43-049
King et al. (1988) Ultrasonic Clean sand 8 22,25 0.37, 0.40 340
Fine-grained soil CM 22-29 0.36-043
Meng et al. (2008) Ultrasonic; 50 kHz Fine-grained soil CL 11-22 0.43 0
Fu et al. (1983) Ultrasonic Clean sand Medium sand 5-25 N/A 50
Fine-grained soil C
Yang et al. (2015); Universal testing machine  Fine-grained soil ML 62-141 0.63-0.79 0
Ge et al. (2013) Organic soil OL 86-225 0.67-0.87
Zhang et al. (2018) Sand with Fines SM 26 0.46 0
Silt ML 21-26 0.40-0.46
Clay CL 24 0.42

Appendix V. Additional Statistical Evaluation and Analysis Results for Unfrozen Water Content
Models and Seismic Wave Velocity Models

This appendix contains additional statistical evaluation and analysis models. Figs. 7 and 8 show the RMSE and average deviations for
results for the unfrozen water content and seismic wave velocity the unfrozen water content models for different soil types. Figs. 9—
© ASCE 04024021-16 J. Cold Reg. Eng.
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Fig. 7. RMSE of volumetric unfrozen water content models for different soil types: (a) Michalowski (1993); (b) McKenzie et al. (2007); (¢) Kozlow-
ski (2007); (d) Anderson and Tice (1972); (¢) Zhang et al. (2017); (f) Dall’Amico et al. (2011); and (g) modified (this paper).
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Fig. 8. Average deviations in volumetric unfrozen water content models for different soil types: (a) Michalowski (1993); (b) McKenzie et al. (2007);
(¢) Kozlowski (2007); (d) Anderson and Tice (1972); (e) Zhang et al. (2017); (f) Dall’Amico et al. (2011); and (g) modified models (this paper)
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14 show the P wave and S wave velocity data. Figs. 10 and || show
five examples from 41 data sets of the predicted values for the seven
models for the P wave velocities and six models for the S wave ve-
locities for different soil types, which include clean sand, sand with
fines, silt, clay, and organic soil. The prediction results from different
seismic wave velocity models depended on their theory and assump-
tions. For example, as shown in Fig. 10(b), the Zimmerman and
King (1986) model shows a good match with sand with fines sam-
ples from Li (2009). This sample has an initial moisture content
(6 = 27%) and porosity (¢p=0.5), which align with the application
range ¢ € [0.3, 0.5]. Figs. 1215 show the RMSE and average devi-
ations for the seismic wave velocity models for different soil types
for P and S wave velocity predictions, respectively.
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