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Identification of resonant frequencies in LIGO-like suspension
with finite-element modeling
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Following the upgrades to Advanced LIGO (aLIGO), measurements were made of the detector
suspensions’ frequency response characteristics. While most resonant frequencies could be identified with
simple mechanical models, such as the fiber vibration modes, some were unexplained. Using a finite
element model of the quadruple pendulum suspension, we search for and identify lines from unknown
sources. The present work focuses on two resonant lines observed in the upper intermediate mass as
examples of this technique. Our simulations suggest a common source for these lines, which could be
accounted for in a redesign. By modeling these response frequencies, we can examine the motion of
individual components, and suggest methods to reduce their amplitude, alter their frequency, or eliminate

them in future gravitational wave detector designs.
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I. INTRODUCTION

The aLIGO detectors were designed to detect gravita-
tional waves (GWs) with frequencies in the range 10 Hz to
7000 Hz [1]. The detectors use a Fabry-Perot interferometer
to measure the change in differential arm length created by
passing gravitational waves. However, the length changes
induced by these waves are O(1072!) in strain, and can
easily be covered by noise. To achieve the necessary
stability, the detectors’ suspensions use quadruple pendu-
lums to suspend the test masses, which serve as the end
mirrors for the interferometer [2,3]. Some noise sources are
transient, and the affected time spans can be vetoed without
much reduction in SNR [4]. However, more persistent noise
sources affecting a small range of frequencies, such as
mechanical resonances and electrical coupling, can degrade
the performance of both stochastic gravitational-wave
background (SGWB) and continuous wave (CW) searches
when the signal frequency passes through the frequency of
the disturbed band. When the noise spectrum is plotted on a
semilog scale over many decades, these noise bands appear
as single vertical lines; hence, we call them “lines.” By
identifying and resolving these noise sources, we can
improve our detection capabilities. Due to the complexity
of the detectors, it is not always clear what causes a given
spectral line in the strain sensitivity. If we can find a similar
line in a simplified surrogate model, we may be able to
identify the source.
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Finite-element analysis (FEA) offers a high-fidelity
simulation which tracks all components’ degrees of free-
dom (DoF), including internal models of mechanical
components. As an initial target, we choose the alLIGO
quadruple pendulum suspensions. These consist of four
stages, which descend from the top-level supports:
maraging steel blade springs on the top supports connect
with two 45 cm long steel wires to the top (TOP) mass
weighing 20 kg. Blade springs on the TOP connect with
four 31 cm long steel wires to the upper intermediate mass
(UIM) weighing 20 kg. Blade springs on the UIM
connect with four 34 cm long steel wires to the penultimate
mass (PUM) weighing 40 kg. Fused silica fibers
connect the PUM directly to the test mass (TM) weighing
40 kg [3]. Resonances from the upper masses can couple
into the TM displacement, which is measured by the
interferometer.

In Sec. II we outline the problem of spectral lines.
Section III describes the model we used to simulate the
detector, and Sec. IV outlines the conversion from the FEA
outputs to a six DoF system used to describe the suspen-
sions. Sections V-VII compare that output to LIGO
Hanford Observatory (LHO) measurements via a transfer
function.

II. UNKNOWN SPECTRAL LINES

The aLIGO detector characterization group maintains
state-space models (SSMs) of the alLIGO pendulums for
simulation and testing. These models each comprise four
matrices which define the time evolution from inputs—
applied forces and torques—to outputs—displacements
and rotations:
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x = Ax + Bu (1)
y=Cx+Du (2)

where u are inputs, y outputs, and x states of the system.
For second-order systems, the states can be split into a set
of first-order states, followed by their derivatives, i.e.

x= 3] G)

X

This results in the matrices having a block form, as in the
initial version of the SSM, based on a theoretical model of
the pendulum, which used rigid body masses, and linear-
ized springs [5]. In this case, the state variables corre-
sponded directly to the six DoF of each of the stages.
However, this model was found to be missing higher-
frequency features present in the detector’s true response
behavior. In light of this, a more detailed SSM was
developed, introducing numerous filters and measurements
from the detectors as-built [6]. Unlike the previous model
in which states correspond to the individual stages’ DoF,
the 1483 states of the 2020 SSM are the result of a chain of
calculations, making it difficult to determine the source of
any given output. After the second aLIGO observing run
(02) measurements were made of narrow spectral lines in
the detectors [7]. By using physical environment monitors
(PEMs), we can identify lines due to local disturbances [8].
Other lines can be attributed to known mechanical features,
such as the vibrational modes of the suspensions [9].
However, some lines could not be identified. Without
knowing the sources of these lines, we have no way to
suppress or alter them.

III. FINITE-ELEMENT MODEL

FEA is a common technique in engineering and design to
analyze the stresses within a large structure under applied
forces. The University of Glasgow has developed a finite-
element model of the alLIGO quadruple pendulums using
the ANSYS software package [10]. The model simplifies
many of the details of the physical system, such as
replacing screw connections with bonded contacts.
Glasgow used this model to analyze the modes involving
the blade springs that support the weight of the test
masses (Fig. 2).

Although the motion of the stages is driven by eigen-
modes calculated from modal analysis, motion response is
better calculated with transient time series analysis. In this
method a nonperiodic, nonharmonic time dependent exter-
nal load is applied to the structure and the resultant
displacement, strain, stress, and reaction forces are com-
puted using the following governing equation:

Mii(f) + Zua(1) + Ku(t) = F(1), (4)

where M is the mass matrix, Z is the damping matrix, K is
the stiffness matrix, F(z) is the applied load, and u(z) is the
nodal displacement.

There are various finite element methods to solve the above
governing equation. Among these are the full method, mode
superposition (MSUP) method etc. The MSUP method first
computes the mode shapes using modal analysis and then
combines them to obtain the higher frequency modes. The
MSUP method is faster and more efficient but only supports
linearity. The full method uses the whole matrices to calculate
the dynamic behavior of the system. Unlike the MSUP
method, the full method supports nonlinearity and produces
accurate results for large displacements. Since our model
involves high stresses due to the interaction between the blade
springs and large stage masses, we use the full method to
ensure accurate simulation.

Unfortunately, this introduces further complications, as
we must apply gravity to have a restoring force, and the flat
springs used in the Glasgow model are not able to support
the 40 kg masses that make up the lowest two stages. In the
physical system, the blades are made with an upward
curvature. When the blades are loaded with the test masses,
the upward curvature is countered by the weight acting
downward due to gravity. At equilibrium, weight-induced
stress causes the blades to become flat. By simulating these
blade springs in isolation, we can generate the induced
stresses from the bending force, then import them onto the
flat springs in the full model.

IV. SIX DEGREE OF FREEDOM AGGREGATION

For simplicity, the position of each stage is typically
expressed in terms of longitudinal, vertical, and transverse
displacements, and roll, yaw, and pitch angles. In Fig. 1, these
correspond to displacements and rotations in z, y, and x,
respectively. However, the ANSYS results contain information
for the individual nodes that make up the model. To convert
these, for each component we find the centroid ¢, and then for
each node the relative position r = p — ¢. Each node has an
initial position expressed as a vector from the origin, p'°, and
a displacement expressed as a vector from the initial position,
pdisP. Using these properties, we can define the six DoF, which
we average over the component’s nodes:

L=pi™ (5)

V=py? (6)

T = p§ (7)
1 A .

R = 3 (arctan (py*® /r%¢) 4 arctan (p¢™/r'*))  (8)
1 . .

Y = 5 (arctan (p$™® /7°¢) 4 arctan (p£°/r'*))  (9)
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FIG. 1. University of Glasgow finite-element model of the
aLLIGO quadruple pendulum.
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FIG. 2. Mode including bending of blade springs.
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V. TRANSFER FUNCTION ESTIMATION

The measurements made by the alLIGO Seismic and
Suspensions Working Group of the LIGO Scientific
Collaboration (SWG) are in the form of transfer functions
relating applied forces and torques to displacements and
rotations for the DoF of the stages of the pendulum. For
comparison, we need to generate similar transfer functions
for our model.

For a given input stage and DoF, we apply Gaussian
noise as a force along the DoF on all nodes in the stage,
with a 1 kHz sampling rate in a transient analysis. We then
extract the six DoF displacements of the stages in time, and

take the desired output DoF. The estimated transfer
function is then the Fourier transform of the output divided
by the Fourier transform of the input.

VI. CASE STUDY: 166 Hz LINE

Among the unidentified spectral lines found following
02 was one at approximately 166 Hz, in the transfer
function between the longitudinal DoF of the UIM and TM.
Despite efforts by the SWG, the source of this line could
not be found. We chose this as a target study for the use of
our model. Using the technique described above, we
estimated the transfer function for this coupling in the
ANSYS model, and show a comparison to measurements of
LHO in Fig. 3. We were able to bring the resonances into
better alignment by adjusting the damping coefficient used
in the simulation, and reducing the Young’s modulus of the
steel base plate in the model by 11%, an amount that is
within 2 standard deviations of the mean for stainless
steel [11].

For each transfer function, we find the peak frequency
and Q factor, calculated from estimates of the full-width at
half-maximum of the curves shown in Fig. 3. The ANSYS
model displays a peak at 165.75 Hz with Q = 29.0, while
the measured peak is at 166.375 Hz with Q = 40.6. While
bringing these peaks into agreement required modifying the
model, the adjustments are small enough to hypothesize a
common source for the peaks.

Assuming these peaks result from similar motion of the
pendulum, we can use ANSYS to determine what compo-
nents are responsible for the behavior. If we drive the UIM
stage’s nodes longitudinally with a sinusoidal force at the
resonant frequency, and determine the vertical displace-
ment for points across the transverse axis of the UIM, we
see a rocking motion shown in Fig. 4. However, this motion
is more commonly seen at low frequency, due to the
diagonal positioning of the blade springs: The tips are on
the front/back center line, but the bases are fixed on
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FIG. 3. Measured and ANsys-modeled transfer functions
between UIM and TM longitudinal DoF.
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FIG. 4. Vertical motion of UIM base plate under 166.375 Hz
longitudinal force on the UIM nodes.
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FIG. 5. Elastic strain in UIM under 166.375 Hz excitation.

opposite corners, resulting in coupling between the longi-
tudinal and transverse DoF, as well as the vertical dis-
placement. By looking at the strain distribution over the
components of the UIM in Fig. 5, we see there is significant
energy in the connection points between the blade springs
and the base plate. We can bandpass the motion in the range
150 Hz to 200 Hz, and look at the vertical deformation over
the surface of the UIM base plate (Fig. 6).

The two regions of high-deformation in Fig. 6 corre-
spond to the blocks connecting the blade springs to the
base plate. The two connection points vibrate in opposite
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FIG. 6. Change in UIM base plate thickness under force. White
lines show the outlines of the spring supports. The apparent
discontinuities are due to the resolution of the simulation.
However, these differences are small, and it is through the
stiffness of the material that they are able to have a measurable
effect.

directions at the frequency found from the transfer func-
tions. Reinforcing the base plate in the regions where the
blade springs connect may help to reduce this motion and
increase the frequency.

VII. CASE STUDY: 431 Hz LINE

Looking at differences in response between the two
SSMs discussed above, we found a line in the UIM vertical
to TM longitudinal transfer function at 431.34 Hz, which
was not present in the 2012 suspension model (Fig. 7). As
above, we can examine the motion of the ANSYS model at
this frequency when the UIM nodes are driven in the
vertical direction. Again we see distortions in the areas of
the UIM base plate under the spring supports, though in this
case the motion between front and back is in-phase (Fig. 8).
The measured thickness of the UIM base plate shows a
similar pole/zero combination to the SSM, though again at
a lower frequency (Fig. 9).

As with the first line investigated, this one appears to be
the result of distortions to the UIM directly under the
supports holding the PUM and TM. Without further
investigation of the pendulum’s response behavior, we
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FIG. 7. UIM vertical-to-TM longitudinal transfer functions for
2012 and 2020 SSMs. The 431 Hz line was not present in the
earlier model, and the plot simply shows the noise floor for the
simulation.
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FIG. 8. Change in UIM base plate thickness under force. White
lines show the outlines of the spring supports.
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FIG. 9. UIM thickness under vertical displacement.

cannot say for sure that the line found in FEA is equivalent,
but this model can give a starting point for attempts to
reduce noise sources.

VIII. CONCLUSIONS

Any future GW detector is likely to exhibit unintended
mechanical modes in the suspension system that generate

spectral lines in the strain sensitivity. Planned next-
generation detectors such as Cosmic Explorer [12] and
Einstein Telescope [13] will use similar suspension designs
with larger masses, potentially increasing the stresses
induced on the upper stages, and so effects like the ones
examined here should be taken into account. By modeling
the design in FEA, we may be able to foresee these lines,
and either shift them to a less valuable frequency or reduce
them significantly. While SSMs are useful for simulating
the behavior of a particular suspension, using FEA can
inform the reasons for that behavior. Models like the one
shown here can illustrate internal modes, and identify
cross-couplings. With this more detailed but still virtual
view of the suspensions, we can assess the model for
unexpected noise sources, and resolve them before final-
izing and fabricating the design.
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