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ABSTRACT   

Two-photon absorption (2PA) transitions play a key role in numerous photonic applications, where many prominent 
features in the 2PA spectra of organic fluorophores are due to transitions between electronic-vibrational (vibronic) states. 
While quantum-chemical calculations excel at modelling purely electronic 2PA transitions, success in predicting vibronic 
properties remains limited. This is in part due to high computational costs of evaluating 2PA tensor derivatives required 
for Herzberg-Teller (HT) vibronic interactions, especially if carried out across full vibrational coordinate space of the 
chromophores. Here, we present a novel highly efficient and cost-effective approach to modelling of HT vibronic two-
photon absorption spectra of organic fluorophores by using the latest version of FCclasses3 code combined with judicious 
pre-selection of symmetry-adapted vibrational subspace. We apply this method to a C2h inversion-symmetric 
diketopyrrolopyrrole chromophore, where the 2PA spectrum is dominated by HT terms because Franck-Condon 
contributions vanish due to LaPorte rule. Our results are in excellent agreement with recently reported experimental 2PA 
spectra confirming two-photon HT coupling is indeed dominated by, Bu -symmetry modes, and is also consistent with the 
experimentally observed polarization ratio. However, nominally-forbidden features near the electronic-origin appear 
significantly larger than HT coupling permits, indicating the presence of additional phenomena. 
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1. INTRODUCTION  
Two-photon absorption (2PA) spectra of organic fluorophores often include prominent vibronic features of crucial 
importance for diverse applications including the vast field of biological imaging and microscopy. For example, 
Rhodamine B, an organic dye used extensively for staining in fluorescence microscopy and other biotechnology 
applications, is characterized by enhanced 0-1 vibronic transition in the low-lying part of the 2PA spectrum. For the 
corresponding linear absorption, however, 0-0 electronic component clearly prevails while the frequency of normal mode 
shaping vibronic progression depends on spectroscopic modality.1 Such behavior is rather unexpected for non-
centrosymmetric molecule where the shapes of one-photon and two-photon absorption profiles should be closely related 
to each other, based on assumed similarity in underlying Franck-Condon (FC) factors for these fully allowed electronic 
transitions. Similarly, in 2PA spectra of various fluorescent proteins (FP) being widely used as genetically encoded 2PA 
microscopy probes, the dominant feature in the low-energy spectral range is associated with the blue-shifted vibronic 0-1 
transition.2 This is again in stark contrast with respective linear absorption spectra where the strongest absorption is 
localized in the corresponding 0-0 region due to pure electronic transition. Understanding the nature of 2PA properties and 
ability to predict spectral intensity distribution in fluorescent proteins is essential for rational design of specific mutants 
with enhanced two-photon brightness in the desired spectral range. For chromophore moieties within protein structure 
where selection rules are relaxed because of the lack of formal inversion symmetry, one may expect that vibronic intensity 
distribution is mainly governed by FC factors. However, it has been shown previously that non-Condon effects are 
responsible for shaping 2PA profiles of a number of fluorescent proteins.2–4 

Franck-Condon principle states that the intensity of the symmetry-allowed vibronic transition is proportional to the square 
of the overlap integral between the vibrational wavefunctions of the two involved states, assuming that electronic transition 
dipole moment (TDM) is unaffected by vibrational distortion during the transition. For symmetry-forbidden transitions 
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where |𝜇𝑖𝑓(𝑄0′′)| ≃ 0, one needs to consider a variation of TDM during the transition, i.e. the second term in the Taylor 
series of TDM expansion about equilibrium geometry of one of the involved states, designated as Herzberg-Teller term:  
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For the two-photon transition tensor S, being proportional to ⟨𝑖|𝜇𝑎|𝑛⟩⟨𝑛|𝜇̅𝑏|𝑓⟩, the analogous expansion is given by:  
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representing both zeroth-order FC and first-order HT terms.5 

For cases like FP-s, while considering Taylor expansion of the two-photon transition tensor, both zeroth-order FC term as 
well as first-order HT term expressing variation of the two-photon transition tensor within vibrational coordinate space 
during the transition should be taken into account. Thereby, the HT approximation describes the effects of weak inter-state 
coupling for the well-separated states. Attempts to address prediction of non-Condon 2PA properties of FP-s have been 
scarce so far. These studies rely on either phenomenological model of 2PA cross-section expansion series in terms of the 
change in permanent electric dipole moment including both static (FC) and vibrationally-resolved (HT) contributions2 or 
quantum chemical modeling employing approximated HT terms.3 So far, straightforward quantum-chemical prediction of 
non-Condon 2PA vibronic properties remains largely out of reach.4,6 This is in part due to high computational costs of 
evaluating 2PA tensor derivatives required for HT vibronic interactions, especially if carried out across full vibrational 
coordinate space of the chromophores, while required analytical framework and respective computational methods are still 
under development.7–11 However, support for 2PA spectroscopy has been recently added in generally available FCclasses3 
vibronic simulation package12 which enables us to address calculation of vibrationally-resolved 2PA spectra by taking 
advantage of combined FC and HT expansion of 2PA tensor in fully consistent approach. 

As a first step toward quantum chemical modeling of HT 2PA properties of fluorescent proteins as well as other 
chromophores where vibronic model may require expansion beyond the FC approximation, we use diketopyrrolopyrrole 
chromophore (PDP) as a model compound (Fig. 1) for testing a novel cost-effective approach for computing HT vibronic 
2PA spectra relying on pre-selection of symmetry-adapted vibrational subspace. 

 

PDP                                                              HPDP 

Figure 1. Reversible switching of symmetry by protonation for the studied PDP (C2h) and singly-protonated HPDP (C1) 
chromophores. 

The neutral form of a pH-sensitive inversion-symmetry switching PDP13 conforms to the C2h point group and has linear 
absorption S0-S1 transition in the wavelength range, 400 – 550 nm (Fig. 2). The one-photon absorption (1PA) spectrum 
features a maximum at 508 nm, as well as a Franck-Condon vibronic progression featuring a second smaller peak at 475 
nm. Owing to the formal Bu transition symmetry, LaPorte selection rules formally prohibit 2PA in the S0-S1 for both purely 
electronic and FC transitions. However, this is in stark contrast to experimental observations, which show a maximum at 
954 nm, and a shoulder near 1010 nm, closely matching the 1PA features at twice the wavelength. Because FC terms are 
electronically-forbidden, this hints at significant Herzberg-Teller vibrational coupling. Even though such situation is quite 
common in many different types of two-photon chromophores, high computational costs associated with evaluating 
numerical derivatives of the 2PA tensor over the entire vibrational space have so far imposed severe limitations on effective 
modeling. In contrast, the product of protonation equilibrium of PDP, designated as HPDP, lacks formal inversion 
symmetry and, therefore, LaPorte selection rules are relaxed for this protonation state. For singly-protonated HPDP, 1PA 
and 2PA profiles show remarkable similarity with the peaks at 546 nm and 1086 nm, respectively. Consequentially, in this 
case the 2PA vibronic progression of the allowed electronic transition is dominated by more easily accessible FC terms, 
closely resembling respective 1PA progression.  
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Figure 2. 1PA (blue line) and 2PA (gray dots) spectra of PDP and HPDP, respectively. 

2. METHODS  
Ground state conformational search for the PDP and HPDP chromophores was carried out both in the gas phase and in 
implicit methanol solvent at IEFPCM14,15/B3LYP16,17/6-311G(d,p)18 level using the Gaussian1619 software package and a 
lack of imaginary frequencies in harmonic vibrational analysis was observed for the optimized structures selected for 
subsequent TD-DFT20 calculations of vertical electronic transitions. As C2h point group constraints imposed on 
centrosymmetric structure of the PDP in methanol produced multiple imaginary eigenvalues associated with infinitesimal 
rotations of t-Bu end groups during vibrational normal mode analysis, the symmetry for this structure was lowered to C2 
while keeping closely matched orientations of t-Bu and maintaining correct energetic minima characteristics. Therefore, 
the quasi-centrosymmetric nature of this lowest-energy representative of the entire conformational space of PDP in 
methanol was preserved. The non-centrosymmetric HPDP structure in methanol is consistent with C1 point group 
definition while respective Cs form of slightly higher energy is again associated with two vibrational modes with imaginary 
eigenvalues.  

The CAM-B3LYP21 range-separated hybrid functional with mild Coulombic attenuation was tuned to achieve the best 
possible description of the first vertical singlet transition which is expected to be close to the energy of experimental 
absorption maxima. Consequently, the calculations of spectral properties for neutral PDP were carried out at IEF-
PCM/mCAM-B3LYP ( = 0.08,  = 0.92,  = 0.15)/6-311G(d,p) level and the same definition was selected for respective 
calculations in the gas phase. The best match for protonated HPDP was observed at IEFPCM/mCAM-B3LYP ( = 0.08, 
 = 0.92,  = 0.135)/6-311G(d,p) level of theory. The variation of μ values within the range 0.135 – 0.150, along with 
selected combination of α and β values maintaining correct asymptotic behavior in the long-range limit, is consistent with 
our previous22 tuning of CAM-B3LYP functional for better description of charge transfer phenomena as compared to 
standard CAM-B3LYP. The use of slightly different μ values for neutral and charged species is justified due to varying 
extent of charge transfer in respective structures. These theoretical methods were used throughout the study for calculation 
of gradient and hessian values for both S0 and S1 states using Gaussian16 package, as well as for subsequent evaluation of 
respective 2PA transition tensors.  

The quadratic response module of Dalton2018 software suite23,24 was used for 2PA calculations of PDP and HPDP in the 
gas phase and methanol. The corresponding second-order transition moment 𝑆𝑎𝑏

𝑖𝑓
 between the initial (i) and final (f) states 

is expressed as:  

 𝑆𝑎𝑏
𝑖𝑓 (𝜔1, 𝜔2) = ∑ {

〈𝑖|𝜇𝑎|𝑛〉〈𝑛|𝜇̅𝑏|𝑓〉

𝜔𝑛𝑖−𝜔1
+
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where 〈𝑖|𝜇𝑎|𝑛〉 is the transition dipole moment between the corresponding electronic states along Cartesian axis a, ni is 
the excitation energy, 1 and 2 are the frequencies of photons involved in transition (1 and 2 are equal in case of 2PA). 
The derivatives of 2PA transition tensor along full set of ground-state vibrational eigenvectors of PDP were evaluated 
numerically by calculating the finite differences for positive and negative displacements applied to each normal mode. The 
subset of 2PA tensor derivatives along the normal modes of Bu symmetry was subsequently extracted from the full set. 
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The vibrationally-resolved 2PA25 spectra for S0 → S1 transition in PDP were computed in the gas phase and in methanol 
using either time-independent (TI)26–29 or time-dependent (TD)30,31 vertical gradient (VG)32 approach at T = 0, 100, and 
300 K as implemented in the FCclasses3 software12, encompassing both FC and HT expansion terms. The selection of VG 
model is well justified because in case of forbidden electronic 2PA the signs of the derivatives of 2PA tensor are undefined. 
To achieve a good spectrum convergence for TI calculation, a maximum number of integrals evaluated for each excitation 
class was set to 106. Likewise, the vibronic 2PA spectra of HPDP in methanol were calculated by using adiabatic hessian 
(AH) model, after the first excited state was optimized and corresponding frequency calculation have been carried out in 
implicit methanol solvent under equilibrium conditions. In this case, the S-tensor expansion included just FC terms as the 
2PA transition is fully allowed for HPDP. 

Two-photon polarization ratio measurements were performed using a previously described automated two-photon excited 
fluorescence spectrometer.13 Briefly, <170 fs pulses were generated using a 6 kHz laser and optical parametric amplifier 
pair (PHAROS-SP/ORPHEUS-HE, Light Conversion), continuously tunable over a signal range range of 630 - 1040 nm 
(with idler 1020 - 2600 nm) with a FWHM bandwidth of 7 - 16 nm. Polarization control was attained via a Glan-Laser 
polarizer and an achromatic 𝜆 4⁄ -waveplate (AQWP05M-980, Thorlabs), placed before the sample, and rotated to achieve 
vertical (V) or circular (R and L) excitation. Sample emission was collected at 90°, through a polarizer oriented at magic 
angle,33 followed by a monochromator (Kymera 328i, Andor) and nitrogen cooled CCD (Symphony-Solo, Horiba). The 
polarization ratio (Ω) was obtained from four back-to-back spectral measurements R1-V2-L3-V4, calculated at each 
wavelength as, Ω = (𝑅1 + 𝐿3)/(𝑉2 + 𝑉4). 

3. RESULTS  
The main results showing the calculated 2PA vibronic spectra of PDP and HPDP are presented in Figures 3 and 4.  

 
Figure 3. Calculated vibronic spectra of HPDP (TI, FC, Bu-subset), left panel and PDP (TI, FCHT, Bu-subset), right panel in 
MeOH at 300K. 

 
Figure 4. Calculated vibronic spectra of PDP in gas phase using TI model (FCHT, Bu-subset, 300K), left panel and TD 
model (FCHT, Bu-subset), right panel. Reference spectrum measured in MeOH. 

The calculated 2PA profiles were shifted (by approximately 0.05 eV in the gas phase) and scaled to achieve the best 
alignment with the measured counterparts. The Gaussian HWHM broadening factor close to 0.075 eV was applied for both 
TI and TD simulations. We observed no difference in vibronic shape and composition of PDP obtained for the subset of 
normal modes of Bu symmetry as compared to calculations over entire vibrational space. Therefore, only the former results 
are shown and analyzed below.  
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We start our discussion focusing on HPDP, relying on AH model and FC expansion for calculation of 2PA vibronic profile 
in methanol (Fig. 3, left) where we observe an excellent match with the measured counterpart, just as expected for the 
structure with relaxed selection rules. Although HT treatment was not applied for this structure, the successful FC-based 
description of 2PA vibronic properties points to marked differences with e.g. Rhodamine B and the structures alike. 

Next, we turn our attention to inversion-symmetric PDP, where the gas-phase results (Fig. 4) exhibit a remarkable 
agreement with the experimental data in vibronic shape near the 954 nm maximum as well as for the higher lying portion 
of the spectrum. As one may expect, there is no substantial difference between 2PA vibronic profiles from TD and TI 
calculations and the temperature dependence shown for TD model is negligible. Even if TI calculations require some extra 
CPU time to complete, especially for elevated simulation temperatures, they are also more insightful as compared to the 
fast TD approach. At the maximum, the spectrum is primarily shaped by a select few vibrational modes of Bu symmetry 
(specifically modes that we designate as 85, 87, 90, and 134, each excited with one quantum of vibrational energy). 
Meanwhile, the pairwise combinations of these modes with others of either Bu or Ag symmetry contribute to the higher-
energy vibronic features. The displacement patterns of selected normal modes of Bu and Ag symmetry being involved in 
vibronic enhancement are shown in Fig. 5. 

    
Mode 85 Mode 90 Mode 104 Mode 131 

Figure 5. Displacement patterns for selected PDP Bu symmetry modes (modes 85 and 90) and Ag symmetry modes (modes 
104 and 131), respectively 

This description aligns well with experimental observations of the two-photon polarization ratio shown in Fig. 4 (right), 
which remains constant (Ω = 0.95) across the entire vibronic region, excluding Au vibrations that increase this ratio to Ω 
= 3/2.34 The constant nature of this polarization ratio implies that higher-lying vibronic bands retain the same total 
symmetry as lower bands, and may be described as a few select Bu modes augmented by vibronic progression of either Ag 
or other Bu modes, as anticipated by computational methods. Surprisingly, this ratio extends to the red-edge, indicating 
that this Bu-broken symmetry is maintained even at low-energies, perhaps indicating phonon enhancement of such 
vibrations. 

In the low-energy 2PA region, we focus our modelling to the experimentally observed red shoulder, the location of which 
aligns with several modes of low coupling intensity (i.e., modes 6, 12, 21, and 49). However, these modes only marginally 
increase the 2PA cross-sections, falling well below experimental observations. Although the computational VG model 
falls short in explaining this low-energy shoulder, we speculate that besides proposed phonon interactions, the alternative 
AH approach could provide somewhat better vibronic description for this particular spectral range, which may potentially 
also contribute to enhancement of low-energy coupling terms. 

The calculated 2PA vibronic spectrum of PDP in methanol is presented in Fig. 3 (right). The closer inspection and 
comparison with respective gas-phase description (Fig. 4, left) reveals relative enhancement of selected mode couplings 
in methanol, especially for the higher-energy spectral range associated with variety of prominent combination modes. The 
observed enhancement increases calculated intensity of the higher vibronic band in methanol, leading to higher deviation 
from the measured spectrum relative to gas-phase prediction. This could arise from lowering of the structural symmetry 
of PDP from C2h in the gas phase to C2 in methanol, manifested by the presence of non-zero values in corresponding 
relaxed 2PA tensor, whereas 2PA tensor is perfectly vanished in the gas phase. 

4. CONCLUSIONS  
We successfully applied reduced dimensionality scheme to tackle the otherwise prohibitive task of numerical 
differentiation of 2PA transition tensor by defining consistent subset of pre-selected normal modes based on symmetry 
arguments. This approach involves estimating normal modes symmetries and creating displacements along the modes 
capable of coupling with electronic transition of interest for subsequent calculation of derivatives of 2PA tensors. This 
enables computation of the relevant HT expansion terms and establishing vibronic profiles for inversion-symmetric 
chromophores of reasonable size. Our computational results above 2.5 eV are in excellent agreement with recently reported 
experimental 2PA spectrum of PDP. 
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These findings represent an important step in the modeling of two-photon forbidden transitions, offering an efficient means 
of predicting vibronic coupling based on allowable symmetry terms and thereby reducing the computational cost of 
modeling 2PA non-Condon effects. The results obtained indicate that, compared to calculations over a full vibrational 
space, a subset of vibrational modes of Bu symmetry provides all essential derivatives of the 2PA tensor for the successful 
description of non-Condon 2PA effects in the studied symmetric diketopyrrolopyrrole, with the exception of the red-edge 
shoulder. This insight could potentially define a new cost-effective approach for modeling vibronic 2PA features across a 
variety of symmetric chromophores. 
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