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ABSTRACT
A practical ab initio composite method for modeling x-ray absorption and non-resonant x-ray emission is presented. Vertical K-edge exci-
tation and emission energies are obtained from core-electron binding energies calculated with spin-projected ΔHF/ΔMP and outer-core
ionization potentials/electron affinities calculated with electron propagator theory. An assessment of the combined methodologies against
experiment is performed for a set of small molecules containing second-row elements.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0178052

I. INTRODUCTION
Spectroscopic analysis using x-ray and electron sources

provides rich information on the characteristic properties of
materials.1–3 Techniques, such as x-ray photoelectron spectroscopy
(XPS), probe the valence and core-level energy signatures for a
local chemical environment via ionization. Core-excited states are
accessed with x-ray absorption spectroscopy (XAS) and inner-
shell electron energy loss spectroscopy (ISEELS). Non-resonant
x-ray emission spectroscopy (XES) measures the radiative decay
of an outer-core electron into a core hole formed upon ioniza-
tion. Advances in x-ray techniques such as these have seen ancillary
development of theoretical methods for interpreting core spec-
tra, which is critical for studying ultrafast chemical reactivity and
dynamics.4–7

Historically, quantum chemical methods for modeling core-
ionization often used the difference of self-consistent-field solu-
tions (ΔSCF) for the N and N − 1 states (where N is the
number of electrons).8,9 Early computation of x-ray emis-
sion energies used a two-step model involving the difference
between the detachment energy, or ionization potential (IP),
of the K-shell electron and the valence IPs of the neutral
species.10 The formula for the non-resonant emission energy
EX is

EX = IPcore − IP f , (1)

where IP f is the energy to reach a particular final state configura-
tion in which a higher occupied orbital reoccupies the ionized core
(see Fig. 1). Specialized methods using equation of motion coupled
cluster singles and doubles (EOM-CCSD), algebraic diagrammatic
construction (ADC) schemes, GW + BSE, and time-dependent
density functional theory (TD-DFT) have been applied to stud-
ies of XES.11–14 Similarly, the x-ray absorption energy is obtained
through the difference of IPcore and the electron affinity (EA) of
a virtual orbital in the core-ionized system. The excitation energy
ωX is

ωX = IPcore − EA
f
core, (2)

where EA f
core is the energy to attach an electron, in the pres-

ence of the core-hole, to an orbital that is occupied in the final
neutral excited state configuration (see Fig. 2). This is anal-
ogous to approaches based on the static-exchange approxima-
tion (STEX) where excitation energies are estimated through EAs
obtained from configuration interaction singles (CIS) calculations
with an optimized core-hole reference.15–17 Recent extensions of
STEX to time-dependent density functional theory (TD-DFT)
are able to produce highly accurate K-edge excitation energies.18
Related approaches for computing core excitation and ioniza-
tion energies from coupled cluster (CC) theory, such as electron
attachment equation-of-motion (EA-EOM-CC) and Δ-based CC
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FIG. 1. Model schematic for non-resonant XES with a closed shell reference.

methods, are also shown to be very accurate and amenable to
systematic improvements.19–23

It is well known that ΔSCF captures the orbital relaxation
(ORX) effects that accompany the formation of the core-hole
state.24–27 This reasoning supports its viability for obtaining good
estimates for IPcore, which can be further refined withMøller–Plesset
(MP) perturbation theory. The values for outer-valence IPs in addi-
tion to EAs of unoccupied levels can be accurately computed with
one-particle Green’s function methods.28–31

In this study, we propose and examine composite models that
incorporate ΔSCF and ΔMP methods with self-energy Σ(E) correc-
tions to the eigenvalues of the Fock operator F. The computational
protocol for obtaining representative single-reference solutions is
delineated and results for vertical K-edge excitation and emission
energies are presented.

FIG. 2. Model schematic for XAS with a closed shell reference.

II. METHODS
In this section, we describe the individual procedural com-

ponents of the composite models. These include SCF reference
calculations, computation of core-hole intermediates, spin pro-
jection schemes, determination of IPs and EAs with a post-SCF
responsemethod, and additional capabilities for estimating emission
intensities.

The value of IPcore can be approximated by subtracting the
N and N − 1 total energies obtained from Hartree–Fock (HF) cal-
culations. The representative core-hole state can be generated by
applying projection operators or level-shifting in a modified SCF
algorithm.32,33 In this work, the non-Aufbau solutions are con-
verged using the projected initial maximum overlap method.34 To
include correlation effects in the initial neutral the final ionized
states not contained in ΔHF, a series of ΔMPn (n = 2, 2.5, 3) meth-
ods are employed. Numerical issues may arise when using core-
hole reference determinants with MP expansions. Certain orbital
indices coupled to the core hole can lead to near-zero denomina-
tors and instabilities reflected in divergent MP energies. Procedures
described in recent literature35 are adopted to mitigate this effect.
This involves removing orbital indices contributing to second-order
energy denominators below a 0.02 a.u. threshold.

For ionization in closed-shell species, the unrestricted
Hartree–Fock (UHF) result for the core-hole doublet typically
exhibits minor spin polarization due to the spatial contraction of
the electronic structure influenced by the increased effective nuclear
charge. The spin contamination is typically low but not always
negligible. Often, conceptual deficiencies of broken-symmetry solu-
tions can be remedied with spin projection. Spin-projected energies
are calculated perturbatively through a composite Hamiltonian36,37

under a class of approximate projection-after-variation (PAV)
methods.38–40 The spin-projected methods are denoted as PUHF
and PUMPn.

Electron propagator theory (EPT) is a formalism for the one-
electron Green’s function that provides a foundation for the direct
calculation of IPs, EAs, and Dyson orbitals from first principles.41
Systematic improvements to self-energy approximations have been
formulated and thoroughly assessed.42–45 Its advantage as a corre-
lated one-electron theory is reflected in the inclusion of important
many-body interactions that follow a physical change in particle
number while still retaining the intuitive utility of orbital concepts
routinely used in molecular quantum chemistry. The renormalized
partial third-order (P3+) method is a diagonal quasiparticle approx-
imation for accurate determination of vertical IPs and EAs.46 The
overestimation of correlation contributions typical of second-order
corrections and exaggerated final-state relaxation effects offered at
partial third-order are ameliorated with P3+. P3+ is also selected
as an optimal, cost-effective approach for its modest arithmetic
bottleneck of O(O2V3

) (where O and V give the number of occu-
pied and virtual molecular orbitals (MOs)) and for its reduced
storage requirements for generating the largest transformed inte-
gral subset of type ⟨OV ∣∣VV⟩ needed to calculate IPs. Symmetry-
adapted implementations can then accelerate the time-to-solution
for each pole search. The probability factors or pole strengths (PS)
that accompany the quasiparticle corrections are the norms of the
Dyson orbitals. A PS above 0.85 indicates that the Dyson orbital is
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dominated by a single canonical MO and that qualitative one-
electron concepts for interpreting the N ± 1 states hold.47,48

Since core emission spectra typically resemble the photo-
electron spectrum of the valence electrons that will undergo de-
excitation, intensities or photoionization cross sections can be
inferred from the proportional PS values. Relative emission inten-
sities can also be obtained with transition dipole moments evaluated
in the frozen orbital approximation.49–51 From the assumption that
the core orbital is highly localized and that de-excitations involve
valenceMOs built from local atomic contributions, population anal-
ysis of the 2p character in the neutral-state valence MOs can be
used to approximate the relative intensities for one-particle core-
hole decay for second-row elements.52–54 The squares of the 2p
components of the MO coefficients are summed over the atomic
center(s) to reconstructmain-line non-resonant emission spectra for
N2, H2O, and C2H4.

III. NUMERICAL RESULTS AND DISCUSSION
Two sets of molecules are examined for the evaluation of EX .

The first test set contains results for C, N, O, andNeK-edge.ΔPUHF
and ΔPUMPn values for IPcore are computed using the aug-cc-
pCVTZ basis with modification. For hydrogen, the cc-pVTZ basis
is used. For post-SCF denominator control in this set, f-functions
are removed to reduce or remove instances of high-energy virtual
MOs spawned from atomic orbitals with high angular momentum.
The second group of molecules is composed of fluoromethanes, for
which IPcore is computed using the full aug-cc-pCVTZ basis set. The
IPcore estimates for a selection of molecules from the first set, along
with H2O2, are used for evaluations of ωX . When applying Δ-based
methods for ionizations of symmetry-equivalent atomic cores, an
effective core potential (ECP) is applied to all other atoms except
the target site and any hydrogen atoms.

The average percent deviation of ⟨S2
⟩UHF for the entire set

of core-hole doublets is 17%. The two core-hole spin channels for
NO consist of a singlet and triplet with ⟨S2

⟩UHF values of 1.241
and 2.578, respectively. Spin contamination is removed through
successive annihilation up to S + 4 with projected MP.

Relativistic effects are incorporated using methodologies pre-
viously reported in the literature. Specifically, molecular rela-
tivistic corrections for C, N, O, and F are 0.05, 0.1, 0.2, and
0.35 eV, respectively.55 The atomic relativistic correction for Ne
is 1.2 eV.56,57

Propagator calculations for IP f using the P3+ method on
neutral species are performed with the cc-pVTZ basis set. Many
transitions beyond the lowest unoccupied orbital exhibit Rydberg
character and increasing orbital angular momentum l—requiring
additional diffuse and polarization functions for accurate excitation
energies.58 The d-aug-cc-pV6Z basis truncated at l = 3 is then used
for computing bound-state (positive) EA f

core values with P3+. This
approach is chosen for consistency and as an expedient approach
toward customized basis set saturation. The core-hole reference for
computing EAs is simulated with a Z + 1model where the number of
electrons is conserved and the atomic number Z of the target atom is
increased by one.59 When the core orbitals of interest are delocalized
by symmetry, the +1 charge is distributed evenly among equivalent
atoms.

Geometries are obtained from theNISTCCCBDB60 and Ranas-
inghe et al.61 Structures are optimized at the CCSD(T)/aug-cc-pVTZ
level except CF4, which is optimized at the ωB97X-D/aug-cc-pVTZ
level of theory. ΔPUHF, ΔPUMPn, and EPT calculations were
performed with a development version of the Gaussian suite of
programs.62 Integral symmetry with Abelian groups is used when
applicable. Basis sets are acquired from the Basis Set Exchange.63

Experimental values for non-resonant valence-to-core emis-
sion energies available in the literature are reported from direct XES
measurements or inferred from differences in photoelectron spec-
tra. Observed excitation energies are taken from XAS and ISEELS
experimental data. Experimental emission spectra are traced using
WebPlotDigitizer.64

Vertical emission energies at the C, N, O, and Ne K-edge are
reported in Table I. The average pole strength for this set PSave is 0.90
which suggests that the canonical MOs are a good approximation for
the Dyson orbitals. The lowest or minimum value PSmin for this set is
0.84 and is reflected in low PS values corresponding to inner-valence
electron detachments in N2O and C2H4. It is not unexpected that
ionizations from inner-valence orbitals involve many-body effects of
quantitative importance even though a single MO can be designated
in the qualitative picture of electron detachment. Spin projection
of the UHF states ensures that the total energies used to determine
IPcore correspond to eigenstates of S2. The errors for ΔPUHF with
P3+ imply that additional electron correlation effects can be impor-
tant in the initial state, core-hole ion, final state, or all of these.
ΔPUMPn (n = 2, 2.5, 3) should provide similar estimates for IPcore
for localized core orbitals. This is evident in the consistent mea-
sure of errors for each method. We briefly note that NO has an
open-shell ground state with two core-ionization channels: 3Π and
1Π. A removal of a down-spin β electron in the N1s orbital yields a
triplet final-state configuration 3Π, whereas a removal of an up-spin
α electron results in the singlet 1Π. Valence-to-core decay in either
scenario leads to even more electronic states and complex spectral
features.

EX results for the set of fluoromethanes are given in Table II.
Similar assessments for results featured in Table I can be made for
the performance of each composite method here. PSmin is 0.84 as
well and corresponds to the 2t2 detachment in CF4.

Vertical core-excitation energies at the C, N, O K-edge are dis-
played in Table III. Beyond transitions into the lowest unoccupied
π∗ or σ∗ lie a series of Rydberg states of increasing principal and
azimuthal quantum numbers. A higher lying orbital is diffuse and to
attach an electron requires a sufficient basis set describing its large
radial extent. High-energy Rydberg states are largely independent
of the occupied electronic structure and appear quasi-hydrogenic.
A PSave that is effectively equal to 1 again suggests that the Dyson
orbital is sufficiently described by the canonical MO and the com-
puted value for EA f

core should also be reasonable. In relation to this,
the excited-state Rydberg series can also be directly characterized
with molecular quantum defect analysis and EPT.65,66 The results
for C, N, O K-edge excitations are comparable to those of emis-
sion in that the errors for ΔPUMPn are less than 1 eV. ΔPUHF
still confers a mean-absolute-error (MAE) and root-mean-square-
error (RMSE) that are ∼1 eV. The computational results for vertical
core-to-valence and valence-to-core transitions indicate that both
self-energy corrections and Δ-driven recovery of core-hole ORX are
jointly modeling the correct physics.
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TABLE I. Vertical C–N–O–Ne K-edge emission energies EX computed with projected ΔMPn and EPT [P3+].

Molecule Core Orbital ΔPUHF [P3+] ΔPUMP2 [P3+] ΔPUMP2.5 [P3+] ΔPUMP3 [P3+] Exp.

CO

C 5σ 281.1 (−1.0) 282.5 (0.4) 282.4 (0.3) 282.4 (0.3) 282.194
C 1π 278.3 (−0.9) 279.7 (0.5) 279.7 (0.5) 279.6 (0.4) 279.294
O 1π 524.3 (−1.2) 525.9 (0.4) 525.7 (0.2) 525.5 (0.0) 525.594
O 4σ 521.5 (−1.1) 523.2 (0.6) 523.0 (0.4) 522.8 (0.2) 522.694

N2
N 3σ g 393.1 (−1.2) 395.2 (0.9) 394.9 (0.6) 394.5 (0.2) 394.394
N 1πu 391.6 (−1.3) 393.7 (0.8) 393.3 (0.4) 393.0 (0.1) 392.994

NO
N (S = 0) 2π 402.7 (0.6) 403.0 (0.9) 403.0 (0.9) 403.0 (0.9) 402.194
N (S = 1) 5σ 392.8 (−1.0) 394.8 (1.0) 394.6 (0.8) 394.4 (0.6) 393.894
N (S = 0) 5σ 394.8 (1.3) 395.1 (1.6) 395.1 (1.6) 395.1 (1.6) 393.594

H2O
O 1b2 520.3 (−0.1) 521.4 (1.0) 521.4 (1.0) 521.4 (1.0) 520.495
O 3a1 524.4 (−0.7) 525.5 (0.4) 525.5 (0.4) 525.5 (0.4) 525.195
O 1b1 526.7 (−0.1) 527.8 (1.0) 527.8 (1.0) 527.7 (0.9) 526.895

CH3OH

C 2a′′ 281.2 (0.0) 281.8 (0.6) 281.7 (0.5) 281.6 (0.4) 281.296
C 7a′ 279.4 (0.0) 280.0 (0.6) 279.9 (0.5) 279.8 (0.4) 279.496
C 6a′ 277.1 (−0.3) 277.6 (0.2) 277.5 (0.1) 277.4 (0.0) 277.496
O 2a′′ 527.1 (−0.7) 528.4 (0.6) 528.2 (0.4) 528.0 (0.2) 527.896
O 7a′ 525.3 (−0.9) 526.6 (0.4) 526.4 (0.2) 526.2 (0.0) 526.296
O 6a′ 522.9 (−0.9) 524.3 (0.5) 524.0 (0.2) 523.8 (0.0) 523.896

CH4 C 1t2 276.2 (−0.1) 276.6 (0.3) 276.7 (0.4) 276.7 (0.4) 276.397

CO2

C 1πu 280.9 (1.4) 279.2 (−0.4) 279.7 (0.2) 280.3 (0.7) 279.698
C 3σu 280.6 (1.1) 278.9 (−0.7) 279.4 (−0.1) 280.0 (0.4) 279.698
O 1πg 526.8 (−1.5) 528.9 (0.6) 528.1 (−0.2) 527.3 (−1.0) 528.398
O 1πu 522.7 (−1.7) 524.7 (0.3) 524.0 (−0.4) 523.2 (−1.2) 524.498
O 3σu 522.4 (−2.0) 524.5 (0.1) 523.7 (−0.7) 522.9 (−1.5) 524.498

NH3
N 3a1 394.4 (−0.7) 395.1 (0.1) 395.1 (0.1) 395.2 (0.1) 395.199
N 1e 388.6 (−0.2) 389.4 (0.6) 389.4 (0.6) 389.5 (0.7) 388.899

Ne Ne 2p 848.5 (0.0) 849.9 (1.4) 849.8 (1.3) 849.8 (1.3) 848.5100

N2O

NN 2π 394.4 (−1.2) 395.8 (0.2) 395.7 (0.1) 395.6 (0.0) 395.699
NO 1π 391.9 (−2.9) 394.8 (0.0) 394.4 (−0.4) 393.9 (−0.9) 394.899
NN 7σ 390.6 (−1.7) 392.0 (−0.3) 391.9 (−0.4) 391.8 (−0.5) 392.399
NN 1π 388.6 (−2.0) 390.0 (−0.6) 389.9 (−0.7) 389.8 (−0.8) 390.699
O 2π 527.0 (−1.8) 529.4 (0.6) 529.1 (0.3) 528.7 (−0.1) 528.899
O 1π 521.1 (−2.8) 523.6 (−0.3) 523.3 (−0.6) 522.9 (−1.0) 523.999
O 7σ 523.1 (−1.8) 525.6 (0.7) 525.3 (0.4) 524.9 (0.0) 524.9101
O 6σ 519.8 (−1.3) 522.3 (1.1) 522.0 (0.8) 521.6 (0.4) 521.2101
NO 7σ 393.9 (−2.2) 396.8 (0.7) 396.4 (0.3) 395.9 (−0.2) 396.1101
NO 6σ 390.6 (−1.8) 393.5 (1.2) 393.1 (0.7) 392.7 (0.3) 392.4101
NN 6σ 387.3 (−1.2) 388.7 (0.2) 388.6 (0.1) 388.5 (0.0) 388.5101

C2H4

C 1b3u 279.7 (−0.2) 280.4 (0.5) 280.1 (0.2) 279.7 (−0.2) 279.9102
C 1b3g 277.2 (−0.5) 277.9 (0.2) 277.6 (−0.1) 277.3 (−0.4) 277.7102
C 3ag 275.4 (−0.4) 276.1 (0.3) 275.7 (−0.1) 275.4 (−0.4) 275.8102
C 1b2u 274.1 (−0.4) 274.8 (0.3) 274.5 (0.0) 274.2 (−0.3) 274.5102
C 2b1u 270.7 (−0.6) 271.5 (0.2) 271.1 (−0.2) 270.8 (−0.5) 271.3102

PSmin 0.84 MAE 1.0 0.6 0.5 0.5
PSave 0.90 RMSE 1.3 0.7 0.6 0.6
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TABLE II. Vertical C–F K-edge emission energies EX computed with projected ΔMPn and EPT [P3+].

Molecule Core Orbital ΔPUHF [P3+] ΔPUMP2 [P3+] ΔPUMP2.5 [P3+] ΔPUMP3 [P3+] Exp.

CF4

C 2t2 261.7 (−0.1) 261.9 (0.1) 261.9 (0.1) 261.9 (0.1) 261.8103
C 3t2 280.1 (0.6) 280.3 (0.8) 280.3 (0.8) 280.3 (0.8) 279.5103
C 4t2 284.8 (0.4) 285.0 (0.6) 285.0 (0.6) 285.0 (0.6) 284.4103
C 4a1 277.1 (0.1) 277.2 (0.2) 277.2 (0.2) 277.2 (0.2) 277.097

F 1e 676.4 (−0.2) 676.1 (−0.5) 675.9 (−0.7) 675.7 (−0.9) 676.6104,105

F 4t2 677.3 (−0.3) 677.0 (−0.6) 676.8 (−0.8) 676.6 (−1.0) 677.6104,105

F 1t1 678.5 (−0.3) 678.2 (−0.6) 678.0 (−0.8) 677.8 (−1.0) 678.8104,105

CH3F

F 1e 674.5 (−1.1) 676.2 (0.6) 676.1 (0.5) 675.9 (0.3) 675.697
F 5a1 674.4 (−1.2) 676.0 (0.4) 675.9 (0.3) 675.8 (0.2) 675.697
F 2e 678.1 (−0.5) 679.7 (1.1) 679.6 (1.0) 679.5 (0.9) 678.697
F 4a1 667.6 (−1.4) 669.2 (0.2) 669.1 (0.1) 669.0 (0.0) 669.097
C 1e 276.5 (0.3) 276.9 (0.7) 276.9 (0.7) 276.9 (0.7) 276.2103
C 5a1 276.3 (0.1) 276.7 (0.5) 276.7 (0.5) 276.8 (0.6) 276.2103
C 2e 280.1 (0.1) 280.4 (0.4) 280.5 (0.5) 280.5 (0.5) 280.0103
C 4a1 269.5 (−0.5) 269.9 (−0.1) 269.9 (−0.1) 269.9 (−0.1) 270.0103

CH2F2

F 4a1 668.4 (−1.0) 668.4 (−1.0) 668.1 (−1.3) 667.9 (−1.5) 669.497
F 1b2 673.5 (−0.9) 673.6 (−0.8) 673.3 (−1.1) 673.0 (−1.4) 674.497
F 5a1 673.7 (−0.7) 673.7 (−0.7) 673.4 (−1.0) 673.2 (−1.2) 674.497
F 3b1 673.8 (−0.6) 673.9 (−0.5) 673.6 (−0.8) 673.3 (−1.1) 674.497
F 1a2 677.0 (−0.4) 677.1 (−0.3) 676.8 (−0.6) 676.5 (−0.9) 677.497
F 4b1 677.7 (0.3) 677.8 (0.4) 677.5 (0.1) 677.2 (−0.2) 677.497
F 6a1 677.3 (−0.1) 677.4 (0.0) 677.1 (−0.3) 676.8 (−0.6) 677.497
F 2b2 679.2 (−0.8) 679.3 (−0.7) 679.0 (−1.0) 678.7 (−1.3) 680.097
C 1b2 277.1 (0.0) 277.4 (0.3) 277.4 (0.3) 277.4 (0.3) 277.1103
C 5a1 277.3 (0.2) 277.6 (0.5) 277.6 (0.5) 277.6 (0.5) 277.1103
C 3b1 277.5 (0.4) 277.7 (0.6) 277.7 (0.6) 277.7 (0.6) 277.1103
C 4a1 272.0 (0.0) 272.3 (0.3) 272.3 (0.3) 272.3 (0.3) 272.0103
C 6a1 280.9 (0.3) 281.2 (0.6) 281.2 (0.6) 281.2 (0.6) 280.6103
C 4b1 281.3 (0.7) 281.6 (1.0) 281.6 (1.0) 281.6 (1.0) 280.6103
C 2b2 282.9 (0.5) 283.1 (0.7) 283.1 (0.7) 283.1 (0.7) 282.4103

CHF3

C 4a1 274.5 (0.3) 274.7 (0.5) 274.6 (0.4) 274.6 (0.4) 274.2103
C 5a1 278.2 (0.0) 278.3 (0.1) 278.3 (0.1) 278.3 (0.1) 278.2103
C 3e 278.7 (0.5) 278.9 (0.7) 278.9 (0.7) 278.9 (0.7) 278.2103
C 4e 282.2 (0.4) 282.3 (0.5) 282.3 (0.5) 282.3 (0.5) 281.8103
C 6a1 284.3 (0.0) 284.5 (0.2) 284.5 (0.2) 284.4 (0.1) 284.3103
F 4a1 668.9 (−1.1) 668.8 (−1.2) 668.5 (−1.5) 668.2 (−1.8) 670.097
F 5a1 672.6 (−1.0) 672.5 (−1.1) 672.2 (−1.4) 671.9 (−1.7) 673.697
F 3e 673.2 (−0.4) 673.0 (−0.6) 672.7 (−0.9) 672.4 (−1.2) 673.697
F 4e 676.6 (−0.1) 676.5 (−0.2) 676.2 (−0.5) 675.9 (−0.8) 676.797

F 5e 677.7 (−0.5) 677.5 (−0.6) 677.2 (−0.9) 676.9 (−1.2) 678.197,105,106

F 1a2 678.3 (0.2) 678.2 (0.0) 677.8 (−0.3) 677.5 (−0.6) 678.197,105,106

F 6a1 678.7 (0.6) 678.6 (0.5) 678.3 (0.2) 678.0 (−0.1) 678.197,105,106

F2
F 1πg 679.3 (−1.6) 681.9 (1.0) 681.4 (0.6) 681.0 (0.1) 680.8107,108

F 1πu 676.1 (−1.8) 678.7 (0.8) 678.3 (0.4) 677.8 (−0.1) 677.9107,108

F 3σ g 673.7 (−1.9) 676.3 (0.7) 675.9 (0.3) 675.4 (−0.2) 675.6107,108

PSmin 0.84 MAE 0.5 0.5 0.6 0.7
PSave 0.91 RMSE 0.7 0.6 0.7 0.8
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TABLE III. Vertical C–N–O K-edge excitation energies ωX computed with projected ΔMPn and EPT [P3+].

Molecule Core Orbital ΔPUHF [P3+] ΔPUMP2 [P3+] ΔPUMP2.5 [P3+] ΔPUMP3 [P3+] Exp.

CO

C 2pπ ∗ 285.8 (−1.6) 287.2 (−0.2) 287.1 (−0.3) 287.1 (−0.3) 287.4109
C 3sσ 291.6 (−0.8) 292.9 (0.6) 292.9 (0.5) 292.9 (0.5) 292.4109
C 3pπ 292.6 (−0.7) 294.0 (0.7) 293.9 (0.6) 293.9 (0.6) 293.3109
C 4sσ 292.7 (−2.1) 294.0 (−0.8) 294.0 (−0.8) 293.9 (−0.9) 294.8110
C 3dσ 293.6 (−1.2) 295.0 (0.2) 295.0 (0.2) 294.9 (0.1) 294.8110
C 4pπ 293.9 (−0.9) 295.2 (0.5) 295.2 (0.4) 295.2 (0.4) 294.8109
C 5pπ 294.1 (−1.2) 295.5 (0.2) 295.5 (0.2) 295.4 (0.1) 295.3109
C 3dπ 293.9 (−0.7) 295.3 (0.7) 295.2 (0.6) 295.2 (0.6) 294.6109
C 6pπ 294.9 (−0.7) 296.3 (0.7) 296.3 (0.7) 296.2 (0.6) 295.6109
O 2pπ ∗ 532.7 (−1.5) 534.3 (0.1) 534.1 (−0.1) 533.9 (−0.3) 534.2111
O 3sσ 537.6 (−1.4) 539.2 (0.3) 539.0 (0.1) 538.8 (−0.1) 538.9112
O 4sσ 538.7 (−2.1) 540.3 (−0.5) 540.1 (−0.7) 539.9 (−0.9) 540.8112
O 3dσ 539.6 (−1.4) 541.2 (0.2) 541.0 (0.0) 540.8 (−0.2) 541.0112
O 3pπ 538.7 (−1.2) 540.3 (0.4) 540.1 (0.2) 539.9 (0.0) 539.9112
O 4pπ 539.8 (−1.4) 541.5 (0.2) 541.3 (0.0) 541.1 (−0.2) 541.3112
O 5pπ 540.2 (−1.6) 541.8 (0.0) 541.6 (−0.2) 541.4 (−0.4) 541.8112
O 6pπ 540.9 (−1.1) 542.5 (0.5) 542.3 (0.3) 542.1 (0.1) 542.0112
O 3dπ 539.9 (−1.2) 541.5 (0.4) 541.3 (0.2) 541.1 (0.0) 541.0112

N2

N 2pπg 399.7 (−1.3) 401.7 (0.7) 401.4 (0.4) 401.0 (0.0) 401.0113

N 3sσ g 405.1 (−1.0) 407.2 (1.1) 406.8 (0.7) 406.5 (0.4) 406.1113
N 3pπu 406.1 (−0.9) 408.2 (1.2) 407.9 (0.9) 407.5 (0.5) 407.0113
N 3pσu 406.2 (−1.1) 408.3 (1.0) 407.9 (0.6) 407.6 (0.3) 407.3113
N 3dσ g 407.2 (−0.8) 409.3 (1.3) 408.9 (0.9) 408.6 (0.6) 408.0113
N 3dπg 407.4 (−0.9) 409.5 (1.2) 409.1 (0.8) 408.8 (0.5) 408.3113

NOa

N 2pπ ∗ 398.1 (−1.6) 400.0 (0.3) 399.8 (0.1) 399.7 (0.0) 399.781
N 3sσ 405.5 (−1.1) 407.4 (0.8) 407.3 (0.7) 407.1 (0.5) 406.6114
N 3pσ 406.6 (−1.2) 408.5 (0.8) 408.3 (0.6) 408.2 (0.4) 407.8114
N 3pπ 406.6 (−1.1) 408.5 (0.9) 408.4 (0.7) 408.2 (0.5) 407.7114
N 4sσ 408.0 (−0.5) 410.0 (1.5) 409.8 (1.3) 409.6 (1.1) 408.5114
N 3dπ 407.8 (−0.9) 409.8 (1.0) 409.6 (0.9) 409.5 (0.7) 408.8114
N 4pπ 408.2 (−0.8) 410.1 (1.2) 410.0 (1.0) 409.8 (0.9) 408.9114

H2O

O 3sa1 532.9 (−1.1) 533.9 (−0.1) 533.9 (−0.1) 533.9 (−0.1) 534.0115
O 3pb2 535.1 (−0.8) 536.2 (0.3) 536.2 (0.3) 536.2 (0.3) 535.9115
O 3pa1 536.3 (−0.8) 537.4 (0.3) 537.4 (0.3) 537.4 (0.3) 537.1115
O 3pb1 536.2 (−0.9) 537.3 (0.2) 537.3 (0.2) 537.3 (0.2) 537.1115

CH4

C 3sa1 285.8 (−1.2) 286.2 (−0.8) 286.3 (−0.8) 286.3 (−0.7) 287.0116
C 3pt2 287.7 (−0.7) 288.1 (−0.3) 288.2 (−0.2) 288.2 (−0.2) 288.4116
C 4pt2 288.6 (−1.1) 289.0 (−0.7) 289.1 (−0.6) 289.1 (−0.5) 289.7116
C 4sa1 288.7 (−0.4) 289.1 (0.0) 289.2 (0.1) 289.3 (0.1) 289.1116
C 5pt2 289.3 (−0.7) 289.7 (−0.3) 289.7 (−0.3) 289.8 (−0.2) 290.0116
C 6pt2 290.2 (−0.1) 290.6 (0.3) 290.7 (0.3) 290.8 (0.4) 290.4116

NH3

N 3sa1 399.6 (−1.0) 400.3 (−0.3) 400.4 (−0.3) 400.4 (−0.2) 400.7116
N 3pe 401.8 (−0.5) 402.6 (0.2) 402.6 (0.3) 402.7 (0.3) 402.3116
N 3pa1 402.4 (−0.4) 403.2 (0.3) 403.2 (0.4) 403.3 (0.4) 402.9116
N 4sa1 403.2 (−0.4) 403.9 (0.3) 403.9 (0.4) 404.0 (0.4) 403.6116
N 4pe 403.2 (−0.9) 403.9 (−0.2) 404.0 (−0.2) 404.0 (−0.1) 404.2116
N 5pe 403.7 (−0.9) 404.4 (−0.2) 404.5 (−0.1) 404.5 (−0.1) 404.6115
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TABLE III. (Continued.)

Molecule Core Orbital ΔPUHF [P3+] ΔPUMP2 [P3+] ΔPUMP2.5 [P3+] ΔPUMP3 [P3+] Exp.

N2O

NN 2pπ ∗ 399.8 (−1.2) 401.2 (0.2) 401.1 (0.1) 401.1 (0.1) 401.0117
NN 3sσ 402.4 (−1.5) 403.8 (0.0) 403.7 (−0.1) 403.6 (−0.2) 403.8117
NO 2pπ 402.4 (−2.2) 405.3 (0.7) 404.9 (0.3) 404.4 (−0.2) 404.6117
NN 3pπ 404.9 (−0.9) 406.3 (0.6) 406.3 (0.5) 406.2 (0.4) 405.8117
NN 4sσ 405.2 (−1.1) 406.6 (0.4) 406.5 (0.3) 406.4 (0.2) 406.2117
NN 3dπ 406.3 (−0.7) 407.7 (0.8) 407.6 (0.7) 407.5 (0.6) 406.9117
NN 4pπ 406.1 (−1.0) 407.5 (0.4) 407.4 (0.3) 407.3 (0.2) 407.1117
NN 3dσ 405.3 (−1.9) 406.7 (−0.5) 406.6 (−0.6) 406.5 (−0.7) 407.2117
NO 3sσ 406.5 (−0.9) 409.5 (2.0) 409.0 (1.5) 408.6 (1.1) 407.5117
O 2pπ ∗ 533.6 (−1.0) 536.1 (1.5) 535.8 (1.2) 535.4 (0.8) 534.6117
O 3sσ 534.7 (−1.9) 537.2 (0.6) 536.8 (0.2) 536.5 (−0.1) 536.6117
O 3pπ 537.5 (−1.3) 540.0 (1.2) 539.7 (0.9) 539.3 (0.5) 538.8117

O 4sσ 537.7 (−1.4) 540.2 (1.1) 539.8 (0.7) 539.5 (0.4) 539.1117,118

H2O2

O σ ∗ 531.5 (−1.5) 533.0 (0.0) 532.8 (−0.2) 532.6 (−0.4) 533.0119
O σ ∗ 534.8 (−0.5) 536.3 (1.0) 536.1 (0.8) 535.9 (0.6) 535.3119
O σ ∗ 536.1 (0.8) 537.6 (2.3) 537.3 (2.0) 537.1 (1.8) 535.3119
O 3s 537.2 (0.4) 538.7 (1.9) 538.4 (1.6) 538.2 (1.4) 536.8119
O 3p 537.2 (−1.1) 538.7 (0.4) 538.4 (0.1) 538.2 (−0.1) 538.3119

C2H4

C π ∗ 283.9 (−0.7) 284.6 (0.0) 284.3 (−0.4) 284.0 (−0.7) 284.7109
C 3s 286.6 (−0.7) 287.3 (0.1) 287.0 (−0.3) 286.6 (−0.6) 287.2109
C 3p 287.4 (−0.5) 288.1 (0.2) 287.8 (−0.1) 287.4 (−0.4) 287.9109
C 4p 288.8 (−0.6) 289.5 (0.1) 289.1 (−0.3) 288.8 (−0.6) 289.4109
C 5p 288.9 (−1.0) 289.6 (−0.3) 289.3 (−0.6) 289.0 (−1.0) 289.9109

PSmin 0.89 MAE 1.0 0.6 0.5 0.4
PSave 0.98 RMSE 1.1 0.8 0.6 0.5

a2Δ – 3Π channel.

FIG. 3. Simulated emission spectra for N2. IPcore computed with ΔPUMP3. EPT results and relative intensities obtained with an HF/cc-pVTZ reference. Experimental
spectrum120 reprinted with permission from R. E. LaVilla, J. Chem. Phys. 56, 2345–2349 (1972). Copyright 1972 AIP Publishing LLC.
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There are a few important caveats to the types of excited
states accessible with single-reference methods. We again turn to
the NO example. The 1s→ 2pπ∗ excitation leads to multiple elec-
tronic states: 4Σ−, 2Σ−, 2Δ, and 2Σ+. The high-spin quartet 4Σ− and a
2Δ state in the core open-shell, valence-paired configuration can be
approximated by a single Slater determinant. However, the 2Σ− and
2Σ+ doublet states with three unpaired spins in 1s and 2pπ∗ orbitals
must be spin-adapted. States that require the recoupling of spin
angular momenta and recovery of opposite-spin correlation effects
are not directly accessible with single determinant SCF. Determi-
nation of excited electronic spin states will require information
contained in multi-configurational wavefunctions.

In addition, this study only examines vertical transitions from
ground state geometries. Molecular x-ray spectra may exhibit fine
vibrational structure for core excitations or Jahn–Teller splitting
following core-ionization.67,68 Furthermore, the two-state Δ-based
methods employed here are quantitatively valid only for transitions
involving one electron or one particle–hole pair. These approaches
are not immediately applicable for describing two-electron pro-
cesses inherent in resonant inelastic x-ray scattering (RIXS) and
Auger spectra. For coherent processes in molecules with equivalent
atoms, the convenient option of core-hole localization is no longer
viable since decay into specific delocalized core orbitals is necessary
to guarantee proper final-state symmetries and spectral patterns.69
Koopmans-like interpretations fail to describe shake processes and
satellite structure in the instance of strong configuration interaction
(CI) and large ORX. Diagonal quasiparticle methods with uncorre-
lated HF orbitals fall short in this category, and thus, non-diagonal
self-energy approximations are typically applied.70–72 To capture the

important many-body effects, response theories can be tailored to
model x-ray transitions involving two electrons.11,73–79

The inadequacies of single-reference methods are also pro-
nounced inmolecules withmulti-reference open-shell character. For
example, multi-configurational ΔSCF IPcore estimates80 of the 4Σ−
and 2Σ− states of O+2 with orbital optimization, Slater-type basis
sets, and core-localization still deviate ∼1–2 eV from the experi-
ment.81 Improved accuracy is not expected from projected energies
beginning with one HF determinant, especially considering the non-
variational nature of the chosen PAV method. Thus, the limits of
mean-field methods become apparent when electron correlation is
strong. Very accurate vertical IPs for open-shell or strongly corre-
latedmolecules, such as O2, can be realized with spin-adaptedmulti-
configurational propagator methods82,83 and alternative choices of
the reference wavefunction.84

Some demonstrative examples for simulating non-resonant
XES are shown in Figs. 3–5. Peak positions and relative intensi-
ties for main-line transitions are adequately reproduced with P3+
and population analysis of the ground state MOs. In the theoreti-
cal spectra for N2, the low PS (0.608) for the 2σ g orbital leads to
a shift in the low intensity peak towards the main peak by about
3 eV. This result is not atypical for inner-valence IPs where consider-
able relaxation effects are present and better accounted for in higher
order self-energy approximations. For all other transitions depicted
in the calculated XES spectra of N2, C2H4, and H2O, the canoni-
cal Hartree–Fock orbitals are sufficient representations of the Dyson
orbitals (PS > 0.85) with the selected diagonal method. Characteri-
zation of satellite structure necessitates a more detailed analysis with
non-diagonal self-energy approximations or CI methods.71,85

FIG. 4. Simulated emission spectra for C2H4. IPcore computed with ΔPUMP3. EPT results obtained with a HF/cc-pVTZ reference. Relative intensities are obtained with an
extended Hückel reference. Experimental spectrum reprinted with permission from R. Manne, J. Chem. Phys. 52, 5733–5739 (1970). Copyright 1970 AIP Publishing LLC.
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FIG. 5. Simulated emission spectra for H2O. IPcore computed with ΔPUMP3. EPT results and relative intensities obtained with a HF/cc-pVTZ reference. An alignment shift of
−0.9 eV is applied to the simulated spectra. Experimental spectrum reprinted with permission from J.-E. Rubensson et al., J. Chem. Phys. 82, 4486–4491 (1985). Copyright
1985 AIP Publishing LLC.

Oscillator strengths for x-ray absorption, particularly for Ryd-
berg transitions, can be evaluated through quantum defect analysis
with EPT or ΔSCF for reconstructing spectra.86–88 Alternatively,
intensities for N-conserving excitations may be calculated directly
with projected dipole moments between the orbital-optimized
ground state and core-excited state wavefunctions. The scope of
these methodologies warrants a separate study.

The overall results presented here highlight the accuracy of
Δ-based models using HF, MP, and EPT for computing K-shell
excitation and non-resonant emission energies of molecules con-
taining second-row p-block elements. The single-reference models
used here are deemed appropriate within the one-electron portrait
of X-ray transitions. Composite methods, like those featured in this
work, are advantageous since they are modular and allow for spe-
cific observable quantities to be approximated independently at the
desired levels of theory. Extensions of composite models to treat
two-electron processes and simulate satellite structure can be made
possible with two-electron Green’s functions and non-diagonal self-
energy approximations. Finally, the inclusion of accurate relativistic
effects is of greater importance to the overall spectral profile and shift
in IPcore with increasing Z. For describing inner-shell transitions in
heavier elements, the use of relativistic Hamiltonians is preferred
over atom-specific ad hoc corrections based on two-electron ions or
semi-empirical fits used here.89–93

IV. CONCLUSIONS
We have examined Δ-based composite models for computing

K-edge emission and excitation energies. The models’ construction
and performance are comparable to modern STEX methods and

a practical approach for estimating core-level energetics for one-
electron processes is established. The models employed here appear
to be competitive with ADC, EOM-CCSD, and TD-DFT for one-
particle transitions. Notwithstanding the additive propagation of
errors and reliance on the cancellation of such errors in Δ-based
approaches, the combination of projected SCF, MP, and propaga-
tor theories afford accurate results with reasonable computational
cost.

SUPPLEMENTARY MATERIAL

See the supplementary material for computed intermediate
data for presented results.
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