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ABSTRACT

We study the evolution of isolated self-interacting dark matter (SIDM) halos that undergo gravothermal collapse and are driven
deep into the short-mean-free-path regime. We assume spherical Navarro-Frenk-White (NFW) halos as initial conditions and
allow for elastic dark matter self-interactions. We discuss the structure of the halo core deep in the core-collapsed regime and
how it depends on the particle physics properties of dark matter, in particular, the velocity dependence of the self-interaction
cross section. We find an approximate universality deep in this regime that allows us to connect the evolution in the short- and
long-mean-free-path regimes, and approximately map the velocity-dependent self-interaction cross sections to constant ones for
the full gravothermal evolution. We provide a semi-analytic prescription based on our numerical results for halo evolution deep
in the core-collapsed regime. Our results are essential for estimating the masses of the black holes that are likely to be left in the

core of SIDM halos.

Key words: dark matter — halos

1 INTRODUCTION

The nature of dark matter remains one of the most pressing questions
in physics. We have a wealth of data that constrains the interactions of
dark matter with the Standard Model (SM). However, less is known
about the possible self-interactions of dark matter. Self-interactions
arise generically in dark sector models of physics beyond the SM and
astrophysics provides a way to constrain or measure its strength (Tulin
& Yu 2018; Adhikari et al. 2022). Early models of SIDM featured
contact interactions with constant cross sections (Spergel & Stein-
hardt 2000), but it has become evident that the cross section must vary
with velocity in order to match observations of cores in dwarf galax-
ies (Elbert et al. 2015; Tulin & Yu 2018; Turner et al. 2021; Adhikari
et al. 2022) while avoiding constraints on cluster scales (Buckley &
Fox 2010; Loeb & Weiner 2011; Peter et al. 2013; Kaplinghat et al.
2016; Elbert et al. 2018; Tulin & Yu 2018; Sagunski et al. 2021). Vi-
able velocity-dependent SIDM models also lead to a large diversity in
the rotation curves of galaxies as observed (Oman et al. 2015) while
maintaining all the successes of ACDM on large scales (Kamada
et al. 2017; Ren et al. 2019).

A key feature of the evolution of SIDM halos is the possibility
of gravothermal core collapse (Balberg et al. 2002). Core collapse
is unlikely to occur in the vast majority of field halos, however the
gravothermal evolution will be faster in some satellite galaxies and
subhalos, which could result in core collapse (Nishikawa et al. 2020;
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Sameie et al. 2020; Zeng et al. 2022; Yang et al. 2023b). It has been
argued that core collapse must occur in some of the satellite galaxies
if SIDM is to explain the diversity in the halo densities of the Milky
Way (MW) satellites (Kahlhoefer et al. 2019; Kaplinghat et al. 2019;
Zavalaet al. 2019; Correa 2021; Jiang et al. 2021; Turner et al. 2021).
It seems clear from recent work comparing the densities of the MW
satellites to SIDM models that do not allow for collapse that such
models cannot be viable (Read et al. 2018; Valli & Yu 2018; Correa
2021; Kim & Peter 2021; Silverman et al. 2023). If the gravothermal
collapse proceeds far enough in some halos, we expect the mean free
path of dark matter particles to become significantly shorter than
the core size. In this regime, we do not have accurate simulations or
analytic framework. In this work, we explore the gravothermal core
collapse phase in the short mean free path regime allowing us to
extend existing analytic approximations to high core temperatures.

The evolution of an isolated, thermalized SIDM halo can be de-
scribed by a set of gravothermal fluid equations. In the early stages of
evolution, the halo is sufficiently dilute such that a dark matter parti-
cle completes many orbits before scattering with another dark matter
particle. In this long-mean-free-path (LMFP) regime, the gravother-
mal evolution exhibits self-similar behavior, as demonstrated in our
previous work (Outmezguine et al. (2023), hereafter referred to as
023) and other works (for example, Lynden-Bell & Eggleton (1980);
Balberg et al. (2002); Koda & Shapiro (2011)). The gravothermal
evolution is unstable, leading to a runaway process in which the core
of a halo collapses (Lynden-Bell & Wood 1968; Kochanek & White
2000; Balberg et al. 2002; Colin et al. 2002; Koda & Shapiro 2011;
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Parameter Definition
TFeore Radius at which the relation p (rcore) = pc /2 is satisfied for each snapshot in time
teore Time at which the core size is a maximum (and central density is a minimum)
te.0 LMFP scattering timescale (see Eq. (19))
X (1) Variables that describe the properties of the core (densest region in the halo) like the mass (M. (1)),

density (o (7)) and velocity dispersion (v¢ (1))

Xec.0 = Xe (Teore) Core properties at the time #ore

XeLs = Xc(tLs)

Core properties at the time when the scatterings in the core transition from being in the long (LMFP)
to short mean-free-path (SMFP) regime

X 10 = Xc (t10)

Core properties at the time the core enters a new phase deep in the SMFP (Stage 3 in §3)

XN Scale parameters used to make the gravothermal equations dimensionless

Oc¢,0, O¢,LS> Oc,10

Value of the cross section, ogK,, with the velocity dependence taken at v o, Ve Ls» Ve, 10 (see Eq. (4))

ne,05 Ne,1LSs Ne,10

Log-slope of the cross section at the velocity scales v¢ o, Ve Ls, Ve,10 (see Eq. (9))

OA'C,O, WC,O

6 and W in Eq. (8) evaluated at the scattering timescale 7. o

Table 1. Table of parameters and their definitions. The first block of parameters are the core radius rcore, the time of core formation #.ore, and the scattering
timescale 7. o. In the second block, the variable X is a placeholder for all the physical quantities used in the paper. The quantities p., v are taken at the center
of the halo (see Appendix C2 for details about how we address this numerically), while r., M., L. are taken at the core radius, which is definition dependent.
In the last block, we include definitions involving the scattering parameters o, ne, 6, w.

Pollack et al. 2015; Elbert et al. 2015; Sameie et al. 2018; Essig et al.
2019; Kahlhoefer et al. 2019; Zavala et al. 2019; Nishikawa et al.
2020; Correa 2021; Turner et al. 2021). Due to the self-similarity,
all gravothermal halos undergo universal evolution leading to core
collapse, and the physical timescale on which the collapse occurs
depends on the particle physics of the halo, such as the SIDM cross
section (Balberg et al. 2002; Outmezguine et al. 2023), truncation of
the NFW profile due to tidal effects (Nishikawa et al. 2020; Correa
2021), the presence of baryons (Robles et al. 2019; Sameie et al.
2018; Feng et al. 2021), and dissipative interactions (Essig et al.
2019; Xiao et al. 2021; Feng et al. 2022).

As gravothermal evolution proceeds, the core of the halo is driven
deep into the core-collapse phase, entering the short-mean-free path
(SMFP) regime in which the high density of particles allows them
to undergo numerous collisions along each orbit. The evolution of
the core in the SMFP regime becomes distinct from that of the outer
halo, which remains in the LMFP regime. The properties of the core
change much more rapidly in the SMFP regime than in the LMFP
regime; for example, the central density of the core increases many
orders of magnitude in extremely short time periods, and the temper-
ature increases much more rapidly, compared to the LMFP evolution.
Thus, the universality of the core evolution in the LMFP regime is
not expected to hold in the SMFP regime. No previous studies have
investigated the SMFP regime to see if the core maintains some form
of universal evolution, even if approximate. If such a universality
exists, the gravothermal evolution of any halo could be generically
characterized from its initial stage to its gravothermal catastrophe,
when the core is expected to reach a relativistic instability that pro-
duces a black hole.

Previous works have estimated black hole masses resulting from
the relativistic instability (see for example Balberg et al. (2002);
Koda & Shapiro (2011); Nishikawa et al. (2020); Meshveliani et al.
(2023)). However, lacking accurate evolution characteristics of halos
in the SMFP regime results in inaccurate estimates of the core mass
at the relativistic instability. If black holes can be produced from the
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core collapse of dark matter halos, production always occurs deep in
the SMFP regime. It is therefore imperative to understand the SMFP
core evolution to determine the core properties in this regime.

In this paper, we explore the SMFP regime and study the evolu-
tion of the cores of initially NFW, isolated, virialized SIDM halos
by solving the spherically symmetric gravothermal fluid equations.
We show that the universality exhibited in O23 breaks down when
the halo transitions from the LMFP to the SMFP regime. We dis-
cover a new, approximately universal solution to the gravothermal
equations during the phase of evolution when the thermal energy of
the core becomes constant with respect to the 1-dimensional (1D)
velocity dispersion and time. The transition into this phase cannot be
predicted analytically. Fortunately, we find that the transition point
can be related to the LMFP-to-SMFP transition, which is analyti-
cally described in O23. We also quantify the scaling of the core mass
as a function of the central velocity dispersion during this phase
of approximate SMFP universality. We find more accurate relations
for the core structure in the SMFP. As an application, we find the
core mass at the relativistic instability, which would be the minimum
mass available for black hole formation, and show that the mass loss
is steeper than previously thought, resulting in smaller core masses
at the relativistic instability. Finally, we present a recipe to easily
compute the core properties of halos evolving deep in the SMFP
regime.

This paper is organized as follows: In §2 we present the gravother-
mal equations and expressions for the heat conductivity, and we
summarize our numerical procedure. In §3 we discuss the LMFP
and SMFP evolution and formulate new designations for each stage
of evolution. In §4 we present the analytic description of the new
SMFP universality and validate it with our numerical solutions of
the gravothermal equations in the SMFP regime. In §5 we implement
a semi-analytic method to determine the parameters in the constant-
thermal-energy phase and outline a step-by-step recipe for obtaining
the SMFP core mass and black hole mass. The implications and lim-
itations of this work are summarized in the conclusions in §6. We
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include a derivation of the SMFP universal solution in Appendix A,
show the dependence of the new SMFP parameters on the concentra-
tion of the halo in Appendix B, address issues of numerical resolution
in Appendix C, and discuss the validity of approximations used in
this paper in Appendix D.

2 GRAVOTHERMAL EVOLUTION

The gravothermal evolution for a spherically symmetric, isolated,
virialized halo is given by the following relations for mass conser-
vation, hydrostatic equilibrium, Fourier’s Law, and the first law of
thermodynamics (Lynden-Bell & Eggleton 1980; Spitzer 1987; Bal-
berg et al. 2002; Nishikawa et al. 2020):

M _, o e _ GMp L _ oT

or P T T2 4nr2  or

o = (7). e ()

— =—dar‘pv- |=—| log|—], (1)
ar oty g o

where p is the halo mass density, M is the mass enclosed within
radius r, L is the luminosity, and v is the 1D velocity dispersion. The
entropy appears in the first law as log(v3/p), and the temperature is
related to the 1D velocity dispersion via T = mgmv2 from the kinetic
theory of gases, where mgy, is the dark matter particle mass.

2.1 Particle Physics via Conductivity

In this paper, we adopt the analogy of elastic Mgller scattering in a
Yukawa potential (Girmohanta & Shrock 2022; Yang & Yu 2022).
As in 023, we employ a velocity-dependent cross section through
the differential cross section of the Born approximation:

do 1 aow?[(3cos? 0+ 1)v* + 4v2w? + 4w?]
aQ =« (sin? Gv4 + 4v2w2 + 4wH)2

where w is a scale velocity (which is the ratio of the mediator mass
to the dark matter mass), oy is a normalization prefactor, and 6 is the
scattering angle. This differential cross section allows us to examine
velocity-dependent cross sections, as well as constant cross-sections,
as it approaches a constant when the scale velocity w is taken to
be very large. The particle physics model enters the equations only
through the heat conductivity, «, in Eq. (1).

An exact form for the conductivity exists in the SMFP regime, but
the LMFP conductivity has only an approximate form and must be
calibrated to simulations through a scaling parameter C. We follow
the notation of 023 to parameterize the LMFP conductivity as

; 2

3aC oy 3

— Ks, 3
8ﬂGm§mPV 5 (3)

KLMFP =
where a = 4/+/ and

p
<O—Viscvrel>

. . )2 :
limy, 0 <0'v1chre|>

Kp= 4)

Here, oyisc = f dosin® 6 represents the viscosity cross section. We
note that in 023, we used p = 3 in the LMFP conductivity. However,
after we released our work, Yang et al. (2023a) released results of their
N-body simulations of SIDM gravothermal collapse which showed
that p = 5 is a better fit. We use their data to find that C = 0.73
matches best with p = 5. However, in order to remain consistent
with 023, we use C = 0.6, noting that the precise value of C does
not impact our main, qualitative results. Moreover, the appropriate

value of C for velocity-dependent SIDM requires comparison to
simulations, which is beyond the scope of this work.
The SMFP conductivity computed in O23 is

3bv 1
KSMFP = 5 — — (5)
(o)) K
eff
where b = 25+/7/32 and
28K2 + 80K5Kg — 64K2
k@ _ 5 7 ©6)

eff = 77Ks—112K7 + 80Ky

As discussed in 023, we obtained K. from the Chapman-Enskog
expansion (Chapman et al. 1990; Pitaevskii & Lifshitz 2012) at sec-
ond order which provides up to a 20% correction to the SMFP heat
conductivity. The next order correction results in sub-percent cor-
rections, so we truncate the expansion at second order. Finally, we
interpolate between the LMFP and SMFP regimes as follows:

1 1 1
- = +

K KLMFP

(O]

KSMFP

2.2 Numerical Methods

Our numerical procedure closely follows our work in O23. We may
recast Eq. (1) to be written in dimensionless form, which depends on
only two dimensionless parameters:

2
o (L (1] 2
b w) e \w 47rr12V Mdm

aC 1 @ (1) poNn ) 2 w
:—K —_ K —_ — _— . 7 = —,
e L B F e R

(®)

where the scale parameters p, vy, 7N, and My are related through
GMpy =rN V%v and My =4npn ri,. Instead of using the parameter
W, we can instead define the quantity n to characterize the velocity-
dependent SIDM scattering. As in 023, we use the (positive) log-
slope of the function K

__ jllogK ’ )
OgVN

where K = K5 in the LMFP regime and K = Kéfzf) in the SMFP

regime.

We employ our gravothermal code used in O23 to evolve velocity-
dependent SIDM halos according to the dimensionless form of
Eq. (1). We assume halos initially have an NFW profile, and from
023, the NFW parameters are related to the central parameters at
core formation as p. o = 2.4ps, ve,0 = 0.64Vimax (see Table 1 for
a description of our notation and definitions). We evolve 16 halos
with the parameters listed in Table 2. For the purpose of maintaining
numerical stability, we approximate fitted forms for Eq. (4), which
we provide in Appendix D.

We define the size of the core of a halo rcore Via p(Feore) = pc/2.
As the halo evolves, different regions of the halo may transition from
the LMFP regime (for which «p mpp < ksmpp) to the SMFP regime
(for which «p mrp > ksmEp)- We use the condition

KSMFP
KLMFP

=1 (10)

F=Tcore

to define the time when the core fully transitions from the LMFP to
SMFP regime, and we refer to this time as the LS transition.

MNRAS 000, 1-15 (2023)
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o Oc,0 Oc¢,LS T, 10

Run  Color ay w Pec,LS Ve,LS Pec.10 Ve, 10 ey ey ne,o ne,Ls ne, 10 Ge o We,0
[0 [0 (008 ] (K] (04 Es] (K] (][] (9
1 — 5.0 10* 3.3 39.5 3.9 1002 50 489 488 2.8x107* 4.6x10™* 3.0x107* 0.03 339
2 — 5.5 535 33 39.5 2.8 939 52 498 376 0.09 0.15 0.58 0.03 182
30— 6 298 3.7 39.8 1.9 863 52 468 274 0.26 0.39 1.0 0.03 10.1
4 — 7 184.7 45 40.2 2.0 833 51 414 181 0.53 0.77 1.52 0.03 6.3
5 11 103.9 6.0 40.9 3.9 852 51 348 094 1.02 1.37 2.18 0.03 35
6 42 41.7 145 429 21.6 934 50 213 026 1.97 2.4 3.0 003 14
7 1050  11.8 40.0 45.5 1442 1045 51 115 007 3.01 33 3.5 003 04
8 5%x10° 1.0 923 477 6667 1153 50 071  0.03 3.67 3.7 3.8 0.03 0.03
9 — 90 10* 0.016 31.4 0.016 774 900 8 879 2.8x107* 29x107* 1.8x1073 05 339
10 — 96 535 0.016 31.4 0.011 726 916 894 745 0.09 0.1 0.4 05 182
1 — 105 298 0.017 315 0.009 688 912 885 593 0.26 0.27 0.82 05 10.1
12 —— 1254 1847 0017 315 0.009 672 908 872 440 0.53 0.56 1.29 05 63
13 195 1039  0.017 316 0.01 656 91.1 847 285 1.02 1.09 1.9 05 35
14 770 41.7 0.021 31.9 0.02 673 923 762 121 1.97 2.1 2.8 05 14
15 1.9x 10* 11.8 0.029 32.6 0.09 738 920 608  4.12 3.01 3.1 3.4 05 04
16 9%x107 1.0 0.041 332 0.44 833 90.8 488 1.8 3.67 3.7 3.8 05 003

Table 2. Table of parameters for all halo runs. Input parameters for the code are ps, rg, 0o/mam, and w. The parameters p. 1s, Ve, LS, Pc,105 Ve,10
are obtained numerically, as are the parameters at core formation: p. o = 2.4ps = 4.8 X 107 Mo /kpc3, Ve, o = 0.64Vina = 29.5km/s. All remaining
parameters are derived. Runs 1 — 8 all have o¢ o = 5 cmz/g, while runs 9 — 16 have oo = 90 cmz/g. All runs have pg = 2 x 107 Mo/kpc3, rs = 3kpc,
Vimax = 1.65r54/Gps = 45.9km/s. All & s = 1 by definition. See Table 1 for the explanation of our notation.
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Figure 1. (Left) The log slope of the central density as a function of the central velocity, normalized by Vinax. Dashed lines represent the SMFP evolution of each
halo. The black horizontal line shows the y = 10 slope the halos asymptote to after the y = 10 transition (indicated by diamonds). The stages of gravothermal
evolution are labeled and described in Sec. 3. The orange curves have larger 6 and thus transition into the SMFP regime earlier. We indicate the division of
stages for each set of curves separately with vertical dashed (dotted) lines for the blue (orange) curves. (Right) The quantity fcond/ayn as a function of v¢ /Vinax-
The conduction timescale is fcond = ZLMFP + fsMFp, Where 7Lmpp = ¢, and fsvrp is defined in Eq. (17). The dynamical timescale 74y, is defined in Eq. (20).
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Figure 2. (Upper Left) The evolution of the core mass as a function of the central velocity, normalized by the LMFP scales as in 023, taken at core formation.
The dashed lines represent the evolution in the SMFP regime, where for large v, the scatter in the halos is large. (Upper Right) Same as panels to the left, except
here we normalize with the new scales in the SMFP, M_. 19, v¢,10, When the halos have reached the SMFP universal solution at the slope ¥ = 10. The scatter
in the SMFP lines has decreased significantly and shows an approximate universality. (Lower Left) Same as figure above, but here it is the central density as a
function of velocity. (Lower Right) Same as figure above, but here it is the central density vs. central velocity, both normalized by new scales p¢ 10, Ve, 10- A
more detailed explanation of our parameter definitions and notations can be found in Table 1.

3 LONG AND SHORT MEAN FREE PATH EVOLUTION

We can delineate a halo undergoing gravothermal collapse into two
regions: the outer halo and the central core. Gravothermal evolution
leads to core collapse: the core contracts and heats up, leading to a
high density and temperature, during which time dark matter self-
interactions transport heat and mass to the outer halo. Meanwhile,
the outer halo that surrounds the core remains relatively dilute and
acts as a heat sink. The thermal evolution timescale of the outer
halo is much longer than that of the core, so the outer halo changes
temperature very slowly, while the core temperature increases rapidly.
The outer halo remains in the LMFP regime, while the core can be
in the LMFP, the SMFP, or an intermediate regime. The evolution in
the two regimes differs substantially. In 023, we explored the LMFP
regime in detail. In this paper, we focus on the SMFP regime. We
provide a brief overview below of the two regimes.

In the LMFP regime, dark matter particles are sufficiently dilute
such that particles can make many orbits before scattering. While the
outer halo is always in the LMFP regime, for the core of a halo, this

is not always the case. Given a large enough cross section, the core
of a halo can begin in the SMFP regime. However at core formation,
as we studied in depth in O23, the cores of halos evolve in the LMFP
regime, and the LMFP solution represents the bulk of the time an
isolated halo spends in its evolution. The self-scattering enables dark
matter particles to transfer heat and mass between the inner and outer
regions of the halo. Initially, heat is transferred inward from the hotter
outer halo to the colder inner core, causing the core to expand until
it reaches a maximum, or “maximal core.” The core then transfers
heat to the outer halo and shrinks, becoming denser and hotter. This
runaway process inevitably drives the core into the SMFP regime
and into the core collapse phase. The LMFP and SMFP regimes
experience distinct evolution paths. This is illustrated in the curves of
Figs. 1 (left panel) and 2 (all panels) where the dashed portions of the
curves denote when the core is in the SMFP regime, whereas the solid
portions indicate the LMFP regime. We delineate the LS transition as
the point when the conductivities are equal, as in Eq. (10). Notably,
the orange curves transition from SMFP (dashed) at low v, values

MNRAS 000, 1-15 (2023)
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Figure 3. (Left) The evolution of the central density as a function of time, shifted and normalized to the time maximal core is reached as defined in O23. One
can see that for different o ¢, the collapse times differ. (Right) Same as the left plot, except the time here is shifted and normalized to the time the halos enter
the ¥ = 10 phase, where the curves line up relatively well as we are already in the self-similar solution. Note that here, the time the curves enter the y = 10

phase is not analytically determined, thus resulting in the scatter.

to LMFP (solid) and return to SMFP (dashed) at high v, values. In
contrast, the blue curves begin in the LMFP regime (solid) and switch
to the SMFP regime (dashed) as v values increase. Thus, halos with
substantial cross sections begin their evolution with their cores in the
SMFP regime. Nonetheless, we assume NFW profiles as an initial
condition, as we did in O23, noting that halo core formation causes
the core to transition to the LMFP regime early in its evolution. It
would be interesting to test other profiles with different inner slopes,
for example, a roughly constant core. We know that profiles that are
truncated in the outer regions due to tidal effects tend to speed up the
onset of core collapse (Sameie et al. 2018; Kahlhoefer et al. 2019;
Nishikawa et al. 2020; Correa 2021), and thus it would be insightful
to see how profiles with inner slopes that differ from ~ ~! may affect
the evolution. We leave this interesting question to a future study.

In the SMFP regime, the core shrinks and drastically increases in
density. In this regime, particles are so dense that collisions are very
frequent. The dense core as a result hampers heat and mass transfer
from the core to the outer halo (Balberg et al. 2002; Agrawal et al.
2017; Essig et al. 2019). After the shielding begins, the evolution
paths of the outer and core become distinct, and the core can be
treated approximately independently of the outer halo. Shortly after
this transition, the core falls into a phase of constant thermal energy,
where the log-slope of the central density with respect to central
velocity dispersion becomes constant in time, approaching a slope
of v = 10; see Fig. 1. Here, the core heats up very quickly and
the density shoots up by several orders of magnitude, which can be
seen as a steady rise of the central density with respect to the central
velocity in Fig. 2 (lower panels), as well as both panels of Fig. 3 where
the central density shoots up during collapse. Looking at both Figs. 2
(lower panels) and 3, it is also evident that the timescale at which the
LMFP and SMFP evolution proceeds is drastically different: while
the bulk of the evolution resides in the LMFP, the SMFP evolution
occurs very rapidly.

In the left panel of Fig. 1, we label each stage in the gravothermal
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evolution. We call the quantity d log p./d log v, as y, given by

dlogpc
dlogv,

=y 1)

where p o v} withy ~ 10. Fig. 4 shows the density profiles for each
of these stages. The outer halo remains largely unchanged throughout
the evolution, but the core changes significantly. The stages are as
follows:

o Stage 0: The Core Expansion Phase. During this initial phase,
the halo’s core undergoes an expansion process. While the core
size increases, it experiences adiabatic heating and a concurrent
gradual decrease in density.

o Stage 1: The Core Contraction Phase. This phase commences once
the core reaches its maximal size and minimal central density,
initiating a period of contraction. During this phase, the core
decreases in size and increases in density. This marks the onset
of the LMFP evolution phase, characterized by self-similarity and
approximate LMFP universality, explored extensively in O23.

o Stage 2: The Unorganizable Phase. This phase signifies a depar-
ture from the self-similarity and universality found in the earlier
stages. Here, the halo does not conform to any universally appli-
cable solution. Despite this, we have developed semi-analytical
formulae that effectively map the values of macroscopic param-
eters at the end of Stage 1 to those at the beginning of Stage 3.
Detailed discussions on these formulae are provided in §4.

o Stage 3: The Constant Thermal Energy Phase. This phase repre-
sents the region beyond the y = 10 transition where we identify a
new SMFP universality. As depicted in the left panel of Fig. 1, all
halos tend towards the slope y = 10 during this stage, allowing us
to fully characterize the evolution during Stage 3.
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Figure 4. (Left) The velocity dispersion as a function of radius for Stages 0, 1, 2, and 3. The upper row is for a small & with n = 3.7 corresponding to run 8 in

Table 2, and the lower row is for large 6~ with n = 1 corresponding to run 13 in Table 2. (Middle) Density as a function of radius. (Right) Slope of the density
profile with respect to radius.

4 SMFP APPROXIMATE UNIVERSALITY

In the LMFP regime, the self-similar solution is most clearly seen by
scaling the central (i.e., at the halo center) quantities p¢, rcore, and
v by their value at core formation, which we refer to as the instant
of maximal core in O23. It represents the time at which the central
density is at a minimum and the size of the core is at a maximum
(see the left panels of Fig. 2). The approximate universality, however,
breaks once the core enters the SMFP regime, as evident in the left
columns of Figs. 2 and 3. As discussed in 023, the breakdown of
universality at the LS transition is governed by the size of .

In this section, we present a new approximate universality in the
deep SMFP regime. This universality is evident upon scaling the
central quantities by their respective values at the onset of Stage 3,
as seen in the right column of Fig. 2 and 3. The onset of Stage 3 of
the evolution is not as clear-cut as the LS transition and cannot be
computed analytically; however, as previously stated, we approximate
the point of the y = 10 transition by taking the minimum of the curves
in the SMFP regime in the left panel of Fig. 1. The evolution of the

newly scaled quantities in the SMFP regime all align, as seen in the
right panels of Figs. 2 and 3.

4.1 Analytic description of the Core Structure

We now show some analytical properties of the halo cores during

Stage 3 in the deep SMFP regime. Detailed derivations are presented
in Appendix A.

We start by Taylor expanding the halo density and velocity disper-

sion profiles around the halo center:

p=pe(1-2+0(Y),

vzzvz.

(12)
(1 —exrept 4 O(xG)) ,

where x = r/r., and we have implicitly defined a core radius r. as

a1
r;.2=—1im( ng) :
t

13
r—0\ 9r2 (13)
We note that & can be calculated from our numerical results:
dlogv?
£=1im 228V (14)
r—0\ dlogp /,

To leading order in x, mass conservation gives M ~ M.x3, with
M. = 47Tpcrz’,/ 3. Using the above expansion to the lowest order in

the Jeans equation in Eq. (1), we find that the central quantities are
related through

»  GM,

Ve = m (15)

As discussed earlier, we find that during Stage 3, pe o« vZ with

v =~ 10. From the above relations, we see that M. o vz_Y/z =~ vc_.z,
or

-1

MC ) ( V% )
={=] -

Mo vio

This scaling is nicely demonstrated in the bottom right panel of Fig. 2.

(16)
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U(:/ V;nax

Figure 5. & as a function of v / Vinax. The dashed curves are obtained using
Eq. (Al1) for &, and the solid ones obtained by using Eq. (14) for &. The
dotted line indicates the line to which the curves tend to, which is & = 0.11.

dlogM, . _
dlog v is not exactly —1, as a value

of —1 indicates no core evolution (Balberg et al. 2002). But it gets
close to —1 in our runs and so we use this approximation. We define
the SMFP timescale as

It is important to point out that

ook (ve) ve

t = , 17
SMFP 2wbGrmgn a7
and find in Appendix A that

log(v3 3
tim (21007/0)) £ (18)
r—0 ot r tsmrp 1 +¢

Note that through Egs. (14) and (18), we obtain two different deriva-
tions of ¢: one through a temporal derivative and the other through
spatial ones. The agreement between the two different derivations is
demonstrated in Fig. 5.

It is not clear exactly why this approximate universality exists.
Unlike the LMFP universality we found in 023, the SMFP univer-
sality does not have a simple analytic derivation, and we can only
approximate the y = 10 transition numerically. But once this approx-
imation is done, the universality does appear upon rescaling, and we
produce semi-analytic expressions for these parameters using the fits
in Eq. (21).

Although the particle physics dependence (the velocity depen-
dence of the cross-section) can be scaled out in Stage 1 (the LMFP)
and Stage 3 (y = 10 transition), Stage 2 (the drop from the LS tran-
sition to the y = 10 transition in the left panel of Fig. 1) seems to
have a non-trivial particle physics dependence. Accounting for this
dependence is crucial to getting some analytic handle on the y = 10
transition, which can be related to the LS transition, as shown in §5.1.

4.2 SMFP timescale and validity of the gravothermal equations

In the LMFP regime, changes in the evolution occur on the scattering
timescale given by

-1
2 o v
IN =7 (,DN_OVNKS (—N)) (19
mdm w

MNRAS 000, 1-15 (2023)

for which the core parameters are taken at core formation in the LMFP
(see Table 1 for a full explanation of our definitions and notations
at core formation, the LS transition, and y = 10 transition). In the
SMFP regime, the timescale is given in Eq. (17) where, as in Eq. (8),
the core parameters can be taken at the LS or y = 10 transitions
depending on the stage of evolution. For the gravothermal equations
to be valid, the relevant timescale must always be longer than the
dynamical time

1
tayn = ———.
m V4nGpn

Note that tgppp o tﬁyn/tc,o, where 1. o is Eq. (19) taken at core
formation. One may be concerned that the condition fsvpp > fdyn 18
not fulfilled, because changes in the SMFP occur very rapidly. In the
right panel of Fig. 1, note that f¢onq/fayn > 1, and while it gets close
to 1, it does so in the LMFP regime, which has been investigated
in simulations that show the gravothermal equations are valid; see
for example Yang & Yu (2022); Yang et al. (2023a). Once the halos
are in the SMFP regime (dashed lines), fcond/fayn > 1 is always
true. As long as the timescale of SMFP evolution is larger than
the dynamical timescale, changes due to the evolution take longer
than the dynamical time of the halo, allowing the halo to maintain
hydrostatic equilibrium. Thus, the gravothermal equations remain
valid.

(20)

5 CORE MASS AT THE RELATIVISTIC INSTABILITY

Previous works have made estimates of the core mass at the relativis-
tic instability (Balberg et al. 2002; Koda & Shapiro 2011; Nishikawa
et al. 2020; Meshveliani et al. 2023). However, lacking the properties
of the halo in Stage 3 that we have found has led to an overestima-
tion of this mass. The scaling that has been used to extrapolate to

ffill‘;gg "fz = -0.85 (Balberg et al. 2002; Koda
& Shapiro 2011; Meshveliani et al. 2023). Extrapolating to the rela-
tivistic instability velocity, which is estimated to be v, ~ ¢/3 (Feng
et al. 2022), this results in a substantial overestimation of the core
mass. Examining the upper panels of Fig. 2, it becomes evident that
the log slopes of the curves initially flatten to approximately —0.85
shortly after entering the SMFP regime (marked by dashed lines).
This is followed by a steepening of the slopes, eventually converging
to a log-slope of about —1. As we explained in §4.1, the slope cannot
be exactly —1, but it is very close to it and steeper than —0.85.

In this section, we present a new, more rigorous, prescription to
connect the core parameters at the LS transition to those in Stage 3
at the y = 10 transition.

high temperatures is

5.1 Relating the LS transition to the Stage 3 Parameters

As elaborated in Section 4, the onset of the newly identified universal
phase—referred to as Stage 3—commences at the y = 10 transition,
for which we lack exact analytical predictions. In this section, we
introduce empirical formulae that allow for the estimation of key
halo core characteristics, starting from the core parameters at the LS
transition. Given that these LS parameters can be analytically derived
from the initial core characteristics, we essentially offer a semi-
analytical framework to predict the core parameters at the y = 10
transition based on the initial halo conditions and particle physics
parameters. Using the approximate universality described in Section
4, this, in principle, allows for a semi-analytical halo evolution model
throughout the different phases.
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Figure 6. (Left) The v 10/ve,Ls to ne s relation plotted as a black curve, fitted to our numerical results (diamonds). (Right) Same as the left, but for the
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Figure 7. (Left) pc.10/Pc,LS VS Ve,10/Ve,Ls shown as a black curve fitted using the fits in Figs. 6, plotted over our numerical runs (diamonds). (Right) Plot of
the n¢ 19 to nc g relation, fitted using the same relation as in the left panel of Fig. 6.

The relation between the LS and y = 10 parameters is shown in
Fig. 6, alongside the fitted lines given below:

el _ o (0.74 +0.008n27 )
R
’ 2.21 @h
peto _ o (8.43 + O.lSnC’LS)
Pc,LS ng(ﬂ?

The fitted lines closely align with the behavior of the numerically
calculated points. The above fits also introduce an implicit relation
between v 10/ve,Ls and p¢ 10/pc s, this implicit relation is the
line shown on the left panel of Fig. 7. This line follows the numerical
calculations quite accurately. Per the definition in Eq. (9), the log-

slope, n, is a function of the central velocity dispersion, namely
n = n(v¢/w). Denoting the inverse relation by v./w = f(n) we can
express ve,10/Ve,Ls = f(nc,10)/ f(ne,Ls), solving for f(n¢ 1s), and
noting that n[ f(x)] = x, we find that:

vL

LS f(”c,lO)] .
10

Ve

hers =n [ 22)
The resulting line on the right panel of Fig. 7 validates this approach,
as it closely matches our numerical calculations.

To complete our semi-empirical model, we need to provide a means
for finding n. 15, ve,1s and p¢ s from the initial halo parameters.
In 023 we derived the scaling laws

6—2a
N (Vc,LS) .
Ve,0
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Figure 8. (Left) The ratio of M. r1/M>g with respect to the halo mass M» for a cross section of 09K, = 100 cm?/g at v = 20km/s with w = 1km/s and

w = 10*km/s (labeled). The band for the velocity independent model overtakes the velocity dependent one for masses larger than 10° M. The gray hatched
shaded regions are those that do not collapse within the age of the Universe (see right panel). (Middle) Same as the left panel, but for the core mass at the LS
transition. (Right) Collapse time as a function of the halo mass for the same models as in the left panel, with the gray hatched shaded region above the line at
(13.7 Gyr) indicating collapse times longer than the age of the universe. The bands for the cases of w = 10* km/s and w = 1km/s are labeled in the figure.
The purple shaded bands in all the figures cover a concentration of +0.3 dex around the median, represented by the dark purple line. In the first two figures,
the upper (lower) bound of the bands correspond to higher (lower) concentration, while in the rightmost figure, the upper (lower) bound represents the lower

(higher) concentration, indicating that higher concentration halos collapse faster.

(23)

where 6 =~ 1 —n. o+ a/(a —2), and @ ~ 2.2 up to small but
important scatter which is detailed in O23. With this at hand, we
simply calculate n. g by using Eq. (22). Having these relations
allows us to have a semi-analytic handle on the y = 10 region,
allowing one to obtain the parameters in the y = 10 region by simply
having the initial halo and cross-section model. Eq. (23) relies on
the assumption that core formation occurs in the LMFP, which is
satisfied when ksyvpp > kpMmpp at the time of core formation, zcore.
This implies that & < 1 [cf. Egs. (3), (5), and (8)]. However, our
numerical results demonstrate the effectiveness of Eq. (23) even in
scenarios where & ~ 1, highlighting its applicability beyond its initial
theoretical assumptions.

5.2 Obtaining the core mass at the relativistic instability from
halo properties

Equipped with the results of the past section, we can derive updated
predictions for the core mass at the onset of the relativistic instability.
Before doing so, it is crucial to emphasize that the core mass at the
point of relativistic instability, M. gy, should be considered a lower
limit for the mass that will ultimately collapse to form a black hole.
We conjecture that the upper bound for black hole growth due to
processes such as accretion is the mass within the region of the halo
that is in the SMFP, and can be approximated as the core mass of
the halo at the LS transition, M. 1 s (see App. D, which outlines the
validity of this approximation). The fraction of the mass that actually
ends up in the black hole is a very interesting topic, and we leave this
to a future study.

We express the core mass at LS transition through the relation in
Eq. (23). Using Eq. (15) we express the core mass at the moment of
vy =10 as

24

G

3

" 6 (1 +§)3/2 Ve,10
10 =14/ = .
¢ VPc,10

g
The mass at relativistic instability is thus approximately given by

Ve,10 2
Meri =M. 10 ) (25)
Ve,RI
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where v r1 = ¢/3. To demonstrate the relevant mass scales, we use
our semi-analytic recipe (in §5.3) and focus on two example SIDM
models, both having ogK, = 100 cm? g_1 atv =20 kms~!. The
models demonstrate the two extremes of velocity dependence; the
first has a velocity scale of w = 1 km 571 displaying strong veloc-
ity dependence, while the second, with w = 10* kms_l, which is
practically a constant cross section. We utilize the Python package
corossus (Diemer 2018) for cosmological computations, along with
atight relation between the virial mass of a halo, and its concentration
(where the concentration is defined as ratio of the virial radius to the
scale radius of a halo) referred to as the concentration-mass relation
(see for example Bullock et al. (2001); Dufty et al. (2008); Klypin
etal. (2011) for a detailed account of the relation between concentra-
tion and mass of halos). We specifically use the concentration-mass
relation from Diemer & Joyce (2019) to compute M. g1, M. s and
fcoll USing our recipe in §5.3 and illustrate our findings in Fig. 8.

The left panel of Fig. 8 shows the core mass at relativistic instability
as a function of Mjq, providing an estimated lower bound on the
mass of the black hole formed from core collapse. The middle panel
shows the core mass at the LS transition as a function of My,
representing the estimated upper bound on the black hole mass. The
right panel shows the collapse time (with the collapse time as defined
in Eq. 29 of 023) of both models as a function of M5, with the gray
hatched shaded region representing timescales longer than the age of
the universe, and thus, signifying halos that do not collapse in time.
The width of the bands (shaded purple) in all three panels represents
a spread around the median concentration (dark purple line) of 0.3
dex. For the left and middle panels of Fig. 8, the upper (lower) bound
of the bands correspond to higher (lower) concentrations, while in
the right panel, the upper (lower) bound of the bands represent lower
(higher) concentrations, which is indicative of a more rapid collapse
for halos with higher concentrations. The concentration dependence
of all these parameters (as well as the Moo dependence of M 1 s
and M, gp) can be found in Appendix B.

The left panel of Fig. 8 shows that higher M. gy are produced for all
halo masses in the case of constant cross sections. Whatis particularly
intriguing to note is that, given a high enough concentration, all
halo masses with constant cross sections collapse within the age of
the universe. Halos with highly velocity-dependent cross sections
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(namely w = 1 kms™!) and masses over ~ 109 Mg do not collapse
within the age of the universe, although a high concentration allows
for halos up to ~ 10'9 Mg to collapse in time. In the case of a
constant cross-section, halos of mass Mgg ~ 1010 — 101! produce a
minimum black hole mass (M. gry) of order 1 - 103 M o, while highly
velocity-dependent ones of the same mass range do not collapse
within the age of the universe. This shows that previous works have
overestimated the core mass at the relativistic instability by about 2
orders of magnitude. One should keep in mind, however, that if large
cross sections are required on dwarf scales, then models with constant
cross sections have been ruled out by cluster constraints (Kaplinghat
et al. 2016; Tulin & Yu 2018; Sagunski et al. 2021). Another feature
to note is that M. gy is almost linearly proportional to My in the
highly velocity-dependent case, yielding a nearly straight band in the
left panel of Fig. 8. This dependence on M5, along with the relation
in the middle panel, can be found in Appendix B.

5.3 Semi-analytic recipe for obtaining the core mass at the
relativistic instability

With the tools presented in this paper, one can easily find the core
mass of a halo using just the initial halo parameters and the particle
physics of the halo. Here, we detail a step-by-step recipe for obtaining
M, at late times, and thus, an estimate for the core mass at the
relativistic instability, the minimum mass available for black hole
formation.

@) Find the maximal core parameters from the NFW halo pa-
rameters using the relations from 023:

Pe,0=2.4ps, Ve,0=0.64Vimax
(ii) Find the dispersion at LS transition, v, 1 5.

(a) Use Eq. (8) to obtain the dimensionless cross section.

(b) Set @ = 2.2 and use Eq. (23) to find v, 1 5. (a typically
ranges from 2.19 —2.22 for n. o from 0 - 3.7, but 2.2 is a
sufficient approximation.)

(iii) ~ With the v, 1 g obtained in step (ii), use Eq. (9) to find n.. 1 5.

>iv) Use Eq. (23) to find the central density at the LS transition,
Pe,Ls» and the core mass at LS transition, M. 1 s.

v) With the v, 15, pc,Ls, 1¢c,Ls found using the steps above,
use our fit in Eq. (21) to obtain the central dispersion and
density at the y = 10 transition, v 10, P¢,10-

(vi)  Find the core mass at the y = 10 transition using our equation
in Eq. (24).

(vii)  Finally, using the second equation in Eq. (16), extrapolate to
the relativistic instability at v ~ ¢/3, and find the minimum
mass available for black hole formation using Eq. (25).

With these seven steps, one can determine the core mass at the rela-
tivistic instability, the minimum mass available for black hole forma-
tion, simply from knowing the NFW parameters and the assumptions
for the particle physics model. See Fig. 8 for the band we obtained
using theconcentration-mass relation with CorLossus (Diemer 2018)
and this recipe.

6 CONCLUSIONS

We have examined the SMFP evolution of spherical, initially NFW,
isolated halos for velocity-dependent SIDM with varied velocity de-
pendence strength undergoing elastic scattering only. We show that
in the SMFP regime, the core becomes distinct from the outer LMFP

halo. For the first time, we discover a universality in the SMFP regime
and the appropriate timescale in the SMFP evolution when the halo
is deep in the core collapse regime. We find new scales that allow one
to scale out the particle physics, specifically at the y = 10 transition
which leads into the constant thermal energy phase in Stage 3 of the
halo evolution (see Fig. 1). It remains unclear why this universality
exists, but we find it in all our runs for velocity-dependent SIDM ha-
los. Although the y = 10 transition point cannot be found analytically,
we have determined a relation between the LS and y = 10 transitions
given in Egs. (21) that allows to simply compute parameters in Stage
3 given initial halo parameters and particle physics.

With these findings, we devise a recipe to estimate the core mass
deep in the core collapse regime using the relation in Eq. (23), shown
in Fig. 2, and our recipe in §5.3. We can use this recipe to compute
the core mass at relativistic instability, which we expect to be the
minimum mass available for black hole formation, given the initial
halo parameters and particle physics. We find that previous works
based on the gravothermal solutions have overestimated the core
mass at relativistic instability by about 2 orders of magnitude. We
find that the mass of the core reaches ~ 10° Mg at the relativistic
instability only for Magy ~ 10'" Mg and constant cross sections,
while high velocity dependence prevents collapse from occurring in
more massive halos. However, we note that other particle physics
likely becomes important in this regime and may cause black hole
formation to occur before the halo reaches v, ~ ¢/3. Note that
dissipation (Essig et al. 2019; Xiao et al. 2021; Feng et al. 2022),
halo truncation (Nishikawa et al. 2020), and the presence of baryons
(Feng et al. 2021) have been shown to cause halos to collapse faster,
which could lead to larger black hole masses.

We compute the mass within the region of the halo that is in the
SMFP regime as a function of time, and show that it asymptotes to
a constant value. We show that this constant mass value can be esti-
mated using the mass within the core when the core enters the SMFP
regime to within an O(1) scatter (see App. D. The core mass at the
LS transition can be easily estimated given the analytic approxima-
tions derived in O23. We conjecture that this quantity is roughly the
maximum mass available for black hole growth via other physical
processes, such as accretion.

The key takeaways of our work are:

o We have discovered a universal solution for halos in Stage 3 of the
evolution (see Fig. 1).

o We have devised a semi-analytic method to determine the y =
10 transition parameters by relating them to the LS parameters
defined in O23.

o We have outlined a step-by-step recipe to compute the proper-
ties of the core deep in the core collapse regime, given the halo
parameters and cross section for models with elastic scattering.
As an application, we determine the core mass at the relativistic
instability, which serves as the minimum mass available for black
hole formation.

Coupled with our companion paper 023, we now have appropriate
relations to describe the entire gravothermal evolution of isolated
halos, from the LMFP to SMFP regimes. This provides a simple
way to compute the minimum core mass available for black hole
growth after core collapse, given the initial halo parameters and
assuming no physics other than elastic collisions. It is an interesting
question to ask how these semi-analytic predictions would change
for tidally truncated halos and whether the universality based on the
connection to the LMFP regime is retained to some extent. It would
also be interesting to extend our analysis to cases where baryons

MNRAS 000, 1-15 (2023)
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dominate the central potential well and where dissipative interactions
are important.
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APPENDIX A: SEMI-ANALYTIC DESCRIPTION OF THE
EVOLUTION OF THE CORE

In this appendix, we derive some semi-analytical results, describing
the central halo evolution in the deep SMFP regime. We start our
derivation by focusing the short-distance behavior of the gravother-
mal solution. To do so, we Taylor expand near = O the halo density
and velocity dispersion profiles as!

p=pe(1-2+00h),

(AD)

V2 = v%. (1 —§x2 +§,8x4 + O(xé)) ,
where x = r/r¢, and r, is defined through

_ . _[dlogp

2

. =—lim . A2
re lim ( 52 )t (A2)
Note that ¢ can be defined thorough

1 2
¢ = 1im 2108V} (A3)
r—0\ dlogp /,
Mass conservation gives that
4
M =M, (x3 +O(x5)) , M. = —ﬂpcrg. (A4)
Using this in Jeans’ equation we arrive at the relation
GM,.
. - (AS)

T are(lv )

To make use of the remaining gravothermal equations, we recall
Egs. (5) and (9), which allows us to write

1
ksMFP(V) = ksMrp(Vc) (1 - %fxz + 0(x4)) . (A6)

With this, the derivative of luminosity at short distances is given by

oL

— = 8avEimamksmpp (ve)Ex? [3 - %xz @A+ (n+1¢&)|. (AN

or
The above equation should be equated to the entropy conservation
law of the gravothermal equations, Eq. (1). To do so, we first note
that, using properties of partial derivative, we find that at small x the
following holds true

af N (9_f _xdlogM, O_f
(E)M‘ (ar ) 3 ar (6) (A9
Therefore
3 2
(5] 1o D1 - T2 300200 (A9
M P 3

with Dy = dlog(v2/pc)/dt and Dy = dlog M. /dt. With this, en-
tropy conservation gives

2
(A10)

Equating to leading order the two expressions we have for dL/dr in
Egs. (A7) and (A10) we get

2
a0k D (ve)ve
2nbGmgp,

dlogvi/pc 3 &

dt _[SMFP 1+§ ’

ISMFP = (ATD)

! while the O(x*) term in the expansion of p is of similar magnitude to that
of v2, we don’t quote it here as it will not appear in any future steps.

Moving to the next order in dL/dr we find

dlog M.
dt

1-5n &
5 ¢ Tre

(§ - f) ISMFP ={3-108+ (A12)

We recall that in the deep SMFP regime, we find that p. o VZ,
with y =~ 10. Through Eq. (AS5), this also implies M. o vszz. With
this in mind, the ratio of Egs. (A11) and (A12) allows to relate y to
&, Band n

_6+(208-8)(y-3) 10-288
T 9-(2+5n)(y-3)  1+7n

(A13)

APPENDIX B: THE DEPENDENCE OF THE SMFP
PARAMETERS ON THE CONCENTRATION

In this section of the appendix, we outline the dependence of the
SMFP parameters, such as the parameters at the LS transition, the
vy = 10 transition, and the black hole mass, on the concentration, at
fixed M»qp.

To show how the parameters depend on the concentration, it is
useful to outline these relations first:

7200
=¢200 >
rs
3 B1
ps _ 200 200 (B1)

-7 _
Perit 3 log(1+¢200) = Tooms

(see for example Navarro et al. (1996)). Given that our parameters
depend on some combination of pg, Vinax, we can go ahead and find
the dependence on the concentration with fixed M.

It is right away useful to note that the dependence of pg on ¢

approaches C%OO’ but for the range of c,gg we used in our spread, the

power ranges between p = 2.4—2.6. We also note that Vipax o /0572
which allows us to find the dependence of Vipax on coqg.

We now note that the LS transition parameters are related to
Ps»> Vmax as follows:

1/6

- —1/6
Ve, LS = Vc,OO'QO

oc
Vmaxo'c’o s

2a_ 2a
_ Ve, LS a-2 N —1/6\ a2
Pc,LS = Pc,0 X Ps|{%.0 ,
Ve,0 ’

Ve,0
w

~ 1
0 < Ky ( ) Ve,0VPce,0 & V?j—o VPc,0 » (B2)
Ve, 10 X Ve, LS » Pe,10 X Pc LS »

3

c,10

VPec,10

v

2
M 10 x » McR1 o Mc10vg 10 -

We now see how nicely all the SMFP parameters are related to
Vmax, Ps» and we know how these parameters are related to c¢pqg. This
gives us the dependence on the concentration for these parameters,
as compared to these parameters at the median concentration, as
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follows:
c,10 l-nl\ [qg+1
el [1- (5] - {457
a2 ) 2a[-an {15 - {432
pclO(med) o
1( Me,10 ):d[q(3+(n—3){ "}) (3—n+6){ 1}
M 10(med) o
c,RI 1-n qg+1
o2 ) =41+ -9 [152) - 6= {432
( M Ls )_
log =
(‘LS(med)
d[ (3—(3 277){ "})—(3—2q+5){%}]

(B3)

where here, d = +0.3 for the spread in the concentration, n = n. g,
0 is given by Eq. (23), we have set n = ;%5 with @ = 2.2 being a
good approximation and thus n = 11, ¢ = % —land p=24-2.6
where the lower bound of c¢yq is p = 2.4, and the upper bound is
p = 2.6 (but p = 2.5 is sufficient). This gives us the dependence on
the concentration of the SMFP parameters at fixed Mppg. One may

also find the dependence on My by fixing c,q. For example, since

1/3 _p/2-1
Vinax & M200 200 - We find that

M —
o 7 3 (0= {57).
Mc,RI(med) 3 6

log|—== | == 3+ @-2p){—1}],
s (MC,LS(med) 3 ( 77) 0

which easily explains the behavior we see in the left panel of Fig. 8
of the ratio M<Kl where the w = 1km/s model (which has high
n) appears to be relatively constant, and indeed this is because its
dependence on Mg is such that M. gy o« Mppp as n — 3.7, and

closer to quadratic as n — 0.

(B4)

APPENDIX C: RESOLUTION

In this section, we discuss the numerical resolution issues encoun-
tered when probing the SMFP regime. In this regime, the central
density increases drastically, while the core size shrinks significantly
as well. This results in the core size becoming too small to be resolved
late in the evolution. To address this while maintaining reasonable
run times, we probe smaller radii than we did in O23 with some
trade-off to maintain reasonable run times of the code, and increase
the number of shells so as not to sacrifice the resolution of each pro-
file. We also develop a method for finding where the central density
is no longer resolved by finding the snapshot at which the core has
become too small to resolve, and place a cutoft to exclude snapshots
with profiles where the core can no longer be resolved.

C1 Probing smaller radii and increasing shells

As halos evolve into the SMFP, the central density experiences a
drastic increase while at the same time the size of the core shrinks
significantly. This eventually will lead to the core shrinking to radii
smaller than those we are probing. The solution is to examine smaller
radii while maintaining reasonable run times. To accommodate this
while maintaining reasonable run times for the code, we probed
smaller radii in our runs (Fpj, = 0.005 compared to 7,j, = 0.01 in

MNRAS 000, 1-15 (2023)

023), and increased the resolution from 400 to 450 shells to ensure
our shell resolution was not compromised.

Even with this increased resolution and probing smaller radii, the
SMFP evolution will drive the cores of the halos to shrink beyond the
resolution we set in our runs. The reason this becomes problematic
is that we are not actually taking the density at the center of the halo
(r = 0), and as such the central density p. we obtain numerically
is an approximation that depends on how small our innermost radial
shell is. If the core of the halo is resolved, then the central region of
the profile will be approximately flat, and thus our p. can be trusted
to be a good approximation. But as the core will shrink to a point
where it can no longer be resolved, a test is required to ensure we
only probe snapshots with resolved cores, and remove those that are
not from the analysis.

C2 Core resolution test

To address the issue of core resolution in our snapshots, we develop
a test to determine whether or not the core is resolved, and thus,
whether the approximate central density can be trusted. To do so we
estimate the log-slope of the density profile at fixed mass s[n] =
(In(p[n+ 1]/p[n = 1])/In(r[n + 1]/r[n — 1]) from the n + 1 and
n — 1 points. We place a stringent limit on the slope that determines
when the snapshots are no longer resolved, such that if the slope at
the nth point is steeper than -0.5, then we cannot assume the core
is resolved any longer and remove this and later snapshots from any
analysis where the core density is required. We take n to be the fourth
point in the density profile of a halo at each snapshot in time in order
to avoid numerical artifacts in the initial points in the profile.

One of the quantities of interest for our analysis is the rate of
change of the central density with the central velocity dispersion,
ie., y = dln(pc)/dIn(v.). We estimate this as yeg [n] using the
density p[n] and v[n] at different snapshots in time. Note that the
central velocity dispersion tends to a constant much faster than the
density profile, and so v[n] is close to v, to a good approximation.
Since our derivatives are computed at fixed mass, we can ascertain
how good an approximation yest [7] is. Within the core, we can write
pln] = pe(1 = (r[n]/re)?) for r[n] < re, and this ansatz defines
r¢. In this region, we write (approximately) the enclosed mass within
r(n] as M[n] = (47r/3)pcr[n]3. Within this set of approximations,
we can show the following:

y = Yest[n] — s[n] (CD)

1-s[n]/6 ~°
where yest[] is shown in Fig. 1. By limiting to s[n] > —0.5, we can
see that the error is only about 3.3% or less when yeg[n] ~ 10.

C3 Stage 3 of the evolution

Stage 3, the region beyond the y = 10 transition, cannot directly be
obtained analytically. Because of this, we approximate the transition
by selecting the minimum of the curve in Fig. 1 (left panel; diamonds
correspond to the local minimum, which we call the y = 10 transi-
tion). This is the point beyond which the slope begins to increase,
during which the halos are in Stage 3. It is visible that the transition
point is not where the curves reach the y = 10 solution just yet; the
models with weaker velocity dependence (or smaller n) take slightly
longer to asymptote to the ¥ = 10 solution (i.e. Stage 3), as can be
seen in the left panel of Fig. 1. For smaller values of n < 1, we can-
not numerically resolve much of Stage 3; in fact, these halos fall to
vy = 3. However, for these models, we also observed that once in this
vy = 3 region, the density of the shells just outside the core changes
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drastically from shell to shell; because the gravothermal equations
have been discretized assuming changes from shell to shell are small,
the results in this region cannot be trusted. We have also explicitly
checked that in these cases where the halos fall to this y = 3 region,
energy is not conserved. This leads us to the conclusion that the
y = 3 region is numerical, and not an actual solution. It seems that
the models with n < 1 suffer this issue because the core mass is the
largest for these models. We hypothesize that numerical effects are
larger for halos with larger cores (thus, those with models that have
n < 1). A detailed analysis of this is beyond the scope of this paper,
and we thus simply acknowledge that there are numerics involved
here, but do not investigate further. We thus caution the reader that,
for n < 1, we rely on assumptions and the evolution observed for the
n > 1 cases, which indicate that the halos evolve to asymptote to the
vy = 10 region in Stage 3.

Despite using the local minimum as the y = 10 transition point
(as opposed to, say, a point on the asymptote), we find that selecting
tsmrp(t10) scales the collapse times of the halos astonishingly well,
as can be seen in the right panel of Fig. 3. Thus, this approximation
works well enough to make predictions.

APPENDIX D: ACCURACY OF ANALYTIC PREDICTIONS
AND APPROXIMATIONS

In this section, we discuss briefly our choice of using the analytic
prediction for v 1s,p¢,1s rather than our numerical results, we
justify the truncation of the expansion of Eq. (6), we explain our
definition of the mass at the transition from the LMFP to the SMFP
regime, and we outline the use of a fitted function as an approximation
in place of Eq. (4).

A core aim of this paper is to provide a method to predict all
parameters of a halo at both LS and y = 10 transitions and black
hole masses given only the initial halo parameters and the particle
physics model used. To achieve this, it makes most sense to use the
prediction for v 1 5 in Eq. (23) to show that the entirety of the halo
evolution can be predicted without the need to solve the gravothermal
equations. Comparing the numerically determined and theoretically
predicted values, we find the v 1 g prediction is within ~ 2.6% of the
numerically determined value, while p.. 1 g is within ~ 25%, as seen
in Fig. D1. The wider scatter in the central density can be attributed
to the incredibly large changes it undergoes through the evolution.
Given that the predictions agree with the numerical values to within
25%, we conclude that the analytic parameters are sufficiently close
to the numerical values and use them throughout this work. In the
case of the parameters at the y = 10 transition, we use the numerically
obtained values, followed by fitting a curve to provide a semi-analytic
method of obtaining the parameters.

Next, we justify the analytic approximation of our second order
expansion in Eq. (6) and our choice for truncating the expansion of

(2)
Keﬁ

and Ke(fzf). One will note that the curves in Fig. D2 vary only slightly,
and the largest variation occurs at high v when the halos are in the
SMFP. As we said in §2.1, the variation between K5 and Kéé) at
second order is up to 20%, while the difference between the second
order and the next expansion is only a sub percent correction. As seen
in Fig. D2, the next order correction would not change the curves
very much at all, thus truncating the expansion at second order is
valid and sufficient.

The mass within the LS transition radius (that is, the radius at
which Eq. (10) is satisfied, i.e., mass of a halo that is within the

at the second order, where we show the difference between K5

SMFP regime) is an important quantity. This evolves with time and
eventually plateaus to a constant value. We conjecture that this would
serve as an upper limit on the mass available for black hole growth.
This mass cannot be determined analytically. But we find that the core
mass at the time the core transitions into the SMFP, M. 1 s, offers
a good approximation for this mass. This is desirable, as we can
analytically determine the halo core properties at the LS transition
using the relations derived in O23.

In Fig. D3, we plot both the ratio of the masses, My s/M. Ls,
and of the radius, r.g/7¢ s, as a function of the central velocity
normalized by the central velocity at the LS transition. We also show
the evolution of the mass profiles that are in the SMFP regime as a
function of the kappa ratio Zfﬁ:, and that are in Stage 3, for four
cases that show a range in n and ¢ in Fig. D4. One can see that for
higher n, generally the LS mass does not evolve as much as for lower
n. In Fig. D3 we see that the ratio of the LS mass to the core mass
at LS also tends to a constant in the later evolution in Stage 3 (the
same is true for the radius). The ratio only differs by O(1), making
the core mass at LS transition valid and more useful to use in place
of the mass of a halo at the LS transition, as it can be determine
analytically.

Finally, we mention the difference in the way we use Eq. (4) in the
gravothermal code and in the analysis. In the gravothermal code, we
used a fit approximation for the purpose of maintaining numerical
stability. The approximation is given by

-1/p3
spopP2
K, = , D1
P 1.5log[1 + (sp1)P?] (D)
where we have set s = x* + & with x = v/w and & = 1078, and

Po»> P1, P2, P3 are just quantities from the fits that vary for different
p.For p =3,5,7,9, we have, for (pg, p1, p2, P3), the following:
p=3: (8,0.339848,0.37,0.63),

p=5: (24,0.251115,0.41,0.71),

p=7: (48,0.682602,0.42,0.74),

p=9: (80,1.32953,0.43,0.76).

We find that the fitted approximation does very well compared to the
exact form, as is shown in Fig. D5, where we plot the ratio of the
exact form of K, (Eq. (4)) to the approximation given in Eq. (D1),

both functions of v/w, plotted with respect to v/w. The fit differs
from the exact form by at most 2%.

This paper has been typeset from a TEX/I&TEX file prepared by the author.
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Figure D1. (Left) Comparison between the numerically obtained and analytically predicted central velocity at LS transition, plotted as a function of the analytic
central velocity at the LS transition. The difference between them is very small, within ~ 2.6%. (Right) Comparison between the numerically obtained and
analytically predicted central density at LS transition, plotted as a function of the LS transition central density. Here the analytic and numerical values differ by
at most ~ 25%. It is unsurprising that the central density is a bit less accurate as it is the parameter that changes drastically.
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Figure D2. Plot of n as a function of v, plotted by holding the corresponding w constant for each curve. The triangles show the computed n. and v for the
LS transition, and the diamonds are for the computed y = 10 transition. In both cases, the solid markers are for runs 1-8 (lower &-, and open markers for runs

9-16 (higher &), as shown in Table 2. The solid lines are plotted using K5, while the dashed lines use Kc(é) .
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Figure D3. (Left) The LS transition mass normalized by the core mass at LS transition as a function of central velocity. (Right) The LS transition radius
normalized by the core radius at LS transition as a function of central velocity.
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Figure D4. Mass at LS transition as a function of
3 of the evolution.

:ihmﬂi 112 for 4 cases, corresponding to Runs 5, 8, 13, 16. The curves each correspond to profiles that are in Stage
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Figure D5. The ratio of the exact K5 function as in Eq. (4) to the K5 approximation given in Eq. (D1) with respect to v/w. The functions differ by less than 2%.
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