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Abstract. In this note, we present a synopsis of geometric symmetries for (spin 0) pertur-
bations around (4D) black holes and de Sitter space. For black holes, we focus on static
perturbations, for which the (exact) geometric symmetries have the group structure of SO(1, 3).
The generators consist of three spatial rotations, and three conformal Killing vectors obeying
a special melodic condition. The static perturbation solutions form a unitary (principal
series) representation of the group. The recently uncovered ladder symmetries follow from
this representation structure; they explain the well-known vanishing of the black hole Love
numbers. For dynamical perturbations around de Sitter space, the geometric symmetries are
less surprising, following from the SO(1,4) isometry. As is known, the quasinormal solutions
form a non-unitary representation of the isometry group. We provide explicit expressions for
the ladder operators associated with this representation. In both cases, the ladder structures
help connect the boundary condition at the horizon with that at infinity (black hole) or origin
(de Sitter space), and they manifest as contiguous relations of the hypergeometric solutions.
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1 Introduction

Geometric symmetries — isometries and conformal isometries — have always played an
important role in field theories. In this note, we wish to apply the geometric viewpoint to two
well known phenomena: the vanishing of the black hole Love numbers, and the existence of
quasinormal modes in de Sitter space. The reason for focusing on them is that the underlying
symmetries are exact, and they share a number of common features as we shall see.

It was recently pointed out that static black hole perturbations enjoy certain exact
symmetries, termed ladder symmetries [1] (see also [2, 3]). They help explain the well
known vanishing of the Love numbers, which characterize black holes’ response to static tidal



fields [4-21].! Just as a dielectric will polarize under the influence of an external electric field
and source a response field whose strength is characterized by the object’s polarizability, an
object such as a star will be deformed by an external gravitational field and likewise source a
response field. This tidal deformability is captured by the Love numbers. For simplicity, in this
note, we focus on spin 0 perturbations. It can be shown that the spin 1 and 2 perturbations
are obtainable from the spin 0 ones by simple (derivative) operations;? the relevant spin 0
perturbations ® obey:

A o T o a2
dt* + — dr* 4+ r*(d0” + sin“0 dy?), (1.1)

Hip® = 0; dsip = 2 A

where [yp is defined with respect to the 4D metric given. Here, we consider a general
spherically symmetric (Reissner-Nordstém) black hole, with A = 72 — rgr + r%, where
rg =2GM and ré = (GQ?, with M being the black hole mass and @ being the charge. For
static ®, it can be shown that the equation of motion can be equivalently expressed as:

00 =0;  ds*=dr* + A(d6? + sin*0 dp?), (1.2)

where U is now defined with respect to the 3D effective metric given. It is worth stressing
this 3D metric is not the same as the spatial part of the 4D starting point. The 3D effective
metric has a vanishing Cotton tensor (but non-vanishing and non-constant Ricci), and has 10
conformal Killing vectors (CKVs).> Three of these are Killing vectors (KVs), generating the
expected rotational symmetries. The rest at first sight do not seem useful, since the scalar ®
is not conformally coupled. Surprisingly, three of them turn out to generate symmetries for ®.
In [1], this was attributed to the fact that the 3D effective metric is conformally related to
an Euclidean AdS space. In this note, we wish to point out a different way of viewing the
surprise: it has to do with the fact that each of these three conformal Killing vectors X* obey
a special condition which we term melodic:

OV, X' =0. (1.3)

where the derivatives are defined with respect to the 3D effective metric. A main objective
of this note is to explain the relevance of this condition for generating symmetries. As we
shall see, the three rotational KVs and the three melodic CKVs form an so(1, 3) algebra. The
solutions to eq. (1.2), organized by spherical harmonics, form a representation of the algebra.
The representation structure is what gives rise to the ladder symmetries pointed out by [1].

This representation understanding of static black hole perturbations can be usefully
compared with the representation understanding of dynamical de Sitter perturbations. It was
first noticed in [25] that the de Sitter quasinormal modes solved by [26] can be organized into
representations of SL(2,R). Later in [27, 28], these quasinormal modes were found to form a
representation of the isometry algebra so(1,4), which was generalized to higher dimensions

In [22] a different set of symmetries, in a near-zone approximation, were used to explain the vanishing
of the Love numbers. The representation-theoretic approach adopted in this paper is similar to [22], but the
symmetries are different. In particular, ours do not involve time. It is possible to extend our exact ladder
symmetries to perturbations of small non-zero frequencies (for which the symmetries are only approximate), but
it requires using a different near-zone approximation from that of [22]; the relevant near-zone approximation is
the one proposed by [23]. For further discussion, see [24].

“The spin raising (and lowering) operations are possible for uncharged black holes. See [1].

3That the 3D effective metric is conformally flat is not surprising — this is true for A being any function of
r. What is less trivial is the condition on some of the CKVs (1.3).



and higher spins by [29]. We shall review that story, and provide expressions for the myriad
of ladder operators, analogous to those given for black holes.

A common theme in both stories is the connection of boundary conditions. In both
cases, the relevant radial equation (after separation of variables) is a second order ordinary
differential equation. Close to any boundary, there are in general two asymptotic behaviors.
For instance, for the black hole, the static ® approaches either a constant or a logarithm (or
combinations thereof) close to the horizon; it approaches either ¢ or 1/7¢*! (or combinations
thereof) at infinity, where ¢ is the angular momentum quantum number. The Love number
surprise, so to speak, has to do with the fact that the regular solution, where ® approaches a
constant at the horizon, has only the “growing” behavior ¢ at infinity, i.e., the “decaying”
behavior 1/7*1 is completely absent. Likewise, for dynamical perturbations in the static
patch of de Sitter space, ® approaches either an ingoing or an outgoing wave (or combinations
thereof) at the horizon; it approaches either r* or 1/r*! (or combinations thereof) at the
origin. Quasinormal modes are those solutions at special frequencies, such that ® is purely
outgoing at the horizon, and purely r¢ at the origin.

As we shall see, the ladder structures help explain this single-asymptote behavior, i.e.,
a single asymptotic behavior at one boundary is connected with another single asymptotic
behavior at a different boundary. At the level of the radial solutions for ®, which are
hypergeometric functions, this phenomenon is associated with what are called connection
formulas. The ladder structures manifest as a generalized form of contiguous relations
governing hypergeometric functions, which we shall spell out.

It is worth stressing that much of this paper is a review of known results. Our goal is thus
a modest one: to view both the black hole Love numbers and the de Sitter quasinormal modes
through the same geometric/ representation-theoretic lens. For black holes, the surprise, if
there is one, is the relevance of melodic CKVs. For de Sitter space, there is less of a surprise
since the symmetries arise straightforwardly from KVs. In both cases, organizing the solutions
in a representation of the symmetry algebra is a helpful way of thinking about the ladder
structures. For de Sitter space, we provide expressions for operators (some of them new) for
climbing up and down the myriad ladders. In both cases, the ladder operators provide a
simple way to understand the single-asymptote behavior of the solutions.

Quasinormal modes exist also for black holes of course [30-33]. The reason we do not
focus on them is that it is not known what exact symmetries govern them, if any, beyond the
usual rotational symmetries. There have been interesting recent developments pointing out
approximate symmetries [34-37]. We shall discuss them in section 4.

The paper is organized as follows. In section 2, we highlight the importance of the melodic
CKVs in giving the static scalar perturbations around a spherically symmetric black hole the
symmetry algebra of s0(1,3). The perturbation solutions form a unitary representation, from
which the ladder structures and symmetries of [1] follow. The arguments for the vanishing of
the Love numbers are reviewed here. In section 3, we apply the same geometric approach to
a dynamical scalar of an arbitrary mass (or coupling to Ricci) in de Sitter space. Multiple
ladders exist, due to the larger symmetry algebra. Explicit expressions for the ladder operators
are provided, and they are used to deduce the quasinormal spectrum, and the single-asymptote
nature of the quasinormal modes. If the scalar is conformally coupled, more symmetries exist,
the consequences of which are derived from a representation perspective. In section 4, we
summarize our results and discuss future directions. Appendices A and B give the (C)KVs of
the relevant spaces and their commutation relations. Appendix C contains the exact solutions
for the equations of motion. Appendix D shows the algebraic origin of the ladders from various



contiguous relations for hypergeometric functions. Appendix E shows the mutual consistency
among three different interpretations of the commutator. Appendix F explores properties of
the melodic CKVs. Appendix G collects various identities obeyed by the ladder operators.
Appendix H puts conditions on the existence of certain “horizontal” symmetries useful for
arguments in the main text. Appendix I presents the general form of some useful identities
for first order differential operators of a certain type. Finally, J shows how to combine various
ladder operators to move flexibly throughout the space of solutions.

2 Black hole ladder

2.1 Geometric symmetries

Our starting point is the 3D effective metric (1.2):
ds® = dr? + A(df? + sin?6 dp?), (2.1)

in which the static scalar ® lives. It originates from thinking about a massless, static scalar in
the background of a general, spherically symmetric, i.e., Reissner-Nordstrém, black hole (1.1).4
This 3D space has a vanishing Cotton tensor, and thus is conformally flat. It has 10 (C)KVs,
forming an so(1,4) algebra.® Three of these are the familiar KVs for rotation:

Jid; = —sing y — cos ¢ cot 6 O,
Ji0; = cos p Oy — cot sin ¢ 0,
J40; = 0,. (2.2)

The remaining seven — CKVs — do not at first sight seem useful, since ® is not conformally
coupled. Surprisingly, this naive expectation is false. It turns out three CK'Vs are special:

, 1
Kj0; = A(r)sinf cos ¢ 0, + §A/(T) (—cosfcospdg+ cschsingd,)
Ki9; = A(r)sinfsinp 9, — %A'(r) (cos @ sin ¢ Jg + csc B cos )
KL0; = A(r) cos 00, + %A/(T‘) sin 0 Oy, (2.3)

where A’ = 9,A = 2r — rg. They obey what we call the melodic condition: a CKV X is
melodic if it satisfies _
av,; X' = 0. (2.4)

For the case at hand, V; and O are defined with respect to the 3D space (2.1). It can be
shown that a melodic CKV generates a symmetry for a massless scalar, even if the scalar is
not conformally coupled. The symmetry transformation it effects is:

. d—2 4

where d = 3 in the case at hand. A proof is provided in the following inset.

“The inner/outer horizons are at r = ry = (rs & /1% — 4r3,)/2. Note A = r? —rsr + 14 can be rewritten
as (r —ry4)(r —r_), and we have ri +r_ =rg and r4yr_ =15,
A full account of the 10 (C)KVs is given in appendix A.



Consider the following action for a scalar ® in d dimensions:
1
§=3 /ddx g (20 — (¢RD?), (2.6)

where the coupling £ need not take the conformal value £, = %. (We keep € as a free
parameter for the sake of generality; for our black hole application, we are interested in

& =0.) It can be shown that under the transformation
. d—2 .
ox®=X"V;® + inqu), (27)

where X is a CKV, the action transforms as

1 ; » d—1 ‘
6xS = /ddac 9] <2vi (X'e0® — EX'RO?) — — (¢ -¢)(OV,XY) <I>2> (2.8)
d—1 d i\ 2

= (€=&) [ dzy/]gl (OV.XT) @7, (2.9)
where we have dropped the boundary term in the last line. Thus, the CKV X defines a
symmetry of the action if £ = £. (conformal coupling), or if OV;X? = 0 (X is a melodic
CKV). A KV can be thought of a trivial or degenerate case, since V;X* = 0.
The above discussion is at the level of the action. At the level of the equation of motion, it
can be shown that if X is a CKV, then

- 2(d -1 :
O erpixe =3x0- e - 2 Ve c)ovx (2.10)
where P
ox® = X'V,0+ T‘;vixicb. (2.11)

In other words, if £ = . (conformal coupling), or OV;X* = 0 (X is a melodic
CKV), dx passes through the equation of motion operator 0 — (R (and becomes
Jx). This is how the symmetry manifests itself at the level of the equation of motion.
Incidentally, it can further be shown that for the melodic CKVs X, X, ... (or for
§ - £C>7 . .

(O—¢R)ox, -+ 0x,P=0x, - 0x,(O0—-ER)D. (2.12)

These are related to higher spin symmetries [38], which can arise from conformal
Killing tensors (CKTs), and in this case the CKTs are decomposable, i.e., they can
be expressed as a symmetric product of CKVs. Further properties of melodic CKVs
are found in appendix F.

The upshot is that, somewhat surprisingly, a static, massless scalar ® around a spherically
symmetric black hole enjoys a large amount of exact symmetries: generated by three KVs
(the J;) and three CKVs (the K;). They obey an so(1,3) algebra:

[Ji, J]] = _Eijkjk, {KZ,KJ} = Eiijka [JZ,KJ} = —Eijkkk:a (213)

where K; is simply a rescaled version of K;: K; = 2K; /A /r% — 47"%.6 Here, we are abusing the

Tn the flat space limit (rs,rqo — 0), it is better not to rescale. K; generates a special conformation
transformation, and [K;, K;] = 0. The extremal limit is similar, with r replaced by r — rg/2. In fact, the exact
solutions are simply z¢ and zf(Hl), with z = r in the flat space case and z = r — rg/2 in the extremal case.
In both cases the algebra of the CKVs instead becomes the Lie algebra of the Euclidean group ISO(3).



notation somewhat: the brackets [, ] can be interpreted as the Lie bracket of the enclosed
vectors or as the commutator of the symmetry transformations effected by the enclosed
vectors. (The symmetry transformation is not equal to the Lie derivative in the case of the
K;, because V; K # 0. See (2.5).) The interesting point is that the algebra is exactly the
same regardless of the interpretation. For a proof, see appendix E.

The symmetry structure is identical to that of the Lorentz algebra, with the K; playing
the role of boosts. To see in detail how .J; and K; act on the solutions of [J® = 0, it is useful
to decompose ® in spherical harmonics, with the solutions in harmonic space labeled by ¢, m:
Dy (1,0, 0) = de(r)Yem (0, ), where the radial function ¢, satisfies

Or (ADypy) — £(L + 1)y = 0. (2.14)

We have suppressed the m label on the radial function because the equation of motion does
not depend on it, due to spherical symmetry of the background.

Imagine stacking the solutions ¢,Yy,,, labeled by ¢ and m, into a giant (infinite) column
vector. We can form a representation of the so(1,3) algebra by asking how the generators
act on this column vector of solutions. It is clear how rotations act: for instance, under the
action of J; and Js, spherical harmonics of different m mix while keeping ¢ the same. This
gives the familiar ladder structure of the J;, where they are represented by anti-hermitian
matrices.” From the point of view of the 50(3) of rotations, the representation is reducible to
blocks of size (2¢ + 1) x (2¢ + 1), but the K; will mix up solutions of different ¢ (and also m
for K1 and K3).

Let us illustrate with the action of K3. Its effect on ®, according to (2.5), is

Ok, ® = [A(r) cos 0 0y + %A’(r) sin 0 0y + %A’(r) cosf| ®. (2.15)

Expanding in spherical harmonics, this implies (without assuming ¢y solves (2.14)):

0xcs (0eYem) = —F(O)Df deYer1,m + F(€ = 1) Dy ¢¢Ye—1,m, (2.16)
where®
l—m+1)(l+m+1)
= : 2.1

Us \/ 20+ 1)(20+3) (2.18)

Here, the operators th are defined by:

+1 _ l

F=-A0, — —A’ D, = A0, — §A’. (2.19)

Their significance can be deduced as follows. The transformation generated by K3, being a
symmetry, maps solutions to solutions. Thus, if ¢¢Yy,, is a solution, dx,(¢¢Ye,) must be also.
Looking at the right hand side of (2.16), the first term multiplies Yz 1 ,,,; thus D/ ¢ must be

"In this work we use the convention that a unitary representation of the Lie group means the Lie algebra
generators are represented as anti-hermitian matrices.
8Useful identities are:

c0s 8 Yom = f(O)Yer1,m + f(l — D)Ye1,m
Sin 0 99 Yem = Lf (0)Yey1m — (L+ 1) (0 — 1) Yo 1. (2.17)



the radial solution at the £ + 1 level, assuming that all ¢, are regular at r,.° Similarly, the
second term multiplies Y;_1 ,,; thus D, ¢, must be the radial solution at the £ —1 level. In
other words, th acting on the radial solution ¢, at level £ maps it to ¢yy1 or ¢p_1, i.e., they
are raising and lowering operators.”

So far we have shown that the space of solutions to [J® = 0, which is spanned by
all ¢yYp,, furnishes an infinite dimensional irreducible representation of SO(1,3). We can
demonstrate the unitarity of this representation for the regular solutions using the following
inner product:

(@1,02) = [ A0} (s, 0,6)02(r1.0,0). (2.20)

which is effectively the standard L? inner product on S2?. Choosing the convenient normaliza-
tion:!!

Df ¢y = Ney1des1, D, ¢ = Negpe-1, (2.21)
where
R > 4
Ny = §m: S(re —r-), (2.22)

we find the regular solutions are orthogonal and obey

(¢Ytm, eYem) = |de(r)* = |0l (2.23)

Note that regularity at the horizon forces ¢ to be a constant. The rotation generators are anti-
hermitian automatically, and it can be easily checked that all the K; are also anti-hermitian,
for example

=T :
(@1, K3®s) = %/52 dQ &% (1,0, 0)0p [sin 0D (14, 0, )] = — (K1, &) . (2.24)

Altogether, the regular solutions of 0® = 0 equipped with the inner product (2.20) carry a
unitary irreducible representation of SO(1, 3).
To identify this representation, we can use the SO(1,3) Casimir. We have

665,65, = Vi (2.25)
N N 2 2 4 2
56555 = A, (A0,) + Vw2, %,

e (2.26)

9The eq. (2.14) has two linearly independent solutions, one regular at r = r, and the other one irregular
at r = r4. The operators D;t clearly preserve the (ir)regularity condition at » = r4. For the discussion of
representation structure here, we always consider regular solutions. See the next subsection for an extensive
discussion on (ir)regularity of the solutions to O® = 0.

0ne can abstract out from this reasoning a vertical ladder symmetry, following the terminology of [1]:
express the scalar action as sum in harmonic space, and focus on two levels £ and ¢ — 1; it can be shown
Opp = Dzr_l¢4,1 and d¢¢—1 = —D, ¢¢ is a symmetry. This pairing of levels is reminiscent of supersymmetry.
See discussion in [1].

1 This normalization is inappropriate in both the flat space and extremal limits, as explained in footnote 6.
However, the existence of the ladder operators and the subsequent arguments about the vanishing of the Love
numbers remain valid.



where V?gQ is the angular Laplacian.'? Acting on solutions in harmonic space, they give:
661,67, ($eYem) = —L(£ + 1)pYm,

r2 — 4r2
ij _ S Q
090k,0r; (9e¥em) = — (L€ +1) + 1) ———=¢Yim. (2.27)

Thus, the Casimir §%6 8 Jj— ) 7.0 R = 1. The set of solutions therefore forms the principal
series representation Py o [39].13

Before we close this subsection, let us introduce a generalization of (2.16), following the
treatment by [29]. Schematically, (2.16) takes the form dx,(Ppr) ~ Ppi1m + Pr—1m, where
Oy, represents ¢¢Yp, and ®piq ,, represents DeiqﬁnggiLm. Starting from ¢ = 0, m = 0, we
see that g, (Poo) ~ P1p (the term ®_19 = 0 due to the form of f in (2.16)). Doing this again
yields 0 g, 05, (Poo) ~ Pao + Poo. Moving P to the left, we see that there is a modification
of 0k, 0K, that would raise the £ = 0, m = 0 solution to the ¢ = 2, m = 0 solution. This is in
fact general. There exists a tensor ¢‘™ such that

Y Ok, Ok, Poo < Do, (2.28)

(AT,

This procedure maps the ®gg solution to a solution at an arbitrary £ and m, ®,, = ¢¢Ye,, up
to some normalization constant (the constant depends on ¢ and m if one adopts the convention
in (2.21)). The f-index tensor ¢ is completely symmetric and traceless, and turns out to be
exactly the same as that used to construct spherical harmonics:

1100

Yo (0,0) = > 2t a2t (2.29)

(AT

where the 2 represent the Cartesian coordinates. A proof is given in appendix I. Equa-
tion (2.28) gives an economical way to build the entire representation starting from the so(3)
singlet, a spherically symmetric solution.

2.2 Ladder structure and love numbers

To understand what the geometric symmetries have to say about the Love numbers (one for
each £), we need to work in harmonic space, and learn what the ladder structure tells us
about the nature of the solutions [1].

The equation of motion for the radial function ¢y (2.14) can be rewritten as

Hypp =0, Hy=-A (OT (A&«) - g(ﬁ + 1)) . (2.30)
Using D, and D, defined in (2.19), it can be shown that
HyyDf = Df Hy, Hy_D; = D, H,. (2.31)

Thus if ¢ is a solution to the equation of motion for level ¢, th(;ﬁg is a solution at level £ + 1.
This reconfirms that Dét indeed act as raising and lowering operators. Furthermore, these

- r2_—ar2 .. r2 _4p2
2The operator O according to the 3D effective metric is 0 = A™2 (5”6& Or; — =-2665,05, + =4 )

The 4D operator (up, restricted to static perturbations, is (A/r?)0.
13We thank Alessandro Podo for discussions on this point.




operators satisfy the relations:

_ _ 241
D\ Df = Df Dp = = (1} —413) (2.32)
_ (0+1)2 2
Hy = Dy Df — (& - 23) =D Dy - T (r2 - 4r3). (2.33)

The last expression implies that if Hy¢p, = 0, both DZ__HDZ@ and DZ_ID[qﬁg are proportional
to ¢¢. Note that the constant r% — 47"22 = (ry —r_)%

As explained above, the ladder structure originates from geometric symmetries. There is
another way to see that such a structure must be present: by recalling contiguous relations
of hypergeometric functions. Observe that ¢, obeys a second order ordinary differential
equation with three regular singular points, at » = r_, r4, and oco. Its solutions are
hypergeometric functions o F} (a, b, ¢) whose arguments are related to £. Contiguous relations
relate hypergeometric functions with neighboring arguments, i.e., they take the form of some
operator acting on 9 F(a, b, ¢), giving another o F} with a, b, and/or ¢ incremented by 1, and by
extension incrementing ¢ by 1 also. Details can be found in [1] and summarized in appendix D.
From this point of view, it is not surprising that the ladder operators Dei exist.

How is the ladder structure helpful for the Love number problem? Let us recall what
the problem is. Consider what the equation of motion (2.14) tells us about the asymptotic
behavior of ¢y at infinity and at the outer horizon. As r — oo, it is straightforward to see
that ¢, goes as r’ or 1/r'*!. As r — ry, ¢ goes as a constant or as In[(r —ry)/r,]. The
phenomenon of vanishing Love numbers has to do with the fact that the solution that is
regular at the horizon (i.e., going as a constant as r — 7, ) has a purely r’ asymptotic at large
r. The naive expectation, that it has a mixture of “growing” r* and “decaying” 1/r‘+! at
large r, does not hold. This is the surprise of the vanishing Love number, defined as the ratio
of the decaying tail to the growing one. It is a problem of connecting asymptotic behaviors
at two different boundaries: how come regularity at the horizon is connected with purely
“growing” behavior at infinity?

Let us look at (2.14) and (2.33). They tell us

2
Hygy = | DDy = (rg = 4rg) | ¢ =0 (2.34)

The constant term in H, vanishes for £ = 0, i.e., Hy¢g = Dleagbg = 0. It suggests one
possible solution is given by a ¢ that is annihilated by Dy :

Dy ¢o = 0. (2.35)

This is helpful, because we have turned a second order problem (i.e., Hy involves two
derivatives) into a first order one (i.e., D involves only one derivative). Thus, imposing
regularity at the horizon is no longer expected to yield generically an admixture of growing
and decaying tail at infinity. Indeed, Dy is simply AQ,, and so Dy ¢ = 0 implies ¢g is a
constant: this is clearly regular at the horizon and purely “growing” at infinity (i.e., no 1/r
tail). Moreover, starting from any solution ¢y, it is simple to construct a solution at level £
by climbing the ladder:

é¢ o Dy -+ Df D 6. (2.36)

Plugging in the ¢y = constant solution, and recalling the form of DZ =(r®—rgr+ ré)@r —
(L +1)(r —rg/2), it is straightforward to see that the resulting ¢, approaches a constant at



the horizon and is purely growing, i.e., it has the r¢ asymptotic behavior with no 1/7+! tail
(indeed, it cannot have any negative power tail).

Strictly speaking, the above argument for the vanishing of the Love numbers requires an
extra comment. All we have shown is that there is a solution that is regular at the horizon and
purely growing at infinity. How do we know there is not an independent solution that is also
regular at the horizon but contains a decaying tail at infinity? We know that cannot happen,
because an independent solution cannot also approach a constant at the horizon as its leading
behavior, i.e., it must approach the other possible asymptotic behavior In[(r — r1)/r;] and is
irregular at the horizon.'41?

There is another way to connect boundary conditions, by exploiting conservation. The
observation is that there is another kind of symmetry at play, one at each level £, termed a
horizontal symmetry by [1], following the work of [40]. Note that:

[Qo, Ho} = 0, where Qo = DO_ = Aar (237)

(This can be quickly understood by examining (2.31) for £ = 0 and noting that H_; = Hy.)
It can be shown that d¢y = Qg is a symmetry at the level of the action. By climbing up
and down the ladder, it can be further shown that:

[Qg, Hg] =0, where Q= Dz__ng,ng_. (238)

The transformation d¢y = Qy¢y is also a symmetry at the level of the action (written as a sum
over modes in harmonic space). See appendix H for a proof. From the horizontal symmetry
at each level ¢, a Noether current can be derived, which in our static context takes the form
OpJ; =0, i.e., the 7 component of the current is a conserved quantity, in the sense of being
r-independent. Carrying out this procedure is straightforward though a bit cumbersome, and
it is in fact simpler to identify the conserved quantity by inspection. Observing that the ¢ =0
equation of motion is 0,(Ad,¢g) = 0, we see that

Py = Ad-¢g (2.39)

is conserved on the equation of motion. For any higher /¢, it is natural to define
P, = A0, (Dy Dy -+ Dy ér), (2.40)
which is also conserved on the equation of motion, i.e., 9,F; = 0, since the string of lowering

operators merely serve to lower ¢, to ¢o (up to a constant). It is worth noting that actually
carrying out the Noether procedure would yield J; = Pf. Obviously, its conservation is

140n the other hand, it is possible to have two independent solutions which both approach the logarithm as
their leading behavior at the horizon, because one of them could have the constant asymptote hidden in its
subleading terms. But it is impossible to have two independent solutions both approaching the constant as
their leading behavior.

®Indeed, one can deduce further statements about such irregular solutions. Going back to Hogo =
Di'lDO_ ¢o = 0: instead of looking for a solution that satisfies Dy ¢ = 0 (i.e., the constant solution), we could
look for a different solution such that Dy ¢o # 0, but Dfl(DJ ¢0) = 0. Recalling the form of Dfl, we see that
this implies D ¢o equals a non-zero constant. Solving this tells us ¢o o< In[(r —r4)/(r — r—)]. This solution
diverges logarithmically as r — r, and goes as 1/r at large r. It can be shown that raising it by DZ’ operators
yield solutions at higher ¢ that retain the logarithmic divergence at the horizon. Their large r behavior consists
of a mixture of growing and decaying terms.
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equivalent to the conservation of Pp.'® Henceforth, slightly abusing the terminology, we shall
refer to P, as a conserved charge.'”

How do we use the conservation of Py to tackle the problem of connecting boundary
conditions? Following [1]: first of all, observe that if ¢, approaches a constant at the horizon,
Dy --- D, ¢; would produce something regular at the horizon, and so P, = 0 when evaluated
at the horizon, due to the factor of A in (2.40). In other words, the regular solution has a
vanishing Py charge. Conversely, if ¢y approaches the divergent logarithm In[(r — ry)/ry] at
the horizon, Py # 0 when evaluated at the horizon. Thirdly, if ¢, ~ 1/r¢T! at large r, the
form of D, tells us that P, # 0 when evaluated at large . Conservation of P thus tells us a
solution with a purely decaying tail 1/r*! at large r must diverge at the horizon, consistent
with Bekenstein’s no-hair theorem [41]. Lastly, let’s deduce the large r behavior of the solution
that is regular at the horizon, which we shall call gézeg'. As noted above, P, = 0 at the horizon
for gbzeg', and thus by conservation, P, = 0 at large r too. Looking at (2.40), this implies
Dy --- D[(bzeg' at large r, when written as a power series, starts at most at 7. Crucially,
the subleading terms cannot have a 1/r contribution; otherwise P, would be nonzero. It is
useful at this point to recall Dy --- D, (ﬁ;eg' is by construction a solution at the £ = 0 level,
for which we know the most general solution is a superposition of a constant and a logarithm
(see footnote 15). Importantly, the logarithm has a 1/r contribution at large r. This means
the only way for ¢,°* to yield a zero Py at large r is for Dy --- D, ¢,"® to be just a constant.
Inverting this, we can say ¢2€g' has to be equal to DZ_I ‘e DJ acting on a constant. By
inspecting the form of DZ, we conclude gbzeg' goes as r’ at large r and has no negative power

law tail, and in particular no 1/r+! contribution.

3 de Sitter ladders

We now turn our attention to de Sitter space. We shall work in the static patch, with the
metric given by

2
r
A
where now A =72 (1 —r?/L?). We consider a scalar field in de Sitter space with an arbitrary
coupling & to the Ricci scalar. The equation of motion is

A
ds® = -5 dt* + — dr® + r2d0?, (3.1)

(O—-¢R)D =0. (3.2)
Since R = d(‘;” is a constant (with d = 4 in our case), one could also interpret £R as
mass squared. The scalar is conformally coupled if £ = &, = %. It turns out to be more

161t can be seen that P, is in fact the Wronskian between ¢o and the constant solution. Normally, the
conservation of Wronskian follows from a trivial symmetry of a linear system: one can always add to the field
a solution of the equation of motion. What is curious here is that a less trivial symmetry, i.e. dpo = Qo o,
gives rise to a conserved quantity whose square root turns out to be Fp.

1"Suppose ¢, in (2.40) is built by raising from some ¢o, i.e., Apde = Dy |- D{ ¢o, where A, follows from

a string of normalization factors (2.21): A, = Hle N; = ¢! (r?g — 47’%)”2 /2°. Tt can be shown that

2!
2¢
This follows from noting that P, = A, 'Ad,(Dy --- (D, D} |)D; ,--- D ¢o). We highlight by parentheses
D, Dzr_l, and observe that to its right is essentially ¢¢_1 which solves Hy_1¢¢—1 = 0. This tells us [D, Dj_l -
C(rg — 4ry)/4]¢e—1 = 0, so we can replace D, D | by €*(rg — 4r3)/4. Repeating the procedure to lower
rungs of the ladder yields the above expression.

Pr= . (rd—4r2)"? . (2.41)

- 11 -



convenient to work with the parameter
(d—1)°
4

(67

—&d(d—1). (3.3)
Conformal coupling corresponds to o = 4, while masslessness corresponds to a = (d_41)2.
Let us emphasize again many of the results below are not new. The quasinormal
spectrum was worked out in [26], and its relation to the geometric symmetries was pointed
out by [25, 27-29], though the expressions for some of the ladder operators, and the conserved
charges (for the conformally coupled case), are new. The main motivation for including a
discussion of de Sitter space is to emphasize the many similar features shared with the black
hole problem. The way the ladder structures emerge out of representations is the same. And
the way asymptotic behaviors at separate boundaries can be connected — relevant for Love
numbers for black holes, and quasinormal modes for de Sitter space — is also the same.

3.1 Geometric symmetries

For de Sitter space, there does not appear to be the analog of melodic CKVs, i.e., CKVs that
obey condition (2.4) in a non-trivial way. Thus, we focus on the KVs. We shall comment on
the extra symmetries that a conformally coupled scalar enjoys in section 3.3.

The isometry algebra of de Sitter space is s0(1,4). For the purpose of understanding the
ladder structures, it is helpful to see their explicit form in static patch coordinates:
Ji'0, = —sinp 8y — cospcot § d,
J§' 0, = cos o dp — cot Bsin 9,
J4'0, = 0,
D"9,, = —Lo;

Pl'o, = et/L<
P}o, = t/L<

P;@M — /L <_\;Z cos 0 9 + L\/rK (cosﬁar — isinGE)g))

A 1 1
sin @ cos @ Oy + L£ (sin@cosga@r + —cosfcosp Oy — csc@sincp@))
r r r

VA 1 1
sm@smgp@t—i-L(smHsmgo@ + —cosfsinp dy + csc@cosgo@))
r r

ME% E\*

2 A 1 1
Ko, — /L (&Ksiné)cossﬁaﬁ—L{ (sin&cosg08r+rcosﬂcoscp89— ;csc@sincpago
2

A 1 1
K59, = et/L <\;Z sin @ sin ¢ 0 + L\/r» <sin49$ingpar + ;cos@sincpag + TCSCHCOSQD&P)>

2 A 1
K§o, = et/L <\;K cos 60y + L{ (cos@@r - Sin989)> : (3.4)

Defining;:
1 1
M;; = €ijiJi, Mo = 3 (P —K;), My= 3 (P + K;), Moy=D, (3.5)
the commutation relations are summarized by

[Mag,Mcp| =napMpc +ncMap — nacMpep — nepMac, (3.6)
with n = diag (—1,1,1,1,1).
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In particular, the J; commute with D which is simply time translation. Thus, it is
natural to label the solutions by w, ¢, m where iwL is the eigenvalue of D (i.e., the solution’s
dependence on t, 6, and ¢ takes the form e =Y}, (6, ¢)). As we shall see, it turns out to be
convenient to label the solutions by « in place of w:

v =iwL — 4. (3.7)

Thus, applying the separation of variables, solutions to (3.2) take the form of ®.,,(t,7,0,¢) =
Gye(r)Yem (0, 0)e~ ¢t 18 They form a representation of the so(1,4) isometry algebra.

As in the case of the black hole, J; and Js mix solutions of different m without affecting
¢ and . The K; and P; have non-trivial commutators with J; and D, and will mix different ¢
and 7 (and in general m too).'® For instance, K3, P3 and D form an s[(2,R) subalgebra:

[D,Ps] = P3, [D,K3]=—Ks, [K; P3]=2D. (3.8)

(The same statement can be made with K3, P3 replaced by K;, P; or Ky, P5.) Thus K3 and
P53 can be thought of as raising and lowering operators, incrementing the eigenvalue of D,
i.e., iwL. This can also be seen explicitly by noting that K3 and P3 contain factors of e*/L.
Since K3 and P53 do not commute with J; and Jo, they at the same time mix up solutions
with different ¢ (without affecting m):

Oy (@reYome 1) = Le™ @bt OUL (F(0)BY 6neYosam — F(£ = 1) Ey65e e 1m
0K (%eYsz_iw”’et) = Le~ (wyelmD/ 1 (f(Z)F{e%(zYEH,m — fl—=1D)EL¢yYe1m

where f({) is again given by (2.18), and we have defined the operators

E = \F f—i—zw — r’
74 7" T' o’ L\/Z
\F VA r?

)
), (39)

B, =-Y2 4+ Y2 S
e , (t+1) 2 —HWWL\/Z
VA VA 2
Pz Y20, - 0+ 1) 7~y
r LvA
=" VA (3.10)
Ty Or r2 7KL\/K' '

By virtue of being symmetries, K3 and P3 map solutions to solutions. Running an argument
similar to the black hole case, we see that Eﬁ effects £ — ¢ £ 1 and iw,oL — iwyeL =1, and
F j} effects £ — (¥ 1 and iwy¢L — iw,L£1. Notice how the action of Eice can be alternatively
described as effecting £ — ¢ £ 1 while keeping iw.,¢L — ¢ fixed. This is what motivates the
introduction of the symbol v in (3.7), i.e., Effe effects £ — ¢ + 1 without changing ~.

Is there a way to effect a shift in iw,,L, without changing ¢ (or m)? The answer is yes,
and unsurprisingly, it involves spherically symmetric combinations of the K; and P;:

595 p, Sp, (wayeme—mvet) _ _LzG%%enme—(iwwLu)t/L
5ij5Ki 6Kj (Qs'yfwme_iwwt) — —LQG;€¢7gnm€_(iw7€L_2)t/L, (311)

8Our notation, in which w carries v and £ labels, might seem unmotivated. It will make more sense in a
moment. For now, it is perfectly acceptable to think of the solutions as labeled instead by w, £, and m, i.e.,
q)wfm — ¢wénm67iwt.

19The complete set of commutation relations is shown in appendix B.
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where Gf@ is given by:

+
Fvﬂ’

Gt G, =E]

e Fop (3.12)

'yK - 7+2€ 1
In other words, §"6p,0p, (or G%) effects iwye L — iwyeL + 2, while 66k, 6k, (or G,) effects
twe L — iwye L — 2. Equivalently, we can also say Gfg effects v — v £ 2 without changing ¢.
As before, all of these ladders can also be seen as arising from contiguous relations for the
hypergeometric solutions, which are shown in appendix D.

With the above ladder operators defined, it is easy to see how one could construct a
representation of so(1,4). Start from a solution labeled by iw.,L and ¢, or equivalently
and ¢ (we suppress m since incrementing it is straightforward using J; and J3); use E,ﬁ to
increment ¢ by +1 without changing ~, or use Gf;e to increment vy by £2 without changing ¢.
This way, we fill out a whole table of solutions, which we will also refer to as states. So far,
the only restriction is that £ > 0, i.e., the table of (v, ¢) has ¢ taking all possible non-negative
integer values, and v = 79 + 2n for any integer n and some base value vy (with vy arbitrary
for the moment). A further restriction on « will come later when we discuss quasinormal
modes. Incidentally, since « in general has a non-zero real part, and therefore iw, L as well,
we have a non-unitary representation (e.g. the matrix representation for time-translation D is
not anti-hermitian).

We close this subsection with a description of an economical method to build the entire
representation of s0(1,4), given by [39]. (This mirrors what was given at the end of section 2.1.)
Taking c/™ to be the traceless symmetric tensor associated with Yy, (2.29), we have

7,1 1igOp, 0P, oo (t, 1,6, ) < Poypm (T, 7,0, )
r,0

21 ZeéK 5Kie WOU( )SO) 08 cI),Y 20 €m(t r, 07(,0) (3.13)

up to some irrelevant normalization constant. Proofs are once again in appendix I. In this
language, (3.11) can be recast as:

§76p,6p, Pryim (t, 7,0, ) < Pryigem(t,7,0, )
5Z]5K 6K (I)'yﬂm(t T, 97(70) (8 (I)W 2€m( 797 SO) (314)

For further operators connecting different solutions, see appendix J.

3.2 Ladder structures and quasinormal modes

The upshot of the last subsection is that de Sitter space has multiple ladders: besides a ladder
in ¢, there is also a ladder in 7, defined as iwL — ¢. (A ladder in m is present as well, but is
no different from the familiar one of spherical harmonics.) Our next task is to learn what the
ladder structures tell us about the nature of the quasinormal solutions.

After the separation of variables, the radial function ¢.¢(r) obeys

2 .4
7”2 2

~ ~ Wt 9\ r
Hwﬁgb'yé =0, H’y( = _m Or (Aar‘) + A tla— 4 L2 - f(ﬁ + 1) (315)

The asymptotic behaviors of ¢, are as follows: qbw goes as 7t or 1/r!*!

—iwyeL/2 L/2
(1 — 2—22) el (outgoing at horizon) or (1 — el

Linear combinations thereof are of course allowed. What is special about quasinormal modes

as v — 0; ¢4 goes as

(incoming at horizon) as r — L.
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is that they have such special frequencies that only a single asymptotic behavior is realized at

each boundary. In particular, the behavior at the origin is purely regular r¢ and the behavior
—iw~gL/2
at the horizon is purely outgoing (1 — 2—22) """ This is reminiscent of the Love number

problem in the case of the black hole: regularity at the horizon and purely growing behavior
at infinity. Our task in this subsection is to understand this single-asymptote behavior for
the quasinormal solutions.

Our strategy is similar to that in the black hole case (2.33): write the equation of motion
operator fL,g as a product of raising and lowering operators plus a constant. We shall use
Gi which raises or lowers v by 2 while keeping ¢ constant. For other ways to rewrite the

equation of motion, using Eicf or F j;, see appendix G.
The operators Gfe defined in (3.12) are a bit cumbersome to use, because they involve
second derivatives. They can be improved by subtracting off fL,g (or something proportional

to it, keeping in mind that the objective is to act on solutions, which are annihilated by ﬁvf):

_ L?A ~
Gh=(r+e+1) ! (Gf{rg — T4H7£>

o 1 [ 20y+0) , (v-D(y+20)+a—2

o — (- 1
20 +L2< AT (v+L+1) (3.16)

_ _ _ L?A -
Go=(+e-1)7" (Gw - 7,4Hve>
_2r 1 2y +4€) 5 Y(v+2+1)+a—13
= 50+ 13 < — T T=T . (3.17)
It can be shown that

Zy g;} = Q;} Hy, Hy oy Go=9 Hoy. (3.18)

This reconfirms what we already know from geometric arguments, that given a solution ¢,
g@w is a solution at level v + 2 and the same £.2° The raising and lowering operators above
are the same as those in section 3.2 of [25].

With this setup, we are ready to rewrite ﬁvf in terms of gj@:

~ L? 1 ayby L? [ 1 G0 pbyioyg
H., — + _ (it et LA B + = Ea2.00+2,0 9
ve 4 (g’Y—Q,Eg’yf LA (’Y 40— 1)2) 4 g"/+2,€g’% LA (”)/ +04+ 1)2 ’ (3 0)

aw=(y—v++20+1) (v == +204+1), byu=(y—74) (v —-), (3.21)

297t is also useful to note that

ot ar o 0FO(AerBe(a ) - (- ))
g»y+2,egw - g’y—Q,Zg'yl = 72 )

L (y+€+1)2(y+£-1)?
Aye=(y(y+20 = L41) (v(y +20) + (204 3)(€ - 1)),
By =2(—1)(£+2). (3.19)
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with 5
e =5 £V (3.22)

Our strategy is similar to the one adopted for the black hole: observe that the equation of
motion H.y¢, = 0 simplifies if v = vy or v = 74 — 2¢ — 1, such that the constant term in

H., (the one o ay¢by) vanishes. With these choices for v, the equation of motion becomes
Gy Gy e = 0. (3.23)

for which a possible solution is
g;g ¢ye = 0. (3.24)

As before, this reduction of a second order differential equation to a first order one is what lies

behind the single-asymptote behavior. Analysis of (3.24), for the choice v = 74, shows that

.2 >—(’Y:I:+Z)/2

the solution ¢, ¢ approaches r at the origin, and (1 — %5 at the horizon. These

12
match precisely the desired boundary conditions for a quasinormal mode, i.e. regularity at the
origin and outgoing at the horizon.?! Recalling (3.7), we see that the quasinormal frequency
is given by

tway oL = v+ + L. (3.26)

Thus, we have identified two quasinormal frequencies (for a given ¢), one for v4 and one for
~v_. Each corresponding quasinormal mode serves as some sort of “ground state”. The idea
is to build the “excited states” by successively applying G*. This is reminiscent of how the
simple harmonic oscillator problem is solved algebraically.

Before doing so, let us remark upon the other possibility v = v+ — 2¢ — 1. In that case,
it can be shown that (3.24) implies the irregular asymptotic behavior r~ (1) at the origin,
which does not match the desired quasinormal boundary conditions.??:23

Returning thus to the choice v = 4, having found the “ground state” ¢, , (for given
?), we can raise to a higher v by successively applying the raising operator (recalling that
each time, v increments by 2):

+ + + +
Pyit2m,e X gyi +2n—2,fg'yi +2n—4,6" " g’yi +2,€g'yi ,qu"/i A (3.28)

where n an integer. It can be shown by inspecting the form of g,j; that the resulting ¢~ 425 ¢
has the correct quasinormal boundary conditions, i.e. ¢,, 12,/ approaches r at the origin,

21'We do not need it, but the exact quasinormal solution is

r\ ¢ 7’2 —(v£+£6)/2
bre() = (1) (1 - L) . (3.25)
22We do not need this one either, but the exact irregular solution is
A Gs! r2 —(yx—€-1)/2
¢W172Z71,2(T) = (;) (1 - Lz) . (3.27)

23To round out the discussion, one could go back to (3.23) gj_ug;egm = 0, and ask what happens if
instead of (3.24), one has gy_ed)wz # 0. In that case, by studying what gjﬁu annihilates, it can be shown
that the choice v = v+ yields ¢,¢ solutions irregular at the origin, whereas the choice v = v+ — 2¢ — 1 yields

solutions that are incoming at the horizon. Neither satisfies the desired quasinormal boundary conditions.
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72\ —(x+2n+6)/2 . .
and approaches (1 - Iz at the horizon. This way, we can construct all the

quasinormal modes, covering the whole spectrum:
iwye L =5+ L =v+ +2n+4, (3.29)

where n is a non-negative integer. One can further show that the E;rg operators (which raises
¢) also preserve the quasinormal boundary conditions. So we can even combine Q% and Ej/'g
to construct the entire spectrum from the quasinormal solution ¢, o, which can be regarded
as the ground state.? Or more precisely, there is a ground state for v, and a ground state
for v_. From each, a whole table of states labeled by v = v+ 4+ 2n and ¢ can be constructed.
In other words, they form two separate (non-unitary) representations of so(1,4).

3.3 Conformally coupled case

A conformally coupled scalar (§ = & or @ = 1/4 in (3.2)) enjoys additional symmetries
effected by the CKVs. The five CKVs of de Sitter space are

A 1 1
Ko, = —5 sinf cos p J; + — cos b cos p Jp — — cscOsinp Oy,
r r T
m A 1 : 1
K50, = — sinfsinpd, + — cosfsinp 9y + — csc b cos p J,
r r r

1
K§o, = ﬁcosﬁ&a— ;sin&@e

—~ A
Kﬁ&u = e WL (\;Zat — \LF8T>

K"9, = ek (\/%at + JE&) : (3.30)
The commutation relations among them and the KVs are given in appendix B. Together, they
form an s0(2,4) algebra. From it, one can deduce how they act on solutions, labeled by ~, ¢, m
as in the previous subsection. We can also roughly guess their effects based on their explicit
form given in (3.30). For instance, K3 does not involve ¢ or ¢, but involves r and 6. Thus we
expect & % acting on gi)ngme—vat to effect £ — £ + 1 without changing m or the frequency.
But because the frequency is proportional to v + ¢ (3.7), keeping the frequency unchanged
while incrementing ¢ means v — v F 1 at the same time. Explicit expressions for the effect of

1) %o and the corresponding raising and lowering operators, are given in appendix B. Suffice to

say the K, in general mix up solutions with different ¢ and m (while keeping frequency fixed)
in a way reminiscent of how the K; act in the case of the black hole.

The two CKVs K1 introduce something more novel. They involve a factor of e
and hence increment iwL by 1. They do not involve 6, ¢ and thus do not affect £, m. They

+t/L

24There are some exceptional cases where the procedure — constructing the quasinormal modes by raising
starting from ¢, ¢ — requires a modification. This subtlety happens only for the v_ branch: it turns out if

~v— = —{ (or equivalently, 2\/a = 2¢ + 3), Qj_ , is proportional to Q;_’Z which means the former cannot be
used to raise v from ¢,_ ¢ which is annihilated by the latter. To construct ¢,_42,¢, one could alternatively use
E™ instead. For instance, if o = 9/4 (massless scalar) such that y_ = 0, the ¢oo solution is annihilated by

both ggo and G;,. One could instead use ¢29 as the ground state from which to build out the quasinormal
spectrum at £ = 0, by acting successively with GT. To find ¢20, use the fact that Esy¢20 = 0. In other words,
forget about the state ¢oo (its corresponding frequency is zero anyway); instead, start from ¢20 which can be
obtained by solving E5j¢20 = 0.
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are therefore the analogs of §/6p,6p, and 66,0k, (3.11) which raise and lower v (by 2)
without changing ¢, m. A crucial difference is that here there is no need to form quadratic
combinations of generators, and so K4 can increment v by 1:

. 1 ~ ,
5[,@[ ((Zsfy@}/[meiwﬂt) — ZG,:;:é¢’yeyemef(uuﬂ,gLil)t/L7 (3.31)
where
~ A
Gt = —VAo, - \TF - ivaL% (3.32)
~ A
Gy = VRO, + ( = iwwLﬁ, (3.33)

with éi[e effecting v + 1. These ladder operators are equivalent to those in section 3.1 of [25].

The various identities obeyed by C:’,jyte, showing explicitly how they effect changes to the

equation of motion operator, are in appendix G. As before, the corresponding contiguous
relations for hypergeometric functions are shown in appendix D. And as before, an economical
way to build the entire (non-unitary) representation of the so0(2,4) is to use the traceless
symmetric tensor from (2.29) to recast one of our ladders:

‘m

Cil"'iegl?il te 6[?% (I)WOO(ta T, 9, 90) 8 (I)’y—ﬁ,ﬁm(ta r, ‘97 90) (334)
The proof is given in appendix I. Recasting (3.31) in the same language, we have
6I~(i (I)fygm X (I)q/:tl,fm‘ (335)

The derivation of the quasinormal spectrum given in the last subsection is general,
and makes no assumption about the value of the coupling to Ricci. Thus (3.29), namely
twye L = v+ £ =4 +2n + £, should hold true for conformal coupling as well. What might
seem puzzling is the fact that this spectrum has v (or iw,,L) incrementing by 2, while as
argued earlier, K. increments ~ by 1. The two statements are in fact consistent, since for
conformal coupling, v— = 1 and v4+ = 2. In other words, one spectrum goes as vy =1,3,5,...,
and the other spectrum goes as v = 2,4, 6, .... From the point of view of the isometry algebra
50(1,4), these form two separate representations. But viewed through the lens of the larger
algebra s0(2,4), the two together form a single irreducible representation, thanks to K, which
effects v —» v+ 1.

Let us close this section with the remark that there are analogs of horizontal symmetries
as in the black hole case (2.37) (2.38) (one for each (v, ¥)), from which conserved charges can
be deduced. They can also be used to derive the quasinormal spectrum, and to explain the
single-asymptote behavior of quasinormal modes. Explicit expressions for the symmetries and
charges are given in appendix G.

4 Discussion

In this note we have adopted a geometric point of view that is applicable to spin 0 perturbations
around both the black hole and de Sitter space. For the black hole, static, scalar perturbations
enjoy an exact SO(1,3) symmetry, whose generators consist of 3 rotational KVs and 3 “boost”
CKVs. The latter might come as a surprise since the scalar in question is not conformally
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coupled. But a special condition we call melodic (2.4) is responsible for the relevance of the
3 “boost” CKVs.?® For de Sitter space, the dynamical scalar perturbations enjoy an exact
SO(1,4) symmetry following from the isometry, which is extended to SO(2,4) if the scalar is
conformally coupled.

In both the case of the black hole, and that of de Sitter space, the perturbation solutions
form representations of the corresponding algebra. The non-trivial algebra means the matrix
representations of some symmetry generators must have non-vanishing off-diagonal terms.
This is the origin of ladder structures. The most familiar example is the algebra of rotation
generators Ji, Jo, J3: in a basis in which J3 is diagonal (i.e. with the solutions labeled by m), J;
and Jy are represented by non-diagonal matrices which means they give rise to ladder operators
that can be used to raise or lower m. Static, scalar perturbations around the black hole can
be labeled by ¢, m (the quantum numbers of rotations), forming a unitary (principal series)
representation of SO(1,3): the boost CKVs, which have a non-trivial algebra with rotations,
effect transformations that raise or lower ¢. Dynamical scalar perturbations around de Sitter
space are labeled by ¢,m and frequency, forming a non-unitary representation of SO(1,4) (or
SO(2,4) in the case of conformal coupling). Those symmetry generators that do not commute
with the time-translation KV, effect transformations that raise or lower the frequency.

For both the black hole and de Sitter space, the nature of the perturbation solution in
the “ground state”, from which the whole representation can be generated by applying ladder
operators, is what lies behind the remarkable single-asymptote property: i.e., the black hole
perturbation solution that is regular at the horizon has purely “growing” tidal behavior but
no “decaying” (Love number) tail at infinity; the quasinormal solution around de Sitter space
is regular at the origin and purely outgoing at the horizon.

There are a number of interesting follow-up questions. How could this geometric/
representation-theoretic understanding be extended to spin 1 and spin 2 perturbations? For
the black hole, hints of this can be gleaned from the spin ladder discussed in [1], where the spin
ladder was used to explain the vanishing of spin 1 and 2 Love numbers for Kerr black holes.
How could the geometric/representation-theoretic understanding be extended to non-static
perturbations around a black hole? Near-zone approximations exist, which are applicable
to low frequency black hole perturbations. One of them has a larger symmetry group than
SO(1,3), in fact SO(2,4) [24]. This might be useful for understanding the dissipative tidal
response of the black hole. More ambitiously, to understand black hole quasinormal modes,
one must go beyond the low frequencies associated with near-zone approximations. An
interesting recent development is the identification of symmetries associated with a near-
light-ring approximation [34-36]. These symmetries involve a quadratic approximation to
the potential relevant for spin-2 perturbations, first discussed in [42]. Could there be further
hidden exzact symmetries governing dynamical black hole perturbations? If such symmetries
exist, they might shed light on a possible holographic description of black holes. We hope to
address some of these questions in the future.

We are grateful to Frederik Denef, Manvir Grewal, Klaas Parmentier, Alessandro Podo,
and Luca Santoni for very helpful discussions and comments, and to collaborators Austin
Joyce, Riccardo Penco, Luca Santoni, and Adam Solomon for many useful insights. Research
for this work was supported in part by a Simons Fellowship in Theoretical Physics and the
Department of Energy DE-SC011941. ZS is supported by the US National Science Foundation
under Grant No. PHY-2209997 and the Gravity Initiative at Princeton University.

25Tt is not surprising that the effective 3D metric (2.1) seen by the static scalar is conformally flat, and thus
has CKVs. What is non-trivial is that some of its CK'Vs are melodic.
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A (C)KVs of the 3D effective metric for black hole

The three KVs and three melodic CKVs of the 3D effective metric for the black hole are listed
n (2.2) and (2.3). The four non-melodic CKVs are

. 1 ‘ .
Kij0; = iA/(T) A(r)sinfcos ¢ 0, + /A(r) (— cos B cos ¢ 9y + cscfsin p J,,)

Kio; = %A/(T) A(r)sin@sing 0, — \/A(r) (cos0sin p 9y + csc b cos p J,,)

Ki9; = %A’(r)\/A(r) cos 0 0 + 1/ A(r)sinf Oy
D'9; = \/A(r)d,. (A1)

The commutation relations obeyed by the (C)KVs are

(i, Jj) = —€ijudi [Ki, K] = B%eijuk [[N(“E] = —Beiji
i, Kj] = —eiju kK, i, Kj| = —€iju K, K, K| = 5%, D
[[), Ji] =0 [B,Ki] = K; [D,E] = K, (A.2)

where 8 = % (r4 —r_). By taking

1 1~ ~
M;; = eijpdy, Mo = BKZ‘, My = _EKia Moy = D, (A.3)

we can show that these CKVs form an so0(1,4) algebra. There are several interesting subalge-
bras. The J; form the isometry algebra so(3). The K; are melodic CKVs; together with the
Ji, they form the melodic conformal algebra so(1,3).

B (C)KVs of dS,

The 10 KVs and the five CKVs of de Sitter space are listed in (3.4) and (3.30). The
commutation relations obeyed by the (C)KVs are

[Ji, Jj] = =€ [P, Pj] =0 [Ki, K] =0
K, K| = zzeuka [J;, P}) = —eiji Py [ i, Kj) = —eiju
[K P} 51']'K+ {K,KJ} = 51']'?7 |:J’L7f]:| = Ezjkﬁk
(K, P} = 26D — 2655 (K., P =0 K, P = —2LK,
[K+,K} = 2K, [KK} =0 [f{},fﬂ = éPi
K K] = gk Ko 0] =0 K. K ]=-2D
[val}_o [DaPZ]:Pz [D’Kl]__Kz
(D, K] =0 D, Ky| = K. (B.1)
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We saw in (3.5) the change of basis that turns the K'Vs into the standard basis of s0(1,4). To
this we add

Mos = g (Ky +K-), Ms=LK, Ms-= —g (K, -K), (B.2)
which shows that the (C)KVs form the conformal algebra so(2,4), where we take n =
diag(—1,1,1,1,1, —1).

Once again, there are several interesting subalgebras. The J; again form an so(3) algebra.
The J; and K; together form an so(1, 3) algebra. The four sets {D, Ky, K_} and {D, K;, P;}
for any i form s[(2,R) = s0(1,2) algebras.

The fact that J; and K; form an so(1,3) algebra is similar to the black hole case. For
instance, the analog of (2.16) is

0z, (yeYeme 1) = e (F(0)Df $3Ver1im — F(E = 1V)D; oyVerrm),  (B.3)
where
2
=~ r T 14
~_ 72 T {+1

We see that 15; effect £+ 1 while keeping w fixed. However, when indexing the solutions with
7, holding w fixed while raising/lowering ¢ means lowering/raising  to compensate. Thus the
w~¢ factor in the exponent in (B.3) should really be considered wy_1 41 when multiplying the
first term in parentheses and w41 ¢—1 when multiplying the second term, though of course
these both equal w.,.

C Solutions to equations of motion

For the Reissner-Nordstrom black hole, the two independent solutions to (2.14) are
oM (r) = oF) (—0,0+1,1,2) (C.1)
6P (r) = oy (—4,6+1,1,2)log (mfl)

C+k\ (¢
[ ( ><k>(¢(£—k+1)+w(£+k+1)—2w(k+1))xk (C.2)

(B () 0) ‘

. r=r—
where z = ——

Y

1/rtFt
For four-dimensional de Sitter space, the two independent solutions to (3.2) are

iw’yZL

72\ 2 S22\ 2 2
¢'(yl€) (T) = (p) 1- ﬁ 2F1 a, b) C; ﬁ (CB)

iw,YZL

, 2\ (/2 22\ 2 2
¢’(7z)<7“): <L2> (1_L2) o Fy (a—c+1,b—c+1,2—c;L2>, (C4)
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where

1/3 1/73 3
with a = % — 12¢.
Near the origin, the first goes at ¢, and the second goes as 1 / rétL

D Hypergeometric identities

The hypergeometric differential equation is

2

(- z)%F(z’) +(e—(a+b+ 1)z)dilZF(z) — abF(2) =0, (D.1)

and is solved by the two functions
oFi(a,b,c;2), 2V %F(a—c+1,b—c+1,2—c¢;2),

where

oFi(a,b,c;z) = i Mzn

= (©n nb
Note the symmetry in a and b, which will be useful to us. When c is a non-positive integer,
the second solution is instead given by the first times log(z), plus a different power series.
This is relevant for the Reissner-Nordstrom case, as we can see in (C.2) above.

Hypergeometric functions with the parameters a b, or ¢ offset by 1 can be related to the
original function via the 15 contiguous relations, which relate 2 Fi(a, b, ¢; z) to any two of the
six functions

(D.2)

oF1(a+1,b,¢;2), oFi(a,bt1,¢;2), oFi(a,b,ct1;2). (D.3)

Repeated applications of these relations can yield a relation between any 2F}(a, b, ¢; z) and
any two hypergeometric functions with parameters offset by any three integers. We shall
discuss the identities used to uncover the various ladders here. For an extensive discussion of
hypergeometric functions and their various identities, see [43-45].

The th operators raise and lower ¢ for the static solutions in the Reissner-Nordstrom

background. We see from (C.1) that raising ¢ corresponds to lowering a and raising b, and
vice versa for lowering ¢. Thus the ladder arises directly from these two identities:

((b— a—1)z(1- z)dilz —alc—b+(b—a-— 1)2)) oFi(a,b,c;2) =alc—0b)2F1(a+1,b—1,¢;2)
(D.4)

((a —b—1)z(1- z)dii —blc—a—(a—b— 1)2)) oFi(a,b,c;2) =b(c—a)oF1(a—1,b+1,¢; 2).
(D.5)

The E«ﬁ operators raise and lower ¢ while keeping v fixed for the solutions in de Sitter.
Examining (C.3) and (C.5), we see that this entails raising and lowering a, b, and c all at
once. Thus we need the identities

d b

@2F1(a,b,c;z) = %gFl(a—l—l,b—l—l,c—l— 1;2) (D.6)
d
o (zc_l(l — 2)2th ¢, B (a, b, ¢ z)) =(c—1)22(1 =2 R (a—1,b—1,c—1;2).

(D.7)
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Of course, because the de Sitter equation of motion requires a change of variables to z = r2/L?
and a field redefinition to turn bring it into hypergeometric form, the exact form of the ladder
operators is not immediately apparent from these identities.

The F ij operators raise and lower « while simultaneously lowering and raising ¢ and
thus require identities which keep a and b fixed while raising and lowering c¢. These are easily
supplied:

d — -
7 <(1 — 2)" ¢y Fy(a, b, c; Z)) = w(l —2) "y Py (a,b e+ 1;2) (D)
dz c

d

5 (zc_l oFi(a,b, c; z)) = (c— 1)z 29F (a,b,c — 1; 2) (D.9)

The Gfg operators, which raise and lower v by 2 while keeping ¢ fixed, can be written in
terms of previous two, but also arise from identities which raise and lower both a and b while
keeping ¢ fixed:

d
((A + 1)z$ + ab) oF 1 (a,b,c;2) = ab(l — z)9F1(a+ 1,0+ 1,¢;2) (D.10)

((A—l)z(l—z)j

z

(B — C’(l—z))) oF1(a,b,c;2) = —(c—a)(c—b)2F1(a—1,b—1,¢;2),
(D.11)

where
A=a+b—c, B=AA-1), C=a(A-1)+(b-1)(b—c).

Moving to the conformally coupled case, the 132& operators raise and lower ¢ while
simultaneously lowering and raising ~ to keep w fixed. This would seem to indicate that we
need an identity that raises and lowers a and b by 1/2 and ¢ by 1. To our knowledge, no
such identity exists. However, since the hypergeometric function is symmetric in a and b
and in the conformally coupled case a = b+ 1/2, raising and lowering both a and b by 1/2
is equivalent to keeping a fixed and raising b by 1 and lowering a by 1 and keeping b fixed,
respectively. Thus the identities we require are

d b(a — c)

o ((1 — 29 Fi(a,b, ¢ z)) = (1—2)"19F(a,b+1,c+1;2) (D.12)

(chl(l — )Py B (a, b, ¢; z)) =(c—1)22(1—2)"3F(a—1,b,c—1;2). (D.13)

d
dz
Lastly, the éffz operators raise and lower v while keeping ¢ fixed. This seems to requires

raising and lowering both a and b by 1/2, but by the same logic as before, we can instead use
the following identities:

d
% ( b2F1(a7 b7 G Z)) = bzb_l 2F1(a7 b+ 17 G Z) (D14)

(zc_a(l — 2)2T¢, By (a, b, ¢ z)) = (c—a)z" N1 — 2)" Ty B (a — 1,b, ¢; 2).

(D.15)

dz

E Commutators and Lie brackets

In this paper, when we write something like [X, Y] = Z where X, Y, Z are vectors, we implicitly
mean three different, mutually consistent statements. The first is interpreting [X,Y] as a
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Lie bracket (E.2), i.e. [X,Y]['s = Z/. The second is interpreting it as a statement about Lie
derivatives: [Lx,Ly] = Lz (E.3). The third is interpreting it as a statement about symmetry
transformations (E.1): [0x,dy] = dz (E.5). The goal of this appendix is to demonstrate their
mutual consistency.

In this paper, we are interested in symmetry formation of the form

Sx = Lx +c(V, X", (E.1)

where X any vector, ¢ is any constant, and Lx denotes the Lie derivative along X, obey the
same algebra as the Lie derivatives along the vectors themselves when acting on a general
tensor. Here (and only here) we shall carefully distinguish between commutators of differential
operators and Lie brackets of vectors, denoting the latter by

(X, Y){pg = X'V, YV - YHIV, X" (E.2)
We then cite the well-known property that for any tensor 7' of rank (r, s),

[Ex,ﬁy} T‘Lle'uT,,l...,/S = L[X,Y} T‘ulm‘ur,/l...,,s, (EB)

LB

and compute

[0x, 0y TH Hry, 0, = ([[,_)(,,Cy] +c (,CX (VMY“) — Ly (VNX“))) THIET
= (L[X,Y]LB +e(XYV,V, VM — Y”V,,VMX“)) TR

s

(E.4)

In the second line of (E.4), replacing the double covariant derivative V,,V,, by V,V, — R,
allows us to express X"V, V,Y# —Y"V,V, X" as the divergence of [X,Y ], and hence
we find

THL phr

[0x, 0y | T H sy = O1x v, Vi (E.5)

Thus we see that any symmetry transformations of the form above obey the same algebra as
the corresponding vectors.

F Melodic conformal Killing vectors

We consider a d-dimensional pseudo-Riemannian manifold My with metric g,,,. A CKV of
this manifold is a vector X which satisfies

2
VIXY 4 VIXH = SV, X, (F.1)

An ordinary KV satisfies the above equation with V,X? = 0. Taking derivatives of the
conformal Killing equation yields the following identities, which shall prove useful later:

d—2

OX! = —— V'V, X" — R, X" (F.2)
1 d
DVMXH == —ﬁ (RVMXM + 2X#VMR)
= dV,0X". (F.3)
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CKVs naturally arise in the context of conformal field theories. As shown in the inset in
section 2.1, a CKV has a naturally action on scalars that is a symmetry of the action for
conformal coupling, but more surprisingly, for a generic Ricci coupling, a melodic CKV, that
is, one obeying

ov,X* =0, (F.4)

also yields a symmetry of the action.?S

A few properties of melodic CKVs are quickly apparent from (F.3). If the manifold
has R = 0, all CK'Vs are melodic. If the manifold is maximally symmetric but not flat, so
V,R =0 but R # 0, then a CKV is melodic if and only if V,X* = 0, which means X is
just an ordinary KV. It can be shown that if R # 0 and X is a melodic CKV, a rescaling of
the metric g, — QQgW will make X a KV of the new metric if Q? = RL%, where Lg is an
arbitrary length scale.

An important property is that the set of melodic CKVs is closed under Lie brackets,
which we can verify with the following identity that holds for any two CKVs X and Y

Ov, (X*V,YY - YV, X") = X'V,0V,Y” - Y"V,0V, X"
2 ) v 20 , (F.5)
+ SV XPOV,YY - SV, YOV, XY

Thus if both X and Y are melodic CKVs, so is [X,Y].

It follows that the melodic CKVs form a Lie algebra. Since the KVs form the isometry
algebra of the manifold, and the CKVs form the conformal algebra, the algebra formed by
the melodic CKVs must lie “in between” these two algebras. Denoting this algebra with
meonf (M) and letting isom (M) and conf(M,) be the isometry and conformal algebras,
respectively, we have the following hierarchy:

isom (My) C meonf (M) C conf (My) . (F.6)

(Here we consider KVs to be trivially melodic CK'Vs.) We see from above that when M, is
Ricci-scalar-flat (R = 0), mconf (M) = conf (M) because all CKVs are melodic, and when
My is maximally symmetric but not flat, isom (M) = mconf(My), as the only melodic
CKVs are ordinary KVs. Outside of these extreme cases, the algebra mconf (M) is somewhat
mysterious. The three-dimensional manifold that appeared in section 2.1 as the effective
space for static scalars in a Reissner-Nordstrom background is the only space we have found
with a non-trivial algebra of melodic CKVs. Letting that space be Y3, we have

isom (X3) = 50(3) C meonf (X3) = s0(1,3) C conf(X3) = s0(1,4). (F.7)

Returning to a scalar field theory, we are naturally led to consider the conserved currents
of the symmetries associated with the melodic CKVs. The Noether procedure yields

Jy=TwX"+ Z,, (F.8)

where

2(d—-1)
d

and the conserved stress-energy tensor is

1
Z, (€ —-&) (2@2%%){” - @VM<DVVX”> : (F.9)

1
T = V@V @ = 20V, @V 8 + E0°Cy + € (9 V V" = ViV, (7). (F.10)

261f we include a mass term as well, the condition instead becomes (d — 1) (€ — &) OV, X* — m?V, X" = 0.
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The trace of the stress energy tensor is

1, = (-1 e -V, (97) - T e enya (F.11)

Thus we see that for £ = £, the stress-energy tensor is traceless on the equation of motion,
which is a well-known property of conformal field theories. It can be shown that

1 d—1 d—2
V7 = _&T”’NVXV + Tqﬁmvux“ + WVMX"(I) (O0—¢R)®. (F.12)

The second term vanishes for a melodic CKV, and the third vanishes on the equation of
motion. We can use (F.12), combined with the conservation of 7}, on the equation of motion,
the conformal Killing equation, and the melodic property of the CKV to show that the current
we have defined is conserved on the equation of motion:

Vi, = VT, X" +T,V'XY +VHZ, (F.13)
1

= gT“MVl,X” + V#Z, + terms that vanish on-shell (F.14)

= 0 + terms that vanish on-shell. (F.15)

G Ladder identities in de Sitter space

In this appendix we collect several identities for the ladder operators in de Sitter space. The
identities show in an explicit way how the ladder operators map a solution at one level to that
at another level. We divide the discussion based on the coupling to Ricci. We also provide
the conserved horizontal charges for the conformally coupled case.

Generic coupling. The equation of motion can be expressed as

_ 1 W?ﬂ”‘ 9\ r?
Hv@¢’7é = 07 H’yf = *ﬁ 37‘ (Aar) + A +|a— Z ﬁ — f(f + 1) . (Gl)

For the E«ﬁ and Fi} operators defined in (3.10), we have the following ladder relations:

Hy 1By = B Hy, Hy 1B = E Hy. (G.2)
H7+2,571F,;; = FW—EH'M’ H’ny,EJrle_g - F,y_gH'yfa (G3)

confirming what we saw from the geometric perspective in section 3.1.
We can then write

H, = Ej?ﬁ—lEv_f + %awg = E;é+1E;r£ + %%H,é (G.4)
E;ZHE;FE - Eie—lE;e = _W (G.5)
Hy=F 0 Fy+ %bw =F 001 Fh+ %bwu (G.6)
F{+2,471F741} - nytz,zHFy} = 2(222_1)7 (G.7)

where a., and b, are defined in (3.21).
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Conformal coupling. For the conformally coupled scalar, to exhibit the ladder structure due
to the CKV K3, it turns out to be convenient to write the equation of motion as

vagf)wg =0, va = —771 Oy (Aar) + A — 2ﬁ — g(ﬁ + 1) . (GS)

This H.; is proportional to the one in (G.1), with @ = 1/4. For the ladder operators ﬁzt
defined in (B.4), we have:

Hy—l,é—l—lﬁj = E;th Hv—&-l,Z—lﬁz = EZHvﬁa (GQ)
as well as
~ o~ 2?2~ - (+1)2
_ 2 — 2
Hy=Dj Dy —w2, — 77— Dy Dff —wZ,— T (G.10)
~ o~ ~ o~ 241
D, D —Df Dy = I (G.11)
Observe that since Hyy1,—1 = Hyo (recall that w,, is proportional to v + £), we have
~ A
[Qo, Hy] =0 where Qo =Dy, =——=0,r (G.12)

r3

and thus dpg = Qoo is a symmetry. This can be verified at the level of the action as well.
This is the horizontal symmetry at £ = 0, just as in the black hole case. Climbing the ladder,
it can be shown N ~

Qe Hy) =0 where Q= D/ ,Qe1D,, (G.13)

and again d¢y = Qr¢p can be shown to be a symmetry of the action. See appendix H for a
proof. For ¢ = 0, the Noether procedure yields the conserved charge

A2
Pyo = — (9 (rém0))” + wior? 3, (G.14)

in the sense that 0,P,9 = 0. Note that the charge depends on 7, because of v dependence
from both w,o and ¢,/ We can again climb the ladder to define the charges at non-zero ¢:

Py = fj (aT (rf);f); . ngzsw))Q + Wl (f);f); . f);gw)Q . (G.15)

It can be shown these are precisely the Noether charges of the symmetries effected by the @,
operators.?” Note that unlike in the black hole case, the conserved charges are not complete
squares i.e. one cannot take square root to reduce them to be linear in the field. If one
constructs ¢p by ¢ ]5?_1 . ﬁarqbw_%o, it can be shown that

LMo’
20+1
Py x ( WJFZ > Pyve0; (G.16)

where (z), = I'(z +n)/I'(n) is the Pochhammer symbol. Note that for v = —¢, the expression
should be evaluated as a limit. Just as the conserved horizontal charges for black hole allowed

2"Since the Dét operators change both ¢ and v, we must take care with the subscripts here. The series of

D, operators acting on ¢., produce ¢.0, and we can then use w~¢ = w~4r 0 and invoke conservation of
Y4 ¥ ¥+¢,05 ¥ Y+£,
P, 1¢,0 to show that P, is conserved.
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us to show the vanishing of the Love numbers, the conservation of these charges gives us an
alternative way to derive the spectrum of quasinormal mode frequencies in the conformally
coupled case, which we shall not discuss here.

For the éﬁ operators associated with the CKVs K+ (3.31), yet another choice of the
equation of motion operator turns out to be useful:

~ 7‘4
for which we find the ladder relations:
ﬁfﬁ_ljéf& = éjéﬁ’yb Er,y_Lgé;g = é;eﬁ,yg, (G.18)
as well as
Hy=G . ,Gf—v(y+20+1) =G G, — (v—1) (y+20) (G.19)

H Conditions for horizontal symmetries

In this appendix we shall establish the conditions for the existence of the so-called horizontal
symmetries used throughout the main text. We consider an action of the form

1
5=38 =2;/dr¢m¢n, (H.1)

where

Hy = 0,00, + V(7). (H.2)

Here A(r) and V,,(r) are arbitrary functions, and n is an abstract index that can represent
multiple indices. The equation of motion is naturally

Mo = 0. (IL3)

We now assume that we have some ladder operators, i.e., some Dﬁ that raise and lower n.
We must have
DEH, ¢, = Hyer, Dy, (H.4)

where the equation of motion operator is given by
H,=—-f(rYH, (H.5)

for some function f(r), and we have introduced a minus sign for later convenience. Like n, k
is an abstract index that could represent the shifting of many different indices by different
amounts. We may assume that the ladder operators are first order, since we may always
remove higher derivatives by subtracting H,, or its derivatives.

Lastly, for any differential operator O, we let O be the operator that arises from
integrating by parts, i.e., if

0= Z ai(r)oL, (H.6)
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then

0 = Y (~1)dai(r), (H.7)

where derivatives act on everything to the right. We can then write

/ dr Oy = / dr pO¢ (H.8)

by dropping a boundary term.

We now take n = 0 (or any specific value, but 0 is convenient) and consider some
first order differential operator ()¢9 which obeys Q) = Q0. We define the transformation
dpo = Qoo and find that the action transforms as

550 = [ dr (QuoHon + 65HoQudo) (FL.9)
= /dT (éff) (@0710 + HOQO) ¢0) : (H.10)
Thus we see that a sufficient condition for Sy to vanish is
QoHo = —HoQo. (H.11)
Since Qg is a first order operator, it can be written in the form
Qo = a(r)0,b(r) (H.12)
for some functions a(r) and b(r). It follows that Qg can be written

1

Qo = —b(r)dra(r) = —%Qgg(r), (H.13)
where g(r) = a(r)/b(r). If
[Qo, g(r)Ho] = 0, (H.14)
we can write
QoHo = _LQOQ(TYHO = —HoQo, (H.15)

g(r)
so (H.11) is met. Thus if we can find some operator @y that commutes with g(r)Hy for the
same g(r) that appears in (H.13), then d¢g = Qoo is a symmetry of the action Sp.

It is worth pausing to note that at this stage, the ladder structure has not been used at
all, and as noted previously, n is set to zero simply for concreteness. If we somehow encounter
any operator @), obeying (H.13) and (H.14), then we have an associated symmetry of the
action S,. Having a ladder structure may make it easier to find such a @,, but is in no way
necessary.

If we have such an operator )y, we can then define

Qn = Di_kan—k,Dr:7 (H16)

assuming n and k are such that this recursion terminates at Q. We also assume (D))" = Di.
Under what circumstances is d¢,, = @ ¢, a symmetry of the action S,7 The same procedure
as in the n = 0 case leads us to the sufficient condition

QnHp = —HpQn. (H.17)
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Of course, if

—ngng(r) (H.18)

and

[ang(r)/Hn] =0, (H.19)

then (H.17) is satisfied, but since @,, is a higher order operator, we have

Qn =D, Qn D, ,, (H.20)
and there is no guarantee that
~ 1

for any g(r). However, we only require the condition

1

DF = _WDL’“ f(r), (H.22)

where f(r) is the function from (H.5). Since the ladder operators are first order, an expression
of this form will always hold, but the requirement on f(r) is key, as it implies

~ 1
Dy Hn = _mpjfikf(r)%n = ~Hps1 Dy (H.23)

Thus (H.22) allows us to use (H.4) to push H,, to the left past the series of Dt operators down

to QO, where it will have become H, and we can use (H.14) to move it past Qo Then we

can use (H.22) again to keep moving Hg to the right past the D operators, until it becomes

‘H, again, having picked up an overall minus sigh from the step where it was pushed past @0.
To see a specific example, we take n =1 and k£ = 1 and compute

QiH, = 151’@0230*7-(1
= —D; QuHo Dy
— Dy HoQo Dy
= —H1Df QoD
= —H1Q1. (H.24)
Let us now consider the two cases we addressed in this work. For the Reissner-Nordstrom

black hole, we replace n with ¢. The specific dependence of Vy(r) on ¢ in the form £(¢ + 1)
made the lowering operator for £ = 0 commute with Hy, so, using (2.37) and (2.31), we have

Qo=Dy =A0,, g(r)=[f(r)=A. (H.25)

Since f(r) = g(r), in this case we do actually satisfy (H.18) and (H.19). This can also be seen
directly from the expression

A2 (H.26)

Qi = (_1)ZA—(€+1)/2 (A3/26T)2€+1

where all derivatives act on everything to the right.
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For the conformally coupled scalar in de Sitter, n is replaced by ~ and ¢, though as we
did in the main text, we shall suppress the v index. As with the black hole, the dependence
of V; on ¢ in the form ¢(¢ 4 1) gave us a Qo from the bottom of the ladder. Using (G.12)
and (G.9), we have

Qu=Dy = 50 9lr) = Jr) = . (1.27)

Once again, the equality of f(r) and g(r) makes this case more tractable, and we have a
compact expression for QQy:

—(e4+1)/2 3/2 20+1 —£/2
— (—1)¢t! a rt La a rttl H.28
Qe =(-1) 0 (H.28)

r2 r2

I Identities for general first order differential operators
Consider a linear differential operator given by
6; = A(t,r)z' + B(t,7)0, + C(t,r)2'd; + D(t,r)z'0,. (L.1)

If ¢ is an n-index traceless symmetric tensor, then

Cil‘..in(sil s 5inf(t7 7") = cil...inx“ s xi”Dn_an_g s -'Dlpof(t, 7“), (1.2)
where .
J
with
1
€:A@M+<B@ﬂ+TD@M>&+C@m&. (1.4)

In addition, we find, suppressing the ¢ and r arguments to save space,

n(n+1)

56,8; (Cir--inxil - 'l’i”f> = Ciprig ' 2™ { - ———Bf
r
(L.5)
3 1
2 (€+ g it D) o (5+ZB+”D) f].
r r r T
In the black hole case, with d; = dk,, we have
A’ rA’ 1 9
Atr) =5 Bltr)=——, C(tr)=0, D@mziszAy (1.6)
so we find
5:%?&@& (L.7)
We can express (1.2) as
i in 1 3/29 \"
Ci1"~in5i1 T 5inf(t7 7’) = Ciyin X teeew W (A / 87‘) \/Kf(tﬂ“), (18)
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and (I.5) as

6”51'5.7 <Ci1---inxll o xlnf) = Ci1---inx21 ot lAg/Qag (\/Ef) + 2nA3/28r <\/>f>

r

n(n+1) 4N? (1.9)
2
= ((A’) . )f] .
In the de Sitter case with generic coupling, for §; = dk, or dp,, we have
VA r
At,r) =0, B(t,r)=Le*L22 C(t,r)=+e T —=, D(t,r)=0 1.10
(7T) ) (771) € T2 ) (7T) € \/Z? (7T) ) ( )

with the plus signs for the dk, and the minus signs for the dp,. Then (1.2) and (1.5) greatly
simplify:

, , A
CiyeinOiy =+ 04, f(E,7) = ¢yt - ™ (Leit/L\/»&« + e_lt/LL

r2 VA

2
A
2 <ieﬂ:t/L\/rE8t + Le:l:t/L\:;&) f

at>n Ft,r) (L11)

5”61‘5]‘ (Cil...inx“ cee ajz"f) = Cil...inl‘“ cogptn

A A
+(2n+3) Leﬂ/L\TF (iet/ L%at + Leﬂ/LgaJ f] .

(I1.12)
Lastly, in the de Sitter case with conformal coupling, for §; = ;- , we have
1
Alt,r) = A B(t,r)=1L, C(t,r)=0, D(tr)= _%7 (1.13)

and we find

Ciyoin Oiy - 03, f(£,7) = Ciyoi T ATz | Oy . f(t,r). (I.14)

. Lnyntl <A3/2 )” VA
. ‘ . ‘ C L2
(5”51‘5]‘ (cz-l...inx“ ce a;’"f) = Cir--inx“ st lr4A3/2 (83 (\/Zf)
(L.15)

rn+1)/2°7

L (r(nl)/Q\/Zf>)—n(n+l)£22f]‘

J More ways to climb ladders

Though the focus of this work has been on operators that act on the radial ¢(r) solutions,
we have seen that we can act with various (C)KVs to move around the space of the full
®(t,r,0,p) solutions. In this appendix, we shall explore this further.

We first need one more tool. For both the black hole and de Sitter space, we have
a triplet of KVs J; corresponding to spatial rotations. In the usual way, we can construct
operators that raise and lower m. We take

Lo, = (I +£iJ8) 0, = +ieT®dy — % cot 0 0,,. (J.1)
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Then in the de Sitter case, we find

5]1 q)wﬁm(ta T, 97 (10) (0.8 q)'yﬁ,m:tl (ta T, 97 50) (JQ)

(For the black hole case, simply drop the « index and the ¢ argument.)

The power of these new operators comes from the fact that ®.,,, = 0 for £ < m. Focusing
on the black hole for now, we see that (2.16) shows that for m = ¢, the effect of 05, on @y is
solely to raise ¢, as the second term vanishes. We can thus map any ®4,, to ®,41 ,, up to an
overall constant, with the following sequence of operators

(5J_)Z_m 0K, (5J+)€_m Dy X Ppy1m, (J.3)
or perhaps more clearly,
C Srcy O
Com) i) 2 0 Y 04 1, m). (7.4)

Unfortunately, in the black hole case there is no way to map ®¢,, to ®,_;,, using any
combination of (C)KVs.

Moving to de Sitter space, we find from (3.9) that setting v = 4 makes the Fv—; term
vanish, so the effect of dg, is to lower ¢ alone. This gives us a way to map any quasinormal
mode ®.¢,, to @, p_1 . We lower v = 4 + 2n to v+ with n applications of (5”51(1.(5[(]., lower
¢ with 0, and then raise v back up with n applications of §/dp,dp;:

(6765,0p,) " drcy (8M01,05)" Drayomtm X Do pom e tm, (1.5)

or,
ok, oxc, )" 5 5495p.op )"
(v+ + 2n,¢,m) % (Y, £, m) SN (£, £ —1,m) % (v« + 2n,0 — 1,m).
(J.6)

Raising ¢ is more involved but can be done, unlike in the Reissner-Nordstrom case. We must
first lower 7 to y+ and m to zero with 6”0k, dk; and 6,_ (in either order). We can then lower
¢ to zero with dx,. Then we use

041,

Clllzldpll ce 6Pi£+1 (J-?)
to jump from (v4,0,0) all the way to (y+, ¢, m). Lastly, we use 6ij5pi6Pj to raise 7 back to
its original value. We can represent this as

<5ij5Pi5Pj>n (CZ+1,m Sp. - 0p. ) (5K3)€ (5ij5Ki5Kj)n (5J7)m¢)7i+2n75m X Py 1on 041,ms

i1ty Ly ipy1
(J.8)
or
s, )" §165,05.)" 5. )"
(vt +2n,4,m) —(—J—)——> (v+ + 2n,2,0) M (v, 24,0) % (1.9)
f;f‘lji’zlépil...api“l (51'1'5},1_5%_)"

(fY:taOaO) (’V:be‘*’lvm) (7i+2n,£+17m>'

Thus in the de Sitter case, we can move from any quasinormal mode to any other via a series
of operations, all built on KVs.
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