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Abstract. This article deals with maximal operators on R" formed by taking arbitrary rota-
tions of tensor products of a d -dimensional Hoirmander—Mihlin multiplier with the identity
in n—d coordinates, in the particular codimension 1 case d = n—1. These maximal opera-
tors are naturally connected to differentiation problems and maximally modulated singular
integrals such as Sjolin’s generalization of Carleson’s maximal operator. Our main result, a
weak-type L?(R") -estimate on band-limited functions, leads to several corollaries. The first
is a sharp L>(R") estimate for the maximal operator restricted to a finite set of rotations in
terms of the cardinality of the finite set. The second is a version of the Carleson-Sjolin the-
orem. In addition, we obtain that functions in the Besov space Bgyl(IR”), 2 < p < oo, may
be recovered from their averages along a measurable choice of codimension 1 subspaces, a
form of Zygmund’s conjecture in general dimension n.
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1. INTRODUCTION

Let n > 2 be the linear dimension of the Euclidean space R” endowed with the canonical
basis {ej,...,e,} and let d € {1,...,n —1}. Singular integrals in d variables embed in R"
when made to act trivially in the n — d variables perpendicular to a chosen d-dimensional
subspace. More specifically, each pair (U, %) of orientation preserving rotation U € SO(n)
and tempered distribution %" € .%#'(R%) induces a map T:.% (R") — &' (R") by

(1.1) (Tf,g)::/ d(fOU(-,y)*%,gOU(-,y»dy:<f0U*(Ji/®5),g0U>,
R~

with 6 € &' (R" %) denoting the Dirac distribution supported at 0 € R"~4. If the Fourier
transform of ¢ is a bounded function m € L (R%) then T f coincides with the continuous
bounded function

(1.2) Tfx)= | mVIEf©e ™V dE,  xeR”,

R"
where V =U"!, g is the preimage through V of the subspace R4 := spaniey,...,eg}, and I,
denotes orthogonal projection on o. Our interest lies in the further particular case where
m is a Hérmander—Mihlin multiplier on R4, namely
(1.3) lmll.s,@y:= sup sup '™ |D¥mm)]

0<|al<A pepd

is finite. If A > d +1 say, an application of the Hormander-Mihlin theorem on each o-fiber
of R and Fubini’s theorem tell us that (1.2) extends to a bounded operator on L”(R"),1 <
p < oo.

The broad object of interest of this article are maximal versions of (1.2) where the rota-
tion V € SO(n) depends measurably, or in some other specific fashion, on the point x € R".
Note that the multiplier (1.2) is allowed to exhibit singularities on the (n — d)-dimensional
subspace ot = (VIRYL. In light of this fact and of the invariance of the Mihlin norms
(1.3), an efficient parametrization of the multipliers (1.2) must involve the corresponding
oriented Grassmanian Gr(d, n), namely the space of oriented d-dimensional subspaces of
R". When equipped with the canonical distance, Gr(d, ) is a compact metric space which
is isometrically isomorphic to the quotient group

SO(n)
SO(d)®SO(n—d)"
The description of the isomorphism is useful to us and can be loosely given as follows.
Thinking again RY = spanie,...,egq} € Gr(d, n), a subspace o € Gr(d, n) is identified with
the class of matrices 7 (o) < SO(n) which map o to R4, Any two elements V,0 € ¥ (o) are
related by

(1.4) V=(Q®P)O, QeSO(d), PeSOn-d.

For this reason, fixing in the remainder of our discussion a family

(1.5) {O, €V (0): 0€Gr(d,n)}
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of representatives, the class of rotated singular integrals (1.2) associated to a single multi-
plier m € .4 4(d) may be parametrized as

(1.6) Tnf(x;0,Q = [ mQO,M,O)f(&)e?" ¥ dé,  xeR”,
Rn

with parameters o € Gr(d, n) and Q € SO(d). Note that (1.6) does not depend on the com-
ponent P € SO(n— d) in (1.4), reflecting the trivial action of T in the o*-variables, cf. (1.2).
Also note that the family in (1.5) can be chosen arbitrarily. A specific family is explicitly
constructed in Lemma 2.1 with the additional property that the map o — O, is C!; see
Remark 2.4. Finally, the directional operator (1.6) may be further interpreted by rewriting
formally

(1.7) Tmf(x;a,Q)=/ fx=V'nK(ndr, V=Q0, xeR",
R4

with K(¢) the kernel of J#" = .

The maps (1.6), or alternatively (1.7), are termed Gr(d, n) -subspace singular integral op-
erators. For instance, they encompass o-subspace averaging operators, corresponding to
the choice .# € L' (R?) in (1.1), as well as the d-dimensional Riesz transform in the direc-
tions of g, obtained by choosing the vector distribution

e . RH,

— Y
K (y) ==p.v. i

Subspace singular integrals, along variable choices of d-dimensional subspaces o are
connected to several deep lines of investigations in harmonic analysis and partial differ-
ential equations. This article focuses on the codimension 1 case n = d + 1. Higher codi-
mension cases are more singular and very few instances of operators have been treated,
none beyond the L? threshold. A full account of the history of this circle of problems is
postponed to the end of this introduction.

Below, we consider the maximal operator associated to a family of multipliers m = {m, €
Ma(d): 0 €Gr(d,n)},

(1.8) Tof(X):= sup  sup |Tm,f(x;0,Q), xeR",
oeGr(d,n) QeSO(d)

or linearized variants thereof where the variable choices of o, Q are expressed by measur-
able functions o(-) : R" — Gr(d, n) and Q(:) : R” — SO(d), possibly under additional regu-
larity assumptions on these functions. When d = 1, the operators T,y recover the familiar
directional maximal averaging operator, and the maximal directional Hilbert transform,
for suitable choices of symbols m. Concerning (1.8), its maximal nature shows how the
choice of the family O, in (1.5) is immaterial.

Our main result concerns the action of (1.8) on frequency band-limited functions. In
order to state it we fix a smooth radial function ¢ : R” — R, such that supp(() < {{ e R":
1<|é]< %} and define for ke R

(1.9) Prf(x) = / ((Z‘klfl)f(«f)ez”’“@df, xeR".
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Theorem 1.1. There exists A= A(d) such that the following holds. Suppose that the family
m:={m, € L®[RY) : 0 € Gr(d, n)} is such that

(.10)mlzyGr@ny = sup  |Imegll. iy +108 (e+ m) Ime —molluyay| < 1
0,7€Gr(d,n)

Referring to (1.8), there holds

(1.11) | ThoPy: LPR™) — L*°RM|| <1, |TmoPo: LPRM| <p1, 2<p<co.

Remark 1.2. The norm (1.3) is invariant under isotropic scaling of R%. Condition (1.10)
inherits such invariance, whence (1.11) holds with the same constants for T, o Py as well,
keR.

Remark 1.3. A sufficient condition for assumption (1.10) to hold is the following. Let

. B
Imll s, Gr@d,ny = sup  sup Dy moll uya
o€Gr(d,n) 0<|BI<1

where the differential operator % is the natural invariant vector of o-derivatives; an ex-
plicit description is given in Lemma 2.2. Since

Imll_z,Gr(a,n) S Imll g, Gred,n)

the conclusion of Theorem 1.1 holds under the assumption |mll_y, , Gr(d,n) < 1.

In order to further emphasize the interpretation of our operators as directional multipli-
ers and draw a formal parallel to the two-dimensional case of [31], let us rewrite (1.7) in yet
another form. Equip R” with the standard basis (ey, ..., €4, €;;) and define an orthonormal
basis on o by setting

V] = Vi'e;, jell,...d}, span(t{,...,v9) =0, VeV (o).

Then, calculate
d d .,
VIS =V ) (& vHvd =) & vhej= (& v)),....¢¢ v eR
j=1 j=1
so that (1.6) takes the form

Tuf0,Q) = [ m(&v]),..., & v)) f©O 0 de,  xeR"
Rn

Then Theorem 1.1 tells us that the operator

My ((5, V(lf>, (S yg>) f(f)QZni(,g«r) dé

R”

f— sup sup

o€Gr(d,n) vy,..., vg

is of weak-type (2,2) and strong type (p, p), p > 2, whenever m = {m, € L°(R%) : o €
Gr(d, n)} satisfies |m|l_s,Gra,n) < 1; above, the inner supremum is over all orthonormal
bases of o. Specializing to a single multiplier m € .4 4(d) we record below an immediate
corollary.
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Corollary 1.4. Let m € 4 4(d) and consider the maximal directional multiplier

M v),..., & va) fOeFE0dEl,  xeR”,
Rn

T, f(x):= sup

(Vlr---vyd)

where the supremum is taken over all orthonormal d-tuples (vy,...,v4) € ®R™%. Then T} o
Py maps L*(R™) to L>*®(R") and LP (R") to LP (R™) forall2 < p < co.

We encourage the reader to compare with the very familiar two-dimensional directional
multipliers, [11, 31], given in the form

Tf(x,v) = / m(& ) FOe 0 de,  (x, 1) eR®x S,
RZ

when m € 4 4(1) is a one-dimensional Hormander-Mihlin multiplier. In the two-dimen-
sional case, SO(1) is trivial, so that such dependence may be omitted.

When the band limited restriction imposed by precomposing with Py is lifted and no
regularity assumptions are placed on the subspace choice function, such function o (-) is
allowed to be oriented along a suitable Kakeya—Nikodym set and the subspace singular
integrals (1.8) are in general unbounded on L (R"). One particularly deep line of investi-
gation is seeking for suitable regularity assumptions on o bypassing the above mentioned
counterexample and ultimately leading to LP-bounds. For instance, if o (-) is 1-Lipschitz
and mg(-) is supported on frequency scales > 1, then Kakeya-type counterexamples are
avoided. Zygmund suggested that — in this context — a suitably truncated version of the
averaging directional operator along a Lipschitz choice of subspace should be bounded,
at least above a critical L”-space which can be identified for each dimension n and codi-
mension n —d, see [17]. The corresponding version of this conjecture for multipliers m,
allowed to be singular along o is usually attributed to Stein. These are the Zygmund and
Stein conjectures alluded to above and underlying the investigations in this paper.

For the case of directional singular integrals, namely when m,; is allowed to be singular
along o, further counterexamples of non-Kakeya type do exist even when the range of
o () has special (e.g. lacunary) structure as has been exhibited in [22, 28]. For this reason
it is customary, at least in the case d = 1, to study o with finite range and prove optimal
bounds in terms of the cardinality of such range. Optimal cardinality bounds for direc-
tional singular integrals are mostly known in the two-dimensional case, see [11, 12], while
in higher dimensions n > 2 and d = 1 optimal bounds for directional multipliers and o
with lacunary range are contained in [1, 15].

In the present paper we prove the first such result in higher dimensions n > 2 and codi-
mension n —d = 1. It is worth mentioning that while most of the results in the literature
deal with maximal singular integrals generated by a single multiplier, the statement below
allows for a log-Holder dependence of the family m, in o € Gr(d, n). A two-dimensional
partial analogue has appeared in [23], where the authors even allow for a measurable with
respect to o choice of multipliers, albeit with sub-optimal bounds in terms of the cardi-
nality.
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Corollary 1.5. Suppose that the familym := {m, € L°(R?) : o € Gr(d, n)} satisfies

Imll_zz,(Gr(a,ny) < 1.
With reference to (1.6), the maximal operator

(1.12) T3 o f(x):=sup sup |Tp, f(x;0,Q)|, xeR", ZcGr(d,n),
’ oeX QeSO(d)

satisfies the norm inequality

Sup ” Tz*.m”mnqen) SnlogN
XcGr(d,n)
#EXN

and this is best possible up to the implicit dimensional constant.

From the proof of Theorem 1.1, it is also possible to deduce weak (2,2) and strong (p, p)
bounds, with 2 < p < oo, for maximally truncated versions of (1.8). When considering the
multiplier m, = 1, this corresponds to a maximal subspace averaging operator. The ob-
tained mapping properties can then be used to deduce subspace Lebesgue differentiation
theorems for functions in the Besov spaces B;;,1 (R™), s > 0. These recover past results due
to Murcko [33], see also [2, 35], for the case s > 0,n = 2, and appear to be new in the cases
s=0or n> 2. A detailed statement is given in Theorem 7.1, Subsection 7.1.

Further motivation, as well as influence on the proof techniques, for Theorem 1.1 comes
from the connection with maximally modulated singular integrals. In the two-dimen-
sional case, n = 2 = d + 1, there are well-explored [5, 31] ties between the band-limited
behavior of the maximal directional Hilbert transform and the boundedness of the Car-
leson maximal partial inverse Fourier transform operator [7]. In a similar fashion, Theo-
rem 1.1 implies LP-estimates for maximally modulated Hérmander—Mihlin multipliers in
the spirit of Sj6lin [38].

Theorem 1.6. Suppose m € 4 4(d). Then, the conclusion of Theorem 1.1 implies that the

Carleson—-Sjolin operator

CS[f1(x) == sup
NeR4

maps L*(R?) to L>*®°(R?) and LP(R%) to LP (R?) for all2 < p < co.

Fmymm+ N ™ dn|,  xeRY,
d
R

The transference type argument leading to the proof of Theorem 1.6 is a modified ver-
sion of the observation, commonplace in the literature, that any horizontal frequency cut-
off to a half-line of a function supported on a thin vertical frequency strip may be obtained
by applying a directional Hilbert transform with a suitably chosen slope. The connection
to Carleson-type theorems and, more generally, modulation invariant operators, is in fact
also apparent from the proof of Theorem 1.1 itself, which, much like its predecessors in
[29, 4], borrows from the Lacey-Thiele argument for Carleson’s maximal operator, [30].

Due to the higher dimensional nature of the problem considered, several new concep-
tual and technical difficulties arise. A first element of proof, which is only relevant in am-
bient dimension 7 > 3, addresses the possibility of choosing several rotations mapping R?
to a given o € Gr(d, n). The underlying rotation invariance allows for arbitrary choices of
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coordinates on each o, introducing artificial discontinuities to the problem in hand and is
readily appreciated in formula (1.6). The necessary reduction which allows us to dispose of
the arbitrary rotation Q in (1.6) and instead use canonical smooth rotations is contained
in §3; the study of the model case of maximally rotated translation invariant Calder6n-
Zygmund operators is instructive and is also presented in §3. Additionally, the higher di-
mensional time-frequency analysis of the current paper combined with the directional
nature of the operator under study leads to a novel model sum in terms of wave-packets
conforming to the geometry of the operator, and requiring us to work with a choice func-
tion, dictating the measurable choice of subspaces from Gr(d, n), which localizes in higher
dimensional frequency caps.

The final paragraph of this introduction serves as a more comprehensive historical ac-
count of past progress on maximal directional singular and averaging operators. This sub-
ject has attracted considerable attention in the last fifty years, mainly in connection to the
Kakeya maximal conjecture. In this context, the dimension d of the averaging manifold is
1, and the connection may be described through the LP-bounds, 1 < p < 0o, for the single
and multi-scale directional maximal functions

r

1
My f(x):= sup/2 |f(x—vp)ldt, My f(x):=supsup i If(x—vr)|dt, xeR"
veVJ-1 r>0 vev 27 J_;
associated to a generic V € $"!. The existence of Kakeya sets implies that these bounds
blow up as § — 0" when V is a §-net on $”*~!. When n = 2, tight upper bounds for §-nets
are known and due by Stromberg, [40], and Cérdoba, [10], who e.g. prove sharp logarith-
mic blowup in terms of § above L?(R?), which is the critical space for the Kakeya maximal
function in R?. These results imply the maximal Kakeya conjecture in two dimensions and
for example we have

||MV,1||L2(R2) ~\/ [logél, ||MV||L2(R2) ~ |logél.

In parallel it was known that if V has additional structure, namely if it is a lacunary set of
directions, then My is bounded on all L” (R?) spaces, 1 < p < 0o, as was shown collectively
by [9, 34, 37]. Bateman [3] showed that in fact My is bounded on some (equivalently all)

LP(R?) spaces, 1 < p < oo, if and only if V is a lacunary set. This means that if V is an

arbitrary infinite set of directions then My will be generically unbounded so that one can

assume that #V < +o0o and seek for best possible bounds in terms of the cardinality #V.

This was done by Katz who showed the best possible bounds for My ; in [25], and for My

in [24]. These bounds match the optimal bounds for §-nets stated above.

The maximal directional Hilbert transform

dt
Hy f(x):=sup|H, f(x)l, H,f(x) ::p.v./f(x—vt)—, xeR?,
vev R t

is always unbounded if #V = oo; this was shown for [2(R?) by Karagulyan in [22] and for all
LP(R™) by Laba, Marinelli and Pramanik in [28]. The upper bounds for Hy and V lacunary
were shown by Demeter and one of the authors, [12]; see also [14], resulting to the sharp
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estimate

sup [ Hyll2®n ~ \/logN.
Vlacunary
#V N

The contributions [11, 12], containing what is essentially the n = 2 case of Corollary
1.5, have already been recalled. Finally the n = 2 case of Theorem 1.1 has a partial ana-
logue in a result of Lacey and X. Li [31]. Therein, the authors pursued this question as an
intermediate step towards the two-dimensional version of the Stein conjecture. Further
results are available under other specific structural assumptions on the linearizing choice
function for the directions v. The articles [4] by Bateman and [5] by Bateman and Thiele
deal with the case where v is almost horizontal and does not depend on the vertical vari-
able. In particular, the latter article showed that this structure entails L? (R%)-bounds for
all 3/2 < p < co. Variants of these assumptions have been dealt with by S. Guo [19, 21];
see also [13] for a comprehensive result of this type. In a different direction Bourgain [6]
has proved that a suitably truncated version of M, is bounded on L%(R?) when v satisfies
a certain curvature condition, which in particular is verified by real analytic vector fields;
see [20] for a geometric proof. Analogous results for the corresponding truncated direc-
tional Hilbert transform along v real analytic fields are due to obtained by Stein and Street,
[39].

In higher dimensions, n > 3 most of the known results concern the case of codimension
n—1so that d = 1. Parcet and Rogers [36] extended the notion of lacunarity to any dimen-
sion and showed that My is bounded on all LP (R")-spaces under the assumption that V
is lacunary. A partial converse in the spirit of Bateman is also proved in [36] but a full
characterization is still pending; for d > 1 there is currently no notion of lacunary subsets
of Gr(d, n) in the literature. For arbitrary V < $""! sharp L?(R")-bounds were shown for
My 1 by two of the authors using the polynomial method, [16]. Regarding My, the special
case where V < $""! is a §-net is considered in [26]. Sharp L?(R")-bounds for maximal
single-scale subspace averages are proved in [17] for any 1 < d < n — 1; these include the
case of codimension n — d = 1 where L?(R") is the critical space.

Before this work, maximal directional singular multipliers had only been studied for
d = 1. When V is lacunary and n > 3, Accomazzo and two of the authors have proved
sharp LP (R")-bounds in [1]. In [27], Kim and Pramanik prove the sharp L?(R")-bounds for
V < $"! arbitrary with #V < +o0. It should be noted that lacunary sets yield the same
bound of the order /log#V for all LP-norms of the maximal directional singular integral
in all dimensions. For V.« $"! arbitrary this is no longer the case and logarithmic cardi-
nality bounds can only be expected above the critical exponent p = n. This problem would
however entail the resolution of the Kakeya conjecture and is currently wide open. Note
that Corollary 1.5 above provides the first sharp bound for maximal directional multipliers
and d > 1; since in our case the codimension n — d = 1 the critical space for this problem
is still L>(R™), asinthecase n=2=d +1.

Structure of the paper. Section 2 contains a few geometric preliminaries on the metric
and differential structure of Gr(d, n). In Section 3, Theorem 1.1 is reduced to a simpler
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version by removing the SO(d) maximality, see Proposition 3.3 for a precise statement.
Section 4 is devoted to the deduction of Corollary 1.5 and Theorem 1.6. Section 5 further
reduces Proposition 3.3 to the estimation of a time-frequency model operator, which is
finally performed in Section 6. The concluding Section 7 is devoted to complementary re-
sults and questions on maximally truncated and bi-parametric variable Gr(d, n)-subspace
singular integrals.
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2. GEOMETRIC PRELIMINARIES

The remainder of this article is concerned with the codimension 1 case, d = n—1. In
this case Gr(d, n) is naturally identified with S¢ via the isometric isomorphism

(7'—>0'J', Gr(d,n) — Gr(n—-d,n),

This identification is exploited with the notation v, € S as the unit normal vector to o.
We equip Gr(d, n) = Gr(n — 1, n) with the metric

dist(0,7) = |y — v7| = V21/1 —cos[0(vy, v;)] = |sin[0(vy, v7)]|

where 0(u, v) stands for the convex angle between u, v € sS4, The equivalence constant
implied by < is obviously independent of the dimension. We set up a unified notation for
balls in metric spaces. The standing convention is that ¢ € X then B(¢, r) is the ball in the
metric space X, centered at ¢ and of radius r > 0. The default metric on linear subspaces
of R” and $¢ is the Euclidean metric and we write B™(R) for the Euclidean ball in R,
centered at 0 and having radius R > 0. We also adopt the following notation for annuli in a
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generic metric space X
Ann(x,r,R) = B(x,R)\ B(x,r), O0<r<R, xelX.

When X is a linear space the shorthand Ann(r, R) is also used in place of Ann(0, r, R) and
B(R) is used in place of B(0, R).

2.1. Smooth families of rotations. The next lemma constructs a typical family of Lips-
chitz rotations of R”. These are essentially two-dimensional rotations between ¢ and 7
acting in the plane perpendicular to the common (d — 1)-dimensional subspace c N7t =
(span{vy, v-})*.

Lemma 2.1. Leto,7 € Gr(d, n) withdist(o,7) < 1/2. There exist O, € SO(n) such that
0;50=T1, Oy Vs = Uy, | 0,6 —1d| = dist(o, 7).

Proof. 1f 0 = 7 take O;,, = Id. Otherwise define { := 0 N7 € Gr(d — 1, n); see Figure 1. Since
{*+ = span{v,, v;} and 6 N{* is a one-dimensional subspace of {*, we may pick the unique
unit vector u, € o N{* satisfying the equation

vy = —(sin@) uy + (cosB) vy, 0 := arccos((vy, Vr)).
Let O;,, be the rotation that acts as the identity on ¢ and such that

O g Ug = Uy = (c0sO) Uy + (sinB) vy, O:,gV5 = V7.
Zy

(=o0nt

(J_

/ g
x T

FIGURE 1. A figure for the proof of Lemma 2.1

Note that u; is a unit vector orthogonal to ¢ and v;, therefore 7 = span{(, u;} = O; 40.
As O; ¢ —1d = [Or 5 —Id]I1;1, the equality

02,0 —1d|| = V2V/1 = (v, v1) = U6 — v;| = dist(0, T)

follows by immediate two-dimensional trigonometry. 0J
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We give below an explicit description of the tangent bundle TGr(d, n). This is used in the
sequel to give a concrete notion of derivatives of functions defined on Gr(d, ). In turn this
will help us establish the smoothness of the map Gr(d, n) 3 0 — O, ; for fixed p € Gr(d, n).

Lemma2.2. Leto € Gr(d, n) and let{vf, .. vg} be an orthonormal basis of o and as usual
o' =Ruv,. The tangent space T ,Gr(d, n) is the linear span of
0, k#j
Xo€s0(n), j=1,...,d, Xpelvil = , 1<k<d, X,,qvgz—v;.’,
J J Uo—, k — ] J

where so(n) stands for n x n real skew-symmetric matrices. Furthermore, if{ € R" is a fixed
vector then the following hold,

a,,;_f (IIz&) = Xy;ff, a,,;f(HUl{) = —Xv}ff, j=1,...,d,
and the vector of derivatives 9; can be described as
.@J:(ayg,...,avg), o €Gr(d,n).

Proof. Abasis of the tangent space T;Gr(d, n) at o € Gr(d, n) can be given by (Xvi” ceey Xyg)
where we define X 7 for 1 < j < d to be the tangent vector at ¢ = 0 to the Gr(d, n)-valued
curve
o(t; j) :=span{vy{,...,(cost) v}’ +(sin ) vg, ..., v}
For the second claim we compute
Ho ;¢ — ¢
= (&, (cost) v}’ + (sin 1) vy) ((cos 1) v}’ + (sin ) vy) — (¢, 1/}7) v}’

= (sintcost) [(6, v}’) Vg + (&, vg) v;’] +[(cos t)* = 1](¢, U;-’) v}f + (sin )% (¢, Vo) Vg

= (sintcost) [(6, U}’) Vg + (&, V) v;’] +0(t%)
so that
Ha(t;j)f_ ¢

0y7 (I56) = lim ;

= (v Vo + (& Vo)V = Xyod
]

as claimed. Finally,
0= av‘jfé = 61}‘].7 (IIy¢) + 61/‘].7 (Hglé‘)

whence the corresponding conclusion. 0

The last lemma of this short section contains a computation of the o-derivatives of the
SO(n)-valued map
Gr(d,n)30— Ry =0y o € Gr(d, n),
where O, , references Lemma 2.1 and p € Gr(d, n) is kept fixed and will henceforth be
omitted from the notation. In general, for p € Gr(d, n) fixed we consider the following
mappings:
- 0 — Ry is the rotation on the plane span{v,, v} with R; v = v;; remember that v =
Vp.
- 0 — 04 :=arccos({vg, V)).
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- 0 — Uy, where u, is the unit vector of p which is perpendicular to o n p with
(Ug, Vg) <0, and therefore lies in the plane span{v, v}.
- 0— Uz =Rsug.

onp
FIGURE 2. A figure for the proof of Lemma 2.3.

With these notations, depicted in Figure 2, there holds
2.1) Uy = (cosOy)ug + (sinfy)v, Rysv=vs, Ryw=w Yweonp.
For the statement and proof of the lemma below it will be convenient to write R” as the
direct sum

R" = (o np) ®Ru, & Rv.
Note then that o can be described in the form o = 0 N p ®RU,;. Now Lemma 2.2 shows that
in order to determine .@f O, (o) for |B| < 1 it suffices to determine 61,;7 R, for each vector
from a suitably chosen basis of o. This is effectively accomplished by the next lemma, as

one may complete U, to an orthonormal basis of o by choosing d —1 orthonormal vectors
inonp.

Lemma 2.3. Leta, b,c € R and p € Gr(d, n) be fixed. For every o € Gr(d, n) we have
Oy, Rolw + buy + cv]l = by — cUy, Yweonp.

Furthermore for all w € o n p there holds

OwRylz+aw+buy +cv] = [boOy) —clw+ adO,)uys + av Yzeonpn w*,

cos f—1
sinff -

for the bounded function o (f) :=

Remark 2.4. In particular, supy g <; .@f Rl S1+1@0(0)| Sy 1. Integrating along the geo-
desic connecting o,1 € Gr(d, n), we obtain the operator norm estimate

IR; — Ry ll = | R:R;" —1d|| < dist(z, 0).
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Throughout the paper we reserve the notation O, € V (o) for the rotations
Op = Oy €S0(n), 0,0 =R Oy, =ep.
Then, if the family {Oy € V (0) : 0 € Gr(d, n)} is constructed via Lemma 2.1, we will have

2.2) sup 12P0,1<1, 110, - Ol < dist(o,7),
0<II<1

and these rotations will be used as the canonical family in (1.4).

Proof of Lemma 2.3. In order to compute 0y, R;, we need to compute the limit

Rr(t) - Ra
t
where 7:[0,7/2] — Gr(d, n) is the Gr(d, n)-valued curve

T=1(t):= (o np)espan{U;}, U;:=(cost)Uy+ (sint)vy = Ry Uy,

(2.3) dy, Ry = lim
t—0

v =—(sint)Uy + (cos ) vg,

and note that

7(0) =0, Ur(0) = Uy, Vr(0) = Vo,
and that R; is a rotation by an angle arccos({v;, v)) = O, + t in the plane span{Uy, vs} =
span{v, v}, and vy = Ry v. Itis then quite easy to see that

0y, Rov=-Uy, 0y, Ro g = vy, Oy,Row=0 Yweonp.

This proves the first identity in the statement of the lemma.

In order to prove the second claim of the statement it will suffice to compute 9, R for a
generic vector w € onp of unit norm. Fix one such w and set{ := cnpnw=. The derivative
0w R will be calculated by repeating the limiting procedure (2.3) for

T=1(f) = ®span{w;(p, Uy}, wr:=(cosHiw+(sint)vy, v;:=-—(sinf)w+(cost)vy.
Note again that we have
7(0) =0, W) = W, V7(0) = Vg
As Ry, R; both act as the identity on ¢, one has
0,,R;2=0 Vzel

and it suffices to test the action of d,, Ry on the basis vectors of {* = span{ugs, w, v}. The
vectors {w, u} given by

sin ¢

_ 1
w=—

(2.4) pD
B(t) = \/1 + (sin tcotf,)?

form an orthonormal basis of {* N p = span{u,, w} with, in addition, span{i} = {* n7(£)N
p. Therefore R; acts as a rotation by 8; in the plane spanned by #, v, where

sint ] . 1
, U=

B

(costhw — w+ (cosuy |,

: Ug :
sinf, sinf,

cosf; = (v;, V) =costcosby, sinf; = \/1 — (costcos0)?,



14 O. Bakas, E Di Plinio, I. Parissis & L. Roncal

namely,
R, w0 =1w, R;1i =cos[0;]u+sin0; v, Rv=v;.

Recalling our notation this means that u; = & and U; = Ry u; = R ul.

Computingang ugs. The system (2.4) may be easily inverted, giving

(cos )i+ sint 1 sint T (cos D
cosHw+—u Ug = ——w+(cost)u
,6( r) sinf 7 ,B(t) sinf
Also recalling (2.1), (2.4),
1 int
Ryuy, = % — Ssiilneg i + ((cos 1)? cos 05) 1+ (cost) \/1 —(costcosO,)%v|,
R 1 Coseasmt o ; 0,)ii+ B(1)(sinf,)
Ug = W+ (costcosOy)u sinf,)v
e p(1) sinf, g g
Taking the difference and using some calculus
(sint)oOy)
[R; — Rslu ———w+ou+o(H)v.
T olUg = ,B(t)
Therefore, dividing by ¢ and taking the limit
) —1
OwRsus=00,)w = {Wo, V)
1- (va; v>2
Computing0,, Rg w. Similarly
Riw= (cos t)w+s1ntcostcos{90ﬁ sin \/1 (costcosby)?v
! ,6( 1) sinf, sinf, ?
sint
Ryw=w=——|(cost)w+ ul.
’ ,3( ) in0,
Taking the difference and using some more calculus
Noo
[R; — Rylw % i+ sinf)v+o(Hv(r).
Therefore, dividing by ¢ and taking the limit
Uy —1

V' 1-(vg, v)?

Computing 0,,Rsv,. This one is the easiest, as

3Ry v = ltirré [(cost) —1] 1;0 —(sinf)w —w

and the proof is complete. O

3. REMOVING THE SO(d) INVARIANCE

The maximal operator (1.8) is invariant under precompositions of the family m,, with el-
ements Q, € SO(d). In other words, T* does not change if each m, is replaced by m, o Q,
for some Q, € SO(d) for each o € Gr(d, n). In this section, Theorem 1.1 is deduced from an
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analogous estimate for the formally weaker maximal operator (3.1) where Q, = the iden-
tity in SO(d). This deduction is summarized in Proposition 3.2 below. The essential idea
of the argument comes from an averaging argument showing the L” (R%)-boundedness
of maximally rotated d-dimensional Hormander—Mihlin multipliers, which is presented
below as a warm-up.

Proposition 3.1. Letme 4 (d) forA>d+1+ @. Then

) Foym@Qme*™™*dny|,  xeRY,
R

T* f(x):= sup
QeSO(d)

maps LP (RY) into itself for all1 < p < oo.

Proof. The idea of the proof is the same in all dimensions d > 1. In order to make the
argument more concrete we first prove the case d = 2. A generic element O € SO(2) may
be written in the canonical basis of R? as

cosf —sinf
sinf@ cos@

for some 6 € [0,27). Let O(0) be the element corresponding to 0 € [0,27). We note that the
coordinates of O(0) are smooth functions of 8 and we adopt the notation

—sinf -—cosf

oy
0® = cosf@ —sinf

for the derivative. It is then useful to introduce the family of multipliers
mp(1) := (Vm(O@©)),0' @),  ner’.

It is immediate to see that there exists a constant ¢ independent of 6 such that cmy €
M p-1(2). Defining

Ty 0= / TaymOOmedn,  Sf(x,0):=0yTf(x,0)= / Famome =,
R R
one has the equality
0
Tf(x,@):Tf(x,0)+/ Sf(x,7)dr, 0<0<2m,
0

whence .
ITf(',9)|<|Tf(',0)I+/ ISf(,1)ldT, 0<60<2m.
0

Therefore, using Minkowski’s inequality

2n
IT*fll, = sup |TfCO <ITFCO,+ / ISfC,D)ldr
6€(0,27) p 0 p
<ITFCOlp+21 sup 1SFCDI SIS
7€[0,27m)

using that m € 4 4(2), cmg € 4 4-1(2) uniformly, and the Hérmander-Mihlin theorem.
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We then sketch the argument for d > 2. Recall that SO(d) is a compact Lie group of
dimension D = @. Hence, there exist C > 0 and 0 < € < 1 so that SO(d) may be covered
by smooth charts

Qj=Q;(6)=Q;(1,...,0p):[0,6)° = S0(d), 1< j<C.
For example, if d = 3 one may use axis-angle pairs to parametrize rotations. Namely,
0;(6,,0,,03) is the rotation by angle 03 in the plane perpendicular to the unit vector
N(64,0,) = (cosf;sinO,,sinb; sinf,, cosH,).

Then SO(3) may be covered by O(1) smooth axis angle charts with parameter £ = 2737,
By finite splitting it thus suffices to bound the maximal operator

sup |Tf(x,0)] where Tf(x,0):= / Fym@Q;@me*™ *dn, xeR"
0el0,6)P R4

foreach j =1,...,C fixed. For S = {k; <... < kgs} < {1,..., D} write 0g = O, -+ Ok,s. Let also
[1s be the orthogonal projection on RS := spanf{ey: k€ S},sothatd =TIg0 & I1gcO.1f 7 € RS,
it makes sense to write 6 = 7 ® 0gc € RP with the meaning that [150 = 7 and I1gc0 = 0gc. The
key of our argument is again that the multiplier operators

Tsf(x,0) = /d fmgsme*™dn,  mgs:=0sm(Q;(6)),
R

satisty cmg s € Ma-4s(d) € M a-p(d) uniformly. Then one has the equality

Tf(x,0)=Tf(x,0)+ Z / Tsf(x,T®0gc)dT, 6 €l0,6)P,
[Tkes10,0]

@CScl,..., D}

and similarly to what we have done before,

sup |TfCO)|| <[TFC,0f,+2° sup  sup [TsfC,7@05)],
f¢el0,e)P p DCSc{l,...,D} 7e[0,e]#S
so that we end up with the latter supremum being controlled by C|| f |, via an application
of the Hérmander-Mihlin theorem. The proof is complete. UJ

We are now ready to state and prove the anticipated reduction of Theorem 1.1.

Proposition 3.2. Let X < Gr(d, n) be arbitrary. Let Oy = Oga ,, With reference to the family
of rotations constructed in Lemma 2.1; cf. Remark 2.4. Consider the maximal operator

(3.1) Uz o f (x) = sup| Ty, f (x,0)]
gEX
where
T, f(x,0) = | me(0pT1,8) f(&)e™ D dE,  xeR™
Rn

Forl<p<oo,1<qg<oo,D= @ and Ty from (1.12), there holds

sup{|| T£m||LP(R”)—>LPr’7(R”) slmll gz, p(Grd,n) < 1}

< supf]| U£m||LP(R")—»LW(R") Clmll g, Grd,n) < 1}
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with implicit constant depending upon dimension only. The same statement holds if Uy
is replaced by Uy _ o Py in the right hand side and Ty _ is replaced by T _ o Py in the left
hand side of the estimate above.

Proof. Fix a family m with [mll_4,, ,Gr4,n) < 1. By finite splitting, we obtain the claimed
estimate for (1.12) from the same claim on the restricted maximal operator

T3 mf (x) :=supsup | T, f (x;0,Q)|
0€X Qe

with

Ty f(%;0,Q) = | mg(QO@)y) f(&)e?™ 59 d¢, xeR”,
Rl’l

where 2 is range of the chart Q; for some j = 1,..., C; the overloading of the symbol T
creates no confusion. At this point, for Q € 2, let 6(Q) be such that Q = Q; (). Define the
families

mys={myps:0€Grid,n}, mypsm)=3my(Q;@)m), 6¢€l0,e)?, Scil,...,D.
With this definition, observe that

Ting f(%;0,Q) = Ting gy, f (X0, 1dga) = Ty ). f (X, 0).

It is then routine to verify that

(3.2) sup Sup ||m0r3||MA(Gr(d,n)) 5 ”m”JlmD(Gr(d,n)) <L
0¢€[0,e)P Scfl,...,d}

Arguing as in the previous proof we then have
TasfO<Uy  sf)+ ) / US mpen.. oS 0T, 600,87,
’ @CSl,..., D} J [kes0,€] &

which turns into the norm inequality

* * D
I TS p.g Sp.a 1Umg o sflpg+2°  sup  sup

*
UzrmTG)O c,Sf
@CSc{l,...,.Dl 1e[0,€]*S S

‘Prq

The norms above are then controlled by || f|, by assumption in view of estimate (3.2), and
the proof of the first claim is complete. For the second claim, it suffices to apply the above
argument with Py f in place of f. 0

Because of the reduction devised in Proposition 3.2 above, Theorem 1.1 with A = A(d) +
@ is obtained from the following proposition.

Proposition 3.3. Let Uy be defined as in the statement of Proposition 3.2. There exists
A = A(d) such that the operator Ug o Py for T = Gr(d,n) maps L*(R") to L>*R") and
LP(R™) to LP(R™), p > 2, uniformly over all families m satisfying |mll_4,Grd,n) < 1.

The main line of proof of Proposition 3.3 occupies §5 and §6.

4. MAXIMAL CODIMENSION-1 MULTIPLIERS AND THE CARLESON—SJOLIN THEOREM

In this section we discuss the proofs of some of the consequences of our main result.
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4.1. Maximal codimension-1 multipliers and the proof of Corollary 1.5. Let usrecall our
setup. Given X c Gr(d, n) with #X = N, consider the maximal directional multiplier opera-
tor

f»—»Tgmf(x) =sup sup |Tp, f(x;0,0Q)l, xeR", >cGr(d,n),
' o€ QeSO(d)

where Ty, f(x,0,Q) is given by (1.6) and the family of multipliers m = {m, € #(d) : 0 €
Gr(d, n)} satisfies [|mll_4,Grd,n) < 1. We will prove that
sup | US|l 12 any S108 NIl 2 ey

2cGr(d,n)
#EXN

which implies the conclusion of Corollary 1.5 by Proposition 3.2.
A first well known consequence of Theorem 1.1 is that, in the case of N-multipliers, we
can upgrade the single-annulus weak (2,2) bound to a strong (2, 2) single-annulus bound,

at a cost of \/log N.

Lemma 4.1. We have the bound
sup supllUy o Pifll 2wy S \/10g NI fll 2wy

XcGr(d,n) kez
#EXN

with implicit constant depending only upon dimension.

The lemma follows easily by the weak (2,2) bound

sup || U;ym(Pkf) ”LZ'OO(IR{") ,S ||f||L2([Rn);

keR
which is a special case of Theorem 1.1, together with trivial weak (1,1) and strong (p, p)
estimates for Ug' m © Pr for 2 < p < oo, with bounds which are polynomial in N, and a
Marcinkiewicz interpolation-type argument. The details can be found for example in
[11]*Lemma 3.1, but essentially the same argument has been used in several places, for
example in [24, 40].

With a strong (2,2) bound in hand the proof of Corollary 1.5 follows a well known re-
duction, based on the Chang-Wilson-Wolff inequality [8], which allows us to essentially
commute the supremum over N Fourier multipliers with a Littlewood-Paley square func-
tion. The argument leading to this reduction was introduced in [18], while in the context
of directional multipliers it has been extensively used; see for example [1, 11]. The punch-
line proposition is stated below. Here, we use a smooth Littlewood-Paley partition of R"
given by means of

?)f(é), EeR", te2?,

where W is a smooth radial function with compact support supp¥ < {% < |¢| < 2} with the
additional requirement that

(SeH™ ) 1=‘I’(

> \y(@)zl, EeR™\ {0}

te2Z r
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Proposition 4.2. Let{Ty,..., Tn} be Fourier multiplier operators in R with uniform bound

sup [Tyl p2®ny—r2@n < 1.
1<V<N

If {S;} is a smooth Littlewood—-Paley decomposition as described above then for 1 < p < oo

there holds
2
sup |Tyf] Spon 1 fllp@ny +1/10g(N + 10) ( Y sup [(TyoS)fI
1<V§N LP(R™) thZ 1<v<N

LP(R")

The proof of this proposition can be found within [13]*Proof of Corollary 1.14; see also
[11]. Now note that our main result, Theorem 1.1, readily implies that

sup ” Ug,mosff”LZOO(Rn) 5 ”f”LZ([R”)
re2Z

by splitting the support of ¥ into O(1) pieces that match the size of the support of the aux-
iliary function ¢ in the statement of Theorem 1.1, applying the conclusion of the theorem
to each one of them, and adding them appropriately. Thus Lemma 4.1 yields the strong
L*(R™-bound 1

SUp U3 1 Sef | 2 ny < 108#2) 21 fll 2 emy

re2Z
for N = #Z large. The conclusion of Corollary 1.5 now follows immediately by inserting
the L?-bound above in the conclusion of Proposition 4.2 for p = 2. Note that the uniform
L2-bound, which is necessary for the application of Proposition 4.2, is an immediate con-
sequence of the standing assumption ||ml|_z,(Gr(4,n) < 1 for the family of multipliers m.

4.2. The Carleson-Sjolin theorem. The purpose of this subsection is to provide the con-
nection of our main theorem, Theorem 1.1, with the Carleson-Sj6lin theorem, as formu-
lated in Theorem 1.6. We begin with a simple but useful geometric lemma.

Lemma 4.3. Let ¢ > 0 be a small parameter, = c Gr(d, n) be a e-neighborhood of R% = e;-.
For all R > 0 the map

N:2—R%  N(0):=R[vs en)en— Vsl
is onto the ball B%(c,eR) < R?, for some dimensional constant0 < c, < 1. Furthermore
IN(0) — N(7)| < Rdist(o, 1), O,TEX

with implicit absolute constant.

Proof. Clearly N(R%) = 0. If N # 0 belongs to the ball B¢ (c,&R), set

N |N|2 1
UUI:—E+ 1_?6"’ o=Vy.
As dist(g,R%) ~ arccos Kvg,en)) ~ %, and |N| < ¢y€R, it follows that o € X if ¢, is suitably

chosen. Also, it is immediate to verify that N (o) = N. The proof of the surjectivity claim is
thus complete. The Lipschitz estimate is immediate, and its proof is thus omitted. 0
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Note that the unit vector

en— Vg, en)v
UO-::[ n <0' n> O'] v()-#en

V 1- <U0'r en>2 ’
spans o Nspan{vy,e,}. For o # e, it is also convenient to define the unit vector u,; =
N(0)/|N(0)| spanning R? N span{v,, e,}. Below, let {O, : o € Gr(d, n)} be the C' family of
rotations of Remark 2.4; we remember that Op. = Id and each O, acts as the identity on
o NR? and, in the orthogonal complement span{v,, e,} as the rotation mapping Uy, to i,
and consequently v, to e,. With the notation of Lemma 4.3 we have that, for |N| < cy€R,
cos(|N|/R) ~ (vg, e,y and sin(|N|/R) ~ | N|/R. A direct calculation entails the equality

N
(4.1) Oollg¢ =Tgad + Vo, en) = 11 (S, Uo) Ug + (¢, en>%'

The following definitions and observations readily yield the following lemma.

Lemma 4.4. Let m € . 4(d) be supported in Bd(RO) for some R, > 1 and consider the -
neighborhood 3. of R? in Gr(d, n), constructed in Lemma 4.3 with € sufficiently small de-
pending upon dimension only. Let also {Oy : 0 € X} be the family defined in Remark 2.4.
Suppose F is a Schwartz function on R" with suppﬁ c{{eR": R/I2<|{,] < 2R} for some
R > R,. Define

N(o)
M(E,O') =m (Hl}kdé + [<U0') el’l> - 1] (5! u0'>u0’ + gi’lT) ’ (6)0-) € Rn X z)
and let TsF(x,0) := (M(-,0)F)V (x). There holds
sup|TsF(-,0)| SIFl2@ny,  ||suplT=F(,0) SIFlrwny, 2<p<oo.
o€eX L2 (R") (> LP(R™)

Proof. Consider the multiplier operator

F— [ FE)m(0,T,)e*™ ¢ d¢.
Rn
For ¢ € R” such that m(0,I1,¢) F(£) # 0, the assumptions on the support on m and F imply
that

1
Mpad| < lvg —enllS] + Mg ¢| < el8]+ Ry < €lllgal] +€lEpl + Ro < E|H[r\bd€|+2R

if € < 1/2. This shows that |IIg,¢| < 4R and thus R/2 < || < 6R for ¢ as above. It is then
clear that s F = TxSgF, with Sg a smooth frequency projection onto the annulus {R/10 <
|€] < 10R} whose symbol is identically one on {R/6 < [¢| < 6R}. Because of (4.1) the lemma
follows by a suitable application of Theorem 1.1. 0J

Proof of Theorem 1.6. Let us fix a Hsrmander-Mihlin multiplier m : R? — C as in the state-
ment. We will make the qualitative assumption that m is a smooth function with compact
support in R?, which is always possible by a suitable approximation; this assumption will
be removed at the end of the proof. Our goal is to show that the operator

CSIf1(x):= sup [CSn[fI(x)],  CSnIfl(x):= / df(n)m(mzv')ez’”'“m> dn, xeRY,
NeR4 R
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maps L?(R%) to L>*(R%) and L” (R?) to itself for all 2 < p < co. To that end let us also fix
p € [2,00) and a function f € . (R%) with compact frequency support. By our qualitative
assumptions there exists R, > 0 such that

supp (f) < B4(R,),  supp(m) < B4(R,),

and thus only values N € B%(2R,) need be considered in the definition of CS[f]. We now
fix € > 0 sufficiently small, as coming from the statement of Lemma 4.4, but also satisfying
the smallness condition

-1
£<[max(l,100Rg||mllczod+1,(IOORO))] .
Above we have denoted for positive integers v

”g”CV = Z ”aag”LOO([Rd)-

0<|al<y

We will use an auxiliary function v to lift f from R to R”. More precisely welet y: R — R
be a smooth function with compact frequency support supp(¥) < (—1,1) and such that
w>0,%>1on(-273,27%),and i > 0, and define

wr(D) ::/@(u—R)eZ”””du, teR,
R

with R > 0 to be chosen momentarily. We readily see that supp(@g) < (R—1,R+1). We
then define the smooth function with compact frequency support

F(x):= fOwrxn), x=(y,x) eR"=RI xR,

where we use the conventions x = (Iga X, x,) =: (¥, x,,) € R" and ¢ = (IRaé,¢n) =2 ,&,) €
R" in order to simplify our formulas.

For any N € B%(2R,) we apply Lemma 4.3 with parameters ¢, R such that 2R, < c,eR <
R. We then know that there exists 0 = g(N) € X such that N(o) = N. We fix such a suffi-
ciently large value of R and note that

supp(@g) < {t: R/I2< t<2R}.

Now set

E(&,0) = [vg,en) =11, ug) Uy + (%" - I)N(U), &,0)eR"xZ,

and immediately observe that for ¢ € supp(ﬁ) we have, taking into account the facts in
Lemma 4.3,

1&(&,0)| < dist(o,RY)?R,, + dist(o, RY),
0,6, 0)| Sdist(o,RYD?, 1< j<d,
0,8 (&, 0)| < dist(o,RY),
V& (&,0)|=0 if |a|>1.

(4.2)
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Defining TF(x,0) as in the statement of Lemma 4.4, with the choice of o € Z as above, we
calculate

TF(x,0) = / / m(n+N()+EE 0) FuWr(Ey) e MY 2Mintn dpndé ),
RJR4

=CSNIf1MyRr(x,) + / / df(n)t/?R(fn)A(f,U)ez”i<'7'3’>e2”ix”5" dndé,
RJR

where

A,0) =mn+ N(o)+E(&,0) —mn+ N(a)), (&, 0)eR" x X,
Note that supp(ﬁ) < B4(R,) x {R—1<|&,] < R+ 1} which we want to keep memory of. For
that reason we let A € .%(R") be identically one on supp(F) and vanish outside B4(10R,) x
{R—10 < |¢,] < R+ 10}, with the natural derivative bounds. Define the operator

Err, F(x) = / FEOAOAE, 0?04, xeR™
Rl’l

We then have
[CSIf1IWYR(x,)| < sup|TF(x,0)|+sup|Errs F(x)|

g€eX geX
and the proof of the theorem will be complete once we control the error term Err,F in

LP(R). We will do so by proving
(4.3) sup |Erry F(x)| < MF(x), xeR™;

(4>

here M denotes the n-dimensional Hardy-Littlewood maximal function. To that end let us
define

E(x,0):= / / MOAE, 0)e? MV miinbn dndé,,  xeR”,
R /R4
and note that (4.2) remains valid for ¢ € supp(A). Estimates (4.2) combined with a calcu-

lation involving the chain rule, the mean value theorem, and the derivatives of m, &(¢,0)
and A, imply

Isupp(A(DA(,0))| SRY  (using that supp m < BY(R,)),
VY AUOAE I S Imll g | dist(o, RY2R, + dist(o, RY)|
Using these bounds and integrating by parts inside the integral defining E(x, o) we gather

Il 20041 RY [dist(a, RY) R, + 1] dist(c, RY)

= d
(1 +1yD0d (1 + |x,[) 104 y X=(xp) ERT xR

|E(x,0)| <

Remembering our choice of € > 0 and that dist(c, R?) < &, this proves (4.3) with implicit
constant depending only upon dimension. Thus the error term is under control

I sup |Erto Flll r@ny S IFllLe@ey = | fll pp ay-
geX

We have proved the estimates

||CS[f] ”LZ,OO([Rd) S ||f||L2([Rd), ||CS[f] ”Lp([Rd) SJ ”f”Lp([Rd), 2< p <oo,
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whenever f € &(R%) has compact Fourier support and m is a C?¢*1(R%)-function with
compact support. One easily removes these assumptions on m by approximating with a
sequence mj which is smooth and has compact Fourier support, and converges pointwise
to m a.e. in R%, and satisfies Il iy S IImlg @) uniformly in k. Then dominated
convergence shows that for any measurable map R? 3 y — N(y) we have

/ m(&+ Ny F© e dn = lim / mi& +N(y) f &)™ dn
R4 R4

whenever f € .#(R%) has compact Fourier support. Taking absolute values and applying
Fatou’s lemma inside the LP (R%)-norm yields the conclusion of the theorem for f € % (R?)
with compact Fourier support. As such functions are dense in L” (R?) the proof is com-
plete. 0

5. TILES, ADAPTED FUNCTIONS, AND MODEL OPERATOR

This and the following sections are dedicated to the proof of Proposition 3.3 which, by
the reductions of §3, implies the main theorem, Theorem 1.1. In the remaining of the
paper we use the C 1 family of rotations {O, : 0 € Gr(d, n)} of Remark 2.4, underlying the
definition of the operator Ug min 3.1).

5.1. Preliminaries. The family m = {m, € L®°(R?) : o € Gr(d, n)} satisfying (1.10) is fixed
for the rest of the paper. Recall, cf. (3.1), that the definition of U; m involves the singular
integrals

(5.1) Ty f(5,0):= | mg(O6Tlgd) f(O)e™ ™9 dé,  xeR™
Rn
The subscript m, in (5.1) will be omitted from now on. Let x € 37N and denote by
2o={0€eGr(d,n): v, —e,| =dist(o, R ® {0}) < o,

a small neighborhood of e;-. The small constant & will depend on dimension only and its
choice will be explained below. With such a choice, the parameter « will be fixed along
the paper, so we will drop the subindex « and we will write ¥ from now on. Consider the
maximal operator

(5.2) f—sup|T[Pyf1(,0)]
g€eX
with T f(-,0) as defined in (5.1) and P, given by (1.9). Note that the operator U(Z:r( d.m.m Of

Proposition 3.2 is controlled by Oy (1) rotated copies of (5.2). In order to prove Proposition
3.3, it thus suffices to obtain the corresponding estimate for (5.2). Restricting the choice of
variable subspace to X allows us to precompose T o Py in (5.2) with a smooth restriction to
a small frequency cone about e, as follows. Let ¥, € . (R") satisfying

Yen=lonTonAnn(1,3), To:={eR"\{0}: | —e,l <3,

(53) 1 n ! 5
supp Wen <1 NAnn(3,2), [ :={eR™"\{0}: &' —e,l <3},
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where ¢’ := &/|¢|, and let P, f be the corresponding frequency cutoff Py, f = (‘I’Cﬂf)v.
Then
(5.4) sup|T[(Id - Pcn) 0 Py f1(-,0) | SMf

o€eX
where M denotes the Hardy-Littlewood maximal operator; indeed, the singularities of the
symbols of the operators f — T f(-,0) for o € X are all contained in I'y, namely away from
the frequency support of (Id — P.y) o Py f. This reduces the proof of Proposition 3.3 to the
proof of the corresponding bound for the maximal operator
(5.5) U* f =sup|T[Pyo Pen f1(-,0)|.

geX

The multiplier operators g — T[Pyo P, gl(-,0) have Fourier support in the truncated cone
3
(5.6) A= FlnAnn(l,E).

In our analysis, in accordance with the uncertainty principle and the Fourier support of
the restriction to A, the relevant spatial scales for each o € Z will then be

(5.7) seS:={se3% 3% a>1}

in the o variables, while the spatial scale will always be ~ 1 in the coordinate ol. Note
that by taking « sufficiently small, depending on dimension only, we can and will always
assume that s > 3197 for all relevant scales s € S. The rest of the section is devoted to
construction of a model sum representation for U*.

5.2. Grids and tiles. One of the ways in which the simultaneous localization to o € X and
to the homogeneous Fourier region A’ = {¢’ : £ € A} « S is exploited below is to conflate
either region with a copy of R? as follows. Let A’ c $¢ be the 3%v/d-neighborhood of A'.
Then, provided the constant « is chosen sufficiently small depending on dimension, there
is an approximate isometry
EeN =T, ¢ € e, =R
in the sense that
0(c,m 1§ =7

Heﬁf_ Heﬁn ‘Heﬁé - He;ﬂ?

where we remember that 6(¢,1) denotes the convex angle between &,n € S¢. This together
with our previous restriction in the remark following (5.7) fixes the choice of « to be a small
dimensional constant. When o € X we have that v, € A’ and the approximate isometry
extends to X as well. This allows us to construct a grid structure localizing the X and A’
components by pulling back the corresponding Euclidean structure. Rotated Euclidean
grids will also localize the spatial component: relevant definitions follow.

A standard triadic grid ¢ on R4 of pace (K, m), where K > 1 is an integer and m € [0, K)
is not necessarily an integer, is a collection of cubes Q c R satisfying the properties

(5.8) €[3,3],  &nel, &#n,

gl. (quantized length) 4 = Ujcz 9k j+m, Wwhere 9, ={Q € 9 : £(Q) = 3%},
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g2. (partition)R’= | J Qforall jez,
Q€Y% j+m

g3. (grid) LnQ € {L,Q,} forevery L,Q € 4.

In particular, ¢ is partially ordered by inclusion and we may define for each Q € ¢
Q"W := minimal Le ¢ with Q C L,

and inductively QU := [QU~D]® for all j > 1 to be the j-th parent of Q in the grid ¢. With
these definitions, properties g2. and g3. yield for any positive integer « the partition
L= || Q ch(D):={Qe¥:Q™ =1}
Qechy (1)
with the collection chy (L) being referred to as the x-th generation children of L € ¢4. Triadic
grids have been chosen because of the following convenient property. For each L € ¢ there
is aunique Q = L>* € ch, (L) which is concentric with L, which is referred to as the x-center

of L. The next definition highlights a different role for certain other elements of chy(L).
Define

chy (L) :={Q € chy (L) : dist(Q, L) > 3°7 ¢(L)}

referring to this collection as the peripheral k-th children of L. In the following lemma and
hereafter we fix a large value of x := 12 +log; d.

Lemma5.1. Letx := 12 +logz d. There exist standard triadic grids %, ...,%c of pace (1, m;)
onRY=el, 1< j<C, C=Cyy, with the following property: For each Be N, s € S, there
exists j = j(B,s) €{1,...,C} and a cube L = L(, s) € 9} such that

1 3357l <347,
2. B(B,37"s™") <1 (L™),
3. Ann(B,37571,3%57) cU{M1(Q): Qe chy (D}

Remark 5.2. With reference to the previous lemma, say that the pair (f,s) € A' xS is of type
jefl,...,CYif j(B,s) = j. Therestriction s€ S, see (5.7), and properties 1. and 2. ensure the
inclusion

L(p,s) < B(11,p,3°Vds ™) <11, K.

Proof of Lemma 5.1. For this proof we denote by Q(&, ) the cube with center ¢ € R? and
sidelength 2r and by || - ||, the £°°-norm on R%. First of all, using standard grid techniques
as in [32] we may find triadic grids 4,,..., % with the property that for each cube P c R%
there is j € {1,...,C} and L(P) € ¢; with P < L(P) c (1 +3~**9)P. As a particular conse-
quence

lc(P) — c(L(P))| < Vd3~®*9¢(P) < Vd3~® 9 ¢(L(P)),
Ic(P) = c(L(P)) oo < 37 **90(P) <37« (L(P)).
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We have that Heil_B(,B,f’)Zs_l) c B(He#ﬁ,335_1) c Q(He#ﬁ,?)?’s_l). There exists L = L(3, s) €
¢, for some j €{1,...,C} such that

QUL p,3%s™ ) L1 +37Q,.B,3°s™")
from which 1. follows immediately. In order to see 2. let n € B(8,37¥s™!) so that I i1 €
B(I1 t B, 3 %+1s~1) Then we have the chain of inequalities
IT,1 = c(Dlloo < T y1 B~ il + 1T, B = c(LD)lloo <3571 437 &9 g (1) <37 Le(L).

This shows that I,1n € Q(c(L), 377 1¢(L)) =37' L  and son e I 1(L" X) as desired.

In order to complete the proof it suffices to show that if n € B(,B 32sH\B(B,37 s
then I1,17 € Q for some Q € chyo(L). To that end let n ¢ B(f,3” 1s71); we will have that
M,1n¢ B(I1,1p,37%s™") and so

1
ﬁme#’? — 1 Bl =TT, = c(Dlloo
—2 -1
> w 3 OeHgd -l S\ /gs5K g,
Since Hei_n € B(He#ﬁ,?)?’ s71) € L there exists Q € chy,o(L) such that He#n € Q. Then for all
y1 € Q and y» € L** we calculate

131 = Yalloo = Vd3* ™M 0(L) = I y1 = TWyi1lloo = 1y2 = c(Dlloo > Vd3* ¥ 0(L) - 237 (L)
>Vd3* (L)

which in turn implies that dist(Q, L>*) > 3*7¥¢(L). We have showed that Q € ch, (L) so
the proof is complete. 0

Ig1m = c(L)lloo =

More generally, if X is any set, any collection ¢ < 22(X) satisfying the grid property g3. is
referred to as a grid. The forthcoming definitions construct suitable rotated grid systems
in R” whose purpose is to provide spatial localization.

5.2.1. Spatial grids. Fix a standard triadic grid £ of pace (1,0) in R4 and define the subsets
of R"
R={Lx[j,j+1): Le L, (L) >1,jeZ}.

The collection # = %, of plates parallel to e;; € Gr(d, n) obviously inherits property g3.
from Z and the unit length partition of R. If 2 > R = L x J, call L the horizontal component
and J the vertical component of R. The condition /(L) > 1 in the definition of Z guarantees
that the elements L € % have horizontal components of larger scale than their vertical
components, so they can be in general understood as plates in R?*! of scalescl(R) := ¢(L) =
3%, ke N, and thickness 1 along the direction e,,. For 8 € S¢ the rotated grid % p of plates
parallel to B+ € Gr(d, n) is then defined by

Rpi={0p 1 Q: Qe R
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Itis convenient to associate to an element R € %4 the translation and anisotropic rescaling
operator
1 Hgi(x—c(R) Tg(x—c(R)
Sypfeo) = —f| -~ + L
RpS\ pR] T5(R)

The sense of this definition is that if f is a bump function around the origin of R” then
Syz f is an LP-normalized bump adapted to the plate R € Zg.

, xeR",

5.2.2. Tiles. Let ¢ be any standard triadic grid on R?. Define the admissible tiles t € Ty
generated by ¢ as the collection of cartesian products ¢ = R; x Q; where

1. Qr€%,Q;c He#&;
2. Ry=L;x1I;€%,,, where v, is any fixed choice of vector in the set H;j Q‘;'K cS% we
will make that choice specific in (5.19) below; !
3. scl(R)4(Qy) € [1,3).
The scale of t € T is scl(t) := scl(R;). The frequency support w, < R" of a tile ¢ is given by
W, = {g €Ann(},2): 1,.¢' € Q‘;"‘} cR",
Namely, w; consists of those points of Ann(%,Z) whose projection on the sphere is con-

tained in the preimage of the x-th center of Q;, denoted now by Q7*; see Figure 3. Note
that the collection Qg := {w;: t € Iy} is a grid on R", as it inherits property g3. from 4.

FIGURE 3. The frequency component of a tile and its x-children
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Let Qo = [0,1)% be considered as a triadic cube and let us fix an arbitrary enumeration
of the elements of chy 7(Qyp)

N
che(Qo) = | | Qory N =cq3%9,
7=1

where ¢, is a dimensional constant. Note that this indexing of the peripheral x-children
of Qp induces an indexing of the peripheral x-children in ch, 5(Q;) for any tile 7, in a way
that is independent of the particular choice of tile ¢t and grid ¢. The directional support
a;c S of atile ¢ is given by

ar = |_| At,1)
(5.9) 7=1,.., N
@ =I1Qs),  Qurechen(@Q),  TE{L...,N}

The collections Ay ; :={a;;: t € Iy} are grids on S$% foreach 1 <7 < N.

5.2.3. Adapted classes and model sums. Hereafter, let ©); stand for the unit ball of the
Banach space of functions

ue¢MR", lNully:= sup [0M%ux)|, <oo,
o<lal<M

where (x) .= (1+ lez)%. We will often use the special bump function y s € €°° given by
Am) = (M.

Given a tile = R, x Q; and a large positive integer M > 1 we define &M as the collec-
tion of complex-valued functions ¢ on R” with the properties (¢ are L?>-normalized bump
functions adapted to R;)

() @€ {Mod, Sy2 ®:0€Oy},  Mod,g(x):= e “Vg(x),  xeR", veSY

(ii) suppp S w;.
Further, define «/M as the collection of complex-valued functions 9 = 9(x,0) on R" x *
satisfying

(iii) 9(-,0) € gtM for all fixed o € 3;
(iv) 9(-,0) =0forall o € Z such that v, ¢ a
(v) 9 verifies the adaptedness condition

1
log(e + [dist(c, p)] ")

19(-,0) = 9(, p)I < maX{ scl(r)dist(o, p),

} Syh, XM

for all g, p € Gr(d, n) with scl(#)dist(c, p) < 1.
Note that both classes are L?-normalized.
Remark 5.3. The point of condition (v) is that in a tree, cf. Definition 6.1, with top direction

o there are < |log(dist(o(x),0))| frequency scales contributing at each point, and the total
contribution of the difference |9(x, 0 (x)) — 9:(x,0)| is summable.
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At this point, define the tile coefficient maps

(5.10) Fulf1(6):= sup [(f,¢)]

(peg'tM
and, for a fixed measurable choice o : R"” — Gr(d, n) with the property that o(x) € X for all
xeR",and1<T<N

(5.11) Ag e mlgl(®) = sup |(g,9(,0()) 1a,, (vor))|-
e M

The model bisublinear operator
(5.12) Apo,em(f,8) = ) Fulf1() Ag,,mlg1(D)

teP
is then associated to each subset P € 94. Momentarily, it will be shown that the dual-
ity form for the maximal operator (5.5) is controlled by a suitable combination of finitely
many forms (5.12).

5.3. A homogeneous partition of unity. Our goal here is to produce a single scale Gabor
decomposition of the frequency region A defined in (5.6) which contains the Fourier sup-
port of the multiplier Py o Py,

Fix a (spatial) scale s € S, cf. (5.7), and recall that if § € A/, this choice guarantees that
B(f,3%571) c A”. We remember that k = 12 +log, d is fixed. Let 98,1 be a37¥s™'-neton A/,
in the sense that

- the sets {B(3,37¥s™!): B € %B,-1} form a finitely overlapping cover of A’;
- the sets {B(8,3~*"Vs™1): f € B,1} are pairwise disjoint.

Now let {0} peB 1 be a smooth, 0-homogeneous partition of unity on I'y, consisting of

nonnegative real-valued functions, which is subordinate to {B(8,37¥s7!) : B € %,1}. By

this, we mean

(5.13)  suppfg<B(B,37*s™))  and Y [9/3(17’)]2 =1 Vnely, 1= l,
ﬁE@S—l |n|

and that the k-th order tangential derivatives of 6 are of the order Ok,ny(;(sk) uniformly

in B € B;-1. Note also that (5.13) implies that 65 = 1 on B(,3**Vs7!). For p € %,

consider the function ¢4 € #(R") whose Fourier transform is given by

(5.14) Pp&) =0p(E)CUED,  E€R™\{OL
By construction,
(5.15) suppdp<{éeAnn(3,2): &' e B(B,37 s 1)}

and (5.13) then ensures

(P0°pcn)f: Z POOPcnf*(Pﬁ*(Pﬁ'
BeEB 1
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For each f§ € %,-1, consider the lattice Z(f) := Opi et [de x Z|. Using Fourier series on
the support of each (ﬁ;\ﬁ we obtain

1
(5.16) PooPerf= lim — s¢ Z Z ((Pyo Pen) f, Trzrypp) Trziyppdy,
T—+oo T™ Jio 1)1 BeB 1 zeZ(p)

for all f € #(R"), where Tr, h(x) := h(x — u) for x,u e R".

5.4. Discretization of the kernel. We turn to the discretization of the variable kernels in
(5.5). Choose a non-negative, smooth radial function ¥ on R” with
supp¥ cAnn (3, 2), Y W(sH=1 VEeR"\{0},
se3”
while ® is a smooth radial cutoff equal to 1 on Ann(1, 3)and vanishing off Ann(%, 2). These
definitions entail
T[Poo Penf1(0) = ) PooPenf *ws(-,0),

se3Z

(5.17)

Vi(x,0):= | my(0pIlxd) Y (sTy)D(E)e? M dé,  (x,0) e R x Z.
Rn

First, we use condition (5.3) on the frequency support of P¢,, f to deduce that P., f *w =0
unless s € S, cf. (5.7), and consequently restrict the sum in (5.17) to s € S. Subsequently,
use (5.16) to estimate

|T[PgoPenf1)(,0)| < hm/

[0,71"

TN Y (T8 Trdp) Ty (Trapp s, o-))

s€§ BeB-1 zeZ(P)

with g:= Pyo Pcp f. The norm estimates for U™ of (5.5) will follow from corresponding
estimates for the maximal operator

Y5t Y Y (f T Tps * i, 0)|.

SES ﬁe%s_l zeZ(P)

(5.18) f—sup

geX

To each triplet (B, s, z) appearing in the sum (5.18), assume (S, s) is of type j in accordance
to Remark 5.2 and associate a tile

(5.19) =R x Q= t(ﬁ,s,z)efﬁgj,
where ¥ is one of the grids appearing in the conclusion of Lemma 5.1, as follows. Firstly,
Q;=L(B,s)and v, := P € ng Q;* = S$%. Secondly, R; is the unique element of % with

z€ Ryand scl(Ry)4(L(B, ) € [nl, 3). Of course, scl(t) ~ s. Recall the definitions of the collec-
tions FM and «/M from §5.2.3. The following lemma will be used in §6 for M = 50(d + 1).

Lemma 5.4. Let M be a large integer. There is A= A(M, d) such that if m satisfies assump-
tion (1.10) the following holds. With reference to the expressions in (5.18), if t = t(f, s, z)
define the functions

(pt(x)::scl(t)%Trz(pﬁ(x), ﬁt(x,a)::scl(t)g/ Gp(y—2ys(x—y,0)dy, (x,0)eR"xZ.
Rn
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Then
C(pteggv[, C’ﬁtE.th]W_l
where the constant ¢ > 0 may be chosen uniformly in 3, s, z.

Proof. Firstly, property (ii) in the definition of the class &M follows by (5.15) together with
condition 2. of Lemma 5.1. We now check condition (i) for ¢;. By rotation and translation
we can assume that ¢ = t(ey, 5,0), namely v; = = e,,, and write RI®R > x = (¥, xn), where
s =scl(#). Using property (ii) we readily see that the function

TB (x) = MOd—en Sd/z(pt(sy) xn)» X = (yr xn) € Rd X R)

is a ¥*° bump function with I1zll; =~ 1, which is adapted of any order to the unit ball of
R", centered at the origin. Thus clp € O, as defined in §5.2.3 for any order M, where ¢ >0
is a normalization constant depending only upon dimension. We get that

cp:(x) = cModens_d/ZTB(y/s, Xn), x=(y,xp) € R% x R,

which shows (i). These two remarks show that cg, € FM for any desired large positive
integer M.

We move to the verification of property c¢9; € .szftM . For this let us fix 0 € Z and note
that 90,(-,0) = ¢pg(-— 2) * (-, 0). In view of (5.14) and (5.17), this immediately implies the
Fourier support condition

supp9;(-,0) S suppd; S w;.
We now check condition (iv) for 9;. Recall that the tile ¢ has been chosen so that a; con-
tains Ann (B,371s71,32s71), and that supp s < {¢ € Ann(1/2,2) : & € B(B,37*s™ 1)} which
tells us that whenever ¢ € supp (Tr ¢4 * ¥ 5(-,0))" the following inequalities
S<SLEl< 2, -p<as, Eergest,
must hold. Furthermore, we have

M| +37%s™ 2 &' | +1& = Bl = Tl > e | - [& = | > M¢ | -37s7!
which, in view that x = 12 +log, d yields
II,ples[3,7] whichimplies v, €Ann(g,1s7!,9s7").
This proves that 9,(-,0) = 0 unless v, € Ann (8,37 's71,3%s71). Condition 3. of Lemma 5.1
then entails (iv) for 9 = 9,.
We now move to our main task which is to verify that c9,(-,0) verifies conditions (iii)
and (v) in the definition of the class ,thM . We can again reduce to the case v; = f = e, and

z =0, where we recall that ¢ = £(, s, 2); we write x = (y, x,) € Re®Rand o € 2, and consider
vy €Ann (e,,371s71,3%571). Now, express x in terms of 15, [T, x as in Lemma 2.2,

y—sx = q1(x, ), {x, ve))u+ g2 (KX, U),{X, Vg)) Vg,

(5.20) Xp =1l 10X = q2({=x,v5), (X, ))u+ q1({x, Vg), (=X, U)) Vg,

0
t+(sin@)’w]|.

sin260 .
q1(t,w) = Tw—(sm@) tl, Go(t,w) :=
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Above 0 is the angle between v, and e, and u € ¢ is a unit vector orthogonal to o N eﬁ.

By the already verified directional support condition (iv) we know that 0 = |v, — e,| < 571,

which implies that

(5.21) 1 (v, W)+ 120y, W) S 5741yl + [wl).

Combining (5.20) with (5.21) shows that the decay rates

(5.22) [(1+ s pxl) (1+1T,ex)] ™, [+ syl @+1xa] ™

are equivalent. Let us define the dilation operator Dil}, for o € Gr(d, n) as
DilS g(x) == s92g(sTyx +1,.%),  x=(,x,I,.x)€R",

In view of (5.22) it will be enough to show that for some dimensional constant ¢ > 0, the
rescaled function R” 3 x — cMod_,, Dil} F(x) is a bump function adapted to the unit ball
of R", centered at the origin, where

F=9,(:,0) or F=9:,0)-9:,p), poeZ, p#o.

We begin with the first case where F = 9;(-,0). Assuming again that ¢ = t(e,, s,0) we note
that for every multiindex «

0%[Mod_,, Dils 9, (-, 0)] = [0%Mod_,, DilS ¢;] * Mod _,, s**DilSy (-, 0)
=:[0¢Mod_,, Dil{ ¢;] * Mod_,, G.
We have already seen that the function Mod_,, sd/z(pt(sy, Xn), with x = (y,x,) € RY xRis a
smooth bump adapted at every order to the unit ball of R” centered at the origin. By the
remark following (5.21) this is equivalent to the fact that the function Mod_,, Dil}, ¢, (x) has
the same adaptedness property. Thus, in order to show that Mod_,, Dil, 9, is adapted to

the unit ball of R” centered at the origin at order M it suffices to show that the function G;
has decay of order M at scale 1 away from the origin. Then

G1(&) = (s"*DilS (-, 00" €) = Mg (2 06T E) W (M) P(ATTE +11,1).

We record the easy estimate |supp G;| <, 1 which is due to the fact that on the support of
the function G; we have

(5.23) Myél~1 and [ ¢%/s°+ | P =1 = |, =~ 1.
It is then apparent that for M < A we have
oG] .51 o<m<nm
Here, we crucially use (5.23), allowing the exploitation of the Hormander-Mihlin condi-
tion on m, in the form
0L moy (57 0pT150)| < s 21| M Iimo iy S1. YIS A

This completes the proof of adaptation of F = 9,(o, ).
Let now F = 9;(-,0) — 9;(-, p). Firstly note that we can assume that p,o are such that
Vg, Vp € a; (Which was defined in (5.9)) for ¢ = t(ey, s,0), see (5.19). Indeed, if say p ¢



Singular integrals along variable subspaces 33

a; then 9;(-,p) = 0 by the directional support condition (iv), which is already verified.
Then dist(p,0) 2 scl(t)~! and the desired adaptedness property follows from the case
F =9(-,0) proved above.

Now, assume that p,o € a;. Using (5.8) and the definition of a; in (5.9), dist(p,0) <
3vd3 scl(t)"! <3785~ 1. We can apply the same argument as above to write

0%[Mod_,, Dil$ F] = 3% [Mod_,, Dil.¢,] * Mod_, s%"?Dil$ [y(-, o) — (-, p)]
=10y [Mod_,,Dil @] * Mod_, G>.

As before it will be enough to show that the function G, decays with order M atscale 1 away
from the origin; more precisely we will show that G, < c(o, p, $) ¥ m, with c(o, p, ) the mul-
tiplicative factor appearing in condition (v) of §5.2.3. We will do so by estimating deriva-
tives of sufficiently high order of the Fourier transform of G,. To calculate the Fourier
transform of Gy, it is convenient to first note that the anisotropic rescaling of w(p, -) in the

directions of o creates a small error that will be kept under control by the closeness of o
and p. Setting

B(&) =TI, ¢ + sTIpIT, 1 & —T1p¢ = (s — DII,IT;0¢,  [B(E)] S sdist(o, p)I¢] < €],
an explicit computation tells us that
G2(8) = [mo (20, 115E) W ([15E) — my (L0, (¢ + B(E)) W (ITp¢ + B(&))]
x @ (11,¢ +11,.€).

Note that since o € ~ we always have that [{| =< |II,.¢| = 1 for sTUI,E + I1,1¢ € supp(®)
and in particular we recover that |I1,¢| = |I1,¢| = || =~ 1 on the support of G,. Three mean
value estimates combined with (1.10) and (2.2) tell us that

)0§ [W([p¢ +B()) - Y(I,¢)] \ SIB@)|+Mpé —Tpé| S sdist(o, p),

(5.24)

0! [my (L04T15¢) = my (L0,T14¢)] ‘ <10, - 05l < dist(a, p),

)ag [my (20,115€) = my (30, (¢ + B(f)))]‘ SIB@)|+Mpé —Té| S sdist(o, p).
Hence, we may replace G, by
G3(8) = [mg (205115¢) — my (205114,) | W(TT¢ + BE)D(s T +11,1.€)

controlling the difference by means of (5.24). Finally, the main assumption (1.10) on the
family m tells us that

1
07 [y (106T10%) ~ my (105T18)]

log (e + [dist(a, p)]71)

on the support of Gs; collecting the above inequalities leads to the conclusion
1
log (e + [dist(a, p)]71)’

HOZ;(A}Z({)HLOO5(1+s)dist(a,p)+ 0< Iyl <A-1,
3

which completes the proof of (v). 0J
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With the notation introduced in Lemma 5.4, the right hand side of (5.18) may be rewrit-
ten as, and subsequently bounded by, as follows:

C N
sup Z Z Z (f,(Pt(ﬁ,s,z))ﬂt(ﬁ,s,z)("o')‘ < Z Z Tj,rf;
j=17=1

o€X ' 5e€S BEB -1 z€Z(P)

Tj,rf =Ssup Z (f, (Pt(ﬁ,s,z)>19t(ﬁ,s,z) (,0) lcxt(ﬁ,&z),r (vo)|.
0€X | (B,s,z)
jBs)=j
Property (iv) of the «; class was used above. It thus suffices to control one of the T}, , f
summands for an arbitrary but fixed value of (j,,7,) € {1,...,C} x{1,..., N}. Choose a mea-
surable function o = o (x) : R” — Z, linearizing the corresponding supremum in the defi-

nition of T;, ;, f, and g € & (R") of unit norm in LP"9 (R") so that

T o flzragn <2| [ 3 > 2 Frupsa) s 00 ay,. ., Vow)gx) dx
€S ﬁe%s_l zeZ(P)

5 Ag—gjo_M;U,‘[o (fr g)

5.5. Final reductions to a scale-separated model sum. By a limiting argument and re-
stricted weak-type interpolation, Proposition 3.3 is reduced to proving the two estimates

1
(5.25) Apor,m(f,81E) SN fll2lE|2

1 _1
(5.26) Ap.g vy (g, glg) SIFIP|E] P

uniformlyoverall f, g e LS"(IR{”) with the normalization [|gll.o = 1, all sets F, E c R4 of finite
measure, a fixed choice of triadic grid ¢ = %;, and P c 9.

Henceforth, we fix M = 50n and a pair (j,,7,) as above and write Ap;; (f, g) in place of
Ap.s,7,,Mm(f, 8). By an additional splitting of the dyadic grid ¢, we can and will assume that
the scales are 3* separated: namely if Q,Q" € ¢ with £(Q) < ¢(Q’) then £(Q) < 37%¢(Q’).
Note that this implies a corresponding separation of the spatial scales of tiles in ¢ be-
cause of the uncertainty constraint. We will also make the qualitative assumption that P
is a finite collection and prove estimates which are uniform in P. The proofs of (5.25) and
(5.26) will be sketched at the end of §6, relying upon the size, density and tree lemmas,
also proved in §6 below.

6. TREES, SIZE AND DENSITY

We fix a finite collection of tiles P c J, for a fixed choice of triadic grid 4. We remember
that tiles are sets of the form ¢ = R; x Q; where Q; € ¥ is a triadic cube in R% x {0}. Recall
the roles of Q‘;’K and ch, 1(Q); since « is a fixed large dimensional constant, we will omit
it from the notation from now on and write instead Q7 and ch(Q) for the center and the
peripheral children of Q, respectively.

We will be sorting these arbitrary collections of tiles into trees, defined below. It will be
useful to remember the definition of the directional support Q; ; from (5.9).
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Definition 6.1 (trees). Atree isa collection of tilesT < P such that, there exists a pair ({T, Rt)
withép € R and Ry € {R, : t € T} such that

1. {t€Q; forallteT;
2. scl(R;) <scl(Ry) and Ry N Ry # & forevery teT.

We call ({1, Rt) the top data of T. Lett € {1,...,N}; a tree T will be called 7-lacunary if
¢t € Q17 €chp(Qy) forallt € T. The treeT will be called lacunary if it is T -lacunary for some
T €{l,..., N} while it will be called overlapping ifét € Q; \ U?’lem.

The following relation of order will be useful: For two tiles ¢, t' € T we will define

; def
t<t < QvcQ; and RNRy #3J

Note that this is not a partial order as it is not transitive. The following geometric lemma
will be used in several places throughout the paper.

Lemma 6.2. There exists a constant K, depending only upon dimension, such that for every
t,t' € P with Qy < Qy, the following hold.

- IfR;NRy # @ then R; < K, Ry
- IfKy,R, N K, Ry # @ then K,R; € K2R,

Remark 6.3. The following facts about trees will be used without particular mention.

- IfT is a tree then there exists a top tile top(T) = Ry x Qt such thatét € Q; and t <
top(T) forall t € T. In particular we have that for lacunaryT there holds t < top(T)
and Qr € Q;\ Q; forall t € T. Indeed, note that if T is lacunary then €(Q;) > 3*¢(Qr)
for all t € T because of the separation of scales assumption for the grid 4.

- Because of the point above, we can and will always assume that {1 has no triadic
coordinates.

- IfT is a lacunary tree then the collections {Q : Q = Q5 forsome t € T} and {w: w =
w; for some t € T} are pairwise disjoint.

For the following definition, E < R” is a measurable set of finite measure. This set re-
mains fixed throughout the paper. Also for any collection R consisting of of rectangular
parallelepipeds in R” we define the shadow of the collection

sh(R) := | J R.
ReR
Recall also the definition of the intrinsic coefficients F[f](¢) from (5.10). The next step
consists of defining two coefficient maps respectively tied to the Carleson measure prop-
erties of the coefficients (5.10), (5.11)

Definition 6.4 (Size). LetP c I be a finite collection of tiles. For fixed f € LT (R"), define
the map

DI—

1
—— " Fioal f1(0?)".

size : 22(P) — [0,00), size(Q) := sup (lRl
Tl teT

T<Q
T lac. tree
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Definition 6.5 (Density). LetP be a finite collection of tiles and t € P. For a fixed measurable
set E cR" of finite measure, we define

Er={x€E: vy € a;}, dense(?) := sup / Sy, X10m)
t'>t JEu !
t,Efﬁg

as well as the map
dense : Z(P) — [0, 00), dense(Q) := supdense(t).
te@Q
6.1. Orthogonality estimates for lacunary trees. We will use different orthogonality es-

timates for wave packets adapted to special collections of tiles. Most of them are rather
standard in the literature but we include them here for completeness.

Lemma 6.6. Let T c P be a lacunary tree. Then the following hold

1. For adapted families {¢; : ¢, € FM, r €T}, {w,: v, € FM, t € T} with M > 2n, we

have
1

2
< (Z FM[f](f)z) S fll 2 gn-
L2(R™)

teT

Z ef,00W,

teT

sup
legl=1

with implicit dimensional constants.
2. There holds

;TFlon[fJ(r)z S 1 oo oy | Rl

Proof. Let Stf = Y ier€{f 9w, and Q(T) := {Q7 : £ € T}. For Q € Q(T) we also write
T(Q):={teT: Q; = Q}. Then
Stf = Z Z elfr oy, = Z Sq(f)
QeQ(T) teT(Q) QeQ(T)
and because of Remark 6.3 we have
ISeflIz< D ISofl3.

QeQ(M)

We next show that for each Q € Q(T) we have
ISe®@I3 < 2 Fulgl(n)®.

t€T(Q)

Expanding the square we get for each Q € Q(T)
IISQ(g)M% < Z Kg @G @KW, W) S Z Fumlgl(t)* sup Z Ky e, wedl.
1, 1'€T(Q) teT(Q) r'eT(Q) teT(Q)

However supcr() et (W, ¥)1 S 1 by the fast decay of the wave packets {y, : t €
T(Q)} and the fact that the spatial components {R; : ¢ € T(Q)} tile R”. This proves the first
estimate of 1.

To see the second estimate we pick for each € Ta ¢, € FM and write

1
S Kool = <f, Z<f,<pt><pt> S fll 2@ (Z FM[fl(r)Z)
teT teT teT
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where we used 1. in the last approximate inequality. This readily yields the desired esti-
mate.

Finally for 2. let ¢, € #!°" for each t € T and note that R, < K, Ry by Lemma 6.2 and let
tr = SY%RTX‘M' Now for ¢ > 0 we use 2. to estimate

l;r|<fr(pt>|2 = ;|<C_ltTf’th1¢t>|2 S ”ftTIliZ(Rn)

by noticing that for a suitable choice of ¢ the wave packets ciy Yo, € FO" foreach t € T.
The estimate in the last display readily yields 3. 0J

6.2. Strongly disjoint families of trees and almost orthogonality. In what follows we will
be sorting our collection of tiles P into trees selected by means of a greedy algorithm. The
selection process will imply certain disjointness properties which we encode in the defi-
nition below.

Definition 6.7 (strongly disjoint lacunary families). Let .7 be a family of trees with T c P
foreveryT e 7. The family 7 is called (lacunary) strongly disjoint if

1. EverytreeT € 7 is lacunary.
2. IfteTe 7 andt' €T € 7 withT#T and Q; < Q;, then Ry NK;Ry = &

with K,, the constant of Lemma 6.6.

The point of the definition above is that if conclusion 2. failed then the tile ¢ would
essentially qualify to be included in a completion of the tree T, if that tree was chosen
first via a greedy selection algorithm. This point will become apparent in the proof of the
size lemma, Lemma 6.13 below. Furthermore, the definition above implies the following

property.

Lemma 6.8. Let T := Urec 5T where 7 is a lacunary strongly disjoint family. Then the col-
lection
T°={R;xQ;: teT}

is pairwise disjoint.

Proof. Lett,t' € T. If Q} = Q;, then either ¢ = ¢’ or Ry N R; = &. Assume then that Q7 C Q°,
so that £(Q;) <37%¢(Qy), because of separation of scales assumption, and consequently
Q: € Q7. Since the trees in the collection are lacunary this implies that ¢, ¢’ must come
from different trees, say T # T', respectively. If R, n Ry # & then by consecutive appli-
cations of Lemma 6.2 we would have that Ry < K,%RT, contradicting the definition of a
strongly disjoint family. 0

It is well known that strongly disjoint families of trees obey certain almost orthogonality
estimates for the corresponding tree projections. The precise statement in the context of
this paper is contained in Lemma 6.9 below.
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Lemma 6.9. Let M > 4n. For a (lacunary) strongly disjoint family 7 with T := Ut 7T,

there holds
% 3
F t
(z zFMmmZ) Sl + [sup 2D N 5 ey il
TeJ teT teT |Rt|2 TeT
Proof. Let{¢;: ¢, € FM, t € T} be any adapted family and note that
S =Y Kfool <Ifllz| X f o0
teT teT 2
Letting Q(T) :={Q;: t€ T} and T(Q) :={t: Q; = Q} for Q € Q(T), we have
2
Y <fhooed < XY Y [Khed|[KF e [<en e
teT 2 QeQ(M) freT

1=Qup=

+2Y Y [Kfed| Ko [kpnen]

teT (eT
QH;QI

= S1(f)* +282()>.

As in the proof of Lemma 6.6 it is relatively easy to see that |S; (f)| < S(f) since for a fixed
Q € Q(T), the spatial components {R; : Q; = Q} tile R”. We thus focus on S,(f) which can
be estimated in the form

So(f)E < p'<f’¢t{>'z|<f,<pt>| S IReIZ K@ i)

el |Rpl2  teT el
Q5,2Q;
Note that for fixed ¢ € T the collection Ry(#) :={Ry: ' € T, Q, < Q;’,} is pairwise disjoint
and sh(Ry(2) (K,%RT)C; this follows immediately from Lemma 6.8 since .7 is a (lacunary)
strongly disjoint family, and from the definition of a strongly disjoint family itself. At this
point we use the following estimate: For t, ¢’ € P such that R, n Ry = & and Q; < Q, there
holds

Kool S (Ile ll) lnf 1+ pg, (x) M+

where pg(x) := inf{r > 0: x € rR} for any rectangular parallelepiped R and M > 2n, say.
Combining these observations and estimates with the estimate for S, (f)? above yields

I<f, el 1 . _
Sz(f)zssupf—‘/)i > Y K @olRA™2 Y. |RyIinf(1 + pg,) M*"
teT |Ry|2 Te7 teT eT Ry
Q?/QQI

SsupKf’—(pﬂ,)l > ZI(f,qoﬂIIer_%/ 1+ pr, () M dx
(K2Ry(s)°

’eT |Ry|2 TeZ teT

2
sl ¢>t>|s(f)(z/ (HpR[(xn_Mm) |
reT |Ry|2? teT J (K2 Ry(p)©
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where T(¢) denotes the unique tree T € .7 such that ¢ € T. In passing to the last line we
used the Cauchy-Schwarz inequality together with the simple estimate

/ (1 +pr, ()™M <Ry, M >2n.
(K3Rr)®

The estimate for Sy is completed by involving the estimate

Z/ (1+pg, ()M=Y Z/ 1 +pr, DM < Y Ryl
teT J (K2Ryp)© (K2Rr)©

Te.7 teT TeT
for M > 2n. Balancing the estimates for S(f) in terms of S;(f), S2(f) according to which
term dominates, and taking into account (5.10), yield the desired bound. 0

6.3. Selection by density. The sorting of a collection of trees by density follows the stan-
dard procedure as for example in [30]; we include the proof for completeness.

Lemma 6.10 (density lemma). Let T < P be a finite collection of tiles. There exists a disjoint
decomposition

. N
T=T"y T,

7=1
N} is a finite collection of trees and

where{T;:1 <1<
N . 1
Y |Rr,| Sdense(T)'|El,  dense(T"8") < 5 dense(T),
7=1

where E refers to the measurable E c R? in the definition of density, with implicit constant
depending only upon dimension.
Proof. We let T"®2% be the collection of tiles
T = (£ € T : dense(?) > dense(T)/2}.
By the definition of density, for each tile ¢ € T®2V there exists some Jy 3 ¢’ > t such that

/ Sy}?t, Y10n > dense(T)/2.

Et
We let T’ denote the maximal, with respect to <, elements of {t': t' € Theavyy. namely, for
all ¢’ € T' there does not exist s’ € T"® with ¢’ < s'. It will then suffice to prove

Y IRy| < dense(T)'|E|
teT’

as the tiles in T"*@ can be organized into trees with top datas in T’ and by definition
: 1
dense(T!8M) = dense(T \ TMeaW) < EdenseﬂT).
To that end we define for k > 0 the collection T’k to be set of all tiles ¢’ € T’ such that

1
6.1) ‘Eﬂ N szﬂ) > ;2" dense(D)|Ryl.
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Each element of T' is contained in at least one of the sets TT’k; indeed if not we would have

E/nN Ryl E,n Q1R \2kR, 1
/ SYg,X10n < IEv O Ryl +) 2_10k"| dalt d )l < —dense(T).
/ |Rt’| k>0 |Rt’| 2

We fix k for the moment. We will decompose each collection T into subcollections of tiles
with pairwise disjoint spatial components. We do this by choosing ¢’ € T;c such that Ry has
maximal length and let

E,

&t = {t” eT,: 2°Ryn2* Ry # @, Qu 0 Qui # @}.

Note that the collection {R; : " € (1)} is pairwise disjoint. Indeed if for some #},t) €
&(t") wehad Ry N Ry # @ then, since Q7 N Q,y # & we would conclude that either 77 < 7,
or ;' > t) which is impossible because all the tiles in T, were maximal to begin with.
Furthermore, we have that for all ¢ € &(¢) there holds 2R, n2¥R,» # @ and Q, < Q,»
and so a variation of Lemma 6.2 implies that 22KR,» < K,,2%*R, for all t" € £(t'). Now we
replace Ty by Tx \ &(t) and repeat so that T = Ujéf(t’.) with {Zth]r_}j disjoint and

S RASY Y IRmI<KI2HY IRy |
el j t"es) j
<273 dense(T) ™' Y 12FR,y N Ep | <273 dense(T) Y E|
; 7 J
J
where we used (6.1) in passing to the second line, and the fact that {2*R,/} j is a pairwise
J
disjoint collection in the last approximate inequality. The conclusion now follows by sum-
ming in k. U

6.4. Selection by size. We describe in the subsection the suitable version of the size (or
energy) lemma, that will eventually allows us to sort a collection of tiles into trees of con-
trolled size. The argument is standard in the literature but we introduce a small variation
to account for the lack of transitivity in the relation of order that is implicit in the definition
of trees. A technical device used in order to prioritize the selection of trees appears only in
our higher dimensional setting and is defined below.

Definition 6.11. (signature) Let 4 be a triadic grid of pace (x, m) in R, m € [0,x), and
¢ € R having no triadic coordinates. The signature of ¢ is the number sig(é) defined as
follows

PHE) = Zaj aj::{ 0, if ¢€Q’ forsome Q€Y _yjim,

] 1 3] 1) lf Ee QO VQ € (‘g—Kj+m)
where we remember that %4, = {Q € ¥4, £(Q) = 3%}, see Subsection 5.2.

Remark 6.12. The following point motivates the definition above: if T, T’ are two different

lacunary trees and t € T, t' € T' with Q; < Q},, then sig(¢t) < sig(¢t). This fact will play a

role in proving that the family of trees extracted in the size lemma below is strongly disjoint.
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Lemma 6.13 (size lemma). Let T < P be a finite collection of tiles. There exists a disjoint
decomposition
N
-l]' — -I]-small u U T‘[
7=1
where{T; :1 < 7 < N} is a finite collection of trees and

N :

_ size(T)

|Rr,| < size(T) o i [ size(TsMall) ¢ 22— 2
1;1 LZ(R ) h \/E

with implicit constant depending only upon dimension.

Proof. Throughout the proof we abbreviate o := size(T). We remove trees from T via the
following recursive procedure. First consider all the maximal (with respect to set inclu-
sion) lacunary trees T < T such that

o

2
6.2) Y FIfl(? > > IRl

teT
and among those let T be the one with {t, having the smallest signature, where ({t,, Rr,)
is the top data of T,. We define the collection of tiles

&(Ty):={teT:&r, €Qy scl(Ry) <scl(Rr,), R, N K2Ry, # @}

Clearly T; < &(T;). Now replace T by T \ &(T;) and recurse. The selection algorithm ter-
minates when size(T3"%!!) = gize(T \ Ur&(TR) <o/V2.

Note that the elements of the collection {&(T)}; are not — strictly speaking — trees
according to Definition 6.1 but we can easily remedy that. Indeed consider the rectangular
parallelepipeds RTk,j which belong to the same grid as Ry, and are such that Ry b NK ,ZlRTk £
. Clearly there are at most O4(1) indices j for which this happens, uniformly in k. Now
we set

Tk,l = {t €e&(Ty): Ren RTk'1 # @}
and recursively let Ty, ;1 be the maximal tree with top (5Tk’RTk,j+1) contained in & (Ty) \
Ujr<jTk,j- Each Ty ; is a tree and we have } ;3 ; IRTj,kI < Y kIRt | so the proof will be
complete once we estimate the latter sum. An important fact is that the collection .7 =
{Ti}« is strongly disjoint. Indeed if 1 € T # T' 5 ¢’ with T,T' € .7 and Q; < Qy, then the
tree T was selected first because of Remark 6.12. Thus if we had that R, N K2Ry # @ then
the tile ¢ would have been included in the family &(T) and consequently would not be
available for inclusion in the tree T'. Now using the selection condition (6.2) together with

Lemma 6.9 we get
1

2 5 3
Y IRtISo™? Y, Y FIfI? So*max| [ fl5,0% | Y IRel| 11113
TeT Te 7 teT TeT
which readily yields the desired estimate. 0

6.5. The single tree estimate. The size and density lemmas combined with the discretiza-
tion of the operator in (5.25) reduce matters to the estimate for a single tree which is stated
and proved below.
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Lemma 6.14 (tree lemma). For every treeT and everyt, € 11,..., N}, there holds
At (f,g1E) Ssize(T)dense(T)|Rr|

wheresize is defined with respect to f € L3’ (R"), dense is defined with respect to E < R" and
g € LPP(R™) with | glle = 1 is arbitrary.

Proof. In view of the definition of the form Ar,;,, it suffices to prove that

Y [Kfren)| ‘<79t (-,0(-)),g1E[,,0>‘ < size(T)dense(T)|Ryl,
teT

where E;;, := {x € E: v5(X) € as,}, uniformly in choices of adapted families {¢; : ¢, €
QIM, teTiand {y,: @€ dg‘/f, t € T}. We remember that we have fixed M =50n.

We begin the proof setup with a reduction. Since the single tree estimate is rotation
invariant we can and will assume that {t =1II,Le, =0€ R%. A simple geometric argument
similar to the one needed in the proof of Lemma 6.2 implies that there exists a dimensional
constant C, > 0 such that for any tile ¢ € T there exists a rectangle R; with sides parallel
to the coordinate axes, I1 ot (R;) is a cube in R4 and R; © R} < CyR;. Furthermore, by e.g.
splitting the tree into O, (1) trees we may assume that all R; come from a single grid £ in
R” that consists of rectangles with sides parallel to the axes and is such that

{Hef; (R):Re ¥} c @(K,m),

where P ) is a dyadic grid of pace (x,m) in R? with m € [0,x), and that I, (R*) are
standard dyadic intervals from 2 of length 4. We also fix Ry € &£ with Ry € Ry < C, Ry and
Rf S RyforallzeT.

We note that T* := {R x Q; : t € T} is not — strictly speaking — a collection of tiles
according to our definition in §5.2.2. However the previously defined relation of order is
still meaningful with the same formal definition and we have that

size(T) ~ size(T"), dense(T) =~ dense(T")

with implicit dimensional constants, where in the definitions for size(T*), dense(T*) above
we use t € T* instead of the actual tiles of T. With these reductions and remarks taken as
understood we will henceforth write T = T* and assume that {R; : t € T} € £ with £ being
a grid as above. Note that the uncertainty relation will change in an inconsequential way
as we will now have scl(R;)¢(Q;) € [c,, 1 ¢,,) for some dimensional constant c,, > 3.

Now let 9]’(6#) be the maximal dyadic cubes Q in R% such that 3Q ;_5 II e#Rt forany r e T;

note that ?}’(e#) partitions RY. Let 2 (e,) be the dyadic intervals of length 2 on the real
line and define & := g’(e#) x 2P (e;). We will write scl(P) := é(l’[e# P). For P € 22 we write
T= T;; UTp, where

T, :={teT:scl(R) <scl(P)} and T; :={teT:scl(R;) >scl(P)}.

We write the basic estimate

> <00l (0: o088, )| = ¥ [ Lpde+ ¥ [ Lidx,

teT PegpJ P pew?J P
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where
Lyx) =) elf,p00:(x,0(x)g)1E,, (x), we{-+}, xeR",

(]
teTy

for an appropriate sequence {¢;} et on the unit circle in C. We shall prove that

(6.3) Y [ Ly(x0dx

PezJ P

< size(T)dense(T)|Rr|, w € {—,+}.

Proofof (6.3) forw=—. ForPe Z and [Iglloo < 1

/ Lp(x)dx
P

For Re {R;: teT;

<size(D) Y IR|M2 19, (x,0(x))] 1g () dx
teTlg PnE;

$size(T)dense(T) ) |R;|sup Sy xaon(x).

tET}_, xeP

}, set

Pr(P) = in}f)pR(x), Pr(x) =inf{r >0: xe€ rR},
X€E

and note that pg, (P) > max(l1, pp,(P)) =: p(P,T) by the construction of &? and the facts
that scl(P) > scl(R;) and R; < Ry for ¢ € T,. It follows that

Ssize(T)dense(T) Y. Y |R/|(1+pg,(P) ™",
PeZ? teT,

Y | Lp(odx
PeJP

Note that for 7 € T, with pg, (P) € [2¢,2*1) and ¢(R;) = 2™ we have

m+1

2
Ri e 2 ey e (P22 ey (P)
€n
We can thus estimate
(G P) o piiym |4
Z Z |Rt|pR[(P)_40n§ Z Z 2—401’1[ Z = = [lPl
Peo? l’€T;J P€92[+1>p(p"r) 2m—4 Z(He# (P))
= Y Y 2¥hpe Y Y 27 p = +IL
Pe (>-1 Peo? 2“121013 (P)
PS100Ry PZ100Ry T

Since the collection {P}peg is pairwise disjoint we readily get that I < |Ry|. For II note that
P ¢ 100Ry implies that P < (4Rr)® so that

ns / PR ()39 dx < / PR ()39 dx < |Ryl
P

Pe» (4R1)¢
P<(4Ry)¢

and the proof of (6.3) for w = — is complete.
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Proofof (6.3) for w = +. We make the preliminary observation that if T; # & then scl(Rt) >
2scl(P) and He#P c 51'[6# Ry. For each P € 22 we define

Gp=Pn U E;.

teT;;
Lemma 6.15. For P € 2 there holds |Gp| < (1+ pp, (P) 19" dense(T)|P|.

Proof. Let P € % be such that I ot (P) is the dyadic parent of I1 t (P). By the maximality
of P one has 311, (P21 o+ (Ry) for some #y € T. Hence, there exists an R € £ such that
C(I1,L(R) =01 . (P)) and R2 Ry,.

Leré Q be the la,;gest cube in ¢ such that {1 € Q < Q;, and scl(R)scl(Q) € [c,‘ll, cn). Define
t'=RxQandnotethat t > tp and Gp S PN E;. As

IPI=IRl,  SypXion(®) 2 (1 +pp(P)*"|RI™"  VxeP,

we have
1
Gp| < |P —1 d
|Gpl S|P T p(x)dx
SA+ppr(PY™MPI [ Sypx10n(0)dx S (1 + pre(P)'°"|Pldense(T),
E;
and the proofis complete. 0

We can decompose T = Ty uf: 1 Tac,» where Toy is an overlapping tree and Ti,, is a
7-lacunary tree for each 7 € {1,...,N}. For P € 2, we set T}, . := ToyN'T} and T}, |
Tac, N T} for 7 € {1,..., N}. We define

L;,type(x):: Y. elfo09ix,0x))g)1E,, (x), typee fov,Ulac}, xeR”.
teT;;’type

For reasons of space, until the end of the proof we use the local notation

F:= Z £t<f;(pt>5t-

teTlJ;CTO
We shall prove the estimates
(6.4) 1L} ypellzop) S size(M (1 + pp (P) ™", type € {0V, U zq,lacy}
size(T)
6.5 L} cop) S infMgF + ,
( ) ” Plac;, ”L (P) 5 1+ PRy (P))ZOn P S 1+ PRy (P))49”

where {5; i te T1+a C} c df’on and Mg is the strong maximal function. Before doing so let
us show that (6.4) and (6.5) imply (6.3) for w = +. Indeed, using (6.4) and Lemma 6.15 we
have for type € {ov, U;»; lac;}

<size(T)dense(T) Y. |PI(1+ ppy(P) ™" < size(T)dense(T)|Ryl.

> | Lpype®)dx
Pe»

pPeg?J P
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On the other hand, using (6.5) and Lemma 6.15 and the same calculation as in the last
display we get

/

Z L;,lac, (x) dx| < size(T)dense(T)|Ry| + dense(T) Z (1+ PR, (P))_IO”/MSF.
° P

Peo? Peo?
Observe that
> / MsF < |Ryl|size(T)
PeP»p p
PC100Ry

by the Cauchy-Schwarz inequality, the boundedness of the strong maximal function on
L?(R™) and Lemma 6.6. Remembering that scl(Ry) > 2scl(P) we get

1 -10¢n
E ——— [ MgF < E 2 E / MgF
10n ~
(+prp (P)) /P Peo? P

Peo? 0>2
PZ100Ry pry (P)=2°

< Y 271002042 B3| Ryl size(T) S | Relsize(T)
0>2
where we also used that pg,(P) = 2! = P < 2/*2Ry in passing to the penultimate ap-
proximate inequality.

Proof of (6.4). Let type € {ov, U7y, lac;} be fixed. Observe that for fixed x € R” if, for ¢, ¢’ €
T} yper D1(%,0 ()1, (x) # 0 and 9, (x,0(x))1g,, (x) # 0 then by property (iv) one has
scl(R;) = scl(Ry). Hence,
1L} ypellzom) <size(T) sup Y |R,I219,(x, o)1 g (0|1, (x).
xXeP

T
scle2N 1T type
scl(R;)=scl

Define w;(y, x,) = t‘d)(50n(y/ t,x,). Foranyscl e 2N and fixed o,by adaptedness of 9;(:,0)

1
Z |R:1219:(,0)| S Z Sy%(;XSOnS Z Wscl * lRtf,wscl* 1R,

+ + +
teTP’type teTP’type teT P,type

scl(R;)=scl scl(R;)=scl scl(R;)=scl
using that the collection {R}sci(r,)=scl iS pairwise disjoint and R, < Ry for all ¢ € T. Because
of the trivial estimate wg * 1g, < 1 it will be enough to consider P such that PN 3Ry = &;
indeed if PN3Ry # @ then pg,(P) < 1 and the desired estimate follows. So fix such a P and
let cg, denote the center of Rr. If x = (y, x,,) € P then

| Ryl ly — cryl) 20"
Wscl * 1rp (¥, X5) S @ (lxn — Cpyl + T
scl(Ry)4 |y — crel ) 74" (scl(Ryp) ) ™" _
STt el G (S ) S e

where Ry is an axis parallel rectangular parallelepiped centered at cp, with sidelengths
scl4 x 4. Thus we have proved

—49 —49
lwsel * Lrellzopy S (1+ pre @) <1+ pre(P) "
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since Rt sc) S Rr. This completes the proof of (6.4) since [ glloo < 1.

Proof of (6.5). Remember that {1 =11 eien=0¢€ R? which means that property (v) of §5.2.3

applies for 9(-,0(-)) — 9(-,R%) where R € Gr(d, n) is regarded as an element of the Grass-
manian. Writing 9; := 9;(-, RY) we preliminary split

L;,lac =8 Z 5t<f,(,0t>19t1Et,To (xX)|+g Z e, 0:(,0() _ﬁt]IEﬁamo (x)

teT teT

+ +
Placr, P lact,

=:8Lp1+&Lpp.
As ||glloo < 1 it suffices to prove the required pointwise estimate is satisfied by Lp j, j = 1,2.
We first deal with the term Lp,;. Note that the sets {Qy,7,} reTy,,, = {I1 ot (@17 ) teTy,, are
nested since they all contain {t. Furthermore, for a fixed x € R” a term in the sum defining
Lp,1(x) isnonzero if and only if v, (x) € a;,;,. We can then conclude that there exist positive

numbers scl(P) < m(x) < M(x) such that the condition 1, (x) # 0 is satisfied if and only
if m(x) <scl(Ry) < M(x). Letting tg, := Sy%‘; Y20n We then have for any ¢ >0

Lp1(x) = ¢ gy (¥)1E(x) Y el f, )9 (x)

teTy,
acr,

m(x)<scl(Ry) <M (x)
where 9, := ct};Tlﬂt. Note that for a choice of ¢ depending only upon dimension we will
have that {9, : t € Tltlcro} < &%, In order to conclude the desired estimate for Lp,; we
consider 7 € & (R™) with supp (i) < [-3,3]?x[1/4,4] and 7j(¢) = 1 forall ¢ € [-2,2]9x[1/2,2].
Then, as supp (9,)" < w,;, we may write forany B> >0

Yo el 0=y —nyp) x Y., €lf P

teTy, teT;
acr,, lacr,

B<scl(R)<B

for a constant y, > 0, where n,(x) := r‘da(r‘lfleﬁx +11,,x) for r >0 and x € R". Thus

sup|Lp1 (1) S (1+pr (PY " infMs | 3 ei(fr 000,

xeP "
teTP,lacT 0

as desired.
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We turn to the estimate for Lp,. We use the fact that scl(¢) < dist(o(x), RYLforreT
together with (v) of §5.2.3 to estimate for x € P

ILpa(x)| <size(T) Y. R0 (x,0(x) — 9 (x)]

tET;,lacro
Ssize(Mdisto(x),R) Y sd ) Sy xsonl0)+
scle2N tET;,lacT
scl<dist@(W,R) ™" (r,)=sul
size(T)
n i SyR. X501 (%)
log (e + dist(o (x), R4) 1) SEZN teTZ f

&
P,lac
scl<dist(c (x),R%) ! scl(Rt):ggl

<size(T)(1+ pg (P)) 49"
This concludes the proof of (6.5) and with that the proof of the tree estimate. 0J

6.6. The proofof (5.25)-(5.26). Fixa finite collectionP, g € Lgo([R?") with [|gllco = 1 through-
out this discussion. Also fix a set E < R" of finite measure. The function dense below
corresponds to this choice of E.

We first prove (5.25). For this, fix f € L8°(IR€”) so that the size map is computed with
respect to f. We note that for any collection P we have the apriori bounds

(6.6) dense(P) < min(1,|E|), size(P) S flloo = 2_%” I fll2,

the first one being easily verified by checking the definition of dense and the second one
being a consequence of 2. from Lemma 6.6. By consecutive applications of the size lemma,
Lemma 6.13, and the density lemma, Lemma 6.10, and starting from the initial bounds for
dense and size above, we can decompose the collection of tiles P’ in the form

Ni
P= U UT]C,V)

k>K(f) v=1
6.7) Hv N
k k
size(Tg.,) <2721l dense(Tkyv)Smin{l,Z_klEl}, Y IR, S 2.
v=1

Consequently, employing the tree Lemma 6.14 we have for each 7 € {1,..., N}

Ny i Ni
Apr(f,81R) S Y. Y size(Ty )dense(Ti,) Ry, | SIfll2 Y. 27 min(1,27¥|E) Y IRy, |
k=K (f)v=1 kez V=1
1
SIfl21ENZ,

which is the sought after estimate (5.25).

Turning to (5.26), fix F c R” of finite measure. Accordingly, in what follows, we compute
the size with 1 in place of f. If |F| < | E| the desired estimate (5.26) actually follows from
(5.25), as

1 L1191 Looq_1
Ap;r (17, g1g) S ILFlI2|EIZ = |FIP|FI2 77 |E|2 < |F|?|E|' 7.
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We can therefore assume that |F| > |E|. Then decomposition (6.7), estimates (6.6) with 1
in place of f, and the tree lemma imply that for each 7 € {1,..., N} we have

Apir(p,g1p) < Y min(1,2”%|F|?) min(1, 2 F|ED2*
kez

k 1
< Y 2ziFRIEl+ Y IEl+ Y 28 <IE
2k>|F| |F|>2k>|E| 2k<|E|

|F|

1+logﬁ

1 1-1
SIFIPIE] P.
whence (5.26) follows.

7. COMPLEMENTS

7.1. Maximal truncations and differentiation of Besov spaces. Let y € ¥ (R%) be a radial
function satisfying

(71)  suppysBYM), 7O =1, lyln:= sup 1x*DPylie@n < Ca
lalIBISN

A few minor tweaks in the proof yield that the maximally truncated version of (1.8)

(7.2)

Tyo*f(x):= sup sup sup
o€eGr(d,n) QeSO(d) h>0

Mo (QO4T15E)7(hO,I1,€) F(E)e? ™9 d¢|, xeR",

R7
also satisfies the conclusions of Theorem 1.1, under the same assumptions therein, pro-
vided that N in (7.1) is sufficiently large, depending upon dimension. Indeed, reduc-
tions similar to those in Section 5 may be performed, observing that the smooth cutoff
at frequency scale h~! does not modify adaptedness of wave packets at frequency scales
57! < h~! while erasing the contribution of frequency scales > h~!. This leads, in analogy
with (5.12), to a model sum of type

Aﬁ;(,yh,T,M(f, 8= Z FM[f](t)A;T,M[g](l‘),
teP
where the coefficients A, j ¢, p have been replaced by the modified version
A ulgl@ = sup |(g,9(,00() La,, (voo)) Liscl) .00 (R()))],
9eogM

corresponding to measurable selector functions / :R"” — (0,00) and o : R — Gr(d, n). All
arguments of Section 6 work just as well for the modified coefficients with purely nota-
tional change: details are left to the interested reader.

If my = 1, the maximal operator (7.2) coincides up to a constant factor with the maximal
subspace averaging operator

T**f(x)= sup sup|Agnf(x), A,,,hf(x)::/ fx-0;'nDily(ndr, xeR™
0€eGr(d,n) h>0 R4

Thus Theorem 1.1 implies the weak (2,2) and strong (p, p), p > 2, bounds for T**oPy,
uniformly over y satisfying (7.1) with N sufficiently large; for example N = 50(d + 1) is
sufficient. Moreover, using scale invariance and the decay of Schwartz tails we can get that
the same boundedness property holds for T** if A, j, is defined via a Schwartz function
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y € & (RY) satisfying

Y0) =1,  liyllhooa < 1;
namely we can drop the compact Fourier support assumption. We can use these bounds
to conclude Lebesgue differentiation theorems for functions in the nonhomogeneous Be-
SOV spaces 32,1 (R™), s > 0, with norm

. k
1flss @n = 1Qoflr@m + 3 2% 1Pk f @,
’ k>0

where Qp, {Pi : k > 0} is any fixed smooth nonhomogeneous Littlewood-Paley decompo-
sition. In the case that s € (0, 1) we can use an alternative characterization of Besov spaces
in terms of finite differences, as for example in [41], that shows that | f| € B;,l whenever
f € B? ., with a corresponding inequality of the norms, and thus we can conclude that the

p,v
rough maximal averages

M**f(x)= sup supldfDxon (Nxon :=][ f(x-0;'ndt, xeR",
oeGr(d,n) h>0 B"(0,h)no

have the same boundedness properties as T**.

Theorem 7.1. Let o : R" — Gr(n — 1, n) be any measurable function and let2 < p < oo. If
feB) RM), then
fx)= hlin()l+ Asonf(x)  ae xeR",

whenever Ay, is defined via a bump function with ¥(0) = 1 and |yll100n < 1. Moreover, if
fe B; | Jor some s >0 then

f(x):hlirg(f)x,g,h a.e. xeR".

Proof. By the comments preceding the statement of the theorem it suffices to consider the
case s = 0. By assumption, for each € > 0 fixed there exists k = k(¢) > 0 so that

> IPeflp<e.

k>k(e)

Let g = Qo f + X1 P f. Note that g € C®°(R™) n L*(R") and that

IT**(f=@poo S Y. 1T PrflipeS Y, IPkflp<e
k>k(e) k>k(e)
by an application of the uniform weak-L? (R") estimate for T** P;. The remaining part
of the argument is totally analogous to that of the proof of the Lebesgue differentiation
theorem using the Hardy-Littlewood maximal theorem and is therefore omitted. U

The results of Theorem 7.1 recover a corresponding result from [33] for Besov spaces
B;)I with s > 0 and d = 1; see also [2, 35]. The codimension n — d = 1 results as well as the
results for zero smoothness appear to be new.

7.2. Remarks on the bi-parameter problem. In this paragraph, d is no longer necessarily
equal to n—1 and we go back to considering values 1 < d < n. The rotated codimension
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n—d singular integral (1.2), (1.6) may be naturally generalized to the bi-parameter version

Tf(x0,QP)= | m(QO,s¢, POTl,1 &) f(§)e*™ ¥4 dg
[Rn
associated to a bi-parameter Hsrmander—Mihlin multiplier m = m(,{) on R" = R @ R" ¢,
that is, satisfying the estimates

sup sup sup |n|'* 1Z]'A! D%D?m(n,() <00
0<|al,|BISA teRd (ern—4
and parametrized by Q € SO(d), P € SO(n—d) and o € Gr(d, n) or equivalently ol eGr(n-
d, n). By arguments analogous to those in Section 3 for the removal of the SO(d),SO(n—d)
invariances and finite splitting, the study of the corresponding maximal operator may be
reduced to estimates for

T*f(x)=sup|Tf(x,0)l, Tfx0):= [ mOOf &)’ d¢, xeR”
g€eX R”
where X c Gr(d, n) is a small 2-%-neighborhood of R?. When acting on band-limited
functions, the maximal operator T* may be further reduced, up to L”-bounded differ-
ences, to the sum of a codimension 7 — d and a codimension d maximal singular integral
operator. More specifically, let {I'; : j = —1,0,1} be a partition of unity on the sphere Sk
subordinated to the covering

[_p:=1{EeS" 1 Mpaé| > 126},
To:={6eS" e <|Mpaél<1-¢},
1= {EeS" 1 |Mpaél < 26}

and Py, j, j = —1,0, 1 be the corresponding smooth conical Fourier cutoff to I';. In analogy
to what was done in (5.4), the splitting

T*oPyf < ), T*[PoPen,jf]
j=-1,01
may be performed. As the singularities along o, sit away from the support of PyPcp o f
when o € 2, T*[PyPcn o f] may be easily controlled by the strong maximal function. Fur-
thermore, when o € X [I1,.¢| ~ |{] ~ 1 on the support of PyPcp,—1 while [I1¢]| ~ [{] ~1 on
the support of PyP¢n,1. A discretization procedure similar to that of Subsection 5.4 then
shows that e.g. T*[PyPcn -1 f] lies in the convex hull of the model operators

Tf(x):Z(f,q)ﬂu/t(x,a(x))l[ a b ](dist(a(x),a(t))

teP scl(2) ? scl(r)

for suitable constants b > a > 1, PP is a collection of tiles ¢ whose spatial localization is a
parallelepiped with d sides oriented along the subspace o (t) of sidelength scl(z) > 1 and
n — d short sides of sidelength 1 along o(t)t. Also, for a fixed dyadic value of scl(¢) = scl,
o (1) varies within a ~ scl™! net in Gr(d, n) and for each fixed ¢ the spatial localizations
of the tiles ¢ € P with g(f) = o tile R". The model for T*[PyPcn1 f] is analogous, up to
exchanging Gr(d, n).
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When n = 2,d = 1, then T* o [PyP¢y, +1] are thus completely symmetric and both may
be handled with the methods of Section 6. When either d or n — d are greater than 1,
the corresponding model sums are substantially harder. One essential reason is that their
scope includes Nikodym maximal averaging operators along subspaces of codimension k
larger than one, whose critical exponent, conjectured to be p = k + 1, is above L?: see [17]
for more details on this conjecture.
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