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DENSITY OF CONTINUOUS FUNCTIONS IN SOBOLEV

SPACES WITH APPLICATIONS TO CAPACITY

SYLVESTER ERIKSSON-BIQUE AND PIETRO POGGI-CORRADINI

Abstract. We show that capacity can be computed with locally Lipschitz
functions in locally complete and separable metric spaces. Further, we show
that if (X, d, µ) is a locally complete and separable metric measure space, then
continuous functions are dense in the Newtonian space N1,p(X). Here the
measure µ is Borel and is finite and positive on all metric balls. In particular,
we don’t assume properness of X, doubling of µ or any Poincaré inequali-
ties. These resolve, partially or fully, questions posed by a number of authors,
including J. Heinonen, A. Björn and J. Björn. In contrast to much of the
past work, our results apply to locally complete spaces X and dispenses with

the frequently used regularity assumptions: doubling, properness, Poincaré
inequality, Loewner property or quasiconvexity.

1. Introduction

Solutions to variational problems on metric measure spaces (X, d, μ), such as p-
harmonic functions, may fail to be continuous or Lipschitz in a fully general setting.
However, a useful tool is to approximate such minimizers by continuous or Lipschitz
functions. In many works, see for instance [6,12,22,25], one places assumptions such
as the doubling property, the Poincaré inequality, or properness, to prove density
of Lipschitz functions. Doubling and Poincaré inequalities are natural in certain
settings, such as Ap-weighted spaces [20], Carnot groups [26], boundaries of certain
hyperbolic groups [9] and manifolds with Ricci bounds [13, 36]. However, there
are many important settings where these assumptions are overly restrictive, and
we name just a handful of such: studying generalized notions of scalar curvature
and intrinsic limits of manifolds with scalar curvature bounds [19, 35], studying
integral currents in metric spaces [2], metric manifolds and uniformization of metric
surfaces [4, 28, 29], the study of analysis on fractals [10], Sobolev spaces on infinite
dimensional spaces such as the Wasserstein space [34], spaces equipped with more
general weights [3], or complete and rectifiable spaces [5]. In all these cases, Sobolev
spaces, and associated differential structures, still play a crucial role.

Our contribution in this paper is to remove the assumptions of doubling and
Poincaré and to replace these with a much weaker local completeness assumption,
and to still prove three fundamental properties: the density of continuous functions
in the Sobolev space, equivalence of different notions of capacity and the prop-
erty that the Sobolev capacity is a Choquet capacity. This clarifies substantially
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the methods and dependence on assumptions. Further, it requires the use of new
approximation and extension methods.

The variational problems we consider are classical in metric measure spaces, and
arise from the definition of an upper gradient. A Borel function g : X → [0,∞] is
said to be an upper gradient for a function u : X → [−∞,∞] if for all rectifiable
curves γ : [0, 1] → X, we have

(1.1) |u(γ(0))− u(γ(1))| ≤

∫

gds,

where we interpret |∞ −∞| = ∞.
Next, if 1 ≤ p < ∞, consider the condenser p-capacity problem

(1.2) Capp(E,F ) := inf
u|E=0

u|F=1

∫

gpdμ,

where E and F are disjoint closed sets in X, and where u is taken to be a function
on X and g is an upper gradient for u. Heinonen and Koskela asked in [21, Remark
2.13], if the infimum in this definition could be taken over functions u that are
continuous or locally Lipschitz. In general, we may consider a collection W of pairs
(u, g), where u is a function on X and g is an upper gradient for u, and define

CapWp (E,F ) := inf
u|E=0,u|F =1

(u,g)∈W

∫

gpdμ.

By varying W , we obtain different versions of capacity considered in the literature.
We focus on three variants which have appeared in the literature: (i) W = lip
corresponds to all pairs (u, g) where u is locally Lipschitz, (ii) W = cont is the
collection of all pairs (u, g) where u is continuous, and (iii) W = (lip, lip) is the
collection of all pairs (u, g) where u and g are locally Lipschitz. It is trivial that
restricting the collections to (lip, lip), lip or cont produces a capacity, which is larger
than the unrestricted capacity in (1.2). The problem, which bears a close affinity
to approximation, is to show that these restricted capacities are still equal to the
unrestricted capacity. Throughout, we will assume that μ is a Borel measure on X,
which is positive and finite on all balls, that is 0 < μ(B) < ∞ for each B = B(x, r),
with x ∈ X and r > 0.

Our first main result is the following.

Theorem 1.1. Let (X, d, μ) be a locally complete and separable metric measure
space and let E,F ⊂ X be two closed, nonempty disjoint sets with d(E,F ) > 0.
Then, for p ∈ [1,∞),

(1.3) Capp(E,F ) = Capcontp (E,F ) = Caplipp (E,F ) = Cap(lip,lip)p (E,F ).

Remark 1.2. If Γ(E,F ) is the family of rectifiable curves connecting E to F , then
one has the equality between modulus and capacity Capp(E,F ) = Modp(E,F ).
Whenever (u, g) is admissible for the capacity, g is admissible for the modulus.
Conversely, if g is admissible for the modulus, then there exists a u which is ad-
missible for the capacity so that g is an upper gradient of u. Indeed, such a u
is obtained by “integrating” g. See Section 2.1 for the definition of modulus, and
[21, Proposition 2.17] for a proof of this claim. Consequently, we obtain a stronger
version of [21, Proposition 2.17], which states that Modp(E,F ) = Modcp(E,F ),
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where Modcp(E,F ) is the modulus computed with only continuous admissible func-
tions. Specifically, our proof shows that Modp(E,F ) = Modcp(E,F ) whenever
X,E, F satisfy the assumptions of Theorem 1.1 and p ∈ [1,∞). With the more
restrictive assumptions that the space X is proper and geodesic, this equality was
known [23, Proposition 7].

The strongest previous result on this problem is due to Keith [23, Proposition 7].
He showed (1.3) under the assumption that X is proper and geodesic (i.e., each pair
of points x, y ∈ X can be connected by a rectifiable curve γ with Len(γ) = d(x, y)).
Our result weakens properness to local completeness and separability and removes
any geodesic assumption.

The capacity problem gives rise to the definition of a Sobolev space. The Sobolev
spaces which we consider are those introduced by Cheeger in [12]. However, we
take the perspective of precise representatives which were studied and introduced
by Shanmugalingam in [32]. The space of these functions is denoted N1,p(X) with
p ∈ [1,∞), and consists of all functions u ∈ Lp(X) that have an upper gradient
g ∈ Lp(X). For p > 1, the space N1,p(X) is equivalent to variants defined using
plans, see [1]. The (semi)norm on this space is denoted ‖ · ‖N1,p(X) which equals
the usual Sobolev norm in the case of Euclidean spaces equipped with Lebesgue
measure. These notions will be precisely defined in Section 2.

Our second main result shows the density of continuous functions in the Sobolev
space and that all Sobolev functions are quasicontinuous. We say that a function
f : X → R ∪ {∞,−∞} is quasicontinuous if for every ε > 0 there exists an open
set O with Capp(O) < ε and so that f |X\O is continuous. Recall that the notion
of having zero capacity is a finer notion than having zero measure. Indeed, a set of
capacity zero must be of measure zero. However, a set of capacity zero will usually
be of smaller Hausdorff dimension.

Theorem 1.3. Let (X, d, μ) be a locally complete and separable metric measure
space. Then C(X)∩N1,p(X) is dense in N1,p(X) for p ∈ [1,∞), and every function
f ∈ N1,p(X) is quasicontinuous.

Note that if Ω is a domain in a locally complete space, then Ω is itself locally
complete. Thus, Theorem 1.3 directly applies to domains. This strengthens the
main result in [7, Theorem 1.1] in two ways: first, one does not need to switch
representatives of f , and second, the assumptions are much weaker.

A similar conclusion is contained in [32, Theorem 4.1], under the additional hy-
pothesis that X is complete and measure doubling, while also satisfying a Poincaré
inequality. On the other hand, by just assuming completeness and separability
and measure doubling, it was shown in [1] that Lipschitz functions are dense when
p > 1. In [18], this result was slightly extended to complete and separable metric
spaces with finite Hausdorff dimension, and for all p ∈ [1,∞). These three results
prove density of Lipschitz functions, but with more restrictive assumptions - all of
them require the space to have finite Hausdorff dimension. In contrast, our theo-
rem removes any assumption on the dimension of X, but a price for this is paid
in the weaker conclusion: the density of continuous functions. Thus, Theorem 1.3
substantially answers a question from [7] on whether continuous functions are dense
in Sobolev spaces without any further assumptions.
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Remark 1.4. We note that Theorem 1.3 and Theorem 1.1 are related, but neither
is implied directly by the other. In particular, we cannot prove Theorem 1.1 di-
rectly by approximation, since a priori Cauchy sequences of Sobolev functions only
converge almost everywhere, and the sets E,F in Theorem 1.1 may have measure
zero.

Further, it is worth noting that it is an interesting open problem to determine
if Lipschitz functions are also dense in the Sobolev space for any complete and
separable metric space equipped with a Radon measure, which is finite on balls.

Next, consider the capacity of a set E ⊂ X defined as

Capp(E) := inf{‖u‖pN1,p(X) : u|E ≥ 1}.

We first establish a crucial technical result, which allows us to strengthen the results
on Sobolev spaces from [7]. Namely, we prove the outer regularity of Capp(E) in
locally complete spaces.

Theorem 1.5. Suppose that (X, d, μ) is locally complete and separable metric mea-
sure space. Let E ⊂ X be any set. Then

Capp(E) = inf
E⊂O

Capp(O),

where the infimum is taken over open subsets of X containing E.

This improves on prior work by removing the assumption of properness and
density used in [7, Corollary 1.3]. The proof involves both Theorem 1.3 and an
observation in Proposition 2.10 on lower semicontinuity involving certain “good”
functions. (These are used to handle the case when Capp(E) = 0; see Proposition
3.2.)

As a corollary, we show that Sobolev Capacity is a Choquet capacity, under very
weak assumptions. See Section 5.1 for a definition of a Choquet capacity.

Corollary 1.6. If (X, d, μ) is a locally complete and separable metric measure space
and p ∈ (1,∞), then the map E �→ Capp(E), for E ⊂ X, is a Choquet capacity.

Remark 1.7. In much of the literature, see, e.g., [20, 24], a neighborhood capacity
is defined:

Capp(E) := inf{‖u‖pN1,p(X) : u|O ≥ 1 for an open set O with E ⊂ O}.

An advantage of this definition is that it is automatically outer regular and a
Choquet capacity without further assumptions, see [24]. Using Theorem 1.5 it
is easy to show that Capp(E) = Capp(E) for locally complete and separable metric
measure spaces. This gives another way of proving Corollary 1.6.

Much of the literature is split on which definition, Cap or Capp, they employ.
Theorem 1.5 shows that very generally the two coincide, and one can use either
definition and obtain an equivalent theory.

In conclusion, we discuss the ways in which we improve on prior work, such
as [7], and how we execute this technically. First, Theorem 1.3 rests on a new
approximation inspired by the authors’ prior work in [16, 17]. This approximation
is built by solving an extension problem. Let K ⊂ X be compact such that f |K is
continuous. Proposition 3.7 describes how, and under which assumptions, we are
able to extend f |K to a continuous function f̃ ∈ N1,p(X). See equation (3.9) for
the precise formulation of this extension. This construction ought to be thought
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of as a discretized and adapted version of the more familiar construction used in
Proposition 2.10, see in particular Proposition 2.15. The discretization is our main
new contribution and yields continuity without assuming the existence of curves. It
plays a crucial role in allowing us to dispense with the geodesic assumption employed
in [23], and the quasiconvexity assumption employed in [21]. This approach to
approximating Sobolev functions by discretizations is novel. Indeed, prior methods
fell short from being able to handle the case of complete and separable metric
spaces.

A second technical contribution of this paper concerns removing the properness
assumption in [7]. This is somewhat subtle, and involves the inner-regularity of the
measure μ, i.e., for any bounded Borel set A ⊂ X and ε > 0 there is a compact
set K ⊂ A with μ(A \ K) < ε. The main argument here is in Proposition 2.10,
where a slight modification of the notion of “good function” allows for the usual
arguments in [7, Section 3] to go through. Indeed, this yields Proposition 3.2 and
the more general capacity results. A refinement of this notion, “a good sequence of
functions”, plays a role in the proof of Theorem 1.3.

In Section 2, we set the notation and prove some useful lemmas about good
functions, discrete paths and almost upper gradients. The results in that section
are new and have been written in a way that they may be useful in future work.
In Section 3, we establish our main results in the complete setting. In Section
4, we extend these results to the locally complete setting using partition of units
and localization. Finally, in Section 5, we discuss the Choquet property and the
equivalence of different definitions of capacity.

2. Notation and preliminaries

2.1. Modulus and Sobolev spaces. Throughout the paper X will be a separable
metric space and μ any Borel measure onX which is finite and positive on each ball,
that is μ(B(x, r)) ∈ (0,∞) for each ball B(x, r) ⊂ X. Such measures are Radon
when X is (locally) complete and separable, see [8, Theorem 7.1.7, Definition 7.1.1].
(In the reference, the claim is stated only for complete metric spaces. However, by
an extension of the measure to the completion, following [31], we obtain the claim
for locally complete spaces.). In particular, the measures μ in this paper are inner
and outer regular.

By convention, we denote open balls by B(x, r) = {y ∈ X : d(x, y) < r}. The
value r is called the radius of the ball (which may be nonunique), and any ball
of radius r is referred to as an r-ball. The distance between two sets A,B ⊂ X
is defined as d(A,B) = infa∈A,b∈B d(a, b). For a single point x ∈ X, we adopt
the convention d(x,A) = d({x}, A). The characteristic function of a set A ⊂ X is
denoted 1A.

Generally, we will assume that either X is complete or locally complete. In the
latter case, we will also consider its completion X̂. If X is locally complete, then
X is an open subset in X̂. The spaces of Lp-integrable functions with respect to μ
for p ∈ [1,∞) will be denoted by Lp(X). The Lp-norm of a function f is denoted
‖f‖Lp(X). The space of continuous functions on X is denoted C(X). We do not
need a topology on this space, and thus consider it only as a set.

To discuss Newtonian spaces and capacities we next recall some classical termi-
nology. These are covered in more detail in [22], as well as [7, 32].
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A curve γ is a continuous map γ : [0, 1] → X (or, in specific instances, any
continuous map γ : I → X, where I = [a, b] ⊂ R is a bounded interval). The length
of a rectifiable curve is denoted Len(γ). The speed of an absolutely continuous
curve, which exists for a.e. t ∈ [0, 1], is defined as

(2.1) |γ′(t)| = lim
h→0

d(γ(t+ h), γ(t))

h
.

Every rectifiable curve has a unique constant-speed parametrization, where |γ′(t)| =
Len(γ) for a.e. t ∈ [0, 1] [22, Sec. 5.1]. If γ̃ : [0, 1] → X is the constant-speed
parametrization of γ, we define the path integral with respect to γ as:

(2.2)

∫

γ

g ds :=

∫ 1

0

g(γ̃(t))|γ̃′(t)| dt = Len(γ)

∫ 1

0

g(γ̃(t)) dt

when g is any Borel function for which the right-hand side is defined.
We will mostly only consider rectifiable curves and, unless otherwise specified,

allow constant curves. We write γ ⊂ A for a subset A ⊂ X if γ([0, 1]) ⊂ A. If x ∈ X
is any point, we write γ : A � x to denote that γ(0) ∈ A and γ(1) = x, i.e., γ
connects A to x. The diameter of a curve is denoted diam(γ) := diam(Image(γ)) =
sups,t∈[0,1] d(γ(s), γ(t)).

Let Γ be a collection of rectifiable curves. A nonnegative Borel function ρ : X →
[0,∞] is called admissible for Γ, denoted ρ ∈ Adm(Γ), if

∫

γ
ρ ds ≥ 1 for each γ ∈ Γ.

Here,
∫

γ
g ds is the path integral defined in (2.2). Modulus is defined by

Modp(Γ) = inf
ρ∈Adm(Γ)

‖ρ‖pLp(X).

A property is said to hold for p-a.e. curve γ if it holds for each rectifiable γ �∈ Γ for
some collection Γ with Modp(Γ) = 0. Given two sets E,F ⊂ X we will denote by
Γ(E,F ) the family of all rectifiable curves γ in X with γ(0) ∈ E and γ(1) ∈ F .

Recall that a nonnegative Borel function g : X → [0,∞] is called an upper
gradient for f : X → [−∞,∞], if for every rectifiable γ : [0, 1] → X, we have

(2.3) |f(γ(1))− f(γ(0))| ≤

∫

γ

gds.

Here, the left-hand side is interpreted to be infinity if the expression gives |∞−∞|
or | −∞− (−∞)|. The collection of upper gradients for f is denoted by D(f).

We define the Newtonian space N1,p(X) as the collection of all functions f ∈
Lp(X) that admit an upper gradient g ∈ Lp(X). A seminorm on N1,p(X) is given
by

‖f‖N1,p(X) =

(

‖f‖pLp(X) + inf
g∈D(f)

‖g‖pLp(X)

)1/p

.

Then, if we identify f ∼ g for f, g ∈ N1,p(X) whenever ‖f − g‖N1,p(X) = 0,

we obtain a Banach space; see [32]. Thus, while formally N1,p(X) consists of
equivalence classes of functions, we will always consider pointwise representatives
for a given class.

A function g is a (p-)weak upper gradient, if inequality (1.1) holds for p-a.e. recti-
fiable curve γ : [0, 1] → X. A function f ∈ Lp(X) always admits a minimal p-weak
upper gradient gf for which ‖gf‖Lp(X) = infg∈D(f) ‖g‖Lp(X). See [22, Theorem
6.3.20] for further details. The following is a classical statement following from the
Vitali–Carathéodory theorem.
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Lemma 2.1. If g ∈ Lp(X) is any p-weak upper gradient for f , then for any ε > 0,
there exists a lower semicontinuous gε ≥ g so that gε is an upper gradient for f and
∫

X
gpε dμ ≤

∫

X
gpdμ+ ε.

Proof. Let g ∈ Lp(X) be a weak upper gradient. If Γ is the family of rectifiable
curves so that inequality (1.1) does not hold, then Modp(Γ) = 0. Hence, by [22,
Lemma 5.2.8], for any ε > 0, there is an h so that

∫

X
hpdμ ≤ ε/2 and

∫

γ
hds = ∞

for each γ ∈ Γ. Applying [22, Vitali-Carathéodory theorem, p. 108] to max(g, h)
we obtain a function gε such that gε ≥ max(g, h), with

∫

X
gpε dμ ≤

∫

X
gpdμ + ε.

Finally, we verify that inequality (1.1) holds for gε and for every rectifiable path γ.
Indeed, if γ ∈ Γ, then (1.1) follows from ∞ =

∫

γ
hds ≤

∫

γ
gεds. While, for γ �∈ Γ,

inequality (1.1) is satisfied since it holds for g and g ≤ gε. �

If E ⊂ X, denote by ΓE the set of nonconstant rectifiable curves that intersect
E. A set E is called p-exceptional if Modp(ΓE) = 0.

We will need a version of [32, Lemma 4.3], see also [22, Lemma 6.3.14] and
[12, Proposition 2.22.] which we state next.

Lemma 2.2. Suppose that f ∈ N1,p(X) has g ∈ Lp(X) as upper gradient, and
suppose f |A = c for some c ∈ R, and for some Borel set A ⊂ X. Then, the
function gA = g1X\A is a p-weak upper gradient for f . In particular, the minimal
p-weak upper gradient gf satisfies gf (x) = 0 for μ-almost every x ∈ A.

Proposition 2.3 is useful when extending Sobolev functions. It differs from
Lemma 2.2 in a crucial way, that we do not need to assume that a given func-
tion f̃ is a priori a Sobolev function. Our starting point is a Sobolev function f
and its upper gradient g. Another function f̃ agrees with f on a set K, and we
a priori know that g is also an upper gradient for f̃ in X \K. Here, we say that
g is an upper gradient for f in a set A, if inequality (1.1) holds for every curve γ

with γ ⊂ A. When f̃ is continuous this information can be patched together to
conclude that g is an upper gradient for f̃ in all of X. As a consequence, this shows
that f̃ is Sobolev. The proposition has a proof which is quite similar in spirit to
[32, Lemma 4.3]. However, given the differences in the statements and some details
of the arguments, we provide a complete proof.

Proposition 2.3. Let f ∈ N1,p(X) and let g ∈ Lp(X) be an upper gradient for f .

Let f̃ ∈ Lp(X) be a continuous function so that f |K = f̃ |K for some closed set K.

If g is an upper gradient for f̃ in X \K, then g is also an upper gradient for f̃ in

all of X. In particular, f̃ ∈ N1,p(X).

Proof. Let γ : [0, 1] → X be any nonconstant rectifiable curve. The upper gradient
inequality (1.1) is invariant under reparametrizations. Hence, for convenience, we
will assume that γ has the constant-speed parametrization. There are essentially
three cases to consider, when verifying inequality (1.1) for f̃ in place of f . Since
(1.1) is clear when

∫

γ
g ds = ∞, we can assume that

∫

γ
g ds < ∞.

(1) Assume γ(0), γ(1) ∈ K. Since g is an upper gradient for f and f |K = f̃ |K
the inequality (1.1) for γ and f̃ is identical to that for f .

(2) Assume γ(0) ∈ K but γ(1) �∈ K (or the reverse). The reverse case of
γ(1) ∈ K and γ(0) �∈ K is symmetrical and can be reduced to this by considering
the curve γ̃(t) = γ(1− t). Thus take γ(0) ∈ K and γ(1) �∈ K.
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Let t = sup γ−1(K). We have t < 1 since K is closed. Consider γ1 = γ|[0,t]
(which may be constant) and γ2,ε = γ|[t+ε,1] for ε ∈ [0, 1− t). By case (1), we have
∫

γ1
gds ≥ |f̃(γ1(0))− f̃(γ1(t))|.

For 0 < ε < 1 − t, we have that γ2,ε ⊂ X \K and since g is an upper gradient

for f̃ in X \K we have

(2.4) |f̃(γ2,ε(t+ ε))− f̃(γ2,ε(1))| ≤

∫

γ2,ε

g ds.

Thus, we get

|f̃(γ(0))− f̃(γ(1))|

≤ |f̃(γ(0))− f̃(γ(t))|+ |f̃(γ(t))− f̃(γ(1))|

≤

∫

γ1

g ds+ lim
ε→0

|f̃(γ2,ε(t+ ε))− f̃(γ2,ε(1))| (by item (1) and continuity)

≤

∫

γ1

g ds+ lim
ε→0

∫

γ2,ε

g ds(by (2.4))

=

∫

γ

g ds.

In the second to last line, we rewrite the integrals using g(γ(t)) multiplied by the
characteristic function of [0, t] ∪ [t + ε, 1], and then we conclude using monotone
convergence.

(3) Assume γ(0), γ(1) �∈ K. If γ ⊂ X \ K, then the claim follows since g̃

is an upper gradient for f̃ in X \ K. Otherwise there is some t ∈ [0, 1] so that
γ(t) ∈ K. Now, apply the second case to γ|[0,t] and to γ|[t,1] together with the
triangle inequality to get inequality (1.1).

�

Let N1,p
b (X) ⊂ N1,p(X) consist of those functions f ∈ N1,p(X) with bounded

support which are bounded in X. More precisely, N1,p
b (X) consists of those f ∈

N1,p(X) for which there are constants M,R > 0 and a point x0 ∈ X, so that
f |X\B(x0,R) = 0 almost everywhere and f(x) ∈ [−M,M ] for almost every x ∈ X.
An important first step will be to reduce the approximation to such functions. This
result is very standard, and can be found in many references, see, e.g., [33, Lemma
2.14]. We provide a proof for the sake of completeness.

Lemma 2.4. N1,p
b (X) is dense in N1,p(X).

Proof. Fix x0 ∈ X and consider M > 0. Let ψM (x) = max(min(2−d(x0, x)/M, 1),
0), which can be seen to be 1/M -Lipschitz. Define

fM = ψM (x)min(max(f,−M),M).

We have |fM | ≤ min(|f |,M), and limM→∞ fM = f pointwise and in Lp(X). Fur-
ther, using the Leibniz rule for Sobolev functions (see [22, Proposition 6.3.28]) one

can show that gfM ≤ |f |
M +gf is an upper gradient for fM . So, fM ∈ N1,p(X). Also

fM − f = 0 on the set AM = B(x0,M) ∩ {|f | ≤ M}. By Lemma 2.2, the function

fM − f has a weak upper gradient gfM−f ≤ 1X\AM
(2gf + |f |

R ). So gfM−f → 0 in
Lp by dominated convergence, since μ(X \

⋃

M∈N
AM ) = 0. Thus

lim
M→∞

‖fM − f‖pN1,p(X) = lim
M→∞

‖f − fM‖pLp(X) + ‖gf−fM‖pLp(X) = 0.
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�

2.2. Good functions. We will mostly consider curve families Γ which are invari-
ant under re-parametrization. That is, if γ ∈ Γ, then any reparametrization of the
curve is in Γ as well. With this in mind, we say that a collection Γ of curves is
precompact, if every sequence {γi}

∞
i=1 ⊂ Γ, where γi : [0, 1] → X is parametrized by

constant speed, has a uniformly convergent subsequence. Many arguments regard-
ing modulus rely on extracting convergent subsequences. The basic requirement is
some form of compactness, and the following formulation of Arzelà-Ascoli captures
this.

Lemma 2.5 (Arzelà-Ascoli). Suppose that X is complete and that L ≥ 1. A
collection Γ of curves of length at most L is precompact, if given the constant-speed
parametrizations γ : [0, 1] → X, the set

At = {γ(t) : γ ∈ Γ, γ parametrized by constant speed}

is precompact in X, for every t ∈ [0, 1].

The proof is standard, see for instance the argument in [30, Theorem 4.25]. When
X is a proper space, precompactness is the same as a boundedness. However, to
work in the case when X is simply a complete space, we introduce a notion of “good
function”, which allows us to circumvent the lack of properness.

Given a collection Γ of curves and a set A, the collection of curves ΓA contained
in A is defined by ΓA = {γ ∈ Γ : γ ⊂ A}. If further δ, L > 0 and g ∈ Lp(X), we
define a subcollection by

(2.5) ΓA
δ,L(g) = {γ ∈ ΓA :

∫

γ

g ≤ L, diam(γ) ≥ δ}.

Definition 2.6. A Borel function g : X → [0,∞] is called a good function, if the
set of curves ΓA

δ,L(g) defined in (2.5) is precompact, for any family Γ of rectifiable
curves, any bounded Borel set A, and for all δ, L > 0.

Example 2.7. Suppose that X is compact. For any ε > 0 the function g : X →
[ε,∞] is a good function. Indeed, let Γ be an arbitrary family of rectifiable curves
and let A ⊂ X be a bounded Borel set. In this case, for any δ, L > 0 we have
ΓA
δ,L(g) ⊂ {γ ⊂ A : Len(γ) ≤ L/ε}. Then, At ⊂ X, and At is automatically pre-

compact as a subset of a compact space X. Therefore, by Lemma 2.5 the collection
ΓA
δ,L(g) is precompact.

The following lemma strengthens the Vitali–Carathéodory Lemma 2.1 by show-
ing that any Lp-function can be slightly modified to become a lower semicontinuous
good function.

Lemma 2.8. Assume X is complete. If g ∈ Lp(X) is nonnegative, then for any
ε > 0 there exists a lower semicontinuous good function gε ≥ g so that ‖gε‖Lp(X) ≤
‖g‖Lp(X) + ε.

Proof. Fix g, ε as in the statement. By an application of Lemma 2.1, we can take
g to be lower semicontinuous. Fix any point x0 ∈ X.
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Choose compact sets K̃i ⊂ B(x0, i), so that μ(B(x0, i) \ K̃i) ≤ εp2−(i+1)p. This
is possible since μ(B(x0, i)) < ∞ and since the measure is Radon. Define Ki =
⋃i

j=1 K̃j , so that Kn ⊂ Km for n ≤ m and so that μ(B(x0, i) \Ki) ≤ εp2−(i+1)p.
Define

gε = g +
∞
∑

i=1

(

1B(x0,i)\Ki
+

ε

2i+1μ(B(x0, i))1/p
1B(x0,i)

)

.

This function is lower semicontinuous, since it is a sum of lower semicontinuous
functions. Moreover,

‖gε‖Lp(X) ≤ ‖g‖Lp(X) +
∞
∑

i=1

⎛

⎝

∥

∥1B(x0,i)\Ki

∥

∥

Lp(X)
+

∥

∥

∥

∥

∥

ε

2i+1μ(B(x0, i))
1
p

1B(x0,i)

∥

∥

∥

∥

∥

Lp(X)

⎞

⎠

≤ ‖g‖Lp(X) + ε.

We show that gε is a good function. Let Γ be any family of rectifiable curves
and let A be any bounded Borel set. There exists some j ∈ N so that A ⊂ B(x0, j).
By increasing the set A, we get a larger collection of curves, and thus it suffices
to consider A = B(x0, j). The idea is to use Arzelà-Ascoli Lemma 2.5 to show
that the collection ΓA

δ,L(gε) defined in (2.5), for given δ, L > 0, is precompact.

First note that, if γ ∈ ΓA
δ,L(gε), then L ≥

∫

γ
gεds. Since A = B(x0, j), we get

gε >
ε

2j+1μ(B(x0,j))
1
p
1A. Thus, since γ ⊂ A,

Len(γ) ≤
2j+1μ(B(x0, j))

1
p

ε

∫

γ

gε ds ≤
2j+1μ(B(x0, j))

1
pL

ε
=: L′.

Therefore all the curves in ΓA
δ,L(gε) have length at most L′.

Now, consider curves γ ∈ ΓA
δ,L(gε) which are parametrized by constant speed. It

is enough to show that for each t ∈ [0, 1] the set

At := {γ(t) : γ ∈ ΓA
δ,L(gε) is parametrized by constant speed}

is precompact in X. Since X is complete, it suffices to show that At is totally
bounded. Fix η ∈ (0, δ/2) for this purpose. Choose N = j + �4L/η�+ 1. We claim
that At ⊂ {y ∈ X : d(y,KN ) < η/4}. Assume, for the sake of contradiction, that
d(γ(t),KN ) ≥ η/4 for some γ ∈ ΓA

δ,L(gε). Since diam(γ) ≥ δ > 2η, we must have

a segment of γ of length at least η/4 contained in A \KN ⊂ B(x0, j) \KN . Thus,
since Ki ⊂ KN for each i with 1 ≤ i ≤ N , and A ⊂ B(x0, i) for each j ≤ i ≤ N ,
we get

∫

γ

gε ds ≥
N
∑

i=j

∫

γ

1B(x0,i)\Ki
ds ≥ (N − j)

∫

γ

1B(x0,j)\KN
ds ≥ (�4L/η�+ 1)

η

4
> L,

which is a contradiction. Thus, At ⊂ {y ∈ X : d(y,KN ) < η/4}. By covering KN

by η/2 balls and inflating these balls by 2 we get a finite covering of At by η-balls.
This shows that the set At is totally bounded and thus precompact. �

We will need the following lower semicontinuity of curve integrals. The result is
classical, and its proof has appeared in many places, such as [23, Proposition 4].
For the reader’s convenience we give a short proof.
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Lemma 2.9. Let γi : [0, 1] → X be a sequence of rectifiable curves parametrized by
constant speed, with Len(γi) ≤ L for some L ∈ [0,∞] and all i ∈ N, and suppose
that γi converges uniformly to a curve γ : [0, 1] → X. If g : X → [0,∞] is a lower
semicontinuous function, then

∫

γ

g ds ≤ lim inf
i→∞

∫

γi

g ds.

Proof. By passing to a subsequence, we can assume that limi→∞

∫

γi
g ds exists,

and that Len(γi) → L′ for some L′. Since γi are parametrized by constant speed,
see (2.1), |γ′

i|(t) = Len(γi) =: Li for each i ∈ N and every t ∈ [0, 1], and γi is
Li-Lipschitz. Therefore, γ is L-Lipschitz, and |γ′|(t) ≤ L for a.e. t ∈ [0, 1].

∫

γ

g ds =

∫ 1

0

g(γ(t))|γ′|(t)dt

≤

∫ 1

0

g(γ(t))Ldt

≤ lim
i→∞

∫ 1

0

g(γi(t))Lidt (by l.s.c. and Fatou’s Lemma)

= lim
i→∞

∫

γi

g ds.

�

The next result is a generalization of a well-known method to construct a function
with a given upper gradient [22, Lemma 7.2.13]. However, the proof there that u
is lower-semicontinuous requires that X is proper. In our generality of locally
complete and complete spaces, this does not suffice. In this generality the crucial
idea is to use the notion of a good function. The proof changes slightly as a
consequence of this, and we provide full detail for the sake of completeness.

Proposition 2.10. Let X be complete. Assume that V ⊂ X is a bounded open set
and that g : X → [0,∞] is a good function. Then, the function u : X → R given by

u(x) := min

(

inf
γ:X\V�x

∫

γ

g ds, 1

)

is in Lp(X) for 1 ≤ p ≤ ∞, and has g as upper gradient. Moreover, u is lower
semicontinuous.

Remark 2.11. We adopt the usual conventions for the infimum. If x ∈ X \ V , then
the constant curve is allowed, hence u(x) = 0. If there are no curves γ : X \V �→ x,
then u(x) = 1 since the infimum over an empty set is ∞.

Proof of Proposition 2.10. If we show that u is lower semicontinuous, then measur-
ability will follow and we will have u ∈ Lp(X), because, by Remark 2.11, u ≤ 1V .
Proving that g is an upper gradient for u is classical argument, see [7, Lemma 3.1].
We recall this argument now. If γ : [0, 1] → X and γ0 : X \V � γ(0) are any recti-
fiable curves, then we can form a curve γ1 : X \ V � γ(1) by concatenating them.
Thus,

∫

γ1
g ds =

∫

γ0
g ds+

∫

γ
g ds. By the definition of u, we get u(γ(1)) ≤

∫

γ1
g ds ≤

∫

γ0
g ds+

∫

γ
g ds. Infimizing over γ0 yields u(γ(1)) ≤ infγ0

∫

γ0
g ds+

∫

γ
g ds. Since

u(γ(1)) ≤ 1, we have u(γ(1)) ≤ u(γ(0))+
∫

γ
g ds. By reversing the curve, we obtain

u(γ(0)) ≤ u(γ(1)) +
∫

γ
g ds. From these two inequalities, we get inequality (1.1).
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Thus the more important part of the proof is to show that u is lower semi-
continuous. Arguing by contradiction, assume that we can find some sequence xi

converging to x in X, with the property limi→∞ u(xi) < u(x)−Δ for some Δ > 0.
Since u is nonnegative, we must have that u(x) > Δ, hence x ∈ V . Since V is open,
there is some ball B(x, 2δ) ⊂ V , with δ > 0. By convergence, we can throw away
finitely many terms and assume that xi ∈ B(x, δ) for all i ∈ N. We can also pass
to a subsequence so that u(xi) < u(x)−Δ for every i ∈ N. In particular, we have
u(xi) < 1. Hence, we can choose curves γi : X \ V � xi with

(2.6)

∫

γi

gds ≤ u(x)−Δ ≤ 1.

Assume γi : [0, 1] → X has the constant speed parametrization and let

ti := sup

{

t ∈ [0, 1] : d(γi(t), X \ V ) ≤
δ

2i

}

,

which is the last time γi(t) is
δ
2i away from X \ V .

Let γ̃i be the constant-speed parametrization of γi|[ti,1] on [0, 1], so that γ̃i ⊂ V ,

for each i ∈ N. By (2.6) and since γ̃i is a subcurve of γi, we have
∫

γ̃i
g, ds ≤ 1.

Since d(xi, X \ V ) ≥ δ, we have diam(γ̃i) ≥ δ/2. Thus γ̃i ∈ ΓV
δ/2,1(g), where

Γ is the collection of all rectifiable curves. Since g is a good function, and since
γ̃i are parametrized by constant speed, there is a subsequence {γ̃ik}k∈N converging
uniformly to some continuous function γ : [0, 1] → X.

Next, by Lemma 2.9, we have
∫

γ

gds ≤ lim inf
k→∞

∫

γ̃ik

gds ≤ u(x)−Δ.

By construction, d(γ̃ik(0), X\V ) ≤ δ
2ik

, and γ̃ik(1) = x. Also, limk→∞ γ̃ik(0) = γ(0)

and limk→∞ γ̃ik(1) = γ(1). Therefore, sending k → ∞, we get γ(0) ∈ X \ V and
γ(1) = x, namely, γ : X \ V � x. This leads to

u(x) ≤

∫

γ

gds ≤ u(x)−Δ,

which is a contradiction. �

At this juncture, we note that one of the crucial insights of the present paper
is that we can replace path integrals with discrete Riemann-type sums over paths.
We will next move to develop the language for such arguments. We will also prove
an analogue of Proposition 2.10 in Proposition 2.15 for such constructions.

2.3. Discrete paths. We will be considering discrete path approximations to
curves. A (discrete) path is a sequence P = (p0, . . . , pn), with n ≥ 0, and which does
not repeat. We identify P sometimes with the image set, for example in writing
p ∈ P to state that a point p lies in the path. When n ≥ 1 define its mesh size by
Mesh(P ) = maxk=0,...n−1 d(pk, pk+1) and its length by Len(P ) =

∑n−1
k=0 d(pk, pk+1).

The diameter, diam(P ), is the diameter as a set of points. Note that the path
P = (p0) consisting of only one point, and with diameter, length and mesh equal
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to zero, is permitted. Given a function g : X → R we define the discrete integral of
g along P by

∫

P

g :=
n−1
∑

k=0

g(pk)d(pk, pk+1).

Again, if P is a single point, then
∫

P
g = 0.

Discrete paths can be extended to curves after we pass to a larger super space.
For such arguments, we introduce an isometric Kuratowski embedding ι : X →
	∞(N) into the sequence space 	∞(N). We will fix such an embedding for the
remainder of this subsection.

Given a discrete path P we call a curve γ : [0, 1] → 	∞(N) its linearly interpo-
lating curve if it is constructed as follows. If Len(P ) = 0, i.e., when discrete path
consists of only single point P = (p0), then define γ(t) = p0 for all t ∈ [0, 1]. Next,
we define the interpolant when Len(P ) > 0. Let t0 = 0 and define

(2.7) tl :=

l−1
∑

k=0

d(pk, pk+1)

Len(P )
,

for l = 1, . . . , n. We refer to t0, . . . , tn as the time-partition points associated to P ,
which are only defined if Len(P ) > 0. Define γ(tl) = pl and define

(2.8) γ(t) =
tl+1 − t

tl+1 − tl
pl +

t− tl
tl+1 − tl

pl+1,

for t ∈ (tl, tl+1). Note that since the path is simple, pl �= pl+1 and tl �= tl+1 for all
l = 0, . . . , n− 1.

With this construction, we have the following lemma.

Lemma 2.12. Let P be a discrete path and γ its linearly interpolating curve. We
have the following.

(1) Len(γ) = Len(P ).
(2) d(γ(t), X) ≤ Mesh(P ) for every t ∈ [0, 1].
(3) γ is parametrized by constant speed.

Proof. Since γ is piecewise linear, we can compute its length by adding up the
linear segments, and Len(γ) = Len(P ) follows.

If Len(P ) = 0, then γ is a constant curve and d(γ,X) = 0 = Mesh(P ). Further,
γ has constant (zero) speed. Suppose then that Len(P ) > 0 and let tl, for l =
0, . . . , n − 1, be the time-partition points. For every t ∈ [0, 1], there is an l =
0, . . . , n− 1 for which t ∈ [tl, tl+1]. Hence, by (2.8),

d(γ(t), X) ≤ min(d(γ(t), pl), d(γ(t), pl+1)) ≤ d(pl, pl+1) ≤ Mesh(P ),

for each t ∈ [0, 1].
Next, if t ∈ (tl, tl+1) for some l = 0, . . . , n−1, then γ is linear in a neighborhood

of t, and has speed d(pl, pl+1)/(tl+1 − tl) = Len(P ), by (2.7) and (2.8). Therefore,
γ has speed Len(P ) at all points t �∈ {t0, . . . , tn}, in other words, it is parametrized
by constant speed. �

If Pi = (pi0, . . . p
i
n(i)) is a sequence of discrete paths, we say that it converges to

a curve γ : [0, 1] → X, if limi→∞ Mesh(Pi) = 0 and the linear interpolation curves
γi converge to γ uniformly in 	∞(N), in the sense that:

(2.9) lim
i→∞

sup
t∈[0,1]

‖γi(t)− γ(t)‖∞ = 0.
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Moreover, one can show that this notion of convergence does not depend on the
embedding to 	∞(N).

We will need the following variant of Lemma 2.9, in the context of discrete paths.

Lemma 2.13. Assume that Pi = (pi0, . . . p
i
n(i)) is a sequence of discrete paths

converging to a rectifiable curve γ : [0, 1] → X, in the sense of (2.9). Also, assume
that lim inf i→∞ Len(Pi) < ∞. Then, for any lower semicontinuous nonnegative
function g : X → [0,∞] we have

∫

γ

g ds ≤ lim inf
i→∞

∫

Pi

g.

Proof. If Len(γ) = 0, then the inequality is trivial. So we may assume that
Len(γ) > 0, which, by (2.9), implies that Len(Pi) > 0 for all but finitely many
i ∈ N. For convenience, we pass to a subsequence so that Len(Pi) > 0 for all i ∈ N.

We first show that if the Lemma has been proven for g continuous, then it
follows for lower semicontinuous g. Indeed, we can find an increasing sequence of
functions {gl}l∈N of nonnegative continuous functions converging pointwise to g
(see [22, Corollary 4.2.3]). For each l we have

∫

γ

gl ds ≤ lim inf
i→∞

∫

Pi

gl ≤ lim inf
i→∞

∫

Pi

g.

Send l → ∞ and use monotone convergence then to conclude the lemma for all g
lower semicontinuous.

Hence, assume that g is continuous. Denote the interpolating paths for Pi by γi,
and use superscripts of the form til when defining γi as in (2.7) and (2.8).

Fix ε > 0. Extend g to be continuous on 	∞(N) using the Tietze exten-
sion theorem; see for example [27]. Since the image of γ is compact, and g
continuous, we can find for any ε > 0 a δ > 0 so that if x, y ∈ 	∞(N) and
max (d(x, γ), d(y, γ), d(x, y)) < δ then |g(x) − g(y)| < ε. Choose an N so that
for i ≥ N , we have Mesh(Pi) < δ/2, d(γi(t), γ(t)) < δ/2 for all t ∈ [0, 1].

Next, let i ≥ N be arbitrary. For every t ∈ [til, t
i
l+1], we have d(γi(t), γ(t

i
l)) ≤

Mesh(Pi) < δ and γ(til) ∈ Pi ∈ X. Thus, by the choice of δ, we get g(γi(t)) ≤
g(γi(t

i
l)) + ε. Integrating this inequality and using (2.7), we get

∫ til+1

til

g(γi(t)) Len(Pi)dt ≤ Len(Pi)(t
i
l+1−til)(g(γ(t

i
l))+ε) ≤ d(pil, p

i
l+1)(g(γ(t

i
l))+ε).

Finally, by summing over l = 0, . . . n(i)− 1, Lemma 2.12 gives

∫

γi

gds =

∫ 1

0

g(γi(t)) Len(γi)dt ≤

n(i)−1
∑

l=0

d(pil, p
i
l+1)(g(γ(t

i
l))+ε) ≤

∫

Pi

g+εLen(Pi).

By taking a limit inferior with i → ∞, we get

(2.10) lim inf
i→∞

∫

γi

g ≤ lim inf
i→∞

∫

Pi

g + ε lim inf
i→∞

Len(Pi) .

Next, by Lemma 2.12, each γi is parametrized by constant speed Len(Pi). Thus,
the γi are Len(Pi)-Lipschitz. Let L = lim inf i→∞ Len(Pi). Then, from uniform
convergence, we get that γ is L-Lipschitz. Together with the fact that the functions
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hi(t) = g(γi(t)) converge uniformly to the function g(γ(t)), since g is continuous,
we get

∫

γ

g ds ≤

∫ 1

0

g(γ(t))Ldt

= lim
i→∞

∫ 1

0

g(γi(t))Ldt

≤ lim inf
i→∞

∫ 1

0

g(γi(t)) Len(Pi)dt

= lim inf
i→∞

∫

γi

gds ≤ lim inf
i→∞

∫

Pi

g + εL .

Since ε > 0 was arbitrary, the claim follows. �

We will need the following compactness statement for discrete paths.

Lemma 2.14. If {Pi}i∈N is a sequence of paths in a complete metric space X
satisfying

(1) limi→∞ Mesh(Pi) = 0;
(2) Len(Pi) ≤ S for some S ∈ (0,∞) and all i ∈ N; and
(3) for any τ > 0 there is a compact set Kτ ⊂ X that maxp∈Pi

d(p,Kτ ) ≤ τ
for all i ∈ N,

then a subsequence of Pi converges to a curve γ : [0, 1] → X in the sense of (2.9).

Proof. For each i ∈ N let γi : [0, 1] → 	∞(N) be the curve linearly interpolating
Pi. Lemma 2.12 states that we have Len(γi) ≤ S and that the curves γi are
parametrized by constant speed. First, we show that a subsequence of (γi)i∈N

converges uniformly to some curve γ : [0, 1] → 	∞(N).
Fix t ∈ [0, 1]. Let At = {γi(t) : i ∈ N}. The claim follows from Lemma 2.5, if

we show that At is precompact. Since 	∞(N) is complete, it suffices to show that
At is totally bounded. Fix τ > 0 and choose N ∈ N so that Mesh(Pi) ≤ τ/8 for all
i ≥ N and a compact set Kτ/8 as in the statement. Then, for i ≥ N , we have

d(γi(t),Kτ/8) ≤ Mesh(Pi) + max
p∈Pi

d(p,Kτ/8) ≤ τ/4.

SetK ′ = Kτ/8∪
⋃N

j=1 γj which is compact. SinceK ′ is compact, it can be covered by

a finite collection B of balls of radius τ/2. Every point γi(t) ∈ At has d(γi(t),K
′) ≤

τ/4, and thus by inflating each ball in B by two we can cover At by finitely many
balls of radius τ . Therefore, At is totally bounded and precompact as desired.

Thus, a subsequence γik converges uniformly to some curve γ : [0, 1] → 	∞(N).
Further, for any t ∈ [0, 1] we have d(γ(t), X) = limk→∞ d(γik(t), X) ≤
limk→∞ Mesh(Pi) = 0 by Lemma 2.12. Thus, the image of γ is contained in X
and the claim follows. �

Discrete paths can be used to conveniently define functions which have given
upper gradients, in the spirit of Proposition 2.10.
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Proposition 2.15. Suppose X is a metric space. Let δ,M > 0 and let E ⊂ X be
a nonempty subset. Let g : X → [0,∞) be a continuous function and h : E → R a
bounded function. Define

f(y) := min

(

inf
P

{

h(p0) +

∫

P

g

}

,M

)

,

where the infimum is taken over all discrete paths P = (p0, . . . , pn) with p0 ∈
E, pn = y and Mesh(P ) ≤ δ.

Then, f is locally Lipschitz, and g is an upper gradient of f . Moreover, if h is
constant and less than or equal to M , then f ≡ h on E.

Proof. Fix y ∈ X and assume that d(x, y) ≤ δ. Let P = (p0, . . . , pn) be a discrete
path with p0 ∈ E, pn = y and Mesh(P ) ≤ δ. Let pn+1 = x and set P ′ = (p0, . . . , pk),
where k = inf{j ≥ 0 : pj = x}. Thus, P ′ is a discrete path with p0 ∈ E, pk = x,
and Mesh(P ′) ≤ δ. In particular,

f(x) ≤ h(p0) +

∫

P ′

g ≤ h(p0) +

∫

P

g + g(y)d(x, y).

Taking the infimum over P and comparing with M we get

(2.11) f(x) ≤ f(y) + g(y)d(x, y).

By switching the role of x and y, we find that

(2.12) |f(y)− f(x)| ≤ max(g(x), g(y))d(x, y),

whenever d(x, y) ≤ δ. Since g is continuous, it is also locally bounded. Hence,
(2.12) implies that f is locally Lipschitz.

Next, we want to show that g is an upper gradient for f . Let γ : [0, 1] → X be a
curve with constant speed and length L. Fix a partition s0 = 0 < s1 < · · · < sk = 1.
Then,

k
∑

j=1

g(γ(sj−1))L|sj − sj−1| =
k

∑

j=1

g(γ(sj−1)) length
(

γ|[sj ,sj−1]

)

≥
k

∑

j=1

g(γ(sj−1))d (γ(sj−1), γ(sj))

≥
k

∑

j=1

(f(γ(sj))− f(γ(sj−1))) (by (2.11))

= f(γ(sk))− f(γ(s0)).

Taking the limit as the mesh goes to zero, we find that

f(γ(1))− f(γ(0)) ≤

∫

γ

gds.

Running γ in reverse, substituting s with 1− s, we find by a similar argument that

|f(γ(1))− f(γ(0))| ≤

∫

γ

gds.

This shows that g is an upper gradient for f .
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Finally, assume that h is constant and less than or equal to M . Then, for y ∈ E,
we may choose the constant discrete path P = (y), and get that f(y) ≤ h(y) = h.
Conversely, for any nonconstant discrete path P = (p0, . . . , pn) with p0 ∈ E, pn = y,
and Mesh(P ) ≤ δ, we have

h(p0) +

∫

P

g ≥ h(p0) = h.

Taking the infimum over such paths, and then the minimum with M , we find that
f(y) ≥ h. Therefore, f(y) = h. �

2.4. Good sequences of functions. For sequences of discrete paths it becomes
often convenient to construct a “good sequence of functions”, which approximate
a given function.

Definition 2.16. We say that a sequence of continuous functions (gi)i∈N, gi : X →
[0,∞) is a good sequence of functions if it satisfies the following properties.

(1) Increasing: gi(x) ≤ gj(x) for each i ≤ j and all x ∈ X.
(2) Positivity: For any bounded set V ⊂ X, there exists an ηV > 0 so that

gi(x) ≥ ηV for every i ∈ N and every x ∈ V .
(3) “Goodness”: For any bounded set V ⊂ X, any δ, L > 0, and any sequence

(Pi)i∈N of discrete paths Pi ⊂ V with limi→∞ Mesh(Pi) = 0, and such that
(a)

∫

Pi
gi ≤ L and

(b) diam(Pi) ≥ δ,
there is a subsequence converging to a curve γ in the sense of (2.9).

Proposition 2.17. Let (X, d, μ) be a complete separable metric measure space,
where μ is a Borel measure that is positive and finite on r-balls with 0 < r < ∞.
Assume p ∈ [1,∞) and let g be given a lower semicontinuous function. For every
ε > 0, there exists a good sequence of bounded Lipschitz continuous functions (g̃i)i∈N

converging pointwise to a function g̃ that is a lower semicontinuous good function,
and so that for every bounded set A ⊂ X, there exists some ηA > 0 so that

(2.13) g̃(x) ≥ g(x) + ηA for all x ∈ A,

and

(2.14)

∫

X

g̃pdμ ≤

∫

X

gpdμ+ ε.

Moreover, if K ⊂ X is a compact set on which g|K is bounded, then we can choose
g̃ so that g̃|K is bounded.

Proof. Let x0 ∈ X be arbitrary, and let ε ∈ (0, 1). For simplicity, if K is provided,
scale the metric so that K ⊂ B(x0, 1). Let ψi(x) = max(0,min(i+ 1− d(x0, x), 1))
so that ψi|B(x0,i) = 1 and ψi|X\B(x0,i+1) = 0. One directly observes that ψi is
Lipschitz for every i ∈ N.

Define Ei to be an increasing sequence of compact sets so that μ(B(x0, i +
1) \ Ei) ≤ εp2−4pi. If the set K is provided as in the ‘Moreover part’ of the
statement, then we choose Ei so that K ⊂ Ei for each i. These sets Ei can
be constructed since μ is Radon. By lower semicontinuity, we may choose an
increasing sequence of Lipschitz continuous bounded functions gi converging to g.
The standard construction is to let gi(x) := inf{g(y) + id(x, y) : y ∈ X}, see
[22, Proposition 4.2.2].
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We modify these functions as follows:

(2.15) g̃i(x) := gi(x)+

i
∑

n=1

(

nmin(1, d(x,En)) +
ε

8n(μ(B(x0, n+ 1)) + 1)

)

ψn(x).

Note that g̃i is Lipschitz continuous and bounded as well.
Also, define

g̃(x) := g(x) +

∞
∑

n=1

(

nmin(1, d(x,En)) +
ε

8n(μ(B(x0, n+ 1)) + 1)

)

ψn(x).

Then, it holds that limi→∞ g̃i(x) = g̃(x) and g(x) ≤ g̃(x) for every x ∈ X. If the
set K was provided in the ‘Moreover part’ of the proposition, then for every x ∈ K,
we have d(x,En) = 0 and ψn(x) = 1, so g̃ ≤ g + ε is bounded on K.

We begin by verifying inequality (2.14). By Minkowski’s inequality,

‖g̃‖Lp(X) ≤ ‖g‖Lp(X)

+
∞
∑

n=1

‖nmin(1, d(·, En))ψn‖Lp(X)

+

∥

∥

∥

∥

ε

8n(μ(B(x0, n+ 1)) + 1)
ψn

∥

∥

∥

∥

Lp(X)

.

Note that

min(1, d(·, En))ψn ≤ 1B(x0,n+1)\En
and ψn ≤ 1B(x0,n+1).

Therefore,

‖g̃‖Lp(X) ≤ ‖g‖Lp(X) + ε

∞
∑

n=1

(n2−4n + 8−n) ≤ ‖g‖Lp(X) + ε.

Raising both sides to the power p, applying the mean value theorem to the function
x �→ xp, and using 0 < ε < 1, we get that

‖g̃‖Lp(X) ≤ ‖g‖pLp(X) + εp
(

‖g‖Lp(X) + 1
)p−1

.

Finally, replacing ε with εp−1(‖g‖Lp(X)+1)−(p−1), yields the desired estimate (2.14).

Also, let ηi := ε8−i(μ(B(x0, i + 1)) + 1)−1, then g̃i|B(x0,i) ≥ gi|B(x0,i) + ηi for
every i ∈ N. Further, we get that for any bounded set A ⊂ X there is some i so
that A ⊂ B(x0, i) and so that g̃|A ≥ g|A + ηi.

To show goodness for the sequence g̃i. Let L, δ > 0 and let A be a bounded set
and consider any sequence (Pi)i∈N ⊂ A of discrete paths Pi with limi→∞ Mesh(Pi) =
0, such that

(1)
∫

Pi
g̃i ≤ L,

(2) diam(Pi) ≥ δ.

By passing to a subsequence, we can assume Mesh(Pi) ≤ 1
i . Since Pi ⊂ A, by

(2.13), we have g̃i|Pi
≥ ηA for some ηA > 0. Let L′ = L

ηA
. Then

Len(Pi)
1

L′
=

∫

Pi

ηA
L

≤

∫

Pi

1

L
g̃i|A ≤ 1.

Thus, Len(Pi) ≤ L′. By Lemma 2.14 it suffices to prove that for every τ ∈ (0, 1)
there is a compact set Kτ for which d(Pi,Kτ ) ≤ τ for all i ∈ N. Without loss of
generality, assume τ ∈ (0, δ/2).



DENSITY OF CONTINUOUS FUNCTIONS AND CAPACITY 919

Since Pi ⊂ A for all i ∈ N and since A is bounded, there is some T so that
Pi ⊂ B(x0, T ) for all i ∈ N. Choose N = �24 max(L, 1)/τ2� + T + 1. Let Kτ =

EN ∪
⋃N

i=1 Pi. Then Kτ is compact, and it suffices to show that supp∈Pi
d(p,Kτ ) ≤

τ . This is clear for i = 1, . . . , N , thus consider i > N .
Suppose for the sake of contradiction that there is a point pik ∈ Pi for some

k = 0, . . . , n(i) with d(pik,Kτ ) > τ . Note that diam(Pi) ≥ δ > 2τ and Mesh(Pi) ≤
1/i ≤ τ/8. Consider the maximal interval [k0, k1] containing k and so that the

corresponding subpath (pil)
k1

l=k0
stays in B(pik, τ/2). In particular, for 0 ≤ k0 ≤ l ≤

k1 ≤ n(i), we have d(pil,Kτ ) ≥ τ/2. Furthermore, by maximality of the interval
[k0, k1], the path must exit the ball. Hence, pil �∈ B(pik, τ/2), for either l = k0 − 1
or l = k1 + 1, and

(2.16)

k1−1
∑

l=k0

d(pil, p
i
l+1) ≥ τ/2− 1/i ≥ τ/4.

Now, take any index l ∈ {k0, . . . , k1} and let i ≥ N . Since d(pil,Kτ ) ≥ τ/2 and
EN ⊂ Kτ , we have

d(pil, EN ) ≥ d(pil,Kτ ) ≥ τ/2.

Further, since pil ⊂ B(x0, T ) ⊂ B(x0, N) we have

N min(1, d(pil, EN ))ψN (pil) ≥ Nτ/2.

Therefore, we get g̃i(p
i
l) ≥ Nτ/2 and thus by inequality (2.16)

L ≥

n(i)−1
∑

l=0

g̃i(p
i
l)d(p

i
l, p

i
l+1) ≥ (τ/4)(Nτ/2) > L.

This is a contradiction, and thus, d(p,Kτ ) ≤ τ for each p ∈ Pi and all i ∈ N. �

Finally, we formulate a result analogous to Lemma 2.13 and Lemma 2.9, in the
case of good sequences for functions.

Lemma 2.18. Suppose that {gi}i∈N is a good sequence of functions converging to
g, and that Pi is a sequence of discrete paths converging to a curve γ, then

∫

γ

gds ≤ lim inf
i→∞

∫

Pi

gi.

Proof. By Lemma 2.13, for any l fixed, we have
∫

γ

glds ≤ lim inf
i→∞

∫

Pi

gl.

Since {gi}i∈N is an increasing sequence of functions, we get

∫

γ

glds ≤ lim inf
i→∞

∫

Pi

gi.

Sending l → ∞ yields the claim. �



920 S. ERIKSSON-BIQUE AND P. POGGI-CORRADINI

2.5. Continuous “almost” upper gradients. We will approximate an upper
gradient by continuous functions. Recall that a minimal p-weak upper gradient
gf of a function f ∈ N1,p(X) is a priori, only in Lp(X). Lemma 2.1 shows that,
by introducing a small error ε > 0, we can find a lower semicontinuous function
gε ∈ Lp(X) which is an actual upper gradient. We would like to replace gε with a
continuous function. However, the upper gradient inequality (1.1) is only preserved
if we approximate gε from above by a function h. Further, it is impossible to
approximate every Lp(X)-function from above by a continuous, let alone bounded,
function. Fortunately, lower semicontinuous functions can be approximated from
below by a sequence of continuous bounded functions. This does not preserve (1.1).
However, it will preserve being an “almost upper gradient” in the following sense.

Definition 2.19. Let V be a closed set with μ(V ) < ∞ and let C ⊂ V be a closed
subset of X. A function h is a (δ,Δ)-discrete upper gradient for f on (C, V ) if for
every discrete path P = (p0, . . . , pn) with Mesh(P ) ≤ δ, P ⊂ V , p0, pn ∈ C and
diam({p0, . . . , pn}) > Δ we have

|f(pn)− f(p0)| ≤

∫

P

h .

Here, it is necessary to localize the condition to apply only to curves with large
enough diameter, which lie within a bounded set V , and which connect points in a
closet set C. The first two of these are used to ensure compactness of the relevant
families of curves. The final one is a bit more subtle, and is related to the fact that
a Sobolev function may not be continuous, and C should be thought of as a closed
set such that f |C is continuous. In fact, the following lemma illustrates well the
role of each of these assumptions.

Lemma 2.20. Assume that C, V ⊂ X are closed bounded sets with C ⊂ V . Let
M > 0 and f : X → [0,M ] be a measurable function which is continuous on C.
Let g : X → [0,∞] be a lower semicontinuous upper gradient for f . Suppose that
η > 0 and (gi)i∈N is a good sequence of functions, which converges pointwise to a
lower semicontinuous function g̃ with g̃|V > g|V + η, as constructed in Proposition
2.17. Then, for every Δ > 0 there exists an N ∈ N so that gi is a (1/i,Δ)-discrete
upper gradient for f on (C, V ) for every i ≥ N .

Proof. Arguing by contradiction, there exists Δ > 0 and an infinite subset I ⊂ N

so that for every i ∈ I there exists a path Pi = (pi0, . . . , p
i
n(i)) with Mesh(Pi) ≤

1
i ,

diam(Pi) ≥ Δ, Pi ⊂ V , pi0, p
i
n(i) ∈ C and

(2.17) |f(pin(i))− f(pi0)| >

∫

Pi

gi .

Since |f | ≤ M , we get
∫

Pi
gi ≤ 2M for each i ∈ I. By Definition 2.16(3), there

exists an infinite subset J ⊂ I, so that (Pi)i∈J converges to a curve γ.
In particular, γ(1) is a limit of the sequence (pin(i))i∈J , and thus γ(1) ∈ C.

Similarly, γ(0) is a limit of the sequence (pi0)i∈J , hence γ(0) ∈ C. Further, γ ⊂ V ,
since V is closed, and diam(γ) ≥ Δ since diam(Pi) ≥ Δ for all i ∈ N.

By sending i ∈ J to infinity in inequality (2.17), using Lemma 2.18 and the fact
that f |C is continuous, we get

(2.18) |f(γ(1))− f(γ(0))| ≥

∫

γ

g̃ds.
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However, g̃|V > g|V +η, which contradicts the upper gradient inequality. Therefore
the claim has been proved. �

3. The case when X is complete

In this section, we will prove versions of our main theorems when X is a metric
measure space that is complete and separable. We show that:

• capacity is outer regular for sets E with Capp(E) = 0;
• different versions of the capacity are equal, namely Capp = Capcp =

Caplipp = Cap(lip,lip)p under some weak hypothesis;

• C(X) ∩N1,p(X) is dense in N1,p(X);
• every function f ∈ N1,p(X) is quasicontinuous; and
• Capp is outer regular, and thus a Choquet capacity.

In the subsections that follow, we address each one of these claims in turn.

3.1. Null capacity sets. We will employ the following lemma for capacity. A set
E is said to be p-exceptional, if Modp(ΓE) = 0, where ΓE is the collection of all
rectifiable curves γ for which γ ∩ E �= ∅.

Lemma 3.1 ([22, Proposition 7.2.8.]). Suppose that (X, d, μ) is a separable metric
measure space, then a set E ⊂ X satisfies Capp(E) = 0 if and only if E is p-
exceptional and μ(E) = 0.

Lemma 3.1 is crucial when one wants to show that capacity is outer regular. The
first step is to analyze sets with zero capacity. The proof of Proposition 3.2 follows
closely that of [22, Proposition 7.2.12]—except for the novel use of a good function.

Proposition 3.2. Suppose that (X, d, μ) is a complete separable metric measure
space and let E ⊂ X satisfy Capp(E) = 0. For any ε > 0, we have an open set O
s.t. E ⊂ O and Capp(O) < ε.

Proof. Capacity is easily seen to be subadditive and so it suffices to consider the
case when E is bounded. Thus, assume that E ⊂ B(x0, R) for some ball B(x0, R)
with x0 ∈ X,R > 0. Choose an open set V ⊂ B(x0, R) so that E ⊂ V and
μ(V \E) ≤ ε2−p−1. By Lemma 3.1, the set E is p-exceptional. Thus, Modp(ΓE) = 0
and since Γ(E,X\V ) ⊂ ΓE we have Modp(Γ(E,X\V )) = 0. Let g be an admissible
function for Γ(E,X \ V ) with

∫

X
gpdμ ≤ ε2−p−3. Lemma 2.8 provides a good

function that is lower semicontinuous and admissible for Γ(E,X \ V ), with gε ≥ g
and

∫

X
gpε dμ ≤ ε2−p−2.

Define u(x) := min(1, infγ:X\V �→x

∫

γ
gεds). By Proposition 2.10, u is lower semi-

continuous, u|E = 1, u|X\V = 0, and u has upper gradient gε. Thus, U = {u > 1
2}

will be an open set containing E and U ⊂ V . Take O = U . Then, ũ = 2u ∈ N1,p(X)
and ũ|O ≥ 1. Therefore, from ũ ≤ 2 · 1V \E we get

Capp(O) ≤

∫

X

|2u|pdμ+

∫

X

(2gε)
pdμ ≤ ε

and the claim follows. �
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3.2. Different versions of capacity. We now state and prove a version of The-
orem 1.1, when the space X is assumed to be complete, rather than merely locally
complete. We will use Theorem 3.3 later, in Section 5, to prove the more general
statement formulated in Theorem 1.1.

Theorem 3.3. Let (X, d, μ) be a complete, bounded and separable metric measure
space equipped with a Radon measure which is positive and finite on all balls. Let
E,F ⊂ X be two nonempty closed disjoint sets with d(E,F ) > 0, and let p ∈ [1,∞).
Then

Capp(E,F ) = Capcp(E,F ) = Caplipp (E,F ) = Cap(lip,lip)p (E,F ).

Corollary 3.4. Let E,F ⊂ X be two nonempty closed disjoint sets with d(E,F ) >
0, and let p ∈ [1,∞). If u ∈ N1,p(X) is nonnegative with u|E = 0, u|F = 1 and
g is an upper gradient for u in Lp(X), then there exists a sequence of functions
ui ∈ N1,p(X), which are locally Lipschitz, and which have locally Lipschitz upper
gradients hi ∈ Lp(X), with hi → g in Lp(X).

Note that hi need not be the minimal p-weak upper gradient of ui.

Proof of Corollary 3.4. The proof is the same as the one for Theorem 3.3, and is
obtained by setting hi = (ai)

−1gi at the end of the proof. �

Proof of Theorem 3.3. An infimum over a smaller set yields a larger value than an
infimum over a larger set, and thus

Capp(E,F ) ≤ Capcp(E,F ) ≤ Caplipp (E,F ) ≤ Cap(lip,lip)p (E,F ).

Therefore, it suffices to prove Cap(lip,lip)p (E,F ) ≤ Capp(E,F ). If Capp(E,F ) = ∞,
this is immediate. Thus, let us assume that Capp(E,F ) < ∞ and let ε > 0 be
arbitrary. By definition of capacity, there exists u : X → [−∞,∞] with u|E = 0
and u|F = 1 and an Lp-upper gradient g : X → [0,∞] for u with

∫

gpdμ ≤
Capp(E,F ) + ε. By replacing u with max(min(u, 1), 0) we can assume that u :
X → [0, 1]. Further, since μ(X) < ∞, we get u ∈ Lp(X) and, moreover, that
u ∈ N1,p(X).

We have
∫

γ
g ds ≥ 1 for each rectifiable γ connecting E to F . By Proposition

2.17, there exists a gε ∈ Lp(X) which is lower semicontinuous with gε > g and
∫

X
gpdμ ≤

∫

X
gpdμ+ ε, and a good sequence of bounded and Lipschitz continuous

nonnegative functions {gi}i∈N that satisfy gi ↗ gε and gi ≥ 0. Let
(3.1)

ui(x) := min

(

inf

{
∫

P

gi : P = (p0, . . . , pn), p0 ∈ E, pn = x,Mesh(P ) ≤ i−1

}

, 1

)

.

Note that ui : X → [0, 1], since we are taking a minimum with 1. Further, u|E = 0
since for x ∈ E we can use a constant path P = (p0). By Proposition 2.15, the
function gi is an upper gradient for ui.

We show first that the function ui is Mi-Lipschitz with Mi =
max{i, supx∈X gi(x)}. Note that Mi < ∞ since gi is bounded. To see the Lip-
schitz property, observe that if x, y ∈ X and d(x, y) ≥ 1

i , then since 0 ≤ ui ≤ 1,

|ui(x)− ui(y)| ≤ 1 ≤ Mid(x, y).
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On the other hand, if x, y ∈ X and d(x, y) < 1
i , then any discrete path P =

(p0, . . . , pn) with p0 ∈ E, pn = x,Mesh(P ) ≤ i−1, can be expanded to P ′ =
(p0, . . . , pn, y) with Mesh(P ′) ≤ i−1. It may be that P ′ is not simple, as we re-
quire for paths. This occurs only if for some i ∈ [0, n] we have pi = y, and then we
truncate P ′ at such index.

This gives ui(y) ≤
∫

P ′ gi ≤
∫

P
gi + d(x, y)gi(x). Infimizing over P yields ui(y) ≤

ui(x)+Mid(x, y). By symmetry, we get |u(x)−u(y)| ≤ Mid(x, y), which completes
the proof of the Lipschitz bound.

Let ai = infx∈F ui(x). We show next that limi→∞ ai = 1. Since gi ≤ gj is an
increasing sequence of functions, the limit limi→∞ ai exists. We obtain our claim
via contradiction: Suppose that limi→∞ ai < 1. Then there would exist some δ > 0
so that ai < 1− δ for every i ∈ N.

By definition, for every i, there exists a discrete path P i = (pi0, . . . , p
i
n) with

∫

Pi
gi < 1−δ and with pi0 ∈ E, pin ∈ F and Mesh(Pi) < i−1. By the final condition,

diam(P i) ≥ d(E,F ) for each i.
Since gi is a good sequence of functions, and since X is bounded, there exists a

subsequence ik so that Pik → γ for some curve γ : [0, 1] → X. Since E and F are
closed, we conclude that γ(0) ∈ E, γ(1) ∈ F . By Lemma 2.13, we have, for each
i ∈ N,

∫

γ

gi ds ≤ lim inf
k→∞

∫

Pik

gi < 1− δ.

Sending i → ∞, and with monotone convergence, we get
∫

γ
gε ds < 1− δ, which is

a contradiction to the fact that
∫

γ
gε ds ≥

∫

γ
g ds ≥ 1. Thus, our initial assumption

was false, and limi→∞ ai = 1.
Choose now i so large that

∫

X
gpε dμ

api
≤

∫

X

gpdμ+ 2ε.

Then ũi = min(ui

ai
, 1) is a Lipschitz function with the upper gradient (ai)

−1gi.

Further, ũi|E = 0, ũi|F = 1, and
∫

X

((ai)
−1gi)

pdμ ≤

∫

X

gpdμ+ 2ε.

Thus, Caplipp (E,F ) ≤ Capp(E,F )+2ε, and the claim follows since ε > 0 is arbitrary.
�

The proof of the statement shows in fact slightly more. For future reference, we
state this as a theorem.

Theorem 3.5. Let (X, d, μ) be complete separable metric measure space with
μ(X) < ∞. Let E,F ⊂ X be two nonempty closed disjoint sets with d(E,F ) > 0,
and let p ∈ [1,∞). Then, for any ε > 0, and for any “admissible” function
g ∈ Lp(X), i.e., so that

∫

γ
g ds ≥ 1 for every γ ∈ Γ(E,F ), there exists a lo-

cally Lipschitz function gε that is also admissible, meaning that
∫

γ
gε ds ≥ 1 for

every γ ∈ Γ(E,F ), and such that ‖g − gε‖Lp(X) ≤ ε.
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3.3. Continuous functions are dense in Sobolev spaces. Next, we prove the
density of continuous functions in Newton–Sobolev spaces, in the case when the
space X is complete. Later, in Section 4, we will use Theorem 3.6 to extend the
result to the case when X is locally complete, which will thus give a proof for
Theorem 1.1.

Theorem 3.6. Let (X, d, μ) be complete and separable metric measure space. Then
C(X) ∩N1,p(X) is dense (in norm) in N1,p(X) for p ∈ [1,∞).

Given a function f ∈ N1,p(X) and ε > 0, we want to find a continuous Newton–

Sobolev function f̃ on X such that ‖f − f̃‖N1,p(X) ≤ ε. The idea of the proof is
to consider an appropriately large compact set K ⊂ X (see equation (3.2)), where

f |K is continuous, and then to find an extension f̃ which is continuous everywhere,
and which has controlled minimal p-weak upper gradient gf̃ . That is, our proof will
be based on the following extension result of Whitney type.

Proposition 3.7. Let (X, d, μ) be complete and separable metric measure space.
Let f ∈ N1,p(X) and let g∗ ∈ Lp(X) be an upper gradient. Suppose that
f |X\B(x0,R) = 0 for some x0 ∈ X, and R > 0. Suppose there is a compact set
K ⊂ B(x0, R) with f |K continuous and g∗|K bounded.

Then, for every ε > 0, there exists a function f̃ with:

(1) supx∈X |f̃(x)| ≤ supx∈K |f(x)|;

(2) f̃ |K = f |K and f̃ |X\B(x0,R) = f |X\B(x0,R) = 0;

(3) f̃ ∈ N1,p(X) ∩ C(X); and
(4)

∫

X\K
gp
f̃
dμ ≤

∫

X\K
gp∗ dμ+ ε.

We delay the proof of this extension result, briefly, in order to show how the
density result follows from it.

Proof of Theorem 3.6. First, recall that by Lemma 2.4 the space of bounded
Newton–Sobolev functions with bounded support N1,p

b (X) is dense in N1,p(X).

Next, we show that C(X) ∩ N1,p
b (X) is dense in N1,p

b (X). If f ∈ N1,p
b (X), then

there is a constant M < ∞ such that |f | ≤ M everywhere in X and there is a
ball B(x0, R) so that f |X\B(x0,R) = 0. Let g ∈ Lp(X) be any upper gradient of f .
Since f = 0 in X \B(x0, R), we can assume by modifying g∗ that g∗|X\B(x0,R) = 0.
Indeed, this modification leaves (1.1) invariant.

Let ε > 0 be fixed, by using Lusin’s theorem and the absolute continuity of
integrals, choose a compact set K ⊂ B(x0, R) so that f |K is continuous, g∗|K is
bounded and so that

(3.2)

∫

X\K

2p+3gp dμ+ μ(B(x0, R) \K)2p+1Mp ≤ ε.

This is possible, since μ is Radon, g∗ ∈ Lp(X), and g∗ = 0 in X \B(x0, R).

By Proposition 3.7 there exists a function f̃ ∈ N1,p(X)∩C(X) with f̃ |K = f |K
and

∫

X\K

gp
f̃
dμ ≤

∫

X\K

gp∗ dμ+ ε2−p−3 ≤ ε2−p−2,

where the last inequality follows by (3.2). Furthermore, f̃ |X\B(x0,R) = 0 and |f̃ | ≤
M everywhere.
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Since (f − f̃)|K∪(X\B(x0,R)) = 0, by Lemma 2.2 and subadditivity of minimal
p-weak upper gradients, we have that gf−f̃ ≤ (gf̃ + g∗)1B(x0,R)\K . Similarly,

|f − f̃ | ≤ 2M1B(x0,R). Thus,
∫

X
gp
f−f̃

dμ ≤ ε/2. Also, we have
∫

X
|f − f̃ |p dμ ≤

(2M)pμ(B(x0, R) \K). Therefore,

‖f − f̃‖pN1,p(X) ≤

∫

X

|f − f̃ |p dμ+

∫

X

gp
f−f̃

dμ ≤ ε.

�

Proof of Proposition 3.7. This proof will take some detours and require some aux-
iliary results. The function f̃ is defined in equation (3.9). However, this definition
depends on some technical choices, which are explained first. The crucial prop-
erties ensured by these choices are codified as lemmas. Once the function f̃ has
been properly defined, we verify, one-by-one, the properties of the proposition. The
proof ends at the end of this subsection by verifying the fourth property in the
statement.

Fix a function f ∈ N1,p(X) and an arbitrary ε > 0. By assumption,

(3.3) there is x0 ∈ X and 1 ≤ R < ∞, so that f |X\B(x0,R) = 0.

Since K is compact and f is uniformly continuous on K,

(3.4) M := sup
x∈K

|f(x)| < ∞.

If X \B(x0, R) �= ∅, assume, by scaling the metric d, that

(3.5) d(K,X \B(x0, R)) ≥ 1.

Let g∗ ∈ Lp(X) be the given upper gradient for f , which is assumed to be
bounded on K. Thus, there is a constant S < ∞ so that | supx∈K g∗(x)| = S. The

result will be proven by constructing a function f̃ ∈ N1,p(X) ∩ C(X) so that the
properties in Proposition 3.7 hold.

We construct f̃ together with an upper gradient g ∈ Lp(X) for it. Our choice
of upper gradient g is given in Lemma 3.8. Let ε > 0 and let g∗,ε be a lower
semicontinuous upper gradient for f with

∫

X
gp∗,εdμ ≤

∫

X
gp∗dμ+ε2−5, as guaranteed

by Lemma 2.1. By replacing g∗,ε with min(g∗,ε, S1K + ∞1X\K), we can assume
that g∗,ε|K is bounded by | supx∈K g∗,ε(x)| = S. Then, Proposition 2.17 applied to
the function g∗,ε gives the following lemma.

Lemma 3.8. With g∗ and g∗,ε as defined above, there is a lower semicontinuous
good function g : X → [0,∞] so that g|K is bounded, that admits a good sequence
{gi}i∈N of bounded Lipschitz continuous functions so that gi ↗ g pointwise on X,
and such that

∫

X

gpdμ ≤

∫

X

gp∗,εdμ+ ε2−5 ≤

∫

X

gp∗dμ+ ε2−4.

Moreover, for every bounded set V ⊂ X there exists an η > 0 such that g|V >
g∗,ε + η.

We now introduce several auxiliary functions that require some motivation. By
passing from g∗ to the functions gi, we have gained continuity but at the price of
losing the property that gi is an upper gradient for f . This loss forces us to make
further choices, whose role we now briefly describe.
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P

Q

S

U

T

R

K

Figure 1. The figure shows six different admissible paths starting
at various points in C represented by white circles and ending at
the points P,Q,R, S, T and U . The set C is the lighter gray annu-
lus together with the compact setK, represented by the two darker
gray islands in the center. Squares indicate the points along the
paths and dashed segments the jumps that we imagine occurring
in between.
- The points P and Q show how a path can either start in K or in
the annular region.
- The point R shows that a path contained in C can have zero
length.
- The path ending at S shows that one can jump between points
in K, but must stop there.
- Similarly, the path ending at U makes one jump from C \K to
K.
- Finally, the path ending at T depicts how a path that at some
point leaves K can never return, but can get very close.
The first unrestricted jump of each path is bolded, and note that
all the paths must be contained in the bounded set V which is a
ball containing the full figure.
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The construction of a good sequence of functions guarantees that gi, for large
i, is a discrete upper gradient in the sense of Definition 2.19. The discrete upper
gradient property only holds for the closed sets C and V , which we choose as follows.
First,

(3.6) V := B(x0, 2R).

Note that V is the closure of the ball, and not the closed ball - although this makes
little difference for the proof. Second,

(3.7) C := K ∪ (B(x0, 2R) \B(x0, R)).

Note that f |C is continuous, and V is bounded, so the set V localizes the argument.

In the definition of C we adjoin the annulus B(x0, 2R) \ B(x0, R) to ensure later
that our approximation will vanish outside of B(x0, R), see Figure 1.

The discrete upper gradient property includes two parameters (δ,Δ), where the
first controls the mesh size and the second the diameter of discrete paths. As we
decrease Δ, we need to pass further into the sequence gi and decrease the mesh
size δ. Due to this, we cannot construct an approximation using a single function
gi or a single mesh size δ. Consequently, as we approach the set K, we will force
the mesh size to decrease, and the index i to increase. This leads to a definition
of auxiliary functions D(x) and G(x), where D stands for the size of gaps, and

G will be a candidate gradient for the constructed function f̃ . The idea of using
different functions and meshes, which are fixed at dyadic length scales, comes from
a Whitney-type extension argument.

Finally, to force the property that f |C = f̃ |C , we need to control the behaviour
off of K, and this involves the modulus of continuity ω of f |K . The modulus of
continuity is used to define a “penalty” term P, which eventually will depend on
the distance to K. The use of the penalty term is a bit similar to how one extends
a uniformly continuous function off a subset to a uniformly continuous function on
the entire space; see for example [27].

The value of the approximation at a point x ∈ X will be ultimately obtained
by infimizing over discrete paths connecting x to the closed set C, which have
mesh size controlled by D(x) - these will be called (x,D)-admissible paths. The
minimized function sums G over such a path together with a penalty term and a
term from f . The reader may now wish to glance at equation (3.9) to see how the
three functions P,D, G are used. It may also be helpful to compare this to (3.1),
or to the approximation and discussion found in [16] - where also a more detailed
historical comparison is contained.

Denote by ω : (0,∞) → R the modulus of continuity for f |K , that is

(3.8) ω(δ) = sup{|f(x)− f(y)| : d(x, y) ≤ δ, x, y ∈ K}.

Lemma 3.9. With C, V , and K, as defined in (3.7), (3.6), and, (3.2), if gi is a
sequence of good functions converging to g, as constructed in Lemma 3.8, and ω is
the modulus of continuity of f |K , as defined in (3.8), then there exist an increasing
sequence in ∈ N, a gap function D : X → [0,∞), a candidate upper gradient
G : X → [0,∞], and a penalty function P : [0,∞) → [0,∞), with the following
properties given n ∈ N.

(1) gin is an (i−1
n , 2−n)-discrete upper gradient for f on (C, V ).

(2) The gap function D satisfies:
(a) D(x) ≤ d(x,K)/4 for every x ∈ X;
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(b) 0 < D(x) < i−1
3 for each x ∈ X \K; and

(c) D(x) = min(1/in+2, 2
−n−3) if 2−n−1 ≤ d(x,K) < 2−n for n ≥ 1.

(3) The candidate upper gradient satisfies:
(a) G(x) ≥ gi3(x) for all x;
(b) for n > 3, G(x) ≥ gin if d(x,K) ≤ 2−n;
(c) for n ≥ 3, G(x) ≤ gin if d(x,K) ≥ 2−n−1; and
(d) G|K = g|K .

(4) The penalty function satisfies:
(a) P(r) ≥ 2M if r ≥ i−1

3 ;
(b) limr→0 P(r) = 0, but P(r) ≥ ω(r) + ω(21−n) for i−1

n+1 ≤ r < i−1
n and

n ≥ 3; and
(c) P(r) ≥ ω(r) for all r > 0.

Proof. By Lemma 2.20, there is an increasing sequence in, for n ∈ N, so that gin is
an (i−1

n , 2−n)-discrete upper gradient for f on (C, V ). Define D as a step function
depending on dyadic length scales determined by the distance to K:

D(x) :=

⎧

⎪

⎨

⎪

⎩

min(1/i3, 1/8) d(x,K) ≥ 2−1,

min(1/in+2, 2
−n−3) 2−n−1 ≤ d(x,K) < 2−n, n ≥ 1,

0 x ∈ K.

Similarly, define the candidate upper gradient piecewise using the good functions
gi and their limit g.

G(x) :=

⎧

⎪

⎨

⎪

⎩

gi3(x) d(x,K) ≥ 2−3,

gin(x) 2−n−1 ≤ d(x,K) < 2−n, n ≥ 3,

g(x) x ∈ K.

Finally, we define a penalty function depending on the modulus of continuity of f
on K.

P(r) :=

⎧

⎪

⎨

⎪

⎩

2M 1
i3

≤ r,

ω(21−n) + ω(r) 1
i1+n

≤ r < 1
in
, n ≥ 3,

0 r = 0.

Notice that we have limr→0P(r) = 0. The properties of P are direct to verify, once
one notices that 2M ≥ ω(r) for all r > 0.

We let the reader verify that these definitions imply the properties stated above.
�

Next, we describe the admissible discrete paths used in the extension.

Definition 3.10. With V and C defined as in (3.6) and (3.7), a discrete path P =
(p0, . . . pn) is called (x,D)-admissible if p0 ∈ C, pn = x, and d(pk, pk+1) ≤ D(pk)
for each k = 1, . . . , n− 1 and p1, . . . , pn ∈ V .

In other words, the length of the first step d(p0, p1) can be arbitrary, but after
this “first jump”, the following steps are controlled by the function D. This ensures
that there is always at least one (x,D)-admissible path for every x ∈ V , namely
P = (p0, x) for any p0 ∈ C (or P = (p0) if x = p0 ∈ C. This fact will be used to
guarantee an upper-bound for the extension.

Note that Lemma 3.9 guarantees D(x) ≤ d(x,K)/4 for all x ∈ X. This implies
the following useful lemma.
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Lemma 3.11. With K as defined in (3.2), let D(x) ≥ 0 be a function such that
D(x) ≤ d(x,K)/4 for all x ∈ X. If P = (p0, p1, . . . , pn) is (x,D)-admissible and
p1 �∈ K, then pl �∈ K for any l ≥ 1. Alternatively, if n ≥ 1 and p1 ∈ K, then
P = (p0, p1).

Proof. If p1 ∈ K, since D ≡ 0 on K, d(pl+1, pl) = 0 for l ≥ 1, so the path P will
stay at p1. Else, if p1 �∈ K, then d(pl+1, pl) ≤ D(pl) < d(pl,K)/2 for l ≥ 1, hence
pl �∈ K for l ≥ 1. �

Definition 3.12. With the functions P, G,D from Lemma 3.9 and K,C, V ⊂ X,
as defined in (3.2), (3.7), (3.6), and M,R ∈ (0,∞), x0 ∈ X defined in (3.4) and
(3.3), with d(K,X \B(x0, R)) ≥ 1, as in (3.5). We set the extension of f as follows:
For x ∈ V ,

(3.9) f̃(x) := min

(

M, inf
P=(p0,...,pn=x)

Φ(P )

)

,

where the infimum is taken over all (x,D)-admissible paths P and Φ(P ) is defined
as follows.

(3.10) Φ(P ) := P(d(p0, p1)) + f(p0) +

n−1
∑

k=0

G(pk)d(pk, pk+1),

when n ≥ 0. When n = 0, we define Φ(P ) := f(p0). Finally, for x �∈ V , set

f̃(x) = 0.

Examples of admissible paths are depicted in Figure 1. We now show that f̃
satisfies properties (1)–(4) in the statement of Proposition 3.7.

Property 1.

sup
x∈X

|f̃(x)| ≤ sup
x∈K

|f(x)|.(3.11)

Recall that M = supx∈K |f(x)|. We want to show that f̃ : X → [−M,M ]. First,

from Definition 3.12, it follows that f̃(x) ≤ M for each x ∈ X. On the other hand,
since G ≥ 0 and P ≥ 0, Φ(P ) ≥ f(p0) for every path P = (p0, . . . , pn). Thus,

infP Φ(P ) ≥ infx∈C f(x) = infx∈K f(x) ≥ −M , and f̃(x) ≥ −M for x ∈ V . For

x �∈ V we have f̃(x) = 0, and the claim follows.

Property 2.

f̃ |K = f |K and f̃ |X\B(x0,R) = f |X\B(x0,R) = 0.(3.12)

Take an arbitrary x ∈ K ∪ (X \ B(x0, R)) = C ∪ (X \ V ), where C, V , and K are

defined in (3.2), (3.6), and (3.7). We will show that f̃(x) = f(x). If x ∈ X \ V ,

then, by definition, f̃(x) = 0 = f(x). Thus, we can assume that x ∈ C. The

path P = (x) is (x,D)-admissible and so we have f̃(x) ≤ Φ(P ) = f(x). We want
to prove the opposite inequality, and for that we will separate the two cases when
x ∈ K and when x ∈ C \K.

• First, consider the case x ∈ K. It suffices to prove Φ(P ) ≥ f(x) for every
(x,D)-admissible path P . This is clear if P = (x), and thus we can assume that
P = (p0, . . . , pn = x) with n ≥ 1. If p1 �∈ K, then p1 �= x and Lemma 3.11 shows
that the path will never reach x. Therefore, p1 must be in K. Then, Lemma 3.11
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again shows that p1 = x and n = 1, so P = (p0, p1 = x). In other words, we are
reduced to considering a path with only one jump. There are two possibilities:
– If p0 is in the annulus C \K, the path P is illustrated by the path ending at

the point U in Figure 1. Then, since p0 �∈ B(x0, R), the normalization (3.5)
implies that d(p0, x) ≥ 1. By property (4)(a) of Lemma 3.9, the penalty on
the first jump satisfies P(d(p0, p1)) ≥ 2M . Therefore, from the definition of
Φ(P ) in (3.10), we get that Φ(P ) ≥ P(d(p0, p1)) ≥ 2M ≥ f(x).

– If, on the other hand, p0 ∈ K, then the path P is illustrated by the path
ending at the point S in Figure 1. In this case, we estimate using the modulus
of continuity:

P(d(p0, p1)) ≥ ω(d(p0, p1)) (property (4)(c) of Lemma 3.9)

≥ |f(p1)− f(p0)| (by (3.8)).

Thus, from (3.10), we get Φ(P ) ≥ f(p0) +P(d(p0, p1)) ≥ f(x).
• Now, consider the case that x ∈ C \ K, and P = (p0, . . . , pn) is any (x,D)-

admissible path. We need to show that Φ(P ) ≥ f(x) = 0 for every such path. Recall
that (x,D)-admissible paths start in C and end at x. If p0 �∈ K, then f(p0) = 0,
and, from (3.10), we get Φ(P ) ≥ f(p0) = 0. Thus, we are left to consider the
case when p0 ∈ K and x ∈ C \K. Let in be the sequence constructed in Lemma
3.9. If the first jump satisfies d(p0, p1) ≥ i−1

1 > i−1
3 , then by Lemma 3.9(4)(a),

P(d(p0, p1)) ≥ 2M and f(p0)+P(d(p0, p1)) ≥ 0 = f(x). Therefore, we can assume
that d(p0, p1) ≤ i−1

1 . By property (2)(b) of Lemma 3.9, we have D(pk) ≤ i−1
1 , for

k ≥ 1. Thus, d(pk, pk+1) ≤ D(pk) ≤ i−1
1 for all k ≥ 1. In particular, Mesh(P ) ≤ i−1

1 .
Since x ∈ C \ K, the normalization (3.5) implies that d(x,K) ≥ 1 and therefore
diam(P ) ≥ 1. Finally, by property (3)(a) of Lemma 3.9, we have that G ≥ gi1 .
Recall that gi1 is a discrete (i−1

1 , 2−1)-upper gradient for f with respect to (C, V ).
By Definition 2.19 and Definition 3.10, since Mesh(P ) ≤ i−1

1 , p0, pn ∈ C, P ⊂ V ,
and diam(P ) ≥ 1, we get

n−1
∑

k=0

gi1(pk)d(pk, pk+1) =

∫

P

gi1 ≥ |f(pn)− f(p0)|.

In particular, Φ(P ) ≥ f(p0) +
∑n−1

k=1 G(pk)d(pk, pk+1) ≥ f(pn) = 0.

Finally, the inequality f̃(x) ≥ f(x) follows by infimizing over discrete paths P .

Property 3.

f̃ ∈ N1,p(X) ∩ C(X).(3.13)

To prove f̃ ∈ N1,p(X) ∩ C(X), we proceed in a few stages. First, we show local
Lipschitz continuity and an upper gradient property in the complement of K.

Lemma 3.13. The function f̃ is locally Lipschitz in X \K with upper gradient the
function g restricted to X \K, where g is defined as in Lemma 3.8.

Proof. Recall that D(x) > 0 for x ∈ X \ K, by Lemma 3.9, property (2)(b). If
x, y ∈ X \K and if d(x, y) ≤ min{D(x), D(y)}, then we claim that

(3.14) |f̃(x)− f̃(y)| ≤ max{G(x), G(y)}d(x, y).
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Suppose for the moment that this is true. Then, we can show that g is an up-
per gradient for f̃ in X \ K. Indeed, let x ∈ X \ K and fix n ≥ 1 so that
2−n ≤ d(x,K). Again, let in be the sequence constructed in Lemma 3.9. Take
any r < min(2−n−3, 1/in+2)/2. Then, for every y ∈ B(x, r) we have d(y,K) >
2−n−1 and, by Lemma 3.9, properties (2)(c) and (3)(c), we have D(y) ≥ 2r and
G(y) ≤ gin(y) ≤ C(in), where C(il) is the supremum of the bounded function

gil for l ∈ N. Thus inequality (3.14) implies that f̃ |B(x,r) is C(in)-Lipschitz.
Using this local Lipschitz property and compactness, if γ : [0, 1] → X \ K is

any rectifiable curve then f̃ ◦ γ is Lipschitz, and d(γ,K) > 2−n−1 for some n.
Therefore, by Lemma 3.9, property (3)(c) again, we have G ◦ γ ≤ gin ◦ γ and

that |f̃(γ(t))− f̃(γ(s))| ≤ max{gin(γ(t)), gin(γ(t))}d(γ(s), γ(t)) for any s, t ∈ [0, 1]
with d(γ(s), γ(t)) ≤ min{D(γ(s)), D(γ(t))}. Following similar arguments as in
[32, Lemma 4.7], this together with the continuity of gin and Lemma 3.9, property
(2)(c) yields

|f̃(γ(0))− f̃(γ(1))| ≤

∫ 1

0

|(f̃ ◦ γ)′|dt ≤

∫

γ

gin ds.

Since gin ≤ g, then g is an upper gradient for f̃ in X \K.
Next, we prove inequality (3.14). Fix x, y ∈ X \ K with d(x, y) ≤

min{D(x), D(y)}. By property (2)(b) of Lemma 3.9 we have min{D(x), D(y)} ≤ 1.
Recall that, by (3.5), R > 1. If x or y is in X \ B(x0, 2R), then d(x, y) ≤ 1 and

both x, y �∈ B(x0, R). Thus, by Property 2, f̃(x) = f̃(y) = 0 and inequality (3.14)
is immediate.

We are left to consider the case when x, y ∈ B(x0, 2R) and equation (3.9) gives

the values of the function f̃ at x and y. By symmetry, it suffices to show that
f̃(x) ≤ f̃(y) + G(y)d(x, y). If f̃(y) = M , the claim follows by the definition of

f̃ . Otherwise, we have f̃(y) = infP Φ(P ), where P = (p0, . . . , pn) runs through
all (y,D)-admissible paths. Let P be any (y,D) admissible path. If x ∈ P , then

by truncating P , we obtain an (x,D) admissible subpath, and f̃(x) ≤ Φ(P ) by
definition. If x �∈ P , the augmented path P ′ = (p0, . . . , pn, x) is (x,D) admissible,
since d(pn, x) = d(y, x) ≤ min{D(x), D(y)} ≤ D(pn). Thus,

f̃(x) ≤ Φ(P ′) = P(d(p0, p1)) + f(p0) +

n−1
∑

k=0

G(pk)d(pk, pk+1) +G(y)d(x, y)

= Φ(P ) +G(y)d(x, y).

Infimizing over all discrete (y,D)-admissible paths P now yields f̃(x) ≤ ˜f(y) +
G(y)d(x, y), and thus the claim. �

Next, we prove continuity of f̃ on all of X.

Lemma 3.14. The function f̃ : X −→ R is continuous.

Proof. By Lemma 3.13, the function f̃ |X\K is continuous. Also, f̃ |K = f |K is con-
tinuous by assumption. Recall thatK is closed. Thus to prove the lemma, it suffices
to prove sequential continuity at points of ∂K, with the sequence approaching from
X \ K. Fix x ∈ ∂K and a sequence xi → x with xi �∈ K for each i ∈ N. Since
∂K ⊂ B(x0, R), we may assume that xi ∈ B(x0, R) for all i by passing to the tail
of the sequence. Since the first jump is free, for every i ∈ N, the path P = (x, xi)
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is an (xi,D)-admissible path. Thus, by property (3)(d) of Lemma 3.9, we have

f̃(xi) ≤ f(x) +P(d(x, xi)) + g(x)d(x, xi).

By property (4)(b) of Lemma 3.9 and the fact that g|K is bounded by Lemma 3.8,

we have lim supi→∞ f̃(xi) ≤ f(x). So, it suffices to show that lim infi→∞ f̃(xi) ≥
f(x). Indeed, by passing to a subsequence, it suffices to assume that the limit

limi→∞ f̃(xi) exists and then to show that

(3.15) lim
i→∞

f̃(xi) ≥ f(x).

In the following, we will analyze several subcases depending on the values of f̃
and the constructed paths. Eliminating each subcase will reduce the problem to a
simpler situation. In the following, WLOG is short for “Without loss of generality”.

Reduction 1 (WLOG f̃(xi) < M for infinitely many i). If for all but finitely many

i we have f̃(xi) = M , the claim (3.15) follows from the definition of M .

Thus, we may pass to a subsequence, where f̃(xi) < M for every i ∈ N. By

definition of f̃ in (3.9), we may find discrete paths Pi = (pi0, . . . , p
i
n(i)) which are

(xi,D)-admissible and for which
(3.16)

lim
i→∞

f̃(xi) = lim
i→∞

Φ(Pi) = lim
i→∞

⎧

⎨

⎩

P(d(pi0, p
i
1)) + f(pi0) +

n(i)−1
∑

k=0

G(pik)d(p
i
k, p

i
k+1)

⎫

⎬

⎭

,

and Φ(Pi) < M . Note that n(i) > 0, because xi ∈ B(x0, R) \K, and hence is not
in C.

Reduction 2 (WLOG the points pi0 do not converge to x). If limi→∞ pi0 = x, then
we get that limi→∞ Φ(Pi) ≥ limi→∞ f(pi0) = f(x), as desired, because pi0 and x are
in C and f |C is continuous.

Thus, by passing to some subsequence we are left to consider the case that
limi→∞ d(pi0, x) = Δ for some Δ > 0. By further passing to a subsequence we
can ensure Δ/2 ≤ d(pi0, x) ≤ 2Δ, so that diam(Pi) ≥ Δ/2 for each i ∈ N. By pass-
ing to another subsequence, since limi→∞ pin(i) = limi→∞ xi = x, we can assume

that

(3.17) d(pin(i), x) ≤ min{Δ/2, i−1
3 } ≤ diam(Pi) for all i ∈ N.

This allows us to compare the values of f(x) and f(pi0) by considering the augmented
discrete path P ′

i = (pi0, . . . , p
i
n(i), x).

At this point we may picture the path Pi as the path corresponding to the point
T in Figure 1. The path P ′

i is obtained by augmenting Pi with a jump to x. Hence,
P ′
i is no longer admissible.

Reduction 3 (WLOG the first jump d(pi0, p
i
1) is less than i−1

3 ). If not, by Lemma
3.9(4)(a), P(d(pi0, p

i
1)) ≥ 2M . However, this contradicts the fact that Φ(Pi) < M .

Therefore, we must thus have d(pi0, p
i
1) ≤

1
i3

for all i ∈ N.

Recall that Lemma 3.9(2)(a)–(b) gives D(x) ≤ i−1
3 , for all x ∈ X. Thus, since

Pi is (xi,D)-admissible, and d(pin(i), x) ≤ i−1
3 , we get Mesh(P ′

i ) ≤ i−1
3 .
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Reduction 4 (WLOG eventually the diameter diam(P ′
i ) is less than 2−3). If

diam(P ′
i ) ≥ 2−3, for infinitely many i ∈ N, we may pass to a subsequence where

this property holds. Then, since gi3 is (1/i3, 2
−3)-discretely admissible for f with

respect to (C, V ), we can apply the admissibility condition to the path P ′ and we
get

|f(x)− f(pi0)|

≤ gi3(p
i
n(i))d(p

i
n(i), x) +

n(i)−1
∑

k=0

gi3(p
i
k)d(p

i
k, p

i
k+1)

≤ gi3(p
i
n(i))d(p

i
n(i), x) +

n(i)−1
∑

k=0

G(pik)d(p
i
k, p

i
k+1) (by Lemma 3.9(3)(a)).

(3.18)

Thus,

Φ(Pi) = P(d(pi0, p
i
1))+f(pi0)+

n(i)−1
∑

k=0

G(pik)d(p
i
k, p

i
k+1) ≥ f(x)−gi3(p

i
n(i))d(p

i
n(i), x),

and by sending i → ∞ along such a subsequence and noting that gi3 is contin-
uous and bounded, we get that limi→∞ Φ(Pi) ≥ f(x). Therefore, in this case,

limi→∞ f̃(xi) ≥ f(x) using equation (3.16).
Thus, by the last reduction and by (3.17), we can assume that

Δ

2
≤ diam(P ′

i ) ≤ 2−3.

In particular, if we let L ∈ Z be such that 2−L ≤ Δ < 21−L, then L ≥ 3.
Since pin(i) is converging to x, by passing to the tail, we can assume d(pin(i), x) ≤

min{Δ/2, i−1
L+1}.

Let li ∈ N be such that 3 ≤ li ≤ L and 2−li−1 ≤ diam(P ′
i ) ≤ 2−li . By the

pigeonhole principle, we can pass to a subsequence with li = l for all i ∈ N. Given
l ∈ N, which controls the size of the diameter, we now want to control the mesh
size of the path P ′

i .

Reduction 5 (WLOG for all but finitely many indices i, we have d(pi0, p
i
1) ≤ i−1

l+1).

Here in is the bound for the mesh size defined in Lemma 3.9. If not, then d(pi0, p
i
1) ≥

i−1
l+1 for infinitely many i ∈ N. For such indices i, we have P(d(pi0, p

i
1)) ≥ ω(21−l)

by property (4)(b) of Lemma 3.9. Thus,

Φ(Pi) ≥ P(d(pi0, p
i
1)) + f(pi0)

≥ ω(21−l) + f(pi0)

≥ ω(diam(P ′
i )) + f(pi0) (since 21−l ≥ diam(P ′

i ))

≥ ω(d(x, pi0)) + f(pi0) (since x, pi0 ∈ P ′
i )

≥ f(x).

Letting i → ∞ along the given subsequence gives the claim. Therefore, we can
assume by passing to the tail that d(pi0, p

i
1) ≤ i−1

l+1 for all i ∈ N.
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End of proof of Lemma 3.14. By the reductions described above, after passing to
a subsequence,

(3.19) d(pi0, p
i
1) ≤ i−1

l+1 and d(pin(i), x) ≤ i−1
L+1 ≤ i−1

l+1.

For k = 1, . . . , n(i) − 1, we have d(pik,K) ≤ diam(P ′
i ) ≤ 2−l. Since Pi is (x,D)-

admissible, by property (2)(c) of Lemma 3.9,

(3.20) d(pik, p
i
k+1) ≤ D(pik) ≤

1

il+1
.

Combining (3.19) and (3.20), we get Mesh(P ′
i ) ≤ 1/il+1 and diam(P ′

i ) ≥ 2−l−1.
Finally, since gil+1

is (i−1
l+1, 2

−l−1)-discretely admissible for f for (C, V ) we get
inequality (3.18) with il+1 replacing i3.

Therefore,

Φ(Pi) = P(d(pi0, p
i
1))+f(pi0)+

n(i)−1
∑

k=0

G(pik)d(p
i
k, p

i
k+1) ≥ f(x)−gil+1

(pin(i))d(p
i
n(i), x),

and the claim follows from equation (3.16) by sending i → ∞ and noting that gil+1

is continuous. �

Next, we quickly get the Sobolev property.

Lemma 3.15. The function f̃ ∈ N1,p(X) and g is its upper gradient.

Proof. Recall that f ∈ N1,p(X), g is an upper gradient for f , f |K = f̃ |K by

Property 2, f̃ ∈ C(X) by Lemma 3.14, and g is an upper gradient for f̃ in X \K

by Lemma 3.13. Thus, Proposition 2.3 applied to f, g, f̃ and K shows that g is an
upper gradient for f̃ and that consequently f̃ ∈ N1,p(X). �

This establishes Property 3.

Property 4.
∫

X\K

gp
f̃
dμ ≤

∫

X\K

gp∗ dμ+ ε.(3.21)

By Lemma 3.15, f̃ ∈ N1,p(X) with upper gradient g. Recall that gf̃ is the minimal
p-weak upper gradient and is smaller than any other upper gradient, i.e., gf̃ ≤ g

(a.e.). By construction, g∗ ≤ g. Thus, the fourth property follows from Lemma 3.8
and the fact that g ∈ Lp(X):

∫

X\K

gp
f̃
dμ ≤

∫

X\K

gpdμ =

∫

X

gpdμ−

∫

K

gpdμ

≤

∫

X

gp∗ + ε2−4 −

∫

K

gp∗dμ =

∫

X\K

gp∗ + ε2−4.

�

3.4. Newton–Sobolev functions are quasicontinuous.

Proposition 3.16. If X is complete and separable and f ∈ N1,p(X), then f is
quasicontinuous.

We follow the arguments in [7] and [32], but without relying on the hypothesis of
properness and density of continuous functions in N1,p(X). Hence, we only provide
a sketch.
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Sketch of the proof of Proposition 3.16. By Theorem 3.6, there is a sequence fi ∈
N1,p(X) ∩ C(X), for i ∈ N, with ‖fi − f‖N1,p(X) ≤ 2−i.

Next, we apply the argument from the proof of [32, Theorem 3.7] to show that
fi converges capacity almost everywhere to f ∈ N1,p(X) . Fix ε0 > 0, and let
Eε0,n = {x ∈ X : |fn − f | ≥ ε0/n}. We have

∫

X

|fn − f |pdμ ≤ 2−np,

and thus μ(Eε0,n) ≤ np2−npε−p
0 . Let EN =

⋃

n≥N Eε,N . By a union bound, we get

that for any ε > 0, there exists an N , so that μ(EN ) ≤ ε. The sequence of functions
fn(x) converges uniformly to f for any x ∈ X \EN , and thus for a.e. x ∈ X, since
ε > 0 is arbitrary.

By considering un = |fn − f |nε−1
0 as a test function, we get Capp(Eε0,n) ≤

np2−npε−p
0 . At the expense of possibly increasing N , we get Capp(EN ) ≤ ε. Since

ε > 0 is arbitrary, limN→∞ Capp(EN ) = 0. Further, fi converges pointwise to f
outside the set E = ∩∞

n=1En, which has capacity zero.
Since the convergence is uniform, f is continuous in X \EN , for every N . There-

fore, f is quasicontinuous, since limN→∞ Capp(EN ) = 0. �

4. Localization and when X is locally complete

The previous section was focused entirely on complete spaces. In the final sec-
tions, we improve these statements to a locally complete setting. Specifically, we
prove Theorem 1.3: Concluding that N1,p(X)∩C(X) is dense in N1,p(X) and that
each function f ∈ N1,p(X) is quasicontinuous.

These theorems will all be reduced to the complete setting by taking completions.
This makesX into an open set in its completion, and we are left to consider domains
Ω in complete spaces. Then, in each case, we consider the set of points Xδ ⊂ X,
whose distance to the boundary in the completion is at least δ, and construct
partitions of unity subordinate to such sets. Each Xδ is complete, and the proofs
mainly involve checking that we can “patch” together the information from each
Xδ to their union, which is X.

For technical reasons, we prove these theorems in a slightly different order from
those in the complete setting.

4.1. Preliminaries on taking a completion. First, we address some measure
theoretic issues in taking a completion. Let X be locally complete, and let X̂ be its
completion. The completion is separable, if X is separable. Further X is an open
subset of X̂. If μ is a Radon measure on X, then we can define a Radon measure
μ̂ on X̂ as follows. If E ⊂ X is Borel, then E ∩X is also Borel and we can define
μ̂(E) = μ(E ∩X). (In fact, by a different argument E ∩X is Borel in X whenever

E is Borel even when X is not Borel measurable in X̂, see [31, Proof of Lemma
1]). Since μ is finite on balls, so is μ̂ and therefore μ̂ is a Radon measure. (See
discussion at the beginning of Section 2.)

Since we will be dealing with concepts relative to X and X̂ we need some care
in our notation. For capacity, we will indicate the space Y with respect to which
it is computed in the superscript, as in CapYp (E), for E ⊂ Y . We remark that
if E ⊂ X ⊂ Y and the measures on the spaces relate by restriction μX = μY |X
(where X is measurable in Y ), then CapXp (E) ≤ CapYp (E). Here, we use the fact
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that in this same setting if u ∈ N1,p(Y ), then u|X ∈ N1,p(X), as readily follows
from the definition.

4.2. Quasicontinuity.

Proof of quasicontinuity in Theorem 1.3. Fix f ∈ N1,p(X). Let X̂ be the comple-

tion of X and μ̂ be the extension of μ to X̂.
We have that X is also an open set in X̂ since X is locally complete. Let δ > 0

be arbitrary. Define Xδ = {x : d(x, X̂ \X) ≥ δ}. Then, Xδ is a closed subset of X̂.

Choose ψδ(x) = min{1, 2
δd(x, X̂ \Xδ/2)}. Then ψδ|Xδ

≥ 1, ψδ is 2/δ-Lipschitz and
ψδ|X̂\Xδ/2

= 0.

Let fδ = fψδ. We have fδ|X ∈ N1,p(X) and fδ|X̂\Xδ/2
= 0 ∈ N1,p(X̂ \ Xδ/2).

Then, fδ ∈ N1,p(X̂) since N1,p(X) has the sheaf property: If A,B ⊂ X̂ are open
sets and f |A ∈ N1,p(A), f |B ∈ N1,p(B), then f |A∪B ∈ N1,p(A ∪B).1

Then, by Proposition 3.16 we have that fδ is quasicontinuous in X̂. Therefore, for

any δ > 0 there is an open subset Eδ so that fδ|X̂\Eδ
is continuous and CapX̂p (Eδ) <

δ. Fix ε > 0 and let E = ∪∞
i=1Eε2−i ∩X.

We have CapXp (E) ≤ CapX̂p (E) ≤ ε. Now, f2−iε|X\E is continuous for every
i ∈ N. Therefore f |X

2−iε\E
= f2−iε|X

2−iε\E
is continuous on for any i ∈ N. From

this we get f |X\E is continuous. �

4.3. Density of continuous functions. Here and in what follows, the support
supp(f) of a function f : X → R is the smallest closed set C so that f |X\C

vanishes identically. In the proof of the density of continuous functions we will
apply a partition of unity argument

We will need a standard construction for a partition of unity subordinate to a
cover. Let Xi = {x : d(X̂ \ X, x) ≥ 2−i} and Ωi = {x : d(X̂ \ X, x) > 2−i}. In
the following, the distance of a point to an empty set is defined as ∞. Also, we say
that a sum of functions

∑∞
i=1 fi(x) is locally finite if for every x ∈ X there exists a

neighborhood, where only finitely many terms are nonzero.

Lemma 4.1. Let X̂ be the completion of X and let Xi be defined as above. For
each n ∈ N, There exist 4n-Lipschitz functions ψn : X̂ → [0, 1], so that

(1) supp(ψ0) ⊂ X1 and supp(ψn) ⊂ Xn+1 \Xn−1 for n ≥ 1;
(2) the functions are a partition of unity:

∑∞
n=0 ψn(x) = 1 for x ∈ X; and

(3) the previous sum is locally finite in X, that is for every x ∈ X there exists
a δ > 0 so that there are at most three n ∈ N so that ψn(y) �= 0 for
y ∈ B(x, δ).

Proof. Let ψ0(x) = min{1, 2d(x, X̂ \X1)}. Recursively, for n ≥ 1, define

(4.1) ψn(x) =

(

1−
n−1
∑

k=0

ψk

)

min{1, 2n+1d(x, X̂ \Xn+1)}.

First, ψ0 is 2-Lipschitz, and by induction one can show that ψn is Lipschitz with
constant (1 + · · · + 4n−1) + 2n+1 ≤ 4n. We have ψ0|X0

= 1. By induction, we get

1This can be seen by the following argument: If gA, gB ∈ Lp(A) are upper gradients for f |A
and f |B , then g = gA1A + gB1B ∈ Lp(A ∪B) is an upper gradient of f |A∪B . Indeed, the upper
gradient inequality (1.1) can be verified for any rectifiable curve γ in A ∪ B by dividing it into
finitely many parts contained in either A or B.
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that
∑n−1

k=0 ψk|Xn−1
= 1. Therefore, (b) holds. Moreover, this gives (a), since the

first factor in (4.1) vanishes on Xn−1 and the second factor vanishes outside Xn+1.
Finally, we prove (c). If x ∈ X, then x ∈ Xn \ Xn−1 for some n ≥ 0, where

X−1 = ∅ to simplify the argument. We have for δ = 2−(n−1) that B(x, δ) ⊂ Xn+1.
Thus, for y ∈ B(x, δ), due to (a), ψk(y) �= 0 can only occur for k = n−1, n, n+1. �

We also need a fairly simple version of the sheaf property for Sobolev functions.

Lemma 4.2. Let p ∈ [1,∞) and let X be any metric measure space equipped with
a Radon measure μ, finite on balls. If Ai ⊂ X is any increasing sequence of open
sets, and H : A :=

⋃∞
i=1 Ai → [−∞,∞] is a function so that H|Ai

∈ N1,p(Ai) with
supi∈N ‖H‖N1,p(Ai) < ∞, for i ≥ 1, then H ∈ N1,p(A). Further, ‖H‖N1,p(A) =
limi→∞ ‖H‖N1,p(Ai).

Proof. The Lp-version of the claim follows from monotone convergence, and we get
H ∈ Lp(A) and ‖H‖Lp(A) = limi→∞ ‖H‖Lp(Ai)

Let gi : X → [0,∞] be the zero-extension of the minimal p-weak upper gradient
of H|Ai

. By locality of p-weak upper gradients, see [22, Proposition 6.3.22], gi|Aj
=

gj almost everywhere on Aj for all j < i. Thus, there exist a function g : A → [0,∞]
with g ∈ Lp(A) and g|Ai

= gi almost everywhere on Ai. Thus, g|Ai
is a p-weak

upper gradient for H|Ai
for all i ∈ N.

Fix ε > 0. By Lemma 2.1, for every i, we can find a lower semicontinuous
gi,ε : Ai → [0,∞] which is an upper gradient for H|Ai

with gi,ε ≥ g|Ai
and ‖gi,ε −

g|Ai
‖Lp(Ai) ≤ ε2−i. Extend gi,ε by zero, and define g̃ = supi gi,ε. We have, on the

set A,

|g̃ − g| ≤
∞
∑

i=1

|gi,ε − g|1Ai
.

Then g̃ ∈ Lp(A), and, by monotone convergence,

‖g̃‖Lp(A) ≤ ε+ lim
i→∞

‖gi‖Lp(Ai).

By construction, g̃|Ai
≥ gi,ε and thus g̃|Ai

is an upper gradient for H|Ai
. Every

rectifiable curve in
⋃

i∈N
Ai is contained in Ai for some i ∈ N. This argument

verifies (1.1) and g̃ is an upper gradient for H. Thus, H ∈ N1,p(A). Further,

‖H‖N1,p(A) ≤ (‖H‖pLp(A) + ‖g̃‖pLp(A))
1
p ≤ lim

i→∞
((ε+ ‖gi‖Lp(Ai))

p + ‖H‖pLp(Ai)
)

1
p .

Since ε > 0 is arbitrary the claim follows. �

Proof of density in Theorem 1.3. Let f ∈ N1,p(X) be any function. Fix ε > 0.

Let ψn be the partition of unity functions from Lemma 4.1. We also define ψ̂n =

ψn + ψn+1 + ψn−1 for n ≥ 1 and ψ̂0 = ψ0 + ψ1. For every x ∈ Ω we have finitely

many n so that ψ̂n(x) �= 0. Further, whenever ψn(x) �= 0, we have ψ̂n(x) = 1.

There are also constants Ln so that ψ̂n are Ln-Lipschitz. Indeed, with some care,
we could show that Ln � 4n, but we will not need this.

As in the proof of the quasicontinuity in Theorem 3.6 we set fn = fψ̂n ∈
N1,p(X̂). By Theorem 3.6, there is a continuous u′

n ∈ N1,p(X̂) ∩ C(X̂) so that

‖fn − u′
n‖N1,p(X̂) ≤ ε2−4−n(1 + Ln)

−1. Also, let un = ψ̂ng
′
n. Then, by using the

Leibniz rule (see [22, Proposition 6.3.28]), we get

‖un − fn‖N1,p(X̂) = ‖ψ̂n(un − fn)‖N1,p(X̂) ≤ 2(1 + Ln)‖un − fn‖N1,p(X̂) ≤ 2−2−nε.



938 S. ERIKSSON-BIQUE AND P. POGGI-CORRADINI

Let u =
∑∞

n=1 un. Since the sum is a locally finite sum of continuous functions
by property (c) of Lemma 4.1, then u ∈ C(X) and the sum is well defined.

We show that u ∈ N1,p(X). Fix an i ∈ N. We have that f |Ωi
=

∑n+1
i=0 fi|Ωi

and

that u|Ωi
=

∑n+1
i=0 ui|Ωi

. Thus,

‖f − u‖N1,p(Ωi) ≤
∞
∑

n=1

‖fn − un‖N1,p(Ωi) ≤ ε/2

and u|Ωi
∈ N1,p(Ωi) with a uniformly bounded norm independent of i.

By Lemma 4.2, u ∈ N1,p(X). Further, ‖g‖N1,p(X) = limi→∞ ‖g‖N1,p(Ωi). Fi-
nally, by applying this argument to the difference f−g, we obtain ‖f−g‖N1,p(X) ≤ ε.
Since g is continuous, the claim follows. �

5. Choquet capacities and equivalence of definitions

In the final section, we study the capacity E → Capp(E) and condenser capacity
Capp(E,F ), and prove that they satisfy certain regularity properties. Specifically,
we prove the following three theorems.

(1) Theorem 1.5: Concluding that E → Capp(E) is outer regular.
(2) Corollary 1.6: Concluding that E → Capp(E) is a Choquet capacity for

p > 1.
(3) Theorem 1.1: Concluding that different definitions of Capp(E,F ) coincide.

In particular, capacity can be computed with locally Lipschitz functions
with locally Lipschitz upper gradients.

5.1. Choquet capacity and outer regularity. We start by defining a Choquet
capacity. Denote by P(X) the collection of all subsets of X, i.e., its power set.

Definition 5.1. A functional I : P(X) → [0,∞] is called a Choquet capacity, if it
satisfies the following three properties.

(1) Increasing : If A ⊂ B ⊂ X, then I(A) ≤ I(B).
(2) Continuity from below : If (An)n∈N is an increasing sequence of subsets of

X, then

lim
n→∞

I(An) = I

(

⋃

n∈N

An

)

.

(3) Continuity from above: If (Kn)n∈N is a decreasing sequence of compact
subsets of X, then

lim
n→∞

I(Kn) = I

(

⋂

n∈N

Kn

)

.

A reader interested in Choquet capacities may consult any of the following
[14, 15]. A condensed treatise is available in [11]. An earlier result showing that
a variant of Capp, see Remark 1.7, is Choquet is presented in [24]. One of the
main motivations for introducing Choquet capacities is the “Capacitability theo-
rem” of Choquet, which states that any analytic subset A ⊂ X satisfies: I(A) =
supK⊂A I(K), where the supremum is taken over compact subsets of A.

For I = Capp, the increasing property is immediate from the definition. The
continuity from below holds without further assumptions, when p > 1. The conti-
nuity from above is reduced to the functional being outer regular. Recall that the
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functional I is outer regular, if for every compact set K ⊂ X, and any ε > 0, there
exists an open set O such that K ⊂ O and I(O) ≤ I(K) + ε. In other words, the
main object is to establish outer regularity, and then collect all the pieces together
to prove that Capp is a Choquet capacity.

We first prove the outer regularity of the capacity, which was stated in Theorem
1.5. This is a repetition of the argument in [7, Proof of Corollary 1.3], with the
only change being that Proposition 3.16 is used instead of [7, Theorem 1.1]. For
the reader’s convenience, we sketch the idea here.

Sketch of proof of Theorem 1.5. Let u ∈ N1,p(X) be any nonnegative function with
u|E ≥ 1. Fix ε > 0. Then, u is quasicontinuous by Theorem 1.3, and there is an
open set V with Capp(V ) < εp so that u|X\V is continuous. Choose a nonnegative
function v so that ‖v‖N1,p(X) ≤ ε and v|V ≥ 1.

By continuity in X \ V , there is an open set OE with E \ V ⊂ OE so that
u|OE∩X\V ≥ 1 − ε. Consider the function uε =

u
1−ε + v. Then uε|OE∪V ≥ 1. The

set OE ∪ V is open, and thus,

inf
E⊂O

Capp(O) ≤ ‖uε‖
p
N1,p(X) ≤

(

1

(1− ε)
‖u‖N1,p(X) + ε

)p

.

Taking an infimum over u ∈ N1,p(X) with u|E ≥ 1 and letting ε → 0 yields the
claim. �

Next, we prove that Capp is a Choquet capacity. This was stated in Section 1
as Corollary 1.6.

Proof of Corollary 1.6. We verify the three properties of a Choquet capacity from
Definition 5.1.

(1) Increasing: If A ⊂ B ⊂ X, then Capp(A) ≤ Capp(B), since every function

u ∈ N1,p(X) with u|B = 1 also satisfies u|A = 1.
(2) Continuity from below: We follow the proof of [24], which is presented

with a slightly different definition of capacity. Let An be any increasing
sequence of sets. By the increasing property, the property of continuity
from below is automatic if limn→∞ Capp(An) = ∞. Thus, we may assume
that limn→∞ Capp(An) < ∞.

Choose any sequence un ∈ N1,p(X) so that un|An
= 1 and

lim
n→∞

‖un‖
p
N1,p(X) = lim

n→∞
Capp(An).

The functions un and their minimal p-weak upper gradients gun
are uni-

formly bounded in Lp(X). Therefore, by Mazur’s Lemma, we may choose
convex combinations ũn of {uk}

∞
k=n and corresponding convex combina-

tions g̃n of {gk}
∞
k=n so that ũn and g̃n are Cauchy in Lp(X) and so that g̃n

is an upper gradient for ũn. Choose a subsequence (nk)
∞
k=1, with nk ≥ k,

so that

(5.1)
∞
∑

k=1

|ũnk+1
− ũnk

|+ |g̃nk+1
− g̃nk

| ∈ Lp(X).

Next, define ũl = supk≥l ũnl
and g̃l = supk≥l ũnl

. It follows from (5.1)
that ũl, g̃l ∈ Lp(X), and that as l → ∞ they converge in Lp(X). A fairly
direct calculation using the definition (1.1) shows that g̃l is a p-weak upper
gradient for ũl, and ũl ∈ N1,p(X).
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Note that ‖ũl‖
p
N1,p(X) ≤ ‖ũl‖

p
Lp(X) + ‖g̃l‖

p
Lp(X). Then, by construction

and the Lp(X) convergence, we get

lim
l→∞

‖ũl‖
p
Lp(X) + ‖g̃l‖

p
Lp(X) ≤ lim

n→∞
‖un‖

p
N1,p(X) = lim

n→∞
Capp(An).

Now, ũl|Ak
≥ 1 for every k ≥ l. Thus ũl|⋃

k Ak
≥ 1. In particular,

Capp

(

⋃

k

Ak

)

≤ ‖ũl‖
p
Lp(X) + ‖g̃l‖

p
Lp(X).

Sending l → ∞ gives

Capp

(

⋃

k

Ak

)

≤ lim
n→∞

Capp(An).

The opposite inequality follows from the increasing property. This com-
pletes the proof of continuity from below.

(3) Continuity from above: Let (Kn)n∈N be any decreasing sequence of compact
sets and let K =

⋂

n Kn. From the capacity being increasing, we get
Capp(K) ≤ limn→∞ Capp(Kn). We next establish this inequality in the
opposite direction. If Capp(K) = ∞, then Capp(K) = limn→∞ Capp(Kn).
Thus, consider the case of Capp(K) < ∞. By Theorem 1.5, for every ε > 0,
there exists an open set O with K ⊂ O and Capp(O) ≤ Capp(K) + ε. For
n sufficiently large Kn ⊂ O, and thus by the increasing property, we get

Capp(K) ≤ lim
n→∞

Capp(Kn) ≤ Capp(K) + ε.

Since ε > 0 is arbitrary, the claim follows.

�

5.2. Different definitions of capacity agree.

Proof of Theorem 1.1. Let E,F �= ∅ be two closed, disjoint nonempty subsets in X
with d(E,F ) > 0. It is straightforward to show that

Capp(E,F ) ≤ Capcp(E,F ) ≤ Caplipp (E,F ) ≤ Cap(lip,lip)p (E,F ).

Thus, it suffices to prove Cap(lip,lip)p (E,F ) ≤ Capp(E,F ). If Capp(E,F ) = ∞, this
is obvious. Thus, assume Capp(E,F ) < ∞. Let ε > 0 be arbitrary. We can choose

a function u ∈ N1,p(X) which is nonnegative, with u|E = 0 and u|F = 1, and with
an upper gradient gε such that

∫

gpε dμ ≤ Capp(E,F ) + ε.

Let X̂ be the completion of X. Fix x0 ∈ X. Extend u and gε by zero to functions
in Lp(X̂). Let Xj = {x ∈ X ∩ B(x0, j) : d(x, X̂ \ X) ≥ 2−j}. Let ψj be the
partition of unity constructed in Lemma 4.1. Recall that

∑∞
n=0 ψn(x) = 1, each

ψn is Ln-Lipschitz for some Ln < ∞, and that supp(ψn) ⊂ Xn+1 \Xn−1 for n ≥ 1
and supp(ψ0) ⊂ X0.

Let Ej = E ∩Xj , Fj = F ∩Xj . Let j0 ∈ N be so that Ej , Fj �= ∅ for all j ≥ j0.
The space Xj is complete and bounded, and so we can apply Theorem 3.3 and
Corollary 3.4 to the functions u|Xj

and (gε)|Xj
. We obtain that for every j ≥ j0

there exist Lispchitz functions uj ∈ N1,p(Xj) with locally Lipschitz upper gradients
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gj ∈ Lp(Xj), for j ∈ N, so that uj |Ej
= 1, uj |Fj

= 0 and ‖gj − gε‖Lp(Xj) ≤ 2−j in
Lp(Xj). Extend each uj and gj by zero to an Lp(X) function defined on all of X.

We have 0 ≤ uj ≤ 1. We will briefly consider the space L2(Xk) in order to avail
ourselves of weak compactness in this space. The sets Xk are bounded and have
bounded measure for k ∈ N. Thus, uj |Xk

∈ L2(Xk), for every k and every j ∈ N,
and supj∈N ‖uj‖L2(Xk) < ∞. Weak compactness allows us to take a subsequence

converging weakly in L2(Xk). Further, by Mazur’s Lemma and a diagonal argu-
ment, we can take finite convex combinations vj of {uj , uj+1, . . . } which converge
in L2(Xk) for every k ∈ N. It is direct to show that vj converges in Lp(Xk) for
every k ∈ N.

Consider the corresponding convex combinations hj of the upper gradients in
{gj , gj+1, . . . }. By using the definition of gj , these converge, for every k ∈ N, in
Lp(Xk) to gε|Xk

, since gj |Xk
converge to gε|Xk

as j → ∞. By construction, hj is
an upper gradient for vj in Xj , vj |Ek

= 0, vj |Fk
= 1 and vj is Lipschitz on Xk for

every j ≥ k. Further, each hj is locally Lipschitz.

Choose a subsequence (nk)k∈N so that ‖vnk
−vnk+1

‖Lp(Xk+2) ≤ εL−1
k 2−k, ‖hnk

−

gε‖Lp(Xk+1) ≤ ε2−k and so that nk ≥ k + 1. Finally, define

U =

∞
∑

i=0

vni
ψi.

By property (c) of Lemma 4.1, the sum in U is locally finite and U is locally
Lipschitz. It is not hard to see that U |E = 0 and U |F = 1.

Let G :=
∑∞

i=0 hni
ψi + Li(ψi−1 + ψi + ψi+1)|vni

− U |. We have the following
estimates, since ψi is a partition of unity:

‖G‖Lp(X) ≤ ‖gε‖Lp(X) + ‖G− gε‖Lp(X)

≤ ‖gε‖Lp(X) +

∞
∑

i=0

‖(hni
− gε)ψi + Li1Xi+2

|vni
− U |‖Lp(X)

≤ ‖gε‖Lp(X) +

∞
∑

i=1

‖(hni
− gε)‖Lp(Xi+1) + Li‖vni

− U‖Lp(Xi+2)

≤ Capp(E,F )1/p + 4ε.

Assume for the moment that G is a p-weak upper gradient of U . Then, by
Lemma 2.1 for every ε > 0, there exists an upper gradient g of U with ‖g‖Lp(X) ≤

‖G‖Lp(X) + ε ≤ Capp(E,F )1/p + 5ε. Since ε > 0 is arbitrary the claim follows.
Thus, we only need to show that G is a p-weak upper gradient of U . This is a
matter of a final Lemma.

Lemma 5.2. Suppose that ψi are Li Lipschitz functions, so that supp{ψi} ⊂ Xi,
and so that

∑∞
i=1 ψi = 1, where the sum is locally finite. Then, if vni

∈ N1,p(Xi+1)
are functions with continuous upper gradients hni

∈ Lp(Xi+1), then

G :=

∞
∑

i=0

hni
ψi + Li(ψi−1 + ψi + ψi+1)|vni

− U |

is an upper gradient of

U =

∞
∑

i=0

vni
ψi.
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Proof. Extend each hni
, vni

by zero outside of Xi+1. This does not alter definitions
of the functions G and U since supp(ψi) ⊂ Xi+1. We have that hni

is an upper
gradient for vni

in Xi+1. Note that Li(ψi−1+ψi+ψi+1) is an upper gradient of ψi,
since ψi is Li Lipschitz, supp(ψi) ⊂ Xi+1 \Xi−1 and 1Xi+1\Xi

≤ (ψi−1+ψi+ψi+1).
Thus, by the Leibnitz rule (see the proof of [22, Proposition 6.3.28]) we have that
hni

ψi+Li(ψi−1+ψi+ψi+1)|vni
−U | is an upper gradient for vni

ψi in Xi+1. Since
vni

ψi vanishes outside of Xi+1, hni
ψi + Li(ψi−1 + ψi + ψi+1)|vni

− U | is an upper
gradient on all of X. Summing over i ∈ N, we get that G is a p-weak upper gradient
for U . (It is direct to see that (1.1) is stable under countable sums.) �

�
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