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ABSTRACT

Planar Josephson junctions (JJs), based on common superconductors and III–V semiconductors, are sought for Majorana states and fault-
tolerant quantum computing. However, with gate-tunable spin–orbit coupling (SOC), we show that the range of potential applications of
such JJs becomes much broader. The time-dependent SOC offers unexplored mechanisms for switching JJs, accompanied by the 2p-phase
jumps and the voltage pulses corresponding to the single-flux-quantum transitions, key to high-speed and low-power superconducting elec-
tronics. In a constant applied magnetic field, with Rashba and Dresselhaus SOC, anharmonic current-phase relations, calculated microscopi-
cally in these JJs, yield a nonreciprocal transport and superconducting diode effect. Together with the time-dependent SOC, this allows us to
identify a switching mechanism at no applied current bias, which supports fractional-flux-quantum superconducting circuits and neuromor-
phic computing.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0211562

One of the hallmarks of Josephson junctions (JJs) used in their
applications is the current-phase relation (CPR).1–3 Instead of being
driven by the difference of electrical potentials, the dissipationless super-
current through a JJ, I, is driven by the phase difference of the supercon-
ducting order parameter, u, across the junction. The dc Josephson
effect is commonly given by the CPR, IðuÞ ¼ Ic sinu, where the criti-
cal current, Ic, is the maximum supercurrent in a JJ. The resulting
ground-state energy corresponds to u ¼ 0 or integer multiples of 2p.

The control of phase jumps or slips in the CPR and different
ground states, provides important paths in superconducting electron-
ics and spintronics, neuromorphic computing, advanced qubits, and
fault-tolerant quantum computing.3–18 A simple example is the p junc-
tion19 with IðuÞ ¼ �Ic sinu ¼ Ic sinðuþ pÞ, with the minimum JJ
energy at u ¼ p.6 In superconductor/ferromagnet/superconductor
(S/F/S) junctions, 0� p transitions can occur by changing the F-layer
thickness.20 Replacing F by a spin valve allows implementing
Josephson magnetic random access memory (JMRAM).21 Unlike
MRAM,22 the readout is not based on sensing the tunneling magneto-
resistance,23,24 but fast dc-SQUID readout of u. Switching the

magnetization of a spin valve from parallel to antiparallel orientation
allows tunable 0 or p phase.25

In this work, we study planar S/two-dimensional electron gas
(2DEG)/S JJs, based on epitaxial Al/InAs heterostructures and moti-
vated by the quest for topological quantum computing.26–30 While the
experimental detection of 0� p phase jump29 confirms topological
superconductivity in these JJs,31–34 we explore other applications that
do not require topological properties, but rely on time-dependent
spin–orbit coupling (SOC).

The feasibility of such time-dependent SOC is demonstrated by
the quasistatic gate-controlled strength in a 2DEG.29,35,36 Instead of
the common form, the CPR can acquire an anomalous phase,
u0 6¼ 0; p, which arises from the broken time-reversal and inversion
symmetries.37–41 This example of anomalous Josephson effect in
Al/InAs JJs was shown to be the interplay between SOC and the effec-
tive Zeeman field B, with a gate-tunable u0 and generally anharmonic
CPR.29,35 Since the gate switching rates in JJs can exceed the GHz
range,15 the resulting time-dependent electric field offers an opportu-
nity to implement time-dependent SOC.
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A common description of a JJ circuit is given in Fig. 1(a) by a
Josephson element, resistor, and capacitor, using the resistively and
capacitively shunted junction (RCSJ) model.1 The bias current through
the junction, i, is the sum of the supercurrent / sinu and the quasi-
particle current flowing in the resistor and capacitor. The correspond-
ing phase evolution can be understood from a pendulum analog in
Fig. 1(b). We generalize it in Fig. 1(c) to also include the anomalous
Josephson effect with u0

42 and explore different realizations of
2p-phase jumps used in high-speed and low-power superconducting
electronics or neuromorphic computing.1–3

For Al/InAs-based JJs in the ballistic regime, their CPR is not
simply assumed to be / sinu or sinðuþ u0Þ. Instead, as we discuss
below, the CPR is calculated microscopically from the corresponding
Hamiltonian for such junctions and we obtain a generalized RCSJ
model,

d2u=ds2 þ ðdu=dsÞ=
ffiffiffiffiffi

bc
p

þ Iðu; l; h; a; bÞ=Ic ¼ i=Ic; (1)

where s ¼ xpt is a dimensionless time, expressed using the JJ plasma
frequency, xp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pIc=U0C
p

, U0 ¼ h=2e is the magnetic flux
quantum, and C is the capacitance. The damping is given by the
Stewart–McCumber parameter, bc ¼ 2pIcCR

2=U0, where R is the
resistance43,44 and Q ¼

ffiffiffiffiffi

bc
p

is the quality factor. The CPR can be
modified by the chemical potential l and B, arising from the applied
magnetic field or magnetic proximity effect.45 Here, we further show
the important dependence of CPR on Rashba and Dresselhaus SOC in
the 2DEG,46–49 parametrized by their strengths a and b, respectively.

We calculate CPR for S/2DEG/S geometry with an in-plane field,
B, as in Fig. 2(a). The resulting Bogoliubov–de Gennes (BdG) equa-
tion,20 HBdGw ¼ Ew, is expressed using the Hamiltonian, HBdG, and
the four-component (in the spin and particle-hole space) wavefunc-
tion, w, for quasiparticle states with energy E. We solve the discretized
BdG equation using a finite-difference method, which recovers our
prior results.33 At the boundary, x ¼ 6ðWN=2þWS), w¼ 0. HBdG is
given in terms of the single-particle Hamiltonian,H0,

HBdG ¼ H0sz þ ðglB=2ÞB � rþ DðxÞsþ þ D
�ðxÞs�; (2)

whereH0 includes the kinetic and SOC contribution,

H0 ¼
p2

2m�
� lþ

a

�h
ðpyrx � pxryÞ

þ
b

�h
ðpxrx � pyryÞ cos 2hc � ðpxry þ pyrxÞ sin 2hc
� �

: (3)

Here, rx;y;z and sx;y;z are the Pauli matrices in spin and particle-hole
space, with s6 ¼ ðsx6isyÞ=2. p is the in-plane momentum, m� is the
effective electron mass, g is the g-factor, and the superconducting pair
potential is DðxÞ ¼ DeisgnðxÞu=2Hðjxj �WN=2ÞHðWS þWN=2� jxjÞ,
where D is the superconducting gap. hc characterizes the direction of
the current (x axis) with respect to the [100] crystallographic direction
of the 2DEG.47 In our case, we choose hc ¼ �p=4. We can then obtain
the ground-state JJ energy EGS and the CPR, IðuÞ / @EGS=@u.

50

This framework and the intuition from Figs. 1(b) and 1(c) allows
us to examine unexplored methods for JJ switching. We recall that the
ac Josephson effect,1

V ¼ ðU0=2pÞ@u=@t; (4)

relates the voltage, V, across the JJ in the resistive state with the phase
evolution. With a bias current i � Ic, creating torque, sapp / i, suffi-
cient for a full pendulum rotation in Fig. 1(b), a 2p-phase jump is then
accompanied by the voltage pulse corresponding to the area

Ð

Vdt
¼ U0 and the switching energy � IcU0 � 10�20 J at the characteristic
frequency, xpQ=2p. Unlike CMOS logic and older operation of JJs,2

instead of the voltage, the resulting rapid single-flux-quantum (RSFQ)
logic employs the presence (absence) of SFQ as logical “1” (0).4 In
RSFQ logic, a typically large static bias �0:8Ic,

3 where u is larger than
that in Fig. 1(b), implies that a small time-dependent signal is sufficient
for 2p-phase jumps and JJ switching, but requires a large static power
dissipation.

Our Fig. 1(c) reveals a different JJ driving mechanism. The time-
dependent Rashba SOC, aðtÞ, changed by the gate-controlled electric
field, E, rotates the direction of the gravitational acceleration, g to g 0.
This could be desirable to reduce the static power dissipation in RSFQ
logic from the applied current bias.3We assume that a gate control pri-
marily changes a, not l (nor b). Experimentally, this could be realized
with dual gating51,52 to independently tune the carrier density and the
electric field. However, aðtÞ alone was not sufficient to realize 2p phase

FIG. 1. (a) An equivalent Josephson junction (JJ) circuit, driven by bias current, i,
has normal resistance, R, and capacitance, C. (b) A pendulum analogy for (a),
driven by the applied torque, sapp, and g is the gravitational force. The displacement
angle, u, is analogous to the superconducting phase difference. (c) With spin–orbit
coupling and an effective Zeeman field, the effective gravitational force, g 0, is
rotated.

FIG. 2. (a) A JJ schematic. Two superconductors (S) are separated by the uncov-
ered 2DEG region with SOC and a Zeeman field B. (b) Phase evolution, uðtÞ, with
sinusoidal Rashba SOC, a (left) and the resulting voltage pulse (right) at
xp ¼ 1 THz and bc ¼ 1. The evolution of (c) CPR, normalized by I0 ¼ 2jeDj=�h,
and (d) the JJ energy, normalized by D, as a function of u and a, for chemical
potential l ¼ 2:5D; Bx ¼ 1 T, and a critical field Bc ¼ 3 T. The white to black path
in (d): JJ transition from u � 1:3p to � 3:3p from (b).
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jumps.42 Here, we explore how to overcome this limitation, guided by
the Al/InAs JJs.29,35

Our findings are illustrated for the JJ in Fig. 2(a), WN ¼ 250 nm,
WS ¼ 300 nm, for the normal (N) and S regions, and L ¼ 2 lm. The
energies are normalized by D and the supercurrent by I0 ¼ 2jeDj=�h,
where e is the electron charge and jeDj=�h is the maximum supercur-
rent in a single-channel short S/N/S JJ.50 We use parameters for high-
quality epitaxial InAs/Al-based JJs, DAl ¼ 0:2meV and g¼ 10 for
InAs, while its m� is 0.03, the electron mass.29,35 In these JJs, the gate
control of Rashba SOC, and thus its magnitude in the range
a 2 ½0; 200meVÅ], has been demonstrated.29,35 In III–V 2DEGs, the
Dresselhaus SOC, b, can have comparable values to a and be gate tun-
able.53 Enhanced Al superconductivity is realized near its 2D limit,
DAl ¼ 0:55meV.54 With strong SOC materials next to Al, its critical
magnetic field can be much larger, up to Bc � 9 T (Refs. 55 and 56)
enhancing the JJ parameter space. With these advances, instead of
Bc ¼ 1:45 T (Ref. 29), we choose a larger Bc ¼ 3 T, but retain
DAl ¼ 0:2meV and its BCS suppression with B> 0.1

In Figs. 2(b)–2(d), we study JJ dynamics at Bx ¼ 1 T. From the
calculated CPR and JJ energy, we infer that only a modest energy bar-
rier is preventing 2p-phase jumps with the evolution of aðtÞ, as indi-
cated with the path in Fig. 2(d), where the lighter (darker) shades of
gray correspond to the earlier (later) times. Indeed, we find that for
E-controlled sinusoidal aðtÞ 2 ½0; 80meVÅ], within experimental val-
ues, a bias current i ¼ 0:65Ic is needed to realize reproducible
2p-phase jumps. At larger a, i ¼ 0:35Ic is sufficient for 2p-phase
jumps. As expected from Eq. (4), these jumps are accompanied by the
SFQ voltage pulse shown in the inset of Fig. 2(b).

This scenario, calculated from Eq. (4), corresponds to the combi-
nation of the two JJ driving approaches from Figs. 1(b) and 1(c). With
a;Bx; i 6¼ 0, from Fig. 1(c) analogy, for this phase evolution, we expect
u0 6¼ 0, such that the final u is different from 3p. However, By¼ 0
implies that IðuÞ ¼ �Ið�uÞ and Iðu ¼ 0Þ ¼ 0, as shown in Fig. 2(c).
The minima in EGS in Fig. 2(d) come in pairs at6u0.

57 The chosen JJ
circuit parameters are motivated by those measured in the InAs/Al
samples, Ic � 4 lA; R � 100X, and C � 15 fF, leading to xp

� 900GHz and the damping bc � 1, which is also suitable for the
RSFQ applications.1,3,4 We have verified that the 2p-phase jump is
insensitive to the specific aðtÞ details. Nearly identical results and the
SFQ pulse are obtained for a triangular aðtÞ of the same amplitude.

From the scenario in Fig. 1(c) and the JJ geometry in Fig. 2(a), we
can explore other approaches to switching JJs, which could further
reduce the bias current for RSFQ. For example, could the rotation of B
ensure that u0 6¼ 0 (therefore, no minimum EGS at u ¼ �u0) to pro-
vide a ratchet effect and a boost for 2p-phase jumps?

With Rashba and Dresselhaus SOC, the presence of u0 in the
anomalous Josephson effect can be expressed as57,58

u0 / Byða� bÞða2 � b2Þ: (5)

With aðtÞ and By, considered in Fig. 3, we can then examine the influ-
ence of u0 on the bias current for JJ switching. While we again see the
2p-phase jump in Figs. 3(b) and 3(c), the sinusoidal aðtÞ
2 ½0; 116�meVÅ requires a much higher bias current i ¼ 0:8Ic than
i ¼ 0:65Ic from Figs. 2(b) and 2(d), at the same magnitude of B. This
is surprising, as the JJ energy landscape in Fig. 3(b) suggests that the
gray path with chosen evolution of a minimizes the local energy
barriers.

To understand why such a higher bias current is needed for the
anomalous Josephson effect and u0, in Fig. 3(d), we compare the evo-
lution of Ic with a for a fixed (i) B ¼ Bx x̂ and (ii) B ¼ By ŷ . In the limit
a¼ 0, as expected, jBj 6¼ 0 leads to the suppression of the critical cur-
rent, as compared to the zero-field limit. Unlike (i) with IðuÞ
¼ �Ið�uÞ and the critical current Icx , independent of the current
direction, (ii) is an example of the broken inversion symmetry and the
Josephson diode effect,7,59 where the nonreciprocal transport implies
that if By 6¼ 0, the positive and negative supercurrent has different
maximum values, Iþcy 6¼ jI�cy j.

60 A superconducting diode effect is also
possible with a single S region.7,61–63

For a ballistic transport of Al/InAs-based JJs with an anharmonic
CPR, as shown in Fig. 3(a), the Josephson diode effect was observed
experimentally.7,29,64 The resulting difference between the critical super-
current in the forward and reverse direction can be understood from the
process of Andreev reflection at S/N interfaces46,65,66 and the formation
of Andreev bound states,67,68 which have unequal contributions right
and left moving subgap quasiparticles.60 Such ballistic JJs allow for verifi-
cation of this prediction for the nonmonotonic I6cy ðaÞ in Fig. 3(d). In
contrast, a simple harmonic IðuÞ ¼ Ic sinðuþ u0Þ, common to an
anomalous Josephson effect in a diffusive regime, yields no diode effect.7

If we recall Fig. 1(b), a current-driven JJ switching with 2p-phase
jumps is achieved for a current exceeding Ic (at B¼ 0).1 We then expect
that the evolution of the critical current in Fig. 3(d) is a guide for the
minimum bias current needed in SOC-driven JJ switching. Indeed, for
(i) and Bx, we get Icxða ¼ 80meVÅÞ ¼ 0:65Ic, while for (ii) and By, we
get Iþcy ða ¼ 116meVÅÞ ¼ 0:8Ic, just as we have independently
obtained for the needed bias current by calculating the phase evolution
from Eq. (1), which yields 2p jumps in Figs. 2(b) and 3(c).

Guided by the JJ parameters and the considered effective Zeeman
field, our results from Figs. 2 and 3 allow us to establish some trends
for the SOC-driven JJ switching, relying on the experimentally avail-
able range of gate-controlled a. If we seek to minimize the bias current
for 2p-phase jumps, which could be both desirable for both low-

FIG. 3. The evolution of (a) CPR, normalized by I0, and (b) the JJ energy, normal-
ized by D, as a function of u and a, for l ¼ 2:5D and �By ¼ 1 T. The white to
black path in (b) corresponds to the 2p-phase jump, shown also in (c). aðtÞ
changes sinusoidally over 1 ns, as in Fig. 2(b), but with the amplitude of 116meVÅ.
(d) IcðaÞ is nonmonotonic for a fixed �By ¼ 1 T. For By, a Josephson diode effect
shows an inequivalence in increasing or decreasing u; Iþcy 6¼ jI�cy j.
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energy RSFQ and neuromorphic computing,3,12 Fig. 3(d) suggests that
a large SOC and no diode effect are beneficial, while only in a range of
a (near 0 and 124meVÅ), there is a modest decrease in the needed
minimum i, accompanied by the diode effect. The nonreciprocal trans-
port in the diode effect, Iþcy 6¼ jI�cy j, implies that there is an inequiva-
lence to increase or decrease u. In the pendulum analogy from
Fig. 1(c), the clockwise and counterclockwise 2p-phase rotations are
energetically inequivalent, as in the ratchet effect.

From the above-mentioned discussion, it seems that our goal of a
pure SOC-driven JJ switching at i¼ 0 is not practical, since it would
suggest the need to tune a to yield a vanishingly small Ic. Similarly, seek-
ing to realize the Josephson diode effect only has limited advantages.
However, there is a need to critically evaluate these assertions as in vari-
ous III–V semiconductors Dresselhaus SOC strength, b, can play an
important role,46,69 and as can be seen from Eq. (5), the presence of u0

and the implications of the diode effect could be more complex.
To examine this more general situation of the coexisting a and b,

we consider results in Fig. 4, at By 6¼ 0, for a fixed b ¼ 130meVÅ, and
hc ¼ �p=4 in Eq. (4). It is then impossible to combine spatial rotation
and spin rotation around y axis to reverse I and u.7 In Fig. 4(a), this
leads to Ið�uÞ 6¼ �IðuÞ and the diode effect, as expected from Eq. (5)
and u0 6¼ 0.

The white to black path in Fig. 4(b) corresponds to choosing a
harmonic aðtÞ changing over 1ns as in Fig. 2(b), but with an ampli-
tude of 183meVÅ. Remarkably, the desired 2p-phase jump is now
realized at i¼ 0, for a pure SOC-driven JJ switching! The energy land-
scape reveals two phase jumps and plateaux, near u ¼ 1:75p and 2p.
At a¼ 0, the system starts from an energy minimum. As a increases,
b 6¼ 0 is responsible for the formation of the u0 / ða� bÞða2 � b2Þ
state. The resulting diode effect favors the increase in u (counterclock-
wise pendulum rotation) and the phase jump near u ¼ 1:75p.
Subsequently, when a decreases, there is another phase jump near
u ¼ 2p or, equivalently, u ¼ 0 state, which completes the SOC-
driven JJ switching.

Turning to the phase evolution calculated from Eq. (1) and using
the microscopic CPR obtained in Fig. 4(a), we see the two main phase
jumps and a plateaux in Fig. 4(c). A manifestation of the resulting ac
Josephson effect in Eq. (4) for such uðtÞ is the presence of two voltage
pulses shown in Fig. 4(d). Each of them corresponds to the fractional
SFQ, while their sum, along several much smaller peaks from addi-
tional small u-jumps, yields SFQ. With the push for low-energy RSFQ,
including using a half-SFQ pulses in more complicated JJ circuits,70 it
would be important to explore if using the fractional-SFQ pulses could
be advantageous for the reduced power consumption in superconduct-
ing electronics.1–3

With the current experiments limited to quasistatic SOC
changes,29,35,36 we have focused on the parameters for the fabricated
Al/InAs JJs. However, as the materials used in planar JJs expand to
also include group IV Ge/SiGe heterostructures71 or Au-surface
states,72 it would be important to explore other opportunities for SOC-
controlled JJ dynamics, since both Rashba and Dresselhaus SOC have
not only different strengths from III–V semiconductors, but also a dif-
ferent form, cubic in the wave vector.57,73

The chosen GHz change in Rashba SOC is not the ultimate limit
for the speed of the SOC-driven JJ switching, but simplifies our calcu-
lations.74 In addition to considering a faster gate operation, available in
JJ qubits,15 a more rapid phase jumps could be possible. For example,
rather that being limited by the changes in the gate-controlled E-field
and the resulting SOC, the curvature of the JJ energy could lead to an
order-of-magnitude faster phase jumps,42 while Fig. 4(d) shows the
feasibility of multiple phase jumps and voltage pulses, desirable for
enhancing neuromorphic computing.1,12

Beyond our focus on superconducting electronics and neuromor-
phic computing, in a future work it would be interesting to explore the
role of time-dependent SOC in topological superconductivity and
fault-tolerant quantum computing.75–77 The topological protection
offers alternatives to the usual paths of decoupling qubits from their
environment.15,78 Experimental support already reveals an approxi-
mately p-phase jump with an increase in By as a signature of the transi-
tion between trivial and topological superconductivity in SQUID
based on two Al/InAs planar JJs.29 With the gate-controlled SOC, such
a phase jump should also be present at a fixed By as an additional con-
tribution to our studied phase dynamics, when extended to topological
superconductivity. Adding multiple gates in this system is predicted to
create and reposition Majorana states and therefore probe the non-
Abelian statistics through their fusion,33 which is crucial for imple-
menting quantum gates and quantum measurements.77,79,80 Future
studies could also explore the role of time-dependent gate voltage in
other implementations of JJs.81,82
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