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Abstract

The asymptotic Dirichlet-to-Neumann (D-N) map is
constructed for a class of scalar, constant coefficient,
linear, third-order, dispersive equations with asymptot-
ically time/periodic Dirichlet boundary data and zero
initial data on the half-line, modeling a wavemaker
acting upon an initially quiescent medium. The large
time ¢ asymptotics for the special cases of the linear
Korteweg-de Vries and linear Benjamin-Bona-Mahony
(BBM) equations are obtained. The D-N map is proven
to be unique if and only if the radiation condition that
selects the unique wave number branch of the disper-
sion relation for a sinusoidal, time-dependent boundary
condition holds: (i) for frequencies in a finite interval,
the wave number is real and corresponds to positive
group velocity, and (ii) for frequencies outside the inter-
val, the wave number is complex with positive imaginary
part. For fixed spatial location x, the corresponding
asymptotic solution is (i) a traveling wave or (ii) a
spatially decaying, time-periodic wave. The linearized
BBM asymptotics are found to quantitatively agree with
viscous core-annular fluid experiments.
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1 | INTRODUCTION

The forced generation of waves from a boundary is a fundamental problem in applied mathemat-
ics with broad applications in fluid dynamics,' material science,” seismology,” and astronomy *
just to name a few. The fundamental mathematical problem can be posed as follows. Consider a
linear evolutionary equation subject to time-harmonic forcing at a localized source or boundary
 e~'®0! and decay at infinity. We would expect the solution to exhibit spatial dependence via the
wavevector Kk, consistent with the system’s dispersion relation such that u(x, t) « e!Ko*=@0) pear
the source or boundary. However, for any evolutionary equation whose spatial order is higher than
one, the wavevector k; is not unique. In the context of the time-independent Helmholtz equa-
tion (V2 + k(z))u = —f(x), Sommerfeld’s eponymous radiation condition in three-dimensional

space, lim,_, r(i—u — ikyu) = 0, was formulated to select the unique wave that propagates away
from a source or 1F)oundary to ensure well-posedness on an infinite domain.’ Another, closely
related approach to this problem is called the limiting absorption principle for the resolvent
Rky) = (A + k(z))‘l.6 The unique solution is selected by taking a limit of the resolvent whose spec-
trum is perturbed off the real, essential spectrum into the appropriate half of the complex plane.
Ultimately, this boils down to selecting the appropriate branch of the square root.

Both the radiation condition and the limiting absorption principle are mathematical
workarounds to the fundamental problem that the Helmholtz equation exhibits two linearly
independent, decaying solutions (in two or more dimensions). A physically inspired approach
to the problem is to consider a wavemaker in which a boundary or source time-harmonically
forces an initially quiescent (u(x,0) = 0) medium. In the context of the forced wave equation
u,; — Au = —e~™! f(x), solving this initial-boundary value problem and taking ¢t — oo is known
as the limiting amplitude principle, which selects the same outgoing wave as the Sommerfeld
radiation condition and corresponds to the causal solution by perturbing the essential spectrum
of the Helmholtz resolvent into the upper half of the complex plane.”

A simple, physically inspired calculation' demonstrates the limiting amplitude principle.
Consider a linear, first order in time evolutionary equation for u(x, t) on the half-line x > 0 with
real-valued dispersion relation w = w(k), the asymptotic Dirichlet boundary condition u(0, t) ~
e~i®! t — co with w, € R, and decay lim,_, , u(x,t) = 0 for each ¢t € R. Anticipating the wave

u(x, t) ~ elkox=@ob) ¢ 5 00 x =©(1), €)

we seek the correct wave number branch k; = k(w,) selected from the multivalued inverse
k(wy) = @™ (wp). The limiting amplitude principle states that, initially, the solution is zero,
u(x,0) = 0 for each x > 0. Consequently, the causal solution can be modeled by perturbing
the frequency into the upper half of the complex plane wy, — w, + i€, 0 < € < |wy| so that
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918 | MAO ET AL.

the boundary condition becomes u(0,t) = e"*“o’e¢! with initially slow amplitude growth to
eventually attain the asymptotically periodic boundary condition. Assuming that k(w) is analytic
in a neighborhood of w,, we expand

k(a)0+i€):k(a)o)+ie%(coo)+---=ko+iL+---, )
dw cg(wp)

where ¢, = dw/dk is the group velocity. Then, the anticipated solution takes the form

u(x’ t) ~ eelei(k(wo)x—mot) — ee[t—x/cg(coo)]+---ei(kox—cogt)_ (3)

Since u(x, t) ~ elko=¢/cg)x=(iw0=)t " in order to ensure lim,_, o u(x,t) =0 in (3) as ¢ —» 0%, we
require

ko € R and cg(w) >0, or Imk, > 0.

These inequalities are the radiation condition for the wavemaker problem. The positive group
velocity for real wave numbers corresponds to waves being emitted from the boundary into the
domain. For complex k, the positive imaginary part implies spatial decay. The boundary case
¢g(@p) = 0is not included in this argument because k(w) has a branch point at w,; therefore, it is
not analytic. Zero group velocity corresponds to a critical value of the frequency that represents a
transition between propagating and spatially decaying waves. We will prove the general radiation
condition

ko € Rand ¢g(wy) 20, or Imk,> 0. 4

Although we have given a physically inspired, plausible argument for the radiation condition (4),
its proof is more involved.

In this paper, we prove that the radiation condition (4) uniquely determines the asymptotic
form of the solution (1) by constructing the Dirichlet-to-Neumann (D-N) map for the wavemaker
initial-boundary value problem

(1—A_,0%) u, = iAgu + Ajuy + iAglyy + Asllyry, X, >0, (5a)
u(x,0)=0, x>0, (5b)
u(05 t) = gO(t)’ > 05 (SC)

where A_, > 0 to avoid instability, Ay, A1, 4, € R, and A3 < 0 so that only one boundary condi-
tion is required at x = 0. By scaling ¢ and x, we can restrict A; € {—1,0} and A_, € {0, 1} without
loss of generality. For real wave numbers, these restrictions guarantee the real-valued dispersion
relation

Ay — Ak + Ak? + Azk3

k) = —
(k) 1+A k2

(6)
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MAO ET AL. | 919

The choice of parameters {A_, = Ay = A, =0,A; = A; = —1} corresponds to the linear
Korteweg-de Vries (KdV) equation, also known as the first Stokes equation, whereas for {A_, =
1,A; = —-1,Ay = A, = A3 = 0}, Equation (52) becomes the linear Benjamin-Bona-Mahoney
(BBM) equation. We denote w(k) as the dispersion relation and distinguish it from the input
frequency w, at the boundary.

In 1997, Fokas introduced a new approach for the analytical solution of initial-boundary value
problems.9 The main motivation for Fokas’s method, otherwise known as the unified transform,
was twofold:

(i) to provide an analog of the inverse scattering transform method, which is used for solving the
initial value problem of completely integrable systems like the KdV and NLS equations, when
such systems are considered in domains that involve a boundary, for example, the half-line
or the finite interval, thereby giving rise to nonlinear initial-boundary value problems;

(ii) to provide a natural analog of the Fourier transform, which yields the solution to linear evo-
lution equations in the initial value problem setting, when these linear equations are instead
formulated in the setting of initial-boundary value problems.

While the difficulty associated with task (i) can be easily appreciated due to the presence of
nonlinearity, task (ii) comes with significant challenges as well, despite the fact that it concerns
linear equations. This becomes evident through the realization that, for general nonzero boundary
conditions, no classical spatial transform is available for solving initial-boundary value prob-
lems that involve linear evolution equations of spatial order higher than two. Moreover, even for
second-order linear equations, classical techniques fail when the problem is nonseparable.

The Fokas method effectively addresses both of the above objectives as a unified way of treat-
ing initial-boundary value problems for a plethora of linear and nonlinear equations, formulated
in various domains and supplemented with different kinds of boundary conditions. Since its
inception, the method has been further developed within the completely integrable systems and
applied analysis communities in various directions such as the analytical solution of nonlinear
equations via the Riemann-Hilbert/dbar problem approach, the solution of linear evolution and
elliptic equations, asymptotics, and numerical studies; see the books!*!! as well as the review
articles'>"* for a detailed list of references on the above topics and beyond.

It should be emphasized that the solution formulae obtained via the unified transform have
significant advantages even when the relevant problems can be solved via classical approaches.
Importantly, those portions of the formulae that involve the boundary data possess integrals with
exponentially decaying integrands, due to the fact that integration takes place along complex con-
tours in the spectral plane. As a result, the solution formulae are uniformly convergent up to the
boundary of the domain—a feature that turns out particularly helpful for our purposes here.

In this work, we employ the Fokas method to prove the existence and uniqueness of the D-N
map for the wavemaker problem (5) and use it to construct a series representation of the solution
for fixed x > 0 ast — oo, thereby providing a constructive proof of the radiation condition (4). We
also obtain the large t asymptotics along rays x/t = constant of the wavemaker problem for the
physically important linear KdV and linear BBM equations. At this point, we mention that the
works'“""7 also consider the question of asymptotic periodicity for the linear KdV, the linear BBM,
and a linear advection—dispersion equation; in particular, the authors employ either a Laplace
transform in the temporal variable, a Green’s function approach, or the Fokas method. Finally,
we report experiments on a two-fluid system that agree quantitatively with solutions of the linear
BBM wavemaker problem.
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920 | MAO ET AL.

‘We are now ready to precisely state the above results. We begin with the former result, which
is actually valid for generic, nonzero initial data, provided that these have sufficient smoothness
and decay (e.g., of Schwartz type).

Theorem 1 (D-N map). Consider the evolution equation (5a) formulated on the half-line {x > 0}
with a sufficiently smooth and decaying initial datum and the Dirichlet boundary datum (5¢) that
is infinitely smooth and asymptotically periodic in time, that is, g, € C*(0, o) and

go(t) ~ Z a,e™t t— o0, wy>0,a,€C
nez

with the infinite sum being absolutely convergent. Assume further that the initial datum and the
boundary datum gy(t) satisfy the necessary compatibility conditions at the origin. Suppose that
either {A_, = 0, A3 < 0} (local, third order) or {A_, > 0, A; = 0} (nonlocal, second order) with
A, [(wyA_,) & Z in the latter case. Assume that the solution u(x, t) and its boundary values u,(0, t),
u,,(0, t) are asymptotically time-periodic in the sense of (21) with the additional assumptions (22)
and (23). Then, in the case that the equation Ask> + (A, + nwyA_)k* — Ak — Ay + nw, = 0 has
complex roots, the associated generalized D-N map satisfies to leading order the asymptotic formula

BLu(0,0) ~ il ) lko(mlae™, - oo, j € NU{0}, ™)

nez
where ko(n) is the unique solution of the equation Ask> + (A, + nwyA_,)k? — Ak — Ay + nawy =
0 that lies along the positively oriented boundary D% of the region Dt ={k € C : Im(k) >

; 3 2 _
0 and Re(L(A3k +A,k2—Ark AO)) <o
1+A_ k2

Conjecture 1. Theorem 1 holds for the case that the equation Ask*> + (A, + nwyA_,)k* — Ak —
Ag + nwy = 0 has three real roots.

Theorem 1 is established in Section 2, where the overall framework for the general, five-
parameter equation (5a) is first laid out and the analysis specific to the cases {A_, = 0, A; < 0}
(local, third order) and {A_, > 0, A; = 0} (nonlocal, second order) addressed by Theorem 1 is then
carried out in detail. Conjecture 1 is proven in the special cases of the linear KdV and linear BBM
equations in Sections 2.2 and 2.3.

Corollary 1 (Radiation condition). Under the assumptions of Theorem 1 and Conjecture 1, ko(n) is
the unique branch of the dispersion relation (6) satisfying nw, = —w(ky(n)) if and only if the radi-
ation condition (4) holds. Furthermore, the asymptotic solution of the wavemaker problem (5) takes
the form

u(x, ) ~ Y apeloxnan 0o x = O(1). (8)
nez

Finally, there exist real numbers . such that Im k(1) = 0 if and only if w,, < @, < w}.
A few remarks are in order.

1. In the nonlocal, second-order case {A_, > 0, A; = 0}, the scenario A, /(wyA_,) € Z, which is
not covered by Theorem 1, is discussed separately at the end of Section 2.3.
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MAO ET AL. | 921

2. The assumption g, € C*(0, o0) implies that the Fourier series coefficients a,, decay faster than

any power of n € Z; thus, the infinite sum in (7) is absolutely convergent. To see this, note that
1 1

ko(n) grows like n3 and n2 in the third-order and second-order cases, respectively.

. The uniqueness of the D-N map (7) follows from the requirement that k,(n) is the unique root
of the cubic Ask> + (A, + nwyA_,)k?> — A1k — Ay + nw, that lies along the boundary of the
domain D*. As explained in Section 2, this requirement is easy to justify for nw, outside of
the interval [w,,, w/,] (supercritical regime). However, within the interval (subcritical regime),
things become more subtle and uniqueness follows by studying the large ¢ limit of the Fokas
solution formulae for fixed x > 0. This is done in Section 2 for the linear KdV and linear BBM
equations, where, by taking advantage of the analyticity and exponential decay properties of
the integrands involved in the solution formulae, we perform suitable contour deformations
that allow us to quickly derive the leading-order, long-time asymptotics of the corresponding
solutions for each fixed x > 0. We emphasize that this approach is not valid when ¢t — oo along
rays x/t = constant, which is addressed in Theorems 2 and 3. Importantly, these calculations
show that the choice of ky(n) as the unique root of the aforementioned cubic that lies on 4D
is directly related to the fact that Dt corresponds to the region in the upper half of the complex
k-plane where the imaginary part of the dispersion relation k(w) of Equation (5a) is positive, as
in the radiation condition (4). Moreover, in the general case covered by Conjecture 1 that goes
beyond the linear KdV and BBM equations, the same analysis can be carried out to reach the
same criterion for ky(n). This analysis addresses a relevant uniqueness issue that was identified
in Ref. 18.

. In the case of real roots of the aforementioned cubic, the root ky(n) is the only one that cor-
responds to a nonnegative group velocity. Indeed, the group velocity associated with Equation
(5a) is

d <A3k3 + Ak? — Ak — A > _ALAK + (BA3+ AL ADK? +2(A, + AL Ak — Ay
2 - 2 :
dk 1+A_k 1+ A_,k?)

Thus, for k € R, the condition that k € D" is equivalent to the group velocity being nonneg-
ative at that solution as in the radiation condition (4). In the case of complex roots, the root
ky(n) is the unique root with Im ky(n) > 0 that leads to a spatially decaying solution.

. The calculations performed in Section 2 are under the assumption of smooth data that lead
to a smooth solution with sufficient decay as x — oco. Nevertheless, depending on the precise
choice of coefficients in (5a), these conditions can be relaxed significantly—see, for example,
the works'*?° where the Fokas method is combined with harmonic analysis techniques for the
study of well-posedness of the KdV equation on the half-line and the finite interval with data
in appropriate Sobolev spaces. Such an investigation of optimal regularity properties is not our
task here.

. A major assumption in the hypothesis of Theorem 1 is that, for zero initial data and asymp-
totically periodic Dirichlet data, the solutions of the models corresponding to (5a) with the
choices {A_, = 0,45 < 0} and {A_, > 0, A; = 0}, as well as the various boundary values of
these solutions, are asymptotically periodic in time. The explicit formulae obtained via the
Fokas method for the wavemaker problems of the linear KdV and the linear BBM equations
(which provide the unique solutions to these problems—see the Appendix as well as’') allow
us to verify the asymptotic time periodicity assumed in Theorem 1 in the case of these two
physical models. More specifically, in Section 2, it is shown that by taking the asymptotic
limit x fixed and t — oo in the solution formulae, we obtain the asymptotically time-periodic
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922 | MAO ET AL.

solution (8), and therefore, verify the periodicity assumption in Theorem 1. Then, in Sections 3
and 4, we apply the steepest descent method to the solution formulae and derive the leading-
order asymptotics of these solutions as t — oo and x/t = O(1), that is, the behavior of these
solutions along rays in the x-¢ plane. This type of limit provides detailed information about
the propagation of waves away from the origin in the wavemaker problem. We also demon-
strate that the asymptotic results from each region x = @(1) and x = O(t) match as t - 0.
The precise asymptotic solution statements to the wavemaker problems are as follows.

Theorem 2 (Linear KdV wavemaker problem). Consider the linear KdV wavemaker problem with
input frequency w,

U+ Uy + Uy =0, 0<Xx<o00, >0,
u(x,0)=0, 0<x< oo,

u(0,t) = sin(—wyt), t>0.

There exists a critical frequency w., :=2/(3 \/5). Assuming that the solution is sufficiently smooth,
its leading-order asymptotic behaviorast - oo and & := x/t = O(1) is as follows:

(1) A time-periodic sinusoidal function, when 0 < wy < w., and 0 < § <c¢, :=1~— 3k(2) < 1 with
ko = kz(w) given by (93), namely,

u(§t, 1) ~ sin [(ko§ — wo)t]. ©

Moreover, this is an asymptotic approximation that is also valid for £t = O(1), t — oo.

(II) Asinusoidal function int with an algebraically decaying amplitude of O(t /%), when 0 < w, <
wer and cg < § <1, or when wy > w., and 0 < § < 1 with the condition |, (§, w,) < 0 where [,
is defined in (105), that is,

27§w0cos(§t\/3(l—§)(1—é’)) 1
uEtn ~ —(£+3)82 27} +4 V 2mt\/3(1 = &) 4o

(III) Asinusoidal function in t with an algebraically decaying amplitude of O(t~'/?) associated with
an exponentially decaying sinusoidal function when wy > w., and0 < & < 1 with the condition
1,(&,wy) > 0 where 1, is defined in (105), that is,

27§wocos(gt\/3(1—§)(1—§)) 1

—(£ +3)E2 2702 + 4 27631 &)
(11)

u(ét, t) ~ e ™kt sin [(Re(ky )€ — wo)t] +

with ky = k3(wy) now given by (94). While the first term is beyond all ordersin t when & = O(1),
this is an asymptotic approximation that is also valid for £t = O(1), t — oo, where the first term
is the dominant contribution.

(IV) An exponential, decaying in time function when & > 1, that is,

et 27§w0e—§\/3§—3(§—1)t 1 )
T 2+ 3)E2 - 54wl + 8\ 1 BE D)
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MAO ET AL. | 923

Theorem 3 (Linear BBM wavemaker problem). Consider the linear BBM wavemaker problem with
input frequency wy,

U+ Uy — Uy =0, 0<x<o00, >0,
u(x,0)=0, 0<x< oo,
u(0,t) = sin(—wyt), t > 0.

There exists a critical frequency w., := 1/2. Assuming that the solution is sufficiently smooth, its
leading-order asymptotic behavior ast — oo and £ := x/t = O(1) is described by:

2 2
174w0+ 174600

(I) A time-periodic sinusoidal function, when 0 < w; < w,, and 0 < § <c, := — <
1, namely,
1—4/1—4w]

u(&t,t) ~ sin E—awolt] (13)

2C00

Moreover, this is an asymptotic approximation that is also valid for £t = O(1), t — oo.

(II) Asinusoidal function int with an algebraically decaying amplitude of O(t /%), when 0 < w, <
wer and cg < § <1, or when wy > w., and 0 < § < 1 with the condition l5(§, w,) < 0 where l;
is defined in (130), that is,

u(gt’ t) = usl(gt’ t)

s 1/2
%(—%Wﬁ—l)( Ly ) (o VRERT-1) ]

t(8§+1—\/8§?)\/—2§71+\/8§? (\/@—1)2
25/4\/E<(4§ —\BE+1+ 1)w§ + 5(25 —\BE+1+ 1))

~

a4)

(III) A sinusoidal function in t with an algebraically decaying amplitude of O(t /%) associated with
an exponentially decaying sinusoidal function when wy > w., and 0 < £ < 1 with the condition
13(§,wg) > 0 where L5 is defined in (130), that is,

t&4/4a; — 1 £
u(ét,t) ~ exp| ————=———|sin [(5 - cu0>t] + ug (€t ). (15)
0

ZCU()

While the first term is beyond all orders in t when £ = O(1), this is an asymptotic approximation
that is also valid for £t = O(1), t — oo, where the first term is the dominant contribution.
(IV) An exponentially decaying in time function when & > 1, that is,

1/2

g2(VRETi-) - _ Vheme R (VRET)
”O(t\/z;mﬁ(sgmﬂo (464 VEEF T+ 80f l)eXp< Ay

4234/ ((4€ — Do + (£ — DE + 4a)

U(Et, t) ~ =
(16)
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924 | MAO ET AL.

The positive group velocity ¢, in Theorems 2 and 3 is defined to be ¢, := o' (ky), where k
is the unique root of the dispersion relation w(k) that lies on dD* defined in Theorem 1. The
ray x/t = c, for large time ¢ — oo represents the leading edge of the wave’s transition from tem-
porally periodic to temporally damped. Theorems 2 and 3 are established in Sections 3 and 4,
respectively. Moreover, in Section 5, the analytical results of Section 4 are found to be in excel-
lent agreement with experimental observations of a viscous fluid conduit modeled by the linear
BBM equation in the long-wavelength and small-amplitude regime. A lighter, less viscous fluid
is injected into a tall reservoir of fluid to establish a vertical fluid conduit rising buoyantly. The
spontaneous introduction of a sinusoidal injection rate amounts to the wavemaker problem. As
in previous experiments,”” we observe a critical frequency below which waves propagate and
above which waves spatially decay. New measurements include spatiotemporal wave patterns
along rays x/t = constant that agree quantitatively with our large ¢ predictions. These mea-
surements include nondecaying waves, algebraically decaying waves, and exponentially decaying
waves. The transition between nondecaying and algebraically decaying waves in the subcriti-
cal regime is observed to occur when x/t coincides with the group velocity, in agreement with
asymptotic predictions.

The universal nature of the Fokas method allows us to formulate a conjecture about the D-N
map of the general nonlocal, third-order model (5a) in the case of asymptotically periodic Dirichlet
data on the half-line. Although we do not prove this conjecture in the case of general coefficients
A_,y, Ay, Ay, Ay, Az, we anticipate that one should be able to establish it for any specific choice of
these coefficients by suitably adapting the arguments leading to the proofs of Theorems 1-3.

Conjecture. Consider the general initial-boundary value problem (5) with an asymptotically peri-
odic Dirichlet boundary condition u(0,t) = gy(t) ~ ZneZ a, et t — co, where w, > 0, a, € C.
Then, under the assumption that the solution u(x, t) along with its boundary values 6§Cu(0, t),jeN,
is asymptotically time-periodic, the associated generalized D-N map satisfies the asymptotic for-
mula of Theorem 1. Furthermore, the uniqueness of the D-N map is equivalent to the radiation
condition (4).

The paper is organized as follows. Theorem 1 is proven, under various assumptions, in Section 2.
In Section 2.1, we construct the asymptotic D-N map (7) for the general model (5a), which is used to
obtain the series representation (8) of the asymptotic solution. The asymptotic D-N map involves
the root ky(n) of the cubic polynomial w(k,(n)) = nw, that is proved to be the unique root lying
on dD* obtained in the restricted settings when A_, = 0 (Section 2.2) or A3 = 0 (Section 2.3),
provided that the frequency nw, lies outside an interval. The proof for all real frequencies nw
is obtained for the linear KAV (Section 2.2) and linear BBM (Section 2.3) equations where we
also prove the asymptotic periodicity of the solution. Consequently, the radiation condition (4) is
proven for the important physical cases of the linear KdV and linear BBM equations. Theorems 2
and 3 are proven in Sections 3 and 4, respectively. Viscous core-annular fluid experiments that
quantitatively realize Theorems 1 and 3 are presented in Section 5. We conclude with a discussion
of the implications of this work in Section 6.

2 | THE D-N MAP VIA THE FOKAS METHOD

As noted in the introduction, beyond its main purpose as a universal approach for the solution
of linear evolution equations in the initial-boundary value problems setting, the Fokas method
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provides an effective and efficient way of determining the (generalized) D-N map associated with
such problems when the boundary conditions are asymptotically periodic in time. This aspect of
the method has been the subject of the recent articles by Fokas and van der Weele'® and Fokas,
Pelloni, and Smith?* for problems on the half-line and the finite interval, respectively.

Here, we consider the Dirichlet problem on the half-line for the general third-order model (52),
which includes the linear KdV equation discussed in Ref. 18 but additionally involves a mixed
spatiotemporal derivative like the one present in the linear BBM equation. Through our analysis,
we demonstrate that the Fokas method for the characterization of the D-N map in the case of
asymptotically time-periodic boundary conditions remains effective for this general third-order
model. We note that the analysis of this section is valid for generic initial data and not just for the
zero initial condition stated in the wavemaker problem (5).

Importantly, we address a uniqueness issue that arises for temporal frequencies below a certain
threshold (the subcritical regime) and manifests itself through the presence of solely real singulari-
ties among which only one specific choice gives rise to the correct D-N map, despite the fact that, at
first sight, all of them qualify as removable. In particular, by deriving the leading-order long-time
asymptotics directly from the explicit solution formulae obtained via the Fokas method, we rigor-
ously justify the empirical “rule of thumb” used previously in the literature, according to which,
in the subcritical regime, the singularities that must be made removable are the ones along the
boundary of the region D~ defined by (27) below.

2.1 | General framework

Define the half-line Fourier transform of u with respect to x by
ik, t) = / e kX y(x,t)dx, Im(k) <O0. a7
x=0

We emphasize that, unlike the traditional whole-line Fourier transform, the half-line transform
(17) is valid not only for k € R but also for Im(k) < 0, due to the fact that x > 0. Upon taking the
transform (17) and integrating by parts, Equation (5a) yields

(14+ A k%) G (k, 1) + i(Ask® + Ayk? — Ak — Ap) Ti(k, 1)
(18)
= —A; 8() — A, gl(1) — i(Ask + Ay)g (1) —IA_k gl (1) + (Ask? + Ak — Aq) go(0),

where we have introduced the following notation for the various (known or unknown) boundary
values of u at x = 0:

dlu(0,1) =: g;(t), j=0,1,2. 19)

Consider now the case of an asymptotically periodic Dirichlet boundary datum, that is, suppose
that g, is given and satisfies

g() ~ ) aue™™, - co. (20)
nez

Furthermore, suppose that the remaining (unknown) boundary values g; and g,, as well as the
solution u, are also asymptotically time-periodic with the same periodicity as g,', that is,

I'This assumption can be justified by computing the long-time asymptotics of the solution obtained from integral
asymptotics of the Fokas method solution—see Sections 2.2.1 and 2.3.1 for linear KdV and linear BBM, respectively.
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gi() ~ Y bue™ o, gy(t) ~ D cue™ 0, u(x, 1) ~ Y Up(x)e o, - o0, (21)
nez nez nez
Under these assumptions, the characterization of the D-N map for Equation (5a) on the half-line
amounts to expressing the unknown coefficients b, and c,, in terms of the coefficients a,,, which
are known since they correspond to the prescribed boundary datum.

In view of (21), we write u(x,t) = ZneZ U,(x)ei"®o! + E(x,t) where E(x,t) =o(1) as t —
o0, that is, lim,_, E(x,t) =0 for each x € (0, 00). Taking the half-line Fourier transform
of this equation yields #i(k,t) = fooo e kXY Un(x)e™ ! dx + E(k,t). Thus, assuming that
DI U,(x)e"! is uniformly convergent in x, we can interchange the infinite sum with
the integral to obtain #(k,t) =3 _, U, (k)e"! + E(k,t). Assuming further that E(x,t) €
LL(0,0) for each t > t, > 0, the dominated convergence theorem implies lim,_, Ek,t) =
lim,_ o, fooo e kXE(x, Hdx = fooo e kX lim,_, , E(x,t)dx = 0, from which we deduce that the
half-line Fourier transform zi(k, t) of u(x, t) is also asymptotically time periodic with

ke, t) ~ Y U,(k)e"™", - co. (22)

nezZ

Then, under the additional assumption that the time derivatives i, (k, t), gé(t) and g{ (t) are
also asymptotically time-periodic with corresponding expressions given by the term-by-term
differentiation in ¢ of the series for #(k, t), go(t) and g;(t), namely,

d . . d . .
g (t) ~ i Z a,ewot = Z inwya,e™™', g (t) ~ i Z b, e"@ot = 2 inwyb,, et
nez nez nez nezZ
5 (23)
(k,t) ~ 5 Y Ut = 3 inwy U, (k)e™!, ¢ - oo,

nezZ nezZ

Equation (18) yields

D i[Q+ ey (1+ A, k)| 0, (e

nez

~ Y {=Ase, — i(Ask + Ay + nwyALy)b, + [Ask? + (A, + nwgA_)k — Aj]a, be™!, ¢ = o,

nez
24)
where we have introduced the notation
Q= Q(k) 1= Ask® + A,k% — Ak — A,. (25)
Consequently, w(k) = Q(k)/(1 + A_,k?) is the dispersion relation (6). We deduce from (24)
0. () = —Asc, — i(Ask + Ay + nwyA_y)by, + [Ask? + (Ay + nwgA_y)k — A an' 26

i[Q+ nwy(1 + A_, k2)]

Zeros of the denominator correspond to roots of w(k) = —nw,. Note that the negative sign is due
to the fact that the dispersion relation (6) was defined for waves in the form (1), that is, opposite
that of the frequency defined in (22).

As mentioned above, 7i(k, t) is analytic for Im(k) < 0 and well defined in the L?-sense for
Im(k) <0 (e.g., see Theorem 7.2.4 in [24]). Hence, it would be reasonable to expect that the
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expression (26) for ﬁn(k) is well defined for Im(k) < 0. In turn, this would imply that any zeros
of the quantity Q + nw,(1 + A_, k?) that arise in {Im(k) < 0} are actually removable singularities
of (26). However, as we shall see later in the special cases of the linear KdV and linear BBM equa-
tions (Sections 2.2 and 2.3), this is true only for the zeros of Q + nwy(1 + A_, k?) that lie on the
boundary 0D~ of the domain D™, where

D* = iQ
{keC Im(k) 2 OandRe<—1+A_2k2><0}. 27)

Observe that since nw, € R, the zeros of Q+ nwy(1+ A_,k?) always satisfy the equa-
tion Re( )=0 and hence lie on 4D UdD~, as R C (6Dt UdD™). To see this, note
that

2k2

iQ Im(k)
Re( T A > = AL ET [A1 —2(A, + AgA_y)Re(k) — (BA; + A;A_,)Re(k)*> — A_,A;Re(k)*

—(A,A_, — A3 + 2A_,AsRe(k)? ) Im(k)* — A,AsIm(k)*], (28)

and so, Re( k2 ) vanishes for k € R and is odd with respect to Im(k). Thus, R C (D" udD™)
A

since (6D* U 6D ) N R # @ and the conjugate of any point in D* belongs to {Im(k) < 0} \ D~ and
the conjugate of any point in D~ belongs to {Im(k) > 0} \ D*.

Remark. The departure from the original intuition that the expression (26) for U,,(k) should make
sense for all Im(k) < 0 is due to the fact that, although related to each other, the quantities U,,(k)
and 7i(k, t) are not quite the same in terms of analyticity; it seems that the manipulations between
infinite series and integrals used for deriving (26) do not fully preserve analyticity in k from zi(k, t)
to U, (k).

Explicitly, Q + nwy(1 + A_,k?) = 0 corresponds to the cubic equation
A3k3 + (A2 + nC()OA_Z)kZ - Alk - AO + nCUO = 0 (29)

The requirement that the zeros of (29) along D~ are removable singularities of the right-hand
side of (26) implies that these zeros must also satisfy the equation

—A3Cn - l(A3k + A2 + nCO()A_Z)bn + [A3k2 + (A2 + nCU()A_z)k - Al]an =0. (30)

Then, for A3 # 0, assuming that precisely two roots k| = ki (n) and k; = k3 (n) of the cubic equa-
tion (29) lie on 4D~ while the third root k, = ky(n) lies on D™, we have the following system for
the coefficients b,, and c,:

- A3Cn - l(A3k1_ + A2 + nCL)()A_z)bn + [A3(k1_)2 + (A2 + nCL)()A_z)kl_ - Al]an =0,
(D)
— Asc, — i(Asky + Ay + nwgA_s) by + [As(k3)? + (A + nwyA_y)k; — Aj]a, =0.

Solving this system while noting that, by Vieta’s formulae, k" + k5 + kg = —(A; + nwyA_,)/A;
and ki k5 + k3 ko + kok] = —A; /A3, we obtain the D-N map for the third-order model (52) as

b, =iky(n)a,, c,=—[ke@]’a, nez (32)
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Similarly, for A; = 0, which corresponds to the special case where (5a) reduces to a second-order
model, assuming that precisely, one root k= ki (n) of the now quadratic equation (29) lies on
dD~ while the second root k, = ky(n) lies on dD*, we obtain the first of the relations (32), which
amounts to the D-N map for this second-order reduction.

Remark (Series representation of the leading-order asymptotics via the D-N map). Under the
assumption of sufficient smoothness, the leading-order long-time asymptotics of the solution of
the general model (52) on the half-line can be directly constructed via the D-N map (32) by means

© % “]“’ Dxi. Indeed, for A; # 0, (32) yields

of the Maclaurin series u(x, t) = Z} -0

u, (0,t) ~ i Z ko(n)aneinwot’ U, (0,8) ~ — Z [ko(n)]2a lncoot

nez nezZ

which can be combined with (52) evaluated at the boundary x = 0 and the fact that ky(n) satisfies
(29) to obtain

U (0,0) ~ =i Y [ko(n)Pa,em.

nez

Moreover, along the same lines and using induction while assuming that the x-derivatives of the
solution are asymptotically time-periodic at x = 0, we have the general formula

Au0.t) ~ i1 Y [ko(m)laze™,  j e Nuio}. (33)

nezZ

Similarly, for A; = 0, we can use the first of the relations (32) to establish (33) via induction. There-
fore, in view of the Maclaurin series of u with respect to x, and assuming that we can interchange
the order of summation, we deduce

X iyl ) . . .
uCx,t) ~ Y % D ko)l ayenat = 3 ayelkotmxtinet 5 oo, (34)

j=0 7' nez nez

which shows that, under the asymptotic periodicity assumptions (21)-(23) and also the aforemen-
tioned assumption of sufficient smoothness needed for the Maclaurin series, for asymptotically
periodic boundary data of the form (20), the leading-order asymptotics of the solution of (52) is a
superposition of waves that either propagate (if ky(n) € R) or spatially decay (if Im ky(n) > 0).

To rigorously justify the D-N map (32), one must study the location of the roots of the cubic
equation (29) with respect to the curves D~ and dD*. For general parameters A;, this task
involves the study of the quartic polynomial in Re(k) and Im(k) that appears in the expres-
sion (28) for Re( ) Hence, below we focus on two particular sets of parameters, namely,

{A,=0,45< 0} and {A3 = 0, A_, > 0}, which still correspond to generalizations of the linear
KdV and the linear BBM equations, respectively, that are more tractable due to the fact that the
aforementioned quartic reduces to a quadratic.

2.2 | A general local third-order model: A_, = 0and A; <0

For A_, = 0 and A; < 0, Equation (52) no longer involves a mixed spatiotemporal derivative as it
takes the form
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U, = iAo + Ajuy + AUy + Azl (35)
and the denominator in (26) reduces to i(Q + nw,) with Equation (29) simplifying to
A3k3 + A2k2 - Alk - AO + nwy = 0. (36)

Before discussing the roots of (36), it is useful to give the precise characterization of the
domains D~ and D*. Starting from (25), we compute

Re(HiTg_zkz> = Re(iQ) = Im(k)[A; — 2A,Re(k) — 3A;Re(k)? + A;Im(k)?| (37)

so that, according to the definition (27),
D~ ={k €C : Im(k) < 0 and A; — 24,Re(k) — 343Re(k)* + A3Im(k)* > 0} . (38)
Thus, for real solutions of (36) that lie along the boundary 0D~, we must have
3A5k* + 24,k — A <0. (39)
Similarly, the region D* is described by
D" = {k € C : Im(k) > 0 and A, — 24,Re(k) — 343Re(k)* + A3Im(k)* < 0}, (40)
and therefore, any real solution of (36) that lies along the boundary dD* must satisfy
3A5k? + 2A,k — A > 0. (41)

We now turn our attention to the solution of Equation (36). The roots of this cubic are given by

Ay
ki=vi——, j=12,3, (42)
17T 34,
where v; are the solutions of the depressed cubic
3A4,A; + A2 2A3 +9A,A,A5 — 27A%(Ay — nw,)
V4+pr+q=0 with p=——> "2 g="2 2 Ehi SN %)
3A3 27A;

The discriminant of this depressed cubic is A = —4p3 — 27g?. According to the classical result by
del Ferro and Tartaglia, also known as Cardano’s formula, there are three cases:
2 3
Case 1: A < 0. This is equivalent to L + % > 0. Note that this inequality is satisfied for all
n € Zif p > 0. On the other hand, if p < 0, then taking square roots and defining

—2A5 —9A1 A, A; + 2TAZA,

3
wh 1= w F 24, <—§) where @ = T , (44)
3

we must have either nw, > @, or nw, < w; (note that w,, <@ < w}. since A; <0 and
p <0). That is, A <0 if either p>0, or p<0 and nw, > co;“, or nwy < wg.. Then, the

. . q 2 | py: q 2, P\:
depressed cubic (43) has the real solution v, = (—5 + " + ;)3 + (_E -\ + ;)3 and the
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complex conjugate solutions v, = (—— + 1/ )3e B +( \/ )3e -3 3 and vy =

(—— + 4 / )3 e 13 3+ ( — )3 ¢35 .In turn, the cubic (36) has one real root and

two complex conjugate roots, namely,

Y L S ¢ [@ P\ = 4 (45)
k2_< 2" 4+7>e3+ 2 st )¢ " T3ay

Recalling that Re(iQ) = 0 at the roots k;, it follows that precisely one of the complex conjugate
roots k, and k3 lies on dD~. Moreover, we claim that k; € dD~. Indeed, we begin by observing
that vz > —B. This is clearly true if p > 0. In addition, if p < 0, then noting that for g > 0, we have

2 3
%—‘/q?+ = >0 while for g < 0, Wehave—%—ﬂqj+§—7zo,weinferthat—vl 2(%)1/3f0r

q > Owhilev; > (—%)1/3 for g < 0. Hence, if p < 0, then |v;| > (%)1/3,Which in view of the fact
that A < 0 implies v% > —§ as desired. In turn, using (42) and substituting for p while recalling

that A; < 0, we obtain precisely the condition (39) for k; and thus prove thatk; € D™ as claimed.
2 3
Case 2: A>0. This amounts to L +Z <0, which yields w, < nw, < v}, with o,
4 27 -
given by (44) (note that w/. > w, because A; <0 and for A >0, we must have p <0).
2 3 1
Then, the depressed cubic (43) has three distinct real roots, v, = (—g +iy/-L -y -

1 .2
B iy [ LBy = (L iy [ )3e B B(—ﬂ +iy/-L - Ly 55, and
vy = (—— + l\/—— - p3)5 13 p(—— + l‘/ ) 3e B whlchcorrespondto the follow-

1
f a.,. ] @& PP\ = pf q, .| ¢ p —Z A 46
k2_< 2TV 73 27)“ s\ 2"V "7 77 ) ¢ Taay
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2 3 .
We will now show that k;, k, € 8D~ while k3eaD+.Writing—g+i —%—5—7=re‘9 withr =
3 2 3
\/—p— and tan6 = wl—q— - p—/(—g), we have
27 4 27 2
18 L e A, [p 0 A,
ky=rses —=r se 13—3—A3=2 _ECOS<§>_3A3’
1,8 ;2 18 = A 6+2 A
i i i 2 b + 27 2
= -z — 2 =24/-% -2 47
ky=rieses r 3e se 3 34, 3 < 3 > 34 47)

Since w;, <@ < ], for p <0 and, in addition, w = —A3q + nw, and A; <0, we have two
subcases:

\/_ \/— 6+2m

(i) If w < nwy < w}., then g <0 and so 6 € (0, ] Hence, —<cos <1, —7<cosT<

——and——<cos—<0 wh1ch1mp1y\/ p——<k1<2 —= ——, —/- 3AAZ
3
P

- _£ 4 =P _ A A2
k, < ; 3As,and 3 3A3 <k;< 3 Thus since by (39), the portion of D~

<

along R is given by (—oo, —4/—% — —] [v/—% = ﬁ ,00), we deduce that k;,k, € 0D~
3 34, 34;°

and k; € dD*. In particular, inequalities (39) and (41) hold strictly at k;,k, and at ks,
respectively.

<

.. _ — 1 0 3 0+2
(i) If w, < nwy < w, then ¢ >0 and so 6 € [z,n'). Hence, -< cos - < %, —1 < cos +37r

3 6— A
\/_ ————<k1< —p- 2, o [-R_ 2o
2 345 3 34,

[P
ky<—+/-p— E and —73 <ks;< -3~ 73 Thus, as in the previous subcase, we have

ky,k, € D~ and k; € dD* with inequalities (39) and (41) holding strictly at k,, k, and at k,
respectively.

Case 3: A = 0. This is equivalent to 4p> + 27¢g? = 0, thus either nw, = /. or nw, = w,. In the
former case, the cubic (36) admits the real solutions

/ A / A
nCUOZC():—r e d kl :—2 —2—3—1423, k2=k3 = —§—3—1423 (48)

When nw, = w,,, the cubic (36) admits the real solutions

—_ _ / b AZ _ _ [ P A2
nwy = Wep nd kl =2 3 3A3, k2 = k3 = 3 3A3 (49)

Hence, in view of the fact that D" N R = (—o0, — -L_ ﬁ] U [4 /—E_ ﬂ, 00), we deduce
3 34, 3 34,

that if p < 0, then k; € 4D~ with strict inequality in (39) and k, = k; € 8D~ N dD* with equality
in (41), while if p = 0, then k; = k, = k3 € dD™ N dD* with equality in (39) and (41).
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Overall, our analysis leads to the following conclusions:

* If3A,A5 + Ag < 0, then the solutions of (36) are given by (45) for all n € Z.

* If34;A5 + A% > 0, then the solutions of (36) are given by (45) for nw, > w. or nw, < w,, by
(46) for wg,. < nwy < w}., and by (48) for nw, = w’, or (49) for nw, = w,,, where w;,. are defined
by (44).

* If 34,45+ A% =0, then w}. = w;, = w defined by (44) and the solutions of (36) are given by
(45) for nw, # w and by (48) for nw, = w.

Importantly, in all three of the above cases, the contour D~ contains precisely two solutions of
(36), whereas the contour dD* contains only one, which we label k. That is, we have shown that
for A_, = 0 and A;z < 0 is satisfied, and hence, the D-N map for the general third-order model
(35) is indeed given by (32).

This proves Theorem 1 when A_, = 0.

Remark (Connection to the radiation condition (4)). The group velocity associated with the third-
order equation (35)is ¢, = Q/(k) = 3A5k? + 2A,k — A, . Thus, for a real solution of the cubic (36),
the condition that this solution lies on dD* (Equation (41)) is equivalent to the group velocity
being nonnegative at that solution. In particular, recall that the scenario k, € dD* n R is possible
if either 34;A4; + A5 > 0and w;, < nw, < @, or 3A;A; + A3 > 0and either nw, = wf, or nw, =
W, Or 3A1 A3 + A§ = 0 and nw, = w. Hence, we have a strictly positive group velocity in the first
scenario (see “Case 2” above) and zero group velocity in the other three scenarios (see “Case 3”
above), which deals with the boundary case cg =0. Furthermore, if k, € dD* \ R, then it follows
from the definition (40) of D* that Im(k) > 0.
This proves Corollary 1 when A_, = 0.

The analysis of the roots of the cubic Q + nw (i.e., of Equation (36)) for the general third-order
model (35) provided a complete justification of the assumption used in the derivation of the D-N
map (32) that precisely two of those three roots lie on the contour D~. However, there is one more
assumption that was needed for deducing (32) and is yet to be justified, namely, that the right-hand
side of (26) should have removable singularities only at those roots of Q + nw, that occur along
dD~. Above a certain threshold of values for |nwy|, it is easy to see why this latter assumption
must be imposed; below that threshold, however, the situation becomes more delicate.

More precisely, for those values of nw, for which the roots of Q + nw, involve a complex conju-
gate pair (i.e., in Case 1: A < 0 above, nw, € [w,,w}]), one of the complex roots lies in the upper
half of the k-plane where #i(k, t) (and hence ﬁn(k)) is not well defined (recall discussion below
(17)). Thus, this root cannot be a removable singularity of (26). On the other hand, the remain-
ing two roots do lie in the domain of definition {Im(k) < 0} of #(k, t) and so, it is reasonable to
expect that they must be removable singularities of (26), thereby leading to the system (31) and
hence to the D-N map (32). The situation is analogous in the degenerate case of one distinct and
two repeated real roots (i.e., in Case 3: A = 0 above, nw, € {w, cuj,}) because, counting without
multiplicities, there are exactly two roots that belong to {Im(k) < 0}, and hence, it is reasonable
to expect that must be removable singularities of (26).

Nevertheless, in the case of three distinct real roots (i.e., Case 2: A > 0 above, nw, € (w_,, coj‘,)),
we encounter the following issue: while all three roots, namely, the two lying on D~ and the one
lying on D, belong to {Im(k) < 0}, and hence, according to our previous reasoning, should be
removable singularities of (26), requiring that all three of them are removable results via (30) in
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MAO ET AL. 933

FIGURE 1 Thedomains D*, Dy, D; for the linear KdV equation as given by (51)-(52). Inside these domains
Re(iQ) < 0, while outside of them Re(iQ) > 0. In the case of the wavemaker data (53), if |w,| < 2/(3 \/5), then the
three roots of Q + nw, are real and distinct with k; € D, k; € dD;, k, € dD* as shown, and the contour of
integration in the Fokas method solution (54) is deformed from the boundary dD* of D* to the contour aD* that
bypasses the real root k, € dD* from below. The resulting formula (55) is used for deriving the D-N map of the
wavemaker problem by computing the long-time asymptotics via Cauchy’s residue theorem, exponential decay
and, when necessary, the deformation of dD* to the half-lines £,, £, given by (57), along which Re(iQ) > 0
(except for k = i% where Re(iQ2) = 0).

three equations for the two unknowns b,, and c,,, that is, an overdetermined system. Therefore, the
question is: which two of the three distinct real roots of Q + nw, are actually removable singularities
of (30)? Note that each of the three possible choices leads to a different D-N map since, via Vieta’s
formulae, the root that is not a removable singularity is the one that eventually appears in the
D-N relations (32). From this point of view, the challenge we are facing is directly related to the
uniqueness of the D-N map.

Our conjecture is that, even in the case of three distinct real roots, our earlier assumption that
led to (32) is correct, namely, the roots of Q + nw, that must be removable singularities of (26) are
precisely the two roots that lie along dD~ (and not the one along dD*—see remark below (28)
for a possible explanation of this fact in connection with the domains of definition of #i(k, t) and
U, (k)). In what follows, we prove this conjecture for the special case of the linear KAV equation by
exploiting the explicit solution formula produced by the Fokas method.

221 | The linear KdV equation on the half-line
The linear KdV equation
U+ Uy + Uy =0 (50)
isincluded in the four-parameter family of third-order models (35) (it correspondsto Ay = A, = 0
and A; = A; = —1), and thus, the general framework developed earlier can readily be employed.
In particular, the dispersion relation is Q(k) = k — k3, and the regions D* and D~ are given by
D* = {k € C : Im(k) > 0, 3Re(k)* —Im(k)* <1}, D~ =D; uUDj, (51)

where (see Figure 1)
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934 MAO ET AL.

D = {k € C : Im(k) < 0, 3Re(k)* — Im(k)* > 1, Re(k) < 0},
(52)
D; = {k € C : Im(k) < 0, 3Re(k)* — Im(k)* > 1, Re(k) > 0},

and the discriminant of the cubic Q + newj is A = 4 — 27(nw,)?, which defines symmetric critical
interval endpoints w7, = +w., = 12/(3\/5). Moreover, in all three scenarios A < 0, A > 0 and
A = 0, each of the contours D7, 0D, and dD; contains precisely one of the three roots ko, k7,
and k; of the cubic Q + nw,, respectively.

As explained above, the challenge is how to justify that, among the three distinct real roots
that arise in the case A > 0, that is, |nwy| < 2/ (3\/5), the two roots k" € dD] and k; € 0D
thatlie on 0D~ = 0D U dD; should be removable singularities of (26) while the remaining root
ko € D% should not, despite the fact that it belongs to the domain of definition {Im(k) < 0} of
i(k, t). Therefore, we consider Equation (50) in the context of the wavemaker problem associated
with the data

u(x,0) =0, u(0,t) = sin(—wyt), (53)

and restrict our attention to the scenario |wy| < 2/(3 \/5) that, in the case of the data (53), cor-
responds to Q + nw, having three distinct real roots since u(0,t) = — En: 1 %@ei”“’ot and,
regardless of which two roots end up satisfying (30), the resulting D-N relations wlill imply that
the Fourier series coefficients b,;, ¢, of the boundary values u,.(0, t), u, (0, t) vanish whenever the
coefficient a,, of u(0, t) does.

In what follows, we will show that choosing kI and k3 as the two removable singularities of
(26) does indeed produce the correct D-N map, namely, the first relation given in (32). We will do
so by independently deriving that D-N relation directly from the solution formula obtained for
the linear KdV wavemaker problem (50)—(53) via the Fokas method, which is given by (see Ref.
10, Example 1.12)

" ,emwot —lQl 1
u(x,t ) dk, a1 =F—. 54
(.0 = 2im nz+1 /D+ Q + nwy 1=+ (54)

Note that the three roots k), kl_, kz_ of Q + nw, are removable singularities of the above inte-
grand, which is therefore analytic in k. Hence, in the particular case that k, kl_, kz_ are real and
distinct, we invoke Cauchy’s theorem to deform the contour of integration dD* in (54) to the
modified contour dD* that bypasses the removable singularity k, € dD* from below as shown in
Figure 1, and thus, obtain

1 1kx , elncuol —th
= — Q —dk.
ux,1) = 7~ Y a / - dk (55)

s Q + nw,

Since k( no longer lies on the contour of integration, we can split the fraction in the integrand to
write

) Q! . Q/e—iQt
u(x,t) = — Z a, <e‘"“’0‘ / e‘k"Q— dk — / e — dk>. (56)
ap+ + nw, D+ Q + nw,

n+1

Furthermore, for k € {Im(k) >0 : k &€ D*}, we have le~i%| < 1 so if, in addition, k is large in

—iQt
modulus and stays away from k;” and k , then | Q' (;—n < %' This decay bound combined with

|~|
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analyticity allows us to employ Cauchy’s theorem and Jordan’s lemma in the second integral of
(56) in order to deform dD* to the union £, U £, of the half-lines (with orientation as shown in
Figure 1)

L2 LT
£1={kEC:k=—i+re17,r20}, £2={kEC:k=—i+rel?,r20}, (57)

and hence express (56) in the form

1 . ) Q’ . Q’ —iQt
u(x,t) = — Z a, e‘"c"O‘/ elkx == dk —/ elx 22¢  qi ). (58)
2im 3D Q + nw, £1UL, Q + nw,

n=+1

—iQ)

Qe 1 . . . .
| £ —, which provides uniform decay in k
Q+nwy |k|

along the circular arcs connecting dD* with £, and £, and thus allows us to argue that the rele-
vant integrals vanish by invoking Jordan’s lemma (or, alternatively, by a direct estimation of those
integrals along the lines of the integral I below).

We will now use the modified solution formula (58) to compute the leading-order long-time
asymptotics of u,(x, t) for any finite x > 0. Differentiating with respect to x yields

1 ; e kY o KQY e
u(x,t) = — Z a,| et elkx —— dk — el 22l g ). (59)
27 oD Q + nw, £,UL, Q + nw,

We emphasize the significance of the bound |

n=+1

Let 65; denote the finite portion of the contour D™ that lies below the circular arc Cy = {Re® :
g <6< z?ﬂ,R > 1}. With this notation, the first integral on the right-hand side of (59) can be
regarded as the limit

; ko : 404
/ ek " dk = lim elkx —~__ dk.
oD Q+ nwg R—o0 55; Q+ nwg

Therefore, by Cauchy’s residue theorem,

kQ' kY

tex _—22__ dk = 2im Res |eF* ——— — lim Ip(x,t 60
/aﬁ e Ot o, i Res|e GEn Jim R(x, 1), (60)

. ’
where Ip(x,t) := /CR e”‘xﬂk% dk. We claim that limg_, o, Iz(x,t) = 0 for any x > 0, t > 0, and
nwq

hence, calculating the residue in (60),

. Q/ .
/ elkxsllj_m dk = 2i7Tk0€lk0x. (61)
D) 0

Indeed, for k € Cg, we have |e!**| = e=*Rsin6 |0/ <1+ 3R? and, for R? > 2[1 +2/(31/3)]
(recall that n = +1 and |nwy| = |wo| < 2/(3V/3)), |Q + nwy| = [Re® — R3¢3€ + nw,| > |Re'® —
R3e*®| — |nwy| > R® =R — |nwy| > %R3. Thus,

2w
2R%2(1+3R?) [ .
|IR(X,t)| < %/ 3 e—XRSlnede
3
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and, using the symmetry of sin 6 about % as well as the well-known inequality sin © > %, 0<0<

w .
7 we find

2 2 X
[Tr(x, )] < RA+SR) 7 <e_ﬁ - e_XR>,

R3 2XR

which implies the claim for any x > 0, t > 0. In turn, combining (59) with (61), we obtain

: . 1 kQ, —iQt
u,(x,t) — ikga,elkox+inwot — __—_ an/ —— dk. (62)
n;il 21 nzzil 1U£2 Q+ nw, nw

Remark. We could have chosen the contour dD* to bypass k, from above. This would have made
the first integral of (59) equal to zero and would have moved the residue contribution over to the
second integral.

Next, we will prove that, for any x > 0, the integral on the right-hand side of (62) vanishes as
t — co. We emphasize that the deformation from dD* to £, U L, in (58) was possible because
Re(iQ) > 0 in the upper half-plane and outside D™. In fact, Re(iQ) > 0 also in the lower half-
plane and outside D" and D} and, more precisely, Re(iQ) > 0 fork € £, U £, \ {£1/ \/5} so that
the exponential e~'¥ is strictly decaying there. This fact will allow us to show that the integral
on the right-hand side of (62) decays like O(1/ \/;) as t — oco. We remark that our argument will
not work without the presence of the exponential e~**, which decays as |k| — oo along £; U L.
Thus, the deformation from D% to £, U £, is only possible and helpful for the second integral in
(56) and not for the first one, which does not involve e ¥,

Since the estimation along the half-lines £, and L, is entirely analogous, we provide the

details only for £,. Then, k = —i + re's = g + i(@ — 1) and so Re(iQ) = %(r - %)2. Impor-

tantly, observe that due to the definition of £, the expression for Re(iQ) is quadratic (as opposed
to cubic) in r. Also, similar to the proof of (62), for r sufficiently large, say r > 10, we have
|Q + nwy| = r’. Furthermore, |Q + naw| is strictly positive by the definition of £, and the fact that
[nwy| = |wy| < 2/(3 \/3), that is, |Q + nwy| > C(nw,) > 0 for some positive constant depending
on nw,. Hence,

/ eikku’e‘iQf dkl < /10 e—(gr—1>x|kQ’|e—Re(iQ)t dr+/ooe_(gr_Qx|kQ/|e—Re(m)r "
c Q + nw, “Jo [Q + now,| 1o 1Q + nay,|

32y il a2
P T sy e G )
0 1

C(nw,)

<

~

0

2

® 1 _z<r—i) t ® 1 —2u? C(nawy) +1
< e < +1>e 2\ V3 dr < e* ( +1>e 2 dr~ef ———
0 C(nwy) o C(nwy) \/;

A similar result holds for the integral along £, and hence for (62).
Overall, we have shown that, in the scenario |wy| < 2/(3 \/g) of three distinct real roots of Q +
nw, for any x, t > 0, the spatial derivative of the solution to the linear KdV wavemaker problem

(63)
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(50)-(53) satisfies

. . 1 e*
u,(x,t) — ikya,etkox+ineot| < — |an|( 1)—. (64)
ngi‘{l 2 n=+1 Clneso) \/?
In other words, for each x € [0, L], some L > 0,
u(x,t) ~ Z ikga,elkox+ineol - 5 oo, (65)

n=+1

As we will see in Section 3, the bound (64) is not tight and can be refined to o(t=3/%). Taking the
limit, we find lim,,_, o+ u,(x,t) ~ Zn:ﬂ ikoa,e"! as t — oo, in agreement with the first of the
D-N relations (32). A similar analysis of the solution representation (58) can be used to prove that
the second spatial derivative u,, satisfies the second of the D-N relations (32).

We have shown that the D-N relations are obtained from the solution formula (58). In fact,
essentially the same analysis implies the asymptotic form of the solution

u(x, t) ~ Y apefox el 0, x = O(1). (66)

n==+1

By linearity, this result extends to the more general boundary data go(t) ~ ¥, _, a, et In par-
ticular, we have also proven that the solution is asymptotically time periodic for each fixed x > 0.
Thus, for the linear KdV wavemaker problem, we have proven Theorem 1 and the radiation con-
dition (4) (Corollary 1) for any frequency w, € R without the assumption of asymptotic time
periodicity of the solution.

The asymptotic solution (66) is only valid for fixed x as t — o0. In Section 3, we extend the
analysis of the linear KdV wavemaker problem to obtain an asymptotic expansion of the solution
for large t that is uniform in x > 0.

Remark. The above arguments and, in particular, estimate (63), crucially rely on the fact that
Re(iQ) > 0 along £; and L£,. Attempting to deform the contour D" differently in order to also
enclose one or both of the roots k;, k, would force us to include contours in regions where
Re(iQ2) < 0(see Figure 1) and hence would result in exponentially growing terms, thus an estimate
like (63) would no longer hold. This is why the only root contributing to the D-N map (through
the residue calculation (60)) is the pole along dD*, namely, k.

2.3 | A general nonlocal second-order model: A_, > 0and A; =0

For A_, > 0 and A3 = 0, the third-order equation (5a) becomes of second order but still involves
the mixed spatiotemporal derivative term, namely,

(1—A_,0%)u; = iAgu + Ay, + iAjUyy. (67)

Moreover, the equation Q + nwy(1 + A_,k?) = 0, which, in general, corresponds to the cubic (29),
now reduces to the quadratic

(A2 + nwoA_z)kz - Alk - AO + nwy = 0. (68)
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In addition, according to definition (27),

D™ ={keC :Im(k) <0and A, —2(A, + AyA_,)Re(k) — A;A_,Re(k)* — A;A_,Im(k)* > 0} .
(69)

Thus, for real solutions of (68) that lie along the boundary dD~, we must have
AJA_K? +2(A, + AgA_L)k — A, <0. (70)
Likewise, the region D is given by

Dt ={keC : Im(k) >0and A; — 2(A, + ApA_,) Re(k) — A;A_,Re(k)* — A;A_,Im(k)* < 0},
(71)

and therefore, any real solution of (68) that lies along the boundary dD* must satisfy
AJA_K? +2(A, + AgA_)k — A, > 0. (72)

Next, we focus on the solution of Equation (68). We begin with the scenario in which the
parameters A_,, A,, @, are such that A, + nwyA_, # 0 for all n € Z. Then, (68) is a quadratic
equation with solutions

_ A VA

ey = ke () = 2(A; + nwyA_y)’

(73)
where the discriminant A is given by
A = A+ 4(Ay — nwy)(Ay + nwyA_,).
Observe that A is itself a quadratic in the quantity nw, with corresponding discriminant
A= 16[(A0A_2 + A+ A_zAf].
Note that A > 0 since A_, > 0.

Case 1: A > 0. This case amounts to either A; # 0 or A, + AgA_, # 0. Then, A has two distinct
real roots

ApA_, — A, + \/ (Ay + AgA,) + A2A,
Wer = 24, ’

+

(74)

which determine a bifurcation in solution behavior. If nw, > @, or nw, < w;, then A < 0 and the
solutions k., k_ of equation (68) given by (73) form a complex conjugate pair; if w,, < nw, < @},
then A > 0 and k., k_ are real and distinct; and if nw, = @}, or nw, = w;;, then k., k_ reduce to
a double real solution.

Importantly, for each n € Z, there is precisely one solution of (68) that lies on dD~. This is
straightforward to see if nw, > w}, or nw, < w, since, by the definition of the regions D* and
D™, any nonreal solution of (68) must lie either on D" or on dD~. On the other hand, if k. eR,

then more details are needed:
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(i) fA; =0and A, + AyA_, > 0, then (70) requires k < 0. However, by Vieta’s formulae, k, +
k_ = 0. Thus, precisely one (possibly double, if equal to zero) solution of (68) lies on D~
and, since R C (8D* n D7), the remaining solution lies on D™

(ii) IfA; =0and A, + AyA_, < 0, then (70) requires k > 0 and, as in (i), precisely one (possibly
double, if equal to zero) solution of (68) lies on 4D~ and the remaining solution lies on D%
(iii) If A; > 0, then, since A_, > 0, (70) requires that 3_ < k < 5, where

—(Ay + ApAy)) + \/(Az + AgA_ ) +AIA,
lgi = A A N

(75)

First, we claim that f_ < k_ < . (and hence, via (70), that k_ € dD~). Indeed, note

that w, = 15 £ + Ay and, since k, € R amounts to having w, < nw, < w}, it follows that
AB_ < 2(nco0 Ap) < A;B.. Hence, observing that k_ Z(WO\/{O) and A1 + VA >0, we
1
infer that AP o < AP which, in view of the inequalities 0 < <1,
VE SRS LR “ ey S 1 B>

0, B_<0, allows us to conclude that B_ < k_ <, as claimed. Note that the equalities
are attained only when A = 0, that is, only when nw, = w, or nw, = w,, in which case
k_(w}) = ky(@3) = By ork_(w};) = k(@) = f_, respectively.

In addition, we claim that k, >3, or k, <f_, with equalities attained only
when A =0 (and hence that k, ¢ 0D~ except when k., =k_). Indeed, in view of
(73), (75), and the fact that A;A_, >0, if A, +nwyA_, >0, then the inequality

AZA_, > 2(A, + nwoA_z)[\/ (Ay + AgAL)2 + A7A_, — (A + ApA_y)], which is valid

since nw, < w}. implies 2(A, 4+ nwyA_,) < AgA_, + A, + \/ (Ay + AgA_)? + A%A_z,
yields k, > f,. Similarly, if A, +nwyA_, <0 then, noting that nw, > w; implies
—2(A; + nwyA_,) < \/ (A + ApA L)+ AZA_, — (ApA, + Ay), it follows  that

AA, > —2A, + ncoOA_z)[\/ (Ay + AgA_,)2 + A2A_, + (A; + AyA_y)], and, in turn,
k, < B_, establishing the claim.

(iv) Finally, if A; < 0, then, since A_, > 0, we have 8, < 0 and 3_ > 0, and (70) requires either
k > B_ork < B,. Viaentirely analogous steps as in (iii), using the fact that w, < nw, < @},
weobtain B, <k, <pB_andk_ > B_(for A, + nwyA_, < 0)ork_ < B, (for A, + nwyA_, >
0), with equalities possible only when A = 0, that is, only when nw, = w}. or nw, = w,,
in which case k_(w}.) = k,(w}) = B, or k_(w,) = k,(w,,) = B_, respectively. Thus, once
again, we see that there exists precisely one (possibly double) root along D, namely, k_,
while the other root, that is, k.., lies on D™

Therefore, in the case A > 0, we have shown that for each n € Z, there is precisely one (possibly
double) solution of (68) that lies on dD~, with the remaining solution lying on dD*.

Case 2: A = 0. This case is much simpler because it requires A; = A, + AyA_, = 0, and so, it
reduces our second-order model (67) to the equation

(1—A_,087)(u, —iAgu) =0, (76)

which can be solved by elementary techniques. Indeed, the ordinary differential equation in
x along with the boundary conditions u(0, t) = gy(¢) and lim,._,, u(x,t) = 0 can be integrated
to yield an expression for the quantity u, — iAgu, which can be integrated in ¢ to imply, upon
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940 | MAO ET AL.

imposing the initial condition u(x, 0) = uy(x),

X

u(x, £) = eolug(x) + [go(t) — eolgy(0)]e VA=, (77)

The analysis of the scenario A, + nwyA_, # 0 for all n € Z is complete and leads to the
following conclusions:

» Ifeither A; # 0or A, + ApA_, # 0, then one of the solutions k, , k_ of the quadratic (68) given
by (73) lies on the contour D™, whereas the other solution does not lie on D~ (with the excep-
tion of the special case k., = k_). Denote the solution along dD™~ by k| and the solution off 3D~
(which, as explained above, lies on dD™) by k. Then, setting k = k" into the D-N map condition
(30), which for the second-order model (67) reads

i(Ay + nwyA_»)b, = [(Ay + nwyA_y)k — Aq]ay, (78)

and using the Vieta formula k, + ki = A+A—A for Equation (68), we obtain the D-N relation
2TRWe A2
b,, = ikya, that was conjectured in (32).
* If Ay = A, + AyA_, = 0, then the solution to the Dirichlet problem of Equation (67) on the
half-line is given by the simple formula (77) and the D-N map can be computed by directly

differentiating this formula.

Finally, we consider the scenario of A, + n.wyA_, = 0 for some n, € Z, that is, the possibility

that the parameters A_,, A,, wy are such thatn,, := —A,/(wyA_,) € Z. Then, Equation (30) does
not yield information about b, , as either it becomes an identity (if A; = 0) or it forces a,,, = 0 (if
A, #0).

If A; = 0, then Equation (68) evaluated at n, implies AgA_, + A, = 050 we recover the simple
model (76) with the explicit solution formula (77).

If A; # 0, then we note that under the transformation u — u + an*ei”*“"(’[ , which in view of
(20) eliminates the term corresponding to n, from the series expansion of u(0, t), Equation (67)
becomes

(1—A_,07) (u + in,woa, ™) = iAg(u+ a, ™) + Aju, + iAjUy,. (79)

IfAgA_, + A, = 0,then n,w, = Ag and Equation (79) is identical to Equation (67), so without loss
of generality, we can take a,, = 0. In particular, this is the case for the linear BBM equation con-
sidered below. On the other hand, if ApA_, + A, # 0, then n,.wy # Ay and (79) is different from
(67), so the case n,, = —A,/(wyA_,) € Z and A;(AyA_, + A,) # 0 is not covered by our analysis
unless the associated Dirichlet datum actually satisfies a,, = 0.

Concerning the value of b, , if the Dirichlet datum is actually periodic (and not just asymp-
totically periodic), then using the compatibility between the initial and boundary values at
x =t = 0 and assuming that u(x, t) is continuously differentiable up to the boundary, we find
b,, = u(’)(O) - ZneZ,n +n, b,,, with the coefficients b,, for n # n,, given by the first of the D-N rela-
tions (32). Furthermore, if A, = 0 and hence n, = 0, then b, = b, can be determined even if the
solution is only asymptotically periodic. In particular, evaluating equation (67) at x = 0 and then
integrating over [t, t +2Z ] with ¢ arbitrary, we exploit the periodicity of the relevant exponentials

to deduce, by taking the 11m1t t - oo,

bo =—i— (80)

1Y) SUONIPUOD) PuE SuA L oy 995 “[HZ0Z/b0/3Z] U0 ATRIqIT SUIUO AO[1AN “HEAGYT OPEION0) JO ANSIOATUN Aq S99Z [°WdES/[ [ ] °01/10p/w00 Ao ATeaqrIour[uoy/:sdiy woj papro[umod ‘€ b70Z ‘0656.9%1

Koy Areaquaut

2SURDT SUOWWIO)) IAIERI) A[qENIAE A) £q POWIAACS SIE SOOI O 595N JO SA[NI 10 ATEIQIT AUUQ AT UO



MAO ET AL. | 941

Note that, in the particular case of the linear BBM equation, the above expression yields b, = 0.
This proves Theorem 1 when A3 = 0.

Remark (Connection to the radiation condition (4)). The group velocity associated with the
ALA_ k2 +2(Ay+AgA_
(1+A_,k2)?
the quadratic (68), the condition that this solution lies on D" (Equation (72)) amounts precisely
to the group velocity being nonnegative at that solution. In particular, in the nontrivial scenario
of either A; # 0or A, + AyA_, # 0, recall thatk, € dD* N R is possible if either w, < nw, < w,
or nw, = w.. In the first case, we have a strictly positive group velocity, while in the second case,
the group velocity is zero. Furthermore, if k, € dD* \ R, then Im(k,) > 0.
This proves Corollary 1 when A; = 0.

second-order equation (67) is ¢, = w' (k) = Z)kal. Thus, for a real solution of

2.3.1 | Thelinear BBM on the half-line

Recall that the main idea behind deriving the D-N map (32) is that each root of Q + nwy(1 +
A_,k?) that occurs along D~ should be a removable singularity of the right-hand side of (26)
and hence a solution of (78). In this connection, the analysis provided above for the quadratic (68)
associated with the second-order model (67) justifies the assumption made in the derivation of
(32) that precisely one of the two roots of Q + nwy(1 + A_,k?) lies on the contour dD~. Neverthe-
less, the additional assumption that only this root must satisfy (78) has not yet been justified and,
although this is an easy task for new, outside the interval [w_,, w/.]—since then the root off 0D~
is in the upper half-plane where (17) is generally not defined—it becomes more subtle for values
within the interval. In what follows, we address this outstanding uniqueness issue in the case of
the wavemaker problem (53) for the linear BBM equation, which reads

U+ Uy — Uy =0 (81)

and corresponds to the choice of parameters Ay = A, =0, A_, =1, A; = —1 in the general
model (67). We remark that, despite the absence of the second spatial derivative term, the mixed
derivative term—an essential element of the model (67) when compared to the model (35)—
is still present in Equation (81) and makes the analysis quite different from that of the linear
KdV equation.

In the case of the linear BBM equation (81), the regions D~ and D* of (69) and (71) are given by

D~ ={keC:Im(k) <0, Re(k)* +Im(k)* > 1}, D*={keC:Im(k)>0, Re(k)*+Im(k)* <1},
(82)

that is, D™ is the interior of the upper half of the unit disk centered at the origin and D~ is the
exterior of that disk in the lower half of the complex plane, as shown in Figure 2. The critical
interval endpoints are symmetric @z, = +w,, = +1/2. Furthermore,

Q + nwy(1+A_k?) =k + nwy(1 +k*) =0 (83)

when (cf. Equations (68) and (73))

=1+ 4/1 — (2nw;)> 0
k =k (n) = 2na > n#0, (84)
0, n=0.
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942 MAO ET AL.

FIGURE 2 Theregions D* and D~ for the linear BBM equation as given by (82). In the case of the
wavemaker data (53), for 0 < |2w,| < 1, the two roots of w + nwj are real and distinct with k; € 9D, k, € dD*
as shown. Then, to compute the long-time asymptotics of the solution, we deform the contour of integration in
the Fokas formula (85) from C to the contour C along which Re(iw) > 0 (except for k = +1 where Re(iw) = 0).
This deformation yields a residue contribution from k, € dD* (as opposed to k; € dD"), justifying the
assumption that only k7" (and not k) should satisfy (78).

If |2nwy| > 1, then (84) form a pair of complex conjugate roots that lie on the unit circle. Thus,
due to the domain of (17), only the root lying in the lower half of the complex plane—and hence
on D~ —must satisfy (78). The same is true if |2nw,| = 1, since then the roots (84) reduce to a
single double root equal to 1 € 0D~. On the other hand, if 0 < |2nw,| < 1, then the roots (84)
are real and distinct, with one of them, denoted by ky, lying inside (—1,1) C dD* and the other
one, denoted by k|, lying in [—1,1]¢ € D~ (see Figure 2). In this case, as noted above, since both
roots are in the domain of (17), it is not immediately clear why only k', and not k, should satisfy
(78) as a removable singularity of (26). Next, we will show that this is indeed the case by taking
advantage of the powerful solution representation provided by the Fokas method.

In particular, let us consider the linear BBM equation (81) in the context of the wavemaker prob-
lem associated with the data (53). In this case, observe that the scenario of two distinct real roots
of (83) corresponds to the range 0 < |2w,| < 1, since u(0,t) = — Zn: " %fmei”%‘
of which root ends up satisfying (78), the resulting D-N relation will imply that the Fourier series
coefficient b,, of the Neumann value u,(0, t) vanishes whenever the coefficient a,, of u(0, t) does.
Hence, we work with 0 < |2w,| < 1 and two distinct real roots as shown in Figure 2. The solution
formula is given by?!

and, regardless

ema)ot _ e*lwt

1 ; .
u(x,t) = — aﬁ/d“wh——————dk—6“$del ) =7F
C

w + nwg 85

1
21
where the contour C is a positively oriented, closed contour in the upper half of the complex plane
and enclosing k = i, as shown in Figure 2 and

k

CU=CL)(k) :=m

(86)
with o’ denoting the derivative of w. Note that the integrand in (85) has essential singularities at
k = =i due to the exponential e~i%t Tn addition, for k # +i, we have Re(ljr%) = Re(iw), and so,
inside the regions D~ and D™ of (82), we have Re(iw) < 0, whereas outside those regions, we have
Re(iw) > 0.
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Thanks to analyticity and Cauchy’s theorem, the contour of integration C in (85) can be
deformed to the contour C depicted in Figure 2. Thus, differentiating in x, we have

—iwt

lkx ’emwot € —X of
u(x,t) = Z a, kw o+ nag dk + e™* sin(wt). (87)
n +1

Since C does not cross any singularities, we can split the integral with respect to k in two parts:

1 . . k / . k ! ,—iwt .
u, (x,t) = — Z a, el”“Ot/elkadk — /elkx& dk ) + e *sin(wyt). (88)
27 4 b w + nw b w + nw
n=+1
The contour C encloses the points k = i and k = k,, which are simple poles of the integrand of
the first of the above integrals. Hence, by Cauchy’s residue theorem and the fact that k satisfies

(84),

!/
[ eikX%c‘;mo dk = 27 (e~ + ikye'ko¥). (89)
C

Moreover, note that along C, we have Re(iw) > 0 except for k = +1 where Re(iw) = 0. Thus,
we expect that the second integral in (88) admits a similar bound to (63) for the integral on the
right-hand side of (62). Below, we establish this rigorously. Thanks to analyticity, without loss
of generality, we work with C ={k € C : k =i + \/Eeie, —% <6< 37”}. Then, Re(k) = \/Ecos 0,

Im(k) = 1+ v/2sin6 and |1 + k2|? = 4(3 + 24/2sin 6), implying

(1 + Zsin6)2

#(0) 1= Re(iw) = )
2(3 +2 2sin6>

Furthermore, |ko'| <1+ 1/\/5, and |w + nwy| = |1 — 2nwy|/2 > 0 since |nw,y| < 1/2. Hence,

. kwle—iwt
kx
e ——— dk
_/5 W + nw,

For 6 € [—%, %], ¢(0) > 0 with the minimum attained only at —%. This integral can be estimated

37

= 71 ,—Re(iw)t W2-Dx p7/2
< / e KON oy A2 De / 4.
— /2

s |w + no,| = 11 — 2naw,|
2

using Laplace’s method (e.g., see Lemma 6.2.3 in Ref. 25), we obtain f /2 e‘“ﬁ(@)d@ ~ 27” +
O(—

) ast — oo. Therefore, for any x > 0 and |nw,| < 1/2, we conclude that

/ —la)t (\/5—1)x
/e ke e™ gl ol ), o . (90)
P w + nowg \/;

In view of (89) and (90), the expression (88) yields

\/'

L e(V2-1)x
u,(x,t) — Z ikya, etkox+inull < o ——— |, t > 0. (91)
n=+1 \/E
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944 | MAO ET AL.

In particular, first taking the limit x — 0% and then performing the above asymptotic analysis
ast — oo, we obtain lim,_ o+ u,(x,1) ~ Y. ikoa, ekoX+inwol a5 t 5 oo, in agreement with the
D-N map (32).

A similar analysis of the solution formula (85) implies the asymptotic solution for fixed x > 0

n=+1

u(x, ) ~ Y auel ol oo, x = O(1). (92)

n==+1

By linearity, this result extends to the more general boundary data g,(t) ~ }., _, a, e 'We have
proven the asymptotic time periodicity of the solution to the linear BBM wavemaker problem
so that Theorem 1 and the radiation condition (4) (Corollary 1) hold for any frequency w, € R
without the need to assume asymptotic time periodicity of the solution.

The asymptotic solution (92) is only valid for fixed x as t — oo. In Section 4, we extend the
analysis of the linear BBM wavemaker problem to obtain an asymptotic expansion of the solution
for large ¢ that is uniform in x > 0. We then observe that this analysis quantitatively agrees with
viscous core-annular experiments in Section 5.

Remark. To establish estimate (90), it is crucial for C to lie in regions where Re(iw) > 0. This
requirement implies that only k, (and not k") can be enclosed by C, because attempting to also
enclose k" would push C into regions where Re(iw) < 0. Consequently, only k, (and not k")
contributes in the asymptotics (91) (via the residue calculation (89)).

3 | LONG-TIME ASYMPTOTICS FOR THE LINEAR KdV EQUATION
WITH A SINUSOIDAL BOUNDARY CONDITION

Section 2.2 derives the D-N map and the asymptotic solution to the linear KdV wavemaker prob-
lem (50)-(53) for t — oo and a fixed x > 0. Herein, we study the KdV wavemaker problem in a
different asymptotic limit where t — oo while & = x/t = ©O(1) is fixed, that is, we consider the
solution along rays in the x-t plane. This limit provides information about how waves propagate
away from the origin in the wavemaker problem.

Recall the wavemaker initial-boundary value problem (53) in which u(x,0) =0, x > 0 and
u(0,t) = —sin(wyt), t > 0 where w, > 0 is the input frequency. To obtain the long-time asymp-
totics, we use the solution formula for the linear KdV wavemaker problem (50)-(53) given by (54),
where the contour of integration D™ is shown in Figure 1. Note that the integrand in (54) has
removable singularities at the six simple zeros kq, ..., k¢ of the two cubic equations Q + nw, = 0,
n = +1 where Q is defined in (25). For 0 < w, < i, we have

3V3
o= Zo(%)e (L) kmmLeo(%)-n(%) e (-20),
= Ls($)ran($) e (0L). k- Zem(3)e (1 2),

ks = —% cos (g) —sin <§> c <—1,—%>, ke

Il

|
po

o

o

2]
VR
W]
——

+

2

=]
I/
w|
N——

m

|
<| —_
w

o
\T/

1Y) SUONIPUOD) PuE SuA L oy 995 “[HZ0Z/b0/3Z] U0 ATRIqIT SUIUO AO[1AN “HEAGYT OPEION0) JO ANSIOATUN Aq S99Z [°WdES/[ [ ] °01/10p/w00 Ao ATeaqrIour[uoy/:sdiy woj papro[umod ‘€ b70Z ‘0656.9%1

Koy Areaquaut

JOTLE VO 505N JO SA[NI 10 ATEIQIT AUUQ AT UO

2SURDT SUOWWION) AAIERI) A[qENdde oy Aq PaIAN0S o



MAO ET AL. 945

(A) -
o k3
ky
)
v I
k “\
,32 ,,,,,, - by ]{71 D5
-2

FIGURE 3 The positions of the simple poles k; __¢ in (96) given by w = +w, for (A) the subcritical regime
0<w,<2/(3 \/5) and (B) the supercritical regime w, > 2/(3 \/5), relative to the contour D™ for the linear KdV
equation. The contour is indented by small semicircles to avoid the poles and closed from the top with the

semicircular arc Cy.

where o = 7 —

\/12—-81w? \/12-81w?
tan_l(g—wo) € (%,n) and 6 = tan_l(g—wo) = —a € (0, %). Because
(O 3]

all the zeros are real as shown in Figure 3(a), we call this the subcritical regime. On the other
hand, in the supercritical regime w, > i, we have

3v3
= + +if - + , =— - ,
! 22/331/3,,}/3 24/332/3 22/3,,}/3 24/331/6 2 31/3,,1/3 21/332/3
1/3 1/3 1/3

ks = 1 + r + 31/6 B r . = 21/3 N r,

3 22/331/3}’}/3 24/332/3 22/31’}/3 24/331/6 ’ 4 31/3}’;/3 21/332/3,
e = 1 V;ﬁ | 3 V;/ } 3 1 r;/ ’
5= - ) -

- +il - + - -
22/331/3,,;/3 24/332/3 22/3,,;/3 24/331/6 22/331/3,,;/3 24/332/3
31/6 r;/S

+ i -
/3 24/331/6
22/3r, 2%/°3

>

(94)

where r; = 9wy — \/81cu(2) —12 and r, = 9w, + \/81w(2) — 12 are real numbers. In this case, the
location of the zeros is shown in Figure 3(b) and described as follows: k; is complex and on the
boundary of D, k, € (—o0, -2/ \/g) is real, k; is complex and on the right boundary of D%, k, €
2/ \/5 o) is real, ks is complex and on the left boundary of D, and k4 is also complex and on the
boundary of D] . The poles are symmetric with respect to the imaginary and real axes and lie on

2 2
Ry 4 2 _ 1, where a = |k,| = [ky] and b = [Im(k;)| = [Im(ks)| = |Im(ks)| =

a? 4 b2

IIm(ks)|. In addition, k; 5 5 ¢ are also on the hyperbola 3Re(k)* — Im(k)* =1, j = 1,3, 5,6, given
as dD*. We define the critical frequency to be

the ellipse

2
Wy = Wep = ——. (95)

3V/3
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946 | MAO ET AL.

Importantly, once the two t-exponentials in the solution formula (54) are separated, the remov-
able singularities kq, ..., kg turn into simple poles for the respective integrands. Therefore, in
order to avoid crossing these poles, prior to splitting (54), we first indent dD* so that the poles
are excluded from the interior of D™, as shown in Figure 3. In what follows, dD* denotes
the indented contour shown in Figure 3. Then, by substituting the linear dispersion relation
Q = k — k? and expressing the complex exponentials as trigonometric functions, we are able to
rewrite the solution (54) as

u(x, t) = uy(x, t) + uy(x, 1), (962)
_1 ikx o 1=3k2 o N
u (x,t) = o /keam flk)e"*dk, f(k):= h—k)y cu(z) [ wo cos(wpt) + ik — k )sm(coot)]
(96b)
_ %o ikx—i(k—k3)t o 1-3k
uy(x,t) = — k)et >t dk, k)yi= —. 96¢
=52 [ s = (96)

Note that the dependence of f on ¢ has been suppressed.

We begin by observing that, since all of the poles ky, ..., k¢ lie outside the contour D%, by
Cauchy’s theorem inside the region enclosed by D" and Cy (the semicircular arcs of radius R
in Figure 3), we have u,(x,t) = % fke C f(k)e* dk. To evaluate along the contour Cy, we first
notice that the integrand f(k) in (96b) is uniformly bounded in |k| (f(k) = O(k™'), k — ). Since
x > 0, we apply Jordan’s lemma in the upper half plane by sending R — oo and conclude that

u(x, ) =0 - u(x,t) =uy(x,t). (97)

The remaining term u,(x, t) defined by (96c) will be asymptotically evaluated in the large-time
limit by the method of steepest descent. The difference is that e/** in u;(x,t) decays in D* so
that one can apply Jordan’s lemma along Cy, whereas u,(x, t) involves eikx=ik=kt that does not
necessarily decay in D,

We now asymptotically approximate u,(x,t) in (96c) using the method of steepest descent.
Define ¢ = x/t and the phase ¢(k) = ik¢ —i(k — k*), then u, = ;U—; fips g(k)e?®dk. The saddle
points are found by requiring ¢’(o;) = 0 so that

1- 1-
p1 = T§’ p2=- T&' (98)

The saddle points k; , are real for 0 < ¢ <1 and imaginary for { > 1. Let k = p+iq, p,q € R,
so that ¢(k) = g — 3p*q + ¢°> — g€ +i(—p + p> — 3pq® + p&). We now deform the original con-
tour dD* onto the steepest descent paths that are defined by Im{¢(k)} = Im{¢(p i)} and Re{g(k) —
¢(P1)}’ <0,j=1,2.

(a) Regime0< &< 1.
For the saddles 0 < p; < L oand - < P> < 0, we have the steepest descent contour

V3 V3

shown in Figure 4(a) in red with local steepest descent dlrectlons -, = from the saddle p; and

%ﬂ Z from the saddle p,. Wlth¢(p1)—l—\/3—3 (- 1+§')andqb(p2)—— 5\/3—3 (-1+

&), the two curves are
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(A 1 [m(#())

-0.5

Im(k)

= | 2.5

FIGURE 4 Illustration of the saddles p; from (98) and the steepest descent contour (red) for the

solution (96¢) of the linear KAV wavemaker problem in the case of (A) 0 < £ < 1 and (B) & > 1, against the
original contour D" (black). The contours C; U C, U C; and C, U Cs U Cy in (A) are given by Equations (99a) and
(99b), respectively, and the contours C; U C, U C; U C, in (B) are described by (108). The color map indicates
levels of Im(¢(k)) with Im(¢(k)) constant along the steepest descent path. Recall that the contour dD* avoids the
poles ki, ..., kg, as shown in Figure 3.

2

Im(¢(k)) = Im(¢(p1)) = —p + p* — 3pg”* + p§ = g V3-38(-1+9), (99a)

Im(@(0) = m($(e:) = —p + p° = 3p* + pE = 3 V3—3E-1+8),  (99)

respectively. Note that the exponential term satisfies |e?®)| = 1 on the steepest descent con-
tour for 0 < & < 1, soitis purely oscillatory. On the right steepest descent path C; U C, U C3 in
Figure 4(a), the dominant contribution comes from the neighborhood of p;. Parameterizing
this neighborhood by k = p; + (1 + i)s with small s € (—¢, €), we obtain

€

€ 1 ; "
/ g(k)etlor de/ (o, +(1+i)s)et(¢(p1)+5(l+l)2s2¢ (Pl)) ds
C1+C,—C3 -

~ e!*Pg(p)) / el (e ds, ¢ (py) = 2iV/3(1 - £),
—00

.2
o135 V3A-D0-4x 27¢ p-

— t—> o

Vi 4—(E+3)E2-2702\ 24/30 - &)

(100)

Similarly, on the left steepest descent path C4 U C5 U C¢ in Figure 4(a), we parameterize k =
02+ (1 —1i)s,s € (—e, €). The dominant contribution is the complex conjugate of (100)

/ (k)P ke ~ g 3iV3O-D0-0x 27¢ T e
Ci=Cs—C, Vi —(£+3)82 - 2705 + 4\ 24/3(1- &)

(101)
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2§:x/t

1.5+ IV.a IV.b
¢ =w'ky)

FIGURE 5 Phase diagram of the long-time asymptotics for the linear KdV equation (50) subject to the

sinusoidal boundary condition (53). The solution in each region is described in Section 3. The insets show the

locations of the saddles and the poles relative to the original contour 4Dt = szlD_,- and the steepest descent
contours C; UC, U C; and C, U Cs U Cg that are determined by the values of £ = x/t and the boundary frequency
w,. The solid curves separating various regions in the wy-¢ plane are & = 1, Equations (102) and (105). The dashed
curves are w, = 2/(3 \/5) and (111).

We now bring in the contribution from the poles k;
input frequency wy.
(a.1) Subcritical regime: 0 < w, < 2

6 by considering different cases for the

.....

33"

The two possible scenarios in this case correspond to Regions I and II.a in Figure 5.
In particular, with both p;, k; € [0, %] and p,, ks € [—%,O], their relative ordering
is important. The boundary between Regions I and Il.a is defined by the coalescence
ks = p; and kg = p, so that

E=1-3k2=w'(ky), 0<awy<2/3V3)and0<¢<1. (102)

We are now in a position to deform the original contour dD* onto the steepest descent
paths. There are two cases to consider. First, the region 0 < ¢ < «/(k3), which corre-
sponds to the poles lying between the saddle points as shown in Region I of Figure 5.
Notice that the integrand g(k)e?®)! of (96¢) decays for k — o in the region between D,
and C; (also Ds and Cg) with |e?(0f| = e Im(St+Imk—k)t £ 5 0 ¢ > 0, where Im(k) > 0
and Im(k — k*) < 0in this region. Thus, one can simply deform D; onto C; and Ds onto
C, by Cauchy’s theorem and Jordan’s lemma so that fD1 g(k)et®t di = / c g(k)e? ™1 dic

and /D5 g(k)e? ™t dic = — fc6 g(k)e?®* dk. The absence of poles between D, and C,
(D4 and Cs) and Cauchy’s theorem imply sz g(k)e? @t dic = [ o g(k)e?®t dk and
fD4 g(k)e?®t die = — sz g(k)e?®)t dk. Finally, since the poles k; and k lie inside the
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(a.2)

region enclosed by D5, C; and Cy4, using Cauchy’s residue theorem, we compute
/ g(k)e?Wt dk = —2mi(Res(k3) + Res(kg)),
D3+C3—Cy

Res(ks) = %%eﬂksff—wof), Res(kg) = —Res(ks)",

where k3 = —kg >0 satisfies the linear dispersion relation k3 — k; =
wy. Combining these results, we obtain u,(&;t) = sin[(k3§ — wy)t] +
;u—;; /cl+cz—c3+c4—05—cﬁ g(k)e?™* dk. The remaining integral on the right-hand side
corresponds to the saddle point contributions (100) and (101), which are dominated by
the pole contributions. Therefore, the large ¢ solution to the wavemaker problem is

u(ét,t) = sin [(kof — w)t] + O™?), t— o, (103)

where k, = k; in this case, which satisfies the radiation condition (4).

In contrast, the case @’(ky) < £ < 1 occurs when the saddles are in between the poles
depicted in Region IL.a of Figure 5. Using Cauchy’s theorem, we can deform D" to the
steepest descent contour U?zlc ; with no pole contributions. Hence, we obtain u,(x, ) =

;U—; / Oy Cy oot g(k)e?® dk, so the saddle point contributions (100) and (101) are
asymptotically dominant

cos<§t\/3(1—§)(1—§)> 27 wq 1

u(§[7t) ~ N t = oo.

Vi 4—(§+3)82-27w; \| 274/3(0 — &)

(104)

In summary, when 0 < wy < 2/(3 \/g), the leading order solution (103) is a travel-
ing wave with real wave number k; and frequency w, satisfying the dispersion relation
wo = k3 — k; as t - oo when 0 < £ = x/t < w'(k3). This regime is dominated by the
pole contributions from contour deformation. When x/t > w’(ks), that is, ahead of the
boundary-generated, invading wavefront, the leading order solution (104) exhibits alge-
braic decay in time with u(x, t) = O(t~/2), £ = x/t = ©(1), t — oo. Here, the solution
is dominated by saddle point contributions. In contrast to the previous case (103) when
0 < & < &' (ky), the asymptotic solution (104) is not time periodic.

Note that the obtained asymptotic approximations are not uniform in £. For example,
Equation (104) is singular when & = w’(k3). The cause of nonuniformity is the colli-
sions of the poles k3 ¢ with the saddle points p; ,. Uniform asymptotic approximations
involving the error function with complex argument can be obtained.?*?
Supercritical regime: w, > 2/(3 \/5)_

In this case, some poles are complex, including k; 5, which are avoided by semicircle
indentations of the contour D" (cf. Figure 3A). To determine the pole locations relative
to the steepest descent contours C;, j = 1, ..., 6 depicted in red in Figure 4(A) (case 0 <
£ < 1), notice that C; , and Cs ¢ intersect with 6D at

_( ]2+ co\/ 2+8 Lo
(pl,ql)—< e cos 7, |/ —1+ —=cos’ 2 ),
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Y ER fP\/ 2+ 9
(pz,CJz)—(— e cos 2, |/ —1+ —=cos’ 2 ),

3VEG=2E+ED)
2V2(6-1)y/1-¢

(P2, q») is associated with Cs g N dD*. We now determine for what value of £ the poles
ks 5 coincide with (p; ,, q; »). Letting Re(ks) = p;,Re(ks) = p, and simplifying, results
in

where ¢ = arctan| ]. Here, (p1,q;) is associated with C;, ndD* and

1 r/? 2+¢ @

L 1 —

L&, wo) = PRYYARTE + YEEe g oS3 = 0, w, > 2/(3\/5) and0< § <1,
1

(105)

where ry is defined below (94). Equation (105) determines the curve in the w(-£ plane
that splits Regions II.b and III in Figure 5.

When [,(§,w,) <0, the poles k; s are avoided by the corner contours D,, with
Im(k; 5s) > 0 (Region ILb in Figure 5). Using Cauchy’s theorem and Jordan’s lemma
where appropriate, we deform each sector of D" onto the steepest descent path with
no pole contributions. This gives u,(&;t) = ;”—7‘; / Oy Cat ComCsC g(k)et® dk so that
the leading-order behavior of u(&t,t) is determined by the saddle contributions as in
(104), with algebraic decay O(t~1/?).

When [;(€,w,) > 0 (see Region III in Figure 5), the poles k; and ks lie between the
contours Dy, C; and Ds, Cg, respectively. Thus, when invoking Cauchy’s theorem, the
residue contributions from these poles must be taken into account. Computing

Res(ks) = %eﬂksﬁf-w), Res(ks) = —Res(ks)* (106)

o

because k3 = —kZ. The pole k; corresponds to the singularity on dD* that determines

the D-N map k, := k; and satisfies the dispersion relation k; — k; = wy. We find
— o Im(ko)ét i _ “o (L

u(§t,0) = e7mlls “sin[(Re(ko)é = o] + 32 o o e orococ, 8K dk. In

light of (100) and (101), we deduce

u(ét, 1) ~ e Mkl sin [(Re(ko)E — wo)t]

1 27§wocos(§t\/3(1—§)(l—§')> 1
* E —(& +3)E2 - 27w + 4 2m\/30 = &)

The second term in (107) is the dominant contribution, with @(t~1/2) for & = O(1). The
first term is beyond all orders. In other words, the asymptotic behavior of the solution
in Region III is the same as the asymptotic behavior (104) in Regions I1.a and II.b. How-
ever, as we now analyze, both terms in (107) are required for obtaining an asymptotic
expansion that is also valid for x fixed and t — 0.

Rewriting (107) in terms of x = £t and ¢, we obtain

t—o0o0. (107)

u(x, t) ~e~mko)x sin(Re(ky)x — wot)

1 27wy X 2 — _ 1
YR S e~z oV T/ x/t)]Vznwu—x/t)’

1Y) SUONIPUOD) PuE SuA L oy 995 “[HZ0Z/b0/3Z] U0 ATRIqIT SUIUO AO[1AN “HEAGYT OPEION0) JO ANSIOATUN Aq S99Z [°WdES/[ [ ] °01/10p/w00 Ao ATeaqrIour[uoy/:sdiy woj papro[umod ‘€ b70Z ‘0656.9%1

Koy Areaquaut

JOTLE VO 505N JO SA[NI 10 ATEIQIT AUUQ AT UO

2SURDT SUOWWION) AAIERI) A[qENdde oy Aq PaIAN0S o



MAO ET AL. | 951

For x € [0,L], some L > 0 and t — o0. This expression is asymptotically equivalent to
u(x, t) = e"Mko)X gin(Re(ky)x — wot) + Ot 3/2), t - o.

The asymptotics of u(x, ) match our earlier analysis using the D-N map for fixed x and
large t given in Equation (34). Therefore, keeping both terms in (107) gives an asymptotic
expansion that matches the limits £ = O(1), t — oo and &t = O(1), t — oo.

(b) Regime & > 1.

Now the saddles are purely imaginary p; = i / g—gl P2 =—iy/ % and the local steep-

est descent directions are 6, € {0,7} at p; and 6, e{g,%ﬂ} at p,, because ¢''(p;) =

—24/3(6E —=1) <0, ¢"(p,) =24/3(6 — 1) > 0. However, p, is disregarded since ¢(p,) =
3\/35 —3(€ —1) > 0 so e'#(P2) is unbounded as t — co. On the other hand, since ¢(p;) =

—%\/35 —3(£-1) <0, e!¥®D) decays as t — o0. The deformed contour, which follows the
steepest descent directions emanating from the saddle p;, is shown in red in Figure 4(B) and
is described by setting k = p + iq, p,q € R and

Im(¢(k)) = Im(¢(01)) = p(p*> —1—3¢* + &) =0. (108)

Knowing that the main contribution along the contours Cy, ..., C4 in Figure 4(B) comes from
the neighborhood of the saddle p;, we parameterize k = p; + s with small s € (—¢, €) so that,
using the Laplace method, we find

€

2
/ g(k)e? Ot dic ~ / (1 =3 +5) )cu;) e!®(P1+9) g
Gt (e 9= +9) -}

2 2
L _A73P% e /oo e 7D g
(b1 — P7)? — e

X o5 V3ERE-1 278w, il t— 0
Vi iGevp-ma\vien

(109)

Now we deform 0D, onto Cy, ..., C,4 taking the poles into consideration.
(b.1) Subcritical regime: 0 < wy < 2/(3 \/5).
This case corresponds to Region IV.a in Figure 5. The poles k3 are real and lie
below dD*. Consequently, they lie outside the region enclosed by C,,Cs, D,, D3, Dy,
so that Cauchy’s theorem implies u,(£t,t) = Z)—i / R g(k)e?®* dk. Using (109),
the leading-order solution in this region decays exponentially

(E,1) TV 278 ! ¢ (110)
Heh NG 8 —2(¢ +3)82 - 54wy | 7\3E— D) ”

(b.2) Supercritical regime: wy > 2/(3 \/E).
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This case corresponds to Regions IV.b and IV.c in Figure 5. In particular, the poles
k3,5 are now near the right and left edge of the contour D™, respectively, with Re(k;) =
—Re(ks) and Im(k;) = Im(ks) > 0. Thus, we need to distinguish how they are located
relative to the deformed contours Cy, ..., C4. Note from Figure 4(B) that these contours
intersect with dD* whenk = p +iq, —p + p*> — 3pg® + pél,_ /=1 = 0, thatis, at the

points
\/2+§\/ 3 ) ( \/2+§\/ 3 )
Al-1+=(2 , g = - A/ -1+ 22 .
2\/5 +8( +8) (P4,94) 2\/5 +8( +8)

(p3,q3) = (

The poles k3 5 coincide with these intersection points when p; = Re(k3) or, equivalently,
pa = Re(ks), that is, when

1/3
1 ry V2+§

2 = + -
2igfnl T 2PRE T 5

! =0,0p>2/(3V3)and £ >1,  (111)

where r, is defined below (94). Equation (111) determines the curve in the wy-£
plane that splits Regions IV.b and IV.c in Figure 5. When L,(§,w,) <0, then the
poles x; 5 lie outside the region enclosed by C,,C;,D,,D;,D, (see Region IV.b in

. _ %o ()t ino- -
Figure 5), thus u,(ét,t) = b fC1+ Cr=Cs=Cy g(k)e?®)t dk so that the leading-order behav:
ior of u(t,t) is given by (110). On the other hand, when [,(§,w,) > 0, then k3 and
ks are inside the regions enclosed by C;,D; and C,, Ds, respectively (Region IV.c in
Figure 5), so in view of (106), we have the additional residue contribution u,({t,t) =

—Im(k3)ét o @0 k)t : ;
e M)t sin(Re(ks)ét — wot) + - /C1 1Cy—Ci—C, g(k)e?®* dk. Hence, using once again
(109), the leading-order asymptotics of the solution in this region is described by

u(&t,t) ~e MK sin(Re(k;)ét — wot)

N 6_3@(5_1)1 27%‘&)0 1 5 oo (112)
NG 8—2(6 +3)82— 540\ 7/3(E— 1) '

Observe that both terms on the right-hand side decay exponentially. In order to
figure out which one of them is dominant, we notice that when [, > 0, that is,
Re(ks) > /(2 + £)/8, we have Im(k;)? = 3Re(k;)? — 1 > (3¢ — 2)/8 so that Im(k;)& >
3\/ 3§ —3(£ — 1). Thus, (112) is dominated by the second term. Therefore, in the
regime £ > 1, the leading-order behavior of u(€t, t) is always given by (110) in both the
subcritical and the supercritical regime, that is, regardless of the range of values of .

When £ passes through 1, the asymptotic expansion abruptly changes from oscillatory
to exponential, for example, (107) to (112). This nonuniformity is due to the collision of
the saddle points p, ,, which can be cast as a uniform asymptotic expansion by use of
Airy-type integrals.”®

The large t solution given in Equations (103), (104), (107), (110), and (112) proves Theorem 2. We
now carry out a much simpler calculation of a subset of these results using modulation theory.

Remark (Linear modulation theory). Wave modulation theory is one of the primary techniques
to describe slow modulations of periodic waves. Herein, we use linear modulation theory to

1Y) SUONIPUOD) PuE SuA L oy 995 “[HZ0Z/b0/3Z] U0 ATRIqIT SUIUO AO[1AN “HEAGYT OPEION0) JO ANSIOATUN Aq S99Z [°WdES/[ [ ] °01/10p/w00 Ao ATeaqrIour[uoy/:sdiy woj papro[umod ‘€ b70Z ‘0656.9%1

Koy Areaquaut

JOTLE VO 505N JO SA[NI 10 ATEIQIT AUUQ AT UO

2SURDT SUOWWION) AAIERI) A[qENdde oy Aq PaIAN0S o



MAO ET AL. | 953

obtain the wave’s amplitude, wave number, and frequency for the linear KdV boundary value
problem (50)—(53) and compare with the long-time asymptotic approximation just obtained. The
modulation equations of wave conservation are*’

k(w); + w, =0, (113a)

(a®), + (' (k)a?), =0, (113b)

where w is the angular frequency and k(w) is one of the roots of the linear dispersion relation k —
k? = w. Translating the initial-boundary value problem (50)-(53) for u(x, t) to the initial-boundary
value problem for k(x, t) and a(x, t), we have

w(x,0)=0, a(x,00=0, x>0,
(114)
w(0,t) = wy, a(0,t)=1, t>0.

Equations (113) are a system of quasi-linear equations with the double characteristic speed
(eigenvalue) cy(wy) that has a one-dimensional eigenspace. Equation (113a) and the initial-
boundary conditions (114) are invariant under the hydrodynamic scaling symmetry x — bx,
t — bt for any b > 0. Consequently, we seek a self-similar solution that preserves this symmetry:
w = (&), where § = x/t. Since k(w); = w;/c,(w), either w'(§)=0o0r cy(w) = &, where c,(w) =
1/k'(w) = 1 — 3k(w)? is the group velocity. Combining these in a piecewise fashion, we obtain the
solution

KO =1 i L)

€9, o 0 < § <cy(wy) ko, 0 <& <cglwp)
&) = ,
SVEI3EC+E, clu<E<1 L e <g<

where k, = k(w) satisfies the linear dispersion relation k, — kg = w.

Here, we encounter the issue of selecting k(w,) from the three possible wave numbers that
satisfy the cubic polynomial linear dispersion relation. In the context of modulation theory, there
are two admissibility conditions for the solution (115) to be well defined: (i) ¢,(wy) > 0 so that &=
X/t varies across nonnegative values and (ii) Im k(w,) = 0so that the solution isreal-valued. These
are equivalent to the radiation condition (4) when 0 < wy < 2/(3 \/g). We proved in Section 2.2
the adherence of the linear KdV equation wavemaker problem to the radiation condition (4), so
a unique k(w,) branch exists with these properties (k, = k; from Equation (93)). With an input
frequency w, € (0,2/(3 \/5)), the solution consists of a plane wave with constant frequency w,
and wave number k;, for 0 < § < ¢,(@,). The group velocity demarcates the invading front of the
plane wave into the quiescent region.

By integrating the generalized wave number 9, = k(x/t) and generalized frequency 6, =
—w(x/t) relations, as well as invoking the boundary data u(0, t) = — sin(wt) (53), we can obtain
the phase 6(x, t) up to an integration constant 8, € R (more generally, 8, can be slowly varying®’)

kox — wot, 0 < x < colwp)t
B(x,t) = (116)

—ZT\/gt(l —x)? 46, cylw)t <x <t
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In addition, solving (113b) yields the amplitude

1, 0<¢é< cg(@wp)
a0 =1 re
7’

. (117)
cg(cuo) <é<i1

The self-similar solution (117) for a does not preserve the hydrodynamic scaling symmetry when
cg(wp) < £ < 1and F(§) can be any smooth function. This is due to the degeneracy of the double
characteristic speed cg(w).

These results agree with the large t asymptotic solutions in Equations (103) and (104). Note that
neither the phase 0 nor the amplitude a are continuous at § = c,(w,). Here, 6, and F(§) cannot be
determined through leading order modulation theory. However, we can appeal to our long-time
asymptotic result (104) in order to identify

276005
(4 — 27w — £2(5 +3))\/27/3(1 - )

It is interesting to note that, for ¢,(w,)t < x < ¢, the phase 6(x, t) is independent of the boundary
data. In this region, the phase is determined by a structural property of the linear KdV equation,
namely, the saddle points p, ,, which are independent of w,. See the discussion leading up to (104).

In summary, modulation theory is a simple method for determining some features of the long-
time asymptotic solution. However, its leading order manifestation does not provide information
on the integrated phase 6, the amplitude function F(£), nor any information on the super-
critical regime w, > 2/(3\/5) or when £ > 1. Yet, the properties that can be ascertained from
modulation theory such as the frequency w, wave number k, and amplitude a agree with the
leading order, long-time asymptotic solutions (103) and (104) of Regions I and I1.a, respectively in
Figure 5.

6, =0, F()= (u8)

4 | LONG-TIME ASYMPTOTICS FOR THE LINEAR BBM EQUATION
WITH A SINUSOIDAL BOUNDARY CONDITION

This section studies the linear BBM wavemaker problem in the asymptotic limit ¢ — oo and
& = x/t = O(1). The analysis is similar to that for the linear KdV wavemaker problem studied
in the previous section. Consider the linear BBM initial-boundary value problem (81) posed on
the semi-infinite line with initial data u(x,0) = 0, x > 0 and the time-periodic sinusoidal bound-
ary condition u(0, t) = — sin(wt), t > 0, where w, > 0. The solution of the problem can be derived
via the Fokas method given by Equation (85), where the contour of integration C is a small, closed
contour around k = i as shown in Figure 2. We rewrite the solution (85) in terms of trigonometric
functions

u(x, t) = uy(x, t) + uy(x, t) + e * sin(—wyt), (119a)
1 (1 — k?)ek> k.
ul(x, t) = E L m —wWo COS(CUOt) + lm Sll’l(wot) dk, (119b)
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)
u(x,t) = 2—0/h(k)elkx Ll+k2 dk, h(k) := #—I—I{kz)zaﬂ (119¢)
- 0

The integrand in Equation (119b) has the simple pole k =i inside the contour C, so comput-
ing the corresponding residue gives u;(x, t) = sin(wgt)e™*. Therefore, the solution of the linear
BBM wavemaker problem is reduced to evaluating (119c) whose integrand possesses an essential
singularity at k = i. Then, the solution is simply u(x, t) = u,(x, t).

We appeal to the method of steepest descent for studying the long-time asymptotic behavior
of the integral (119¢). The poles of h(k) occur when k? — (1 + k*)?w; = 0 and are given by k = k;

where
1+4/1— 4] 1—4/1- 4] —1+4/1—4w] —1—4/1—4w;
— k= k= k= —
2w 2 2w, 3 2w, 4 2w,

(120)

k1=

When 0 < wy < 1/2, all the poles are real and this corresponds to the subcritical regime. When
wy > 1/2, the poles are complex and corresponds to the supercritical regime. We therefore define

Wy = we =1/2 (121)

as the critical frequency. Defining the phase ¢(k) = iké — 1 where & = x/t, then the saddle

points satisfy ¢/ (k) = i£ — i

k2 ’
= 0 and hence are located at

(1 k2)2
1—+4/1+38¢ 1-+/1+8¢ 1++/1+8¢
pr=A-l-——fp—— p=—\"1-——— B T
§ 28
P4 = —\/_1 — # (122)

If 0 < ¢ < 1, we have p;, p, € R with p; € (0,1), p, € (—1,0), and ps, p4 are purely imaginary
with Im(ps3) > \/5 and Im(p,) < —\/g. If £>1, all four saddle points are purely imagi-
nary and symmetrically distributed along the imaginary axis with Im(p;) € (0,1), Im(p,) €
(=1,0), Im(p3) € (1, V3), and Im(p,) € (=/3,=1). Let k=p+iq so that ¢(k)= (&g +
%) i(ép %) The steepest descent paths occur when Im{¢(k)} =
Im{¢(p;)} is a constant and Re{¢(k) — ¢(p;)} <0, j = 1,2,3,4.

Now we select the steepest descent contours C’ passing through the saddles that avoid the
essential singularities at k = +i. Then, we deform C onto C’ and consider the large ¢ behavior.
Our general strategy will be to first consider the limit ¢ — oo and then show that the remaining
contributions from avoiding the essential singularities are negligible. Depictions of the contours
in Figure 6 will be discussed after splitting the range of £ into different intervals.

(a) Regime0< & < 1.
The deformed heart-shaped contour (reminiscent of the Catalpa tree leaf) is shown in
Figure 6(A), which passes through the saddles p; and p,. It is not necessary to deform onto
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A B -.. Im(o(k) (B)Qj S S— I:rwﬁ(g))
0.5 | 1

-0.5 1

L 0_1 . L ,

FIGURE 6 The deformed, steepest descent contour C’ (red) for the linear BBM wavemaker problem
solution (119¢) in the case of (A) 0 < § < 1 and (B) § > 1. The positions of the saddles p; are given by (122). The
closed curve C is the original small contour around k = i. The steepest descent contours C; U C,, C; U C, in (A)
are given by Equations (123a), (123b), and C; U C, in (B) is (132). The color map indicates levels of Im(¢(k)).

the saddles p; and p4. The steepest descent curves passing through the saddles p, , are,
respectively, given by

3/2
—p*—pg® — 2128(—26 +/BE+1-1
Im($0) = Im(@(p1) = £p+ — L —LL P _ ( ) ,

ap2q2 + (p2 — @ + 1)’ (1/—8§+1_1>2

(123a)
3/2
P —pg*—p _2\/%(—2§+\/8§T—1)
ap2q? + (p? — @2 + 1)’ <\/8§T—1>2 '

Im(¢(k)) = Im(¢(p2)) = —§p +

(123b)

The heart-shaped steepest descent paths (123) intersect at k = +i for all £; however, the
contours we use avoid k = +i by introducing a small opening C." of the circle near k = i and
asmall arc C” near k = —i, as shown in Figure 6(A). By parameterizing k on C; ask = i + ee’®
for small €, we have the restriction 6 € [7/2 — 8(¢), 7/2 + 6(e)] and 0 < &(¢) < 7 /2is defined
by the intersection of C and C’ (see Figure 6A). Then, we obtain

7/2+8(¢€)

/ h(k)e'*® dk| < ¢ / |h(i + eef9)| etRe(@(i+ee®) gg.
ct 7/2—5(€)
Because Re(¢(i + ee®)) = —% - ( +8)+0() <0when 0 < e < 1and |h(i +ee®)| <M

is bounded, we obtain | / h(k)e“ﬁ(k) dk| < €2M5(¢). Since this bound is independent of

t >0, taking t — oo and then ¢ — 0 results in a vanishing contribution. A similar argument
implies that the contribution to the integral from the small arc C; above k = —i vanishes
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€ — 0. Therefore, we can refine the deformed contour C’ as

/ h(k)e'#®) dic = / h(k)e'#® dk = / h(k)e'#® dk
c’ (C—C:)—C1+C2—C3+C4—C€_ C—C1+Cy,—C3+Cy
+ / h(k)e'?® dk,
—Ccr=Co
so that the solution u in Equation (119) can be represented as

ut,t) = / h(k)e!4® di = / h(k)e'4® di + /
C C’ C

=G+ C3—Cy

h(k)e'#® dk + / h(k)e'*® dk.
cr+co

(124)

We have just proven that the third integral on the right-hand side vanishes in the limite — 0
for any t > 0. We now consider the second integral on the right-hand side and prove that its
dominant contributions come from the saddles on C; U C, and C; U C,. The first integral may
give pole contributions, which we consider afterward.

Now, we require 0 < € < 1. On the contour C; U C, of Figure 6(A), the neighborhood of
p1 dominates. In a neighborhood of p;, the path C; U C; is approximately parameterized by
k =p; £ +10)s, s € (—¢,¢), so that by the Laplace method, we obtain

i 2
/ RO di ~ eitIm(¢(p1)) : 12— 1 . . / ”7'[ o oo (125)
-G \/; p1(1 = 2w5) — wy(1 + p7) 1¢” (1)

Similarly, on the contour C; U C, of Figure 6(A), we obtain the dominant contribution by
integrating over a neighborhood of p,. Since pf = pg, Im(¢(p;)) = —Im(d(p,)) and |¢" (p;)| =
|¢"(0,)|, we sum up the saddle point contributions as

2
h(k)e*® dk ~ cos [Im(¢(p1))t] 2(1—p7) \/T’ .
T Vi ra-mp-eaeepVwen T

(126)
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which is @(t~1/2). To determine how the poles k;, j = 1,2, 3,4, in Equation (120) enter the
contour integral, we need to consider different cases for .
(a.1) Subcritical regime: 0 < wy < 1/2.
In this case, all the poles lie on the real line with k; € (1, ), k, € (0,1), k3 € (—1,0)
and k, € (—o0,—1). While it is easy to see that k; 4 are outside of the heart-shaped
contour C’, k, 5 are inside C’ when k, < p; and k3 > p,. Observe that

2 / 2
1—4dawg+14/1— 4w

2 bl

JOTLE VO 505N JO SA[NI 10 ATEIQIT AUUQ AT UO

w'(ky) = 0<wy<1/2 and0 < & < '(k,). (127)

When § < w’(k;), ky 3 are in C” (see Region I in Figure 7). Applying Cauchy’s residue

theorem and using
x4/1— 4w}

1 X .
R« = —— |- 4 — R =R *
esy (k) S0, exp|i 20, + 2y + wot ||, esy,(ks) esy(ky)",
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9 =zt
1.5+ IV.a
&= g{kz)
! v
0.5 I II III
0
0.2 0.4 0.6 0.8
FIGURE 7 Phase diagram of the long-time asymptotic solutions to the linear BBM equation (81)

time-periodic sinusoidal boundary value problem. The leading-order solutions of each region are given in

Section 4. The insets present the contour deformation and the positions of the poles for different values of &

and w,.

(a.2)

we obtain the asymptotic solution to the linear BBM sinusoidal initial-boundary value
problem

2
1—4/1-4a?

_ ~1/2
2C00 g o t +(9(t ),

u(&t,t) = sin (128)

t — o0,

where the saddle contribution in Equation (126) is the @(t~1/2) correction. We notice

_ _ 2
thatky 1=k, = Y%

2 % corresponds to the unique root that is given by the D-N map
@o

and satisfies the radiation condition (4).

When & > o'(k;), k, 3 are outside C’ (see Region II in Figure 7) so that there are no
pole contributions and the saddle contributions dominate. Using Equation (126), we
obtain the leading-order asymptotic solution as t — oo

cos | 225 (2t + 2 1)
(E-1)
u(gt’t) ~ \/?
. wo (—4E +E—1)EV/4E - 1)3/2
/47 (4 —E+ D +EQE-E+ 1) (@ -8 (26 —1+8)"
L= usl(gt’ t)y (129)

where E := 4/8& + 1. The solution (129) is O/, indicating the typical algebraic
decay in time of dispersive waves propagating faster than the group velocity.
Supercritical regime: wy > 1/2.

The poles kj, j=1,2,3,4, are all complex and lie on the unit circle Re(kj)2 +
Im(k j)2 = 1. Furthermore, k, 4 are in the lower half plane and are not enclosed by C’,
whereas k; 3 are inside C’ when Im¢(k;) < Im¢(p,). Setting Im¢(k;) = Im¢(p;) defines
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the curve

— = _ 3/2
15(§, wp) Z=i—w0+2\/2( 26 +E()-1)
2w &) - 1)2

\V/8E +1, (130)

in the wy-£ plane. When [3(&, @) > 0 (Region III in Figure 7), k; 5 are inside the heart-
shaped contour C’ and give the pole contributions

>_§t\/4w(2)7—1

2600

=0, wy>1/2and0<{&<1,

= .
&
—

Resu(ku) = 2%0 exp i<i — . Resy(ks) = —Res,(k;)".

2600

The pole k; is consistent with the singularity k, that lies on 4D in the D-N map and
satisfies the radiation condition (4). Combining the pole and saddle contributions, we
obtain the asymptotic solution

tg 4(1)0—1 §
u(&t,t) ~ exp ——ap sin[(E—wO)t] +ug(t,t), t—- oo, (131)
0

where uy, is the contribution from the saddles given in (129). Similar to the long-time
asymptotic solution of the linear KdV wavemaker problem (107), both terms in (131)
are required for an asymptotic expansion that matches the result in the limit £ = O(1),
[ — oo.

On the other hand, when [3(€, w,) < 0 (Region II in Figure 7), that is, no poles are
inside the deformed contour C’, the neighborhoods of the saddles p; , dominate and
the leading-order solution is given by (129). The transition from regions I or III to region
IT in £ corresponds to the collision of the poles k, ; with saddle points p; , and can be
made uniform in £.%

(b) Regime & > 1.

Under the condition § > 1, all the saddle points p; are imaginary and the second derivative
¢”(pj) ateach saddle p;, j = 1,2, 3,4, is real. As shown in Figure 6(b), the curve C'=Cuc,
passing through p; and p; has constant Im(¢(k)) defined by

—pn3 — pg? —
Im($(k)) = Im(@(p)) = 0= ép + ———LPLZP __—¢ (132)
4p’q* +(p* =g+ 1)

where k = p + iq. The steepest descent direction follows the circular contour C; U Gy, and
therefore, the neighborhood of the saddle point p; gives the dominant contribution for the
integral. With ¢(p;), ¢"'(p1) € Rand ¢(p;) < 0,¢"(p;) < 0, we apply the Laplace method and
obtain

2
h()e! ) dic ~ exp [t¢(p1)] (1-p7) 27 ’ S oo, (133
/Cl—Cz (ke Vi pr(1—2w3) —awg(1+p7) || —¢"(e1) £ oo (133)
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Now we deform the original small closed contour C onto the steepest descent curve C’; in
doing so, we incorporate the pole contributions from k; in (120) when necessary.

(b.1)

(b.2)

Subcritical regime: 0 < wy < 1/2.

All the poles (120) are on the real line and so are not enclosed in C’ (see Region IV.a
in Figure 7). This indicates that | . h(k)e'*® dk = [ o h(k)e'*®) dk. We use the saddle
contribution from (133) to obtain the leading-order solution

§12E-1)’

- () w0<\/2§——T(52—E)
Vi 42T ((4E — Dw? + (€ — DE + 4wl)

1/2
> (46 +E+8w; — 1)

u(gt’t) ~ = = usz(gt,t), t — o0,
(134)

where

The solution in this region has rapid decay in time of order O(¢~1/2¢=%()t),
Supercritical regime: wy > 1/2.

The poles k; 3 are in the first and second quadrants on a unit circle centered at
the origin, so are enclosed in ¢’ when Im(¢(k;)) < Im(¢(p;)) = 0 and, equivalently,

Im(¢(ks)) > Im(¢(p,)) = 0. This implies that k; ; are inside C’ when w, > % 1<é<

2co(2) (see Region IV.b in Figure 7) and outside C’ when % < wy < é, E>1lorwy >

a(§) =

1
ﬁ’
&> 2a)§ (Region IV.a in Figure 7). The poles k, 4 are in the third and fourth quadrants
so are outside of the deformed contour C’.

For k, 5 outside the contour in Region IV.a, the asymptotic solution is given by (134).
In Region IV.b, the contour integral over C can be expressed as

/ h(k)e'*® dic = / h(k)e'?® dic — 27ri(Res), (k;) + Resy(k3)), (136)
c c
as shown by the deformation of C to C’ in Figure 7. Evaluating the residues, we obtain

f4.2
4a)0—1

1 (€ _
Resh(kl) = 2_600 exp l(z—wo - COO>[ - g[z—wo , Resh(k3) = —Resh(kl) .

Then, the large ¢ asymptotics are

Ety/4w? —1
u(&t,t) ~ exp 2V 2 lsin [(% - cu0> t] +ugp(€t,t), t— oo, (137)
0

2600

where uy, is the saddle contribution given in (134). Because the exponential decay
rate |¢(p;)| of uy, is monotone increasing, in Region IV.b where 1 < £ < Zw(z), we have

lp(p1)] < I¢(P1)I§=2w(z) < &4/4w; — 1/(2wy). Then, the solution (137) is dominated by
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the saddle contribution u,,. Therefore, for large ¢, the leading-order contribution for all
wy and & > 1 is the same and is given by uy,.

The large ¢ solution given in Equations (128), (129), (131), (134), and (137) proves Theorem 3.

Remark. At a qualitative level, the large ¢ solutions of the linear BBM and KdV wavemaker prob-
lems exhibit similar bifurcation diagrams in Figures 5 and 7. Consequently, the solution behavior
is qualitatively similar, with traveling periodic waves in Region I, algebraically decaying waves in
Region II, and exponential decay in Regions III and IV of the w,-£ plane.

Remark (Linear modulation theory). The modulation equations (113) are applicable for general
linear dispersive partial differential equations. Following a path similar to that of the previous
section, we now solve (113) with the associated boundary values (114) where, in this case, w =
k/(1 + k?). For £ = x/t, the self-similar solution is

@, 0< g < Cg(w()) kO’ 0< g < Cg(wo)

TGS W e KO =1 [Monvas RNGES)

2\/5 , Cg(a)o) < g <1 bY: , Cg(CU()) < g <1

where ky = k(wy) > 0 satisfies the linear dispersion relation w, = ky/(1 + kf)). There are two
choices for k. Admissibility of the simple wave solution in the subcritical regime 0 < w, <
1/2 implies the radiation condition c,(w,) > 0. Then, k(w,) is uniquely determined (k, = k, in

Equation (120)) and
¢y(c00) = %(1—%3 + \/1—4503). (139)

Suitable integration of 8, = k(x/t), 6, = —w(x/t) determines the phase

kox —wot, 0 < x < cy(wp)t,
3/2

B(x,t) = 2\/Ex<\/t(t+8x)—t—2x) / (140)
3 +6p, colwp)t <x<t,
t(\/1+8x/z—1>

where 6, € R. The amplitude a has the solution (117) with ¢,(ew,) given in (139) and F(&) an arbi-
trary, smooth function. As before, these results agree with the asymptotic solutions (128) and (129)
if we take
wo(—4E + B — 1)EVAE - 1)
6 =0, FiE)= o(—4¢ EAE-1) 1/2 B
2/4\/m((AE —E+ D +EQE—E+ D) (B2 —8) (-2 -1+ B)

where E = /8¢ + 1.

5 | COMPARISON WITH CONDUIT EXPERIMENTS

In the long-wavelength, small-amplitude regime, the linear BBM equation (equivalent to the lin-
earized conduit equation®”) describes the interfacial wave dynamics of a particular type of viscous
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two-fluid core-annular flow*"*? that models magma migration through the upper mantle** and

channelized water flow through glaciers.** This flow system comprises a pressure-driven, buoy-
ant, Stokes core fluid within an annulus of another, miscible, heavier Stokes fluid, with a small
core-to-annular fluid viscosity ratio. At the injection site, a piston pump acts as a wavemaker by
injecting a steady stream of core fluid with an added, small-amplitude, time-periodic injection
to generate interfacial waves (see Ref. 22). The system can be realized in a simple laboratory set-
ting and provides a quantitative experimental platform for the study of linear and nonlinear wave
propagation.?>31:3>-42 The linear BBM equation was found to more accurately capture the disper-
sive wave properties of this viscous core-annular flow across a wider range of frequencies than the
asymptotically equivalent long wave, linear KdV equation.?” In this section, we investigate the
linear time-periodic wavemaker problem in this viscous core-annular system and compare our
experimental observations with the long-time asymptotic solutions of the linear BBM equation,
derived in Section 4.
Consider the linearized BBM equation initial-boundary value problem

U +u,—uUy =0, x>0,t>0, (142a)
u(x,0)=0, x>0, (142b)
u(0,t) = sin(—wyt), t>0. (142¢)

The dependent variable u represents small-amplitude fluctuations of the two-fluid interfacial
cross-sectional area scaled by the steady, constant cross-sectional area of the established, vertical,
straight conduit; x is proportional to the vertical distance from the boundary, and ¢ is proportional
to time. See Ref. 22 for the nondimensionalization. Here, we will use the dimensional length
L and time T scalings as fitting parameters, which amounts to fitting the fluid viscosities and
density difference, in order to compare with experiment. Past work has demonstrated quanti-
tative agreement between the nonlinear extension of the linearized BBM equation (the conduit
equation) and experiment with no fitting parameters.*’**#! A linear time-periodic sinusoidal time
series of unit amplitude and frequency w, is generated at the boundary and propagates into the
constant background.

The experimental configuration is identical to that employed in Ref. 22. The experiments are
conducted within a vertical square acrylic column that has the cross-section 5cm X 5cm and a
height of 180 cm. The core fluid is composed of dyed, diluted glycerin that exhibits lower density
and significantly less viscosity than the reservoir fluid into which it is injected. The core fluid rises
buoyantly in an external pure glycerin reservoir to establish a circularly symmetric free interface
between the two fluids. A computer-programmed flow rate pump is used to regulate the flow rate
Q (cm 3 /s) of the core fluid, with the cross-sectional area A (cm 2) at the injection site satisfying
the Hagen-Poiseulle pipe flow law

Q x A2, (143)

with a constant of proportionality involving the ratio of the fluid density difference to the interior
viscosity. The imposition of the time-periodic boundary data in (142c) is realized by the injection
flow rate

Q) = Qy(1 + 2asin(—ayi)), a<1l, >0, (144)
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where Q, (cm 3 /s) is the background flow rate, a is the (nondimensional) amplitude, @, (rad/s)
denotes the dimensional angular input frequency, and  (s) is time. A high-resolution camera
with a 3 Hz sampling rate is used for data acquisition above the injection boundary to capture the
evolving wavetrains. The conduit edges are extracted from camera images using edge detection
and smoothing algorithms. At each vertical image pixel, the conduit diameter is calculated as the
number of horizontal pixels between the two conduit edges. The diameter is then converted to
the dimensionless conduit cross-sectional area A by dividing by the number of horizontal pixels
in the undisturbed conduit prior to commencing time-periodic injection and squaring the result.

For experimental comparison with theoretical predictions, we appeal to the nondimensional-
ization parameters L (cm) as the vertical length scale, U (cm/s), as the vertical velocity scale and
T = L/U (s) as the time scale. For each experiment presented below, approximately 15 sets of
linear periodic traveling waves were first generated for calibration, and the dimensional angular
frequency and wave number (&, k) were measured. The scales L and U were determined by fitting
the dimensional quantities (&, k) to the BBM linear dispersion relation

Uk

_. 145
1+ L2k2 (145)

fl) =

The scales associated with each displayed data set are reported. We scale the dimensional space
and time as x = X/L, t = {/T, respectively. Upon linearization of the cross-sectional area A on
the uniform background

A(x,t) =1+ au(x,t), a<l, (146)
and using the boundary condition (144) and the Hagen-Poiseulle law (143) as

A(0,£) =1+ au(0, 1)

- /450

= /1 + 2asin(-a,Tt) (147)
Qo

~ 1+ asin(—wyt), a — 0,

where the dimensionless input frequency is w, = @,T, we obtain the initial, boundary value
problem (142a), which we compare with experiment.

Previous viscous core-annular flow experiments examined the accuracy of the linear dispersion
relation (145), the existence of the critical frequency w,, separating sub- and supercritical regimes,
and the sinusoidal spatial profiles of linear waves, in addition to their nonlinear counterparts.*
The BBM dispersion relation (145) was shown to be an accurate model of observed linear waves,
with discrepancies due to a weak recirculating flow in the outer, annular fluid. In what follows, we
compare new experiments with asymptotic predictions of (i) the spatial structure of waves along
rays x/t = constant in the sub- and supercritical regimes and (ii) the subcritical group velocity
transition between Regions I and II in Figure 7.

The space-time contour plot in Figure 8(A) depicts the dimensionless cross-sectional area
A for the wavemaker problem in the subcritical regime 0 < wy < w. = 1/2. The color scale
denotes wave amplitude with the red-blue region representing waves of substantial amplitude,
whereas the lighter-colored, blue region corresponds to the small amplitude, noisy background.
The method for measuring the parameters of the periodic traveling wave is described in Ref. 22.
Measurement of this experimental data set yields the periodic wave amplitude, angular frequency,
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FIGURE 8 Viscous core-annular flow experiment in the subcritical regime. (A) Space-time contour of
normalized cross-sectional area A for time-periodic injection of core fluid into a uniform background. The
measured periodic wave amplitude and angular frequency are (a,w) = (0.11 £ 0.02,0.41 + 0.02), with the
nondimensionalization scales (L, U) = (0.28 + 0.01 cm, 0.96 + 0.02 cm/s). (B) 90° clockwise rotated, rescaled
experimental time lapse. The red curves are obtained from edge detection. (C) Comparison of the experimental
data from (A) (black solid) with the long-time asymptotic solutions in Regions I (128) and II (129) (red dashed) at
different, fixed &.

and wave number (a, w, k) = (0.11 £ 0.02,0.41 £ 0.02, 0.52 + 0.02), respectively. Figure 8(B) dis-
plays example time-lapse images captured by a high-resolution camera during the experiment. At
t =150 and t = 300, the interfacial wave is observed as it enters the uniform conduit, resulting in
decay at the leading edge. Subsequently, as the wave propagates, for example, at t = 600, it attains
local periodicity with small amplitude relative to the average cross-sectional diameter or area. In
Figure 8(C), we compare the experimentally extracted traveling wave data from Figure 8(A) along
rays x/t = constant with the long-time asymptotic solutions of the linear BBM wavemaker prob-
lem. The comparison utilizes the transformation (146) and the solutions (128, 129) in Regions I
and II of Figure 7, with a = 0.11, wy = 0.41, and the previously fitted scaling parameters L and T
However, the experiment identifies x = 0 with the starting point of the cropped image and t = 0
with the initiation of imaging, which differ slightly from the location of the injection site and the
initiation of the periodic time series for the injection rate. Consequently, a shift is applied to x and
t everywhere they appear in the solution formulas. For example,
X — X

&= Tt (148)
The experiment in Figure 8(C) is subject to the shifts x, = 6 (% 2cm) and ¢, = 6 (~ 2s), which
are selected by comparing the experimental data with the theoretical solutions at various £. The
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FIGURE 9 Comparison of the 1 . . .
experimentally measured threshold
between Regions I (pe.r10d1c travel.lng 08l Region II |
waves) and II (algebraically decaying waves)
at varied angular frequencies w (red dots) in
the subcritical regime with the group 0.6
velocity (139) (black curve), predicted by the S Region I +
long-time asymptotic analysis of the linear
BBM wavemaker problem. The 0.4¢ 1
nondimensionalization scales for all 13
measurements are 0.2+ ,
(L,U) = (0.31 + 0.01 cm, 1.14 + 0.02 cm/s). ++ experiment
——predicted ¢4 (w)
00 0.1 0.2 0.3 0.4 0.5

shift in x is consistent with the experimental setup, in which case the injection site is, while not
shown, on the left of the experimental images in Figure 8(B). The shift ¢, is the best fit time shift.
In Figure 8(C), good agreement is achieved for the comparison between the experiment and the
long-time asymptotic solutions in Regions I (0 < § < ¢g) and II (¢, < § < 1). Region I contains
the solutions asymptoting to periodic traveling waves, and the solutions in Region II asymptote to
algebraically time-decaying waves. According to the linear BBM theoretical prediction, the corre-
sponding threshold between Regions I and II, that is, the group velocity, at w, = 0.41 is predicted to
bec, = w'(k,) = 0.45 (cf. Equation (127)). For small ¢, the asymptotic solution deviates somewhat
from experiment. However, this is expected because the formula represents the large t asymptotics
of the solution. In particular, the observed oscillation amplitude, period, and phase for sufficiently
large t are very close to experiment. Note that the small, noisy oscillations correspond to the reso-
lution of our imaging system. In particular, we observe diameter fluctuations on the order of four
pixels, which, for a 30 pixel diameter established conduit, corresponds to (4/30)? ~ 0.02 fluctu-
ations in the nondimensional cross-sectional area A. The reason for this resolution is the 200:1
vertical to horizontal aspect ratio of the imaging system used to capture the data in Figure 8(A).

As shown in Figure 8, wave propagation is periodic when § is less than a threshold &, and
decays when £ > &,. To obtain a value for this threshold from experiment, we employ the fol-
lowing method. Time slices are extracted from the data set for ¢t € [30,150]. In each time slice,
the rightmost location x4(¢) is defined to be the last spatial peak with a value greater than 80%
of the averaged periodic wave amplitude at the leading edge where the wave starts to decay.
The fitted slope of x,(t), §,, is a reliable approximation of the threshold between Regions I and
II. This measurement method is applied to thirteen distinct data sets of linear waves generated
from varied input frequencies in the subcritical regime. Figure 9 compares the measurement of
£, with the group velocity c,(w) (139) at different input angular frequencies w. The angular fre-
quencies are measured and averaged over the periodic wave region. The error bars presented in
Figure 9 represent the uncertainties resulting from the linear fit of x,(¢) and the variation in the
measured wave frequency. Figure 9 verifies the threshold £, as the linear BBM group velocity
prediction experimentally.

Figure 10 depicts an experiment in the supercritical regime with an input frequency greater
than the critical value, that is, w, > 1/2 (see Ref. 22 for an experimental study of the critical value).
The wave appears to be time-periodic near the boundary and rapidly decays as it propagates. Near
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FIGURE 10 Viscous core-annular flow experiment in the supercritical regime. (A) Space-time contour of
normalized cross-sectional area A for time-periodic injection of core fluid into a uniform background. The
measured angular frequency near the boundary is w = 0.51 + 0.02, and the nondimensionalization scales are
(L,U) = (0.32 £ 0.01 cm, 1.04 + 0.02 cm/s). (B) Comparison of the experimental data in (A) (black solid) with the
long-time asymptotic solutions in Regions II (129) and III (131) (red dashed) at different, fixed &.

the boundary, the measured angular frequency is w = 0.51 + 0.02, very close to the critical value.
The space-time data in Figure 10(A) are compared with the long-time asymptotic solutions of
the linearized BBM wavemaker problem for fixed £ in Figure 10(B). Applying the transforma-
tion (146) and fixing £ as defined in (148), where the shift parameters are x, = 0.3 (% 0.1 cm) and
to = —1 (imaging started ~ 0.3 s ahead), the experiment is compared to the linear BBM long-time
asymptotic solutions (129) in Region II and (131) in Region III of Figure 7 using the mean wave
parameters (a = 0.08, wy = 0.51). The predicted threshold between Regions IT and III at w, = 0.51
is £ = 0.12 (cf. Equation (130)). Figure 10(B) shows that the wave amplitude, frequency, and phase
of the experimental result agree with the theoretical predictions.

6 | CONCLUSIONS

This work presents the long-time, asymptotic analysis of initial-boundary value problems for
linear, scalar evolution equations on the half-line with time-periodic boundary conditions. We
obtain the D-N map for a general third-order model with Dirichlet boundary data that are suffi-
ciently smooth and asymptotically periodic in time. The uniqueness of the D-N map is established
(Theorem 1) if and only if the well-known radiation condition in physics (Corollary 1) holds. By
employing the D-N map, we obtain the leading-order asymptotic solution for fixed x and t - 0.
These results hinge upon the assumption of asymptotic time periodicity of the solution.

This assumption is proven in the specific case of the wavemaker problems for the linear KdV
and linear BBM equations with zero initial condition and sinusoidal boundary condition with fre-
quency w, (Theorems 2 and 3). Using the Fokas method and steepest descent analysis, we obtain
the leading-order, asymptotic solution as t — oo that is uniform in x > 0. Crossing the interval of
frequencies (—w,,, @) identifies a bifurcation in solution behavior. When |w,| < w,,, the solu-
tion is asymptotically the propagating wave u(x, t) ~ sin(kgx — wgt), t — oo for x € [0, cg(w))t)
where ¢,(w) = w'(ky) is the group velocity and ky = ky(w,) is the unique branch of the dis-
persion relation @, = w(ky) such that c,(wy) > 0 and Im k, = 0. This choice of k, corresponds
to the radiation condition. When |wg| > w,,, the asymptotic solution is the time-periodic, spa-
tially decaying, causal solution u(x, t) ~ exp(—Im(k,)x) sin(Re(kq)x — wyt) for x = O(1),t -

1Y) SUONIPUOD) PuE SuA L oy 995 “[HZ0Z/b0/3Z] U0 ATRIqIT SUIUO AO[1AN “HEAGYT OPEION0) JO ANSIOATUN Aq S99Z [°WdES/[ [ ] °01/10p/w00 Ao ATeaqrIour[uoy/:sdiy woj papro[umod ‘€ b70Z ‘0656.9%1

Ropm

2SURDT SUOWWIO)) IAIERI) A[qENIAE A) £q POWIAACS SIE SOOI O 595N JO SA[NI 10 ATEIQIT AUUQ AT UO



MAO ET AL. | 967

where k, = ky(w,) is the unique branch of w, = w(ky) such that Im k;, > 0 that again satisfies the
radiation condition.

We observe quantitative agreement between viscous core-annular fluid wavemaker experi-
ments and the linearized BBM predictions. In particular, we observe the bifurcation in solution
behavior at the group velocity and the convergence of spatial profiles to propagating waves, waves
that temporally decay O(t~'/2), and waves that exponentially decay in space O(exp(—Im(k,)x)).

We conclude this section by noting that the Fokas method has also found application in the
rigorous study of initial-boundary value problems for nonlinear evolution equations that are not
necessarily completely integrable. In those nonintegrable but still physically relevant cases, the
linear solutions obtained via the Fokas method provide the starting point for developing the corre-
sponding well-posedness theory. This is done by treating the nonlinear problem as a perturbation
of its forced linear counterpart and invoking the contraction mapping theorem, for example, see
the works'*#3** and the references therein. Additionally, there are open questions regarding the
long-time analysis of the nonlinear wavemaker problem. Whitham modulation theory is a promis-
ing analysis tool for integrable and nonintegrable equations although it presently lacks a rigorous
foundation. As the analog of the inverse scattering transform for boundary value problems, the
Fokas method could also be used for the rigorous analysis of the nonlinear wavemaker problem
in integrable systems.* 4’
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APPENDIX: SHOWING THAT THE FOKAS METHOD FORMULA IS THE UNIQUE
SOLUTION TO THE LINEAR KdV WAVEMAKER PROBLEM
We now prove that the Fokas method formula (54), namely, the function defined by

u(x, t) = % / ellex=itk=kM(1 — 3k2) g (k — k2, t)dk (A1)
aD+

with gy(k — k3,t) = fot elk=rg ()dr = /Ot elk=k) sin(—wyr)dr and 3D* being the boundary
of the region D* given by (51) (see also Figure 1), provides the unique solution to the linear KdV
wavemaker problem

U+ Uy + U =0, 0<Xx<00,t>0,

u(x,0)=0, 0<x< oo, (A.2)

u(0,t) = go(t) := sin(—wyt), xh_)r{)lo u(x,t) = )}Lngo u(x,t)=0, t>0.
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The corresponding proof for the linear BBM wavemaker problem is analogous and, in fact, some-
what simpler due to the fact that the contour of integration in the Fokas method formula (85) is
bounded (see Ref. 21 and also Refs. 50, 51).

To prove that formula (A.1) is the unique solution to the initial-boundary value problem (A.2),
we must show that

(1) formula (A.1)satisfies the three components of problem (A.2), namely, (i) the linear KdV equa-
tion, (ii) the initial condition u(x,0) = 0, and (iii) the boundary condition u(0, t) = gy(t) =
sin(—wyt), and

(2) problem (A.2) admits at most one solution.

We begin with the first of the above tasks. Note that, thanks to Cauchy’s theorem and the
definition of D*, for any fixed T > 0, we have

T
/ eikx—ilk=k*i(q _ 3k2)/ elk=7g (1)drdk =0, x>0,1<T, (A.3)
4D+ ¢
and hence, for t < T, formula (A.1) can be written in the equivalent form

u(x, f) = — / ellex=itk=k(1 — 3k2) g (k — k3, T)dk
oD+

21
A4
_1 et _ 32) 1 — eilk=k*~w)T N ei(k—k+wo)T _ 1 ik (A4)
AT fspe k—k3—w, k—k3+w, ’

To see why (A.3) is true, observe that

T k=l —p)t _ pilk—kP—w)T  pilk—k>+@o)T _ gi(k—k3+ewg)t

i(k—k3)t dr = +
/t ¢ go(0)d 20k — K° — p) 2k—K +wy)

and therefore, since Re(i(k — k*)) < 0 for k € D*, the k-integrand in (A.3) decays uniformly like
O(%) along the circular arc C = {k = |k|e® : % <6< 2?”}, which as |k| — oo asymptotically coin-
cides with the portion of the boundary of D* at infinity. Thus, by Cauchy’s theorem (in order
to first deform the contour of integration in (A.3) from dD* to C) and then Jordan’s lemma
(essentially, use of the inequality sin 6 > ?, 0<6< %), we obtain (A.3).

Since

< e—Im(k)x

i(k—k3— 3
eikx—i(k—k3)z(1 —3k2) 1 — eilk=k>=wo)T N elk=k3+w)T _ 1
k=3 — o k — k3 + w,

1 1
-2|1 — 3k? + ,
| |[|k—k3—cu| |k—k3+co|]

thanks to the exponential decay for k € D" and x > 0, the modulus of the integrand in (A.4)
is bounded above by an absolutely integrable function along dD*. Therefore, by the dominated
convergence theorem, we can pass the linear KdV differential operator 9, + d, + d> inside the
integral in (A.4) and, in view of the fact that (8, + 8, + 82)e**~ k=Kt = 0, to deduce that the
function defined by (A.4) satisfies the linear KdV equation.
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Concerning the initial condition of problem (A.2), we first integrate by parts twice’ to obtain

@o
(k — k3)2

@o

=k cog(w, T) + " Ior

~ 1 (ke .
Sk —k3,T) = Tik—Kk3) e/ sin(w, T) —

2
+m:§o(k —k3,T).

Hence, indenting the contour dD* above k = i (to avoid introducing poles after integrating by
parts) and denoting the indented contour by dD*, we rewrite formula (A.4) as

_ 1 dox—itk—ki(q _ ap2y| 1 i(—k)T o @9 i(k=k3)T
u(x,t) = = /af)+ e (1 —3k?) =k e sin(w,T) —(k — 1y e cos(w,T)
2
PR R g,k — k2, T) | dk. (A.5)
(k—k3)?2 " (k- k3)2 ’ ‘

Moreover, thanks to Cauchy’s theorem and exponential decay in D, we have via Jordan’s lemma

R (I Sk S ) (A6)
/keam (ke = k)"

Thus, the first and second terms inside the square bracket of the right-hand side of (A.5) all vanish

and

W 3 3k?
1= etk 173K 10 e k3, T) + 1] dk. A7
uxn=52 [ o G o &= ) +1 (A7)
In addition, similarly to (A.3), we can replace T by ¢ in the second argument of g, in order to write
(A7) as

_ % ex—i(k—k3) L= 3
u(x,t) = o /aﬁ+ e = k3)2 [coo golk —k>,t) + l]dk (A.8)

Since gy(k — k3, t) decays like O(k—13) as k — oo on dD*, by the dominated convergence theorem,
the limit of (A.8) as t — 0% can be evaluated by setting ¢ = 0 inside the integrands on the right-
hand side. Doing so, we find

w, o 1—3k?
hm u(x,t) = 2;/D+elkxmdk=0, x>0,

with the second equality due to analyticity and O(%) decay in the region enclosed by dD*
(recall that this contour lies above the singularities at k = 0, +i). Hence, the initial condition has
been verified.

Finally, concerning the boundary condition of problem (A.2), taking the limit x — 0% of (A.7)
by invoking once again the dominated convergence theorem (the corresponding integrands decay

2 Actually, thanks to the exponential decay of e!* for k € dD* and x > 0, just one integration by parts suffices for verifying
the initial condition for x > 0. However, in order to verify the boundary condition later, two integration by parts are needed

because exponential decay through e** is lost on the boundary.
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uniformly in x like O(kl“))’ we infer

i =90 [ it 123K
XIE{)L u(x,t) = > /aﬁ e "7 [wo &k — k3,T) + 1| dk.

But note that, via integration by parts,

l(k - k3) ei(k—k3)T

- %
wo 8ok — k3, T) + 1 = /=T cog(ey T) — k= k)
@Wo g

sin(w,T) + go(k — k3, T).

Therefore, employing (A.6) (which is valid for x = 0 and n = 2), we find (after deforming D™
back to dD* once the singular terms are gone)

: _ 1 k=KDt Ab2\ S (1 13
xll)r})lJr u(x,t) = o - e (1 —3k*)gy(k — k>, T)dk
= L[ i — 312y PG =k — K3))dK,
27 Jop+

where F{G,}(k) is the (temporal) Fourier transform on the whole line of the piecewise-defined
function Gy (t) equal to gy(t) on (0,T) and to 0 on [0, T]°. Making the change of variable A =
—(k — k3), which maps dD* to —R, and then using the Fourier inversion theorem, we obtain

lim u(x,t) = L / el F{Go}A)dA = Gy(t) = go(t), 0<t<T,
x—0+ 2 R

which is the prescribed boundary condition at x = 0. Examination of the formula (A.4) for either
Imk > 0and k € D" ork € R and k € D" shows that the limit as x — oo of u(x, t) is zero for
each fixed t > 0 by either exponential decay or the Riemann-Lebesgue lemma, respectively. We
can pass differentiation by x through the integral in (A.4) owing to the dominated convergence
theorem and thereby obtain lim,._, ., u,(x, t) = 0 by the same argument. This step concludes our
proof that the Fokas method formula (A.1) satisfies the linear KAV wavemaker problem (A.2).

Having shown that formula (A.1) satisfies problem (A.2), it remains to show that problem (A.2)
admits at most one solution, so that (A.1) is the unique solution to (A.2). Uniqueness follows via
a standard energy estimate argument. Indeed, suppose that u and v both satisfy problem (A.2).
Then, their difference w := u — v satisfies the homogeneous problem

Wy + Wy + Wy =0, 0<x<o00,t>0,
(A.9)
w(x,0) = w(0,t) = 0.

Multiplying the linear KdV equation in (A.9) by w and integrating with respect to x, we have

d [ 1 o 1
I [} w3dx + 5 [wz]:;o + [wwyx ] o — 2 [wizf]:;o =0.

N =

Thus, in view of the boundary condition satisfied by w as well as of the assumption that the
solution and its derivatives vanish at infinity, we infer

d ()

I i w(x, £)*dx = —w,(0, )%
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In the context of real solutions, which is the one relevant to the KdV equation, it follows that the
L2(0, o0)-norm of w is nonincreasing in . Hence, in particular, using also the initial condition for
w, we obtain

/ w(x,t)*dx S/ w(x,0)?dx =0
0 0

which implies that w = 0. Equivalently, u = v and problem (A.2) admits at most one solution.
Since we have already shown that formula (A.1) satisfies (A.2), we conclude that (A.1) provides
the unique solution to (A.2).
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