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ABSTRACT. We prove that uniformly small short-range perturbations do not close the bulk gap
above the ground state of frustration-free quantum spin systems that satisfy a standard local topo-
logical quantum order condition. In contrast with earlier results, we do not require a positive
lower bound for finite-system spectral gaps uniform in the system size. To obtain this result, we
extend the Bravyi-Hastings-Michalakis strategy so it can be applied to perturbations of the GNS
Hamiltonian of the infinite-system ground state.

1. INTRODUCTION

One of the characteristic properties of gapped topologically ordered ground state phases of quan-
tum many-body systems is the stability of the spectral gap above the ground state with respect
to small perturbations of the Hamiltonian. Stability results for the ground state gap have a long
history. The first result, due to Yarotsky [64], included the stability of the gap of the AKLT
chain, named after Affleck, Kennedy, Lieb, and Tasaki [1]. The approach we follow in this paper
has a much broader range of applicability; it was introduced by Bravyi, Hastings, and Micha-
lakis [12] and further developed in [13,26,41,48]. Other approaches have been introduced in recent
years [1720-22]. These new approaches can also treat some cases of models with unbounded on-site
Hamiltonians, see [48] Section 1] for a more detailed discussion. The Bravyi-Hastings-Michalakis
strategy, however, is the only approach that handles general cases with non-trivial topological order.

One obstacle to proving spectral gaps for topological insulators is the common occurrence of
gapless edge states. Spectral analysis for interacting many-body systems is usually carried out for
finite systems for which edge states typically imply that there is no spectral gap uniform in the
system size. Nevertheless, there may be a bulk gap, meaning excitations away from the boundary
of the system have energy bounded below uniformly in the system size. The goal of this work is to
prove stability for the bulk gap in a way that does not require the assumption of a uniform positive
lower bound in the spectrum of finite systems. Previously, it was shown how certain cases can be
handled by considering sequences of finite systems with suitable boundary conditions. For example,
such an approach may work if the edge states are absent in the model considered with periodic
boundary conditions [41,/48]. In general, however, there may not be a suitable boundary condition
that ‘gaps out’ the boundary modes or we may not know whether such a boundary condition exists.
Systems defined on a quasicrystal structure, for example, may be an instance where no simple way
of removing gapless edge modes is available [39]. In our approach here, we only assume that the
infinite system described in the Gelfand-Naimark-Segal (GNS) representation of the ground state
has a gap. Under natural assumptions consistent with the previous works cited above, we prove
that sufficiently small but extensive perturbations do not close the gap.

We adapt the strategy of Bravyi, Hastings, and Michalakis [12}|13,/41] and use the techniques we
developed in |47,48| to handle the infinite system setting. From a certain perspective, and apart
from the technical aspects to deal with unbounded Hamiltonians, the infinite system setting allows
for a simplification in the statement of conditions and the main result. In particular, the local
topological quantum order (LTQO) condition is simpler to state directly for the infinite system.
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The LTQO property is well know to hold for one-dimensional systems with matrix product state
(MPS) ground states [48, Appendix B]. It is also well-established for Kitaev’s quantum double
models [16}34] and the Levin-Wen string-net model [37,/57]. LTQO was recently also shown to hold
for the AKLT model on a decorated hexagonal lattice [40].

For concreteness, we work in the quantum spin system setting but, using the arguments of [46],
our approach is applicable to frustration-free lattice fermion systems too. We will provide a detailed
account of this in a forthcoming paper, thus providing an alternative and generalization of the gap
stability results for quasi-free lattice fermions in the literature [17}26,35].

The assumption that the bulk Hamiltonian has a gap in the spectrum above the ground state
appears in several important recent works. For example, the construction of an index for the
classification of symmetry-protected topological phases in the works of Ogata and co-authors makes
use of this assumption [43,49-51]. Other examples are in the recent work on adiabatic theorems for
infinite many-body systems [3.|4,29]. All of these works use the same general setting as described
here in Section

In addition to the main stability result, we also prove Theorem which shows that a differen-
tiability assumption introduced in [43] and also used in later work [4951},/52,56] is always satisfied.
A similar result appeared in the PhD dissertation of Moon [42, Appendix]. As a consequence, we
establish a stability theorem for the bulk gap in the exact setting of the series of works of Ogata
and others on the classification of Symmetry Protected Topological (SPT) phases cited above. This
was the main motivation for this work.

Before closing this introduction, we comment on two specific applications of the stability theorem
for infinite systems proved in this paper, and briefly elaborate on the relevance of the spectral
analysis for infinite systems.

The first concerns spin liquids, specifically the ongoing search for two-dimensional spin models
with topologically non-trivial spin liquid ground states characterized by a bulk gap and gapless edge
modes. A plausible example of a rich phase diagram showing such a phase is found based on various
numerical approaches for an SU(3)-invariant antiferromagnetic in [63]. As the discussion in that
work illustrates, the existence of such phases and the precise nature of the edge modes is a topic
of ongoing intense study. Assuming one has established the existence of such a phase, even if the
expected properties of the local gaps and LTQO can be demonstrated, the question of the nature
of the edge states may remain a challenge. What we can say based on our work is that the putative
chiral spin liquid phases, if predictions based on numerical results are confirmed, are stable gapped
phases in the usual sense. Granted, if the relevant models can be shown to be uniformly gapped
on finite volumes with a torus geometry, there would be no need work in the GNS representation
to prove stability of the gap. Next, we discuss an application where periodic boundary conditions
are not an option and a general strategy to exclude edge modes in finite volume is not known.

The second application is the case of models defined on quasi-crystal lattices we mentioned
before. Gapless edge modes are also expected to be relevant there. So far, they have been studied
only in the single-particle setting with the goal to numerically distinguish the behavior of edge
modes from bulk spectrum [39] or to prove the existence of a bulk gap in the presence of gapless
edge modes [28]. These approaches have yet to be generalized to the many-body setting. Our
approach here assumes only a general regularity property of the lattice, which is easily satisfied by
quasi-crystals.

As a final remark, we wish to emphasize that significant progress has been made over the years
studying both infinite systems as well as properties of finite systems and studying their asymptotics.
Valid points in favor of either approach have been made in the literature. For example, in |15]
Section 2.5], the authors argue that the mathematics of the infinite system setting could be a
distraction for the audience they have in mind. In [62], the authors are motivated by the common
observation that ‘many features of physical systems, both qualitative and quantitative, become
sharply defined or tractable only in some limiting situation’, and introduce a general approach to
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formulate the dynamics of such limiting systems. The infinite system setting has recently seen
increased interest and continues to serve as the setting of new interesting results, for example
in [31,53]. In our view, both approaches are fruitful in their particular contexts, and so proving
stability directly in the infinite volume setting is interesting in its own right. Other works have
similarly obtained infinite-system results for automorphic equivalence [43], the Lieb-Schultz-Mattis
Theorem [54155], invertible states [5], and adiabatic theory [29].

In a previous paper on the topic, we discussed in some detail the literature on spectral gap
stability, including historically important works and alternative methods [48]. Here, we just like
to add to that discussion by mentioning two recent works based on adaptions of the iterative Lie
Schwinger block-diagonalization method introduced by Frohlich and Pizzo [22]. The new work
aims at a more detailed analysis of two well-known quantum spin chains, the XXZ chain |19] and
the AKLT model [18], supplementing the basic spectral gap stability obtained in previous works,
including [41,48.611|64].

The content of this paper is structured as follows. Section 2 provides the setup for interactions
with stretched exponential decay we use, and includes the statement of the main results. This
decay class can be regarded as a minor variation of the notions of almost-local observables used
in [5,30] and the Banach spaces of g-local observables in [43]. The main technical advance in this
work is the incorporation of the (unbounded) GNS Hamiltonian in the development of the Bravyi-
Hastings-Michalakis (BHM) strategy for proving gap stability. Properties such as the definition of
the transformed Hamiltonian and its decomposition require a new look. Some properties that are
obvious in the finite-system setting become non-trivial because they involve super operators formally
acting on densely defined unbounded operators on a domain for which an explicit description is
not available. We lay the ground work for dealing with these issues in Section 3, and carry out the
BHM strategy in Section 4. Section 5 contains the proof of the form bound for the transformed
Hamiltonian, which is a mild adaptation of a result of Michalakis and Zwolak [41] to the GNS
setting. The final arguments needed to prove the main results are also contained in this section.
In two appendices we prove two result that may be of independent interest. The first is that the
LTQO property implies the kernel of the GNS Hamiltonian is one dimensional (something we use
and that is often introduced as a separate assumption on other works). The second is about the
differentiability of the quasi-adiabatic dynamics and is a variant of a result that first appeared in
the PhD dissertation of Moon [42].

2. SETUP AND STATEMENT OF THE MAIN RESULTS

2.1. Setup and notation. The models considered in this work are defined on a v-regular discrete
metric space (I', d), for some v > 0. This means that there exists k > 0 so that for allz € I',n > 1,
|bz(n)| < kn¥, where b,(n) = {y € T' | d(z,y) < n}. For A € Py(T'), the finite subsets of I, and
n > 0, we also define the sets A(n) by

(2.1) A(n) = | ba(n).

TEA
The algebra of local observables of the system is the usual A"°¢ = [ AEPo(T) Ax. Here, Ay is the
matrix algebra &), ., Mg, with d, the dimension of the spin at z. The C*-algebra of quasi-local
observables A is the completion of A°® with respect to the operator norm. For A € A°°, the
support of A, denoted by supp A, is the smallest X C I' such that A € Ax. For any X C T,
IIx : A — Ay is the conditional expectation with respect to the tracial state p on A:

(2.2) Ux =p In\x ®lday.

In particular, for local A, IIx(A) is a normalized partial trace.
We are specifically interested in systems defined on infinite I' and often want to consider ap-
proximations A4, € Ay, of A € A, where A,, € Py(T") is an increasing sequence of finite volumes
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such that |J,, A, = . We call such a sequence (A,,) an increasing and absorbing sequence (IAS). It
will often be important to have an estimate for the speed of convergence of A,, = A, in terms of a
non-increasing function g : [0,00) — (0, 00) that vanishes at infinity, which we call a decay function.
In this paper we will only use decay functions that satisfy a moment condition of the form
(2.3) Z(n + 1)H*g(n) < oo, for some p > v.
n>0
In particular, we will often work with decay functions of the form
1 0
2.4 = - >0,a>0,0€|0,1].
(24) o) = e s €200z 00
For a > 0 and 6 € (0,1), such functions g are said to have stretched exponential decay. One checks
that these functions satisfy

(2.5) g(n)g(m) < Cg(n+m) for all n,m >0,

for some constant C'.
Consider an TAS (A;) in (I',d), and a decay function g. Define a norm || - [[(4,),4 On Al°¢ and a

Banach space A1»):9 by

| A =TT (A)||> A —oallan)
2.6 Allaye =114 —i—sup( z . AW — gloc! ()
(2.6) [All(An),g = 1Al sup o(n)
For a proof that A")9 is the Banach space of all A € A for which [All(A,),g < 00, see [43]. In
fact, AAn)9 is a Banach x-algebra.

For each # € T, A, := b;(n) defines a IAS. In this case we set || - |4, (n)),g = I| - [lz,g- Define the
set
(2.7) A9 = ] A=),
zel

For any decay function ¢ satisfying (2.5)), any two norms from {|| - ||2,4 | « € I'} are equivalent.
Hence, for all z € T’

(2.8) Az(n).g — g9

In this case, AY is a Banach x-algebra. Elements A € AY are called g-local.
We will often also assume that a decay function g is uniformly summable over T, i.e.,

(2.9) gl :=sup > _ g(d(z,y)) < o0,
S yel

and additionally, that there is a constant C' > 0 such that

(2.10) >_9(d(x,2)g(d(2,y)) < Cy(d(z,y)), for all 2,y €T

zel
Any decay function g satisfying (2.9) and (2.10]) will be called an F-function. For any v-regular T,
the following are F-functions appearing in this work:

B 1 —ar?
(211) F(?")—me 5 €>V+1,a20,9€(0,1]
In the case I' = Z", which is v-regular, (2.11) defines an F-function for all { > v. For a discussion
of these examples and some basic inequalities, see [47, Appendix].

Assumption 2.1 (Initial Interaction). We assume the initial model is defined by a finite-range,
uniformly bounded, frustration-free interaction h given in terms of a family h = {h,},cr which
satisfies:
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i. There is a number R > 0, called the interaction radius, for which hy = h, € Ay, (g) for all
zel.
ii. These terms are uniformly bounded in the sense that

(2.12) A |loo = sup ||hz]| < o0
zel
iii. The interaction is frustration-free, meaning that h, > 0 for all z € T" and for any A € Py(T),
(2.13) minspec(Hy) =0 where Hy= Y  hg.
sup;(ehj,:)CA

The frustration-free condition implies that the ground state space is ker(Hy ) for any finite volume
A. Moreover, ¥ € ker(Hy) if and only if ¢ € ker(h;) for each € A with supp(h;) C A. Thus,
denoting by P, the orthogonal projection onto ker(H}), for any Ag C A, one has

(2.14) PA\Pp, = PryPp = Py .
For such a model, the derivation dg determining the infinite system dynamics is given by
(2.15) o(A) = > [ha,A] forany A€ Ay and A € Py(T).
z€A(R)

It is a standard result that there is a closed derivation extending &g, which we also denote by
80, with domain dom(dp) for which A1 is a core |11, Theorem 6.2.4] (note that the factor i is
absorbed in the definition of the derivation in this reference). The system dynamics is then the

strongly continuous one-parameter group of C*-automorphisms {Tt(o) | t € R} satisfying
d

(2.16) aft@ (4) = i1V (56(A))  for all A € Al°c,
In fact, this differential equation holds for all A € dom(dp). Two other general properties are:

i Tt(o) (dom(dp)) C dom(dp) for all ¢t € R;

ii. 7.9 (50(A)) = 6o(r\”(A)) for all A € dom(d,) and ¢ € R.

More generally, quantum spin models can be defined by an interaction on I' which, by definition,

is a map ® : Py(I') — A°°, with the property that ®(X)* = ®&(X) € Ax for all X € Py(T"). For
any decay function g, an interaction norm is defined by

(2.17) @]y = sup g(d(z, )" D [@(X)].
z,yel XePo(D):
r,yeX
When the above quantity is finite for some interaction ®, the function ¢ is said to measure the
decay of ®. If g is an F-function, the norm || - ||4 is called an F-norm. If g is summable, in the
sense of (2.9), and [|®||; < oo, then a closable derivation on A°¢ can be defined by setting
(2.18) 5(A)= > [@(Y),A] for Ae A with supp(4) C X € Py(I).
Y,YNX#)D

One can prove conditions that guarantee that the derivation § defined on A°¢ is a generator
of a strongly continuous dynamics given by automorphisms of A [10,|11]. In practice, however,
one usually directly proves the existence of the thermodynamic limit of the Heisenberg dynamics
{m | t € R}. Standard results along these lines prove the existence of the dynamics for ¢ in a
suitable Banach space of interactions [11,59,/60] starting from a convergent series for small |t|. An
alternative approach, based on Lieb-Robinson bounds [38], was introduced by Robinson [5§]. Lieb-
Robinson bounds can be derived for any interaction ® with a finite F-norm [44], and this allows
one to extend the results for existence of the dynamics beyond the Banach spaces of interactions
By introduced by Ruelle [59]. These ideas are important for the construction of the spectral flow
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automorphisms [7]. This and some other generalizations relevant for the present work are discussed
in detail in [47].
Recall that infinite-volume ground states associated to § are those states w on A that satisfy

(2.19) w(A*5(A)) >0 for all A e Ac,

In the case of a frustration-free model as in , a state w is called a zero-energy ground state,
or a frustration free ground state, if w(h;) = 0 for all z € T". It is easy to see that a zero-energy
ground state satisfies .

Let (H,m, ) be the GNS triple of w. This means that = : A — B(H) is a representation of
the C*-algebra A on a Hilbert space H for which {7(A)Q|A € A'°°} is dense in H. Moreover, the
normalized vector Q2 € H is such that w(A4) = (Q, 7(A)Q) for all A € A. For the GNS representation
of a ground state, as in , there exists a unique, non-negative self-adjoint operator H on H,
with dense domain dom H, satisfying H(2 = 0 and

(2.20) m(1i(A)) = e r(A)e ™ for all Ac Aandt e R.

The full domain of H is seldom described explicitly. However, for all systems we consider in this
paper, 7(A°)Q is a core for H.
The (GNS) gap of the model in the state w is defined as

(2.21) gap(H) = sup{vy > 0] (0,7) Nspec(H) = 0}.

If the set on the RHS is empty, one defines gap(H) = 0. We say that a ground state w is gapped
if gap(H) > 0.
The equivalence of the following two conditions is easy to verify:

i. For some v > 0, w satisfies
(2.22) W(A*5(A)) > yw(A*A)  for all A € A with w(A) = 0;
ii. The ground state of the GNS Hamiltonian H is unique and gap(H) > 7.

A case of special interest is when I is infinite and describes the bulk of a physical model while
the same system on a subset of I' with a boundary would describe an edge. In the first situation
we will refer to the GNS gap as the bulk gap of the system. A model with the same interaction
restricted to a subspace of I' describing an edge, may have a vanishing gap while the bulk gap is
positive. This is precisely the situation of interest here.

In this setting, the GNS representation 7 is an isometry. This follows from the fact that A is
simple [23, Theorem 5.1], which implies that ker 7 = {0}. We find it convenient to use this fact, see
e.g. the proof of Lemma however in many arguments the contraction property of 7 suffices.

2.2. Main results. We now state the assumptions for the main results.

Assumption 2.2 (Bulk gap). We assume 7y := gap(Hy) > 0, where Hy is the GNS Hamiltonian of
an infinite-volume, zero-energy ground state wg of a finite-range, uniformly bounded, frustration
free interaction {h,} as in Assumption

We also need to impose a condition that the local gaps do not close too fast. There generally is
some freedom in choosing the family of finite volumes on which to impose this condition. We will
assume that there is a family S = {A(x,n) | n > 0,2 € I'} C Py(T'), with by(n) C A(x,n) for all =
and n, and an associated family of partitions of I' which separates S and has at most polynomial
growth. Concretely, this means there is a family of sets 7 = {7, | n > 0} and positive numbers ¢
and ¢, such that for each n >0, T,, = {70 : i € T,,} is a partition of I' satisfying |Z,| < cn¢ and

(2.23) A(z,n) N A(y,n) =0 for all z,y € T} with z # y.

In such cases, we say that 7T is of (¢, {)-polynomial growth.
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As an example, in the case of I' = Z”, we may take for A(x,n) the £>°-ball of radius n centered
at x, define Z,, = A(0,n) and, for each i € Z,,, set

(2.24) 7;; ={reZ'|lxj=14; mod2n+1,1<j<v}

Assumption 2.3 (Local gaps). For an interaction {h,} of range R, we assume there exist families
S and T, such that T separates S and is of (-polynomial growth, and an exponent o > 0 and
constant v; > 0, and such that the finite-volume Hamiltonians satisfy:

(2.25) spec(Hp(zn)) C {0} U [n"%y1,00) forallz € I" and n > R.

It is important here that the local gaps are allowed to vanish in the limit of infinite system size.
For example, certain types of topologically ordered two-dimensional systems are expected to have
chiral edge modes with an energy of order L~! on a finite volume of diameter L. Whether or not
such edge modes occur in frustration-free systems, however, is not clear. For the class of systems
studied in |36], the authors find that finite-volume gaps of a system with gapless edge modes in the
thermodynamic limit would have to decay at least as fast as L™3/2. Other results of this type are
in [2,/24,[32]. This is consistent with the gapless boundary modes found in a class of toy models
called Product Vacua with Boundary States which are of order L=2 [6,|8]. In any case, regardless
of the possible values of the exponent «, we will prove stability of the bulk gap.

The next assumption was introduced in the form we use here in [41] where it is called Local
Topological Quantum Order (LTQO).

Assumption 2.4 (LTQO). There is a decay function Gy : [0, 00) — [0, 00), with

(2.26) Z niGoy(n) < oo for some ¢ > 2(v + ¢ + «),
n>0

and such that for all m > k > 0,z € T, and A € A, (1), the ground state projections satisfy
(2.27) 1Py, (m) APy, (m) — wo(A) Py, | < [IA[[(1 + k)" Go(m — k).

As explained in detail in [48] Section 8], if both the initial Hamiltonian and the perturbation (see
below) have a local gauge symmetry, only observables A that commute with this symmetry need to
satisfy . Other discrete symmetries can be treated similarly (see [48, Section 8]). Therefore,
the stability results proved here (Theorems and will also hold for symmetry-protected
topological phases.

An interesting observation is that the GNS Hamiltonians associated to frustration free models
which satisfy Assumption [2.4 automatically have a unique ground state. Since we also use this fact,
see e.g. Section [3.2.3] we include a short proof in Appendix [A]

Next, we turn to the perturbations of the Hamiltonian Hy. We consider ®(z,n)* = ®(z,n) €
Ay, (n) for all z € I" and n > 0. These define what we call an anchored interaction ®. By regrouping,
we need only consider those terms with n > R.

Assumption 2.5 (Short-range perturbation). There is a constant ||®|| > 0, @ > 0, and 6 € (0, 1]
such that for all z € I’

(2.28) |®(z,n)|| < |®le*  for all n > R.

Remark 2.6. For a particular perturbation ®, Assumption [2.5 is typically straight forward to
check. Moreover, any such ® also has a finite F-norm for some F as in . This implies the
general locality results found, e.g., in [47] necessarily hold. In fact, let ® satisfy Assumption
For any 0 < a’ < a and £ > v, the function F : [0,00) — (0,00) given by

7&’7‘6
e
(229) F(T) = m for all r Z 0,
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is an F-function on I'. Let § = a —a’ > 0 and note that for any z,y € T with d(z,y) > R, we have

Yo > el = Y ) JEND|

z€l'  n>ER: n>d(x,y) z€by (n)Nbz(n)
z,y€b.(n)
(2.30) < wlo Y e’ < CF(d(,y))
n>d(z,y)

with C := ]| ®[| 32,50 (1 + n)" e < co. Thus, ||®|F < C, with F as in (2.29).

The focus of this work is to analyze the stability of the bulk gap under the presence of pertur-
bations given by an anchored interaction ® satisfying Assumption We will prove two different
stability results. The first, Theorem [2.7] below, establishes that finite-volume perturbations of the
GNS Hamiltonian Hy (defined in (2.3142.32) below) have a stable spectral gap uniform in the sup-
port of the perturbation. In this case, the initial GNS Hamiltonian and the perturbed Hamiltonians
are all defined on the same GNS Hilbert space.

To describe the second result, Theorem below, let d¢ denote the derivation defined by &
as in . This result shows that, for sufficiently small s, there exists a ground state ws of the
perturbed derivation §y + sdp, whose GNS Hamiltonian has a positive gap. Although the GNS
representations of ws are, in general, inequivalent for different values of s, Theorem [2.8| will follow
from Theorem by a simple argument given in Section [5.2

We consider perturbed Hamiltonians of the form

(2.31) H(A,s) = Ho+smo(Va), seR

where, for any finite volume A € Py(T),

(2.32) Va=> Y xn)

Clearly, VA € Aj is bounded and self-adjoint, and so H(A,s) defines for all s € R a self-adjoint
Hamiltonian on H with the same dense domain as Hj.

In the next several sections we will prove the following theorem, which establishes that the
spectral gap of H(A, s) remains open for small |s| uniformly in the finite volume A.

Theorem 2.7 (Stability of the gap uniformly in the perturbation region). Suppose that {h,} and
wo satisfy Assumptions - and ® is an anchored interaction satisfying Assumption [2.5]
Then, for all v € (0,70), there ezists so(y) > 0, such that for all real s, |s| < so(7y), and A € Py(T'),
we have

(2.33) spec H(A,s) C{E(A,s)}U[E(A,s) + v, 00)
with H(A, s) as in and
(2.34) E(A,s) =infspec H(A, s).

We remark that the quantity so(7y) only depends on the values of k and v of the lattice, |||, the
gap 7o, the parameters in Assumption the decay function in Assumption 2.4, and a suitable
F-norm of the perturbation ®. In particular, so(v) is independent of the finite volume A. From
the arguments in this paper, one can derive an explicit lower bound for so(7y) in terms of these
quantities, see Section [5.2

We also investigate the situation where the perturbation region A tends to all of I'. Consider

any IAS (A,). We will denote by Tt(A"’s) the dynamics on A generated by the derivation
(2.35) 68 (A) = 69(A) + [sVa,, A] for A € Al°°.
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As discussed in [47, Definition 3.7], the sequence of interactions h + s® [5, converges locally in
F-norm to the interaction h + s®. Using |47, Theorem 3.8], we conclude local convergence in the
sense that

(2.36) lim A4y = £9(A)  for all A € A°
as well as
(2.37) lim 6Mn(A) = 6,(A)  for all A e A°

with Tt(s) (respectively, d5) being the a priori well-defined strongly continuous dynamics on A

(respectively, the closure of the derivation restricted to A1°°) generated by the interaction h + s®.
Neither of these limits depend on the choice of TAS sequence A,,.

Our second result is then concerned with the ground state and its gap for a family of extensive
perturbations. In particular, the uniformity of the stability result in Theorem [2.7] allows one to
prove, almost as a corollary, that for all |s| < sg(y) there is a gapped ground state ws of ds in the
sense of . To make this precise, we introduce the limiting spectral flow. For any v > 0 and
IAS (A,,), take

(2.38) as(A) =limal(4) forall Aec A,

where the spectral flows " will be introduced in more detail in the next section, see (3.23)).
For now, it suffices to observe that this limit exists and is independent of the choice of IAS. In
fact, the interactions defining the spectral flows a*» converge locally in F-norm by arguments
as in [47, Section VI.E.2]. This limiting spectral flow o, defines a strongly continuous co-cycle of
automorphisms of A, and moreover, under the assumptions we have made, for A € A, 5 a,(A)
is differentiable to all orders. We prove bounded differentiability for A € A9, for suitable g in

Theorem [B.1]

Theorem 2.8 (Stability of the bulk gap). Under the assumptions of Theorem let v € (0,70)
and take s with |s| < so(7y). The state ws = wooa is a gapped ground state of the perturbed infinite
dynamics ds, i.e.

(2.39) ws(A*05(A)) > Yws(A*A)  for all A € A with ws(A) =0.

In particular, the GNS Hamiltonian Hg of ws has a one-dimensional kernel and spec Hg has a gap
above its ground state bounded below by .

3. QUASI-LOCALITY, DOMAINS AND LOCAL DECOMPOSITIONS

The strategy used here for proving spectral gap stability of infinite systems relies in an essen-
tial way on quasi-locality properties of the observables, the dynamics, and several transformations
defined in terms of the dynamics. To this end, we first review these locality properties of the
algebra and then, importantly, record how this local structure is mapped into the GNS space.
Quasi-locality of observables is the topic of Section In Section 3.1.1] we recall general methods
for making strictly local approximations of both quasi-local observables and maps. The specific
quasi-local maps and estimates used in the stability proof are discussed in Sections -
Our stability results will follow from spectral perturbation theory applied in the GNS space. Sec-
tion [3.2] succinctly makes clear the distinction between the relevant objects in the algebra and
their counterparts in the GNS representation. Finally, in Section [3.3] we prove how the action of
certain unbounded operators on a dense domain can be expressed as limits of sequences of bounded
operators with finite support.

3.1. Quasi-Locality. We first recall some general features of quasi-locality estimates and then
turn to some important examples relevant for this work.
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3.1.1. Quasi-locality estimates. Let A € A, X € Py(I"), and € > 0. In [14|45] it was shown that if

(3.1) I[A, B]|| < €l|B||, whenever B € AR,
then
(3.2) |A—TIIx(A)| <e.

A linear map K : A — A is said to be quasi-local with constant C' > 0, power p > 0, and decay
function G if

(3.3) I[C(A), B]|| < C|X|P||A|l||BIG(d(X,Y)) for all A€ Ax and B € Ay .
Using (3.2), for such a map K and A € Ay, (1), we have
(3.4) 1(A) = W, (k) (K(A)) || < Cloa (k) PIAI G ().

When the corresponding decay function G is summable, this estimate guarantees the absolute
convergence of telescopic sums, i.e. for any ng > 0,

o

(3.5) K(A) = W, (k4ng) C(A) + D (T hn) = iy (reym-1)) (K(A))

n=ng+1

since the terms satisfy
(36) | (yyermy — M) (KA < 20[b: (WP [A[G(n — 1) Form > 1.

A common choice is ng = 0 and we adopt the notation

Iy, (k) n=k
(3.7) K(A4) = A} (K(A)) where A} = &
nz>k b (k) b (k) be(n) - be(n—l)y n>k+1.

We now review a few examples of quasi-local maps and indicate some of their important properties

which will be used to prove stability of the gap. For more details of these maps see [47]. Throughout
Sections (3.1.2 we work under the assumptions of Theorem

3.1.2. Dynamics. It is well-known that the unperturbed dynamics Tt(o) defined as in 1) satisfies
an exponential Lieb-Robinson bound [38]. Namely, for every p > 0 there exists C;, > 0 and v, > 0
such that the bound

(3.8) 17 (A), BII| < Cpumin(|X], [Y])[| Al || Bl|e=# (XY =u01t)

holds for any X,Y € Py(T'), all A€ Ax, B € Ay, and t € R.

It is easy to check that the perturbed interaction h + s®[a has a finite F-norm for the same F
as ®, and that this F-norm is uniformly bounded in |s| < 1 and A. As a consequence, there are
Cr > 0 and vp > 0, independent of s and A, such that for any choice of X, Y € Py(I),

(3.9) 17 (A), B]|| < CrllANBlle™ ST S F(d(z, y))
zeX yeY

foral Ae Ax, B€ Ay, and t € R.
Since each sV} is bounded and self-adjoint, [11, Proposition 5.4.1] implies that

(3.10) T8 4) = (KA N DK™ forall Ac Aand teR

where {Kt(A’S) |t € R} is a one-parameter family of unitaries on A which are uniquely defined as
the A-valued solution of

(3.11) %Kt(“) — —ir (V) KM with K§M =1,



STABILITY OF THE BULK GAP 11

These unitaries are quasi-local as, for any A € A°¢ and t > 0,

/O Fd ((K,,SA75>)*AK;A78)) du

A, A,s) A,
IR AN = () AR — Al = ‘ du

t
(3.12) < / 17O (sV), A dur.
0
An application of (3.8) then shows that for any g > 0 and A € Ay with X € Py(I"'\ A),
(3.13) N, A< Culs| AL VAl Al [ttt e=rd2X)

for any s,t € R. Thus, Kt(A’s) € A9 for any exponential g, by 1)

3.1.3. Weighted Integral Operators. Fix v > 0. For each A € Py(I') and s € R, we define two
weighted integral operators 2 : A — A and G2 : A — A by

BTN RO
(3.14) FMA) = / A8 Ay (1) de and GM(A) = / A AV (1) dt

—00 —o0
where the real-valued functions w,, W, € L!(R), are defined in [47, Section VL.B]. In particular,
they decay faster than any stretched exponential. Both of these maps depend on the choice of

7 through their weight functions, w, and W, respectively, but we suppress this in the notation.
Arguing as in [47, Section VI.E.1], see also [48, Section 4.3.2], we find that for all A € A

(3.15) IFHA) < Al and  [IGHA)] < Wl Al

where we have used that, by our choice of normalization, ||w,||1 = 1. As a result, these maps are
bounded uniformly with respect to s € R and A € Py(I"). Moreover, they are uniformly quasi-local
in the sense that for each K € {F,G} there is a decay function G such that: for any choice of
X,Y € Py(I'), we have

(3.16) e I3 (A), BIIl < 2| A|l||BII| X |G (d(X, Y))
se|—1,

for all A € Ax and B € Ay. As shown in [47, Lemma 6.10-6.11], the decay functions Gx. can be
made explicit. For our purposes here, we need only stress that they can be taken independent of
A € Py(T') and s € [—1,1], and with decay faster than any power. Thus, for any pu > 0,

o0

(3.17) > (n+1)"G(n) < 0o,

n=1

3.1.4. The Spectral Flow. Fix v > 0. For each A € Py(I') and s € R, denote by

(3.18) D) = G40h) = [ A,

—0o0

with G2 as defined in . Clearly, D(A, s) is self-adjoint and s — D(A, s) is uniformly bounded
by .

For t € R fixed, the strong derivative of s +— Tt(A’S) is given by the Duhamel formula [47,
Proposition 2.7]:

d (As Y A s
(319) ) =i [0 (.
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Using (3.19)), one obtains the norm continuity of s — D(A,s) from the following estimate:

ID(A, 5) — D(A, so)|| < /_°° I8 (Vi) = 700 (V) W (8) de

(3.20) < 2Val?ls — sl / W (1) d.

Given these properties of D(A, s), there is a unique solution of

(3.21) %U(A s)=—iD(A,s)U(A,s) with U(A,0) =1,

which is given by unitaries in 4. Using similar arguments as in with and (| -, one
can show that for s > 0

(3.22) IUA,s), Alll < /0 G (Va), Alll dr < 25| A[[[Al[VallGg(d(X, A))

for any A € Ax with X € Po(I' \ A). Thus, U(A,s) € A9 for some ¢g with finite moments of all

orders by (3.17)).

The spectral flow is then the family of inner automorphisms on A induced by U (A, s):
(3.23) oMA) =U(A, s)*AU(A,s) forall A € A.

S

This is Hastings’ quasi-adiabatic evolution [25,27]. Quasi-locality of this map is then a consequnece
of a Lieb-Robinson bound. To this end, first rewrite the generator as

(3.24) D(A,s)=GMVA)=>_ > GN®

TEAN n>R:
by (n)CA

using (2.32)). Applying the conditional expectations and telescopic sum from 1) we further write
(3.25) D(A,s) = Z Z Up(x,m,s) where Wp(x,m,s) Z Ay (®(z,n))).
TEA m>R R<n<m:

bs(n)CA

Arguing as in |48, Appendix A], there is a decay function Gy and a positive number ||¥||g, such
that for all A € Py(T"), s € [-1,1], z € A and k > R,

(3.26) Do Az m,s)| < ¥y Gulk).
m>k

One can be explicit about estimates for Gy, see |48 Corollary A.3], but for our purposes, we only
need that is has finite moments of all orders. Given (3.25) and (3.26)), well-known Lieb-Robinson
bounds imply the existence of a decay function G, so that for all X, Y € Py(T),

(3.27) o2 (A), BIIl < s[| Al BJl| X|Ga(d(X, Y))

S

forall A€ Ax, B € Ay, and s € R. G, is independent of A € Py(I") and has finite moments of all
orders.

3.2. In the GNS space. The spectral perturbation arguments are carried out in the GNS rep-
resentation of the reference state wp. Recall that (H,mp,§2) is our notation for the corresponding
GNS triple. In this subsection, the quasi-local maps discussed previously are lifted to the GNS
space. Here, and in what follows, we will use the notation A = my(A) € B(H) to describe the GNS
representative of an observable A € A. We now present the necessary properties we will need in
this setting.
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3.2.1. Dynamics. As discussed in Section the unperturbed dynamics Tt(o) is implemented in
the GNS representation of wy by the GNS Hamiltonian Hy, as in ([2.20). We further show that the

perturbed dynamics Tt(A’S) is implemented in the GNS representation of wy by the Hamiltonian
(3.28) H(A,s) = Hyp+ mo(sVa),s € R,

from . Specifically,

(3.29) 7T0(Tt(A7s)<A)) = N 0 (A)e A9 forall Ac Aand t € R.

Applying the GNS representation to the interaction picture representation gives

(3.30) mo(r(A)) = (mo (BN eHomy(A)e~ Homy (M) .

Then, follows by observing that

(3.31) p—itH(As) _ efz'tHgﬂ_O(Kt(Avs)),

as by f(t(A’S) = ﬂo(Kt(A’S)) is the unique, unitary solution of

(3.32) %KSA’S) — —ie™ory(sVp)e M KM with KM = 1.

3.2.2. Weighted Integral Operators. For any v > 0, A € 720(F), and s € R we map the weighted
integral operators of 1j to the GNS space by defining ]-";\ and Qé\ by

(3.33)

FAA) = HONS) A=tH ), (1) gt and  G(A) = / (HHONS) A=t HST (1)
for all A € B(H). Using (3.29)), it is clear that
(3.34) mo(FX(A)) = FMmo(A)) and  m(GR(A)) = G (mo(A)) forall Ae A.

3.2.3. The Spectral Flow. For fixed A € Po(I'), following [47, Section VI.A] we define a norm-
continuous family of unitaries U (A, s) € B(H) as the unique solution of

(3.35) %ﬁ(A,s):—if)(A,s)fJ(A,s) with T(A,0) =1,
where
(3.36) D(A,s) = / ) 70 (V) e T HHI T (1) dt .

The spectral flow associated with H(A, s) is the family of automorphisms of B(#) defined by
(3.37) aMA) =U(A, s)*AU(A, s).

s

By (3.34) it is clear that D(A,s) = mo(D(A,s)) with D(A,s) as in (3.18) and, hence, by the
uniqueness of the unitary solution of (3.35), U(A,s) = mo(U(A, s)), where U(A, s) is as in (3.21)).
Therefore, mg lifts the spectral flow in A to the GNS space:

(3.38) mo(a(A)) = @M (mo(A)) forall Ac A.

s

Recall that E(A,s) denotes the ground state energy of H(A,s). Under our assumptions the
ground state space of H(A,0) = Hy is one-dimensional by Proposition and ~y := gap(Hp) is
strictly positive. By standard results, see e.g [33], for |s| sufficiently small the kernel of H(A,s) —
E(A, s)1 is one-dimensional and the ground state gap does not immediately close. More precisely,
for any y € (0,7), there is s)(y) > 0 so that

(3.39) gap(H (A, s)) :=sup{d > 0: (E(A,s), E(A,s) +0) Nspec(H(A,s)) =0} >,
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for all |s| < s}(y). Although the existence of s (y) > 0 is trivial, the main objective for prov-
ing stability is to establish the existence of a A-independent sy(7), e.g. as in the statement of
Theorem Given this, an application of [47, Theorem 6.3] shows that

(3.40) a(PA(s)) = PM(0)  whenever |s| < sh(7),

where by P*(s) we denote the orthogonal projection onto the ground state space of H(A, s).
For any A € Py(T) and s € R, the state w’ given by

(3.41) W (A) = wo(a(A4)) forall Ac A
is a vector state in the GNS space:
(3.42) W (A) = (Q(A, 5), m(A)Q(A, 5)) forall Ae A,

where Q(A,s) = U(A,s)Q € H. By our assumptions, P*(0) = |Q)(©2]. An application of (3.40)
then shows that
(3.43) PA(S) = U(A, s)\Q)(Q\U(A,s)* = |Q(A,5))(QUA, s)| for all |s] < sé\(’y),

and thus Q(A, s) is the ground state of H(A,s).
_ Finally, we recall that with the parameters v and s as above that the weighted integral operator
FA from (3.33) satisfies the relation

(3.44) [ﬁﬁ(A), IQ(A, s))(Q(A, s)@ =0 forall A€ B(H).
See, e.g. [47, Lemma 6.8], for a proof of this property.

3.3. On Domains. Recall that (I',d) is a v-regular metric space. Let F' be an F-function on
(T',d), and ® an interaction with ||®||F < co. As in Section [2} let % be the closed derivation with
dense domain dom(§®) C A, and which satisfies

(3.45) 0% (A)= > [®(Y),A] forany A€ Ax.

Y €ePy(T):
YNX#D

Although the sum on the right-hand-side above may be infinite, it is absolutely convergent when
® has a finite F-norm. In fact, 6% is locally bounded:

(3.46) 167 (A)|| < 2/ F[l|@]|#| X[ Al for all X € Po(T), A € Ax,
see Example 4.7 of [47, Section IV.B.1]. We have the following lemma.

Lemma 3.1. Let (I',d) be v-regular, F an F-function on (I',d), and g a decay function with a
finite v-moment, i.e.,

oo

(3.47) > (n+1)"g(n) < oo.

n=1
For any interaction ® on T with |®|r < oo, we have that A9 C dom(5®).
Proof. Forn > 1, and A € A, for some = € I, and observables A,, € Ay_(,,) satisfying || A — A, <
|Allz,g9(n). In this case, the bound ||Ap41 — Ayl < 2[|A]l2,99(n) is clear. Using (3.46) and v-
regularity of I', we conclude
(3.48) 16% (An41) = 0% (An)|| < 4 F @]l p5]|Alls.g(n + 1)7g(n).

Thus, for all m < n,
n—1
(3.49) 16%(An) = 8% (Am) || < 45| Alla g FII1@]E D (k+ 1) g(k).

k=m
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Since we assumed that ¢ has a finite v-moment, this implies that §®(A4,) is a Cauchy sequence.
Since A, — A and A!°¢ is a core for §%, it follows that A € dom(5%). O

Given the assumptions of Theorem Lemma [3.1] clearly applies to the derivation dy. Using
that HpQ2 = 0, one readily checks the relation

(3.50) eitHor (A)Q = mo(r\V(A)Q,

from which the inclusion mp(dom(dy))Q2 C dom(Hy) is clear. As a result, if g is a decay function
with a finite v-moment, then m(A9)Q C dom(Hy) = dom(H(A, s)) for any A € Py(T') and s € R.
Since U(A,s) € A9 for some g with finite moments of all of orders by (3.22), it follows that
mo(AU(A, 5))Q € dom(H (A, s)), for any A € A°°, s € R.

A consequence of this is a gap inequality for the perturbed ground state W? from (3.41)). Namely,
we show that for v € (0,70), A € Po(I), and |s| < s (7):

(3.51) W (A*FA(A)) > qwh(A*A), for all A € A°° with w}(A) = 0.
To see this, fix |s| < s{(7). Since Q(A, s) is the unique ground state of H (A, s),

for all ¢» € dom(Hy) with (Q(A,s),%) = 0. In particular, if w?(A) = 0 for some A € A°¢ then
(3-52]) holds for v = mo(A)Q(A, s) = mo(AU (A, s))2 since

(Q(A, 5),9) = (A, 8), To(A)Q(A, 5)) = wi (A).
Then follows from rewriting .

It will be important that on an appropriate dense domain, the action of the unbounded Hamil-
tonians can be expressed as a limit of finite-volume quantities. This is the content of the next
lemma.

Lemma 3.2. Let (H,mo,) be the GNS representation of wo, an infinite-volume, zero energy,
ground state of a frustration free model as in Assumption |2.1. For any decay function g with a
finite v-moment and any IAS (A,,),

(3.53) ILm mo(Hn, )Y = Hoyp  for all i) € mo(A9)Q2,
n—oo
where Hy,, € Ap,, is as in and Hy is the GNS Hamiltonian.
Proof. Note that (3.53)) is trivially satisfied for 1) = 7o(A4)Q, for A € A!° since
(3.54) lim 7o(Hp, )m0(A)Q = lim mo([Ha,,, A])Q = 70(d0(A))Q = Homo(A)S2.
n—oo n—oo

For the first equality we used mo(Hp,, )2 = 0, which is a consequence of the frustration-free property.
Then, by the finite-range condition on the unperturbed model, [Hy, , A] becomes constant for n
sufficiently large.

Take ¢ = mo(A)Q for any A € A9. By the definition of A9, there exists © € I' and observables

Am € Ay, (m) so that [|A — Ayl < [[A]lzg9(m) for all m > 1, and so the vectors ¢y, := mo(Am )2
satisfy

(3.55) 1Y = Yl < [[Allz.gg(m).

Moreover, since the interaction A is uniformly bounded with range R, it follows from (3.45)) and
v-regularity that for any k£ > 1,

oA~ ADI < S0 llhes Acsr — Adl < 26 B0+ 1V hllocl At — Al
z€by ((+1+R)

n?
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where we use the bound |bz(n + m)| < [bz(n)||bz(m)|. Then, by the last equality of (3.54]), one
finds that (Hotm)men is Cauchy as

(3.56) | Hoom — Hodwll < 1160(Am) — So(Ap)| Z (+1)
=k

where we set D = 452 R”||h|oo||Al|2.g- Since Hyp is closed, and ¢ € dom(Hy) by Lemma and the
subsequent discussion, the bound

[e.9]

(3.57) [Ho — Hoyel| < D Y (£+1)"g(¢)

=k
follows immediately from (3.55)-(3.56)).

In the case of a local Hamiltonian, using again the first equality in (3.54]), a similar argument
shows that for all n > 1,

170 (Ha, )¢ = mo(Ha, )Ykl = lim_|lmo(Ha, )¢m — mo(Ha, )%l

(3.58) < lim ||[Ha, An — Al < D ;w +1)"9(0).
Putting all of this together, one finds that for any n > 1 and each k > 1,
(3.59)

|mo(Ha, )t — Ho|| < ||mo(Ha,, )Y — mo(Ha, )kl + ||mo(Ha, )Yr — Hotbr|l + || Hotx — Hot)||

For k > 1 sufficiently large, (3.57)) and (3.58|) guarantee that the first and last term above can be
made arbitrarily small. Given such a k, the middle term vanishes for n sufficiently large, see the
comment following ([3.54). This completes the proof. O

Lemmamalso trivially applies to the perturbed system in the GNS space. In fact, for A € Py(T")
and s € R, under assumptions as above, a direct application of Lemma [3.2] shows that we also have

(3.60) hqun mo(Hn,, + sVaA)Y = Hop + smo(Va)yy = H(A,s)yp  for all ¢ € mp(A9)Q

Remark 3.3. An analogue of Lemma([3.2] holds more generally. In fact, if F' is an F-function with a
finite v-moment, then for any frustration free interaction ® with ||®||r < oo, the GNS Hamiltonian
again satisfies . The argument is identical to the above except that one uses the more general
estimate in Lemma and bounds the middle term in by

(3.61) > lmo(@CO)xll < [ @llF(L+gO)Allg D Fld(y.2))

XePy(I): y€bs (k),z€AE,
Xbg (k) 0, X NAS £0

For fixed k, the above is the sum of finitely many ‘tails’ of the uniformly summable function F.

We now investigate how the weighted integral operator .7:"9 from 1' can be applied to the
unbounded Hamiltonian H (A, s). To begin, we prove an analogue of the desired statement for the
unperturbed dynamics; this is Lemma below. To this end, assume w € L!(R) satisfies

(3.62) /Rw(u) du=1 and /R\u|”|w(u)| du < o0,

and define a weighted integral operator F : B(H) — B(H) by setting
(3.63) F(A) = / ¢ Ae=uH0, () duy for all A € B(H).

—0o0

To simplify notation, let us also write
(364) 71750)(14) — eiuHer—iuHO‘



STABILITY OF THE BULK GAP 17

Our first result is as follows.

Lemma 3.4. Let (T',d) be v-regular, g be a decay function with a finite 2v-moment, and w € L'(R)
satisfies . For each choice of IAS (Ay,), the weighted integral operator F from satisfies

(3.65) lim_ F(mo(Ha,)) = Hotp  for all ¢ € mo(A9)Q,

where Hy, € Ap,, is as in (2.15).

Proof. Fix an IAS (A,) and take ¢ = mp(A)Q2 for some A € A9. We can rewrite the convergence
claimed in ([3.65) as the convergence of integrals of a sequence of functions f,, : R — H given by

(3.66) Fa(u) = ww)7 O (ro(Ha, ) for all u € R.
Since Hpf2 = 0, the above can be re-written as
(3.67) folu) = w(u)eiUHOTF()(HAn)ﬂ'Q(TEOJ(A))Q

using 1} We claim that there is a decay function g, with a finite »-moment such that 7{012 (A) €
A97 for all u € R. Given this, Lemma applies and we find that

(3.68) limf(u) = w(w)e™ 0 Hyrg (19 (4)Q = w(w)Hyyp  for all u € R
By (3.62)), the integral of this limit coincides with the right-hand-side of (3.65). Therefore, to

complete the proof we only need to justify an application of dominated convergence.

Let us first prove the existence of a decay function g, as claimed. Fix A € AY9. In this case,
there is x € I', C' > 0, and observables A, € Ay, () for which [|A — Ay, || < Cg(m) for all m € N.
Let v € R and for any n € N, set
(3.69) Ap(u) = (7S (Apy/9) € Ap, ()
where, to ease notation, we have written II,, = II;_(,), for the conditional expectation from Sec-
tion A straightforward estimate shows that for any p > 0,

I (A) = An(@)] < 17(A) = 7O A2l + 170 (Apny2)) = An(w)|
(3.70) < Cg(n/2) + rCue V(L + g(0)[[Alla g (n/2 + 1) e /2
where we used (3.8) and (3.4) for the final bound. The existence of the decay function g, follows
from the moment condition on g and the decay of the exponential term..

We now turn to finding a dominating function for f,. Recall that for any mg € N, A can be
written as an absolutely convergent, telescopic sum:

(o]
(3.71) A=Am,+ Y By where By=Ay— A and By <2Cg(k —1).
k=mo+1
Inserting this decomposition of A into (3.67)), we find that for any n € N and each u € R:

[e.e]

(3.72)  [fa(w)l < Jw(@)| | Imo(Ha,)mo(r Q) (Am )l + S Imo(Ha,)mo(r ) (B)Q
k=mo+1

Now, by the zero-energy property of the ground state we find the bound
(3.73) [m0(Ha, )m0(A)2] < k(k+ R)”||hlo|l Al for all A € Ay, 1),

which we stress is uniform in n. This suggests a mechanism for bounding the first term in (3.72)).
Let ¢y > mg and write

(3.74) 7 (Ame) = = AL (70 (Amy))

>4y
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where we have used the short-hand A, for All;m (m) 35 in 1' For ¢ = /¢y, the bound

o (H, )mo (AL () (Amg))QUl = |lmo(Ha,,)mo(Tg (7€) (A )92

(3.75) £l Plloo (€0 + R)” || Ao |

follows from (3.73)). For ¢ > ¢y, the estimate

IN

o (Ha, ) mo(A% (T (Am))Ql < kllhlloo(€ + R)”[A% (70 (Amo)) |
(3.76) < 262 Ao Crmly (£ + R)” || Ay [|e#(E-m0 =1 =0l

follows from another application of (3.73)) and the quasi-locality estimate for the unperturbed
dynamics in combination with (3.6). We conclude that

o (Ha, )mo(r ) (AU < 3 Imo(Ha, )mo(A () (Am,))|
>0

(3.77) < wllhllol Amall { (G0 RY” + 26Cmt S (¢4 Ryrememom i)
0>0p+1

If we now take ¢y = [v,|u| + mg]|, then we have found that there is K > 0 for which

(3.78) o (Ha o (r ) (Amg YU < K [[Blocl| Amo | (mE” + Jul” + (molul)” +1)

and here K = K (k, u, v, R).

The terms By in can be estimated similarly. Regarding k as mg and arguing as in
- (3.77) with some ¢y > k, a bound analogous to can be found. Of course, here one replaces
| A || with ||Bg||. Since ||Bg|| < 2Cg(k — 1) and g has a finite 2v-moment, we have obtained a
bound on the right-hand-side of of the form:

(3.79) a0l < Klhlloo(1 + u*)[w(w)|  for all u e R.

By the assumption on w, i.e. (3.62)), the above is a dominating function for the sequence f,. This
justifies dominated convergence and completes the proof. O

We will also need a version of Lemma [3.4] for the perturbed system. Recall that for any v > 0,
s € R, and A € Py(T), the weighted integral operator F2 : B(H) — B(H) are defined by

(3.80) FMA) = / etHAS) femtHNS) 0, (1) dt for all A € B(H).

—00

We note that w, from [47, Section VI.B] satisfies (3.62)). It is clear that
(3.81) FM e Ns)) = ol N9 for all u,s € R,

since the dynamics leaves this bounded operator invariant and w. integrates to 1. Lemma
provides a differential version of this fact.

Lemma 3.5. Let (I',d) be v-regular, g be a decay function with a finite 2v-moment. Let A € Po(I')
and take s € R. For each choice of IAS (A,), consider the weighted integral operator F2, as in
, with arbitrary w € LY(R) satisfying . Then

(3.82) nh_}rrolo FMmo(Hp, + sVA)) = H(A,s)p  for all ¢ € mo(A9)Q,

with Hy,, € Ap, as in and Vp as in .
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Proof. Fix an IAS (A,,) where we assume for convenience that A C Aj. As in the proof of Lemma
take ¥ = mo(A)Q with A € A9, and for each n € N, consider f, : R — H given by

(3.83) fo(w) = w(u) 78 (mo(Hy,, + sVa))m0(A)Q  for all u € R,

where, in analogy to , we have set

(3.84) %t(A’s)(A) = M (A8) gt (A8) for all A€ B(H) and t € R.
Using , , and , we may write

(3.85) 70 (mo(Hp, + V) = mo(KM) e omg(Hy, + sV )e "“Homg (K (M)

for all v € R. In this case, we find that

(3.86) Falw) = w(w)mo(KM)*emHor (Hy 4 sV )mo(r) (KA 4))0.

—Uu

Following a similar argument and using (3.13)), one shows that there is a decay function ¢’ with a
finite v-moment such that T(O)(KI(LA’S)A) € A9, As a result, the point-wise limit

—Uu

u

(3.87)  lim fu(u) = w(u)mo(K M) e™ o (Ho + smo(Va)mo (70 (K9 A))Q = w(w) H (A, s)

is clear from properties of the interaction picture dynamics, see the discussion following .
The argument demonstrating that we can apply the dominated convergence theorem also pro-

ceeds as in the proof of Lemma Since the differences stemming from the presence of the

u-dependence in the operators A,,, and By are minor, we leave the details to the reader. O

4. CONSTRUCTION OF A UNITARILY EQUIVALENT PERTURBED SYSTEM

The crux of the stability strategy, as introduced in [12], is to use the spectral flow (aka quasi-
adiabatic evolution) to construct a unitarily equivalent perturbed system for which one can prove
a relative form bound using quasi-locality estimates and LTQO. In the infinite-system setting, this
begins by justifying that the unbounded Hamiltonian H (A, s) from can be transformed by
the spectral flow defined in the GNS space, see . To this end, note that in Section we
proved that U(A,s) € A9 for some g with finite moments of all orders, and thus, an application
of Lemma shows that U(A, s)mo(A)Q € dom H(A, s) for A € A°°. As a consequence, one may

write
(41) U(A, 5)*H(A, S)U(A, S)¢ = Hyy + VV(A7 5)1/} + E(A’ 5)'¢ for all ¢ € WO(AIOC)Q’

where E(A, s) the ground state energy of H(A, s) from (2.34), and W (A, s) is well-defined since all
other quantities in are well-defined. Our goal now is to show that this defines W(A,s) as a
bounded operator with an explicit, A-independent form-bound with respect to Hy.

In fact, the proof of Theorem [2.7] follows as a consequence of two results. The first, Theorem [.T]
establishes that W(A, s) is indeed bounded and can be decomposed in a way that is suitable for
deriving a relative form bound. The second, Theorem in Section [o} is the relative form bound
itself.

Theorem 4.1. Suppose Assumptions and hold, and fiz A € Py(T"). Then, for any
v € (0,70) and |s| < s} (v), there is a family of self-adjoint observables @) (z,m,s) € A, (m)» for
each x € I' and m > R, with the following properties:

(i) @@ (z, m, 8) Py, (m) = Po,(m)®P (z,m, s) = 0;
(ii) || (z,m,s)| < 25Gf)(m,m) with
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(4.2) GO (z,m) = Ga(z,m/2) + 26\ (z, [m/2]) + 261 (2, R)\/[m/2]* Go(m/2)

where Py (,,,) 1s the ground state projection associated to Hﬁm), Ga(z,m) is as in Theorem

Gsxl)(x,m) = om Galz,n), and G is from Assumption . Furthermore, W (A, s) is given by
the absolutely convergent sum

(4.3) WA s) =Y > m(@?(z,m,s)).

zel'm>R

Note that the operator W (A, s) is a priori defined in the GNS representation. A posteriori,
however, implies that W (A, s) is the image of a quasi-local observable in A.

The decomposition from Theorem is proved in two steps. The first uses quasi-locality and
conditional expectations to prove that for all |s| < si(7), the action of the spectral flow on the
GNS Hamiltonian H(A,s) can be again realized as a perturbation of Hy. Namely, we show that
for all ¥ € mo(Ajoc)2

(4.4) U(A,s)*H(A, s)U(A, )y = Hm/J—l—ZZ(I) x,m,s)

zel'm>R

where the perturbation terms ®1)(z,m,s) € 70(Ap,(m)) are self-adjoint, satisfy a norm bound
that is linear in s, and are absolutely summable over x € I' and m > R. This is accomplished in
Theorem [£.2] of Section E.] below.

In the second step, carried out in Section the final form of from Theorem is proved
using the frustration-free and LTQO ground state properties to produce a refined decomposition
of the perturbation terms from .

4.1. Quasilocal decomposition of the transformed perturbation. We now turn to estab-
lishing the first decomposition (4.4]), which is the content of the following theorem.

Theorem 4.2. Under the conditions of Theorem there exists a function Gp : T' x [0,00) —
[0,00) for which

(4.5) Z Z G (z,m) < 00

zellm>R

and a self-adjoint operator @MW (z,m, s)* = ®W(z,m,s) € 70(Ap, (m)) for each z € T and m > R,
such that | W (z,m, s)|| < sGa(z,m) and

(4.6) W(As)—l—EAs]l—ZZ‘P(l)xms
zel'm>R

Moreover, for each x € T, the operator ®1)(z,s) := > m>R dW(z,m,s) belongs to mo(A) and
commutes with the ground state projection |§2)(€|.

The global term é(l)(:n, s) above will result from applying quasi-local maps KE’A, 1=1,2, to the
interaction and perturbation terms associated to the site . These maps are defined in terms of
the examples introduced in Section and emerge from fixing any IAS (A,) and then applying
Lemmas B35 to rewrite
(A7) (WA s)+ B o)1 = lim (T(A, )" FNmo(H, + sVA)T(A, sy — F(mo(Ha, )

where we choose F = .7:"6\ As the argument in the above limit is a finite sum of bounded operators,
the various relationships (3.34)-(3.38) between the quasi-local maps in the GNS representation to
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those on the C*-algebra implies that for each n:

dé\ o ﬁ?(ﬁ,\n + SVA) — f(ﬁAn) = Z o (a? o f?(hx) - f(hx))
z€A,
(4.8) +> > 7o (sal o FN®(a,K))) -
ze€A k>R:
b (K)CA
Given this, for ¢ = 1,2 the map KiA A — A are defined by
(4.9) KoM (A) = al(FHNA) = F(A) and  K3A(A) = sal (FH(A)).

It was proved, e.g. in |48, Lemma 4.4], that both of these maps satisfy a local bound and quasi-
local estimate that is independent of the finite volume A. Specifically, for each ¢ = 1,2 there are
non-negative numbers p;, ¢; and Cj, and a decay function Gy (all independent of A) such that
(4.10) I A < sCilX P A

(4.11) 1SN (A), Bl < s|X[%[|AJ[[| B| Ge: (d(X, V)

hold for any X, Y € Py(I"), A € Ax, B € Ay, and s € R. In fact, one can take p; = ¢q1 =2, po =0
and g2 = 1 and make explicit estimates on the decay function, see e.g. [48, Remark 4.7]. However,
it suffices to note that each G have finite moments of all orders in the sense of (3.17)).

However, as A,, T T" when n — o0, to prove that the decomposition in absolutely
summable, we will need refinements of ([4.10)-([4.11]) for K that also decay in the distance d(X,A).
Both of these bounds will be a consequence of the perturbation Vi being locally supported, which

implies that the spectral flow o is approximately the identity far from A. The necessary bounds

are the content of Lemmas .3 and [.4] below.

Lemma 4.3 (Distance Locality Bound for K!). There exists a decay function Fic1, with finite
moments of all orders for which, given any X, A € Py(T") with d(X,A) > 0, A € Ax, and any
s € R, the following local bound holds:

(4.12) IS (A < sIX P[] Fier (d(X, A))-

It is easy to check that for fixed € € (0,1) and any decay function F' with finite v-moment, the
function M7, : [0,00) — [0, 00) defined by

(4.13) M () =Y (0 + 1) F(en)

is also a decay function. The proof of Lemma [£.3] shows that one may take
(4.14) Fio (1) = 26 Wi, (M, () + 26w (R)MELM))

where Gr and Gy are the decay functions previously discussed in and . Since G and
Gy both have finite moments of all orders, the same is true for Fj:.

The proof of Lemma will also make use of the following bound, which holds for any F' and €
as in ([4.13), and A, X € Py(I) such that d(X,A) > 0:

(4.15) 3" Fed(z, X)) < 5 X|MY(d(X, A)).
zEA
This follows from the following simple calculation

S FEdX) < Y Fednx) < Y Y Fed(s X))
z€A zel™ n>d(X,A) zel™
d(z,X)>d(X,N) n<d(z,X)<n+1
(4.16) < w|X| D> (n+1)"F(en)

n>d(X,A)
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where the last inequality uses that | X (n)| < kn”|X| for any n > 1 by v-regularity, see (12.1]).

Proof of Lemma[{.3: Fix X, A € Py(T") such that X N A = (), and let A € Ax be arbitrary. Recall
that i is as defined in 1' and that D(A, s) from 1' is the generator of the spectral flow.
Then, since ag = id and F = ]-"é\, it follows that

(4.17) KR (A) = i j A(]—"A(A))dr:i/osaj}([D(A,r),]ﬂf\(A)])dr
where one uses and |47, Equation (6.37)] to obtain
A - / / ) (Vi 75 (A)]) dr o (#) dit
= / / W) (v, 78D (A)]) dr <—2W7(t)+50(t)> dt
(4.18) _ z/_ 29 (Va, AW, (8) dt = 0.

Here, the final two equalities follow from integration by parts, and the fact that the supports of Vj
and A are disjoint.
Returning to (4.17)), we expand the generator as in (3.25)) to write

(4.19) DA, ), FMA) =D [Walz,n,7), FA(A)]
zEAn>R
Fix € € (0,1), and for each z € A, set k,(¢) = ed(z, X). For each term in (4.19)), we approximate
FM(A) with a strictly local approximation:
(420)  [Ua(z,n,7), FAMA)] = [Wa(z,m,7), M ke (o) (FH(A)) + (FH(A) = Tix e (FrH(A))]

where one uses conditional expectation associated with the inflated set X (k. (¢)), see (2.1])-(2.2)).
For the second term, one can apply the quasi-local bound for F2 from (3.16|) coupled with (3.4) to

produce

(4.21) 1WA (z,n,7), FHA) = Tix i (Fr (A < 4 ANX (1WA (2,m,7) | GE (k= (e)) -
Then, summing over z € A and n > R, and applying (3.26]) and (4.15|) gives the final estimate
(4.22)

ST wACz ), FAA) = T o) (FRAN]| < ABIANX P 6y Gu(R)MEL(A(X, A)).
zeEAn>R

To estimate the remaining terms in ([4.20]), note that for each z € A, b,(n) N X (k.(¢)) # 0 only
when n > k,(1 —€). As a result, arguments similar to the prior estimate produce the bound

Do MAG ) My (FRAIN = D0 D IWalzn,r), Hxe o) (FHA))]

zeAn>R 2€A n>k,(1—e¢)
< 2AIP ey Y Gulka(1-€))
zEA
1 €
(4.23) < 2KJIIAHIXIII\I’IIG\p )(d(X A))~
Recalhng the spec1ﬁc decay function from , the bound clalmed 1n now follows by
inserting (4 into and using the est1rnates found in and ( above O

By combining the estimate in Lemma and the original qua81—1oca11ty bound from , one
arrives that the following quasi-locality bound for || [lCi’A(A), B]||, which decays in both the distance
between X = supp(A) and Y = supp(B) as well as the distance between A and X. This is the
content of the next lemma.
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Lemma 4.4 (Distance Quasi-Locality for ). There exists a function G : [0,00) % [0, 00) — [0, 00),
non-increasing in both variables, such that given any A, X,Y € Py(T') with d(X,A) > 0, the bound

(4.24) 1K™ (A), Bl < s AIlI|B[I|IX*G (d(X, A),d(X,Y))
holds for all A € Ax, B € Ay, and s € R. More precisely, for any 6 € (0,1), one may choose
(4.25) G(m,n) = max {zp,gl(m)p,gﬁ (n), Goi (m) Gl (n)}

where Fic1 and Gy are the decay functions from Lemma and [{.11), and G°(m) := (G(m))°.

In applications, it can be convenient to bound G(n, m) by a function that separates over the two
arguments. In this case, taking ¢ as in (4.25)),

(4.26) G(m,n) < 2F5(m) - Fi_s(n) with Fs(m) = max{F2, (m), G%:(m)}.

Proof. Fix 0 < § < 1. In the case that d(X,A) < d(X,Y), the quasi-locality estimate (4.11]) shows
that
(4.27) 1A (A), B < s| X P ANl Bl Gy (d(X, A)) G’ (d(X, Y))

where we have used that Gy is non-increasing.
Alternatively, if d(X,A) > d(X,Y’), the local bound from Lemma (4.3| implies

(4.28) 1A (A), Bl < 2K (A)IBI < 28X P AJ||B]| Fxcr (d(X, A)) -
Since Fy1 is also non-increasing, the bound Fi1(d(X,A)) < Fl‘él (d(X,N)) F,éf‘S (d(X,Y)) follows.
The bound (4.24) is then a consequence of (4.27) and (4.28]). O

We conclude this section by proving Theorem [£.2] which will proceed as follows. We first define
the global terms ®1)(z, s) € my(A) and show that they commute with the ground state projection
|2)(€2|. Then, we use the localizing operators from to define the local terms ®™)(x,m,s)
for m > R and show that they formally satisfy . The third and final step of the proof uses
Lemmas to show that these new local interaction terms satisfy the desired norm bound for
a function G (z, m) satisfying . This justifies the above-mentioned formal equality, and will
be a consequence of considering the cases x € A(R) and x € I' \ A(R) separately.

Proof of Theorem[[.3. Fix v € (0,7), A € Py(T'), and take any IAS (A,) such that A C A,, for all
n. Define the spectral flow o and the weighted integral operators fsA, F = fé\ with respect to

the choices of v and A as in {D and 1 , and then take lCi’A, i =1,2, as defined (4.9).

For the first step, let xa be the characteristic function of A C I'. Then, for each z € I' and s € R
such that [s| < s (7), the self-adjoint operator ®1)(z, s) = 7o(®M)(x, 5)) € B(H) is defined by

(4.29) oW (z,5) = KIM(he) + xalz) > KPN®(z,k)) € A.

k>R:
bz (k)CA

To show that each ®™1)(z,s) commutes with the ground state projection [€2)(Q[, recall that the
ground state of the perturbed system is Q(A, s) = U(A, s)Q2if |s| < sﬁY\. Then, recalling the relations

(3.34)-(3.38)), a simple calculation shows that for all A € A
[mo(ad (FAAN) I = [T(A, )" F (mo(ANT (A, 5), 1€

(4.30) = O(A, )" [F(mo(A)), 194A, ) (A, )] T(A, ) =0,

where the final equality uses that (3.44) holds since |s| < s{(v). Since ([@30) trivially holds for
s = 0, considering (4.9)), the above implies that

(4.31) [mo(ICs ™ (A)), 12)(Q] = [mo (K24 (A4)), [2)(Qf] = 0.
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Hence, [ (x,5),|Q)(Q[] = 0 for all 2 € T and |s| < sy (7) as claimed.
We now turn to the second step of the proof. To establish (4.6, use the conditional expectations
from (3.7) to decompose each @) (z, s) as

(4.32) dW (z, ) Z dW (z,m, s)
m>R

where @) (z,m, 5) = mo(®M (x,m, 5)) € 70(Ap, (m)) is defined for each m > R by

(433) 0D (mm.s) == AP o (KM (h) +xale) S0 AT 4 (K2 (@(, k).
R<k<m:
bz (k)CA

With respect to this notation, (&.7)), (.8)) and ([#.29) show that for all ¢ € my(A°¢)Q

x€EN,

(4.34) = nlgrlgo Z Z W (z,m, s)1

rEA, m>R

Since this WO(AIOC)Q C H is dense, the equality in (4.6]) follows from establishing absolute summa-
bility of the terms ®()(z,m, s). This is achieved by defining a function

(4.35) Ga(z,m) = xar) (7)G1(m) + xr\a(r) (2)G2 (d(b:(R), A), m)

which bounds the norms of these terms and satisfies (4.5). Here, we note that A(R) is as in (2.1)),
and the functions G : [0,00) — [0, 00) and G2 : [0,00) X [0,00) — [0, 00) will be independent of A.

We now proceed to the final step of the proof. First, suppose z € I' \ A(R). As R > 0 is the
finite range of the unperturbed interaction, simplifies to

(436) q)(l) (.f, m, 3) = AIT)Z(R)(K:;A(hI)) :
Then, applying Lemmas and with the local approximation bound (3.6]) one finds
(4.37) 18 (2, m, 5)|| = @M (2, m, 8)|| < sG2 (d(bs(R), M), m)

where for any fixed 6 € (0,1), the function G2 can be taken to be

. Flcl(l), lfm:R7
(4.38) Ga(l,m) = C- { AF5() - Fios(m — R—1), ifm>R+1.

Here, C' = k?R?”||h||0o, Fi1 is the function from Lemma and

(4.39) F3(l) = max {(F,Cl 1))°, (G (z))5} .

More specifically, the bound in (4.37) for m = R is a direct application of Lemma while the
bound for m > R+1 follows from the quasi-local estimate in Lemma[f.4 and the subsequent bound

([E-26) coupled with (3:3)-(36).

Given (4.35)), the summability of G, over the sites z € I' \ A(R) follows from observing that
> 3 Galdm ) =C 3 Fialdl(5), )
zeA(R)e m>R 2€A(R

(4.40) +4C Z Fs(d ) Y. Fism-R-1)<
zeA(R)° m>R+1
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as both Fy1 and G (and, thus, Fj) have finite moments of all orders. In particular, for any decay
function F : [0,00) — [0, 00) with a finite v~-moment,

> F(d(bs <> > F(n—R)<kA|D (n+1)"F(n—R) < oc.
TEA(R)C n>RzeA(n+1)\A(n) n>R
We now turn to the sites 2 € A(R), for which we demonstrate that
(4.41) |0 (. m. )] < 5G1(m)

where (1 is a summable function. First consider (4.33)) when m = R. Combining the local bounds
(4.10), the uniform bound (2.12)), and the interaction bound in Assumption one produces the
z-independent bound

1eM) (2, R, s)]

IN

I ()| + 1> (@ (2, R))|
sC16”R* | Moo + sCa| @fle™"

A

(4.42)

Alternatively, for m > R + 1, (4.33) can be estimated as

JoW @, m o)l < AT gy (KEN Bl +xa (@) D AT gy (K2 (@, )|
R<k<m:
be (k)CA

IN

(4.43) 25> R¥||h]| oG (m — R— 1) + 255 Y k|| ®(z, k)| Gz (m — k — 1)

R<k<m:
bz (k)CA

where one uses the quasi-local estimates from (4.11]) and the local approximation bound in (3.6)).
Given Assumption the final sum above can be further estimated as

> Bz, k)|Gre(m -k — 1) < H<I>||Zk”e’ak9G,C2(m—k—1)

R<k<m: k=R

be (K)CA
m/2—1

(4.44) < J@f | Gra(m/2) Y Kem ™ + Gra(0) Y ke
k=R k>m/2

To simplify notation, let Mg (r) := >, k” e~ denote the v-th moment of the decay function
associated with the perturbation ® from Assumption Then, in summary, one has that for
x € A(R), (4.41)) holds for the decay function G defined by

(4.45) G1(R) = C1K2R%||h)|os + Ca||®|e— "
and for m > R+ 1,
(4.46) G1(m) = 20G 1 (m — R — 1) + 2&||®|| (Ma(R)Gye2(m)2) + Gz (0) Ma(m/2)) .

Since each of the decay functions in (4.46|) has finite moments of all orders, it is clear that

Y m>r G1(m) < 0o. As a consequence, G as in (4.35)) satisfies

Z Z Ga(xz,m) < KR"|A] Z Gi(m

zeA(R)m>R m>R

This demonstrates absolute summability of the terms in (4.6]), and hence, completes the proof of
Theorem [£.21 d
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4.2. The final decomposition of the transformed perturbation via LTQO. We now turn
our attention to proving Theorem which is a consequence of one last decomposition of the
transformed perturbation from Theorem i.e.

{@(1)(x,m,s) € mo(Ap,(m)) x €T, m > R} .

The key component for proving the desired norm bounds for this final decomposition is Lemma
below, and it is in the proof of this result where one needs the LTQO property from Assumption [2.4]
To this end, we first shift the transformed perturbation terms by their expectation in the ground
state €2, as this will put us in the appropriate setting to apply LTQO.
Throughout this section, we assume v € (0,7p) is fixed and that s € R is such that |s| < s} (7).
As such, Q(%: U(A, s)2 is the ground state of H(A, s), and one finds that W (A, s)Q = 0 from
(4.1

considering (4.1)) in the case ¥ = ). Thus, Theorem implies that for any v € mo(A1°¢)Q
(447) WA, s)Y =U(A,s)"H(A, )U(A, )¢ — Hop — E(A, ) =Y >~ 0D (z,m, s)0,
xel'm>R

where the (self-adjoint) observables ‘fg})(:v, m, s) € mo(Ap,(m)) are defined by
(4.48) W (z,m, s) = W (x,m, s) — (Q, WV (z, m, s)Q)1

and normalized to have zero ground state expectation: ({2, @S)(w, m, s)Q)) = 0. For the proofs of
Lemma [£.5 and Theorem [£.1] it is also convenient to set

(4.49) Z(I) (x,m,s) zel
m>R

which belongs to my(A) by Theorem

Lemma 4.5. Let ﬁbz(n) = m0(Py,(n)) € B(H) denote the representation of the ground state projec-
tion Py (n) in the GNS space. Then, under the assumptions of Theorem the bound

m
Z l’k‘st(n)

holds where Gy is the decay function from Assumption and Gs\l)(x, m) = psm Galz, k) with
G as in Theorem [{.5. N

Proof. To begin, one uses the LTQO property ([2.27)) to show that

(4.50)

< 25 (Gm, m+1) + GV (z, R)v/(1+m)*Go(n — m))

(4.51) AP, ol = AP ]| < AT+ m)Goln —m) for all A € Ay,

where Po = |Q)(Q)| and A = my(A). To see this, first note that the inequality |a — b|?> < |a? — b?|
for any a,b > 0, implies that

~ ~ ~ 2 -~ ~
ARy, ol = AP < IR, )12 = AP 2

Recalling that (H, mo, €2) is the GNS representation of the unperturbed ground state wy, the second
term on the right-hand-side above is simply

|APo||* = (9, m0(A*A)Q) | Pa|| = wo(A* A)|| Py, (n]-
Here we find it convenient to use that my is norm-preserving. From this, it follows that

IAPy, () I* = lIm0(APy, (u))II* = | Poy ) A" APy, () I
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Given these observations, Assumption then implies that

-~ ~ 2
148, ol = 14PN [ < [Py, A" APy, oyl = w0 (A A)]| Poy o
<N\ Py, (n) A" APy, (n) — wo(ATA) Py, ()
(4.52) < 21+ m)*Go(n —m),

which establishes (4.51]).
Now using (4.51) with A=7p0 )(a: k,s) € mo(Ap, (m)), one finds that for any n > m,

Z oW (x, k, S)Pbx(n) < Z <I>(1 (z,k,s)Pq Z <I>(1 (z,k,5)|| /(1 +m)*Go(n —m)
k=R k=R
(4.53) < (z,k,s)Pqol| + 2SGS\1)(x, R)V(1+m)"Go(n —m)

where the last inequality follows from Theorem@as HCTDS)(JU, k,s)|| <219W(z, k, s)|| < 25Ga(z, k).
The remaining operator norm from (4.53) can then be trivially bounded in terms of o) (z,s)

from (4.49) as follows:

(4.54)

Zq) (z,k,s)Pq

< H@E})(x,s)PQH + H(I) (x,k,s) PQH

Once again applylng Theorem [£.2] then shows that

(4.55) HCD z,k,s PQH <2 H@ x,k,s H < QSG(I)(x,m—i—l),

k=m+ =m+

and, moreover, [éf})(:p,s),Pg] = [i)(l)(a:,s),PQ] =

b (:L‘,s)PQH = 0 since
(4.56) 3D (z,8)Py = Pgégﬂ (z,8)Po = <Q 3 (a, 5)Q> Po =0,

where the last equality follows from (4.48] - Thus, inserting (4.55]) into ( - proves

We now prove Theorem which uses both Lemma [£.5 and the frustration-free property.

Proof of Theorem[/.1. Fix 2 € T and recall that Py = |[Q2)(Q|. Since (@3 (2, 5), Pa] = 0, one can
write

B0 (2, 5) = Pod (D, )P + (1~ Pa)(D(z, 5)(1 — Po) = (1~ Pa)8(1(z, 5)(1 — Po),
where the last equality uses ([£.56). The terms ®(2) (ag, m, s) are defined by decomposing 1 — Py in

terms of the finite volume ground state projections P, := ]sz (n) € T0(Ab, (n))-

First, note that P, converges strongly to Pq for all ¥ € H by the frustration-free and LTQO
properties. As a consequence, the collection of operators

~ 11— P =
(4.57) B, = r o m=R
Po1—P,, n>R+1

forms a family of orthogonal projections that are mutually orthogonal and sum to 1 — P. That is,

(4.58) E;=FEn, EnEn=0mnE, and (1-Po)y =Y Ew V¢eH,

n
n>R
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where the second equality holds since the frustration-free property implies P, P, = P, for m > n.
Moreover, it trivially holds that

(4.59) 1-Pp =) En
=R

Using (4.49)), the above properties imply that for all ¥, ¢ € H,

(4.60) (6,0~ P)dN (@, )N = Po)v) = 3= (0, B® (b, 5) Bt
kmn>R

We note that the triple sum of operators actually converges absolutely in norm, and so the operator
equality holds in the norm sense.
Each term ®(2) (x,m,s) € Ap, (m) Will be defined as a sum of two self-adjoint terms

7"'0((1)(2) (1’, m, S)) = 91(:67 m, S) + @2($7 m, S)
each of which is annihilated by the ground state projection Pp,. Fix k > R, and use the properties
in (4.58)-(4.59) to write

(4.61) > B, (@, k, 8) B = (1= Poyp) 0 (a0, b, 8)(1 = Po) + Y P,
n,m>R m>2k

where ik,m = éz m is defined by

(4.62) py = En® (2, k, 8) (1 — Pro1) + (1= Pp) W) (2, k, 8) Eny € mo(Ap, (1m))-

Self-adjointness follows from noting that 1 — Po=1-P,_ 1+ E,.
For each m > R, define ©1(x,m, s) € mo(Ap,(m)), by

(1— Pp)®Y (z,m/2,5)(1 - Py), m even

4.63 O1(z,m,s) =
( ) 1(@,m, s) {0, m odd

These operators are self-adjoint, satisfy @1(33,m,s)]5m = 0, and Theorem implies that their
norm is bounded from above by 2sG(x,m/2) as for m even:

(4.64) 101 (x,m, s)|| < [|®W) (2, m/2,s)| < 25Ga(2,m/2).

For the ©5 terms, one sums the remaining terms Zm>2 i ®r.m over k, and then uses the indicator

function x,,>or to exchange the summations as follows:

Z Z <§k,m = Z Z i)k,mX{m>2k}

k>R m>2k k>Rm>2R
= Z Z (i)k,m
m>2R R<k<m/2
= Z 62($7m7 S)
m>2R
where, for m > 2R one recalls (4.62)) and defines
[m/2]-1 3 o )
(4.65) Oz, m,s) = Y En®Y(z,k,5) (1= Proy) + (1= Pp)@L) (2, k, 5) By
k=R

This definition is extended by setting ©2(z, m, s) = 0 for R < m < 2R. One sees that ©2(z, m, s) P, =
0 by applying PP = P, to verify

EpPy = (Pp — Pp_1)Pp = 0.
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Finally, applying Lemma

[m/2]-1
||@2(x,m,s)|\ <2 Z é&l)(ka,s)(ﬂ—pmfl)
k=R

(4.66) < 45 (G (@, [m/21) + G (@, R) Tm/21"Go(m/2) )

where G%)(x, m) =3 s, Galz,n).
Therefore, setting @2 (z,m, s) = Oy (x,m, s) + Oz(z,m, s) for all m, we have constructed self-
adjoint operators such that

(4.67) ZZ@ x,m,s)

zel'm>R

Moreover, these operators satisfy that for all m > R and x € T,
@ (z,m, s) By, = Bp®@ (z,m,s) =0
and, combining (4.64]) and (4.66), their norms can be bounded above by

(4.68) 18@) (2, m, s)|| < 25G ) (2, m)
where
(4.69) GO (x,m) = Gp(x,m/2) +2G\! ( (m/21>+2c; Y (z, R)\/Tm/2]*Go(m/2).

The absolute summability of the series in is a direct consequence of Gg being summable

as well as that both G and Gg\l) satisfy . For G%) this can easily be seen from the fact that
G is a combination of functions with finite moments of all orders, see specifically (4.35) ,

and (L18).

5. PROVING THEOREMS AND 2.8 VIA A FORM BOUND FOR THE GNS HAMILTONIAN

In this section, we generalize [48, Theorem 3.8|, which was itself based off [41, Proposition 2], so
that it is applicable to the setting of infinite systems in their GNS representation. Afterwards, we
apply the form bound in conjunction with Theorem to prove Theorem We then conclude
with the proof of Theorem [2.8] which follows as a consequence of Theorem [2.7]

5.1. The Michalakis-Zwolak relative form bound. The form bound result is stated in the
setting described in Section [2 and, in particular, under Assumption [2.3] Thus, there is a family of
sets

S ={A(z,n)|z €T,n >0s.t. by(n) C Alz,n)},

accompanied with a family 7 = {7, : n > 0} of separating partitions of (¢, {)-polynomial growth,
for which the associated finite volume Hamiltonians satisfy

(5.1) Hp(om) = 7(n)Pp(zn), foralln > R.
Moreover, the local gaps are further assumed to satisfy y(n) > v1/n® for some v; > 0 and o > 0.

Theorem 5.1 (Michalakis-Zwolak [41]). Let Hy be the GNS Hamiltonian associated with a zero-
energy ground state of an initial system satisfying Assumptions [2.1] and[2.3, and let V € A be a
perturbation associated with an absolutely-summable, anchored interaction on (I';d). That is, there
ezist ®(x,n)* = ®(x,n) € Ay, (n) for all x €T and n > R such that

(5.2) V=> Y o@mn), D > [ n)]< oo

zel'n>R zel'n>R
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In addition, assume that terms of V' annihilate the finite-volume ground state projections of the
iatial system, i.e.

(5.3) O(x,n) Py, (n) = Py, ()®(x,n) =0 forallz €T andn > R,

and that there is a decay function G with finite (¢ +c)-moment such that sup,cr || ®(x,n)|| < G(n).
Then, for all ¢» € dom Hy,

(G4)  [WmVIV)] < B How) where B=cY
n>R

n<G(n)
(n)

c
< — Z nSteG(n).
Y N <k

In keeping with the notation from the previous sections, denote by A = mo(A) the image of any
observable A € A under the GNS representation (#,m,{2) of the zero-energy ground state wy.
The proof of Theorem follows closely the argument proving [48, Theorem 3.8], with the proviso
that one must check that the infinite operator sums replacing the finite operator sums from [4§]
are well-defined.

To this end, let n > R, and consider the n-th separating partition 7,, = {7, : i € Z,,}. For each
i € T, and any choice of z,y € T}, one has that

(5.5) [Hp(eny, Hayy) =0 and  [Przny, Pagym] = 0.
This follows since the corresponding algebra elements H ;. n), Hp(y,n) € A are supported on disjoint
sets (and similarly for the ground state projections), which carries over to the GNS space by the
homomorphism property. ‘ ‘

With n > R and i € Z,, fixed, denote by C}, the collection of all configurations associated to 7.
More precisely,
(5.6) ct = o, 1}7—7% ={0:0={0,} where 0, € {0,1} for all z € 7, } .
For each o € C!, we define |o| by
(5.7) EEDINS

xeﬁ

_ Recall that ZTO(AIOC)Q is a dense subspace of #. Let ¢ = AQ for some A € Ay, and set
QA(zn) = 1 — Ppzn)- In this case, one has that

(58) PA(z,n)d} =1 and QA(m,n)¢ =0

whenever A(z,n) satisfies A(z,n) N X = (0. It is also clear that for any X € Py(T"), the set of sites
{z € T;': A(x,n) N X # 0} is finite. Thus, for any 1 € mo(A)Q, define the operator S(o) by

0 otherwise.

T e e L e

Note that, if |o| < 0o, then at most finitely many of these factors act non-trivially, and moreover,
by (5.5), all factors above commute. Since 7o (A1) is dense, there is a unique extension of S(o)
to an element of B(H,,) for each o € C!. One checks that these operators satisfy:
(5.10) S(0)* = S(0), S(0)S(0") =0650:5(0), and D S(o)=1.
oeCy,
Since QA(Ln) =1- ]BA(QW), by (b.5)) one clearly has that
(5.11) [Qa(zn)s Pagyny) =0 forall z,y € 7}

and as a result, also

(5.12) [QA(zn), S(0)] =0 for each x € 7! and all o € C!.
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For o € C, with |o| < oo, (5.11)) implies 0 = [Q4 (s, S(0)]3 for all ¢ € m(A°)Q and, hence, for
all ¢ € H. If |o] = oo, then the commutator is zero by definition. Combining (5.10) and (5.12]), we
find that

(5'13) S(U)QA(x,n)S(J/) = 5U,U’QA(az,n)S(U) = 50,0’(]1 - pA(z,n))S(U) = 60,0/015(0)

for all 0,0" € C! and each z € T,
We use these families of orthogonal projections in the following proof.

Proof of Theorem[5.1. In the GNS representation, the terms of V can be rearranged using the
family of separating partitions from Assumption [2.3] as

(5.14) V= Z Z ®(z,n) = Z Z Vi, Vii= Z ®(z,n)
zel'n>R n>Ri€L, €T

since V' is absolutely summable. As a result, for any ¢ € H, one has the bound

(5.15) (0, V) < Y [, Vi) with (0, Vi) < ) [, (x, n))].

n>Ri€T, zeTy
Now, since b, (n) C A(x,n) for all A(z,n) € S, the frustration free property implies
(5.16) Pr(zn) = Py, (n)Pa(wn) = Pr@n) Pou(n)»

and so by (5.3)) it follows that that for each z € 77, the term ®(z,n) satisfies

(5.17) [®(z,n), pA(y,n)] =0 forallyecT,.
Arguing as in (5.12)-(5.13)) above, one then finds that for all x € 7.} and 0,0’ € C?,
(5.18) [®(z,n),S(c)] =0

and, moreover,
S(0)®(2,n)S(0") = 65,55(c)®(z,n)
= 0y.510:S(0)®(,n)
(5.19) = 05,0/ S (0) Qa(2m) P (4, 1) Qp (20) S () -
As a consequence, one can use and to bound

(5.20) < Z QA wm) S (@)%
Summing these orthogonal projections again, one obtains

620 S I0nemS@WI = Ll Qaiam S0} = (0 Qney¥) < 7(171)
where, the final bound follows since the representation preserves positivity and the operator in-

equality ’y(n)QA(x,n) < H(z,n) holds in the algebra.
Given the above, one concludes that for any ¢ € dom(Hy),

G(n)
¥(n)

<¢a ﬁA(ac,n)¢>

(5.22) (o, Ve < Y 1, Bz, n)y)] <

zeT}

> W, Hy@myth) < ) (¥ Hov)

zeT}
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where the last inequality uses that A(z,n) N A(y,n) = () for distinct ,y € T,’. Returning to (5.15)),
since these partitions satisfy the (¢, ¢)-polynomial growth bound it is clear that

(5.23) [, V) <> ) (@, Vi) | < B, Hoy)
n>Ri€Z,
with 8 as in (5.4). This completes the proof. O

5.2. Proofs of Theorems and Theorem showed that for every finite A C I', the
Hamiltonian
H(A,s)=Ho+smo(Va) = Ho+ s Z mo(P(x,n))
bz (n)CA
transforms under the spectral flow unitary as follows

O(A,s)* H(A, ) (A, s)p — E(A, s)p = Hoto + > S mo(@ (2, m, )},

zell m>R

where E(A, s) is the ground state energy of H(A,s), and <I>5\2) (z,m,s) is a balled interaction satis-

fying the conditions of Theorem with norm bounds that are linear in |s| and given in terms of a
A-dependent decay function. However, we will show below that the constant 8 from Theorem
can be taken independent of A. Theorem will then follow from applying [48, Corollary 3.3].
In our context, the latter result states the following. Suppose that Hj is a self-adjoint, positive
operator on a Hilbert space H with minspec Hy = 0 and (0,70) N spec(Hy) = . Then, for any
V =V* € B(H) such that there exists 0 < 5 < 1 for which

[ (¥, V) | < B (¥, Hoyp) Vo € dom(Hy),

one has that
(5.24) spec(Ho + V) 1 (0, (1 B)70) = 0.

Proof of Theorem [2.7. Fix vy € (0,7) where 7 is as in Assumption[2.2} and let A € Py be arbitrary.
Given Theorem [1.1] it is clear that Theorem [5.1] applies and produces a non-trivial form bound
(see (5.4)) so long as

Gf)(m) = sup GE\Q) (x,m)
zel
has a finite (¢ + «)-moment where, as stated in Assumption ( is the polynomial growth of the
separating partitions and y(n) > y1n~ is the lower bound on the local gaps. Moreover, to show
that

(5.25) so(7) := inf sh(y) >0,

see , we wish to show this form bound is uniform in A.

To this end, recall that G from (4.35) is defined in terms of two functions Gy, G2 that are
independent of A and decay faster than any polynomial. It is then clear that for all A € Py, x € T’
and m > R,

GA(x7m) < Gl(m) + G2(07 m) = G(m)a

and similarly, Gﬁ\l)(az, m) < G (m) where G (m) = > m>r G(m). It follows immediately that
sup G2 (m) < G@(m) := G(m/2) + 26DV (m/2) + 26D (R)\/(1 + m)*Go(m/2)
A€Po

and that G(® has a finite (¢ + a)-moment as long as G satisfies ([2.26)).
Given the norm bound from Theorem it follows from Theorem |5.1| that for all ) € dom(Hy)

¢(2)
(W, W(A, s)Y) < sB (¢, Hpp) where B =2c Z L(m)

n v(m)




STABILITY OF THE BULK GAP 33

Thus, gap(H (A, s)) > v0 — s87v by (5.24]) and, in particular, (5.25)) holds since this implies

A Y0 —7°
so () > T’YO

0

We conclude with using the uniform estimate from Theorem to establish the claimed lower
bound estimate on the gap of the extensively perturbed system from Theorem

Proof of Theorem [2.8, Let 0 < v < 7o and consider |s| < so(7). Recall that for any IAS (A,), the
following limits hold in A4 as n — oc:

(5.26) ali(A) = ag(A), forall Aec A
(5.27) oM (A) = 04(A), forall Ae A,

see and ([2:38). As a consequence, wl"(A) = wp o adn(A) — wy(A) for all A € A and,
moreover, ws is a ground state of J;.

Now consider A € A for which ws(A) = 0. Given Theorem the GNS Hamiltonian H (A, s)
along any IAS (A,) has a gap above its unique ground state lower bounded by ~ for all |s| < so(7).
Therefore, w satisfies and, in particular, the inequality

(5.28) Wi (B0l (Bn)) = 1w (B} B)
holds for the observable B, = A — w’"(A)1 € A°c. Combining (5.27) and the local uniform
(528

convergence of ag\", the limit n — oo can be taken on both sides of (5.28) to obtain (2.39). The
remaining claims follow as in ([2.22]). O

APPENDIX A. LTQO IMPLIES UNIQUENESS OF THE GROUND STATE

In this section, we prove a simple, yet general, uniqueness result within the framework of Sec-
tion 2 To this end, let A be a C*-algebra of quasi-local observables associated to a quantum spin
system defined over a v-regular, discrete metric space (I',d). Let ® be a non-negative, frustration-
free interaction on (I',d) for which the corresponding derivation ¢, defined initially on the local
observable algebra as in , is a generator of a strongly continuous dynamics, denoted by
{r¢|t € R}. Let w be an infinite-volume, zero-energy ground state associated to ¢, i.e. w satisfies
(2.19) and w(®(X)) = 0 for all finite X C I". Denote by (#,7,2) the GNS triple associate to w.
To simplify notation, let us set A := m(A) the representative of A € A in the GNS space. We say
that w satisfies LTQO if there is a function G : [0, 00) — [0, 00) with lim,, o, G(m) = 0 for which:
given any choices m > k>0, z € I', and A € Ay, (),

(A1) 1By, (m) APy, () — (2, AQ) Py (| < JANI(L + K)"G(m — k).
Note that the above is simply the reformulation of (2.27)) in B(#). The following result holds.

Proposition A.1. Let w be an infinite-volume, zero-energy ground state of a frustration-free model.
If w satisfies LTQO, then the kernel of the GNS Hamiltonian H is one-dimensional.

Proof. By way of contradiction, assume there is a unit vector ¢ € ker(H) with (¢, ) = 0. First,
since 7(A°)Q is dense in H, there is 2 € T' and operators A,, € Ay, (ny for which ¢, = A,Q — 9.
In this case,

(A.2) lim (Q, 4,Q) = lim (Q,,) = (Q,¢) = 0.

n—oo n—oo

Thus, there is n; € N so that [(Q, A,Q)| < 1/3 for all n > ny.
Next, since ker(H) C ker(Hy, () for all m > 0 and x € T, we have

(A?’) <¢7 pbx(m);lnpbm(m)9> = <77ZJ7 AnQ> = <¢7 d)n)
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for all m > 0. Since 1 = limy, 00 (%, 9y,), there is some ng € N for which |(¢,¢y)| > 2/3 for all
n > ng. Combining this with (A.3]), we find that for any m > n > ns,

(A4) 2/3 < || Py, ) An o, (o -

It follows that for n > max{ni,ns2},

(A.5) 1/3 < (| Py (m)An oy (my = (@ An) Py iy | < [ An]|(1 4+ 1) G (m — n),

where we have applied (A.1]). This is a contradiction as the decay function G satisfies G(m—n) — 0
as m — oo. U

APPENDIX B. PROOF OF BOUNDED DIFFERENTIABILITY OF THE SPECTRAL FLOW

In this section, we demonstrate that the derivative of the spectral flow is a well-defined bounded
operator when restricted to appropriate collections of quantifiably local observables ABn)g A
related result also appears in |42, Appendix].

To state this result, we consider models of quantum spin systems defined over a v-regular,
discrete metric space (I',d). More specifically, we investigate differentiable curves of interactions
[0,1] 5 s — ®(s), i.e. for each finite X C I'and 0 < s < 1, &(X,s)* = &(X,s) € Ax and
®(X,-) : [0,1] - Ax is differentiable. We assume that these curves have a finite norm of the
following form:

(B.1) @] = sup sup ———— 12X, 5) [ + | X[ @' (X, 5)|
F s€[0,1] z,yel’ F(d(z,y)) Xe%:m: ( )
z,yeX

where F' is an F-function on (I',d) of stretched exponential decay, i.e. as in (2.11)). In this case,
it was shown in [47, Section VI.E.2] that for any differentiable curves of interactions ® with finite
norm ||®||}., there is an F-function F' and an s-dependent interaction ¥(s) with

[¥] 7 := sup [|¥(s)]
s€[0,1]

P <00,

for which W(s) is a generator of the infinite volume spectral flow automorphisms a;. We further
know by |47, Theorem 3.9], that this infinite volume spectral flow is differentiable on A119C with

d . ocC
(B.2) Joas(A) =i > au([T(X,5),A]) forall A€ AR°.
XePo(T)
Our aim is the show that 4
1. 2
Q- dsas

is a bounded map when defined on a suitable Banach algebra of g-local obervables, in the sense
discussed in Section 2.1l

Theorem B.1 (Bounded Differentiability). Let g : [0,00) — [0,00) be non-increasing and satisfy
lim,, oo g(n) = 0. Let (Ay,) be any increasing and absorbing sequence of finite subsets of I' satisfying

(B.3) S IAnstlg(n) < oo.

n>1

Then, the derivative oy of the spectral flow oy is a well-defined bounded linear map ABn)g A
satisfying

(B4) lo (A < 2019 711711 (\Al\ +2) !An+1!9(n)> 1Al (An).g 5

n=1

with ||F||1 as defined in .
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Proof. We start by noting that for any local observable A € Ay with Y C I finite, we have the
following estimate:

d
dsasm)Hs I s a@l < 241 Y )
X: yGYZEF X:
XNY#0 y,2€X
< 24l S (. 2))
yeY zel’
(B.5) < oW AIELYIAl
Let A € A9, By (2.6),
(B.6) 1A = IL(A)] < Al 49(n)

which implies that the sequence {II,(A)}°; converges to A (in norm) at a rate governed by g.
Define a map o, : AAn)9 — A by setting

S

(B.7) a (A) = li_>m %as (I, (A)) forall A e AAn)g

Note that for any strictly local observable A, II,,(A) = A if n is sufficiently large, and thus this
definition agrees with the standard definition of the derivative of as(A) for A € Al°C,
Now, consider integers 1 < M < N < co. For any observable A,
N-1

(B.8) Iy (4) = My (4) = ) (g (4) - T, (4))
n=M

and for A € AMn)9 we also have that for any n > 1,

g1 (A) = (A < [[y1(A) = Al + [|[A = L, (A)]]
(B.9) < 2| All(a,),09(n)
where we have used and the fact that ¢ is non-increasing. We conclude that

N-1
oy (T (A)) — e (Tar (A))]| <> [l (g1 (A) — T (A)) |
n=M

N-1

< 20 A1F L D A [T (A) = T (A)]|
n=M
_ N-—1
(B.10) < AN AIFN AN A Y Antalg(n) .
n=M

Here, for the second inequality above we used , and the final bound comes from (B.9)). We
conclude that whenever g satisfies (B.3), the sequence {o/,(IT,(A))}52, is norm Cauchy; hence,
norm convergent. This shows that o/, as given in is well-defined and equals the derivative of
as(A), for A e AM)9. Moreover, for any N > 1,

los(Mn (AN < ([ (AD]] + [l (T (A)) — o (T (A))]

N-1

(B.11) < 2 A F AT (A + 41 A E Al an).g D [Ansilg(n)
n=1

and therefore,

(B12)  fol(A)] = Jim [lo(Tn ()| < 2| ]| (IAll +2) !An+1|g(n)> 1Al (A9

n=1
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as claimed. O

As an application of this result we can establish a relation between spectral gap stability, auto-
morphic equivalence, and differentiability of the ground state. In particular, we find that Assump-
tion 1.2 (vii) in [43], i.e. uniform differentiability of the ground state, follows from automorphic
equivalence. Therefore, for perturbation that leave the gap stable, the differentiability assumption
is always satisfied under the other items in [43, Assumption 1.2] (see also [9,51]). Given [43, The-
orem 1.3], one can also regard Assumption 1.2 (vii) as equivalent to automorphic equivalence. To
clarify the relation between differentiability of the ground state and automorphic equivalence, we
first define a notion of stable perturbations.

As before in this appendix, consider differentiable curves of interactions ®. Let wg be a ground
state of the derivation defined by ®(-,0) as in -, and let Hy denote the GNS Hamiltonian
of wg. In this discussion we assume that all interactions have stretched exponential decay.

Definition B.2. We say that ® is stable with respect to wy if there exists an IAS (A,) and a
sequence of differentiable interactions ®,, converging locally in F-norm to ® (see [47, Definition
3.7]), such that sequence of perturbed Hamiltonians of the form

(B.13) H(Ap,s) = Ho+m(Va,(s), withVy (s)= > ®n(X,s)
XCAn

has a positive spectral gap above the ground state uniformly in n and s € [0, sp], for some sy > 0.
In this situation we refer to [0, sp] as the stability range.

The main result of this work establishes conditions under which an interaction ®(-, s) is stable
for sufficiently small values of s, meaning there exists sp > 0 such that ®(-, s) is stable with respect
to wo with stability range [0, sq].

To make the connection with the results in [43], assume that ®(-, s) has a unique ground state
ws for s € [0, sp] and that ® is stable with respect to wp with stability range [0, so]. By automor-
phic equivalence ( [7, Theorem 5.5], applied to the GNS representation), the spectral flows agA")
associated with the perturbations Vi, (s) satisfy the following properties:

(i) they converge strongly to a co-cycle of automorphisms in the thermodynamic limit:

o = lim o™ s €0, s0];
n— oo

(i) wy = limy 00 wp 0 4™ = wy 0 i, 5 € [0, 50];

(iii) Theorem applies to ag, s € [0, so).

Therefore, differentiability of the ground state follows from the differentiability of «, provided
by Theorem As a result, [43] Assumption 1.2 (vii)] holds in the stability range.

We note that in the same way one obtains the extension of the invariants constructed by Ogata
in [49,51,52] from models with finite-range interactions to the setting with interactions of stretched
exponential decay.

Using methods as in [47], a similar result is seen to hold for more general quantum lattice
models. In fact, equipped with these methods, see specifically [47, Section VI], minor modifications
of the above proof demonstrate boundedness of the derivative of the spectral flow for models with
unbounded on-sites perturbed by smooth bounded interactions.
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