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a b s t r a c t

We first study the Lipschitz spaces Λ
´
d

associated with the Dunkl metric, β ∈ (0, 1),
and prove that it is a proper subspace of the classical Lipschitz spaces Λ´ on RN ,
as the Dunkl metric and the Euclidean metric are non-equivalent. Next, we further
show that the Lipschitz spaces Λ´ connects to the Triebel–Lizorkin spaces Ḟ

³,q
p,D

associated with the Dunkl Laplacian △D in RN and to the commutators of the

Dunkl Riesz transform and the fractional Dunkl Laplacian △
−³/2
D , 0 < α < N

(the homogeneous dimension for Dunkl measure), which is represented via the
functional calculus of the Dunkl heat semigroup e−t△D . The key steps in this
paper are a finer decomposition of the underlying space via Dunkl metric and
Euclidean metric to bypass the use of Fourier analysis, and a discrete weak-type
Calderón reproducing formula in these new Triebel–Lizorkin spaces Ḟ

³,q
p,D .

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction and statement of main results

1.1. Background

It is well-known that the Lipschitz spaces and Triebel–Lizorkin spaces play an important role in modern

harmonic analysis and partial differential equations.

In this paper, we establish a theory of Lipschitz spaces in the Dunkl setting and prove that the

commutators of Dunkl Riesz transforms characterize these spaces. Important tools are the reproducing
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formula built on Dunkl–Triebel–Lizorkin spaces and their duality, which is of independent interest for other

function spaces and the related differential equations in Dunkl setting.

It is well known that group structures enter in a decisive way in harmonic analysis. Dunkl theory is

associated with a finite reflection group in RN . It started with the papers [8–10] and was further developed

in the papers [1,2,4–6,17,21,22,24]. In [3], the authors extended the classical Hardy H1 to the rational Dunkl

setting. To be more precise, in RN , the reflection Ã³ with respect to the hyperplane ³§ orthogonal to a

nonzero vector ³ is given by Ã³(x) = x− 2ïx, ³ð³ ∥³∥−2.

A finite set R ¢ RN\{0} is called a root system if Ã³(R) = R. Let R be a root system in RN normalized

so that ï³, ³ð = 2 for ³ ∈ R and with R+ a fixed positive subsystem, and G the finite reflection group

generated by the reflections Ã³ (³ ∈ R), where Ã³(x) = x − ï³, xð³ for x ∈ RN . Corresponding to this

reflection group, we denote by O(x) the G-orbit of a point x ∈ RN . There is a natural metric between two

G-orbits O(x) and O(y), given by

d(x, y) := min
Ã∈G

∥x− Ã(y)∥.

It is clear that d(x, y) f ∥x−y∥. And it is possible that for certain x, y ∈ RN , d(x, y) = 0 while ∥x−y∥ > 0.

The closures of connected components of {x ∈ RN : ïx, ³ð ≠ 0 for all ³ ∈ R} are called (closed) Weyl

chambers. We remark that ∥x − y∥ = d(x, y) if and only if x, y ∈ RN belong to the same closed Weyl

chamber, see [11].

A multiplicity function » defined on R (invariant under G) is fixed throughout this paper. Let

dÉ(x) =
∏

³∈R

|ï³, xð|»(³)
dx

be the associated measure in RN , see [3], where, here and subsequently, dx stands for the Lebesgue measure

in RN . We denote by N = N +
∑
³∈R »(³) the homogeneous dimension. The measure dÉ satisfies

C−1

(
r2

r1

)N
⩽
w(B(x, r2))

w(B(x, r1))
⩽ C

(
r2

r1

)N

for 0 < r1 < r2, (1.1)

which implies that there is a constant C > 0 such that for all x ∈ RN , r > 0 and ¼ ⩾ 1,

C−1¼NÉ(B(x, r)) ⩽ É(B(x, ¼r)) ⩽ C¼NÉ(B(x, r)). (1.2)

The Dunkl (differential) operators Tj are defined by

Tjf(x) = ∂jf(x) +
∑

³∈R+

»(³)

2
ï³, ejð

f(x) − f(Ã³(x))

ï³, xð ,

where e1, . . . , eN are the standard unit vectors of RN . The Dunkl Laplacian is then defined as △D =∑N
j=1 T

2
j , which is equivalent to

△Df(x) = △
RN f(x) +

∑

³∈R

»(³)
(∂³f(x)

ï³, xð − f(x) − f(Ã³(x))

ï³, xð2

)
.

Here △
RN is the standard Euclidean Laplacian.

The operator △D is self-adjoint on L2(RN , É), see [3], and generates the heat semigroup

Htf(x) = et△Df(x) =

∫

RN
ht(x, y)f(y)dÉ(y),

where the heat kernel ht(x, y) is a C∞ function for all t > 0, x, y ∈ RN and satisfies ht(x, y) = ht(y, x) > 0

and
∫
RN

ht(x, y)dÉ(y) = 1. The size and regularity estimate of ht(x, y) were established in [3].
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Theorem A ([3, Theorem 4.1]). There are constants C, c > 0 such that

(a) for every t > 0 and for every x, y ∈ RN ,

1

Cmin{É(B(x,
√
t)), É(B(y,

√
t))}

e−c∥x−y∥2/t f |ht(x, y)| f CV (x, y,
√
t)−1e−cd(x,y)2/t,

where V (x, y, r) := max{É(B(x, r)), É(B(y, r))};

(b) for every t > 0 and for every x, y, y′ ∈ RN such that ∥y − y′∥ <
√
t,

|ht(x, y) − h(x, y′)| f C

(∥y − y′∥√
t

)
V (x, y,

√
t)−1e−cd(x,y)2/t.

In [13], they improve the upper and lower bounds for Dunkl heat kernel : for all cl >
1
4 and 0 < cu <

1
4

there are constants Cl, Cu > 0 such that

ClÉ(B(x,
√
t))−1e−cl

d(x,y)2

t Λ(x, y, t) f ht(x, y) f CuÉ(B(x,
√
t))−1e−cu

d(x,y)2

t Λ(x, y, t)

where Λ(x, y, t) can be expressed by means of some rational functions of ∥x− Ã(y)∥/
√
t.

1.2. Statement of main results

1.2.1. Part I: Lipschitz spaces

We recall the standard Lipschitz space on RN and introduce a new Lipschitz space associated with the

Dunkl metric d.

Definition 1.1. For ´ ∈ (0, 1), the Lipschitz space Λ
´ is the set of functions f defined on RN such that

∥f∥
Λ´ := sup

x̸=y

|f(x) − f(y)|
∥x− y∥´ < ∞. (1.3)

We now introduce the Lipschitz space Λ
´
d associated with the Dunkl metric d as follows. For ´ ∈ (0, 1), Λ´d

is the set of functions f defined on RN such that

∥f∥
Λ
´
d

:= sup
d(x,y) ̸=0

|f(x) − f(y)|
d(x, y)´

< ∞. (1.4)

We will show equivalent definitions of these two spaces which will be useful in applications to commutator

operators.

Theorem 1.2. For ´ ∈ (0, 1) and q ∈ [1,∞), the following are equivalent to (1.3):

sup
B¦RN

1

ℓ(B)´É(B)

∫

B

|f(x) − fB |dÉ(x); (1.5)

sup
B¦RN

1

ℓ(B)´

(
1

É(B)

∫

B

|f(x) − fB |qdÉ(x)

) 1
q

, (1.6)

where the sup is taken over all balls B in RN and fB = 1
É(B)

∫
B
f(x)dÉ(x).

Moreover, the following are equivalent to (1.4):

sup
B¦RN

1

ℓ(B)´É(O(B))

∫

O(B)

|f(x) − fO(B)|dÉ(x); (1.7)

sup
B¦RN

1

ℓ(B)´

(
1

É(O(B))

∫

O(B)

|f(x) − fO(B)|qdÉ(x)

) 1
q

, (1.8)

where the sup is taken over all balls B in RN and fO(B) = 1
É(O(B))

∫
O(B)

f(x)dÉ(x).

3
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Finally, we have the following containment relation.

Theorem 1.3. For ´ ∈ (0, 1), Λ´d ª Λ
´.

1.2.2. Part II: The Dunkl–Triebel–Lizorkin space and commutators

Here and throughout, we denote by Lp(RN , É), 1 f p < ∞, the set of all measurable functions f on RN

such that ∥f∥LpÉ :=
{∫

RN
|f(x)|pdÉ(x)

}1/p
< ∞.

We now introduce a new test function space as follows and then introduce the Dunkl–Triebel–Lizorkin

spaces.

Definition 1.4. Let R > 1 be a fixed constant. Let q
Rk and È

Rk be given as in Theorem 3.1. For

|³| < 1 < R, 1 < p < ∞ and 1 f q f ∞, define Ḟ³,q
p,D = {f ∈ L2(RN , É) : ∥f∥Ḟ

³,q
p,D

< ∞}, where

∥f∥Ḟ
³,q
p,D

=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩


{∑

k∈Z

∑

Q∈Qk

(
R
k³|q

Rk(f)(xQ)|
)q
ÇQ

}1/q
L
p
É

if 1 f q < ∞
 sup
k∈Z

∑

Q∈Qk

R
k³|q

Rk(f)(xQ)|ÇQ

L
p
É

if q = ∞.

Similarly, define Ḟ³,q
p,È = {f ∈ L2(RN , É) : ∥f∥Ḟ

³,q
p,È

< ∞}, where

∥f∥Ḟ
³,q
p,È

=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩


{∑

k∈Z

∑

Q∈Qk

(
R
k³|È

Rk(f)(xQ)|
)q
ÇQ

}1/q
L
p
É

if 1 f q < ∞
 sup
k∈Z

∑

Q∈Qk

R
k³|È

Rk(f)(xQ)|ÇQ

L
p
É

if q = ∞.

The Dunkl–Triebel–Lizorkin space is then given by the following definition.

Definition 1.5. Let |³| < 1, 1 < p < ∞ and 1 f q f ∞. The Dunkl–Triebel–Lizorkin space Ḟ³,qp,D is defined

by the collection of distributions f ∈ (Ḟ−³,q′

p′,È )′ such that

f(x) =

∞∑

j=−∞

∑

Q∈Qj

É(Q)¼QÈQ(x, xQ) (1.9)

with

{∑∞

j=−∞

∑
Q∈Qj |¼Q|qÇQ(·)

}1/q
L
p
É

< ∞, where the series converges in the distributional sense and

ÈQ = Èj if Q ∈ Qj . If f ∈ Ḟ³,qp,D , the norm of f is defined by

∥f∥Ḟ³,q
p,D

:= inf

{
{ ∞∑

j=−∞

∑

Q∈Qj

|¼Q|qÇQ(·)
}1/q

L
p
É

}
,

where the infimum is taken over all f(x) in the form (1.9).

We remark that if

{∑∞

j=−∞

∑
Q∈Qj |¼Q|qÇQ

}1/q
L
p
É

< ∞, then the series in (1.9) defines a distribution

in (Ḟ−³,q′

p′,È )′. We have the following characterization of the Dunkl–Triebel–Lizorkin space Ḟ³,qp,D .

Proposition 1.6. Let |³| < 1, 1 < p < ∞ and 1 f q f ∞. Then Ḟ³,qp,D = Ḟ³,q
p,D, where Ḟ³,q

p,D is the collection

of distributions f ∈ (Ḟ−³,q′

p′,È )′ such that there exists a sequence {fn}∞
n=1 in L2(RN , É) with ∥fn−fm∥Ḟ

³,q
p,D

→ 0

as n,m → ∞. Moreover, fn converges to f in (Ḟ−³,q′

p′,È )′.

4
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We will establish the connection between the Lipschitz spaces Λ
´ and the commutator of the Riesz

transform RD,ℓ := Tℓ(−△D)− 1
2 associated to the Dunkl Laplacian △D. Comparing to the classical known

results, the key step here is a finer decomposition of the underlying space via Dunkl metric to bypass the

use of Fourier transform.

Theorem 1.7. Let ℓ ∈ {1, . . . , N}. Let 1 < p < ∞ and 0 < ´ < 1. The function b ∈ Λ
´ if and only if the

commutator [b, RD,ℓ] is a bounded operator from Lp(RN , É) to Ḟ ´,∞p,D . Moreover,

∥b∥
Λ´ ∼ ∥[b, RD,ℓ]∥LpÉ→Ḟ

´,∞
p,D

.

Recall the fractional operator △−³/2
D with 0 < ³ < N, which is defined by

△−³/2
D f(x) =

1

Γ (³/2)

∫ ∞

0

et△D(f)(x)
dt

t1−³/2
.

Similarly we are also able to obtain the following estimates of the Lipschitz space Λ
´ via the commutator

[b,△−³/2
D ](f)(x) := b(x)△−³/2

D (f)(x) − △−³/2
D (bf)(x).

Theorem 1.8. Let 1 < p < q < ∞, 0 < ´ < 1 and 1
p − 1

q = ³
N

. If b ∈ Λ
´, then the commutator [b,△−³/2

D ]

is a bounded operator from Lp(RN , É) to Ḟ ´,∞q,D . Moreover, ∥[b,△−³/2
D ]∥

L
p
É→Ḟ

´,∞
q,D

≲ ∥b∥
Λ´ .

Finally, when the parameter ´ = 0 we can demonstrate that the BMO space associated with the

Euclidean metric and Dunkl measure É is the suitable replacement for Λ
0. To be more precise, we recall

that BMODunkl(R
N , É) is the set of all b ∈ L1

loc(R
N , É) such that

∥b∥BMODunkl
:= sup

B

1

É(B)

∫

B

|b(x) − bB |dÉ(x) < ∞,

where the sup is taken over all balls B in RN .

Theorem 1.9. Suppose b ∈ L1
loc(R

N , É), 0 < ³ < N, 1 < p < N

³ and 1
q = 1

p − ³
N

. If b ∈ BMODunkl(R
N , É),

then [b,△−³/2
D ] is a bounded map from Lp(RN , É) to Lq(RN , É) with ∥[b,△−³/2

D ]∥LpÉ→L
q
É
≲ ∥b∥BMODunkl

.

Here we point out that it is still an open question whether the reverse direction of Theorems 1.8 or 1.9

is true.

Throughout the paper we use the notation X ≲ Y to denote that there is an absolute constant C so that

X f CY . If we write X ∼ Y , then we mean that X ≲ Y and Y ≲ X.

2. The characterization of the Lipschitz spaces

We first show the characterization of the Lipschitz spaces.

The proof of Theorem 1.2. Let X = RN/G be the space of orbits equipped with the metric

d(O(x),O(y)) = d(x, y) and the measure m(A) = É
(
∪O(x)∈AO(x)

)
. So (X, d,m) is the space of homo-

geneous type of in the sense of Coifman–Weiss (see [3, page 2403]). Hence the proofs of the characterization

of the Lipschitz spaces Λ
´ and Λ

´
d are similar. It suffices to prove (1.3), (1.5) and (1.6) are equivalent. We

first show that (1.3) implies (1.6). For every B ¦ RN , we have that

1

ℓ(B)´

(
1

É(B)

∫

B

|f(x) − fB |qdÉ(x)

) 1
q

5
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f 1

ℓ(B)´

(
1

É(B)

∫

B

(
1

É(B)

∫

B

|f(x) − f(y)|dÉ(y)

)q
dÉ(x)

) 1
q

f
(

1

É(B)

∫

B

(
1

É(B)

∫

B

sup
x̸=y

|f(x) − f(y)|
∥x− y∥´ dÉ(y)

)q
dÉ(x)

) 1
q

f sup
x̸=y

|f(x) − f(y)|
∥x− y∥´ .

Hence, (1.3) implies (1.6).

Next, by Hölder’s inequality, we have

1

ℓ(B)´
1

É(B)

∫

B

|f(x) − fB |dÉ(x) f 1

ℓ(B)´

(
1

É(B)

∫

B

|f(x) − fB |qdÉ(x)

) 1
q

.

Hence, we get that (1.6) implies (1.5).

To show (1.5) implies (1.3), we need the following result. Suppose Sk are the approximation operator to

the identity in the space of homogeneous type (RN , ∥ · ∥, dÉ). Set Ek = Sk −Sk−1. The kernel of Ek satisfies

Ekf(x) =

∫

RN
Ek(x, y)f(y)dÉ(y)

with Ek(x, y) for all x, y ∈ RN satisfying the following conditions, see [23]:

(i) |Ek(x, y)| ⩽ C
1

Vk(x) + Vk(y) + V (x, y)

R
−k

R−k + ∥x− y∥ ;

(ii) |Ek(x, y) − Ek(x′, y)| ⩽ C
∥x− x′∥

R−k + ∥x− x′∥
1

Vk(x) + Vk(y) + V (x, y)

R
−k

R−k + ∥x− y∥ ,

for ∥x− x′∥ ⩽ (R−k + ∥x− y∥)/2, similarly for |Ek(x, y) − Ek(x, y′)|;
(iii)

∫

RN
Ek(x, y)dÉ(x) = 0 for all y ∈ RN ;

(iv)

∫

RN
Ek(x, y)dÉ(y) = 0 for all x ∈ RN .

By the method in [7, Lemma 4.3] or [18, Theorem 8.1], we have the fact that ∥f∥
Λ´ via (1.3) is equivalent

to the Besov norm DḂ´,∞∞ in the space of homogeneous type (RN , ∥ · ∥, dÉ):

∥f∥
DḂ

´,∞
∞

:= sup
k∈Z, x∈RN

R
−k´ |Ekf(x)| < ∞.

Now for any k ∈ Z, x ∈ RN , we have

R
−k´ |Ekf(x)|

= R
−k´

⏐⏐⏐⏐
∫

RN
Ek(x, y)(f(y) − fB(x,Rk))dÉ(y)

⏐⏐⏐⏐

f CR−k´

∫

RN

1

É(B(x, ∥x− y∥))

R
k

Rk + ∥x− y∥ |f(y) − fB(x,Rk)|dÉ(y)

f CR−k´
∞∑

j=1

∫

B(x,2jRk)\B(x,2j−1Rk)

1

É(B(x, ∥x− y∥))

R
k

Rk + ∥x− y∥ |f(y) − fB(x,Rk)|dÉ(y)

+ CR−k´

∫

B(x,Rk)

1

É(B(x, ∥x− y∥))

R
k

Rk + ∥x− y∥ |f(y) − fB(x,Rk)|dÉ(y)

f CR−k´
∞∑

j=1

∫

B(x,2jRk)

1

É(B(x, 2j−1Rk))

R
k

Rk + 2j−1Rk
|f(y) − fB(x,Rk)|dÉ(y)

6
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+ CR−k´ 1

É((B(x,Rk)))

∫

B(x,Rk)

|f(y) − fB(x,Rk)|dÉ(y)

f C sup
B¦RN

1

ℓ(B)´É(B)

∫

B

|f(x) − fB |dÉ(x).

Hence, (1.3), (1.5) and (1.6) are equivalent. The proof is completed. □

We next show that the Lipschitz space associated to the metric d is a proper subset of the Lipschitz space

associated the Euclidean norm.

Proof of Theorem 1.3. Suppose f ∈ Λ
´
d . Then d(x, y) f ∥x− y∥ gives

sup
d(x,y) ̸=0

|f(x) − f(y)|
∥x− y∥´ f sup

d(x,y) ̸=0

|f(x) − f(y)|
d(x, y)´

< ∞.

Note that d(x, y) = 0 implies that y = Ã(x) for some Ã ∈ G. It is clear that

sup
x̸=y

|f(x) − f(y)|
∥x− y∥´ f sup

d(x,y) ̸=0

|f(x) − f(y)|
∥x− y∥´ + sup

{y=Ã(x):Ã∈G}
y ̸=x

|f(x) − f(y)|
∥x− y∥´ < ∞

since G is finite group. Hence f ∈ Λ
´ . Thus, we first obtain

Λ
´
d ¢ Λ

´ .

Next, we consider an example in the real line R to show that the containment is proper. Take the function

f ∈ C1(R) given by

f(x) =

⎧
⎨
⎩

−1, x f −Ã
2 ;

sin x, −Ã
2 < x < Ã

2 ;
1, x g Ã

2 .

Then it is clear that this f belongs to Λ
´ for every ´ ∈ (0, 1). However, we take x > Ã and we take y = −x−¶

with ¶ a small positive number, for example, ¶ < 100−1. Then we have

d(x, y) = ¶.

It is clear that

|f(x) − f(y)| = 2 > ¶´ = d(x, y)´

for every ´ ∈ (0, 1). Hence,

sup
d(x,y) ̸=0

|f(x) − f(y)|
d(x, y)´

= ∞,

which shows that this f does not belong to Λ
´
d and so in general we have Λ

´
d ª Λ

´ . The proof of Theorem 1.3

is complete. □

3. Triebel–Lizorkin spaces and the Calderón reproducing formula in Ḟ
α,q
p,D

We begin by collecting some notation in the Dunkl setting. Let B(x, r) := {y ∈ RN : ∥x− y∥ < r} denote

the ball with center x ∈ RN and radius r > 0. Clearly,

É(B(tx, tr)) = tNÉ(B(x, r))

and the following change of variables formula holds
∫
RN

f(x)dÉ(x) =
∫
RN

1
tN
f(xt )dÉ(x) for f ∈ L1(RN , É),

t > 0.

Observe that for x ∈ RN and r > 0,

É(B(x, r)) ∼ rN
∏

³∈R

(
|ï³, xð| + r

)»(³)
.

7



Y. Han, M.-Y. Lee, J. Li et al. Nonlinear Analysis 237 (2023) 113365

3.1. The calderón reproducing formula in L2
É

The Poisson semigroup is given by

Ptf(x) = Ã− 1
2

∫ ∞

0

e−u exp
( t2

4u
△D

)
f(x)

du

u
1
2

and u(x, t) = Ptf(x), so-called the Dunkl Poisson integral, solves the boundary value problem

{
(∂2
t + △D)u(x, t) = 0,

u(x, 0) = f(x)

in the half-space RN+ , see [3]. Let pt be the Poisson kernel and let qt := t∂tpt. We remark that

|∂mt ∂³x ∂´y pt(x, y)| ≲ t−m−|³|−|´| 1

V (x, y, t+ d(x, y))

t

t+ ∥x− y∥ .

These estimates indicate that qt(x, y) for all x, y ∈ RN and t > 0, satisfy the following:

(i) |qt(x, y)| f 1

V (x, y, t+ d(x, y))

t

t+ ∥x− y∥ ;

(ii) |qt(x, y) − qt(x
′, y)|

f ∥x− x′∥
t

( 1

V (x, y, t+ d(x, y))

t

t+ ∥x− y∥ +
1

V (x′, y, t+ d(x′, y))

t

t+ ∥x′ − y∥
)

;

(iii) |qt(x, y) − qt(x, y
′)|

f ∥y − y′∥
t

( 1

V (x, y, t+ d(x, y))

t

t+ ∥x− y∥ +
1

V (x, y′, t+ d(x, y′))

t

t+ ∥x− y′∥
)

;

(iv)

∫

RN
qt(x, y)dÉ(y) =

∫

RN
qt(x, y)dÉ(x) = 0.

We begin with the following Calderón reproducing formula provided in [3].

Theorem 3.1. For f ∈ L2(RN , É) we have that

f(x) =

∫ ∞

0

Èt ∗ qt ∗ f(x)
dt

t
, (3.1)

where È(x) is a radial Schwartz function supported in the unit ball B(0, 1), Èt(x, y) = ÄxÈt(−y), Èt(x) =

t−NÈ(x/t) and rt ∗ f(x) = f(x) =
∫
RN

rt(x, y)f(y)dÉ(y), rt ∈ {qt, Èt}. Moreover, Èt(x, y) for all x, y ∈ RN ,

t > 0 similar conditions as above hold, but with the support {(x, y) : d(x, y) f t}.

Applying Coifman’s decomposition of the identity on L2(RN , É) gives

I = TM +R1 +RM .

That is,

f(x) =

∫ ∞

0

Èt ∗ qt ∗ f(x)
dt

t
= TM +R1 +RM ,

where

TM (f)(x) = − lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)Èj(x, xQ)qjf(xQ),

R1f(x) = −
∞∑

j=−∞

∫ R
−j+1

R−j

[
Èt ∗ qtf(x) − Èj ∗ qjf(x)

]dt
t

8
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and

RM (f)(x) = − lnR

∞∑

j=−∞

∑

Q∈Qj

∫

Q

[
Èj(x, y)qjf(y) − Èj(x, xQ)qjf(xQ)

]
dÉ(y),

where qjf(x) is always denoted by qj ∗ f(x), È(x, y) is the translation of È by x and Èj = È
Rj , qj = q

Rj ,

with

1 < R f R0

for some fixed R0, Qj is the collection of all “R− dyadic cubes” Q with side length R
−M−j with M is some

fixed large integer, and xQ is any fixed point in the cube Q.

We also have the following discrete weak-type Calderón reproducing formula in [23].

Theorem 3.2. If f ∈ L2(RN , É) ∩ Lp(RN , É), 1 < p < ∞, then there exists a function h ∈ L2(RN , É) ∩
Lp(RN , É), such that ∥f∥L2

É
∼ ∥h∥L2

É
and ∥f∥LpÉ ∼ ∥h∥LpÉ ,

f(x) =

∞∑

j=−∞

∑

Q∈Qj

É(Q)Èj(x, xQ)qjh(xQ), (3.2)

where the series converges in L2(RN , É) ∩ Lp(RN , É) with Èj = È
Rj , qj = q

Rj , 1 < R f R0 for some fixed

R0, Qj is the collection of all “R-dyadic cubes” Q with side length R
−M−j with M is some fixed large integer,

and xQ is any fixed point in the cube Q.

Considering (RN , ∥ · ∥, É) as a space of homogeneous type in the sense of Coifman and Weiss, we use the

well known discrete Calderón reproducing formula in L2(RN , É) to obtain the reproducing formula.

Theorem 3.3. Let q
Rj and È

Rj be given as in Theorem 3.1. For |³| < 1 and 1 f p, q < ∞, if f ∈ Ḟ³,q
p,D,

then there exists a function h ∈ Ḟ³,q
p,D, such that ∥f∥L2

É
∼ ∥h∥L2

É
and ∥f∥Ḟ

³,q
p,D

∼ ∥h∥Ḟ
³,q
p,D

,

f(x) =

∞∑

j=−∞

∑

Q∈Qj

É(Q)È
Rj (x, xQ)q

Rjh(xQ),

where the series converges in Ḟ³,q
p,D.

Theorem 3.3 implies the following duality estimate which will be a key idea for developing the Dunkl–

Triebel–Lizorkin space theory:

Theorem 3.4. Let |³| < 1, 1 < p < ∞ and 1 f q f ∞. For f ∈ Ḟ³,q
p,D and g ∈ Ḟ−³,q′

p′,È , then there exists a

constant C such that

|ïf, gð| ⩽ C∥f∥Ḟ
³,q
p,D

∥g∥
Ḟ

−³,q′

p′,È

,

where p′ and q′ are conjugate numbers of p and q, respectively.

Theorem 3.4 means that each function f ∈ L2(RN , É) with ∥f∥Ḟ
³,q
p,D

< ∞ can be considered as a

continuous linear functional on Ḟ−³,q′

p′,È . Therefore, one can consider Ḟ−³,q′

p′,È as a new test function space

and define the Dunkl–Triebel–Lizorkin space Ḟ³,qp,D as the collection of appropriate distributions on Ḟ−³,q′

p′,È .

9
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3.2. Calderón reproducing formula in Ḟ³,q
p,D

We begin with the following definition of the test functions in the space of homogeneous type (RN , ∥·∥, É):

Definition 3.5. A function f(x) defined on RN is a test function if there exists a constant C such that

for 0 < ´ ⩽ 1, µ > 0, r > 0 and x0 ∈ RN ,

(i) f(x) ⩽
C

V (x, r + ∥x− x0∥)

( r

r + ∥x− x0∥
)µ

;

(ii) |f(x) − f(x′)| ⩽ C
( ∥x− x′∥
r + ∥x− x0∥

)´ 1

V (x, r + ∥x− x0∥)

( r

r + ∥x− x0∥
)µ
,

for ∥x− x′∥ ⩽
1

2
(r + ∥x− x0∥);

(iii)

∫

RN
f(x)dÉ(x) = 0.

We denote such a test function by f ∈ M(´, µ, r, x0) and ∥f∥M(´,µ,r,x0), the norm in M(´, µ, r, x0), is the

smallest C satisfying the above conditions (i) and (ii).

Let {Sk}k∈Z be Coifman’s approximation to the identity. Then the kernels Sk(x, y) of Sk satisfy the

following properties:

(i) Sk(x, y) = Sk(y, x);

(ii) Sk(x, y) = 0 if ∥x− y∥ > R
4−k and |Sk(x, y)| ⩽ C

Vk(x) + Vk(y)
;

(iii) |Sk(x, y) − Sk(x′, y)| ⩽ C
R
k∥x− x′∥

Vk(x) + Vk(y)
for ∥x− x′∥ ⩽ R

8−k;

(iv) |Sk(x, y) − Sk(x, y′)| ⩽ C
R
k∥y − y′∥

Vk(x) + Vk(y)
for ∥y − y′∥ ⩽ R

8−k;

(v)
⏐⏐[Sk(x, y) − Sk(x′, y)] − [Sk(x, y′) − Sk(x′, y′)]

⏐⏐ ⩽ C
R
k∥x− x′∥rk∥y − y′∥
Vk(x) + Vk(y)

for ∥x− x′∥ ⩽ R
8−k and ∥y − y′∥ ⩽ R

8−k;

(vi)

∫

RN
Sk(x, y)dÉ(x) = 1 for all y ∈ RN ;

(vii)

∫

RN
Sk(x, y)dÉ(y) = 1 for all x ∈ RN .

Here and throughout, Vk(x) denotes the measure É(B(x,R−k)) for R > 1, k ∈ Z and x ∈ RN . We also

denote by V (x, y) = É(B(x, ∥x− y∥)) for x, y ∈ RN .

Applying Coifman’s decomposition of the identity and Calderón–Zygmund theory, the discrete Calderón

reproducing formula in space of homogeneous type is the following result.

Theorem 3.6. Let {Sk}k∈Z be Coifman’s approximation to the identity and set Dk := Sk − Sk−1. Then

there exists a family of operators {D̃k}k∈Z such that for any fixed xQ ∈ Q with k ∈ Z and Q are “R-dyadic

cubes” with the side length R
−M−k,

f(x) =

∞∑

k=−∞

∑

Q∈Qk

É(Q)D̃k(x, xQ)Dk(f)(xQ),

where the series converge in Lp(RN , É), 1 < p < ∞, M(´, µ, r, x0), and in (M(´, µ, r, x0))′, the dual of in

M(´, µ, r, x0). Moreover, the kernels of the operators D̃k satisfy the following conditions:

(i) |D̃k(x, y)| ⩽ C
1

Vk(x) + Vk(y) + V (x, y)

R
−k

R−k + ∥x− y∥ ;

10
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(ii) |D̃k(x, y) − D̃k(x′, y)| ⩽ C
∥x− x′∥

R−k + ∥x− x′∥
1

Vk(x) + Vk(y) + V (x, y)

R
−k

R−k + ∥x− y∥ ,

for ∥x− x′∥ ⩽ (R−k + ∥x− y∥)/2;

(iii)

∫

RN
D̃k(x, y)dÉ(x) = 0 for all y ∈ RN ;

(iv)

∫

RN
D̃k(x, y)dÉ(y) = 0 for all x ∈ RN .

Similarly, there exists a family of linear operators { ˜̃Dk}k∈Z such that for any fixed xQ ∈ Q,

f(x) =

∞∑

k=−∞

∑

Q∈Qk

É(Q)Dk(x, xQ)
˜̃
Dk(f)(xQ),

where the kernels of the operators
˜̃
Dk satisfy the above conditions (i), (ii), (iii), and (iv) with x and y

interchanged.

It is well known that in the classical case, almost orthogonality estimates are fundamental tools in discrete

Calderón reproducing formula. The following result provides such a tool in the Dunkl setting, see [23,

Lemmas 2.10 and 2.11].

Lemma 3.7. Let T be a Dunkl–Calderón–Zygmund operator satisfying T (1) = T ∗(1) = 0. Then

⏐⏐⏐⏐
∫

RN

∫

RN
Dk(x, u)K(u, v)Dj(v, y)dÉ(u)dÉ(v)

⏐⏐⏐⏐

≲ R
−|k−j|ε′ 1

V (x, y,R(−j)((−k) + d(x, y))

(
R

(−j)((−k)

R(−j)((−k) + d(x, y)

)µ
,

where µ, ε′ ∈ (0, ε).

We next need the definition of smooth molecules.

Definition 3.8. A function f(x) is a smooth molecule for 0 < ´ ⩽ 1, µ > 0, r > 0 and some fixed x0 ∈ RN ,

if f(x) satisfies the following conditions:

|f(x)| f C
1

V (x, x0, r + d(x, x0))

( r

r + ∥x− x0∥
)µ

; (3.3)

|f(x) − f(x′)| f C
(∥x− x′∥

r

)´ { 1

V (x, x0, r + d(x, x0))

( r

r + ∥x− x0∥
)µ

+
1

V (x′, x0, r + d(x′, x0))

( r

r + ∥x′ − x0∥
)µ }

;

(3.4)

∫

RN
f(x)dÉ(x) = 0. (3.5)

If f(x) is a smooth molecule, we denote f(x) by f ∈ M(´, µ, r, x0) and define the norm of f by

∥f∥M(´,µ,r,x0) := inf{C : (3.3)-(3.4) hold}.

Observe that t∂tpt(x, y) with pt, the Poisson kernel, is a smooth molecule with ´, µ = 1, r = t, x0 = y for

fixed y, and it is also a smooth molecule for x0 = x for x is fixed.

11
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Definition 3.9. A function f(x) is said to be a Dunkl smooth molecule for 0 < ´ ⩽ 1, µ > 0, r > 0 and

some fixed x0 ∈ RN , if f(x) satisfies the following conditions:

|f(x)| ⩽ C
1

V (x, x0, r + d(x, x0))

( r

r + d(x, x0)

)µ
; (3.6)

|f(x) − f(x′)| ⩽ C
(∥x− x′∥

r

)´ { 1

V (x, x0, r + d(x, x0))

( r

r + d(x, x0)

)µ

+
1

V (x′, x0, r + d(x′, x0))

( r

r + d(x′, x0)

)µ }
;

(3.7)

∫

RN
f(x)dÉ(x) = 0. (3.8)

If f(x) is a Dunkl smooth molecule, we denote f(x) by f ∈ M̃(´, µ, r, x0) and define the norm of f by

∥f∥
M̃(´,µ,r,x0)

:= inf{C : (3.6)- (3.7) hold}.

To clarify the difference between Definitions 3.8 and 3.9 we remark that all ∥x − x0∥ and ∥x′ − x0∥ in

the classical smooth molecule definition are simply replaced by d(x, x0) and d(x′, x0) in the Dunkl smooth

molecule, respectively.

Lemma 3.10. Let x, y ∈ RN and ε0, t, s > 0 with t g s. Suppose that ft(x, ·) is a Dunkl smooth molecule in

M̃(ε0, ε0, t, x) and gs(·, y) is a smooth molecule in M(ε0, ε0, s, y). Then for any 0 < ε1, ε2 < ε0, there exists

C = C(ε0, ε1, ε2) > 0, such that for all t g s > 0,

∫

RN
ft(x, u)gs(u, y)dÉ(u) f C

(
s

t

)ε1 1

V (x, y, t+ d(x, y))

( t

t+ d(x, y)

)ε2

. (3.9)

If ft(x, ·) and gs(·, y) both are smooth molecules in M(ε0, ε0, t, x) and M(ε0, ε0, s, y), respectively, then for

any 0 < ε1, ε2 < ε0, there exists C = C(ε0, ε1, ε2) > 0, such that for all t, s > 0,
∫

RN
ft(x, u)gs(u, y)dÉ(u) (3.10)

f C

(
s

t
' t

s

)ε1 1

V (x, y, (t ( s) + d(x, y))

( t ( s

(t ( s) + ∥x− y∥
)ε2

,

where a ' b = min{a, b} and a ( b = max{a, b}.

We now prove Theorem 3.3.

Proof of Theorem 3.3. We first show that TM is bounded on Ḟ³,q
p,D. Recall that

TM (f)(x) = − lnR

∑

k∈Z

∑

Q∈Qk

w(Q)Èk(x, xQ)qkf(xQ).

Let f ∈ Ḟ³,q
p,D. For 1 f q < ∞, we write

∥TM (f)∥Ḟ
³,q
p,D

=

{∑

k′∈Z

∑

Q′∈Qk
′

(
R
k′³|qk′(TMf)(xQ′)|

)q
ÇQ′

}1/q
L
p
É

f C

{∑

k′∈Z

∑

Q′∈Qk
′

(
R
k′³
⏐⏐⏐qk′

(∑

k∈Z

∑

Q∈Qk

w(Q)Èk(xQ′ , xQ)qkf(xQ)
)⏐⏐⏐
)q
ÇQ′

}1/q
L
p
É

f C

{∑

k′∈Z

∑

Q′∈Qk

(
R
k′³
∑

k∈Z

∑

Q∈Qk

w(Q)|qk′Èk(xQ′ , xQ)qkf(xQ)|
)q
ÇQ′

}1/q
L
p
É

.
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By Lemma 3.10, we choose |³| < ε < 1 such that

|qk′Èk(xQ′ , xQ)| f CR−|k′−k|ε 1

V (xQ′ , xQ,R(−k(−k′) + d(xQ′ , xQ))

(
R

(−k(−k′)

R(−k(−k′) + ∥xQ′ − xQ∥
)ε
.

Observing that É(B(x,R−k(−k′
+ d(x, xQk))) ∼ É(B(y,R−k(−k′

+ d(y, xQk))) for x, y ∈ Qk
′
, hence,

|qk′Èk(xQ′ , xQ)|ÇQ′(x)

≲ CR−|k−k′|ε 1

V (xQ, xQ′ ,R−k(−k′ + d(xQ′ , xQ))

(
R

−k(−k′

R−k(−k′ + d(xQ′ , xQ)

)ε

≲ CR−|k−k′|ε 1

ÉB(xQ,R−k(−k′ + d(x, xQ))

(
R

−k(−k′

R−k(−k′ + d(x, xQ)

)ε
.

Applying d(x, y) = minÃ∈G ∥Ã(x) − y∥ gives

|qk′Èk(xQ′ , xQ)|ÇQ′(x)

≲
∑

Ã∈G

R
−|k−k′|ε 1

É(B(xQ,R−k(−k′ + ∥Ã(x) − xQ∥))

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)ε

≲
∑

Ã∈G

R
−|k−k′|ε 1

É(B(Ã(x),R−k(−k′ + ∥Ã(x) − xQ∥))

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)ε
.

Let ¹ satisfy that N

N+ε−|³| < ¹ < p. Then

∑

Q∈Qk

w(Q)
1

É(B(Ã(x),R−k(−k′ + ∥Ã(x) − xQ∥))

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)ε
|qkf(xQ)|

⩽

{ ∑

Q∈Qk

w(Q)¹
1

É(B(Ã(x),R−k(−k′ + ∥Ã(x) − xQ∥))¹

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)¹ε
|qkf(xQ)|¹

} 1
¹

.

Denote by cQ the center point of Q. Let A0 = {Q ∈ Qk : ∥cQ − Ã(x)∥ ⩽ R
−k(−k′} and Aℓ = {Q ∈ Qk :

R
ℓ−1+(−k(−k′) < ∥cQ − Ã(x)∥ ⩽ R

ℓ+(−k(−k′)} for ℓ ∈ N. We use (1.1) to obtain that for Q ∈ Qk,

É(Q)ÇQ(z) ∼ É(B(z,R−k))ÇQ(z) ∼ É(B(Ã(z),R−k))ÇQ(z) for Ã ∈ G

and

É(B(xQ,R
−k(−k′

)) ≲ R
[k+(−k(−k′)]NÉ(B(xQ,R

−k)).

Hence,

∑

Q∈Qk

w(Q)¹
1

É(B(Ã(x),R−k(−k′ + ∥Ã(x) − xQ∥))¹

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)¹ε
|qkf(xQ)|¹

=

∞∑

ℓ=0

∑

Q∈Aℓ

w(Q)¹
1

É(B(Ã(x),R−k(−k′ + ∥Ã(x) − xQ∥))¹

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)¹ε
|qkf(xQ)|¹

≲ R
[−k−(−k(−k′)]N(¹−1)

∞∑

ℓ=0

( É(B(Ã(x),R−k(−k′
))

É(B(Ã(x),Rℓ+(−k(−k′)))

)¹−1
1

R¹εℓ

× 1

É(B(Ã(x),Rℓ+(−k(−k′)))

∫

∥Ã(x)−z∥⩽2Rℓ+(−k(−k′)

∑

Q∈Aℓ

|qkf(xQ)|¹ÇQ(z)dÉ(z)

13



Y. Han, M.-Y. Lee, J. Li et al. Nonlinear Analysis 237 (2023) 113365

≲ R
[−k−(−k(−k′)]N(¹−1)

∞∑

ℓ=0

1

Rℓ[¹ε+N(¹−1)]
M
( ∑

Q∈Qk

|qkf(xQ)|¹ÇQ
)

(Ã(x))

≲ R
[−k−(−k(−k′)]N(¹−1)M

( ∑

Q∈Qk

|qkf(xQ)|¹ÇQ
)

(Ã(x)),

where M denote the Hardy-Littlewood maximal operator on (RN , ∥ · ∥, É). Therefore,

∑

Q∈Qk

w(Q)
1

É(B(Ã(x),R−k(−k′ + ∥Ã(x) − xQ∥))

(
R

−k(−k′

R−k(−k′ + ∥Ã(x) − xQ∥

)ε
|qkf(xQ)|

≲ R
[−k−(−k(−k′)]N(1−1/¹)

{
M
( ∑

Q∈Qk

|qkf(xQ)|¹ÇQ
)

(Ã(x))

}1/¹

and
∑

Q∈Qk

R
(k′−k)³É(Q)|qk′Èk(xQ′ , xQ)qkf(xQ)|ÇQ′(x)

≲
∑

Ã∈G

R
−|k−k′|(ε−|³|)

R
[−k−(−k′(−k)]N(1− 1

¹
)

{
M
( ∑

Q∈Qk

|qkf(xQ)|¹ÇQ
)

(Ã(x))

}1/¹

ÇQ′(x).

(3.11)

It is clear that for N

N+ε−|³| < ¹ < p,

sup
k′

∑

k∈Z

R
−|k−k′|(ε−|³|)

R
[−k−(−k′(−k)]N(1− 1

¹
) < ∞.

By Hölder’s inequality, we have
⏐⏐⏐Rk′³

∑

k∈Z

∑

Q∈Qk

É(Q)qk′Èk(xQ′ , xQ)qkf(xQ)
⏐⏐⏐
q

ÇQ′(x)

≲
∑

Ã∈G

∑

k∈Z

R
−|k−k′|(ε−|³|)

R
[−k−(−k′(−k)]N(1− 1

¹
)

{
R
k³M

(∑

Qk

|¼Qk |¹ÇQk
)

(Ã(x))

}q/¹
ÇQ′(x).

This implies

{∑

k′∈Z

∑

Q′∈Qk
′

⏐⏐⏐Rk′³
∑

k∈Z

∑

Q∈Qk

É(Q)qk′Èk(xQ′ , xQ)qkf(xQ)
⏐⏐⏐
q

ÇQ′

}1/q

≲

{∑

Ã∈G

∑

k∈Z

{
R
k³M

( ∑

Q∈Qk

|¼Q|¹ÇQ
)

(Ã(x))

}q/¹}1/q

,

where for N

N+ε−|³| < ¹ < p, the estimate

sup
k

∑

k′∈Z

R
−|k−k′|(ε−|³|)

R
[−k−(−k′(−k)]N(1− 1

¹
) < ∞ (3.12)

is used. The Fefferman–Stein vector valued maximal function inequality with ¹ < p yields


{∑

k′∈Z

∑

Q′∈Qk
′

⏐⏐⏐Rk′³
∑

k∈Z

∑

Q∈Qk

É(Q)qk′Èk(xQ′ , xQ)qkf(xQ)
⏐⏐⏐
q

ÇQ′

}1/q
L
p
É

≲
∑

Ã∈G


(∑

k∈Z

∑

Q∈Qk

|Rk³qkf(xQ)|qÇQ(Ã(x))
) 1
q

L
p
É

.
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Since G is a finite group and ∫

RN
f(Ã(x))dÉ(x) =

∫

RN
f(x)dÉ(x),

we have

∥TM (f)∥Ḟ
³,q
p,D

≲

∑

k′∈Z

∑

Q′∈Qk
′

⏐⏐⏐
∑

k∈Z

∑

Q∈Qk

É(Q)qk′Èk(xQ′ , xQ)qkf(xQ)
⏐⏐⏐
q

ÇQ′


L
p
É

≲

(∑

k∈Z

∑

Q∈Qk

|qkf(xQ)|qÇQ(x)
) 1
q

L
p
É

.

For q = ∞, we write

∥TM (f)∥Ḟ
³,∞
p,D

=
 sup
k′∈Z

∑

Q′∈Qk
′

R
k′³qk′(f)(xQ′)ÇQ


L
p
É

f C
 sup
k′∈Z

∑

Q′∈Qk
′

(
R
k′³
⏐⏐⏐qk′

(∑

k∈Z

∑

Q∈Qk

w(Q)Èk(xQ′ , xQ)qkf(xQ)
)⏐⏐⏐
)
ÇQ′


L
p
É

f C
 sup
k′∈Z

∑

Q′∈Qk
′

(
R
k′³
∑

k∈Z

∑

Q∈Qk

w(Q)|qk′Èk(xQ′ , xQ)qkf(xQ)|
)
ÇQ′


L
p
É

.

By (3.11), we have

R
k′³
∑

k∈Z

∑

Q∈Qk

w(Q)|qk′Èk(xQ′ , xQ)qkf(xQ)|ÇQ′(x)

≲
∑

Ã∈G

R
−|k−k′|(ε−|³|)

R
[−k−(−k′(−k)]N(1− 1

¹
)

{
M
(

sup
k∈Z

R
k³

∑

Q∈Qk

|qkf(xQ)|¹ÇQ
)

(Ã(x))

}1/¹

ÇQ′(x).

Now by using (3.12) again we obtain that

sup
k′∈Z

∑

Q′∈Qk
′

⏐⏐⏐Rk′³
∑

k∈Z

∑

Q∈Qk

É(Q)qk′Èk(xQ′ , xQ)qkf(xQ)
⏐⏐⏐ÇQ′(x)

≲

{∑

Ã∈G

{
M
(

sup
k∈Z

R
k³

∑

Q∈Qk

|¼Q|¹ÇQ
)

(Ã(x))

}1/¹}
,

Another application of the Fefferman-Stein vector valued maximal function inequality with ¹ < p yields

∥TM (f)∥Ḟ
³,∞
p,D

≲
 sup
k′∈Z

∑

Q′∈Qk
′

⏐⏐⏐Rk′³
∑

k∈Z

∑

Q∈Qk

É(Q)qk′Èk(xQ′ , xQ)qkf(xQ)
⏐⏐⏐ÇQ′


L
p
É

≲
∑

Ã∈G


(

sup
k∈Z

∑

Q∈Qk

|Rk³qkf(xQ)|ÇQ(Ã(x))
)

L
p
É

≲

(

sup
k∈Z

∑

Q∈Qk

|qkf(xQ)|ÇQ(x)
)

L
p
É

.

Secondly, we are going to show T−1
M is also bounded on Ḟ³,q

p,D. It suffices to show that if M is chosen large

enough and R is close enough to 1, for f ∈ Ḟ³,q
p,D, there exists a constant C such that

∥R1(f) +RM (f)∥Ḟ
³,q
p,D

f C(r − 1 + R
−M )∥f∥Ḟ

³,q
p,D
. (3.13)

To this end, we need the Triebel–Lizorkin space defined in the space of homogeneous type (RN , ∥ · ∥, É) in

the sense of Coifman and Weiss. For |³| < 1 < R, 1 f p < ∞ and 1 f q f ∞, define

Ḟ³,q
p,CW = {f ∈ L2(Rn, É) : ∥f∥Ḟ

³,q
p,CW

< ∞},
15
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where

∥f∥Ḟ
³,q
p,CW

=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩


{∑

k∈Z

∑

Q∈Qk

(
R
k³|Dk(f)(xQ)|

)q
ÇQ

}1/q
L
p
É

if 1 f q < ∞
 sup
k∈Z

∑

Q∈Qk

R
k³|Dk(f)(xQ)|ÇQ


L
p
É

if q = ∞.

We only consider the case 1 f q < ∞ as the case q = ∞ is similar. For f ∈ Ḟ³,q
p,CW , we use Theorem 3.6 to

get

∥f∥Ḟ
³,q
p,D

=

{∑

k∈Z

(
R
k³
qk
(∑

j∈Z

∑

Q∈Qj

É(Q)D̃j(x, xQ)Dj(f)(xQ)
)

p

)q}1/q

.

Note that D̃j(·, xQ) ∈ M(1, 1,R−j , xQ). We use Lemma 3.10 again to obtain

|qkD̃j(x, xQ)| f CR−|k−j|εw(Q)
1

V (x, xQ,R(−j(−k) + d(x, xQ))

(
R

(−j(−k)

R(−j(−k) + ∥x− xQ∥
)ε
.

By above method, we have

∥f∥Ḟ
³,q
p,D

f C∥f∥Ḟ
³,q
p,CW

.

Conversely, for f ∈ Ḟ³,q
p,D, we have

∥f∥Ḟ
³,q
p,CW

=

{∑

k∈Z

∑

Q∈Qk

(
R
k³|Dk(f)(xQ)|

)q
ÇQ

}1/q
L
p
É

f

{∑

k∈Z

∑

Q∈Qk

(
R
k³|Dk(TMf)(xQ)|

)q
ÇQ

}1/q
L
p
É

+

{∑

k∈Z

∑

Q∈Qk

(
R
k³|Dk(R1f)(xQ)|

)q
ÇQ

}1/q
L
p
É

+

{∑

k∈Z

∑

Q∈Qk

(
R
k³|Dk(RMf)(xQ)|

)q
ÇQ

}1/q
L
p
É

:= I1 + I2 + I3.

We use the same argument to obtain I1 f C∥f∥Ḟ
³,q
p,D

. To estimate I2, we write

R1f(x) = −
∞∑

j=−∞

∫ R
−j+1

R−j

[
Èt ∗ qt ∗ f(x) − Èj ∗ qj ∗ f(x)

]dt
t

= −
∞∑

j=−∞

∫ R
−j+1

R−j
Sj(f)(x)

dt

t
,

where Sj(f)(x) =
∫
RN

Sj(x, y)f(y)dÉ(y) with Sj(x, y) = Ètqt(x, y) − Èjqj(x, y). R1(x, y), the kernel of R1,

can be written as

R1(x, y) = −
∞∑

j=−∞

∫ R
−j+1

R−j
Sj(x, y)

dt

t
.

We have for any 0 < ε < 1,

(1) |R1(x, y)| f C(R − 1)
(
d(x, y)
∥x− y∥

)ε
1

É(B(x, d(x, y)))
;

(2) |R1(x, y) −R1(x, y′)| f C(R − 1)
(∥y − y′∥

∥x− y∥
)ε

1
É(B(x, d(x, y)))

for ∥z − z′∥ f d(x, z)/2;

(3) |R1(x′, y) −R1(x, y)| f C(R − 1)
(∥x− x′∥

∥x− y∥
)ε

1
É(B(x, d(x, y)))

for ∥x− x′∥ f d(x, z)/2.
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We also obtain that R1 is a Dunkl–Calderón–Zygmund operator with coefficient (r− 1) (for details see [23,

pages 54-60]). By Theorem 3.6 and Lemma 3.7 and the above arguments,

I2 f

{∑

k∈Z

∑

Q∈Qk

(
R
k³
⏐⏐⏐Dk

(
R1

(∑

j∈Z

∑

Q∈Qj

É(Q)Dj(x, xQ)
˜̃
Dj(f)(xQ)

))
(xQ)

⏐⏐⏐
)q
ÇQ

}1/q
L
p
É

f

{∑

k∈Z

∑

Q∈Qk

(
R
k³
⏐⏐⏐
∑

j∈Z

∑

Q∈Qj

É(Q)DkR1Dj(x, xQ)
˜̃
Dj(f)(xQ)(xQ)

⏐⏐⏐
)q
ÇQ

}1/q
L
p
É

f
{∑

k∈Z

(
R
k³

∑

j∈Z

∑

Q∈Qj

É(Q)DkR1Dj(x, xQ)
˜̃
Dj(f)(xQ)


p

)q}1/q

f C(R − 1)∥f∥Ḟ
³,q
p,CW

,

where the last inequality is done by the same argument as in [16, Proposition 5,4].

Similarly, we also have that RM is an Dunkl–Calderón–Zygmund operator with coefficient R
−M and

I3 f CR−M∥f∥Ḟ
³,q
p,CW

.

Choosing M large enough and R greater than 1 and close to 1 such that

∥f∥Ḟ
³,q
p,CW

f C∥f∥Ḟ
³,q
p,D

+
1

4
∥f∥Ḟ

³,q
p,CW

+
1

4
∥f∥Ḟ

³,q
p,CW

,

we get

∥f∥Ḟ
³,q
p,CW

f C∥f∥Ḟ
³,q
p,D
.

Therefore,

∥R1(f)∥Ḟ
³,q
p,D

f C∥R1(f)∥Ḟ
³,q
p,CW

= C

{∑

k∈Z

∑

Q∈Qk

(
R
k³|Dk(R1f)(xQ)|

)q
ÇQ

}1/q
L
p
É

f C(R − 1)∥f∥Ḃ
³,q
p,CW

f C(R − 1)∥f∥Ḃ
³,q
p,D
.

Similarly,

∥RM (f)∥Ḟ
³,q
p,D

f CR−M∥f∥Ḟ
³,q
p,D
.

Hence, the inequality (3.13) holds and the inequality gives

∥T−1
M f∥Ḟ

³,q
p,D

f C∥f∥Ḟ
³,q
p,D
.

Set h = T−1
M f . we obtain f = TMh which implies ∥h∥L2

É
∼ ∥f∥L2

É
and ∥h∥Ḟ

³,q
p,D

∼ ∥f∥Ḟ
³,q
p,D

. Since

f = TMh = − lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)Èj(x, xQ)qjh(xQ).

It remains to show that the above series converges in Ḟ³,q
p,D. We observe that

f(x) + lnR

∑

|j|fℓ

∑

Q∈Qj

w(Q)Èj(x, xQ)qjh(xQ) = − lnR

∑

|j|>ℓ

∑

Q∈Qj

w(Q)Èj(x, xQ)qjh(xQ)

for f ∈ L2(RN , É). Therefore, we only to show that

lim
ℓ→∞


∑

|j|>ℓ

∑

Q∈Qj

w(Q)Èj(x, xQ)qjh(xQ)


Ḟ
³,q
p,D

= 0.
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Since

∑

|j|>ℓ

∑

Q∈Qj

w(Q)Èj(x, xQ)qjh(xQ)


Ḟ
³,q
p,D

= C

{∑

k∈Z

∑

Q∈Qk

(
R
k³
⏐⏐⏐qk
(∑

|j|>ℓ

∑

Q∈Qj

w(Q)Èj(·, xQ)qjh(xQ)
)

(xQ)
⏐⏐⏐
)q
ÇQ

}1/q
L
p
É

,

the same argument as the proof of (3.11) yields


∑

|j|>ℓ

∑

Q∈Qj

w(Q)Èj(x, xQ)qjh(xQ)


Ḟ
³,q
p,D

f C

{∑

|j|>ℓ

∑

Q∈Qj

(
R
j³|qj(h)(xQ)|

)q
ÇQ

}1/q
L
p
É

.

Since ∥h∥Ḟ
³,q
p,D

∼ ∥f∥Ḟ
³,q
p,D

, the right-hand side of the above inequality goes to 0 as ℓ → ∞. □

Proof of Theorem 3.4. Given f ∈ Ḟ³,q
p,D and g ∈ Ḟ−³,q′

p′,È , we use Theorem 3.3 to get

|ïf, gð| =
⏐⏐⏐
ï ∞∑

j=−∞

∑

Q∈Qj

É(Q)È
Rj (·, xQ)q

Rjh(xQ), g
ð⏐⏐⏐

f
∞∑

j=−∞

∑

Q∈Qj

É(Q)|q
Rjh(xQ)||È

Rjg(xQ)|

=

∫

R

∞∑

j=−∞

∑

Q∈Qj

|q
Rjh(xQ)||È

Rjg(xQ)|ÇQ(x)dÉ(x),

where the second inequality follows since È is a radial function. By Hölder’s inequality applied twice,

|ïf, gð| f
∫

RN

{ ∞∑

j=−∞

∑

Q∈Qj

(Rj³|q
Rjh(xQ)|)q

} 1
q
{ ∞∑

j=−∞

∑

Q∈Qj

(R−j³|È
Rjg(xQ)|)q′

} 1
q′
ÇQ(x)dÉ(x)

f ∥h∥Ḟ
³,q
p,D

∥g∥
Ḟ

−³,q′

p′,È

≲ ∥f∥Ḟ
³,q
p,D

∥g∥
Ḟ

−³,q′

p′,È

.

The proof is complete. □

To prove Proposition 1.6, we establish the following weak-type discrete Calderón reproducing formula in

the distribution sense:

Proposition 3.11. Suppose that {fn}∞
n=1 is a Cauchy sequence in Ḟ³,q

p,D. Then there exists f , as a

distribution in (Ḟ−³,q′

p′,È )′, such that (i) ∥f∥Ḟ
³,q
p,D

= limn→∞ ∥fn∥Ḟ
³,q
p,D

< ∞; (ii) there exists a distribution

h ∈ (Ḟ−³,q′

p′,È )′ with ∥f∥2 ∼ ∥h∥2, ∥f∥Ḟ
³,q
p,D

∼ ∥h∥Ḟ
³,q
p,D

, such that for each g ∈ Ḟ−³,q′

p′,È , f has the following

weak-type discrete Calderón reproducing formula in the distribution sense:

ïf, gð := ï− lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQ(·, xQ)qQh(xQ), gð

= − lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQg(xQ)qQh(xQ),

where the last series converges absolutely.
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Proof. By Theorem 3.4, there exists f ∈ (Ḟ−³,q′

p′,È )′ such that for each g ∈ Ḟ−³,q′

p′,È ,

ïf, gð = lim
n→∞

ïfn, gð.

Observing that ∥f − fn∥Ḟ
³,q
p,D

= ∥ limm→∞(fm − fn)∥Ḟ
³,q
p,D

⩽ lim infm→∞ ∥fm − fn∥Ḟ
³,q
p,D

, and hence,

∥f − fn∥Ḟ
³,q
p,D

→ 0 as n → ∞. This implies that ∥f∥Ḟ
³,q
p,D

= limn→∞ ∥fn∥Ḟ
³,q
p,D

< ∞. Applying Theorem 3.3,

for each fn there exists an hn such that ∥fn∥2 ∼ ∥hn∥2 and ∥fn∥Ḟ
³,q
p,D

∼ ∥hn∥Ḟ
³,q
p,D

. Thus, by Theorem 3.4,

there exists h ∈ (Ḟ−³,q′

p′,È )′ such that for each g ∈ Ḟ−³,q′

p′,È ,

ïh, gð = lim
n→∞

ïhn, gð.

Therefore, ∥hn − hm∥Ḟ
³,q
p,D

→ 0 and ∥h∥Ḟ
³,q
p,D

= limn→∞ ∥hn∥Ḟ
³,q
p,D

∼ limn→∞ ∥fn∥Ḟ
³,q
p,D

∼ ∥f∥Ḟ
³,q
p,D

.

To show that f has a weak-type discrete Calderón reproducing formula in the distribution sense, for each

g ∈ Ḟ−³,q′

p′,È , applying the proof of Theorem 3.4,

⏐⏐⏐⏐
∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQg(xQ)qQh(xQ)

⏐⏐⏐⏐ f C∥f∥Ḟ
³,q
p,D

∥g∥
Ḟ

−³,q′

p′,È

,

which implies that the series
∑∞
j=−∞

∑
Q∈Qj w(Q)ÈQ(x, xQ)qQh(xQ) is a distribution in (Ḟ−³,q′

p′,È )′. More-

over, by the weak-type discrete Calderón reproducing formula of fn in Theorem 3.3, for each g ∈
Ḟ−³,q′

p′,È ,

ïf, gð = lim
n→∞

ïfn, gð = lim
n→∞

ï
− lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQ(x, xQ)qQhn(xQ), g
ð
,

where ∥fn∥2 ∼ ∥hn∥2 and ∥fn∥Ḟ
³,q
p,D

∼ ∥hn∥Ḟ
³,q
p,D

.

Observe that, by the same proof of Theorem 3.4,

⏐⏐⏐
ï

− lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQ(x, xQ)qQ(h− hn)(xQ), g
ð⏐⏐⏐ ⩽ C∥hn − h∥Ḟ

³,q
p,D

∥g∥
Ḟ

−³,q′

p′,È

,

where the last term above tends to zero as n → ∞ and hence,

ïf, gð = lim
n→∞

ïfn, gð =
ï

− lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQ(x, xQ)qQh(xQ), g
ð
.

The proof of Proposition 3.11 is complete. □

We now show Proposition 1.6.

Proof of Proposition 1.6. Suppose f ∈ Ḟ³,qp,D . Then f ∈ (Ḟ−³,q′

p′,È )′ and f has a wavelet-type decomposition

f(x) =
∑∞
j=−∞

∑
Q∈Qj w(Q)¼QÈQ(x, xQ) in (Ḟ−³,q′

p′,È )′ with


{∑

j

∑

Q∈Qj

|¼Q|qÇQ
} 1
q

L
p
É

< ∞.

Set

fn(x) =
∑

|j|⩽n

∑

Q∈Qj
Q¦B(0,n)

w(Q)¼QÈQ(x, xQ).
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Then fn ∈ Ḟ³,q
p,D and fn converges to f in (Ḟ−³,q′

p′,È )′ as n tends to ∞. To see that f ∈ Ḟ³,q
p,D, by

Proposition 3.11, it suffices to show that ∥fn−fm∥Ḟ
³,q
p,D

→ 0 as n,m → ∞. Indeed, if let En = {(j,Q) : |j| f
n,Q ∈ Qj ¦ B(0, n)} and Ecn,m = En/Em with n g m,

∥fn − fm∥Ḟ
³,q
p,D

=

(∑

k∈Z

∑

Q′∈Qk

|qQ′(fn − fm)(xQ′)|qÇQ′(x)
) 1
q

L
p
É

f

(∑

k∈Z

∑

Q′∈Qk

|qQ′

(∑

Ecn,m

w(Q)¼QÈQ(·, xQ)
)
(xQ′)|

q
ÇQ′(x)

) 1
q

L
p
É

f C
{
∑

Ecn,m

|¼Q|qÇQ} 1
q


L
p
É

→ 0,

as n,m tend to ∞, where the last inequality follows from the same proof of Theorem 3.3 and hence, f ∈ Ḟ³,q
p,D.

Conversely, if f ∈ Ḟ³,q
p,D by Proposition 3.11, then there exists h ∈ (Ḟ−³,q′

p′,È )′ with ∥h∥Ḟ
³,q
p,D

∼ ∥f∥Ḟ
³,q
p,D

such

that for each g ∈ Ḟ−³,q′

p′,È ,

ïf, gð =

ï
− lnR

∞∑

j=−∞

∑

Q∈Qj

w(Q)ÈQ(x, xQ)qQh(xQ), g

ð
.

Set ¼Q = − lnR qQh(xQ) with Q ∈ Qj . We obtain a wavelet-type decomposition of f in (Ḟ−³,q′

p′,È )′ in the

distribution sense:

f =

∞∑

j=−∞

∑

Q∈Qj

w(Q)¼QÈQ(x, xQ)

and hence, f ∈ Ḟ³,qp,D . Moreover

∥f∥Ḟ
³,q
p,D

= inf
{{

∞∑

j=−∞

∑

Q∈Qj

|¼Q|qÇQ} 1
q


L
p
É

}
f C∥h∥Ḟ

³,q
p,D

⩽ C∥f∥Ḟ
³,q
p,D
.

The proof of Proposition 1.6 is complete. □

The relationship between the Dunkl–Triebel–Lizorkin space Ḟ³,qp,D and the Triebel–Lizorkin space Ḟ³,qp,CW

on a space of homogeneous type (RN , ∥ · ∥, É) in the sense of Coifman and Weiss is given by the following

result.

Theorem 3.12. Let |³| < 1, 1 < p < ∞ and 1 f q f ∞. The Dunkl–Triebel–Lizorkin space Ḟ³,qp,D is

equivalent to the Triebel–Lizorkin space Ḟ³,qp,CW (RN , ∥ · ∥, É) in the sense that if f ∈ Ḟ³,qp,D then f ∈ Ḟ³,qp,CW

and there exists a constant C such that ∥f∥Ḟ³,q
p,CW

⩽ C∥f∥Ḟ³,q
p,D

. Conversely, if f ∈ Ḟ³,qp,CW (RN , ∥ · ∥, É) then f

can extend to a distribution f̃ on (Ḟ−³,q′

p′,È )′ such that ïf̃ , gð = ïf, gð for all g ∈ M(´, µ, r, x0)′ and f̃ ∈ Ḟ³,qp,D,

Moreover, ∥f̃∥Ḟ
³,q
p,D

f C∥f∥Ḟ³,q
p,CW

.

Proof. The proof of Theorem 3.12 is based on Theorem 3.3 and Proposition 1.6. Indeed, for f ∈ Ḟ³,q
p,D, by

Theorem 3.3, ∥f∥Ḟ
³,q
p,D

∼ ∥f∥Ḟ³,q
p,CW

. Therefore Ḟ³,q
p,D = Ḟ³,qp,CW with the equivalent norms. Given f ∈ Ḟ³,qp,D , by

Theorem 3.3, there exists a sequence {fn}∞
n=1 such that for each fn ∈ Ḟ³,q

p,D and fn converges to f in (Ḟ−³,q′

p′,È )′.

Moreover, ∥f∥Ḟ
³,q
p,D

= limn→∞ = ∥fn∥Ḟ
³,q
p,D

. It is well known that by a classical result, L2(RN , É) ∩ Ḟ³,qp,CW
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is dense in Ḟ³,qp,CW and by Lemma 3.10, (Ḟ−³,q′

p′,È )′ ¦ (M(´, µ, r, x0))′. Hence, fn also converges to f in

(M(´, µ, r, x0))′ and ∥f∥Ḟ³,q
p,CW

= limn→∞ ∥fn∥Ḟ³,q
p,CW

. This implies that

∥f∥Ḟ³,q
p,CW

f C∥f∥Ḟ
³,q
p,D
.

Suppose f ∈ Ḟ³,qp,CW . there exists a sequence {fn} ∈ L2(RN , É) such that fn converges f in (M(´, µ, r, x0))′

and ∥f∥Ḟ³,q
p,CW

= limn→∞ |fn ∥Ḟ³,q
p,CW

. By the proof of Theorem 3.3, ∥fn − fm∥Ḟ
³,q
p,D

∼ ∥fn − fm∥Ḟ³,q
p,CW

and

hence, ∥fn − fm∥Ḟ
³,q
p,D

= ∥fn − fm∥Ḟ
³,q
p,D

tends to zero as n,m tends to ∞. Therefore, by Proposition 3.11, fn

tends to f̃ in (L2(RN , É)∩CMOpd)′. It is clear that f̃ = f in (M(´, µ, r, x0))′. Moreover, by Proposition 1.6,

∥f̃∥Ḟ
³,q
p,D

= lim
n→∞

∥fn∥Ḟ
³,q
p,D

f C lim
n→∞

∥fn∥Ḟ³,q
p,CW

= C∥f∥Ḟ³,q
p,CW

.

The proof of Theorem 3.12 is complete. □

4. Λ
β and Λ

β
d (0 < β < 1) and the commutator of Dunkl Riesz transform: Proof of Theorem 1.7

In above section, we show that the Dunkl–Triebel–Lizorkin space Ḟ³,qp,D is equivalent to the Triebel–

Lizorkin space Ḟ³,qp,CW (RN , ∥ · ∥, É). To prove Theorem 1.7, we need the difference characterization of

Triebel–Lizorkin spaces on spaces of homogeneous type see [25, Propositions 4.1 and 4.6].

Proposition 4.1. For 0 < ´ < 1 < p < ∞, we have

∥f∥
Ḟ
´,∞
p,D

∼
 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(·) − f(y)|dÉ(y)


L
p
É

.

Using the above result, we have the following theorem.

Theorem 4.2. For 0 < ´ < 1 and 1 < p < ∞, we have

∥f∥
Ḟ
´,∞
p,D

∼
 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(y) − fB(·,Rk)|dÉ(y)


L
p
É

.

Proof. Fix x ∈ RN and k ∈ Z.

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(y) − fB(·,Rk)|dÉ(y)

f 1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(y) − f(x)|dÉ(y)

+
1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(x) − fB(·,Rk)|dÉ(y)

f 1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(y) − f(x)|dÉ(y)

+
1

É(B(·,Rk))Rk´

1

É(B(·,Rk))

∫

B(·,Rk)

∫

B(·,Rk)

|f(x) − f(z)|dÉ(z)dÉ(y)

f 2

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(y) − f(x)|dÉ(y).

Hence,
 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(y) − fB(·,Rk)|dÉ(y)


L
p
É

f 2

 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(·) − f(y)|dÉ(y)


L
p
É

.
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Conversely, we use the proof of [25, Propositions 4.1] by replacing f by fB and get the following estimate

∥f∥Ḟ³,∞
p,D

≲

 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(·) − f(y)|dÉ(y)


L
p
É

.

Hence, Proposition 4.1 gives
 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(·) − f(y)|dÉ(y)


L
p
É

≲

 sup
k∈Z

1

É(B(·,Rk))Rk´

∫

B(·,Rk)

|f(·) − f(y)|dÉ(y)


L
p
É

,

which completes the proof. □

The definition of Λ´ gives the following Lemma.

Lemma 4.3. There is a constant C > 0 such that for all b ∈ Λ
´, r1 > r > 0, x, y ∈ RN , and Ã ∈ G, we

have:

|bB(x,r) − bB(x,r1)| f Cr´1 ∥b∥
Λ´ , (4.1)

|bB(x,r) − bB(y,r1)| f Cr´∥b∥
Λ´ for ∥x− y∥ f 2r, (4.2)

|bB(x,r) − bB(Ã(x),r)| f C(∥Ã(x) − x∥ + r)´∥b∥
Λ´ . (4.3)

Proof. Let b ∈ Λ
´ . Then

|bB(x,r) − bB(x,r1)| f 1

É(B(x, r))

∫

B(x,r)

|b(y) − bB(x,r1)|dÉ(y)

f 1

É(B(x, r))

1

É(B(x, r1))

∫

B(x,r)

∫

B(x,r1)

|b(y) − b(z)|dÉ(y)dÉ(y)

f (2r1)´∥b∥
Λ´ .

The inequality (4.1) is done. If ∥x − y∥ f 2r, then the balls B(x, r) and B(y, r) are contained in B(x, 5r).

The same analysis give the inequality (4.2) . In order to prove (4.3), note that if ∥x − Ã(x)∥ f 2r, then

(4.3) follows by (4.2). Assume that ∥x − Ã(x)∥ > 2r and let j be the smallest positive integer such that

∥x− Ã(x)∥ f 2jr. Then applying (4.1) and (4.2), we get

|bB(x,r) − bB(Ã(x),r)|
f |bB(x,r) − bB(x,2j+2r)| + |bB(x,2j+2r) − bB(Ã(x),2j+2r)| + |bB(Ã(x),2j+2r) − bB(Ã(x),r)|
f C(2j+2r)´∥b∥

Λ´ f C(∥Ã(x) − x∥)´∥b∥
Λ´

f C(∥Ã(x) − x∥ + r)´∥b∥
Λ´ .

The proof is complete. □

We now prove Theorem 1.7. We note that to prove the sufficiency condition, we use the recent new method

in [11, Theorem 3.1].

Proof of Theorem 1.7. Let 1 < p < ∞. We choose the index t such that 1 < t < p and then choose the

index s such that s > 1 and that st < p.

We shall prove

∥[b, RD,ℓ]f∥Ḟ³,∞
p,D

≲ ∥b∥
Λ´∥f∥LpÉ
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for compactly supported functions f ∈ LpÉ which form a dense subspace in LpÉ. Fix x ∈ RN , k ∈ Z and set

B = B(x,Rk). We write all the elements of G \ {id} in a sequence Ã1, Ã2, . . . , Ã|G|−1. We define the sets

Uj ¦ RN , j = 1, 2, . . . , |G| − 1, inductively:

U1 = {z ∈ RN : ∥z − x∥ > 5Rk, ∥z − Ã1(x)∥ f 5Rk},

Uj+1 = {z ∈ RN : ∥z − x∥ > 5Rk, ∥z − Ãj+1(x)∥ f 5Rk} \
( j⋃

i=1

Ui

)
for 1 f j f |G| − 1.

For a compactly supported functions f ∈ LpÉ, we decompose

f = f1 + f2 +

|G|−1∑

j=1

fÃj , where f1 = fÇ5B , f2 = fÇ(O(5B))c , fÃj = fÇUj . (4.4)

Observe that [b, RD,ℓ]f = [b− bB , RD,ℓ]f . For y ∈ RN we set

[b, RD,ℓ]f1(y) = (b(y) − bB)RD,ℓf1(y) +RD,ℓ((bB − b)f1)(y) =: g11(y) + g12(y),

[b, RD,ℓ]f2(y) = (b(y) − bB)RD,ℓf2(y) +RD,ℓ((bB − b)f2)(y) =: g21(y) + g22(y),

[b, RD,ℓ]fÃj (y) = (b(y) − bB)RD,ℓfÃj (y) +RD,ℓ((bB − b)fÃj )(y) =: gÃj1(y) + gÃj2(y).

Note that |(g11)B | f 1
É(B)

∫
B

|g11(y)|dÉ(y). Let t′ be the conjugate of the index t chosen as the beginning.

Hölder’s inequality gives

1

É(B)ℓ(B)´

∫

B

|g11(y) − (g11)B |dÉ(y) f 2

É(B)ℓ(B)´

∫

B

|g11(y)|dÉ(y)

f 2

É(B)ℓ(B)´

∫

B

|(b(y) − bB)RD,ℓf1(y)|dÉ(y)

f 2

ℓ(B)´

( 1

É(B)

∫

B

|b(y) − bB |t
′

dÉ(y)
) 1
t′
( 1

É(B)

∫

B

|RD,ℓf1(y)|tdÉ(y)
) 1
t

f C∥b∥
Λ´Mt(RD,ℓf1)(x),

where the last inequality follows from Theorem 1.2 and Mt(f) = (M(f t))
1
t with M the Hardy–Littlewood

maximal function in the space of homogeneous type (RN , ∥ · ∥, É). Similarly, we also have

1

É(B)ℓ(B)´

∫

B

|g21(y) − (g21)B |dÉ(y) +
1

É(B)ℓ(B)´

∫

B

|gÃj1(y) − (gÃj1)B |dÉ(y)

f C∥b∥
Λ´

(
Mt(RD,ℓf1)(x) +Mt(RD,ℓfÃj )(x)

)
for j = 1, 2, . . . , |G| − 1.

To deal with g12, we use Hölder’s inequality and then the LtÉ-boundedness of RD,ℓ to obtain that

1

É(B)ℓ(B)´

∫

B

|g12(y) − (g12)B |dÉ(y)

f 2

É(B)ℓ(B)´

∫

B

|g12(y)|dÉ(y)

=
2

É(B)ℓ(B)´

∫

B

|RD,ℓ((b− bB)f1)(y)|dÉ(y)

f 2

É(B)ℓ(B)´
∥RD,ℓ((b− bB)f1)∥LtÉÉ(B)1− 1

t

f CÉ(B)− 1
t ℓ(B)−´∥(b− bB)f1∥LtÉ .

Let s′ be the conjugate of the index s chosen as the beginning. By Hölder’s inequality, we have

1

É(B)
∥(b− bB)f1∥t

LtÉ
=

1

É(B)

∫

5B

|b(y) − bB |t|f |tdÉ(y)

f
( 1

É(B)

∫

5B

|b(y) − bB |ts
′

dÉ(y)
) 1
s′
( 1

É(B)

∫

5B

|f |tsdÉ(y)
) 1
s
.
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We use Theorem 1.2 to get

1

É(B)

∫

5B

|b(y) − bB |ts
′

dÉ(y)

f 2ts
′ 1

É(B)

∫

5B

|b(y) − b5B |ts
′

dÉ(y) + 2ts
′ |b5B − bB |ts

′

≲
1

É(5B)

∫

5B

|b(y) − b5B |ts
′

dÉ(y) +
1

É(5B)

∫

5B

|b5B − b(y)|ts
′

dÉ(y)

≲ ℓ(B)´ts
′∥b∥ts′

Λ´
.

(4.5)

Thus,
1

É(B)ℓ(B)´

∫

B

|g12(y) − (g12)B |dÉ(y) f C∥b∥
Λ´Mts(f)(x).

We turn to analyze g22. Observe that for z /∈ O(5B) and y ∈ B we have ∥x − y∥ f d(x, z)/2. Let Γ be a

fixed closed Weyl chamber such that x ∈ Γ , then

|g22(y) − g22(x)| =

⏐⏐⏐⏐
∫

RN
(KD,ℓ(y, z) −KD,ℓ(x, z))(b(z) − bB)f2(z)dÉ(z)

⏐⏐⏐⏐

f
∑

Ã∈G

∫

Ã(Γ)

|KD,ℓ(y, z) −KD,ℓ(x, z)∥b(z) − bB∥f2(z)|dÉ(z)

f C
∑

Ã∈G

∫

Ã(Γ)

∥y − x∥
∥x− z∥

1

É(B(x, d(x, z)))
|b(z) − bB ||f2(z)|dÉ(z)

=:
∑

Ã∈G

JÃ(x, y),

where KD,ℓ is the kernel associated to RD,ℓ and the second inequality follows from the pointwise regularity

estimates for KD,ℓ investigated in [15, Theorem 1.1]. Note that

O(B(x, r)) =
⋃

Ã∈G

B(Ã(x), r) = {y ∈ RN : d(x, y) < r}

and

É(B(x, r)) f É
(
O(B(x, r))

)
f |G|É(B(x, r))

(see for example [3,13]). We have

É(B(x, r)) ∼ É(B(Ã(x), r)) for Ã ∈ G.

In dealing with JÃ(x, y) we shall use the inequalities:

∥x− z∥ g max(∥x− Ã(x)∥/2,Rk) for z ∈ Ã(Γ ),

5r f ∥Ã(x) − z∥ = d(x, z) f ∥x− z∥ for z ∈ Ã(Γ ), z /∈ O(5B).

Hence,

JÃ(x, y) f C

∫

Ã(Γ)

R
k

∥x− z∥
1

É(B(Ã(x), d(x, z)))
|bB(Ã(x),Rk) − bB ||f2(z)|dÉ(z)

+ C

∫

Ã(Γ)

R
k

∥x− z∥
1

É(B(Ã(x), d(x, z)))
|bB(Ã(x),Rk) − b(z)||f2(z)|dÉ(z)

=: JÃ,1(x, y) + JÃ,2(x, y).
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By (4.3),

JÃ,1(x, y)

f
∫

Ã(Γ)

(
R
k

∥x− z∥
)1−´( R

k

Rk + ∥x− Ã(x)∥
)´(∥x− Ã(x)∥

Rk
+ 1
)´

R
k´∥b∥

Λ´

× 1

É(B(Ã(x), ∥Ã(x) − z∥))
|f2(z)|dÉ(z)

≲ ℓ(B)´∥b∥
Λ´

∫

Ã(Γ)

(
R
k

∥x− z∥
)1−´ |f2(z)|

É(B(Ã(x), ∥Ã(x) − z∥))
dÉ(z)

≲ ℓ(B)´∥b∥
Λ´

∞∑

j=2

∫

Ã(Γ),∥Ã(x)−z∥∼2jRk

(
R
k

∥x− z∥
)1−´ |f2(z)|

É(B(Ã(x), ∥Ã(x) − z∥))
dÉ(z)

≲ ℓ(B)´∥b∥
Λ´M(f2)(Ã(x)).

(4.6)

We turn to considering JÃ,2(x, y). Applying Hölder’s inequality and then the definition of Λ´ , we obtain

JÃ,2(x, y) ≲

∞∑

j=2

∫

Ã(Γ),∥Ã(x)−z∥∼2jRk
2−j |f2(z)|

É(B(Ã(x), 2jRk))
|bB(Ã(x),Rk) − b(z)|dÉ(z)

≲

∞∑

j=2

∫

Ã(Γ),∥Ã(x)−z∥∼2jRk
2−j |f2(z)|

É(B(Ã(x), 2jRk))
(2jRk)´∥b∥

Λ´dÉ(z)

≲ ℓ(B)´∥b∥
Λ´M(f2)(Ã(x)).

(4.7)

Thus, by (4.6) and (4.7), we have

1

É(B)ℓ(B)´

∫

B

|g22(y) − g22(x)|dÉ(y) f C∥b∥
Λ´

∑

Ã∈G

M(f2)(Ã(x)).

Finally, we turn to estimate gÃj2. To this end we note that for z ∈ Uj and y ∈ B we have

∥z − y∥ g ∥z − x∥ − ∥x− y∥ g 5Rk − R
k = 4Rk,

∥x− Ãj(x)∥ f ∥x− y∥ + ∥z − y∥ + ∥z − Ãj(x)∥ f 6Rk + ∥z − y∥ f 5

2
∥z − y∥,

and then
∫

B

|RD,ℓ(z, y)|dÉ(y) ≲

∫

B

d(z, y)

∥z − y∥
1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥

∫

B

d(z, y)

Rk

1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥

∫

O(B(x,16Rk))

d(z, y)

Rk

1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥

∞∑

j=−4

∫

d(z,y)∼2−jRk

d(z, y)

Rk

1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥

∞∑

j=−4

2−j

∫

d(z,y)∼2−jRk

1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥ .

Hence the proof of (4.3) gives

1

É(B)ℓ(B)´

∫

B

|gÃj2(y) − (gÃj2)B |dÉ(y)
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f 2

É(B)ℓ(B)´

∫

B

|gÃj2(y)|dÉ(y)

f 2

É(B)ℓ(B)´

∫

B

∫

Uj

|RD,ℓ(z, y)∥bB − b(z)∥fÃj (z)|dÉ(z)dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥
(∥x− Ã(x)∥

Rk
+ 1
)´

∥b∥
Λ´

1

É(B)

∫

Uj

|fÃj (z)|dÉ(z)

≲ ∥b∥
Λ´M(f)(Ãj(x)).

Putting these estimates together, we now take the supremum over all k ∈ Z and then take LpÉ-norm of both

sides. Then we use Proposition 4.1, Theorem 4.2, the LpÉ-boundedness of the maximal functions Mt, Mts

and M (noting that t < p and ts < p), and the fact that the measure dÉ is G-invariant, to conclude that

∥[b, RD,ℓ]f∥
Ḟ
´,∞
p,D

≲ ∥b∥
Λ´∥f∥LpÉ

from (4.4).

Conversely, we now prove

∥b∥
Λ´∥f∥LpÉ ≲ ∥[b, RD,ℓ]f∥

Ḟ
´,∞
p,D

.

Assume that the commutator [b, RD,ℓ] is a bounded operator from Lp(RN , É) to Ḟ ´,∞p,D . For B = B(x0, r)

with x0 ∈ RN and r > 0, we consider

1

ℓ(B)´É(B)

∫

B

|f(x) − fB |dÉ(x).

Choose a C∞ function a(x) with the following properties:

(1) supp a ¦ B(x0, 3r),
∫
RN

a(x) dÉ(x) = 0, a = 1 on B,

(2) ∥a∥
Ḟ

−´,1

p′,D

f r´É(B)1/p′
.

We provide an explanation for the existence of such a function a(x). That is, if a(x) satisfies the conditions

in (1) above, then we have the norm estimate in (2).

Recall that (RN , ∥ · ∥, É) is the space of homogeneous type. Let {Sk}k∈Z be Coifman’s approximation to

the identity. Set Dk = Sk − Sk−1. Choosing k0 ∈ Z with R
−k0 ∼ r, we obtain


{∑

k∈Z

R
−k´ |Dk(a)|

}
L
p′
É

f

{ ∞∑

k=k0+1

R
−k´ |Dk(a)|

}
L
p′
É

+

{ k0∑

k=−∞

R
−k´ |Dk(a)|

}
L
p′
É

=: I1 + I2.

Since Sk(x, y) = 0 for ∥x − y∥ > R
4−k, we have that Dk(x, y) is supported in ∥x − y|∥ f R

5−k. Note also

that supp a ¦ I(x0, 3r), we have that

Dk(a)(x) =

∫

I(x0,3r)

Dk(x, y)a(y)dÉ(y)

is supported in I(x0, Cr) for some absolute positive constant C. Moreover, we also have

|Dk(a)(x)| f
∫

I(x0,3r)

|Dk(x, y) ∥ a(y)|dÉ(y) f
∫

I(x0,3r)

|Dk(x, y)|dÉ(y) ≲ 1.
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Thus,

I1 f
(∫

I(x0,Cr)

{ ∞∑

k=k0+1

R
−k´

⏐⏐Dk(a)(x)
⏐⏐
}p′

dÉ(x)

)1/p′

≲

(∫

I(x0,Cr)

{ ∞∑

k=k0+1

R
−k´

}p′

dÉ(x)

)1/p′

f Cr´É(I)1/p′
.

To estimate I2, we use the vanishing condition of a(x) and smooth condition of Dk to get

I2 f
k0∑

k=−∞

R−k´ |Dk(a)|

L
p′
É

f
k0∑

k=−∞

(∫

I(x0,CR−k)

⏐⏐⏐⏐R
−k´

∫

I(x0,3r)

(
Dk(x, y) −Dk(x, x0)

)
a(y)dÉ(y)

⏐⏐⏐⏐
p′

dÉ(x)

) 1
p′

≲

k0∑

k=−∞

(∫

I(x0,CR−k)

⏐⏐⏐⏐R
−k´

∫

I(x0,3r)

|y − x0|Rk

É(I(y,R−k))
dÉ(y)

⏐⏐⏐⏐
p′

dÉ(x)

) 1
p′

≲

k0∑

k=−∞

(∫

I(x0,CR−k)

⏐⏐⏐⏐R
−k´

∫

I(x0,3r)

rRk

ÉI(x0,R−k)
dÉ(y)

⏐⏐⏐⏐
p′

dÉ(x)

) 1
p′

≲

k0∑

k=−∞

rR−k(´−1)
( É(I(x0, r))

ÉI(x0,R−k)

)1−1/p′

É(I(x0, r))
1/p′

≲

k0∑

k=−∞

rRk(1−´)É(I(x0, r))
1/p′

≲ r´É(I)1/p′
.

We now continue with our proof.

Definition 4.4. Let f be finite almost everywhere on RN . For B ¦ RN with É(B) < ∞, we define a

median value mf (B) of f over B to be a real number satisfying

É({x ∈ B : f(x) > mf (B)}) f 1

2
É(B) and É({x ∈ B : f(x) < mf (B)}) f 1

2
É(B).

Note that

[b, RD,ℓ]f(x) = b(x)RD,ℓf(x) −RD,ℓ(bf)(x)

=

∫

RN
(b(x) − b(y))RD,ℓf(y)dÉ(y),

where

RD,ℓ(x, y) = −c
∫ ∞

0

yℓ − xℓ
t

ht(x, y)
dt√
t
.

We choose B̃ = B(x̃0, r) such that yℓ − xℓ g r and ∥x− y∥ ∼ r for x ∈ B and y ∈ B̃. Set

E1 := {y ∈ B̃ : b(y) f mb(B̃)} and E2 := {y ∈ B̃ : b(y) > mb(B̃)}.
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Moreover, we define

B1 := {y ∈ B : b(y) g mb(B̃)} and B2 := {y ∈ B : b(y) < mb(B̃)}.

Then by Definition 4.4, we see that É(Ei) g 1
2É(B̃), i = 1, 2. Moreover, for (x, y) ∈ Bi × Ei, i = 1, 2,

|b(x) − b(y)| = |b(x) −mb(B̃) +mb(B̃) − b(y)|
= |b(x) −mb(B̃)| + |mb(B̃) − b(y)| g |b(x) −mb(B̃)|.

Hence, we have the following facts,

(i) B = B1 ∪B2, B̃ = E1 ∪ E2 and É(Ei) g 1

2
É(B̃), i = 1, 2;

(ii) b(x) − b(y) does not change sign for all (x, y) ∈ Bi × Ei, i = 1, 2;

(iii) |b(x) −mb(B̃)| f |b(x) − b(y)| for all (x, y) ∈ Bi × Ei, i = 1, 2.

(4.8)

We have that, for (x, y) ∈ Bi × Ei, i = 1, 2,

|RD,ℓ(x, y)| g 1

É(B(x̃0, r))
.

Let fi = ÇEi , i = 1, 2. Then the facts (4.8) give

1

ℓ(B)´É(B)

2∑

i=1

⏐⏐⏐⏐
∫

B

[b, RD,ℓ](fi)(x)a(x)dÉ(x)

⏐⏐⏐⏐

g 1

ℓ(B)´É(B)

2∑

i=1

⏐⏐⏐⏐
∫

Bi

[b, RD,ℓ](fi)(x)a(x)dÉ(x)

⏐⏐⏐⏐

=
1

ℓ(B)´É(B)

2∑

i=1

∫

Bi

∫

Ei

|b(x) − b(y) ∥ RD,ℓ(x, y)||a(x)|dÉ(y)dÉ(x)

≳
1

ℓ(B)´É(B)

2∑

i=1

∫

Bi

|b(x) −mb(B̃)| 1

É(B(x̃0, r))

∫

Ei

dÉ(y)dÉ(x)

≳
1

ℓ(B)´É(B)

2∑

i=1

∫

Bi

|b(x) −mb(B̃)|dÉ(x)

≳
1

ℓ(B)´É(B)

∫

B

|b(x) − bB |dÉ(x).

On the other hand, from duality and the boundedness of [b, RD,ℓ], we deduce that

1

ℓ(B)´É(B)

2∑

i=1

⏐⏐⏐⏐
∫

B

[b, RD,ℓ](fi)(x)a(x)dÉ(x)

⏐⏐⏐⏐

≲
1

ℓ(B)´É(B)

2∑

i=1

∥[b, RD,ℓ]fi∥Ḟ´,∞
p,D

∥a∥
Ḟ

−´,1

p′,D

≲
1

ℓ(B)´É(B)

2∑

i=1

∥[b, RD,ℓ]∥LpÉ→Ḟ
´,∞
p,D

∥fi∥LpÉ∥a∥
Ḟ

−´,1

p′D

≲
1

ℓ(B)´É(B)
∥[b, RD,ℓ]∥LpÉ→Ḟ

´,∞
p,D

É(B̃)1/pr´É(B)1/p′

≲ ∥[b, RD,ℓ]∥LpÉ→Ḟ
´,∞
p,D

.
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Therefore, we have
1

ℓ(B)´É(B)

∫

B

|b(x) − bB |dÉ(x) ≲ ∥[b, RD,ℓ]∥LpÉ→Ḟ
´,∞
p,D

.

The proof of Theorem 1.7 is complete. □

To prove Theorem 1.8, we need to estimate the kernel of fractional operator △−³/2
D .

Lemma 4.5. Let K³(x, y) be the kernel of fractional operator △−³/2
D . Then we have the following estimates:

(a) |K³(x, y)| ≲ d(x, y)2+³

∥x− y∥2

1

É(B(x, d(x, y)))
for d(x, y) ̸= 0;

(b) |K³(x, y) −K³(x, y′)| ≲ ∥y − y′∥
∥x− y∥2

d(x, y)1+³ 1

É(B(x, d(x, y)))
if ∥y − y′∥ < 1

2d(x, y);

(c) |K³(x, y) −K³(x′, y)| ≲ ∥x− x′∥
∥x− y∥2

d(x, y)1+³ 1

É(B(x, d(x, y)))
if ∥x− x′∥ < 1

2d(x, y).

Proof. Note that

△−³/2
D f(x) =

1

Γ (³/2)

∫ ∞

0

et△D(f)(x)
dt

t1−³/2

and

et△Df(x) =

∫

RN
ht(x, y)f(y)dÉ(y),

where ht(x, y) is the Dunkl-heat kernel. We write the fractional operator as follows:

△−³/2
D f(x) =

∫

RN
K³(x, y)f(y)dÉ(y).

To estimate the kernel K³(x, y), we recall the following estimates for the Dunkl-heat kernel given in [12,

Theorem 3.1]

(a) There are constants C, c > 0 such that

|ht(x, y)| ⩽ C
1

V (x, y,
√
t)

(
1 +

∥x− y∥√
t

)−2

e−cd(x,y)2/t,

for every t > 0 and for every x, y ∈ RN .

(b) There are constants C, c > 0 such that

|ht(x, y) − h(x, y′)| ⩽ C

(∥y − y′∥√
t

)
1

V (x, y,
√
t)

(
1 +

∥x− y∥√
t

)−2

e−cd(x,y)2/t,

for every t > 0 and for every x, y, y′ ∈ RN such that ∥y − y′∥ <
√
t.

We now estimate the kernel Rj(x, y) as follows.

|K³(x, y)| ≲
∫ ∞

0

1

V (x, y,
√
t)

t

∥x− y∥2
e−cd(x,y)2/t dt

t1−³/2

⩽
1

∥x− y∥2

(∫ d(x,y)2

0

+

∫ ∞

d(x,y)2

)
1

V (x, y,
√
t)
e−cd(x,y)2/tt³dt

=: I1 + I2.

For t ⩽ d(x, y)2, by using the doubling condition we have that

É(B(x, d(x, y))) ≲
(d(x, y)√

t

)N

É(B(x,
√
t))
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and hence

V (x, y,
√
t)−1 ≲

1

É(B(x,
√
t))

≲
(d(x, y)√

t

)N 1

É(B(x, d(x, y)))
. (4.9)

We obtain

I1 ≲
1

∥x− y∥2

1

É(B(x, d(x, y)))

∫ d(x,y)2

0

(d(x, y)√
t

)N

e−cd(x,y)2/tt³/2dt

≲
1

∥x− y∥2

1

É(B(x, d(x, y)))

∫ d(x,y)2

0

d(x, y)N

t
N

2

( t

d(x, y)2

)N

2
t³/2dt

≲
d(x, y)2+³

∥x− y∥2

1

É(B(x, d(x, y)))
.

It is clear that for t ⩾ d(x, y)2, we get

I2 ≲
1

∥x− y∥2

∫ ∞

d(x,y)2

1

V (x, y, d(x, y))

d(x, y)4+³

t2+³/2
t³/2dt

≲
d(x, y)2+³

∥x− y∥2

1

É(B(x, d(x, y)))
.

To see the smoothness estimates, we write

|K³(x, y) −K³(x, y′)| ⩽ c

∫ ∞

0

|ht(x, y) − ht(x, y
′)| dt

t1−³/2

⩽ c

(∫ d(x,y)2

0

+

∫ ∞

d(x,y)2

)
|ht(x, y) − ht(x, y

′)| dt

t1−³/2

=: II1 + II2.

Since ∥y− y′∥ < 1
2d(x, y), we have d(x, y′) f 3

2d(x, y). If ∥y− y′∥ g
√
t, we use the above condition (a) give

|ht(x, y) − ht(x, y
′)| ≲

(∥y − y′∥√
t

) 1

V (x, y,
√
t)

(
1 +

∥x− y∥√
t

)−2

e−cd(x,y)2/t.

If ∥y − y′∥ <
√
t, we use the above condition (a) give

|ht(x, y) − ht(x, y
′)| ≲

(∥y − y′∥√
t

) 1

V (x, y,
√
t)

(
1 +

∥x− y∥√
t

)−2

e−cd(x,y)2/t.

Hence, (4.9) gives

II1 ≲
∥y − y′∥
∥x− y∥2

∫ d(x,y)2

0

1

V (x, y,
√
t)
e−cd(x,y)2/t dt

t
1
2 −³

≲
∥y − y′∥
∥x− y∥2

1

É(B(x, d(x, y)))

∫ d(x,y)2

0

(d(x, y)√
t

)N( t

d(x, y)2

)N

2 + 1
2 −³

2 dt

t
1−³

2

≲
∥y − y′∥
∥x− y∥2

d(x, y)1+³ 1

É(B(x, d(x, y)))
.

To estimate II2, the reverse doubling condition gives

II2 ≲
∥y − y′∥
∥x− y∥2

∫ ∞

d(x,y)2

1

V (x, y,
√
t)
e−cd(x,y)2/t dt

t
1−³

2

≲
∥y − y′∥
∥x− y∥2

1

É(B(x, d(x, y)))

∫ ∞

d(x,y)2

(d(x, y)√
t

)N( t

d(x, y)2

)N
2 − 3

2 −³
2 dt

t
1−³

2

≲
∥y − y′∥
∥x− y∥2

d(x, y)1+³ 1

É(B(x, d(x, y)))
.

The estimate of the smoothness in the x variable is similar. □
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Theorem 4.6. Let 0 < ³ < N. If f ∈ Lp(RN , É), 1 < p < q < ∞ with 1/q = 1/p− ³/N, then

∥△−³/2
D f∥LqÉ ≲ ∥f∥LpÉ .

Proof. From Lemma 4.5, we have

|△−³/2
D f(x)| =

⏐⏐⏐⏐
∫

RN
K³(x, y)f(y)dÉ(y)

⏐⏐⏐⏐

f
∫

d(x,y)fs

d(x, y)2+³

∥x− y∥2

1

É(B(x, d(x, y)))
|f(y)|dÉ(y)

+

∫

d(x,y)>s

d(x, y)2+³

∥x− y∥2

1

É(B(x, d(x, y)))
|f(y)|dÉ(y)

=: J1 + J2.

For J1, by decomposing the set {d(x, y) f s} into annuli and by noting that s < d(x, y) f ∥x− y∥, we have

J1 f
∞∑

j=0

∫

2−j−1s<d(x,y)f2−js

d(x, y)2+³

∥x− y∥2

1

É(B(x, d(x, y)))
|f(y)|dÉ(y)

f
∞∑

j=0

∫

2−j−1s<d(x,y)f2−js

(2−js)2+³

(2−j−1s)2

1

É(B(x, 2−j−1s))
|f(y)|dÉ(y)

f C
∞∑

j=0

(2−js)³
1

É(B(x, 2−js))

∫

d(x,y)f2−js

|f(y)|dÉ(y)

f Cs³M(f)(x),

where M is the Hardy–Littlewood maximal function on the space of homogeneous type (RN , ∥ · ∥, É).

For J2, by noting that s < d(x, y) f ∥x− y∥, we have

J2 f
(∫

d(x,y)>s

d(x, y)(2+³)p′

∥x− y∥2p′

1

É(B(x, d(x, y)))p′ dÉ(y)

) 1
p′

∥f∥LpÉ

≲

(∫

d(x,y)>s

d(x, y)³p
′ 1

É(B(y, d(x, y)))p′ dÉ(y)

) 1
p′

∥f∥LpÉ

≲

∫

d(x,y)>s

d(x, y)³p
′

d(x, y)Np′ ∏
³∈R

(
|ï³, yð| + d(x, y)

)»(³)p′

∏

³∈R

(
|ï³, yð|»(³)

dy

) 1
p′

∥f∥LpÉ

≲

(∫

d(x,y)>s

1

d(x, y)
Np′−³p′+

∑
³∈R

»(³)(p′−1)
dy

) 1
p′

∥f∥LpÉ

≲

(∫

t>s

1

tN(p′−1)−³p′+1
dt

) 1
p′

∥f∥LpÉ

≲ s
N

p′ −N+³∥f∥LpÉ .

Hence

|△−³/2
D f(x)| ≲ s³M(f)(x) + s

N

p′ −N+³∥f∥LpÉ .

Choosing s =
(∥f∥

L
p
É

Mf(x)

) p
N

, we obtain

|△−³/2
D f(x)| ≲ ∥f∥

³p
N

L
p
É
Mf(x)1−

³p
N .
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Note that (N − ³p)q = pN.

∥△−³/2
D f∥LqÉ ≲ ∥f∥

³p
N

L
p
É

∥Mf∥1−
³p
N

L
p
É

≲ ∥f∥
³p
N

L
p
É

∥f∥1−
³p
N

L
p
É

= ∥f∥LpÉ .

The proof of Theorem 4.6 is complete. □

Suppose for each cube Q we have a function hQ, defined on this cube. Let ´ g 0 and define

h´(x) = sup
Q∋x

1

É(Q)1+
´
N

∫

Q

|hQ(y)|dÉ(y), x ∈ RN ,

where the supremum is taken over all the cubes Q ¦ RN such that x ∈ Q. To prove Theorem 1.8, we need

the following lemma.

Lemma 4.7. Let 0 f ´ < ³ < ∞ and 1 < p < q < ∞, 1/p − 1/q = (³ − ´)/N. Suppose for each cube Q

we have a function hQ, defined on this cube. Then,

∥h´∥LqÉ ≲ ∥h³∥LpÉ , (4.10)

where the implied constant depends only on p, q, ³ and É.

Proof. Let 0 < r < N

³−´ and let Q be a cube in RN . We have that

1

É(Q)1+
´
N

∫

Q

|hQ|dÉ f É(Q)
³−´

N inf
u∈Q

h³(u)

f É(Q)
³−´

N
− 1
r

(∫

Q

h³(u)rdÉ(u)

)1/r

=

(
1

É(Q)1−
r(³−´)

N

∫

Q

h³(u)rdÉ(u)

)1/r

≲

(∫

Q

h³(u)r

É(B(x, |x− u|))1−
r(³−´)

N

dÉ(u)

)1/r

, x ∈ Q.

We define, for every 0 < µ < 1, the fractional integral Iµ by

Iµ(f)(x) =

∫

RN

f(u)

É(B(x, |x− u|))1−µ
dÉ(u).

Then,

h´(x) ≲ {Iµ [h³]r(x)}1/r, x ∈ RN . (4.11)

It follows from [20, Theorem 1] that the operator Iµ maps Lp̃ boundedly into Lq̃ whenever 1 < p̃ < q̃ and
1
p̃ = 1

q̃ + µ. Let p̃ = p/r and q̃ = q/r with r < p and µ = r(³−´)
N

< 1 as above. Then with g = Iµ [(h³)r], we

have from (4.11)

∥h´∥LqÉ ≲ ∥g1/r∥LqÉ = ∥g∥1/r

L
q̃
É

≲ ∥(h³)r∥1/r

L
p̃
É

= ∥h³∥LpÉ ,

which is (4.10). The proof is complete. □
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We now prove Theorem 1.8.

Proof of Theorem 1.8. Fix x ∈ RN , k ∈ Z. Set B = B(x,Rk) and f ∈ LpÉ is a compactly supported

function. Let f1, f2 and fÃj be the decomposition of f in (4.4). Observe that [b,△−³/2
D ]f = [b−bB ,△−³/2

D ]f .

For y ∈ RN we set

[b,△−³/2
D ]f1(y) = (b(y) − bB)△−³/2

D f1(y) + △−³/2
D ((bB − b)f1)(y) =: h11(y) + h12(y),

[b,△−³/2
D ]f2(y) = (b(y) − bB)△−³/2

D f2(y) + △−³/2
D ((bB − b)f2)(y) =: h21(y) + h22(y),

[b,△−³/2
D ]fÃj (y) = (b(y) − bB)△−³/2

D fÃj (y) + △−³/2
D ((bB − b)fÃj )(y) =: hÃj1(y) + hÃj2(y).

We choose the index t such that 1 < t < p and let t′ be the conjugate of the index t. Hölder’s inequality

gives

1

É(B)ℓ(B)´

∫

B

|h11(y) − (h11)B |dÉ(y) f 2

É(B)ℓ(B)´

∫

B

|h11(y)|dÉ(y)

f 2

É(B)ℓ(B)´

∫

B

|(b(y) − bB)△−³/2
D f1(y)|dÉ(y)

f 2

ℓ(B)´

( 1

É(B)

∫

B

|b(y) − bB |t
′

dÉ(y)
) 1
t′
( 1

É(B)

∫

B

|△−³/2
D f1(y)|

t
dÉ(y)

) 1
t

f C∥b∥
Λ´Mt(△−³/2

D f1)(x),

Thus, we use Theorems 4.2 and 4.6 to obtain

∥h11∥
Ḟ
´,∞
q,D

≲ ∥b∥
Λ´∥Mt(△−³/2

D f1)∥LqÉ ≲ ∥b∥
Λ´∥△−³/2

D f1∥LqÉ ≲ ∥b∥
Λ´∥f1∥LpÉ . (4.12)

Similarly, we also have

∥h21∥
Ḟ
´,∞
q,D

+

|G|−1∑

j=1

∥hÃj1∥
Ḟ
´,∞
q,D

≲ ∥b∥
Λ´

(
∥f2∥LpÉ +

|G|−1∑

j=1

∥fÃj∥LpÉ
)
. (4.13)

To deal with h12, Theorems 4.2 gives

∥h12∥
Ḟ
´,∞
q,D

∼
 sup
k∈Z

1

É(B(·,Rk))ℓ(B(·,Rk))´

∫

B(·,Rk)

|h12(y) − (h12)B(·,Rk)|dÉ(y)

L
q
É

≲
 sup
k∈Z

1

ℓ(B(·,Rk))´É(B(·,Rk))1+ ³
N

∫

B(·,Rk)

|h12(y) − (h12)B(·,Rk)|dÉ(y)

L
p
É

,

where the last inequality follows from Lemma 4.7 for hQ = 1
ℓ(B(·,Rk))´

|h12(y) − (h12)B(·,Rk)|. We choose

s, 1 < s < p, and s̄ such that 1
s − 1

s̄ = ³
N

. By Hölder’s inequality,

1

É(B)1+ ³
N ℓ(B)´

∫

B

|h12(y) − (h12)B |dÉ(y)

f 2

É(B)1+ ³
N ℓ(B)´

∫

B

|h12(y)|dÉ(y)

=
2

É(B)1+ ³
N ℓ(B)´

∫

B

|△−³/2
D ((b− bB)f1)(y)|dÉ(y)

≲
1

É(B)1+ ³
N ℓ(B)´

∥△−³/2
D ((b− bB)f1)∥Ls̄É É(B)1− 1

s̄

≲
1

É(B)
1
s ℓ(B)´

∥△−³/2
D ((b− bB)f1)∥Ls̄É .
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Then we use Theorem 4.6 to obtain

1

É(B)1+ ³
N ℓ(B)´

∫

B

|△−³/2
D ((b− bB)f1)(y)|dÉ(y) ≲

1

É(B)
1
s ℓ(B)´

∥(b− bB)f1∥LsÉ .

Let s1 > 1 with s1s < p and s′
1 be the conjugate of the index s1, we use Hölder’s inequality and (4.5) to

obtain that

1

É(B)
∥(b− bB)f1∥sLsÉ =

1

É(B)

∫

5B

|b(y) − bB |s|f |sdÉ(y)

f
( 1

É(B)

∫

5B

|b(y) − bB |ss
′
1dÉ(y)

) 1
s′

1

( 1

É(B)

∫

5B

|f |ss1dÉ(y)
) 1
s1

≲ ℓ(B)´s∥b∥s
Λ´
Ms
ss1

(f)(x)

the LpÉ-boundedness of the maximal function Mss1 implies that

∥h12∥
Ḟ
´,∞
q,D

≲ ∥b∥
Λ´∥f∥LpÉ . (4.14)

We turn to analyze h22. Observe that for z /∈ O(5B) and y ∈ B we have ∥x − y∥ f d(x, z)/2. Let Γ be a

fixed closed Weyl chamber such that x ∈ Γ , then Lemma 4.5 gives

|h22(y) − h22(x)| =

⏐⏐⏐⏐
∫

RN
(K³(y, z) −K³(x, z))(b(z) − bB)f2(z)dÉ(z)

⏐⏐⏐⏐

f
∑

Ã∈G

∫

Ã(Γ)

|K³(y, z) −K³(x, z)∥b(z) − bB∥f2(z)|dÉ(z)

≲
∑

Ã∈G

∫

Ã(Γ)

∥y − x∥
∥x− z∥2

d(x, z)1+³ 1

É(B(x, d(x, z)))
|b(z) − bB ||f2(z)|dÉ(z).

Note that

É(B(x, r)) ∼ rN
∏

³∈R

(
|ï³, xð| + r

)»(³) g rN.

By the same way as in the estimate JÃ(x, y), we have

1

É(B)
³
N ℓ(B)´

|h22(y) − h22(x)|

≲
1

É(B)
³
N ℓ(B)´

∑

Ã∈G

∫

Ã(Γ)

R
k

∥x− z∥2

d(x, z)1+³

É(B(Ã(x), d(x, z)))
|bB(Ã(x),Rk) − bB ||f2(z)|dÉ(z)

+
1

É(B)
³
N ℓ(B)´

∑

Ã∈G

R
k

∥x− z∥2

d(x, z)1+³

É(B(Ã(x), d(x, z)))
|bB(Ã(x),Rk) − b(z)||f2(z)|dÉ(z)

≲ ∥b∥
Λ´

∑

Ã∈G

M(f2)(Ã(x))

∞∑

j=2

2−j(1−³−´)

≲ ∥b∥
Λ´

∑

Ã∈G

M(f2)(Ã(x))

for ³+ ´ < 1. Thus, we use Proposition 4.1 and Theorem 4.6 to obtain

∥h22∥
Ḟ
´,∞
q,D

≲
 sup
k∈Z

1

ℓ(B(·,Rk))´É(B(·,Rk))

∫

B(·,Rk)

|h22(y) − h22(·)|dÉ(y)

L
q
É

≲
 sup
k∈Z

1

ℓ(B(·,Rk))´É(B(·,Rk))1+ ³
N

∫

B(·,Rk)

|h22(y) − h22(·)|

L
p
É
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≲
 sup
k∈Z

1

ℓ(B(·,Rk))´É(B(·,Rk))
³
N

sup
y∈B(·,Rk)

|h22(y) − h22(·)|

L
p
É

≲ ∥b∥
Λ´

∑

Ã∈G

∥M(f2)(Ã(·))∥LpÉ

≲ ∥b∥
Λ´∥f∥LpÉ

for ³ + ´ < 1. Note that Theorem 3.12 establishes the equivalence between the Dunkl–Triebel–

Lizorkin spaces and the well-understood Triebel–Lizorkin spaces on spaces of homogeneous type. Note again

É(B(x, r)) ∼ rN
∏
³∈R

(
|ï³, xð| + r

)»(³) g rN for all 0 < r < ∞. From this lower bound of the measure of

the ball B(x, r), by using [14, Theorem 5.1 (2) (d)], we have Ḟ ´0,2
u,D ↪→ LsÉ ∼ Ḟ 0,2

s,D for 1/u− 1/s = ´0/N and

u < s. Since △−³/2
D △−´/2

D = △−(³+´)/2
D , we get rid of the assumption ³+´ < 1 by the method in [19, Facts

1.9 and 1.10] and hence

∥h22∥
Ḟ
´,∞
q,D

≲ ∥b∥
Λ´∥f∥LpÉ . (4.15)

Finally, we turn to estimate hÃj2. To this end we use the same method in the estimate gÃj2 and Lemma 4.5

to get

1

É(B)
³
N

∫

B

|K³(z, y)|dÉ(y)

≲ R
−k³

∫

B

d(z, y)2+³

∥z − y∥2

1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥

∞∑

j=−4

2−j(1−³)

∫

d(z,y)∼2−jRk

1

É(B(z, d(z, y)))
dÉ(y)

≲
R
k

Rk + ∥x− Ãj(x)∥

for ³ < 1 and hence

1

É(B)1+ ³
N ℓ(B)´

∫

B

|hÃj2(y) − (hÃj2)B |dÉ(y) ≲ ∥b∥
Λ´M(f)(Ãj(x)).

Thus, we use Theorems 4.2 and 4.6 to obtain

∥hÃj2∥
Ḟ
´,∞
q,D

≲
 sup
k∈Z

1

ℓ(B(·,Rk))´É(B(·,Rk))

∫

B(·,Rk)

|hÃj2(y) − (hÃj2)B(·,Rk)|dÉ(y)

L
q
É

≲
 sup
k∈Z

1

ℓ(B(·,Rk))´É(B(·,Rk))1+ ³
N

∫

B(·,Rk)

|hÃj2(y) − (hÃj2)B(·,Rk)|dÉ(y)

L
p
É

≲ ∥b∥
Λ´∥M(f2)(Ã(·))∥LpÉ

≲ ∥b∥
Λ´∥f∥LpÉ

for ³ < 1. Since △−³/2
D △−´/2

D = △−(³+´)/2
D , we get rid of the assumption ³ < 1 by the method in [19, Facts

1.9 and 1.10] and hence

∥hÃj2∥
Ḟ
´,∞
q,D

≲ ∥b∥
Λ´∥f∥LpÉ . (4.16)

By (4.12)–(4.16), the proof is complete. □

From the method of Theorem 1.8, we prove Theorem 1.9 immediately.

Proof of Theorem 1.9. It suffices to verify that

∥([b,△−³/2
D ]f)q∥LqÉ ≲ ∥b∥BMODunkl

∥f∥LpÉ ,
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where gq denotes the sharp maximal function

gq(x) = sup
B∋x

inf
c∈C

1

É(B)

∫

B

|g(y) − c|dÉ(y).

Note that the BMODunkl space has the similar result to Lemma 4.3 (see [11, Lemma 4.1]), Theorem 1.9

follows from the proof of Theorem 1.8. □
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