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1. Introduction and statement of main results
1.1. Background

It is well-known that the Lipschitz spaces and Triebel-Lizorkin spaces play an important role in modern
harmonic analysis and partial differential equations.

In this paper, we establish a theory of Lipschitz spaces in the Dunkl setting and prove that the
commutators of Dunkl Riesz transforms characterize these spaces. Important tools are the reproducing
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formula built on Dunkl-Triebel-Lizorkin spaces and their duality, which is of independent interest for other
function spaces and the related differential equations in Dunkl setting.

It is well known that group structures enter in a decisive way in harmonic analysis. Dunkl theory is
associated with a finite reflection group in RY. It started with the papers [8-10] and was further developed
in the papers [1,2,4-6,17,21,22,24]. In [3], the authors extended the classical Hardy H'! to the rational Dunkl
setting. To be more precise, in RY, the reflection o, with respect to the hyperplane o orthogonal to a
nonzero vector « is given by o, (z) = z — 2(z, a)a ||af 2.

A finite set R C RV\{0} is called a root system if 0, (R) = R. Let R be a root system in RY normalized
so that (o,a) = 2 for @ € R and with Ry a fixed positive subsystem, and G the finite reflection group
generated by the reflections o, (o € R), where 04(z) =  — (a,x)a for z € RY. Corresponding to this
reflection group, we denote by O(x) the G-orbit of a point z € RY. There is a natural metric between two
G-orbits O(x) and O(y), given by

d(e,) = min o o (y)]|.

It is clear that d(z,y) < ||z —y||. And it is possible that for certain x,y € RV, d(z,y) = 0 while ||z —y| > 0.
The closures of connected components of {x € RY : (x,a) # 0 for all « € R} are called (closed) Weyl
chambers. We remark that ||z — y|| = d(z,y) if and only if z,y € RY belong to the same closed Weyl
chamber, see [11].
A multiplicity function k defined on R (invariant under G) is fixed throughout this paper. Let

=T lev,2)["“dax

aER

be the associated measure in RV, see [3], where, here and subsequently, dz stands for the Lebesgue measure
in RYV. We denote by N = N + > acnr k(@) the homogeneous dimension. The measure dw satisfies

N N
C—l (TQ) < M < C(rr‘Q) for 0<r < T2, (1'1)

1 w(B(z,r1)) r1
which implies that there is a constant C' > 0 such that for all z € RV 7 >0 and A > 1
CIANNW(B(x,7)) < w(B(x,Ar)) < CANw(B(z,7)). (1.2)

The Dunkl (differential) operators T are defined by

Tif(w) = 0;f(x)+ > M), 3@ = Floa(@))

a€RT 2 <Oé’x>

where eg,...,ey are the standard unit vectors of RY. The Dunkl Laplacian is then defined as Ap =
Z;Vzl T?, which is equivalent to

8o 1(8) = g 1)+ 3 ) (2212 o) ooty

a€ER >

Here Agn is the standard Euclidean Laplacian.
The operator Ap is self-adjoint on L?(RY,w), see [3], and generates the heat semigroup

Htf()—etADf / hi(z,y) f(y)dw(y),

where the heat kernel h;(z,y) is a C™ function for all ¢ > 0,2,y € R and satisfies h¢(z,y) = hi(y,z) > 0
and [on he(z,y)dw(y) = 1. The size and regularity estimate of h;(x,y) were established in [3].
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Theorem A (/3, Theorem 4.1]). There are constants C,c > 0 such that
(a) for every t > 0 and for every x,y € RV,

1
Cmin{w(B(z, V1)), w(B(y, Vt))}
where V(z,y,7) = max{w(B(z,r)),w(B(y,r))};
(b) for every t > 0 and for every x,y,y’ € RN such that ||y —v'|| < V1,

— o
(2, y) = h(z,y')] < C<”y\/iy”) V(z,y, \/Z)ile*‘:d(m’y)z/t.

In [13], they improve the upper and lower bounds for Dunkl heat kernel : for all ¢; > % and 0 < ¢y <
there are constants Cj, C,, > 0 such that

emelemvI/t < by (2, )| < OV (w,y, V) e el 1,

1
1

d(x,y)? d(z,y)?

Crw(B(a, V1)) "te T Az, y, 1) < he(x,y) < Cuw(B(x, V1) e T Az, y,1)

where A(z,y,t) can be expressed by means of some rational functions of ||z — o (y)||/V/t.

1.2. Statement of main results

1.2.1. Part I: Lipschitz spaces
We recall the standard Lipschitz space on R and introduce a new Lipschitz space associated with the
Dunkl metric d.

Definition 1.1. For 3 € (0, 1), the Lipschitz space A? is the set of functions f defined on RY such that

|f(z) — ()]
£l g5 := sup —————— < 0. (1.3)
ek eyl
We now introduce the Lipschitz space Ag associated with the Dunkl metric d as follows. For 5 € (0, 1), Ag

is the set of functions f defined on RY such that

[f(z) — f(y)]
Il 5= sup LTIV (1.4)

A d(z,y)#0 d(.’E, y)B
We will show equivalent definitions of these two spaces which will be useful in applications to commutator

operators.

Theorem 1.2. For 8 € (0,1) and g € [1 00), the following are equivalent to (1.3):

sup s [ 110 = Folde(o): (1)

BCRN E

Bscngv (B ( / |f(2) = fo|"dw(z >) qv (1.6)

where the sup is taken over all balls B in RN and fg = ﬁ fB f@)dw(z
Moreover, the following are equivalent to (1.4):

1
pery UB)Pw(O(B)) /O(B) (@) = Jowldw(@); (1.7)
1 1 . %
BSCu]lsN By (w(O(B)) /O(B) |f(@) = fom dw(m)) , (1.8)

where the sup is taken over all balls B in RN and fo(p) = m fO(B) f(@)dw(zx).
3
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Finally, we have the following containment relation.
Theorem 1.3. For € (0,1), Ag c AP,

1.2.2. Part II: The Dunkl-Triebel-Lizorkin space and commutators
Here and throughout, we denote by LP(R™ w), 1 < p < 0o, the set of all measurable functions f on RY
1
such that ||l = { fun [£(2)Pdw(z)}"" <
We now introduce a new test function space as follows and then introduce the Dunkl-Triebel-Lizorkin
spaces.

Definition 1.4. Let )& > 1 be a fixed constant. Let gur and ¥pr be given as in Theorem 3.1. For
la] <1 <M, 1<p<ooandl<q< oo, define Ff§ = {f € L*(RV,w) : Hf||];-;,Dq < oo}, where

I3 3 e lamnea) e} | i 1sa<o

. kEZ QeQk P
1l £ea = , e
» qug Z R gk () (@)X if g=oc
S
LP

w

Similarly, define fg;g ={fe LQ(RN,w) : ||f||}-a,£ < oo}, where
’ P,

/
{3 3 e wmnea)xe} | i 1<a<w
T e p
H;gg 3 e 1) it = oo

The Dunkl-Triebel-Lizorkin space is then given by the following definition.

Definition 1.5. Let |a|<1,1<p< oo and 1 < ¢ < oo. The Dunkl-Triebel-Lizorkin space F;g is defined
by the collection of distributions f € ( w ) such that

Z > w(@Agtg(x, zq) (1.9)

j=—00 QeQi

1/q
with H{ ;-”1700 > 0c0i |)\Q|qXQ(-)} HLE < 00, where the series converges in the distributional sense and
Yvo=10; ifQeQI.If fe Fa , the norm of f is defined by

1/q
||f||Faq:—mf{H{ > PalxeO} | }

]—_OOQEQ] Lw

where the infimum is taken over all f(x) in the form (1.9).

We remark that if < 00, then the series in (1.9) defines a distribution

LE

{55 Cocas alxa} |

in (fz;i‘/;q/)’ . We have the following characterization of the Dunkl-Triebel-Lizorkin space F;‘ i

Proposition 1.6. Let |a| <l,1<p<ooandl <q<oo. Then F;‘S = .7-";"3, where .7:';’1‘)1 is the collection
of distributions f € (F,

o w ) such that there exists a sequence { fn}5, in L*(RY, w) with ||fn—fm||}-a,Dq -0
P,
as n,m — o0o. Moreover, f, converges to f in (fp_, d;q ).

4
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We will establish the connection between the Lipschitz spaces A4” and the commutator of the Riesz
transform Rp ¢ := Tg(—AD)_% associated to the Dunkl Laplacian Ap. Comparing to the classical known
results, the key step here is a finer decomposition of the underlying space via Dunkl metric to bypass the
use of Fourier transform.

Theorem 1.7. Let ¢ € {1,...,N}. Let 1 <p < o0 and 0 < B < 1. The function b € AP if and only if the
commutator [b, Rp 4] is a bounded operator from LP(RY w) to Fﬁgo. Moreover,

||bHA/8 ~ ||[ba RD,Z]HL({’)_}F’?’S@'

Recall the fractional operator A]Sa/ % with 0 < o < N, which is defined by

a2 1 < dt
85" @) = g7 | D@

Similarly we are also able to obtain the following estimates of the Lipschitz space A? via the commutator

b, A1) () = ba) A2 (f) (@) — A2 (bf) ().

Theorem 1.8. Letl<p<g<oo,0< <1 and % — % =x- Ifbe AP then the commutator [b, ABQ/Q]

) : —a/2
is a bounded operator from LP(RN w) to Fﬁgo. Moreover, ||[b, ADa/ ]”LﬁeFfB” < 1B g8 -

Finally, when the parameter 5 = 0 we can demonstrate that the BMO space associated with the
Euclidean metric and Dunkl measure w is the suitable replacement for A°. To be more precise, we recall
that BMOpunia(RY,w) is the set of all b € Li (RY,w) such that

loc
1
16l BMOp i = sgp @B /s |b(x) — bp|dw(z) < oo,
where the sup is taken over all balls B in RYV.

Theorem 1.9. Supposeb € L}, (RY,w),0<a<N,1<p< % and% = %f N-Ifbe BMOpuuu(RY, w),

then [b, Aga/z] is a bounded map from LP (RN w) to LY(RYN, w) with ||[b, ABQQ]H%_)L& S 10BMOp g -

Here we point out that it is still an open question whether the reverse direction of Theorems 1.8 or 1.9
is true.

Throughout the paper we use the notation X <Y to denote that there is an absolute constant C' so that
X < CY. If we write X ~ Y, then we mean that X <Y and YV < X.

2. The characterization of the Lipschitz spaces
We first show the characterization of the Lipschitz spaces.

The proof of Theorem 1.2. Let X = RY/G be the space of orbits equipped with the metric
d(O(z),0(y)) = d(z,y) and the measure m(A4) = w(Uo)eaO(x)). So (X,d, m) is the space of homo-
geneous type of in the sense of Coifman—Weiss (see [3, page 2403]). Hence the proofs of the characterization
of the Lipschitz spaces A° and AS are similar. It suffices to prove (1.3), (1.5) and (1.6) are equivalent. We
first show that (1.3) implies (1.6). For every B C RY, we have that

(o L 1) - fB|qdw<ac>)é

5
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< 1oy (w (o [ 110 - sl ))qdwu))q
< <w<1B> [ (aw Low e y||<ﬁ sty ’)qd“’(””> 6

< sy LB = )]
o PR

Hence, (1.3) implies (1.6).
Next, by Holder’s inequality, we have

(s [ - ol

To show (1.5) implies (1.3), we need the following result. Suppose S are the approximation operator to
the identity in the space of homogeneous type (R || - ||, dw). Set Ejy = Sy, — Sj_1. The kernel of E}, satisfies

1 1
B)ﬁ@/B |f(z) = fldw(z) <

Hence, we get that (1.6) implies (1.5).

Buf@) = [ | Bule.n)f)dsty)

with Ej(z,y) for all 2,y € RY satisfying the following conditions, see [23]:
1 Rk .
Vie(x) + Vie(y) + V(z,y) RF + ||lz — vy’

(ii) |Ex(z,y) — En(@’,y)| < C = — 27| 1 A
KBV BT IS Pk e — 2 Vi) + Vi) + Vi@, 9) RE [l — g
for ||z — /|| < (R™F + ||z — y||)/2, similarly for |Ex(z,y) — Ex(z,9)];

(iii) / Eix(z,y)dw(z) =0 for all y € RY;
N

(i) [Ex(z,y)] < C

(iv) Ep(x,y)dw(y) =0  for all z € RY,
RN

By the method in [7, Lemma 4.3] or [18, Theorem 8.1], we have the fact that || f|| 4¢ via (1.3) is equivalent
to the Besov norm DBZ> in the space of homogeneous type (RY, || - ||, dw):

£l 58,00 = sup R B f(z)| < 0.
oo keZ, zeRN

Now for any k € Z, € RV, we have

R By f ()]
=R -~ By (2, y)(f(y) — fB(zymk))dw(y)
1 RF
< CRM — d
- e W(B(e, o — yl) 3+ o — g/ ¥ 7 TBann|40)
S ) / 1 il If(y) - f |dw(y)
< e
= JB@2ink)\ B2tk W(B(@, o —yl) R* + |z =y B(a,%k)
1 R
+OR F(W) = foizeonmldw(y
B(amh) W(B(2 e =) ¥ ¥ =] B(a,0tk) [dw(y)
1 RF
= Z/ B(z,299tk) B(x,21-197%)) RF + 20— 19_k |f(y) fB(w’mk)|dw(y)

6
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1
< CBSCUJISN B / |f(z fB|dw(x).

Hence, (1.3), (1.5) and ( . ) are equivalent. The proof is completed. O

We next show that the Lipschitz space associated to the metric d is a proper subset of the Lipschitz space
associated the Euclidean norm.

Proof of Theorem 1.3. Suppose f € A5. Then d(z,y) < ||z — yl| gives
[f(x) = f(y)] f(z) = f(y)|

sup ————— < sup ————7— < 00.
d(z,y)#0 Hl‘ - yHﬂ d(z,y)#0 d(m> y)B

Note that d(z,y) = 0 implies that y = o(z) for some o € G. It is clear that

|f(x) = f(y)] < |f(z) = f(y)] L s f(@) = FWl _
oyl —yll? Ao T —yll? (r=o(@)vec) |z —yll?

since G is finite group. Hence f € A#. Thus, we first obtain
B
A c AP
Next, we consider an example in the real line R to show that the containment is proper. Take the function

f € CYR) given by

™.
-z
f(z) =< sinz, 7 <z <3
>3

|
i—‘

&
A

Then it is clear that this f belongs to A? for every 3 € (0,1). However, we take 2 > 7 and we take y = —z—0
with 6 a small positive number, for example, § < 100~!. Then we have
d(z,y) = 0.

It is clear that

f(z) = f(y)l = 2> 6° = d(z,y)"
for every 8 € (0,1). Hence,

@) - Tl
p 5 =00,
d(z,y)#0 d(l‘, y)

which shows that this f does not belong to AS and so in general we have Ag C A5, The proof of Theorem 1.3
is complete. [

3. Triebel-Lizorkin spaces and the Calderén reproducing formula in .F;" 3

We begin by collecting some notation in the Dunkl setting. Let B(z,r) := {y € RY : ||z —y|| < r} denote
the ball with center € RY and radius r > 0. Clearly,

w(B(tx,tr)) = th(B(x, T))

and the following change of variables formula holds [,x f(z f]RN ~ f(§)dw w(x) for f € LYRY,w),
t>0.
Observe that for z € RY and r > 0,
w(B( NH (o, )| +7) (a).
aER

7
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3.1. The calderén reproducing formula in L2

The Poisson semigroup is given by
1, t?
Pf(x)=n"2 e exp(—AD)f(x)—1

0 4qu u2

and u(x,t) = P.f(z), so-called the Dunkl Poisson integral, solves the boundary value problem
(07 + Ap)u(,t) =0,
u(z,0) = f(z)

in the half-space Rﬂ\_] , see [3]. Let p; be the Poisson kernel and let ¢; := t0;p;. We remark that
1 t
V(z,y, t+dz,y) t+ |z —yll’

10705 0 pe(w, y)| S ¢l

These estimates indicate that g;(x,y) for all z,y € RY and ¢ > 0, satisfy the following:

1 t

0 Jae@ 9l < G T e ol

1 t ) )

(i) lgt(z,y) — a2, y)|
|z — 2| 1 t
< ( +
< IIy—y’H( 1 t n 1 t )
ot Vieg,y,t+d@y)t+llz—yl  Viey,t+day)t+z—y|/)

) [ wedot) = [ alw)dsa) <o

We begin with the following Calderén reproducing formula provided in [3]

For f € L*(RY,w) we have that
e d
f@) = [ s i@, (3.1

where Y(x) is a radial Schwartz function supported in the unit ball B(0,1), ¥¢(x,y) = matbe(—y), () =
tNY(x/t) and ryx f(z) = f(2) = [on re(@,y) f()dw(y), re € {ae,ve}. Moreover, iy(x,y) for all z,y € RY,

x
t > 0 similar conditions as above hold, but with the support {(z,y) : d(z,y) < t}.

Theorem 3.1.

Applying Coifman’s decomposition of the identity on L?(RY,w) gives
I=Ty+Ri+Ry.

That is, N ;
f(x):/ wt*Qt*f(m)%:TM+R1+RM7
0
where -
Tu(f)(z)=—mR Y > w(@)(w,20)a;f(wq),
[e%S) ji)%::jJrlQer dt
Rif(z) = - Z /g‘ij [%*%f(@ — i xq;f(x) 7

j=—c0
8
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and
Ru(f)(z) = —InR Z > / V(2 y)q; f(y) — wj(%xcz)qu(m)]dw(y),
Jj=—00 QGQJ
where ¢; f(z) is always denoted by ¢; * f(x),¥(x,y) is the translation of ¢ by = and ©; = V¥ns,q; = goi,
with
1<R< mo
for some fixed Mo, Q7 is the collection of all “R — dyadic cubes” @ with side length R~ ~J with M is some

fixed large integer, and z¢ is any fixed point in the cube Q.
We also have the following discrete weak-type Calder6n reproducing formula in [23].

Theorem 3.2. If f € L*(RN,w) N LP(RY,w),1 < p < oo, then there exists a function h € L*(RN,w) N
LP(RY,w), such that ||fHL5 ~ ||hHL5 and ||fHL§, ~ ||hHLf,7

Z Y w(@Q)ty(x, 2Q)gh(xq), (3.2)

j=—00 QeQi

where the series converges in L*(RN,w) N LP(RY w) with 1; = ps, ¢ = Goris 1 < R < Ro for some fized
Ro, Q7 is the collection of all “R-dyadic cubes” Q with side length R~ 7 with M is some fized large integer,
and xqg is any fized point in the cube Q.

Considering (R, || - ||,w) as a space of homogeneous type in the sense of Coifman and Weiss, we use the
well known discrete Calderén reproducing formula in L?(RY, w) to obtain the reproducing formula.

Theorem 3.3. Let qy; and g, be given as in Theorem 3.1. For |a| <1 and 1 < p,q < oo, if f € fsg,
then there exists a function h € .7: 5, such that || fllp2 ~ [|k[l 2 and Hf”];-a,]g ~ ||h||];.a,]g,
e e p; p;

Z Z Q)Uxi (%, 2Q)aniM(zq),

j=—00 QGQJ
where the series converges in ]:;ig
:

Theorem 3.3 implies the following duality estimate which will be a key idea for developing the Dunkl—
Triebel-Lizorkin space theory:

. . ’
Theorem 3.4. Let|a| <1,1<p<ooandl<q<oo. For fe F){§andge .7-;;0:/)"1 , then there exists a
constant C' such that

[(f,9)] < C||f||f;g||9||f;a¢qu

where p' and q' are conjugate numbers of p and q, respectively.

Theorem 3.4 means that each function f € L*(RY w) with [|f] Fou < oo can be considered as a

. /
continuous linear functional on .7-" 0% Therefore, one can consider ]-" as a new test function space
and define the Dunkl-Triebel— leorkln space F 4 as the collection of approprlate distributions on .7-"
9
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8.2. Calderdn reproducing formula in F,'
We begin with the following definition of the test functions in the space of homogeneous type (RY, ||-||,w):

Definition 3.5. A function f(x) defined on R¥ is a test function if there exists a constant C' such that
for 0 <3< 1,v>0,r>0and 2o € RV,
C T gl
i) f(x) < ( )
R e P DAY ]

y / |z — " !
() 17) = @] < € E —xOH) Vie,r + [z — o) (- E —$0||> ’

r+ [z = wol));

/
for |z —2'|| < 5(
(iii) f(@)dw(x) = 0.
RN
We denote such a test function by f € M(B,v,7,20) and || f[|r1(8,y,r,2), the norm in M(B,~,r, o), is the
smallest C' satisfying the above conditions (i) and (ii).

Let {Sk}rez be Coifman’s approximation to the identity. Then the kernels Sy (z,y) of Sy satisfy the
following properties:

(i) Sk(z,y) = Sk(y, v);

(i) Si(2,9) = 0 if o — y]| > R and [Si(z,9)] < O

Vi(@) + Vi(y)

Rz — 2|
iii) |Sk(z,y) — Se(2’,y)| < C for ||z — 2’| < RE~*:
Ry — v/

(iv) [Sk(z,y) — Sk(z,y)| < C for [ly —y/|| < W5,
R¥||z — 2'||r*[ly — /||

Vie(w) + Vi (y)

Vii(@) + Vi(y)

(V) [[Sk(@,y) = Sk, 9)] = [Sk(@,y) — Su(a’,9)]| < C
for ||z — 2| < REF and |ly — /|| < REH;

(vi) /N Sk(z,y)dw(z) =1 for all y € RY;

(vii) f Sk(z,y)dw(y) =1 for all z € RY.
RN

Here and throughout, Vi (x) denotes the measure w(B(xz, R~ %)) for ® > 1,k € Z and z € RN. We also
denote by V(z,y) = w(B(z, ||z — yl|)) for z,y € RV,
Applying Coifman’s decomposition of the identity and Calderén—Zygmund theory, the discrete Calderén

reproducing formula in space of homogeneous type is the following result.

Theorem 3.6. Let {Si}rez be Coifman’s approzimation to the identity and set Dy := Sy — Sk—1. Then
there exists a family of operators { Dy }rez such that for any fized xg € Q with k € Z and Q are “R-dyadic
cubes” with the side length R~M

f@)= > 3 w@QDi(w,2q)Dil(f)(zq),

k=—o00 QeQ¥

where the series converge in LP(RY w), 1 < p < 0o, M(B,7,7,20), and in (M(B,7,7,20))’, the dual of in
M(B,~y,r,x0). Moreover, the kernels of the operators Dy, satisfy the following conditions:
1 Rk .
Vi(@) + Vis(y) + V(z,y) R + [z — y||’
10

(i) |Di(z,y) < C
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(i) [Du(a,y) — Die’,y)| < Ol 2= 1 ok
kT, Y k YY) X g{*k“i’Hx*{E’H Vk(fﬂ)+Vk(y)+V(l"y) %7k+||$7y”7
forfla = o/l < (R™* + llz = yl)/2
(iii) / Di(w,y)dw(z) =0  forally € RY;
N

(iv) f Dy(z,y)dw(y) = 0 for all z € RY.
RN

Similarly, there exists a family of linear operators {f)k}kez such that for any fizved xg € @,

Z > w(Q)Di(x IQ)Dk(f)(l”Q),

k=—00 QeQ*

where the kernels of the operators Dy satisfy the above conditions (i), (i), (iii), and (iv) with = and y

interchanged.
It is well known that in the classical case, almost orthogonality estimates are fundamental tools in discrete
Calder6n reproducing formula. The following result provides such a tool in the Dunkl setting, see [23,

Lemmas 2.10 and 2.11].

Lemma 3.7. Let T be a Dunkl-Calderén—Zygmund operator satisfying T(1) = T*(1) = 0. Then

‘/ Dy (z,u)K (u,v)D;(v, y)dw(u)dw(v)
RN JRN

—_iW(—k
< r-Ik—ile’ = ( B )
~ V(x,y79{(*J)V(*k) + d(x7y)) R(—HV(=k) 4 d(x/y) ’

where v,&" € (0,¢).
We next need the definition of smooth molecules.

Definition 3.8. A function f(z) is a smooth molecule for 0 < 8 < 1,7 > 0,7 > 0 and some fixed 2o € R,
if f(z) satisfies the following conditions:

1 r Y
) < O T T ) (= o — :ro||> ; (3.3)
/ lz — 2| ? 1 r Rl
|f(z) — f(2)] SC< r ) { V(lx,;vo,r—&—d(xmo))(r+||x—x0||) (3.4)
V@, xo,r+d<x 20)) (- I/ —xon) )
f(z =0. (3.5)
RN

If f(x) is a smooth molecule, we denote f(z) by f € M(B,~,r,xo) and define the norm of f by
I flIna(8,v,r20) = Inf{C : (3.3)-(3.4) hold}.

Observe that tOp¢(x, y) with p;, the Poisson kernel, is a smooth molecule with 8,y = 1,r =t,29 = y for
fixed y, and it is also a smooth molecule for g = x for z is fixed.

11
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Definition 3.9. A function f(z) is said to be a Dunkl smooth molecule for 0 < 8 < 1,7 > 0,7 > 0 and
some fixed xg € RV if f(x) satisfies the following conditions:

[F@)l < CV(x,xo,ri—d(az,xo)) (r + d(x,mo)> (36)
x —x'||\P Y
|f(x)—f(x’)|gc<” - |*|> { V(lx g;o,r+d:1cm0 (r—i—dmxo ) (3.7)
+ V(:c’,xo,r+d(sr:,3:0))<r+d(:z:,z0)> };
f(z)dw(z) = 0. (3.8)

RN

If f(x) is a Dunkl smooth molecule, we denote f(x) by f € M(ﬂ,fy, r,x0) and define the norm of f by

11555, r0g = IE{C : (3.6)- (3.7) hold}.

To clarify the difference between Definitions 3.8 and 3.9 we remark that all ||z — z¢|| and ||z’ — xo|| in
the classical smooth molecule definition are simply replaced by d(x,zo) and d(z’, zg) in the Dunkl smooth
molecule, respectively.

Lemma 3.10. Letz,y € RY andeg,t,s > 0 witht > s. Suppose that fi(z,-) is a Dunkl smooth molecule in
M(eg, €0,t,z) and gs(-,y) is a smooth molecule in M(eg, €g, s,y). Then for any 0 < €1,e9 < £q, there exists
C = C(eg,e1,€2) > 0, such that for allt > s >0,

[ 6o .ot < c(j) oo () (3.9)

If fi(z,-) and gs(-,y) both are smooth molecules in M(eq, o, t,x) and M(eg, o, s,y), respectively, then for
any 0 < e1,e9 < €g, there exists C = C(gp,€1,€2) > 0, such that for allt,s > 0,

/RN fi(x,u)gs(u, y)dw(u) (3.10)

<C(s/\t>51 1 ( tVs )82
T\t s/ Vg, (V) +dzy) \EVs) +lz -yl
where a A b = min{a, b} and a V b = max{a, b}.

‘We now prove Theorem 3.3.

Proof of Theorem 3.3. We first show that T}, is bounded on .7-' ]g Recall that

Ty (f)(x lniﬁz Z Q)Vr(z,x0)qr f(zq).
kEZ QeQk
Let f € f;g. For 1 < g < oo, we write

1T Dllzeg = {3 D (8 law (T (o)) XQ’}l/qH

K'€Z Qrek’

LE,
<{E X (@ f(T X w@mte sonsta)]) v} |
K €Z ¢/ e @k’ k€Z QeQk P
<{E ¥ Y Y w@laiio i) o) |
KELQ QP kE€Z QeQk Ly,

12
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By Lemma 3.10, we choose |a| < & < 1 such that

1 ( QR(—FV—F) )

’ ’y < C’ER_W_ME 7 /
o v(zqr, 2q)] < V(egr g RN + d(zgr, 2q)) \RCF—F) + [lzgr — zq]

Observing that w(B(z, RV + d(z,zgK))) ~ w(B(y, R=FV-F 4 d(y, zqr))) for z,y € Q" hence,

lae o (xgr, vq) X (x)

k| 1 Rk
< Corlikle : ,
~ V(IEQ, g, R—kV—K d(IEQ/, IQ)) (%Wk + d(IQl, xQ)>

€

< C%—\k—kqe 1 m—k\/—k )
~ wB(zg, RHVF +d(z,2q)) \RHF +d(z,zq)

€

Applying d(z,y) = minsec |lo(z) — y|| gives

gk (g, 2q) X o ()

, 1 SR—kV—k' =
< Z m—lk‘—k |E S < 7 )
et w(B(zq, R +lo(x) — zql))) \ R + |lo(z) — zq|

’ 1 m—kv—k’ €
< Z m—lk—k |€ - ( . ) .
s w(B(o(z), R=WVW + lo(z) — 2ql)) \ RV +[|lo(z) — zq|

Let 6 satisfy that 1 < 0 < p. Then

_ N
N+e—|a

€

1 RV -k
> 1) 7 5 T ) T o gl )

SSE

SR*kv*k/ Oe

w(0)? 1 o
< {ng (Q) (B(o(@), R F 1 o(z) —z0]))? (m—kv-k’_,'_no_(x)_xQ”) larf(zq)] }

Denote by cq the center point of Q. Let Ag = {Q € QF : |lcg — o(2)| < RFVKY and 4, = {Q € QF :
REIHRV ) < cq — o(z)|| < RETEFY=FDY for £ € N. We use (1.1) to obtain that for Q € QF,

w(@)xq(2) ~ w(B(2,%7"))xq(2) ~ w(B(o(2), R "))xq(z) foroeG

and
W(B(an m—k\/—k/)) 5 m[k+(_kv_k,)]NW(B(,’L'Q, m—k))
Hence,
/ (5
0 1 R—kV—k ) ,
QEka(Q) w(B(o(z), R=FV=F 4 |o(x) — zgl]))? <9ﬁ{kvk/ Flo@) —zoll lar.f ()]
’ (5
= 3 0 1 < R—kV—k ) \
ez_;QeAZw(Q) w(B(o(x), RFV-F + |o(z) — zgl|))? R—HEV=F L |o(x) — 20 lar.f(zq)]

<m[fk7(fk\/fk’)]N(071)§:( W(B(U(I),%fkv’k/)) )01 1
~ W(Bo(e), RECHF))) - 0t

£=0

: Y lanf(@o)l xq(2)dw(2)

: /
X 7
w(B(o(x), RV g (2) -z camet (-hv-r) S

13
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b (—kV—k)IN(I—1) 1 )
< Rk (VKNGS 1>;9WWM( Zk\qkf(wn xa)(e())
=0 QeQ

S m[*k*(*kvfk’)JN(‘g*”M( > \qkf(xQ”eXQ)(a(x))’

QeQk

where M denote the Hardy-Littlewood maximal operator on (R, | - ||,w). Therefore,

€

1 R—kV k'
ng D Bloa) A ola) — zall) (m + o) - wn) o f(z)l

1/6
S %[_k_(_’“v_’“/)]N(l_l/(’){M( Z |Qkf($Q)|0XQ>(U($))}

QeQF

and

3 RERw(Q) g k(g 1)k (w0)Xgr ()

QeQk
/ ) ) 1/6 (3.11)
< 3 el N L (T Jafeo) o) 0@) ) vl
oeG QeQk
: N
It is clear that for NTe—Tar < 0 < p,
SupZm [k=K|(e=]al) gg[~k—(=k'V=K)IN(1-5) -
K kez
By Holder’s inequality, we have
‘mk > Y w@awir(zgr, xQ)qkf(xQ)’ X (%)
kEZ QeQk
qa/0
<§:§:%|kkM|Wm kvknm){%mhdz:MmVX@)@@»} X ().
oc€G keZ QFk
This implies
! o q 1/q
(¥ % Y S w@ane.ro)aso)| o)
k’GZQ/ Qk’ kEZ QeQk
. ) q/0y1/q
AT T {wn (T elva)een) |
o€G kel QeQk
where for ﬁf\al < 0 < p, the estimate
sup Z g 1=K |(e=lal) [~k —(—K'V=R)IN(1-F) o (3.12)

k k'€Z

is used. The Fefferman—Stein vector valued maximal function inequality with 8 < p yields

H{Z > ‘mk/ DY w@au k(g 1) f(2q) qXQ/}l/q

K'eZ greqk’ kEZ QeQk P

SY(E X as@ol v @)

0€G  kE€LQeQk

L
14
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Since G is a finite group and

flo(@))dw(z) = | flz)dw(z),

RN RN
we have
q
ITu(Nl=g S [ 3 |2 3 w@avineanre)ad o) xo
K'€Z ' ek’ KELQeQk P
1
q
S| 3 laf@a)xa@)
keZ QeQk P,

For ¢ = 0o, we write

T3 (A lzege =]

sup Z R “qi (f)(xgr)
’EZ

<elgn > (- (z Y w(@unleenaaas(za)) )],
k'ez Q/er keZ Qer

<C‘ sup Z (%kaz Z Q)lawbr (o, xQ)Qkf(xQﬂ)XQ’ P
k/EZQI Qk/ kEZ Qeqk

By (3.11), we have
mkaz > w(@lawir(zg, xq)a f(10) X ()

kEZ QeQk
/ / 1 1/6
< Zm—\k—kl(e—\al)g{[—k—(—k \/—k)]N(l—g){ (Supi)‘i’m Z lgrf(xq)] XQ)( (z ))} xXo ().
oeG kez QeqQk

Now by using (3.12) again we obtain that
sp 0[RS ST w(@awtr(rgne)ars (v0)|xer (@)

Q' eQH k€Z QeqQk
s{Z{M(igg%’” > Pel’ve) (el ))}1/9},

oeG QeqQk

Another application of the Fefferman-Stein vector valued maximal function inequality with 6 < p yields

ITar (F)ll 205 sup > ’mko‘z > w(@aqutbk(zqr 1)k f (zg ‘XQ’
k'€l

Qler/ keZ Qer

< 2;; | (sup ng R f@o)lxalo(@)]| ,
< H<il§z) Z a8/ (20) Ixa(@))|

7
Secondly, we are going to show TM is also bounded on .7-' . Tt suffices to show that if M is chosen large
enough and fR is close enough to 1, for f € _7-' ig, there ex1sts a constant C such that

1R (f) + Rar (F)ll o < C(r =1+ R-M ) fllzea (3.13)

To this end, we need the Triebel-Lizorkin space defined in the space of homogeneous type (RY,| - ||,w) in
the sense of Coifman and Weiss. For |a| <1 <R,1 <p < oo and 1 < ¢ < oo, define

Frtw ={F € PR"): |fllgog, < oo},

15
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where

(X X @ neale) | i 1<a<o

kEZ Qe P
1flgea, = N 2
g [sup 7 D e)lxa if g = oo
kEZ
QeQk P

w

We only consider the case 1 < ¢ < oo as the case ¢ = oo is similar. For f € .7: CW, we use Theorem 3.6 to

I3

get

12 ={ (¥ (Z X w(@Dye.0)D,(1)w0)

keZ JEZ Qeqi

Note that ﬁj(-, zg) € M(1,1,877,2¢9). We use Lemma 3.10 again to obtain

1 R(—iv—k) )5

D; < ORIkl : :
o)l = ) e R T ) (T [l

By above method, we have
~Qr, < el
||f||}'p7Dq = CHf”}‘p’gW

Conversely, for f € .7-';" &, we have

Flea, = [ {2 3 O IDunE) e} |

kEZ QeQk Lﬁ
< (T T @ DT HEe) )
kEZ QeQk o
H{E T @i nee) e}
kE€EZ QeQk %
H{E S e bian ) e} |
kEZ QeQk 7
=15+ I+ Is.

We use the same argument to obtain [; < CHf||}-a,]g. To estimate I, we write
P,

0 J+1 R dt

Rif(z jzoo/ zbt*qt*f() Vjxq;* fx }jzoo/ )@) =,
where S — xS (y)dw(y) with S;(z,y) = brgi(x,y) — ¥jq;(2,y). Ri(x,y), the kernel of Ry,
can be wrltten as i1

Z / dt.

We have for any 0 < e < 1, o
(1) Bz, y)] < C(R - 1)(||d3§aiyy)||)€w( B(z, d( Ok
@ 1Rte) = Rafef) < c- D (=t ) st o = 1 < e )2
() IRa@') = ol < O - ) (W) gt for o — @) < da, )72
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We also obtain that R; is a Dunkl-Calderén—Zygmund operator with coefficient (r — 1) (for details see [23,
pages 54-60]). By Theorem 3.6 and Lemma 3.7 and the above arguments,
q 1/q
) xe}

B2 [{X X @i (X X «@Dira)Di()e) ) we)
kEZ Qeqk JEZ Qe
S T 0T Y w@DiRD, (e 0)Ds (D) w0)|) vo} |
k€Z QeqQk JEL QeI LP
&WWZZ D&(wﬁUWWTM
JEZ QeI
<COA=Dllfllzea,, -

LY

p

where the last inequality is done by the same argument as in [16, Proposition 5,4].
Similarly, we also have that Ry, is an Dunkl-Calderén-Zygmund operator with coefficient 8~ and

I3 < Cm*MHfllfgng

Choosing M large enough and R greater than 1 and close to 1 such that

1 1
O, < O, —_ O, - e
£, < Clfllzmg + 71z + 70 lena,

we get
Iflzea,, < Cllfllzos.
Therefore,
ko 1/q
1B (P)lzg < ClIRA(Dza,, = O {32 30 ¥ IDe(RuN e)))'xe )
kEZ QeQk Lg
<O =Dl flgos,,
<CAR=1|fllgoa
D,
Similarly,

IR ()l gea < CRTM f] g
D, D,

Hence, the inequality (3.13) holds and the inequality gives
Ll g < raq.
T35 fl g < CIF ) o

Set h = T, f. we obtain f = Thrh which implies ||A[|;2 ~ ||f] ;2 and ||hH]~_-a,]g ~ ||f||;a]g Since
« « P, D,

f=Tyh=—-InR Z Z Q)j(x, zg)gih(zq).
J==00 QeI

It remains to show that the above series converges in ]-' g We observe that
z)+InR Z Z Qj(@,zq)q;h(zq) = —InR Z Z Qi (z, 2q)q;h(zq)
lil<e Qeqi li1>¢ QeI
for f € L?*(R™,w). Therefore, we only to show that

hm H Z Z Q)Yj(x xQ)th(xQ)‘ Faa

lil>¢QeQi p.D
17

=0.
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Since

|3 3 w@uw@ze)ho)

lil>€ QeI Fo

=l X (v

q
(D2 Y w@us(,20)aih(20)) (@q)|) xa}
the same argument as the proof of (3.11) yields

lil>€Qeqi L,
IS S w@umeuiee]  <c{X S @ nmEa)et”|

l71>¢QeQi Fo,q [i1>€QeqQi p
]:va Ly,

)

1/CIH

Since ||h||;-a,]g ~ ||f||]'_-04,]g, the right-hand side of the above inequality goes to 0 as £ — co. O
p, p,

. . /
Proof of Theorem 3.4. Given f € F'{f and g € f[;(:/;q , we use Theorem 3.3 to get

|<f,g>|:\<2 > @@ (4 7Q)anh(zq). )|

J—*OOQEQ]
< Z Z Q)lamih(zQ)|[Vmi 9(zq)|
J——OOQGQJ
- / S Y laoshlae) o a(z0) o @)do(e),
j—foerQ]

where the second inequality follows since 1 is a radial function. By Holder’s inequality applied twice,

o< [ S o mral} {3 o i)} xot@w

j=—00QeqQi Jj=—o0QeqQi

< 2l zealloll -a.ar
’ p'\Y

S Wl glol e

The proof is complete. [

To prove Proposition 1.6, we establish the following weak-type discrete Calderén reproducing formula in
the distribution sense:

Proposition 3.11.  Suppose that {f,}2, is a Cauchy sequence in f;g. Then there exists f, as a
distribution in (]L"_,a’q,)’, such that (i) Hf||]~_.a,q = lim, 00 ||an]'_-a,q < oo; (ii) there ewists a distribution

o /
h € (f;ol‘p’q) with || fll2 ~ [|k|l2, ||f||]_-aq ~ ||h||}-aq, such that for each g € .7-" ,f has the following
weak-type discrete Calderon repmducmg formula mpthe distribution sense:

(f,9) =(-In®R Z dow (nzQ)agh(xq), 9)

j=—00 QeQJ
— % Z D w(@Q)ey(ze)agh(zq),
j=—o00 QeQJ
where the last series converges absolutely.

18
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Proof. By Theorem 3.4, there exists f € (F, " w ) such that for each g € ]: ,

(f.9) = Jim (fusg).

Observing that || f — fn||]_-aq = || limm—oo(fm — fn)||}-a]g < liminf, oo |[fm — fn||]_-a]g, and hence,
P, P,

IIf - fn||}-a ¢ = 0asn — 0. ThlS implies that ||f|\}- a = = limy, 00 anH]_-a ¢ < 00. Applying Theorem 3.3,

for each fn there exists an h, such that || fnll2 ~ [|hn ”2 and ||fn\|}-a q ~ |Th ||]_-a q. Thus, by Theorem 3.4,

there exists h € (.7-" such that for each g € ]-"

"y "y
{h.g) = nlggo {hn; 9)-
Therefore, || = hm|| zoa — 0 and [|A]| zos = limp oo [nll s ~ T oo | full 2o ~ (1] 2o

To show that f has a weak-type dlscrete Calderéon reproducmg formula in the dfstrlbutlon sense, for each
g€ }—p’,w , applying the proof of Theorem 3.4,

S Y w ngm>QO<xQ>]<C||ffaq|g

Jj=—00QeQi b

which implies that the series 3372 37005 w(Q)vg(x, 1q)agh(rq) is a distribution in (]-' I ) More-
over, by the weak-type discrete Calderén reproducing formula of f, in Theorem 3.3, for each g €
. /
]:*laﬁq

b

(£,9) = 1 (furg) = lim (~1n% 3" Y w(@dile,s0)aahn(za).s ).
J=—0 QeQI

where [ full2 ~ [[Anll2 and [|fall zosg ~ [l zooa.-
Observe that, by the same proof of Theore em 3.4,

(% Y Y w(@vale ra)aglh — ha)(wa).o)| < Cllt — Allsegllol

j=—00 QeqQi IR0

where the last term above tends to zero as n — oo and hence,

{f,9) = lim (fn,9) =<—ln% Z > w(@)e(w xq)aoh(xq), >

j=—00 QeQi

The proof of Proposition 3.11 is complete. [
We now show Proposition 1.6.

Proof of Proposition 1.6. Suppose f € Fo‘ Then fe (f;,%q/)’ and f has a wavelet-type decomposition
F@) =272 Yoeqi w(@Agvo(w, xq) in (F,5 "y with

{2 3 e}’ <o

J QeQJ sz
Set
=Y > w@ve(r,zq).
lil<n  QeQj;
QCB(0,n)

19
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. . / T -
Then f, € F.i3 and f, converges to f in (F %) as n tends to oo. To see that f € F)'7, by

'
Proposition 3.11, it suffices to show that || f,, — me}.a g — 0asn,m — oo. Indeed, if let E,, = {(4,Q) : |7] <
n,Q € Q' C B(0,n)} and ES,, = E,/En, w1thn>m

o = fll g = H(Z S e (fa = fm)@e)'xar ()|

kEZ Q'eQk L
<[(Z X b (3 wi@nrovates Dol xo@)
kEZ Q' ek Ly
<ty \AQPXQ}% 0,
Ef m Lﬁ,

as n, m tend to oo, where the last inequality follows from the same proof of Theorem 3.3 and hence, f € .7:;‘ 4

Conversely, if f € f;g by Proposition 3.11, then there exists h € ( ;i;q/)’ with ||h||}:§,1¢3; ~ ||f||}";“*1§ such

that for each g € ]:—z:’?bq
(f,9) —< In R Z > w(@Qo(r, 2q)aoh(zq), g>
j=—00 QeQi

Set A\g = —InM goh(zq) with Q € Q7. We obtain a wavelet-type decomposition of f in (F, ad )" in the

P’
distribution sense:
Z > w(@Aqvq(x,zq)
j=—o00 QeQ]

and hence, f € F 4. Moreover

g =i {[{ 3% Palra

=—00 Jj
J QGQ LE)

} < Cllbl o < CIf 50

The proof of Proposition 1.6 is complete. O

The relationship between the Dunkl-Triebel-Lizorkin space Fa and the Triebel-Lizorkin space Fo‘
on a space of homogeneous type (R, | - ||,w) in the sense of Cmfman and Weiss is given by the followmg
result.

Theorem 3.12. Let |a| < 1,1 < p < 0 and 1 < g < oo. The Dunkl-Triebel-Lizorkin space F D is
equivalent to the Triebel-Lizorkin space Fng(RN, || - |l,w) in the sense that if f € Fabq then f € F:
and there exists a constant C such that ||f||FagW < C”f”FaBI' Conversely, if f € F;C'%W (RN, II-1l,w) then f
b, P,
can extend to a distribution f on (.7.-"1;70;}"1/)’ such that (f,q) = (f,g) for all g € M(B,~,r,20)" and f € F;’fig,
ra,g < PYe'
Morcover, | Flza.g < Cllf 0,

Proof. The proof of Theorem 3.12 is based on Theorem 3.3 and Proposition 1.6. Indeed, for f € .7: 3, by
Theorem 3.3, Hf||]:;¥]g ~ Hf”F;lgW Therefore ]-"p)g = F;gw with the equivalent norms. Given f € Fa , by

Theorem 3.3, there exists a sequence { f, }52; such that for each f,, € fp Zand f,, converges to f in (Fp,ol‘p’q ).

Moreover, ||f||f~a,]sz = lim, 00 = ||fn||f°‘]g It is well known that by a classical result, L*(RY,w) N Fy' 4y,
P, P, ’

20
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is dense in Fa Sw and by Lemma 3.10, (]-“ ’q) C (M(B,~,r,z0))'. Hence, f, also converges to f in
(M(B,~,, xo)) and ||f||Facq = lim, 00 ||fn||Foc < . This implies that
p,

£z, < Clfllzeg.

Suppose f € F“gw. there exists a sequence {f,} € L?(R",w) such that f,, converges f in (M(B,~,r,2¢))’
and ||fHFa a = = limy, 00 | fn ”F,?éw By the proof of Theorem 3.3, ||fn — fm||}-o< a~ | fn— fm||Fo< A and

hence, ||fn fm”F'a’]g = ||fn— fm||;a ¢ tends to zero as n,m tends to oo. Therefore by PIOpOSltlorl 311, fn
P,

tends to f in (L2(RN,w) NCMOY). It is clear that f = f in (M(B,7,r,20))’. Moreover, by Proposition 1.6,
Fleg = lim | fullzog < C lim [l g, = Cllf s,

The proof of Theorem 3.12 is complete. [

4. AP and Ag (0 < B < 1) and the commutator of Dunkl Riesz transform: Proof of Theorem 1.7

In above section, we show that the Dunkl-Triebel-Lizorkin space Fpof 4 is equivalent to the Triebel-
Lizorkin space F,' A (RN || ||,w). To prove Theorem 1.7, we need the difference characterization of
Triebel-Lizorkin spaces on spaces of homogeneous type see [25, Propositions 4.1 and 4.6].

Proposition 4.1. For0 < g <1< p < oo, we have

1
21612 W /B(.,mk) 1f() = fy)ldw(y)

Using the above result, we have the following theorem.

||fHF1/)3§o ~

LE

Theorem 4.2. For0< <1 andl <p < oo, we have

1
SUp ——————— — dw
IcEIZ) w(B(-, Rk))RHFE /B(‘,%’“) 76) = o] <y)HL5

Hf”ppﬂso ~

Proof. Fix z € RY and k € Z.

1
w(B(:, RF)) RS /B(.,mk) 1f(y) = Fo ok ldw(y)
1
< w(B(, RF))REE /13(~,mk) |f(y) — f(z)]dw(y)
1
" OB R /B(~,£Rk) |f(@) = Fp(. o) ldw(y)
1
< w(B(, RF))RFE /B(~,9%k) If(y) — f(z)|dw(y)
1
+ w(B(-, R*))R*8 w B mk)/B( mk) — f(2)]dw(z)dw(y)
2
< w(B(, RF) )R8 /B(~,£Kk) |f(y) — f(x)|dw(y).
Hence,
1
D BTN o, SO~ S|

1
ilelg W /B(-,mk) 1f() = f(y)|dw(y)

21
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Conversely, we use the proof of [25, Propositions 4.1] by replacing f by fp and get the following estimate

1
ilellz) W /13(~,mk) 1f() = f(y)|dw(y)

£l pevee S
p,D 74

Hence, Proposition 4.1 gives

1
ilélz) W /B(.,mk) 1f() = f(y)ldw(y)

1
ilellz W /B(-,mk) 1f() = f(y)|dw(y)

which completes the proof. [J

L

< )
LE,

The definition of A? gives the following Lemma.

Lemma 4.3. There is a constant C > 0 such that for allb € AP, v > 1 >0, z,y € RN, and 0 € G, we
have:

108G =BG | < CrEIIB] 46,
|bB(a:7r) - bB(y,rl)‘ < Crrﬁ”b”/lﬁ fO?” H$ - yH < 2’/‘,

b5y — bB(o(@),m] < Cllo(@) =z +7)7|[b]| 46

—~~
N =
= —

Proof. Let b € AP. Then

|bB(m,r) - bB(r,r1)| < m /B(a:,r) |b(y) - bB(z,r1)|dw(y)
1 1
S ST BT oty oy )~ M1
< (2r1)7[1b]| 45

The inequality (4.1) is done. If ||z — y|| < 2r, then the balls B(z,r) and B(y,r) are contained in B(x,5r).
The same analysis give the inequality (4.2) . In order to prove (4.3), note that if ||z — o(z)|| < 2r, then
(4.3) follows by (4.2). Assume that || — o(x)|| > 2r and let j be the smallest positive integer such that
|z — o(z)|] < 27r. Then applying (4.1) and (4.2), we get

10B(2,r) = UB(o(a)r)]

< 0B = bpzoiter| + bp@2it2m) = b0 2420 | + 0B (0 (),27+20) = DB(o(2).1)]
< )26l 46 < Clllo(x) — ]))?[1b]l a6

< C(llo(a) — || +7)?|[bl] 45-

The proof is complete. [

We now prove Theorem 1.7. We note that to prove the sufficiency condition, we use the recent new method
in [11, Theorem 3.1].

Proof of Theorem 1.7. Let 1 < p < co. We choose the index ¢ such that 1 < ¢t < p and then choose the
index s such that s > 1 and that st < p.
We shall prove
116, Bo.e] fllzoize S Mbllas 1 £l s

22
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for compactly supported functions f € LP, which form a dense subspace in LP. Fix z € RY k € Z and set
B = B(x,R*). We write all the elements of G \ {id} in a sequence 01,09,...,0/g|—1. We define the sets
U; CRYN j=1,2,...,|G| — 1, inductively:

U ={z € R+ |z — || > 5% ||z — o1 ()| < 5R*},
J
Uy = {2 € RV 1 |z =z > 5%, |2 = o (2) | < 5%\ (W) for1<j<l6)-1.
i=1

For a compactly supported functions f € L?, we decompose
IGl-1

f=hH+f+ Z fo;,  where fi = fxsB. fo= fxo@B)e: fo; = [xu;- (4.4)

j=1
Observe that [b, Rp ¢]f = [b— bp, Rp | f. For y € RY we set
[b, Rp el f1(y) = (b(y) — bg)Rp.ef1(y) + Rp,e((bs — b)f1)(y) = 911(y) + 912(y),
[b, Rp.] f2(y) = (b(y) — bp)Rp,ef2(y) + Rp,e((bs — b) f2)(y) =: g21(y) + g22(y),
[b, Rpe)fo; (y) = (b(y) — bB)Rp,efo; (y) + Rpe((bs = b) fo;)(¥) = 9o;1(y) + go,2(y).-
Note that |(g11)5| < ﬁ S5 1911 (y)|dw(y). Let ¢' be the conjugate of the index ¢ chosen as the beginning.

— —

Holder’s inequality gives

2
/ 91~ (910)510(0) < 5573 /B PROLA0
/ ((by) — bs) R o o (1) |deo()

t ,%/ 1 .
< W w(B)/B|b(y)bB| dw(y)> (w(B)/B|RD*Zf1(y)| dw(y))
< C||b]| yp My (Rp e f1) (),

where the last inequality follows from Theorem 1.2 and M;(f) = (M( ft))% with M the Hardy-Littlewood
maximal function in the space of homogeneous type (RY, || - ||,w). Similarly, we also have

1
d _— o —(g,. d
ST [, 1) = @)l + g [ 190,000 = (ar,0)pldsto)
S CHbHA,e (Mt(RD’gfl)( ) + Mt(RD,ngj)(x)) forj=1,2,..., |G| — 1.
To deal with g12, we use Holder’s inequality and then the L! -boundedness of Rp ¢ to obtain that

/ l912(y) — (912) Bldw(y)

W/B l912(y)|dw(y)

N w(B)ZW /B [Rp.e((b— bp) f1)(y)|dw(y)
2

= @y 0 bp) )l w(B)
< Cw(B)H(B) P (b~ bp) fl .

Let s’ be the conjugate of the index s chosen as the beginning. By Holder’s inequality, we have
1 t) gt
b—bg)fil] :—/ b(y) — ba|'| f| dw(y
Iit )il =(B) SB\ (y) = bp['[ [ dw(y)
< (o [ 10 =051 o)) (o [ 1917 )
<\ —= —bB —
w(B) Jsp w(B) Jsp

23
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We use Theorem 1.2 to get

]- ts’
w(B) /53 1b(y) — bB|™~ dw(y)

/ ]_ ’ / ’

< 2% 7/ b(y) — bsp|" dw(y) + 2 |bsp — bp|™
w(B) J5p

1

1 ts’ ts’
~ w(5B) /53 by) = b5 dwly) + Zops /53 b5 — b(y)| " dw(y)

SUB)Y bl

(4.5)

A

Thus,
W /B 912(y) — (912) Bldw(y) < C|1b]| g5 Mes(f) ().

We turn to analyze goo. Observe that for z ¢ O(5B) and y € B we have ||z — y|| < d(z,2)/2. Let I" be a
fixed closed Weyl chamber such that € I', then

1922(y) — gaa(x)| = ‘ /RN (Kp.e(y,2) = Kpo(2,2))(b(2) — bp) f2(2)dw(2)

<> /(F) |Kpe(y, 2) — Kpo(w,2)]|b(2) — bpl| f2(2)|dw(z)

oeG
ly -l 1 e
SO, oy 1o o1 Bt ) ol et

= Z Jo(1‘7y)’

ceG

where Kp ¢ is the kernel associated to Rp ¢ and the second inequality follows from the pointwise regularity
estimates for Kp , investigated in [15, Theorem 1.1]. Note that

O(B(x,r)) = | Blo(x),r) = {y € RV : d(x,y) < r}
ceG

and
w(B(z,r)) < w((’)(B(a:,r))) < |Glw(B(x,1))

(see for example [3,13]). We have
w(B(z,r)) ~w(B(o(x),r)) for o € G.
In dealing with J,(z,y) we shall use the inequalities:

llz — z|| > max(||z — o(2)|/2,R*) for z € o(I'),
5r<|lo(z) —z|| =d(z,2) < ||z — 2| for z€o(I'),z¢ OBB).
Hence,

R 1
oS [ ST et ~ Pl ()

RF 1
* C/J(F) |z — z|| w(B(o(z),d(z, 2))) (o)~ HE) I () ldwz)

= Jo’,l(-r7y) + JO',Q(‘T7 y)

24
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By (4.3),
‘]Ual(x’y)
Rk 1-8 Rk 8|l — o) 5
- /am(llx—zn) (5w + ||x—a(x)|\) (= +1) bl
x i | f2(2)|dw(z)

w(B(a(z),[lo(z) - =[)))

5 RE 18 |f2(2)] ne
L BN (rer D N e

Lz o\ 1o 52(2)] s
7 HbHAﬁjz—;[w(r),lla(x)—zllwmk(||17Z|) B (@) o) =) )

S UB)? bl 45 M (f2)(o ().
We turn to considering J, (7, y). Applying Holder’s inequality and then the definition of A%, we obtain

S i ()] b ldw
A DS [ o™ ST 5 Pt ~ M)
= —j | f2(2)] Jopk\A w(z (4.7)
SZ;L(F)7|G(56)—Z|~2J%’“2 (Blo(a), 20 &) IPlarde(2)

S UB)P|Ibl| g5 M (f2) (o (2))-
Thus, by (4.6) and (4.7), we have

1 / l922(y) = g22 ()| dwy) < Cllbll g5 Y M(f2)(o(x)).

ceG

Finally, we turn to estimate go,2. To this end we note that for z € U; and y € B we have

|z —yll > ||z — 2| — |z — y|| > 5RF — R* = 4R*,

)
lz = o3 @)l < lle = yll + Iz = yll + |2 = o5 (@) < 6R* + [z =yl < 5]z = wl,

and then
d(z,y) 1
[ 1ot piaots) < o o
1
Smuumj ||/ Bledz o
Rk d(z y) 1

S dw(y
T 1 e =0y Josmasmey R aBEdzy) =Y
1

RF = d(z,y) "
SR @) jz4/d<z7y)~2_jmk R w(B(zd(zy) Y

S s > [ ()
Rk 4 ||SC - 0] ]__4 d(z,y)~2—imk W B( ad( 7?/)))
%k

S W :
RE+ o — o ()|
Hence the proof of (4.3) gives

/ 100,2(0) — (90,2) 8l ()

25
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IN

m/;%ﬂ(y)ldw(y)
W /B /U |[Rp,e(2,9)1b5 = b(2)|| fo; (2)]dew(2)de(y)

_ Wl
SR - oy@)\ R

S bl as M(f) (o ().

1) Wllao s [ 16y (9Nt

w(B)

Putting these estimates together, we now take the supremum over all k¥ € Z and then take L? -norm of both
sides. Then we use Proposition 4.1, Theorem 4.2, the LP-boundedness of the maximal functions M;, M,
and M (noting that ¢ < p and ts < p), and the fact that the measure dw is G-invariant, to conclude that

b, Bp.elfll .00 S WBlLaslIF s
p,

from (4.4).
Conversely, we now prove

10l 45 11z, < WD, B e] 1] 0o
P,

Assume that the commutator [b, Rp (| is a bounded operator from LP(RY, w) to F"ﬁgo. For B = B(xq,r)

with g € RY and r > 0, we consider

1
W /B |f(z) — fBldw(z).

Choose a C* function a(x) with the following properties:

(1) supp a C B(xg, 3r), fRN a(r)dw(z) =0,a=1on B,
(2) llall -1 < rPw(B)VP.
p’,D

We provide an explanation for the existence of such a function a(x). That is, if a(z) satisfies the conditions
in (1) above, then we have the norm estimate in (2).

Recall that (RY, | - ||,w) is the space of homogeneous type. Let {Sy }rez be Coifman’s approximation to
the identity. Set Di = S, — Sp_1. Choosing ko € Z with S8~%0 ~ r, we obtain

(],
k€EZ “
< S

k=ko+1
=1, + I>.

/
vy
Lw

IS i

Since S(z,y) = 0 for ||z — y|| > R*~*, we have that Dy(x,y) is supported in ||z — y||| < R5~*. Note also
that supp a C I(xg,3r), we have that

D)@ = [ Dulwpaldety)
I(zg,3r)
is supported in I(xg, Cr) for some absolute positive constant C. Moreover, we also have

Dy(a)()] < /

|Dx(a ) || a()|dw(y) < / | Dy (a0, )| deo(y) < 1.
I(zq,37)

I(zg,3r)
26
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Thus,

I < <~/I(10,Cr){ i m—kﬁ‘Dk(a)(a:)‘}p/dw(x)> "

k:k0+1

o » 1/p
(foo {3 v} wi)
I(zg,Cr) k=ko+1

< Crﬂw(I)l/p/.

To estimate I, we use the vanishing condition of a(z) and smooth condition of Dy to get

ko
L< Y ||,
k=—o0

1
ko p/ F
< 2 ( / R (Da.y) = D, 20) )aly)deo(y) dw(a:)>
= —o0o I(IO,C%*’“) I(zq,3r)
ko 1
_ %k p !
< ks el dato)
k;m (w[(w070m_k) I(zg,3r) w yam k))
) ” 2 i
< R~ ——————dw(y)| dw(z)
k:z—oo </1(zo,cmk) I(xq,3r) wI xo, k)
ko 1-1/p
< —k-1) ( W (o, 7)) P 1/p
ko
S Y RN u(I (o, )
k=—oc0

< rﬁw(I)l/”l.
We now continue with our proof.

Definition 4.4. Let f be finite almost everywhere on RY. For B C R with w(B) < oo, we define a
median value m;(B) of f over B to be a real number satisfying

w({z € B: f(&) >ms(B)}) < % (B) and  w({zeB:f(x) <ms(B)}) < %M(B).
Note that
[b, Rp ) f(x) = b(x)Rp ¢ f () — Rp ¢(bf)(x)
= [ 0@) = b)) o )t
where

Yy — x4 dt

Rp o(x,y) = _C/o " ht(x,y)%.

We choose B = B(,r) such that y, — 2, > r and ||z — y|| ~ 7 for # € B and y € B. Set

Ey = {y € B:b(y) <my(B)} and Ey == {y € B:b(y) > my(B)}.
27
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Moreover, we define

By :={yeB:by)>my(B)} and  By:={y e B:bly) < my(B)}.
Then by Definition 4.4, we see that w(E;) > %w(ﬁ),z = 1,2. Moreover, for (z,y) € B; x E;,i = 1,2,

o) — bly)| = [b() — mu(B) + o (B) ~ ()| i

= [b(w) — my(B)| + [my(B) = b(y)| > |b(x) —my(B)|.
Hence, we have the following facts,

~ 1 ~
(1) B = Bl @] BQ,B = E1 @] E2 and (,U(El> > 5&}(3),2 = 1,2,
(ii) b(z) — b(y) does not change sign for all (x,y) € B; X F;,i =1,2; (4.8)
(iif) |b(z) — mp(B)| < |b(z) — b(y)| for all (x,y) € B; x E;,i=1,2.

We have that, for (z,y) € B; x E;,i = 1,2,

1

R >

| D,Z(xvy)‘ - w(B(JNJQ,’I’))
Let f; = xg;,% =1,2. Then the facts (4.8) give

2

1
0(B)Pw(B) Z

i=1

/ b, Rl (f:) (2)a(a)deo(x)
B

2

1
2 BPoB) 2=

i=1

[ B () @ate)de(a)

i

2
T L L [ @) =b) | ool de)d(o)
i=1 i 2

1 2 _ )
2 {(B)Bw(B) ;/Bz |b(x) — mb(B)\m /E@ dw(y)dw(z)
1 2 ~
R {(B)Bw(B) ;/Bz |b(x) — my(B)|dw(z)

1
2 1(B)Pw(B) /B |b(x) — bp|dw(z).

On the other hand, from duality and the boundedness of [b, Rp ¢], we deduce that

2

1
U(B)Pw(B) 2

=1

/ b, R (f:) (2)a()deo(z)
B

1 2

< NI Rollfill e llal] o

S 7 I Aol ol
1 2

<1 S el .

< i 2 ol gzl g
1 ~ /

< |IIb s ow(B)YPrPu(B)YP

S Bo gy, oo
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Therefore, we have
T / (o) — bold(a) S 1 Ro.ll g e
The proof of Theorem 1.7 is complete

To prove Theorem 1.8, we need to estimate the kernel of fractional operator Ay /2,

Lemma 4.5. Let K, (x,y) be the kernel of fractional operator Aga/z. Then we have the following estimates:

)2+o¢ 1

() |Kalz,y)| < 2EY

o — 9P w(BGa, ez, * 1OV E O

/ |y y 14+« 1 . / 1 .
c) |Kaolz,y) — Koo', W20 g, )t if - 2| < Ld(z,y).
(¢) |Ka(z,y) — Ka(a',y)| S Hx_yHQd( y) (B d@ ) il | < zd(z,y)

Proof. Note that

o 1 . dt
25" @) = g7 | PO

and

e f(z) /my y)de(y),

where hi(x,y) is the Dunkl-heat kernel. We write the fractional operator as follows:

572 4@) = [ | Kaen)f(0)du).

To estimate the kernel K, (z,y), we recall the following estimates for the Dunkl-heat kernel given in [12,
Theorem 3.1]

(a) There are constants C, ¢ > 0 such that

1 ||$—y||>2—d 2
hi(z,y)| < C 14 ecd@y)”/t,
e < Oy (145

for every ¢ > 0 and for every z,y € RV,
(b) There are constants C, ¢ > 0 such that

—y 1 lz = yl1\ ™ —cago?
h(z.y) — he.y) < of yll) (1+ cd(a)?/t

for every t > 0 and for every x,y,y’ € RY such that ||y — /| < Vvt

We now estimate the kernel R;(x,y) as follows.

> 1 t 2 dt
Kale)l S [ emedzw?/1
o Vi(z,y,Vt)llz =yl tr=ar/?
d(z, )2 0o
<— (/ ' +/ )1 el w)®/te gy
||.’£ 7y||2 0 d(z,y)? V(I’,y, \/Z)

= Il +I2

For t < d(x,y)?, by using the doubling condition we have that

d(z,y)\N
7) w(B(z, V1))

29

w(B(w,d(z,1)) S (



Y. Han, M.-Y. Lee, J. Li et al.

Nonlinear Analysis 237 (2023) 113365

and hence
1 1 d(z,y)\N 1
VeV S S = O ) s ey )
We obtain
1 1 d(w,y)Q d(x,y) Ne—cd(w,y)z/t a/2
115|x—y2w<3<x7d<x7y>>>/o (=77 et

< 1 1 /d(””’y)2 d(z,y)N ( t )%
~lw = yl? w(B(x,d(x,y))) Jo 15 \d(z,y)?
d(z,y)*** 1
~ e —yl? w(B(z,d(z,y)))
It is clear that for t > d(z,y)?, we get
s / i 1 A )1 a2y
Yz = yl? a2 Viz,y,d(z,y)) 22
< d(z,y)*te 1
~ e —yll? w(B(z,d(z,y)))
To see the smoothness estimates, we write
Kol = Koo/ < e [ M) = bl 557

d(a:,y)2 oo
< c(/ —I—/
0 d(z,y)?

= I.[l + IIQ

)

/2 qt

dt

Vu(x,y)-’%(x,y3|¥f:;7§

Since ||y —¢/|| < 3d(z,y), we have d(z,y’) < 3d(x,y). If |y — /|| > V/t, we use the above condition (a) give

=y

Vit

Hy—-yﬂ) 1
vVt IV (zy, V)

If |y — v'|| < v/t, we use the above condition (a) give

(1+

1+

e, y) = bl )| S (

lz =yl

Vit

ly — o'l

Vi

|hi(z,y) — he(z,y)] S ( ) V(z,y, V1) (

Hence, (4.9) gives

d(z.y)” 1

V(z,y, V1)
2
~ly=vI 1 /C“W) (d(:v,y)>N< t
~ Az = yl? w(B(=, d(x, y))) Jo Vi d(z,y)?
1
w(B(z,d(z,y)))
To estimate I, the reverse doubling condition gives
Jb<|W—yn - 1
~ Hl‘ - yH2 d(z,y)? V('/anv \/E)

/ o0
< lly=vI 1 j[ (
d(z,y)?

~ e = yl? w(B(x, d(z,y)))
1

< ly=yll , .
~ e =yl w(B(z,d(x,y)))

The estimate of the smoothness in the x variable is similar.

ly =yl

IIl 5 | 5 e—cd(w,y)2/t dt _
Iz —ylI* Jo

1
tzme
N
2

)

o
S, ”y Y |Ld(:177 )1+a
lz =yl

—cd(zy)2 dt
e—cd(z,y) /tTZQ

t

o ) : (d(az7 y)?

Vit

(z,y)' T

]
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2
) e—cd(m,y)Q/t.

2
) o-ed()?/t

o
2

dt

1o
2

Q
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Theorem 4.6. Let0<a <N. Iffe LP(RV,w),1 <p<q< oo withl/q=1/p—a/N, then

—a/2
1852 Flle S 11l
Proof. From Lemma 4.5, we have
8575 =| [ Kale sty

d(z,y)**t 1
= /d(gg,y)<S lz —yl|? w(B(z,d(z,y))) |f(y)]dw(y)

d(l‘7y)2+0t 1 i
+/d(93,y)>s lz —yl|? w(B(g;,d(x’y)))\f(y”d (v)
= J1 + Jo.

For Ji, by decomposing the set {d(x,y) < s} into annuli and by noting that s < d(x,y) < ||z — y||, we have

Ji < Z / dl,y)** ! |f(y)]dw(y)

2=i~ls<d(x,y)<27Js Hﬂj—yHQ w(B(:l:,d(x,y)))

> (277 5)2te 1
< ; /2j15<d(z,y)§2js (277-15)2 w(B(z, 27 1s)) |f(y)]dw(y)

< O3 S 3w Sy s, TN

< Cs*M(f)(),

where M is the Hardy-Littlewood maximal function on the space of homogeneous type (RY, || - ||,w).
For Ja, by noting that s < d(z,y) < ||z — y||, we have

d(z, y) @+’ 1
“(/) lo— g w(Bla.d(z.y))” ”) 1702z

-

(
1 4
! p
< (e, )" )" 111z
/d(z,y)>s ( (y,d( ))) L
p' 1
d(z,y o >
S’/ Np/ el w(a)p! [T (G, dy) £l e
d(z,y)>s d(m,y) p HaeR(‘<a’y>| + d( )) aER
1
1 o
S / / , dy) f P
</d(l‘,y)>s d(.ﬁ, y)NP —ap +Z cR rk(a)(p’—1) ” HL
1
1 o
5( o NG/ D—ap/+1 ) £ e
H,fNJra
5 sP Hf||Lg~
Hence
—« a —N+a
|AD /Qf(x)‘gs M(f)( )—|—3p Hf”L5

1 N
Choosing s = (Mf(L:)) N, we obtain

op

A2 5 (@) S NI My %,
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Note that (N — ap)q = pN.

1_7

18572 Flg SIAR M IR 115 = £z

The proof of Theorem 4.6 is complete. [

Suppose for each cube @ we have a function h?, defined on this cube. Let § > 0 and define

hg(z) = sup —— / |h? (y)|dw(y zeRY,
Q3x w 1+N

where the supremum is taken over all the cubes Q C R” such that = € Q. To prove Theorem 1.8, we need
the following lemma.

Lemma 4.7. Let0<f<a<oocandl <p<qg<oo,1l/p—1/q=(a—p)/N. Suppose for each cube Q
we have a function h9, defined on this cube. Then,

IhallLe < lhallpe (4.10)

where the implied constant depends only on p,q, « and w.

Proof. Let 0 <r < aNfﬁ and let @ be a cube in RY. We have that

a—p
hQldw < w(Q) N inf hq
g L Pl 9@ int Rt

<o ([ rain)”

)" 1
U ®) - w<@

We define, for every 0 < v < 1, the fractional integral 17 by

v T) = f(u) w(u
PO = [ Sy e

1+N

Then,
ho(w) S A @), xRV, (4.11)

It follows from [20, Theorem 1] that the operator I7 maps L? boundedly into L7 whenever 1 < p < § and
1

5= % +~.Let p=p/r and § = q/r with r < p and v = L) < 1 as above. Then with g = I"[(hy)"], we

have from (4.11)

1
ey S 119" lizg = llgll s i
1
S Nha) 1Y

= [1hallze

which is (4.10). The proof is complete. [
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We now prove Theorem 1.8.

Proof of Theorem 1.8. Fix z € RV k € Z. Set B = B(x,%¥) and f € LP is a compactly supported
function. Let f1, f2 and f,; be the decomposition of f in (4.4). Observe that [b, Aga/Q]f [b—bg,Ap a/z]f.
For y € RY we set

0. A5™1f1() = (b(y) = b5) A5 faly) + A5 (bs = D) /1) (W) = ha(y) + haa (),
(b, A5 f2(y) = (b(y) = bp) A5 faly) + A5 2 (bs = b) f2)(y) = har(y) + haa(y),
16, 551 o, () = (b(y) = ) A5 o, (9) + A5 (b = ) f,) ) = oyt (1) + Piog2(y).

We choose the index ¢ such that 1 < ¢ < p and let ¢’ be the conjugate of the index ¢. Holder’s inequality

gives
[ 1) = ()plas) < Sy [ )l
11 11)B|aw E(B 11 Wy
giﬁ/ (b(y) — b) “/2f1< ) do(y)
% 1 /2 3
< «
< w77 (o L 1o =l @) (5 [ 185721l o)
< cubnABMt(A 2 p) (),
Thus, we use Theorems 4.2 and 4.6 to obtain
—a/2 —a/2
hall b0 S S bl as | Me(Ap /fl)IILg < [Ibllgs 25 fillea S M0l asll full e - (4.12)
Similarly, we also have
la|-1 la|-1
horlzpo + 3= Mol S Ibllas (152022, + Z Follez ) (4.13)
j=1
To deal with hio, Theorems 4.2 gives
1
hasl; OONH / his(y) — (h d ‘
izl ~ 158 S INABEION ooy 112~ P2 [
1

: H?;;gg( B(, %)) (B(-, /F)) TR

ha(y) — (h ()| .
Lo 120 = s
where the last inequality follows from Lemma 4.7 for hQ = Wmu(y) — (h12) (. k)|- We choose
s,1 < s < p, and s such that % — % = §- By Holder’s inequality,

/ h1a () — () ldeo(y)

W /B |h12(y)|dw(y)

B w<B>+2w<B>ﬁ 185720 = ba) £ )t
: M |25"2((0 = bs) f1)llg w(B)'
1

105" (0= bo) g

IA
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Then we use Theorem 4.6 to obtain

/B AS2((b— b)) (9)deo(y) <

—

|(b—bB)fillLs,-

w(B)FRU(B) w(B)=((B)?

Let s7 > 1 with s15 < p and s} be the conjugate of the index s;, we use Holder’s inequality and (4.5) to
obtain that

1 1

St = bl = S [ ) = bl ety

< (st o) (g [ o)’

f(B)BSIIbIIAB M, () (@)

the LP-boundedness of the maximal function Mg, implies that
P12l oo S 0lLas 112 - (4.14)

We turn to analyze has. Observe that for z ¢ O(5B) and y € B we have || — y|| < d(z,2)/2. Let I" be a
fixed closed Weyl chamber such that x € I', then Lemma 4.5 gives

has(y) — ha (e |—\ [ (Fal2) = Kl 2 (0:) = b))
> / Ka(y,2) — Kale, 2)[b(2) — b | fol2) | de(2)
oceG J(F)

M=l g iva 1 s
<(§/(F) |z — 2|2 d(@, ) w(B(x7d(x,Z)))|b( ) = bg|[f2(2)]|dw(z).

Note that
w(B(z,7)) ~ H (|<a,m)\ + r)n(a) >N
a€ER

By the same way as in the estimate J,(z,y), we have

1
——————|ha2(y) — ha2(z)|
N B

B U(D)
S SR 2 e T Bl ey Mo o ~ bl et
* BRI §||x—z||2 oo T ooty ~ Nt
S [1bll4s ZGM (f2)(0 Zz sOash)

SbnAﬁtZGM(fg )(o(@)

for a + 8 < 1. Thus, we use Proposition 4.1 and Theorem 4.6 to obtain

1
”h””F“"NHS“p 1(B(,R")Pw(B(, R%)) /B(.’m,c)mm(y)h22(~)|dw(y)’Lg
1
<228 G s T 0 0
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1
< ||su ~ su h — hoa (-
5| D B ) BN R b, 12 (w) = haal | La’

SIbllas D IIM (F2) (0 (D,

oeG
S Hb”AﬁHfHLﬁ

for a« + 8 < 1. Note that Theorem 3.12 establishes the equivalence between the Dunkl-Triebel—
Lizorkin spaces and the well-understood Triebel-Lizorkin spaces on spaces of homogeneous type. Note again
w(B(z,7)) ~ rN T er (o, z)| + r)ﬁ(a) > N for all 0 < 7 < co. From this lower bound of the measure of
the ball B(z,r), by using [14, Theorem 5.1 (2) (d)], we have Fﬁ%g — L ~ Fg’g for 1/u—1/s = /N and
u < s. Since ABO‘/2A5W2 = Ag(a+5)/2, we get rid of the assumption @+ 8 < 1 by the method in [19, Facts
1.9 and 1.10] and hence

||h22HFB oo S bllas Il 2z (4.15)

Finally, we turn to estimate hgjg. To this end we use the same method in the estimate Yo,2 and Lemma 4.5
to get

a(2,y)ldw(y)

d(z,y)*+ 1
B IIZ—yII2 (B(z d(2,9)))

ji(l—a 1 W
Z 2 /d<z,y>~2-mk SBG iy W

ST dw(y)

Nmk‘f'Hx_UJ

‘]774
k
< R
RE+ |z —o;(a)||
for @ < 1 and hence
SR, e 0) — (ho,2)sld) S [ M ()03 0))

Thus, we use Theorems 4.2 and 4.6 to obtain

1
o2l e 5 || 59 g s ramsm) / s s20) = (o2} )|

1
vet ((B(R9))Pw(B(, 7)) R
S bllas 1M (f2) (e ()l e,

S bllas Lf 1l e,

for @ < 1. Since Aga/2A5W2 = Ag(a+ﬁ)/2, we get rid of the assumption o < 1 by the method in [19, Facts
1.9 and 1.10] and hence

L

/ hoy20) ~ (o) vty )|
B(-,:mk)

TR

LE,

1o y2ll oo < M1blLas 1 fll - (4.16)

By (4.12)—(4.16), the proof is complete. [

From the method of Theorem 1.8, we prove Theorem 1.9 immediately.

Proof of Theorem 1.9. It suffices to verify that

—a/2
(16, 5521 )11 g, < bl B e 111 22
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where g denotes the sharp maximal function

1

g'(z) = sup inf >(B) /B lg(y) — cldw(y).

Note that the BMOpyni space has the similar result to Lemma 4.3 (see [11, Lemma 4.1]), Theorem 1.9
follows from the proof of Theorem 1.8. O
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