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Editor: Stephan Stieberger The superconformal index Z of the 6d (2,0) theory on S° x.S' (which is related to the localization
partition function of 5d SYM on .S°) should be captured at large N by the quantum M2
brane theory in the dual M-theory background. Generalizing the type IIA string theory limit
of this relation discussed in arXiv:2111.15493 and arXiv:2304.12340, we consider semiclassically
quantized M2 branes in a half-supersymmetric 11d background which is a twisted product of
thermal AdS, and .S*. We show that the leading non-perturbative term at large N is reproduced
precisely by the 1-loop partition function of an “instanton” M2 brane wrapped on S' x S?
with S? c S*. Similarly, the (2,0) theory analog of the BPS Wilson loop expectation value is
reproduced by the partition function of a “defect” M2 brane wrapped on thermal AdS; C AdS,.
We comment on a curious analogy of these results with similar computations in arXiv:2303.15207
and arXiv:2307.14112 of the partition function of quantum M2 branes in AdS, X S”/Z, which
reproduced the corresponding localization expressions in the ABJM 3d gauge theory.
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1. Introduction

The 6d (2,0) superconformal field theory should be describing the low-energy dynamics of N coincident M5 branes. It is expected
to be dual [1] to 11d M-theory theory on the AdS; x S* background, which is a limit of the M5 brane solution of 11d supergravity
[2]°

ds = (ds}gs, + 4ds3,), Fy=dCy=n’dvolgs, a®=81N£3. a1
Due to the lack of an intrinsic definition of the (2,0) theory and having only N as a free parameter, it is not clear how to define
non-trivial observables (computable, e.g., by localization) that can be used to test this AdS/CFT duality.>

To introduce an extra parameter one may consider some “orbifolding” of (1.1) (by analogy, e.g., with the ABJM theory [10] of
multiple M2 branes on R%/Z, dual to M-theory on AdS, x S7/Z,). One option is to consider the (2,0) theory on S° x § ﬁl where f is

the length of the circle. The dual M-theory background may then have the AdS; part with the corresponding .S° x .S ; boundary, i.e.

d si s, = dx? + sinh® xd Ss + cosh® x d y* where y=y+ g and d S is the metric of a unit-radius 5-sphere.*

Dimensionally reducing on the y-circle, i.e. considering the limit of f§ — 0, the M5 brane solution will reduce to the D4 brane
solution of type IIA 10d supergravity, while the (2,0) theory on S° x .S ﬁl is expected to be related to the maximally supersymmetric

5d SYM theory on .S°. The 5d SYM theory does not have a first-principles definition being nonrenormalizable, i.e. the (2,0) theory
should be thought of as its UV completion (cf. [12]). Yet this relation may be useful at a heuristic level as one may attempt to define
free energy of the SYM theory on S° by analogy with 4d SYM theory where it can be computed from localization.

It turns out that the requirement of preservation of 16 real supersymmetries demands introducing an extra R-symmetry twist in
the (2,0) theory on S5 x SII;, or a twist in the 4 part of the background (1.1). This was understood in [13] when constructing the

type IIA solution which corresponds to a D4 brane world volume wrapped on S°. The 11d uplift of this solution is related by an
analytic continuation to the following 11d background [13-15]

ds%l =a2<[dx2 +sinh2xd55 +cosh2xdy2] + %[du2 +coszudS2 +sin2u(dz+idy)2]>, (1.2)

3

C3=—éa cos?u volgo A(dz +idy) . (1.3)

Here the S* part du® + cos’>udS, + sin®udz? got the 2z periodic angle z shifted by iy where y € (0, 8) is the circular 11d coordi-
nate.® This background is related to (1.1) by a periodic identification and a coordinate shift so is an obvious solution of the 11d
supergravity.® We will denote the first 7d part of (1.2) as AdS; ; and the 4d part as S$* and somewhat loosely refer to (1.2) as a
“direct product” AdS; ; x $*.

Our aim in this paper is to consider the quantum M2 brane in the (N, ) dependent background (1.2), (1.3) and compute its
partition function in the semiclassical (large tension T, = a°T, = %N > 1) expansion near particular classical solutions similarly to

how that was done in the AdS, x S7/Z, case in [18,19]. This will represent an M-theory generalization of the type IIA string theory
semiclassical computations done in the limit § - 0, N — oo with fixed Ng in [15,20].

2 Here dszA 4, and dsfw are the metrics of the unit-radius AdS, and S*. We shall often use the notation d.S, = dsfw. ¢p is the 11d Planck constant related to

S;

the gravitational constant in the (Euclidean) 11d supergravity action S,; = —ZK% f d"'xV/G(R - 7_#4' F, +...) as 2k?, = (27)*#), and to the M2 brane tension as
1 -

NKL

82

Y . Also, volg, is the normalized volume 4-form of S*, i.e. fS4 volgs = 1 with vol(S*) = = -

1
2= Gopey

3 Almost all of the available information comes from the 11d supergravity effective action and supersymmetry considerations that may be used, e.g., to determine
the M-theory predictions for the a- and c- conformal anomaly coefficients of the (2,0) theory (see, e.g., [3-7]) and thus, in particular, the expression for its free energy
on S (that should have the same structure as the free energy of the N =4 SYM on S*): F ~ a(N)log A + const. One may also find a defect conformal anomaly by
using M2 brane probe in AdS, X S* background as discussed in [8,9] and refs. there.

4 In general, introducing a thermal circle one would need to consider also black hole like geometry with the corresponding asymptotics [11]. This will not be the
case here as we will be interested in the background corresponding to a superconformal index with an extra R-symmetry twisting and periodic fermions.

5 This complex background becomes real after y — it with the time-like direction ¢ here playing the role of the 11d circle.

6 Note that near x =0, u =0 and relevant part of the metric becomes dy? + du? + u*(dz + idy)* so that it may be thought of as a special case of a (complex or
time-like) Melvin twist discussed in [16] and, in particular, in 11d context in [17]).
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We will provide a check of the AdS,/CFTg correspondence in this setting by establishing matching of quantum M2 brane results
with the large N expansion of the supersymmetric partition function of the (2,0) theory on S° x S}; with R-symmetry twist (and
periodic fermions), identified with the corresponding superconformal index computed in [21,22].7

As the non-abelian (2,0) theory does not have an explicit Lagrangian formulation, its supersymmetric partition function on §° x.S'!
that should be equal to the index cannot be computed directly, but it may be interpreted as a partition function of the 5d SYM theory
(assuming the latter has a well-defined UV completion). Then the superconformal index may be interpreted as a (properly defined)
localization result for the partition function of 5d SYM on .S° with gYZM proportional to § up to a length scale factor. By analogy with
the 4d SYM theory, this suggests also to consider the localization expression for the BPS Wilson loop expectation value (cf. [24])
which may be then compared with an M2 brane semiclassical computation as in [18].

Denoting by Zx(f) the index of the (2,0) theory on S° x .S ﬂl one finds for the large N, fixed f expansion of the corresponding
free energy Fy(f) =—log Z(p) [21,22]

Fy(B)=FY" (B + Fy () . YU B =—GN> =N p+ Y e e 1.4)
n=1
1
FY(B)= ——=e N + 0. (1.5)
N 4sinh? £ ‘ ¢

For the natural analog of the Wilson loop one finds for large N [21,22]

(W) = ;ﬁeNﬂ +O(N% . (1.6)
2sinh 5

Below we will reproduce the expressions (1.5) and (1.6) on the M-theory side, by performing semiclassical M2-brane computations
in the background (1.2), (1.3). In the case of the non-perturbative contribution to free energy in (1.5), the classical M2 brane solution
will be wrapped on S; x S? with S /; CAdS;;and § 2 ¢ §*. In the case of the Wilson loop (1.6), the dual M2 brane solution will be
wrapped on AdS; ; C AdS; 5, where AdS; 4 is the “thermal” AdS; background.

In both cases, the exponents in (1.5) and (1.6) will come from the classical M2 brane action while the # dependent prefactors will
be precisely reproduced by the one-loop M2 brane fluctuation determinants as in [18,19]. Our results will generalize to the finite f
case the analogous computations in the type IIA string-theory limit in [15,20].

The plan of the paper is as follows. In section 2 we review the localization results for the (2,0) theory superconformal index and
the analog of the supersymmetric Wilson loop, leading to (1.5), (1.6). In section 3 we discuss the general structure of the M2 brane
semiclassical partition function. Section 4 presents the details of the calculation of this partition function in the case of the Sﬂ1 x S!
M2 brane instanton background reproducing (1.5). Section 5 addresses similar computation in the case of the M2 brane wrapped on
AdS; 4 reproducing the Wilson loop expectation value in (1.6). Section 6 contains a summary and concluding remarks. Appendices
contain some technical details used in the main part of the paper.

2. Localization expressions for the free energy and Wilson loop

The superconformal index of U(N) (2,0) theory on S3xS ﬁl, was found [21,22] to be given by a matrix model which is the same
as for the supersymmetric 3d pure Chern-Simons theory solved in [25]. The result may be represented as a product of two factors®

Zy(@=e VO =0 2%, q=e, 2.1)
N-1

O, N _ i N/2 Mﬂ _ ,—np\N-n inst, N _ E N

2y@=(5;) e MMa-emtr 2y @=[(5)] - 2.2)

We shall refer to Z, as partition function. Fy(f) = —log Z 5 (g) may be interpreted as a “supersymmetric” free energy.’
To study the expansion of the partition function Z at large N and fixed g, it is convenient to apply a modular transformation
to the y#-function factor Z ‘N"St (¢9) in Zy . This gives

Zn(@) ="M Zy(g). e(N)=—gN(N? =)= EN ==t N3+ N, (2.3)

7 Ref. [21] started with the abelian 6d (2,0) theory (i.e. tensor multiplet) with 32 supersymmetries and by introducing a Scherk-Schwarz-like R-symmetry twist
obtained a theory on S° x S' with 16 supersymmetries and a subgroup SO(2) x SO(3) of the original SO(5) R-symmetry. The SO(2) C SO(5) twist was necessary to
have constant spinors on .S°. Upon dimensional reduction, the R-symmetry twist leads to extra mass terms in the 5d SYM action. The construction was then extended
to the non-abelian case via 5d SYM connection, and using supersymmetric localization provided the expression for the perturbative partition function in the form of
a matrix model [21], which was supplemented by all instanton corrections in [22]. The SO(2) twist corresponds to the introduction of a chemical potential coupled
to the R-charge and the corresponding localization matrix model computes the (unrefined) superconformal index of the (2,0) theory (see also [23]).

8 Here the Dedekind function is #7(z) = qi H:i] (1 — ¢") where g = ¢**'". Its modular transformation is n(—1/7) = \/——11 n(z).

9 In the interpretation of Fy(f) as a free energy of 5d SYM theory on .S° one may set f = zg;—"‘{ where R is an effective length scale.

3
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N o
2N(q)=HHﬁ, (2.4)

n=1 m=0
where €,(N) is the “supersymmetric Casimir energy” [26-28].
The partition function (2.4) has an expansion in powers of ¢ with integer N-dependent coefficients. The coefficients take finite
values for large N: the N — oo limit Z_ (q) of Z is the MacMahon function

A N— ~ A i
Zy@) ST Zo(@). Zo@ =[] =g =1+q+3* + 64" +13¢* +24¢° + . (2.5)

n=1

The expression Z -, may be interpreted as the unrefined superconformal index counting BPS states of 11d supergravity on AdS; x S*,
i.e. given by the sum over Kaluza-Klein states of the S* compactification [21].
Finite N corrections to the partition function can be read off from (2.4) after writing it in the following equivalent form

Zy@=Z @[] -a" . (2.6)

n=0 m=0

Expanding log Z  in powers of ¢V, summing over n, m, and exponentiating back gives

20 @=Zu@[1 - I N 2N ]
(1-9q) (1-¢*)*(1-¢q)
5 - 1 —2Np
=7 (q)[l—ie I S— +] 2.7)
* 4sinh? £ 32 sinh* £ cosh? £

Combining (2.3) and (2.7), we can write the large N, fixed f expansion of the free energy Fy in (2.1) as a sum of a perturbative
and non-perturbative parts

Fy(B)=FX"(B)+ FX(p) , (2.8)
Y (B =e(N)B+E(p), Fp=-log Zy (@)= Y c,e™” 2.9)
n=1
F®(g)= — 1 NI 4 o(e2NP) 2.10)
4 sinh? g
where ¢y(N) is given in (2.3) and ¢, in (2.9) following from (2.5) are ¢; =—1, ¢, = —%, = —%,

The leading N3p term in the perturbative part of (2.9) where g = —21—4(4N 3 _3N) as in (2.3) should originate from the 11d
supergravity action / R+ ... evaluated on the corresponding dual background AdS; 5 X S$* in (1.2), (1.3).1° The first subleading
Np term in Fﬁf” should originate from the R* invariant in the 11d effective action, by analogy with the case of the 11d effective
action evaluated on the standard AdS, x S* background, reproducing [4] the order N term in the coefficient a =4N3 — %N - %
of the conformal anomaly of the (2,0) theory on 5°.!! Let us note that in general the supersymmetric Casimir energy of a 6d (2,0)
supersymmetric theory on S5 % .S! should be related to the conformal c-anomaly coefficient as [27] €, = —ﬁc. For the SU(N) (2,0)
theory one has c =4N 3 _3N —1 [3,6] which is thus consistent with (2.3) (the —1 term is absent in the U(N) case).

The term F (B) in (2.9) should be reproduced by the 1-loop 11d supergravity partition function on AdS; 5 X S§* (with periodic
boundary conditions on fermions). The supergravity index Z () was found in [21] from the BPS KK spectrum of S* compactification
of 11d supergravity [31], adding also an R-charge shift to the Hamiltonian (conjugate to the Euclidean “time” y) when defining the
index. This R-charge shift corresponds effectively to computing a supersymmetric partition function on AdS; 4 X S* with the z — z+iy
shift in a S* angle as in (1.2). There is again an analogy with how the constant N term in the a-coefficient of 6d conformal anomaly
is found from the 1-loop 11d supergravity effective action on AdS, x S* with S® boundary [5].

10 The computation of the N* term in the free energy from the supergravity action in thermal AdS, X S* has a priori no reason to match the coefficient in the index
asymptotics, see a discussion in Appendix A. Reproducing the coefficient of this leading N3 contribution attempted in [29,30] requires adding finite “counterterms”
to the low-dimensional effective supergravity action that were claimed to be needed to preserve supersymmetry. Let us also note that, in view of the relation between
the supersymmetric Casimir energy and the c-coefficient of the conformal anomaly [27], one may expect that to match the former on the supergravity side one may
need a more subtle procedure than just directly evaluating the supergravity action on the AdS; x S* background: to capture the c-anomaly one needs to perturb the
AdS; boundary metric to have a non-zero 6d Weyl tensor [3].

11 Note that while in the case of AdS,; with §° boundary the value of 11d effective action is proportional to vol(AdS,) = %1 loge (where € — 0 is an IR cutoff) and

thus computes the a-anomaly coefficient, in the case of the .S° x S; boundary we have vol(AdS; ;) = — % f (see Appendix A) and thus the local / (R + R*) part of the

11d effective action evaluated on AdS; ; X S* is finite and linear in f.
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The large N expansion (2.7) of the superconformal index of the (2,0) theory was interpreted in [32,33] as representing the 11d
supergravity index Z\oo(q) corrected by the contributions of other BPS states corresponding to wrapped M2 branes (that here play
the role of “giant gravitons”, cf. [34]).

Below we will prove that the leading —[4 sinh? g]_l e~NP term in (2.7) or in (2.10) originates precisely from the partition function
of M2 brane wrapped on S; x §2, in full analogy with how that happened [19] for the instanton M2 brane in AdS, x s7/ Zy
background in the ABJM case.

By analogy with the familiar N =4 SYM case [35], it is possible to insert into the matrix model integral found in [21,22] a
counterpart of the Wilson loop operator W(X) = Tr eX (where X is the matrix which is the integration variable). One may interpret
(W) as the expectation value of a suitable [21,22] supersymmetric Wilson loop in the SYM theory on S (cf. [24])'? or rather
of a corresponding 2-defect operator in the (2,0) theory on S° x .S é that wraps S! of S° as well S;la' The resulting matrix model
expectation value is [21,22] (using the original Wilson loop computation in U (N) Chern-Simons matrix model [36])

Np Siﬂh% 1 1
(Wy=e2 NP — (2.11)

inh 2 2sinh £ inh 2
smh2 Zsmh2 251nh2

On the M-theory side this expression is expected to be reproduced by the M2 brane semiclassical contributions of the two saddle
points: of AdS; ; corresponding to M2 ending on § ! of the % boundary of AdS; 4 part of (1.2) (having non-zero classical action)
and of a degenerate M2 brane wrapping only § lli (with zero action). As we will show below, the fluctuation determinants near the

first saddle point reproduce precisely the prefactor [2sinh g]‘l in (2.11), which is again in full analogy with a similar computation
in the AdS, x S7/Z, case in [18].

3. Semiclassical expansion of M2 brane path integral

Our aim will be to consider a semiclassical expansion of the Euclidean M2 brane path integral near particular classical solutions in
the “twisted” version (1.2), (1.3) of the AdS; X S background. While the M2 brane action [37] is highly non-linear, when expanded
near a classical solution with a non-degenerate induced 3d metric it can be straightforwardly quantized in a static gauge. Then the
leading 1-loop result for its partition function is well defined (has no UV logarithmic divergences) [38-40,9,18,19].

The bosonic part of the M2 brane action may be written as

S =Sy + Swz Sy =T, /d3§ Ve, 8ap =0, XM, XN Gy (X), (3.1)
Swz=—iT, /d3§ ie“chMNK(X)aaXMabXNaCXK, , = 1 (3.2)
3! Qr)3,

Here Sy is the induced volume (or Dirac-Nambu-Goto) term, while Sy, represents the coupling to the C; potential of 11d super-
gravity. The explicit form of the fermionic part of the M2 brane action is also known, in particular, for the cases of the maximally
supersymmetric AdS, X S7 or AdS; x s4 backgrounds [41,42]. It can also be found for the AdSw x S§4 background (1.2), (1.3)
related to AdS; X S* by an “orbifolding” and coordinate redefinition. The 1-loop computation discussed below will require only the
knowledge of the quadratic fermionic term in the M2 brane action expanded near a bosonic background X ™ (¢) [41,39,43,17,44]

Sp= iTZ/d3§[\/§g‘”’aaXM 6T, D6 - %e”””daXMd,,XN Ty nD.0+ .|, (3.3)
8ap =0, XM, XN Gy N (XD, Gyy=EqEn. Ty =EfXry,, (3.4
D,=0,X"Dy;, Dy =Dy — 5 (VKL 4+ 8TPNKSE ok, (3.5)

AB 13
e

The action (3.1) computed on the twisted AdS; X s4 background (1.2), (1.3) depends on the effective dimensionless M2 brane
tension

A . . . - 1
where D), is the generalized 11d spinor covariant derivative [45] and Dy =0y + 714 po

T,=d’T, = =N (3.6)
V4

Thus the semiclassical large tension expansion of the M2 brane partition function should correspond to the large N expansion on the
dual field theory side.

12 As discussed in [22], representing .S° as a Hopf fibration over CP? suggests the following field theory analog of this operator: W = Tr [f}" expf ds (iA,,,)‘c’” +¢ |x|)] s
where x™"(s) wraps the Hopf fiber.
1

13 In the static gauge X? =¢% X' =0 (I =1,...,8) the natural x-symmetry gauge is like in flat space [41,39]: (1+1)8 =0, I'= m&”””z)aXMdeN 0, XXT vk Or

alternatively (1 +T"'-%)9 =0.
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In general, for an M2 solution with a non-vanishing classical action S, = T,S,, (where S, represents the total value of the sum of
the volume and the WZ term in (3.1), (3.2)) the M2 brane partition function Z expanded near this background will contain a factor
e~ = ¢~T25 = ¢=PN where p may depend on the parameter # of the background (1.2), (1.3).

Given an M2 brane classical solution X™ = XM (&) (M =1,...,11) we may choose the static gauge identifying three of the
XM coordinates with the M2 world-volume coordinates £ (a = 1,2,3) and also fix a x-symmetry gauge for the fermions. Then the
remaining 8 bosonic and 8 fermionic fluctuations will produce a f-dependent 1-loop prefactor in the M2 brane partition function Z

Z:/[dXdG] TSI = 2 e TSa 14+ 0(T; )] | Sy=T,S,, 3.7)
2 =T r, = % Y v logdet A, . (3.8)
k

where A, are 2nd-derivative fluctuation operators and v, = +1 for the bosons and fermions.

Below we will consider the M2 branes wrapped on S}i. The leading non-perturbative e~/ term in the free energy (2.10) will
be reproduced by the solution that wraps also the S? in the §* part of the metric in (1.2). We will also consider the solution that
wraps an AdS; ; part of AdS; 4 in (1.2) (ending on the big circle of ) that will reproduce the leading ¢™V# term in the Wilson loop
expectation value in (2.11).

4. S; x S2 M2 solution: matching non-perturbative free energy

Let us consider the classical M2 brane solution that is wrapped on § ‘} in AdS; 4 and S2 in the $* part of the metric (1.2). It is
an analog of the instanton M2 brane in AdS, X S7/Z, discussed in [19]. Explicitly, we may choose the coordinate y in (1.2) to be
53 (assuming now that 53 € (0, p)) and the coordinates of the unit-radius 52 to be &l and 52, with the rest of the coordinates in (1.2)

being trivial, i.e. x=0, u=0, etc.l4
The corresponding value of the classical M2 brane action in (3.1) (cf. (3.6)) is then'®

Svar =T @ vol(S) x 5% = 1T, p4z =2Np =1, @1
Swze =—iT / G = —% T,a’ /dy/\V01S2 = —% T,f4r=-N§B, (4.2)
Sa=SvatSwza=N§. (4.3)

Thus eS¢ matches the exponential factor in the leading term in the non-perturbative part of free energy (2.10).'°
4.1. Quadratic fluctuation Lagrangian

To discuss fluctuations near this classical solution we will choose a natural static gauge, i.e. set the fluctuations of y and .52
coordinates to be zero. Let us first discuss fluctuations in the AdS;, s directions of (1.2) parametrizing its metric as
1.2y
d+329 0P+ dyPdy?
_ 1.2y _ 1 2y’
d=zx9 =719
In the static gauge y = &; the 6 fluctuations y, are thus functions of £3 = £3 4 p and the unit 2-sphere coordinates. As C; in (1.3)

does not involve AdS; ) coordinates, we need to consider the quadratic fluctuation term of the .S}, part of the M2 brane action (3.1)
only. Let us introduce the notation g; ! (i,j = 1,2) for the unit-radius S2 metric so that the 3d induced metric may be written as

ds> =
AdS7 4

=026, YEVHP 4.9

ds® = g,,dE°dg’ = g, (E)dE dE) +dE¥dE g (O)dEdE = dE] +sin’ & dE . (4.5)
Then expanding to quadratic order in jy, we get
SV:Tzrz/d3§\/§(1+§fz’v+~~~), (4.6)
1 .
LD =75 [g” 0470 1" + 12 4P 4P + 1203 1" )2] : (4.7)

14 Keeping a general constant value of the coordinate u and computing the classical action one can check that u = 0 is an extremum. Note also that the shift of z by
iy in (1.2) is irrelevant at the classical level at the u =0 point.

15 Here we introduced for convenience the notation r for the relative factor % between the radii of AdS, and S* metrics in (1.1) and (1.2).

16 A similar computation in the type IIA string limit (i.e. f — 0 with & = BN = fixed) was done in [20]. Wrapping M2 on 2-sphere n times we get a “multi-
instanton” contribution S, = nN f and thus may match the subleading e™"V/ terms in the free energy F™ in (2.10). Note that if we consider an “anti-instanton”
solution with reversed orientation of the S> — S2 map the contribution of the C; term (3.2) in the action will then have the opposite sign and thus we will get
S, =2Np+ Np=3Np. This “anti-instanton” solution should not be supersymmetric and thus presumably should not be contributing to the free energy (we thank
the authors of [20] for this suggestion).



M. Beccaria, S. Giombi and A.A. Tseytlin Nuclear Physics, Section B 998 (2024) 116400

The overall factor riz here can be rescaled away by redefining y”. Expanding y, in Fourier modes in the periodic £3 coordinate we

get an equivalent 2d theory on S? for a tower of 6 scalar fields y with masses (35 — i 27”n)

1 2 2zn
+ -n“, n ==—, n=0,+1,+2,.... 4.8
475 5B (4.8)
The remaining 2 fluctuations in S* directions of (1.2) correspond to u and z coordinates which represent a 2-sphere subspace
du? + sin® udz%. Using the Cartesian parametrization for this 2-sphere!”

2 _ 2 2y_ 1
M2, =1+ = ¢

2 2
du? +sinudz? = M N (4.9)

[1+ 1(42 + B

we may use A and B as the two fluctuation fields. Rescaling them by (T,)'/? (cf. (4.6)) we then get the following counterpart of
(4.7) coming from the volume part of the M2 brane action in (3.1)

17 .
Lrv(A.B) =3 [g'f(a,.Aa A +0,B0,B)
+12(034)? +12(0;B)? — (1 +2)(A% + B + 4ir2A63B] ) (4.10)

Here the mixing term Ad; B is due to the presence of dy = d& in the (dz + idy)? term in (1.2) (cf. [17]).
For the contribution of the WZ term in (3.2) with C; in (1.3) one finds using that d;y =1 (cf. (4.2))

Swz = —iTz/C3 = éTz/cos3u(03z+ i)d&; Avolg: = —%Tz/d%: /g cos®u(l —idsz). (4.11)
Expanding to quadratic order in the fluctuations A, B we get the following addition to (4.10)
3 0, 3.
Z A,B)=——=(A"+B°)— —iAdB. 4.12
2wz A B) = 5 ( )= i A%y (4.12)

Summing up (4.10) and (4.12) gives (setting r = % and ignoring a total derivative)

%, (A, B) = %gij(diAde +0;B0;B)+ %, (A, B) , (4.13)
Z m(AB)= —%(Az +BY)+ % [(0;4)* + (9;B)*] —i Ad3B . (4.14)
: _ A+iB 7 _ A-iB
Setting ¢ = v 1) 7 we get
3 12
1 - 0 —=+03— 50 ¢
L) =5 (o ¢)< 3 1, 4 4 3)( ) (4.15)
2 —1—03— 305 0 ¢
Expanding ¢(&) in Fourier modes in & we get an effective 2d Lagrangian for a tower of complex scalars on 52 (cf. (4.8))
(o)
L) =Y, (870,4,0,6,+M; ,$,8,) . (4.16)
n=-o0
[V S NI e S SR AP 4.17)
o = 4+1nﬂ+4nﬁ— +4nﬁ+1). .

In the limit # — O the current problem should reduce to the type IIA string computation considered in [20]: the string spectrum
should be the n =0 level of the M2 brane spectrum. Indeed, the n = 0 values of the masses of the 6 fluctuations in (4.8) and 2
fluctuations in (4.17) agree with the bosonic string fluctuation masses in Table 1 of [20].

The fermionic part of the M2 brane action directly corresponds (upon double dimensional reduction as in [46]) to the fermionic
part of type IIA superstring action. In the superstring limit one finds [20] that the quadratic part of the GS action is equivalent to
8 fermions in .2 geometry with the square of the Dirac operator containing the mass term with M2 = —i. Explicitly, the 2d Dirac
operator is given by (cf. [20,19]): D = ic*D, + Mo, where o, are the three Pauli matrices with the o5 term originating from the
terms with T'j, factors in the membrane action (3.3). Its square is A; = —D? + %R(z) + M?, where R® =2 is the curvature of the

2

2-sphere. In the type IIA string limit [20] one gets M = —%i .
Starting directly with the M2 brane action (3.3), in the present case with y = x!! = £3 there are two different M5 contributions
to the fermionic D operator. One is coming from the non-zero y-component of F, field strength corresponding to C; in (1.3) that

(1= (A2+BY)P B
4 >, Z=arctan —.

17" Explicitly, u = ar —
plicitly, u = arccos Tty
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gets contracted with TV or T'!'! in (3.5). This corresponds upon double dimensional reduction to a similar term in the type IIA string

action leading precisely to the above —%i contribution to M.
In addition, there is a contribution of the I'|; d; term in the covariant derivative in (3.3), (3.5) (cf. also Eq. (4.29) in [1 91).18 This
1

gives an extra —%nﬂ contribution to the fermion mass M so that in total M = —%nﬂ -5

As a result, we get 8 towers of 2d fermions on .52 with
Y7 YR C J S S, g (4.18)
On 470 T o427 4 :
Combined with the 642 towers of bosons in (4.8) and (4.17) this represents the complete M2 brane fluctuation spectrum.

4.2. One-loop M2 brane partition function

The expressions for the determinants of the standard bosonic and fermionic massive field operators on S in the 1-loop contribu-
tion in (3.8) are well known. In general, using spectral zeta-function regularization one has logdet A = —¢,(0)log A> — ¢ 3(0). Like in
[18,19] the total coefficient {4 (0) of the log UV divergence vanishes if we use the Riemann zeta-function regularization of the sum
over the modes (that removes power divergences)

L) =) 2=2+4L(0)=0. (4.19)
nez

Here the coefficient 2 is related to the value of the Euler number of S? (cf. [47]). The finite - L(O) parts of logdet A for the bosonic
Ay = —D? + M?) and fermionic (A 1= D2+ % + M?) fields on S? are given by (we follow the notation in [20,19])
2

logdet Ay =51 (5 = M%), logdet A} = so(~M?), (4.20)
2 2
U
5,(1) = =4 (=1, p) + / dx [wp+ Vo +wip- V)| | @.21)
0

where ¢’(x, a) is the derivative of the Hurwitz ¢-function over x and y is the logarithmic derivative of the I'-function.
As a result, combining together the contributions of the above (6+2) bosonic and 8 fermionic determinants and summing over n
we find

2rn v2 iv\2 1 ivy2
FIZ%U(T), U) =35y (= 5) 451 (1= 57) sy (G = 57). (4.22)
ne.
Using (4.21) we observe that'®
U@)=ir—2log2, U(v)+U(—v)=—410g2+210g(1+v2), v>0. (4.23)

Thus, like in the case of the instanton M2 brane solution in AdS, X S7 /Z, in [19], all non-trivial y-function dependent terms from
(4.21) cancel out in the sum of the bosonic and fermionic contributions?® and we end up with

> 2.2
Fl:iﬂ—210g2+2[—410g2+210g<1+4” d )]
n=1

ﬂz
_. By Y
=ir—2log2(1+ 2§R(0)) +2log (2sinh §> =log ( —4sinh E) (4.24)
As a result, the 1-loop factor in the M2-brane partition function (3.7) on this M2 instanton background is given by
Zy=eT1 = 1 (4.25)
4sinh? £

Taking into account that, as discussed in [19], the field-theory free energy should be matched by minus the M2 brane partition
function, we thus reproduce the prefactor in the leading non-perturbative term in the free energy in (2.10). This generalizes to finite
P case the matching found in the string theory limit in [20].

18 To find the quadratic fermionic term in the M2 brane action what matters is the form of the classical bosonic X (£) background that gives the induced 3-bein
contracted with I",. In the present case this is coming from the y-dependent terms in the metric (1.2). On the classical solution u =0, x =0, y = ¢!, the only term

that is relevant originates simply from the dy* term in (1.2).

19" Recall that Cl’{(—l) = 11—2 —logA and ¢’(-1, l) = —% - % log2 + % log A where A is Glaisher’s constant.
20 Note that these cancellations would not happen if we were to ignore the z — z + iy twist in the metric (1.2) which appears to be consistence with its need for

preservation of supersymmetry.
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5. AdS; g M2 solution: matching Wilson loop expectation value

In analogy with the discussion in the AdS, x .S7/Z, case in [18], the leading term in the circular BPS Wilson loop expectation
value in (2.11) is to be reproduced by the M2 brane partition function expanded near the solution that ends on a circle of the S°
part of the boundary and is also wrapped on the 11d y-circle of AdS; ; while being point-like in S§* part of in (1.2). This should
generalize to the M-theory (finite f) level the related computation done in the type IIA string theory limit in [15].

Denoting by ¢ = ¢ + 27 the circular coordinate of S, the relevant AdS; 5 C AdS; ; part of the metric (1.2) and thus the induced
metric for the classical M2 solution x = &!, ¢ =¢£2, y= ¢ = £ + g will be that of “thermal” AdS;

ds% asy, = dx® +sinh® x d@? + cosh® xdy* — g,,(£)dEdE = d&} + sinh? &, d&3 + cosh® &, d&7 . (5.1)
The corresponding classical M2 brane action gets only the volume contribution (3.1), i.e.

Sy =Ty vol(AdS; 5))=—-Np . (5.2)
The computation of the regularized volume of AdS,,. ; with boundary .S -l § ; is reviewed in Appendix A. Explicitly,

2r XxQ

p

vol(AdSM):/dy /d(p /dx sinhxcoshx =frx sinhzxozinﬂ(iz—2+e2) —>—%7rﬂ, (5.3)

&
0 0 0

where we set x, = —log e as IR cutoff (¢ — 0) and dropped power divergence. Using (3.6) we thus get the value in (5.2) which indeed
matches the exponent of the first term in (2.11) (see also [48]). The second term in (2.11) may be expected to come from an M2
brane solution with vanishing 3-volume but this remains to be clarified.

5.1. Quadratic fluctuation Lagrangian

Choosing the static gauge in which the fluctuations of x, ¢ and y are set to zero one can check (see below) that since the classical
solution is trivial in the S* directions, the only contribution to the quadratic fluctuation action comes from the volume part (3.1) of
the M2 brane action.

The part of the quadratic fluctuation Lagrangian depending only on the AdS; ; coordinates in (1.2) is represented by the four s5°

directions that have trivial classical values. Parametrizing the .S° metric as?'

(1= gu?)?
dSs 2 d¢?

+ dw.dw,
= @ .
(1+ fu?)? (1+ fu?)?

r=1,...,4, (5.4)

and expanding in powers of w, we get from (3.1) (we rescale away the overall factor of tension)

1 .
Spv(w) = / d3£+/gg sinh? &, (9,w, 0w, — 8,98, w?) . (5.5)
Setting
1~
= , 5.6
sinh &, wr (5.6)

and integrating by parts we get
~ ~ ~ 1 ~ ~ ~ o~
Sy y (W) = / d3E\[g L,y (), Z,y(0) = E(ga”aaw, 0,10, + 3i0,1,) . (5.7)

To find the contribution of the other 4 bosonic fluctuations corresponding to S#4 directions in (1.2) we note that the leading part
of the $* metric expanded near u =0 is i[du2 +dS, + ur(dz + id§3)2]. Using Cartesian coordinates (A, B) to parametrize the (u, z)

plane and v, (k=1,2) for S2 ie.

. duidvoy
A=ucosz, B=usinz, d52=71, (5.8)
1+ sz)z
we get the quadratic fluctuation Lagrangian (rescaling all 4 fields by factor of r = % ; here i, j =1,2)%?
%,y A, B) = lg“”(a 00y +0,A0,A +0,B0,B) — 11 p2ypys 2 Ad;B
’ 2 ‘ ‘ ‘ 2 cosh? ¢, cosh? ¢,

2 Same result for quadratic fluctuations is found if we use the Hopf fibration parametrization of the S° metric, i.e. S5 = (d¢' + A)> +d Sf:p? where A depends on
CP? coordinates.
22 Explicitly, we use that / d3¢ sinh&, coshé; —L—[(034)2 + (93 B — A% — B2 +2i(A0, B — By A)] = [ d3¢ /g % [(9;4 — iB) + (05 B +iA)?).

cosh? &,

9
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= %( 0,000 + 8 (0,A0, A+ 0,B0; B) + g [(9;A — iB)* + (03B + iA)Z]). (5.9)

Note that the (A, B) mixing term may be formally diagonalized by a &3-dependent “rotation”

A=cosy X +sinyY, B=-—sinyX+cosyY, w=i&, (5.10)
(034 —iB)* + (03 B+ iA)? = (0;X)* + (0;Y)%. (5.11)

Since 53 is periodic, this redefinition is only formal as it shifts the value of the .S ; mode number (cf. (4.8)) as n Ml + i and this
should be taken into account.

Indeed, here we have a coupling of the complex scalar A +iB to a constant 3d gauge potential with the component A; = —i in
the S ﬁl direction which can not be gauged away.?? Its origin is related to the presence of the twist z — z + iy in the metric (1.2). This
shift is similar to what we found in the S* part of the fluctuation Lagrangian (4.17) in the S? instanton case where n, + 2i rather
than n_ + i was due to the contribution of the WZ term.>*

Finally, let us note that the C; coupling term (3.2) evaluated on the background (1.3) gives
dvy Aduv,

— 12 (5.12)
(1+ 202 + )

SWZ:—iTZ/C3:éT2/cos3u(dz+idy) A

Since y = &3, expanding to quadratic order in the fields projected on the world-volume this reduces to a total derivative term
ek ov,0 ;u; and thus does not indeed contribute to the leading order.

As for the fermionic fluctuation Lagrangian, it can be found by a generalization of its string theory (# — 0) limit discussed in [15].
We should get 8 fermions in AdS;; with D = ickD; + Mo, where M = % The 05 derivative term in D, produces (upon Fourier
expansion in £3) a mode number #n _ contribution as in (4.8), (4.18). Also, as in the case of the (A, B) fields in (5.9), here the covariant
derivative contains (in addition to the standard AdS; 4 spin connection) a constant U (1) potential term, reflecting again the presence
of the twist in the metric (1.2), i.e. we have (cf. [17])

Dy=0;—ifly+..., Ay=—1i. (5.13)

5.2. One-loop M2 brane partition function
The fluctuation Lagrangian represents a collection of massive bosons and fermions propagating in AdS; 4, i.e. in “thermal” AdS;

with ST x S 27 boundary. The expressions for the corresponding determinants are well-known from the literature (see, e.g., [49-511]).
For a scalar field with mass M one finds [50]%°

had —pnA
F(A)(ﬂ) = % logdet(—D2 + M2) =E.(A)p - Z H(IQ—T")Z s (5.14)
n=1

A=1+VI1+M2. (5.15)

Here A is the conformal dimension of the “dual boundary field” and E, is the Casimir energy
-

— 1 r z—1 pa _ L _ _ 2
E,(A) = e /dﬁ [ el ;A=D1 -4a+24%). (5.16)
0

For f§ — co we have T®(f) = E_(A) f + O(e~#2), while for § — 0 one finds (see Appendix B)

Wpo_ B PA-D 1s_ 2
e = 2 + % G(8)+ 55— 124 +6A%) logp
(1 —20A +50A% —40A3 + 10A%) , 4
* 2880 B=+ 08", (5.17)
B(A)=(A—1) %log(Zﬂ)—logF(A) +¢'(-1,A). (5.18)

We still need to address the following subtlety: the scalars A, B in (5.9) are not just massless scalars in AdS; ;4 but are coupled also
to a flat but topologically non-trivial U(1) gauge potential in & direction that leads to a shift n; =n, + i of the S}) mode number. To

23 Equivalently, this is the SO(2) gauge field coupled to ®, = (A4, B) via D;®, = 0;®, + £,,A;®,, cf. [17].

24 Again, the origin of this shift can be traced to the structure of the metric in (1.2): in view of the definition of A, B in (5.8), redefining z — z + i&; translates into
the rotation (5.10).

% This expression was found in [50] (for the Casimir contribution see [52]) by applying the method of images to the heat kernel for the thermal quotient of AdS;.
1t is rederived in an alternative way in Appendix C below by using the explicit expansion in modes along the two boundary circles .S' x S’f , ¢f. (C.17).

10
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account for the effect of such coupling on the scalar determinant we may use the path integral representation for the log det or heat
kernel of the fluctuation operator in (5.9) defined on the complex scalar A + iB in which the coupling to a background 3d gauge
field A, appears as a phase factor exp[i [ dt A - x]. For constant

Ay =—ik (5.19)

this gives a factor of e"<P where m is the number of times the worldline x(z) wraps around the thermal circle (in (5.9) we have
k = 1). This implies the following modification of (5.14)

- 1 e PnA(e=hK 4 ofr)

1 1
o gy = LIpao gy 4+ re-op] = E.(A g - L e re ) 5.20
()] 3 () () (A, K)p 240 (—ete (5.20)
E (A k)= %[EC(A +K)+ E(A—K)] = i(A — 1)1 —4A +2A% +6K7) . (5.21)
This is derived directly using the S' x .S ;, mode expansion in Appendix C, see (C.25).
The determinant of the squared massive Dirac operator in AdS; 5, i.e. A} =-D?+ %RG) + M?, where R® = —6, is given by the

same expression as in (5.14) but instead of the relation between A and M in the scalar case in (5.15) here one has (see, e.g., [53])

A=1+|M|. (5.22)

Eq. (5.22) is the d =3 case of the standard AdS,/CFT,_, relation for the fermions A = dT_l + | M| (see, e.g., [54]).2° The generaliza-
tion to the case of the presence of a constant gauge potential A; = —ik is straightforward as this coupling is via the D; term in the
covariant derivative and thus the same as in the scalar case. It is given again by (5.20).

We are now ready to compute the total contribution to the 1-loop effective action (3.8) in the present case. According to the
discussion in the previous subsection we have 4 scalars with M 2 =3 in (5.7), 2 massless scalars v, in (5.9), two scalars (A, B) in
(5.9), (5.11) with M%2=0 coupled to a constant potential (5.19) with k¥ = 1 and 8 fermions with M = % coupled to (5.19) with k = %
(see (5.13)).%7

Thus we get from (5.14), (5.20)

Iy = 4700(9) +210(p) + 20D (p) - 8152 (p)

_ﬂ = e P _ B -8\ _ .. P
—5—27—5+log(1—e )_1og(2smh§). (5.23)

Like in other similar cases of supersymmetric M2 brane 1-loop effective actions we observe remarkable cancellations of all “compli-
cated” contributions that happen in the sum over all fields.?®
The final result for the “defect” M2 brane 1-loop partition function is very simple

1

2= —,
2sinh§

(5.24)

and thus matches the prefactor in the leading term in the Wilson loop expectation value in (2.11).
6. Summary and concluding remarks

Let us summarize what we have found above. We considered the semiclassical expansion of the M2 brane partition function Z (3.7)
in the 11d background AdS; 5 x S§% (1.2), (1.3) which is an S;’-compactiﬁed and “twisted” version of the maximally supersymmetric

AdS; x S* limit (1.1) of the multiple M5 brane solution of 11d supergravity. The main dimensionless parameters are f§ (the ratio of
the length of 11-circle to the scale a of AdS; in (1.1), (1.2)) and the effective M2 brane tension T, (or N)

1

= pye a=2xN)'3¢p . 6.1)
P

T, =a’T, = %N, T,

2 In general, for a spin s field in AdS; with the operator —Df + 4% one has A =1+ 4/p2 + s+ 1. Thus for s = % we get A=1+44/p>+ % Since here y? =
iR‘3)+M2:—% +M?>weget A=1+|M]|.

27 Note that the corresponding values of A with multiplicities 4, 4 and 8 are 3, 2 and % This hints at an effective 3d supersymmetry, but its realization for the
above system of 8+8 scalars and fermions on AdS; ; should be non-trivial as it appears to require the presence of the flat connection in scalar and fermion covariant
derivatives originating from the twist in $*.

28 One may draw an analogy of these cancellations with what happens in the case of supersymmetric partlition functions on S' x S¢ that are equivalent to

q

superconformal indices and thus effectively receive contributions only from BPS states. Indeed, the prefactor el of the M2 brane instanton contribution

e N’ in (1.5), (2.7) that we reproduced as the M2 brane partition function in (4.25) may be also interpreted [3~2] as the superconformal index of k = 1 abelian
ABJM theory [55] or as a supersymmetric partition function of a single N = 8 3d scalar supermultiplet in Sﬁ' x 8% background with extra twist on S? required for
supersymmetry (i.e. corresponding to the presence of rotation generator in the definition of the 3d superconformal index). Similar relation may somehow apply also
to the WL computation in this section.

11



M. Beccaria, S. Giombi and A.A. Tseytlin Nuclear Physics, Section B 998 (2024) 116400

Our first example was the “instanton” M2 brane solution that is wrapped on S}i of AdS; 5 and 52 of §*. We found that in this case
(see (4.1)-(4.3), (4.25))

SyxS*: Z= 1 oms [1+o(T;h)] . Sy=0- %)frﬂz %nﬂ . (6.2)

(2sinh 2)?

We also studied the “defect” M2 brane solution wrapped on the “thermal” AdS; 4 part of AdS; ; that corresponds to “open” M2 brane
ending on the S! x .S ; at the boundary of AdS; ; (thus representing a Wilson-surface like “defect” in the (2,0) theory that generalizes
the circular BPS Wilson loop in gauge theory).?° In this case (see (5.2), (5.24))

_ 1
=—
2sinh 3

AdSsp:  Z PS4+ 0T, Su=-3np. (6.3)

It is useful to compare these results with what was found in [18,19] for similar M2 brane solutions in AdS, X S7 /Z; M-theory
background dual to U, (N) X U_,(N) 3d Chern-Simons-matter ABJM theory [10]. This 11d background is the supersymmetric Z;
orbifold of the AdS, X .S 7 which is a limit of the multiple M2 brane solution of 11d supergravity (cf. (1.1), (6.1)):

2 _ p2/1 2 2
dsl =R (stAdSﬁdsS%), (6.4)
2 2 2 _ _ 2
dsS7/Zk=dsCP3+(dy+A) s y=y+b, b:r, (6.5)
3. 1/6 V2k
Fy=—3iR volsgs, s R=(322°Nk) "¢p . T, =RT, = T\/N. (6.6)

We are assuming the Euclidean signature and A depends on the 6 coordinates of CP. Here the dimensionless parameters are k and
N, or b and the effective tension T,.

The M2 brane “instanton” solution considered in [19] is the 11d uplift of the IIA string CP! instanton of [56]: it is wrapped on
the 11d circle y of dimensionless length b = 27” and on CP!' ¢ CP3, so that it has the $3/Z, world-volume metric. In this case one
finds for the M2 brane partition function [19]%°

Sz, 0 z=—L e MSaflrom]. Sy=volst/z =xb= 2. 6.7)
(2sinb)

This corresponds to the leading edﬂ@ term in the large N non-perturbative part of the localization result [57] for the free energy
of the ABJM theory on S3.

Another M2 brane solution in (6.4) considered in [58,18] has world-volume of AdS, X .§ 1 /Z, where S /Z, corresponds to the
y-circle in (6.4) and AdS, C AdS, has the S! boundary. It may be interpreted as a dual of the circular BPS Wilson loop in the ABJM
theory. In this case [18]

1 2

Z= 53— S [14+ 03], Sy = tvol(AdSyb=—1zb=—-Z (6.8)

AdS, x S'/z, :
2N
This matches the leading large N term [2sin %]‘le”\/; in the localization result [59] for the %-BPS Wilson loop in the ABJM
theory, in the limit of large N with k fixed.

Comparing (6.2), (6.3) with (6.7), (6.8) we observe close similarities. This suggests some relation by analytic continuation of
both the backgrounds and the M2 brane solutions. Indeed, the maximally supersymmetric AdS, x S* and AdS, x S7 backgrounds are
related by a formal analytic continuation (like the one between AdS, and S”, i.e. dx? +sinh® x dS,_; = —(dr? +sin’rdS,_,), r = ix)
and the same will apply to the M2 brane actions in these backgrounds.

The compactification y =y + g of the circle in AdS; ; part of (1.2) suggests an analogy with the discrete orbifolding y=y +b
in .87 /Z, part of (6.4) and thus a similar role of § and b, which is indeed evident from the comparison of (6.2), (6.3) with (6.7),
(6.8). Such analytic continuation suggests that the “instanton” Sll7 x S2 M2 solution in AdS; 5 x S§* may be related to the “Wilson

loop” AdS, x S'/Z, solution in AdS, x §7/Z,, and vice versa, the “defect” AdS; 4 solution in AdS; 5 X S* may be related to the
“instanton” §°/Z,, solution in AdS, x S7/Z, .

29 The similar AdS, “defect” M2 brane solution considered in [9] has S? boundary instead of S' X S [‘, and thus has logarithmically divergent classical action related
to the defect conformal anomaly.

30 Here we ignore the overall factor 4 that accounts for contribution of the anti-instanton saddle and also for the effect of resolution of the 0-mode degeneracy (see
[20,19]).

31 The factor of 2 mismatch in powers of sinh/sin prefactors in the corresponding M2 brane partition functions may be related to the fact that the analytic
continuation maps a world-volume with S' times a 2-sphere topology to S' times a disk (AdS,) one.
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Still, some details do not match: the Z, orbifold of S7 in the Hopf fibration parametrization is not equivalent to an analytic
continuation of an orbifold of AdS; with % x S! boundary.>? Also, there is no analog of the z — z + iy twist in AdS; X S$%in (1.2)
on the AdS, X S7 /Z, side. Thus the reason for the close similarity between the expressions in (6.2), (6.3) and (6.7), (6.8) calls for
further insight.
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Appendix A. Renormalized volume of AdS,,,; with boundary $?"~! x S1

As is well known, the regularized volume of global AdS,,,, with $?" boundary has logarithmic IR divergence, vol(AdS,,,;) =
- 2(_:1# log e (where € — 0); in particular, vol(AdS,) = ”% loge (see, e.g., [61]). At the same time, in the case of $?"~! x.S! boundary
the volume contains only power divergences and thus is finite after one drops them. This is analogous to the case of AdS,, with

527=1 boundary where vol(AdS,,) = %

To find the volume of AdS,,; with $?"~! x S! boundary®?
ds2=dx2+sinh2de2n_1+cosh2xdy2, y=y+2rx. (A1)
Let us introduce an IR cutoff 0 < x < x;) in the volume integral
X

vol(AdS,, 1) = vol(§?"~1 x 1) / dx coshx sinh?"~! x = vol(S?"! x S 2i sinh? x,). (A.2)
n
0

A natural cutoff is r = €2 — 0 in Fefferman-Graham coordinates ds” = ﬁdr2 + % &mn(X,r)dx"dx" which is related to x, as x; =
n+l

—loge.>* Dropping Eik power divergences in (A.2) and setting € — 0 gives (using that vol(S") = 12{'” +21)
2
1

1 —g2)2n =D'T(n+ 3) —1)r gt o)

VOI(AdS,,, 1) = vol(s2 1 x sy L€ yopis2n1 51 2 DT En)t (A.3)
22n+1 p £2n n2 \/;F(n) 22n-1 (n!)3
In particular,
3 4

vol(AdS;) =—7%,  vol(AdSs) = % vol(AdS,) = —54L8 . (A.4)

32 The S7 metric can be parametrized as Z:' Z,=1(r=1273,4) with Z, =YW, where y =y + 27 and W:W, = 1 parametrize CP? so that (see, e.g., [60])

ds, = dsép,; +(dy + A)?, where A depends on CP? coordinates. Alternatively, we may set Z, =cosre”, Z, =sinrU, (i=1,2,3), U;U,; = 1 where U, parametrize 5.

Then the S7 metric is d.S; = dr? + sin® rd S5 + cosh” rdy*. To relate this to the first Hopf fibration parametrization of the metric we need to redefine U, by ¢/ and
identify y with y. Then the orbifold of y will act also on .S°. But orbifolding y = y + b in the second form of the metric does not act on .S°. Thus the two orbifolds are
not equivalent.

33 This space may be viewed as “thermal” AdS,,,,, i.e. is obtained from Minkowski signature AdS,,.,, by analytic continuation and periodical identification of the
Euclidean time.

S . . . . =D'T@+5)
3% For comparison, in the case of AdS,,,; with S> boundary, i.e. ds> = dx? +sinh’ xd S,,, we get /" dx sinh® x = \/_Tn“)
Rt

of sinh x,, leading to powers of él and subleading finite terms. Multiplying by vol(S?"), one gets vol(AdS,, ) = — 2(7}1—:”" loge.

X+ -+, where dots stand for powers

13
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As an application, let compute the value of the 11d supergravity action on AdS; ;5 X S* of radius a where f is the length of the .S
circle y as in (1.2). Compactifying on S* (that has radius g) we get

1 a
Sn=-7% (5)* vol(s™) / d’x1/g (R7 =2A), 267, =2n)*¢), . (A.5)
11
where for the AdS, solution one has R7) = —%, A=—22. Since vol(§*) = &=, we get

I

9871'

— 4
S = (2 )8(7) ( )(— IZ)EVOI(AC[S7) ox )8 f p vol(AdS;) . (A.6)
Using (A.4), i.e. vol(AdS;) = —=—, and (1.1) implying (—)9 =2%23 N3 we end up with
S = _iN3ﬁ (A7)
n="5 . .

The same result is found also for the “twisted” AdS;, 5 X S4 background in (1.2) (the shift z - z+iy along the 4 isometry z-direction
does not change the value of the 11d volume form ~ dy Adz A ...). At the same time, the leading large N term in the free energy in
(2.9), is Fllf]e" = —éN3ﬂ + ..., so there is a 5/4 mismatch with (A.7).

This discrepancy was noted in [62,48], see also [63]. A way to resolve it at the level of 7d gauged supergravity with extra (non-
invariant) counterterms was suggested in [30]. It is unclear at the moment how to reach the same conclusion directly at the level
of 11d supergravity action, i.e. to see how the leading-order term can distinguish between the standard and “supersymmetric” free
energy. One may contemplate adding some non-invariant boundary terms, but this issue needs further clarification.

Appendix B. f — 0 expansion of scalar free energy in thermal AdS; 4

Here we discuss several methods to compute the small § expansion of the non-Casimir part of the scalar log det in (5.14), i.e. of
the function

o nA
— q —B
A=) ———, =e, A>2, B.1
F(B;8) ;n<1_qn)2 q ®.1)
that can be written equivalently as
FB;0) == log(l =g ) == 3 (n+ Dlog(1 - g"*2). (B.2)
£,6'=0 n=0

The first method is to expand f in (B.1) at small f and sum the terms using Riemann zeta-function regularization (i.e. multiplying
by »n®, summing, and taking the finite part of the s — 0 limit). This gives

(@) 2=1+4)

O: fB:A)= T I + —yE(S —12A+6A%) + —( 1+ A)(1 —4A +2A0%)8
( 14 20A — 50A% +40A% — 10A%) pe
2880
(=5 +42A + 63A% — 420A3 + 525A% — 25205 +42A%)
B.3
* 3628800 pt (B:3)

The constant y term is regularization dependent and is related to the dropped pole ~ l.
Another method is to expand f in (B.2) at small g, multiply by (n + A)*, sum over n and then take the finite part of the s — 0
limit. This way we obtain

a: (B A)=B(A) - i(s —12A +6AY)log  + 21—4(—1 +A)(1 —4A +2A%)p

( 1 +20A — 50A2 +40A% — 10A%) P

2830
- 2 _ 3 4 _ 5 6
L (C5+42046307 - 42007 + 5250 - 2520° +424°) 1y B.4)
3628800
B(A) =(A—1)| = log(27r)—10gF(A) +¢(=1,A). (B.5)

Comparing to (B.3), we see that we miss the — ﬂ and — terms and the yg term is replaced by the log f term.

14
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A rigorous (third) method is to follow [64].%° Starting again from (B.2) and differentiating over § gives

(B A) = Z (n+1n+ A) Z Z(n + 1)+ A)e~Atnmp (B.6)

A
eld+mh — n=0m=1

Now using that e™ = z—m, fc dsx~5T'(s) (where the contour C is along the imaginary axis with large enough real part of s) gives the
Mellin representation

1 g =S =S p—S 1 -
Fl(BA) = ﬁ/ds"zo ZI(A+n) mSBST(s)(n+ D(n + A) = E/dsﬂ G(s), B.7)
c =um= c
G(s)=T()E(=2+5,A)+ (1 =A)(=1+5,A)]{(s). (B.8)

Closing the contour to the left we get for the § — 0 expansion (up to exponentially suppressed terms denoted by dots)

TRUANES —ngosgggn(ﬂm(s)) +. (B.9)

Integrating this over f gives

(B #@a-1 1

:  f(B;A)=FB(A)+ == T —(5 12A + 6A%)log B
1 ) (=1420A — 50A2 +40A3% — 10A%) ,
+ —=(-1+A)1-4A+2A°)+
24( X b 2880 b
—5+42A + 63A% — 420A3 + 525A% — 252A° + 420
+ ( + + + + )ﬂ4+ .- (B10)

3628800
where €(A) is yet undetermined integration constant. By doing numerics, we found that (B.10) is the correct expansion with € (A)
being the same as in (B.5). The expansion (B.10) reproduces the two singular t% and % terms in (B.3) and the logarithm in (B.4).

For example, this gives for A =3

{3 2

2 A) 23 78 12182 251p%
g 3P

— 1
o ogf+

-= e B.11
12 12~ 2880 ' 725760 (®.11)

1
f(p3)=>>> +E(1—1210g

Appendix C. Scalar determinant in AdS; z from expansion in modes on S1x S[Ii

Here we derive the expression in (5.14) by directly expanding in Fourier modes in the two S x S}, boundary angles.® Let us

start with the scalar operator K= Ay= —D?+ M? in the AdSM metric (5.1) in the explicit coordinate form (here M 2=A(A-2)as
in (5.15))

K= —mal(sinh & coshéa)) — sin;2 : 9 - COS;Z - 03 +AL-2). (€.
Redefining &, — % p and expanding in modes so that d, — im, d; — inlj =i %”n, we get a “radial” 1d operator
4 d d m> " 2
mn =~ smhpdp< 1nhpd—p>+Sinh2§ + th +A(A-2), nﬁ=7n, nmeZ. (C.2)
By applying the Gelfand-Yaglom theorem (see, e.g., [65]) we have
o8 jz:g = im log Z::EZ; ©3)
K Vnn =0, Wpa(9) = p" 4 )
The solution of (C.4) is
Wnn(p) =2 (tanh g)lml (cosh g)*A ,F, ( A |n12| —% A |mz| oy Im], tanh? g) (C.5)

and as a consequence of (C.3)

35 Another rigorous approach is based on the temperature inversion relations as in [49].
36 As usual, the determinant will be defined using analytic regularization so that power divergences will be ignored (there is no logarithmic divergence in the present
3d case).
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det K (5 + 2y
°F G Ry = T T 7N C6)
et Ko r+ 2 —ibyr + 2yl
Thus
n n
(g = -1 1 M;i) (é Im| ~_ﬁ>
B = logdetK Z log det K,,,, Z [ ( i )r(Z+ 5+ ). €7
n mezZ
where we dropped n-independent term as ), ., 1 =1+ 2¢{z(0) =0. As in [66] we may use that
© 2
log [[(x + iy)T(x — iy)] =2log[(x) - Y log [1 + L ] (C.8)
= (x+ k)
Then from (C.7) we get
"2
F(A)(ﬂ) — 2 lOg [ 7] (Cg)
néZI;) (A + |m| + 2k)?
The set |m| + 2k with m € Z and k € N, can be replaced by a sum over k € N, with multiplicity k + 1. Thus,
g = Z Z(k +Dlog [1 + ] (C.10)
2= A+ k)2
The n = 0 term vanishes and separating the divergent part of the sum over n we get>’
(D) gy — T(A) (&)
&) = rdiv B +TLP) (C.11)
2
(A) (A) _ (A + k)
rdw(ﬂ)_ZZ(kH)log " k)2 ram = ZZ(k+l)l [ ) (C.12)
n=1k=0 n=1k=0 ,,
Computing Ffjlv)(ﬂ) using again the Riemann zeta-function regularization gives
2 (o] (s8]
(8) 2
r = k+1 lo k+1 —2log(A + k) +2log — +2logn
()= Z( )E e k)2 ZB( )Zi[ 2(A+K)+2log = g
2r <
= Z(k + D[log(A + k) — log == +log(27)] = Z(k + D[log(A + k) +1og 4] . (C.13)
k=0 p k=0
Here the sum over k£ may also be computed using zeta-function regularization but it is useful not to do this before combining it with
A
T8 ).
Since
Z log (1 + ”—2) = log SMBCTD) _ 1 og(ra) — log2 + log(1 — e=27) | (C.14)
= n ma

we find that I'g)(f) in (C.12) (here for a= 5-(A + k)$) may be written as

reg
0= Y+ 1) |58+ K08 = log((A + b)p) +log(1 — e 00, C15)
k=0
Adding (C.13) and (C.15) gives

r®@ =15 Y k+ DA +k) + Y (k+1log (1 - e—<A+’<>ﬁ). (C.16)
k=0 k=0

Doing the sum in the first term using Hurwitz zeta-function regularization gives finally the expression [50] equivalent (cf. (B.1),
(B.2)) to the one in (5.14), (5.16)

F(A)(/})— (A—1)(1—4A+2A2)ﬂ+2(k+1)log(1— gty (C.17)
k=0

37 Note that here the “reg” part may still contain a divergent contribution from the sum over k (see below).
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Note that in the f — 0 expansion the first “Casimir” term cancels against the linear in § term in the second term in (C.17) (see
(B.10)).

C.1. Including the twist 03 — 03 — k or n,=n, +ix

Let us now consider the determinant of the scalar operator including the coupling to the flat gauge potential in the &> direction
(5.13), (5.19), i.e. 03 = d; — k or n,—n + ik where n,= % Repeating the above calculation with n,—n + ik we get in (C.14)

ne%log(HZ—z) Zlog(l+(n+lﬂk)2> (C.18)

where the sum can be computed using

sinh?(za)
1 =1 1-— . 1
Z 08 ( (n+ lb)2 ) o8 | sinhz(zrb) 19

nez

This leads to the following modification of the expression (C.11), (C.12) for the determinant in (C.7)

(n +iKk)?
rE9@) =T @ +TE0B TP 0) = Z Z(k +Dlog ———, (C.20)
= (A +k)
0 ((k+A)ﬁ)
r&og) ==Y (k+ Dlog | ———— - 1|. (C.21)
e é) ¢ [ sinh?( &) ]

This can be written in a form similar to (B.1) as follows. For the divergent part of the sum over n we get (ignoring again a sum of a
constant assuming ¢ regularization)

re = Z(k+1)[10g(ﬁ )+210g (n+z—) +Zlog[(n—z—)2]]

k 0
1y px? 4r . Px pr
=3 I;)(k +1) [log(m) +2log ( Ix sinh > ] kzo(k + 1) log(2sinh —) (C.22)
Using that
sinh? 48
log| ——=—— - 1] = —2log(2sinh ”K) + Bk + A) + log[(1 — gFFAT) (1 — gF+A)] (C.23)
sinh? Kﬁ
for the FECAg’K)(ﬁ) part we get3®
[so]
r&oe) = Z(k + 1)[ — 2log(2 sinh ”TK) +plk+A)+ Y log(1— qk+Aﬂ)] (C.24)
k=0 +

:—Z(k+1)10g(251nhﬁK)+—(A—l)(1—4A+2A2+6K2)ﬂ+12 2 log(1 — g +¢/+A%x)

= + /=
:—Z(k+1)log(25mh ﬂ—)+ _(A—l)(l _4A+2A2+6K2)ﬂ— Zz 1 qn(A+K)
k=0 2 ‘n(1- (I—g?’

Adding together (C.22) and (C.24) we finally get the finite expression quoted in (5.20), (5.21)

1 1 s 1 qn(A+K) 1 1 qn(A—K)
FAOp) = —(A-1D(1—4A+202 462 Y =——— - Y =~ .2
()= 57 (A=1)(1 =42 +24% +6x7)f 22‘,”(1_”)2 22‘,”(1_”)2 (C.25)
=1 q n=1 q

The small # expansion of I'"4*)() can be found as in (B.1), (B.10):

W SO _T@A-1 L5z 2 4 62 Ry 2

a0 p) = > = €A, 1)+ T5(5 — 128+ 647 + 667) log § ’;Gzn(A,K)ﬂ", (C.26)
where

38 The Casimir term is computed by splitting A = %(A +K)+ %(A — k) and using Hurwitz zeta function regularization, i.e. introducing a factor (k + A + x)* and
dropping singular terms in the limit s — 0. B
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(A K) = %[G(A +K)+EA - 1), €.27)
—1+20A — 50A% +40A% — 10A* | 1 N
Cy(A, k) = +—(-5+12A-6A -—, C.28
28.5) 2880 28" LT (€.28)
=5 +42A + 63A% — 420A3 + 525A% — 252A° + 4246
Cy(A,x) =
3628800
N (1 —20A 4+ 50A% — 40A3 + 10A%K2 (5 —12A + 6A%)k* K6 (C.29)
57600 34560 86400 ’ )
C.2. Alternative derivation by Poisson resummation
An alternative way to derive the expression for the log det in (C.7) is to apply the Poisson resummation trick
o
3 rm= Y Fe, fer=stn= [ anpoeen (€30)
nez [4=74 oo
Since
2
5 [log(1 +a*n?)] = - exp(— M), (C.31)
171 al
this gives
I v v 1
e =1 k4 1)L e-le1@+hp C.32
®) 2;2(+)|f|e (C.32)
€Z k=0
If we separate the # =0 term, we obtain
') =“¢ =0 term” + Z(k + 1)log(l — e &+R78y, (C.33)
k=0
This can be generalized to the case of a non-zero x-shift using that
F[log(l + a*(n + ib)*| = e**** Fllog(1 + a*n*)], (C.34)

which leads to the last term in (C.24).
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