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A B S T R A C T

This paper develops novel finite element solvers for linear poroelasticity problems on quadri-
lateral meshes. These solvers are based on the primal formulations of linear elasticity and
Darcy flow. Specifically, the fluid pressure and solid displacement are approximated by scalar-
or vector-valued polynomials of degree k e 0 separately in element interiors and on edges.
The discrete weak gradients of these shape functions are established in the broken (vector-
or matrix-version) Arbogast–Correa spaces for approximations of the classical gradients in the
variational forms. These weak Galerkin spatial discretizations are combined with the implicit
Euler or Crank–Nicolson temporal discretizations to develop locking-free numerical solvers that
have optimal order (k + 1) convergence rates in pressure, velocity, displacement, stress, and
dilation. Rigorous analysis is presented and illustrated by numerical experiments on popular
test cases.

1. Introduction

In this paper, we consider the Biot’s model for linear poroelasticity as shown below{
−∇ ç (2�"(ē) + �(∇ ç ē)ą) + �∇p = Ą , in 
 × (0, T ],

)t(�∇ ç ē + c0p) + ∇ ç (−ć∇p) = s, in 
 × (0, T ],
(1)

where 
 * R2 is an open bounded and connected domain with Lipschitz continuous boundary )
, ē is the solid displacement,
"(ē) =

1

2

(
∇ē + (∇ē)T

)
is the strain tensor, � = �E∕

(
(1 − 2�)(1 + �)

)
and � = E∕

(
2(1 + �)

)
are Lamé constants, � = 2�"(ē) + �(∇ ç ē)ą

is the (effective) Cauchy stress (here ą is the identity matrix), Ą is the body force, p is the fluid pressure, s is the fluid source (a
sink is treated as a negative source), � (usually close to 1) is the Biot–Williams constant, c0 e 0 is the coefficient for specific storage
capacity, ć is the permeability tensor that has absorbed the fluid viscosity (for notational convenience) and is uniformly symmetric
positive-definite. To close the PDE system, we consider the following boundary and initial conditions,

⎧⎪⎪⎨⎪⎪⎩

ē|� ó
D
= ēD, ((� − �pą)Č) |� ó

N
= ĒN , on )
 × (0, T ],

p|�ò
D

= pD, −ć∇p ç Č|�ò
N

= uN , on )
 × (0, T ],

ē = ē0, p = p0, on 
 × {t = 0}.

(2)
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It is assumed that )
 = �ò
D
L�ò

N
and )
 = � ó

D
L� ó

N
are two non-overlapped partitions of the boundary )
. Compatibility conditions

ē0|� ó
D
= ēD and p0|�ò

D
= pD are also assumed.

The Biot’s model for poroelasticity can be applied to many real-life problems, e.g., geosciences [1–4], biomechanics [5], tissue
mechanics [6], and others [7]. Analytical solutions are unavailable for many cases, and hence accurate and robust numerical solvers
will be the main focus.

Among the various types of numerical solvers for poroelasticity problems, finite element solvers based on the three-field
formulations are the most popular, although the three fields could be different. Noticeable well designed such FE solvers can be
found in [8–13].

A four-field formulation was adopted in [14] and then a solver based on mixed finite elements was developed. In a recent work
[15], a four-field formulation was adopted and then conforming mixed FEs, e.g., Nédélec or BDM elements [16], were used for
spatial discretizations. A five-field formulation of the Biot system was adopted in [17] for developing a mixed FE method that
couples multipoint stress and multipoint flux, which was reduced to a cell-centered pressure–displacement system on simplicial and
quadrilateral meshes.

Virtual element methods for poroelasticity were developed in [4,18,19]. With adoption of the enriched Galerkin (EG) methodol-
ogy [20] for the approximation of solid displacement or fluid pressure, 2-field finite element solvers were developed in [3,21,22],
local mass conservation and locking-free properties are satisfied.

The weak Galerkin (WG) methodology first introduced in [23] brings in new perspectives in development of finite element
methods. WG FEMs have been developed for a wide range of differential equations [24,25], linear elasticity problems [26,27], the
Maxwell equations [28], the Cahn–Hilliard equations [29], biharmonic problems [30], anisotropic diffusion problems [31], coupled
Stokes–Darcy problems [32], parabolic problems [33]. Weak Galerkin FEMs for linear poroelasticity (Biot’s consolidation model)
can be found in [34–38].

Based on our previous work on any order WG FEMs for Darcy flow and linear elasticity [39,40], we develop in this paper two-field
finite element solvers for linear poroelasticity on convex quadrilateral meshes, which are equally flexible as triangular meshes in
accommodation of complicated domain geometry but could potentially use less unknowns and align better with physical features
of the problems to be solved. In particular, we will use any order k e 0 polynomial WG shape functions in element interiors and on
edges, scalar- or vector-valued. Their discrete weak gradients are constructed in the broken (vector- or matrix-version) Arbogast–
Correa spaces [41], for which we have explicit local bases. The discrete weak gradients and discrete weak divergence (constructed
as elementwise polynomials) are utilized to approximate the classical gradient and divergence in the variational formulations for
Darcy flow and linear elasticity. Such full weak Galerkin spatial discretizations will be combined with the implicit Euler or Crank–
Nicolson temporal discretization to develop two sets of new solvers for time-dependent poroelasticity problems. Rigorous analysis
and numerical experiments on benchmarks will demonstrate that these new solvers are locking-free and have optimal order (k+ 1)

accuracy displacement, stress, dilation, pressure, and velocity.
The rest of this paper is organized as follows. Section 2 presents WG finite element discretizations on convex quadrilateral meshes

for Darcy flow and linear elasticity, respectively. Section 3 develops two sets of novel two-field finite element solvers (Algorithms I
and II) for linear poroelasticity problems by combining the above full WG spatial discretizations with the implicit Euler or Crank–
Nicolson temporal discretizations. Section 4 presents our main theoretical results (Theorems 1 and 2) on error estimates for these
two sets of solvers, whereas details are postponed to Appendix. Numerical experiments are presented in Section 5 to illustrate the
accuracy and locking-free property of these new solvers. Section 6 concludes the paper with remarks about on-going and future
work.

2. Weak Galerkin finite element discretizations for Darcy flow and linear elasticity

2.1. Arbogast–Correa spaces ACk(k e 0) on quadrilaterals

For nonnegative integers k e 0, the ACk spaces for vector-valued functions on quadrilaterals were developed in [41]. These
spaces extend the traditional Raviart–Thomas spaces RT[k] on rectangles [16] to general convex quadrilaterals. Let E be a convex
quadrilateral, the local Arbogast–Correa space is defined as

ACk(E) = Pk(E)
2 + P̃k(E)Ė + Sk(E), (3)

where Pk(E)
2 is the subspace of vector-valued polynomials with total degree d k, P̃k(E) is the subspace of scalar-valued polynomials

with degree = k, and Sk(E) = þE Ŝk is the subspace of rational functions obtained via the Piola transformation þE , where Ŝk is defined
on the reference element Ê = [0, 1]2. The coordinates for the reference element are denoted as (x̂, ŷ). Space Ŝk can be generated as
follows.

• For k = 0,

Ŝ0 = Span{āēĐĊ(x̂ŷ)};

• For k e 1,

Ŝk = Span{āēĐĊ(x̂
k−1ŷ(1 − x̂2)), āēĐĊ(ŷk−1x̂(1 − ŷ2))}.
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It should be noticed that in (3) the vector polynomials in Pk(E)
2 + P̃k(E)Ė are defined directly on the quadrilateral, whereas the

shape functions (not necessarily polynomials) in Sk(E) are obtained via the Piola transformation.
It can be found in [41] that the degrees of freedom for ē * ACk(E) are given by

ïē ç Č, vðe "v * Pk(e),"e ⊂ )E,

(ē,∇w)E "w * Pk(E),

(ē, Ĕ)E "Ĕ * Bk(E),

(4)

where Č is the outward unit normal vector to )E and Bk(E) is a space of divergence-free bubble functions. Moreover, for any
ē * ACk(E), we have

∇ ç ē * Pk(E),

(ē ç Č)|e * Pk(e), "e ⊂ )E.
(5)

Let óℎ be a shape-regular convex quadrilateral mesh for 
. For any E * óℎ, let ℎE be the diameter of the circumscribed circle of
E. Let ℎ = maxE*óℎ ℎE be the mesh size. Let �ℎ be the set of all edges in óℎ. There are two types of global Arbogast–Correa spaces:
• The broken space: ïñk(óℎ) = {Ĕ * L2(
)2 ∶ Ĕ|E * ACk(E),"E * óℎ};
• The H(div)-conforming subspace: ACk(óℎ) = ïñk(óℎ) KH(div;
).

Note that functions in ACk(óℎ) are continuous in the normal direction across edges.
We will also consider spaces of matrix-valued functions ACk(E)

2, ïñk(óℎ)2, or ACk(óℎ)2, whose row vectors are respectively in
ACk(E), ïñk(óℎ), or ACk(óℎ).

A linear poroelasticity problem couples Darcy flow for fluid pressure and linear elasticity for solid displacement. Next, we
construct weak Galerkin finite elements for Darcy flow and linear elasticity, respectively.

2.2. WG(Pk, Pk; ACk) (k e 0) finite element scheme for Darcy flow

For Darcy flow, we consider WG(Pk, Pk; ACk) finite elements. A discrete weak function pℎ = {pċ, p)} has two parts: The interior
part pċ * Pk(E

ċ) is defined in element interior Eċ for any E * óℎ; The boundary part p) * Pk(e) is defined for each edge e * �ℎ.
Note that p) is not necessarily the trace of some pċ. Denote by Wℎ the space of such weak functions pℎ. Let W

0
ℎ
be the subspace of

Wℎ consisting of functions that vanish on �
ò
D
. For pℎ = {pċ, p)} * Wℎ, we define its weak gradient ∇wpℎ * ïñk(óℎ) elementwise by

+E (∇wpℎ) ç ĕ = +E) p
)(ĕ ç Č) − +Eċ

pċ(∇ ç ĕ), "ĕ * ACk(E), "E * óℎ. (6)

A weak Galerkin finite element scheme for the Darcy flow problem
{

∇ ç (−ć∇p) � ∇ ç ē = s, in 
,

p|�ò
D

= pD, (ē ç Č)|�ò
N

= uN
(7)

read as: Find pℎ * Wℎ satisfying p
)|�ò

D
= Q)

ℎ
(pD) and

ïò
ℎ
(pℎ, qℎ) = ôò

ℎ
(qℎ), "qℎ = {qċ, q)} * W 0

ℎ
, (8)

where

ïò
ℎ
(pℎ, qℎ) =

1
E*óℎ

(ć∇wpℎ,∇wqℎ)E , (9)

ôò
ℎ
(qℎ) =

1
E*óℎ

(s, qċ)E −
1
e*�ò

N

ïuN , q)ðe, (10)

and Q)
ℎ
is the L2-projection operator onto space Pk(e) for each edge e * �ℎ.

The following functional defines a norm on space W 0
ℎ
:

|||qℎ||| =
( 1
E*óℎ

(∇wqℎ,∇wqℎ)E

) 1
2

, qℎ * W 0
ℎ
. (11)

The proof is very similar to that in [40] and hence omitted here.

2.3. Wg(P 2
k
, P 2

k
;AC2

k
;Pk) (k e 0) FE scheme for linear elasticity

For linear elasticity, we consider WG(P 2
k
, P 2

k
)-type vector-valued discrete weak functions. Such a function Ĕℎ = {Ĕċ, Ĕ)} has two

parts: Ĕċ * Pk(E
ċ)2 is defined in the element interior Eċ for any E * óℎ, whereas Ĕ) * Pk(e)

2 is defined on each edge e * �ℎ. Denote
by Ēℎ the space of such weak functions and Ē0

ℎ
the subspace of Ēℎ consisting of functions that vanish on �

ó
D
.
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For any Ĕℎ * Ēℎ, we establish its discrete weak gradient ∇wĔℎ * ïñk(óℎ)2 through integration by parts

+E (∇wĔℎ) ∶ W = +E) Ĕ
) ç (W Č) − +Eċ

Ĕċ ç (∇ çW ), "W * ACk(E)
2,"E * óℎ, (12)

where ∶ is the standard colon product for matrices and Č is the outward unit normal vector on the boundary E) . We define the

discrete weak strain as

"w(Ĕℎ) =
1

2

(
∇wĔℎ + (∇wĔℎ)

T
)
.

Similarly, we establish its discrete weak divergence ∇w ç Ĕ * Pk(óℎ) by

+E (∇w ç Ĕℎ)w = +E) Ĕ
) ç (wČ) − +Eċ

Ĕċ ç (∇w), "w * Pk(E),"E * óℎ, (13)

where Pk(óℎ) is the space of piecewise polynomials with degree d k.

For the linear elasticity problem
{

−∇ ç (2�"(ē) + �(∇ ç ē)ą) = Ą , in 
,

ē|� ó
D
= ēD, (�Č)|� ó

N
= ĒN ,

(14)

a weak Galerkin finite element scheme in the strain-div formulation reads as: Find ēℎ * Ēℎ satisfying ē)|� ó
D
= č)

ℎ
(ēD) and

ïó
ℎ
(ēℎ, Ĕℎ) = ôó

ℎ
(Ĕℎ), "Ĕℎ * Ē0

ℎ
, (15)

where

ïó
ℎ
(ēℎ, Ĕℎ) =

1
E*óℎ

2�("w(ēℎ), "w(Ĕℎ))E + �(∇w ç ēℎ,∇w ç Ĕℎ)E , (16)

ôó
ℎ
(Ĕℎ) =

1
E*óℎ

(Ą , Ĕċ)E +
1
e*� ó

N

ïĒN , Ĕ)ðe, (17)

and č)
ℎ
is the L2-projection operator onto space Pk(e)

2, "e * �ℎ. Note that ĒN = �Č here is slightly different than that in the

poroelasticity equation.

It has been shown in [40] that

|||Ĕℎ||| ∶=
( 1
E*óℎ

‖∇wĔℎ‖2E
) 1

2

, Ĕℎ * Ē0
ℎ

(18)

is a norm on the space Ē0
ℎ
.

3. Two-field WG finite element solvers for linear poroelasticity problems

We now define some projection operators. Let

• Qċ
ℎ
(or čċ

ℎ
) be the L2-projection onto space Pk(E) (or Pk(E)

2) for each element E * óℎ;
• Q)

ℎ
(or č)

ℎ
) be the L2-projection onto space Pk(e) (or Pk(e)

2) on each edge e * �ℎ;

• Qℎ = {Qċ
ℎ
, Q)

ℎ
} (or čℎ = {čċ

ℎ
,č)

ℎ
}) be the L2-projection onto space Wℎ(orĒℎ);

• ÿℎ be the L2-projection into the broken Arbogast–Correa space ïñk(óℎ);
• Qℎ be the L

2-projection into the broken Arbogast–Correa space ïñk(óℎ)2.
Properties in (5) of the AC spaces yield the following commuting identities, which are the most important properties of weak

Galerkin finite elements. For any ē * H1(
)2 and any p * H1(
), there holds

∇w(čℎē) = Qℎ(∇ē),

∇w ç (čℎē) = Qċ
ℎ
(∇ ç ē),

∇w(Qℎp) = ÿℎ(∇p).
(19)

For space discretizations, we consider WG(Pk, Pk;ACk) FE scheme for fluid pressure and WG(P
2
k
, P 2

k
;AC2

k
;Pk) FE scheme for solid

displacement. The implicit Euler and the Crank–Nicolson temporal discretizations can be combined with any order discretization.

But it will become clear that k = 0 matches well with the implicit Euler whereas k = 1 matches well with Crank–Nicolson.

Let N > 0 be an integer. Denote by �t = T ∕N the time step. Let tn = n�t for n = 0, 1,& , N . For a function ē of space and time,

denote ē(ç, tn) as ē
(n).
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3.1. Full WG discretizations combined with the implicit Euler

Algorithm I (Full WG FE discretizations combined with implicit Euler). The time-marching scheme starts with ē
(0)

ℎ
= čℎē0,

p
(0)

ℎ
= Qℎp0. Then for 1 d n d N , seek ē

(n)

ℎ
* Ēℎ and p

(n)

ℎ
* Wℎ satisfying ē(n),)|� ó

D
= č)

ℎ
ē
(n)

D
and p(n),)|�ò

D
= Q)

ℎ
p
(n)

D
such that for any

Ĕℎ * Ē0
ℎ
and any qℎ * ē0

ℎ
,

⎧⎪⎪⎨⎪⎪⎩

ïó
ℎ
(ē

(n)

ℎ
, Ĕℎ) − ðℎ(Ĕℎ, p(n)ℎ ) = ôó ,(n)

ℎ
(Ĕℎ),

ðℎ
(ē(n)

ℎ
− ē

(n−1)

ℎ

�t
, qℎ

)
+ ñℎ

( p(n)
ℎ

− p
(n−1)

ℎ

�t
, qℎ

)

+ïò
ℎ
(p

(n)

ℎ
, qℎ) = ôò,(n)

ℎ
(qℎ),

(20)

This is equivalent to
{ ïó

ℎ
(ē

(n)

ℎ
, Ĕℎ) − ðℎ(Ĕℎ, p(n)ℎ ) = ôó ,(n)

ℎ
(Ĕℎ),

ðℎ(ē(n)ℎ , qℎ) + ñℎ(p(n)ℎ , qℎ) + �tïò
ℎ
(p

(n)

ℎ
, qℎ) = ā (n)

ℎ
(qℎ),

(21)

for all Ĕℎ * Ē0
ℎ
and all qℎ * ē0

ℎ
. The two new bilinear forms are

ðℎ(Ĕℎ, qℎ) =
1
E*óℎ

�(∇w ç Ĕℎ, q
ċ)E ,

ñℎ(pℎ, q) =
1
E*óℎ

c0(p
ċ, qċ)E .

(22)

The linear forms are

ôó ,(n)
ℎ

(Ĕℎ) =
1
E*óℎ

(Ą (n), Ĕċ)E +
1
e*� ó

N

ïĒ(n)
N
, Ĕ)ðe,

ôò,(n)
ℎ

(qℎ) =
1
E*óℎ

(s(n), qċ)E −
1
e*�ò

N

ïu(n)
N
, q)ðe,

ā (n)

ℎ
(qℎ) = �tôò,(n)

ℎ
(qℎ) + ðℎ(ē(n−1)ℎ

, qℎ) + ñℎ(p(n−1)ℎ
, qℎ),

(23)

with ĒN = (� − �pą)Č.

3.2. Full WG discretizations combined with Crank–Nicolson

We consider space discretizations provided by WG(Pk, Pk;ACk) for fluid pressure and WG(P
2
k
, P 2

k
;AC2

k
;Pk) for solid displacement

for any k e 1. Of course, one can set k = 1 for simplicity.
Algorithm II (Full WG FE discretizations combined with Crank–Nicolson). The time-marching scheme starts with ē

(0)

ℎ
= čℎē0

and p(0)
ℎ

= Qℎp0. For 1 d n d N , seek ē
(n)

ℎ
* Ēℎ, p

(n)

ℎ
* Wℎ satisfying ē(n),)|� ó

D
= č)

ℎ
ē
(n)

D
and p(n),)|�ò

D
= Q)

ℎ
p
(n)

D
such that for any Ĕℎ * Ē0

ℎ

and qℎ * ē0
ℎ
, there holds

ïó
ℎ

(ē(n)
ℎ

+ ē
(n−1)

ℎ

2
, Ĕℎ

)
− ðℎ

(
Ĕℎ,

p
(n)

ℎ
+ p

(n−1)

ℎ

2

)
=

ôó ,(n)
ℎ

(Ĕℎ) + ôó ,(n−1)
ℎ

(Ĕℎ)

2
,

ðℎ
(ē(n)

ℎ
− ē

(n−1)

ℎ

�t
, qℎ

)
+ ñℎ

( p(n)
ℎ

− p
(n−1)

ℎ

�t
, qℎ

)
+ïò

ℎ

( p(n)
ℎ

+ p
(n−1)

ℎ

2
, qℎ

)

=
ôò,(n)
ℎ

(qℎ) + ôò,(n−1)
ℎ

(qℎ)

2
.

(24)

4. Analysis

We first address well-posedness of both Algorithm I and Algorithm II. For ease of presentation, we assume �ò
D

= � ó
D
= )
. For

the bilinear form for linear elasticity, we adopt the grad-div formulation shown below for analysis.

ïó
ℎ
(ēℎ, Ĕℎ) =

1
E*óℎ

�(∇wēℎ,∇wĔℎ)E + (� + �)(∇w ç ēℎ,∇w ç Ĕℎ)E . (25)

This is not an unusual practice [42]. It is also known that the strain-div and grad-div formulations are equivalent when a Dirichlet
condition is posed on the entire boundary.

Lemma 1. There exists a constant � > 0 such that

inf
qℎ*Wℎ

sup
Ĕℎ*Ēℎ

ðℎ(Ĕℎ, qℎ)
|||Ĕℎ||| ‖qċℎ‖

e �. (26)
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Proof. It is known [43] that for any qℎ * Wℎ, there exists ĕ̃ * H1(
)d so that

(∇ ç ĕ̃, qċ
ℎ
)

‖∇ĕ̃‖ e C1‖qċℎ‖,

where C1 > 0 is a constant independent of the choice of qℎ. Let ĕ = čℎĕ̃ * Ēℎ. Using the first commuting identity in (19), we obtain

|||ĕ|||2 = 1
E*óℎ

‖∇wĕ‖2E =
1
E*óℎ

‖∇w(čℎĕ̃)‖2E =
1
E*óℎ

‖Qℎ(∇ĕ̃)‖2E d ‖∇ĕ̃‖2.

The second commuting identity in (19) implies
1
E*óℎ

(∇w ç ĕ, qċ
ℎ
)E =

1
E*óℎ

(∇w ç (čℎĕ̃), q
ċ
ℎ
)E =

1
E*óℎ

(Qċ
ℎ
∇ ç ĕ̃, qċ

ℎ
)E =

1
E*óℎ

(∇ ç ĕ̃, qċ
ℎ
)E .

Therefore,

sup
Ĕℎ*Ēℎ

ðℎ(Ĕℎ, qℎ)
|||Ĕℎ||| e

1
E*óℎ �(∇w ç ĕ, qċ

ℎ
)E

|||ĕ||| e �
(∇ ç ĕ̃, qċ

ℎ
)

‖∇ĕ̃‖ e �‖qċ
ℎ
‖,

with � = �C1, as claimed. ¦

Remark 1. From the definitions of the bilinear form ïó
ℎ
(ç, ç) and norm ||| ç |||, we know that this bilinear form is coercive, i.e.,

ïó
ℎ
(Ĕℎ, Ĕℎ) =

1
E*óℎ

�(∇wĔℎ,∇wĔℎ)E + (� + �)(∇w ç Ĕℎ,∇w ç Ĕℎ)E e �|||Ĕℎ|||2.

As for the bilinear form ñℎ(ç, ç) + �tïò
ℎ
(ç, ç), we cannot claim coercivity, since parameter c0 = 0 is possible and �t approaches zero.

It is reasonable to assume the permeability tensor has a positive lower bound, that is,

+E �
Tć�dĖ e mć +E � ç �dĖ > 0, "� * ACk(E), "E * óℎ, (27)

with the constant mć > 0. It is known from [37] that there exists a constant C > 0 such that

‖qċ
ℎ
‖ d C‖∇wqℎ‖, "qℎ * W 0

ℎ
. (28)

Therefore, the bilinear form ñℎ(ç, ç) + �tïò
ℎ
(ç, ç) is nonnegative, in other words,

ñℎ(qℎ, qℎ) + �tïò
ℎ
(qℎ, qℎ) =

1
E*óℎ

c0(q
ċ
ℎ
, qċ
ℎ
)E + �t

1
E*óℎ

(ć∇wqℎ,∇wqℎ)E

e (c0 + �tmćC
−2)‖qċ

ℎ
‖2 e 0.

Note also that the skeleton part q)
ℎ
of qℎ is not included in the inf–sup condition (26), since it is not used in the bilinear formðℎ(Ĕℎ, qℎ).

Lemma 2. For each time step n * {1,& , N}, the solution (ē
(n)

ℎ
, p

(n)

ℎ
) * Ēℎ ×Wℎ of Algorithm I or II exists and is unique.

Proof. It is clear that at each time step n, Algorithm I and II can be rewritten as: Finding ē
(n)

ℎ
* Ēℎ and p

(n)

ℎ
* Wℎ such that

{ ïó
ℎ
(ē

(n)

ℎ
, Ĕℎ) − ðℎ(Ĕℎ, p(n)ℎ ) = RHS1,

ðℎ(ē(n)ℎ , qℎ) + ñℎ(p(n)ℎ , qℎ) + �tïò
ℎ
(p

(n)

ℎ
, qℎ) = RHS2,

(29)

for any Ĕℎ * Ē0
ℎ
and qℎ * W 0

ℎ
. The right-hand side terms RHS1 and RHS2 can be readily identified from Algorithm I or Algorithm

II. Assume RHS1 = 0 or RHS2 = 0. Let Ĕℎ = ē
(n)

ℎ
and qℎ = p

(n)

ℎ
. Summing up the two equations in (29) yields

ïó
ℎ
(ē

(n)

ℎ
,ē

(n)

ℎ
) + ñℎ(p(n)ℎ , p(n)ℎ ) + �tïò

ℎ
(p

(n)

ℎ
, p

(n)

ℎ
) = 0.

The definitions of the bilinear forms ïó
ℎ
(ç, ç) and ñℎ(ç, ç) + �tïò

ℎ
(ç, ç) imply that

|||ē(n)
ℎ
||| = 0, |||p(n)

ℎ
||| = 0,

for which we have used the assumption (27) about the permeability tensor. Since Algorithm (29) is a finite-dimensional linear
problem, the existence of the solution can be derived from the uniqueness. ¦

For analysis, we need two interpolation operators defined as �ℎ ∶ H(div;
) ³ ACk(óℎ) and �ℎ ∶ H(div;
)2 ³ ACk(óℎ)2. They
satisfy the following properties:

(i). For any Ĕ * H(div;
) and � * H(div;
)2,

(∇ ç Ĕ, q)E = (∇ ç (�ℎĔ), q)E , "q * Pk(E),"E * óℎ,
(∇ ç �,ĕ)E = (∇ ç (�ℎ�),ĕ)E , "ĕ * Pk(E)

2,"E * óℎ. (30)
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(ii). For any Ĕ * Hk+1(
)2, � * Hk+1(
)2×2, and k e 0,

‖Ĕ − �ℎĔ‖ ≲ ℎk+1‖Ĕ‖k+1,
‖� −�ℎ�‖ ≲ ℎk+1‖�‖k+1.

(31)

(iii). When �ò
D

= � ó
D

= )
, the above properties combined with the definitions of discrete weak gradients and the fact that
ACk(óℎ) ⊂ H(div;
) imply that

1
E*óℎ

(−∇ ç Ĕ, qċ
ℎ
)E =

1
E*óℎ

(�ℎĔ,∇wqℎ)E , "qℎ = {qċ
ℎ
, q)
ℎ
} * W 0

ℎ
, (32)

1
E*óℎ

(−∇ ç �, Ĕċ
ℎ
)E =

1
E*óℎ

(�ℎ�,∇wĔℎ)E , "Ĕℎ = {Ĕċ
ℎ
, Ĕ)
ℎ
} * Ē0

ℎ
. (33)

Lemma 3. For any ē * H1(
)2 and p * H1(
), there hold

ïó
ℎ
(čℎē, Ĕℎ) =

1
E*óℎ

(�∇w(čℎē) + (� + �)(∇w çčℎē)ą, ∇wĔℎ)E ,

ðℎ(Ĕℎ, Qℎp) =
1
E*óℎ

�(∇wĔℎ, (Q
ċ
ℎ
p)ą)E ,

ðℎ(čℎē, qℎ) =
1
E*óℎ

�(∇ ç ē, qċ)E ,

ñℎ(Qℎp, qℎ) =
1
E*óℎ

c0(p, q
ċ)E ,

ïò
ℎ
(Qℎp, qℎ) =

1
E*óℎ

(ć∇w(Qℎp), ∇wqℎ)E ,

(34)

for any Ĕℎ * Ē0
ℎ
and qℎ * W 0

ℎ
.

Proof. For any function w * Pk(óℎ), since wą * ïñk(óℎ)2, we have1
E*óℎ

(∇w ç Ĕℎ, w)E =
1
E*óℎ

(∇wĔℎ, wą)E , "Ĕℎ * Ē0
ℎ
.

Taking w = ∇w çčℎē and w = Qċ
ℎ
p, respectively, we obtain

1
E*óℎ

(∇w çčℎē,∇w ç Ĕℎ)E =
1
E*óℎ

((∇w çčℎē)ą, ∇wĔℎ)E ,

1
E*óℎ

(∇w ç Ĕℎ, Q
ċ
ℎ
p)E =

1
E*óℎ

(∇wĔℎ, (Q
ċ
ℎ
p)ą)E .

(35)

Applying the commuting identity (11) and the definitions of the projection operators, we reach the conclusion of this lemma. ¦

Lemma 4. Let ē * H2(
)2 and p * H2(
) be the solutions of poroelasticity problem (1). Then we have, for any Ĕℎ * Ē0
ℎ
and qℎ * W 0

ℎ
,

1
E*óℎ

(Ą , Ĕċ
ℎ
)E =

1
E*óℎ

(��ℎ(∇ē) + (� + �)�ℎ((∇ ç ē)ą) − ��ℎ(pą),∇wĔℎ)E ,

1
E*óℎ

(s, qċ
ℎ
)E =

1
E*óℎ

()t(�∇ ç ē + c0p), q
ċ
ℎ
)E +

1
E*óℎ

(�ℎ(ć∇p),∇wqℎ)E ,
(36)

Proof. It is clear that

−∇ ç (2�"(ē) + �(∇ ç ē)ą) + �∇p = −∇ ç (�∇ē + (� + �)(∇ ç ē)ą − �pą).

One tests the PDE by the interior parts Ĕċ, qċ of discrete weak functions Ĕℎ * Ē0
ℎ
, qℎ * W 0

ℎ
. Applying (32) (33) leads to the desired

conclusion. ¦

4.1. Analysis for Algorithm I

Lemma 5. Let ē * H2(
)2, p * H2(
) be the solutions of Problem (1). Let ēℎ * Ēℎ, pℎ * Wℎ be the numerical solutions of Algorithm I.
Let �ℎ = čℎē − ēℎ * Ē0

ℎ
, �ℎ = Qℎp − pℎ * W 0

ℎ
. Then the error equations are

ïó
ℎ
(�

(n)

ℎ
, Ĕℎ) − ðℎ(Ĕℎ, � (n)ℎ

) =
1
E*óℎ

(�(ē(n)) +  (p(n)),∇wĔℎ)E ,

ðℎ
( �(n)

ℎ
− �

(n−1)

ℎ

�t
, qℎ

)
+ ñℎ

( � (n)
ℎ

− �
(n−1)

ℎ

�t
, qℎ

)
+ïò

ℎ
(�

(n)

ℎ
, qℎ)

=
1
E*óℎ

('(p(n)),∇wqℎ)E +
1
E*óℎ

(�∇ ç Ď(ē, tn) + c0Ď(p, tn), q
ċ)E ,

(37)
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where the remainders are

⎧
⎪⎪⎨⎪⎪⎩

�(ē(n)) = �(∇w(čℎē
(n)) −�ℎ(∇ē

(n)))

+(� + �)(∇w ç (čℎē
(n))ą −�ℎ((∇ ç ē(n))ą)),

 (p(n)) = �(�ℎ(p
(n)ą) −Qċ

ℎ
(p(n)ą)),

'(p(n)) = ć∇w(Qℎp
(n)) − �ℎ(ć∇p(n)),

(38)

and

⎧⎪⎪⎨⎪⎪⎩

Ď(ē, tn) =
1

�t +
tn

tn−1

(� − tn−1))ttē(�)d�,

Ď(p, tn) =
1

�t +
tn

tn−1

(� − tn−1))ttp(�)d�.

Proof. Take t = tn in Lemmas 3 and 4. Applying the facts that

ē(n) − ē(n−1)

�t
− )tē

(n) =
1

�t +
tn

tn−1

(� − tn−1))ttē(�)d� =∶ Ď(ē, tn),

p(n) − p(n−1)

�t
− )tp

(n) =
1

�t +
tn

tn−1

(� − tn−1))ttp(�)d� =∶ Ď(p, tn),

(39)

we reach the conclusion of this lemma. ¦

Theorem 1. Let (ē, p) be the exact solutions of poroelasticity problem (1). Let ēℎ * Ēℎ and pℎ * Wℎ be the numerical solutions of (21)
by Algorithm I. Let �ℎ = čℎē − ēℎ * Ē0

ℎ
and �ℎ = Qℎp − pℎ * W 0

ℎ
. Then under the following assumptions about regularity of the exact

solutions

ē * [L@(0, T ;Hk+2(
))]2, p * L@(0, T ;Hk+2(
)),

)tē * [L@(0, T ;Hk+2(
))]2, )tp * L@(0, T ;Hk+1(
)),

)ttē * [L2(0, T ;Hk+2(
))]2, )ttp * L2(0, T ;Hk+1(
)),

(40)

there holds an error estimate

max
1dndN

{
‖∇w�(n)ℎ ‖2 + �‖∇w ç �

(n)

ℎ
‖2 + ‖�ċ,(n)

ℎ
‖2
}

+

N1
n=1

�t‖∇w� (n)ℎ
‖2 d ý (

ℎ2(k+1) + �t2
)
.

(41)

Note that after taking square roots, the errors of displacement, dilation, pressure, and velocity, measured in the L2-norm, are actually of
(k + 1)st order.

Proof. See Appendix. ¦

4.2. Analysis for Algorithm II

For convenience, we denote ē(n)+ē(n−1)

2
by ē̄

n−
1
2 for a vector-valued function ē. For ease of presentation, we focus on the case

k = 1.

Lemma 6. Assume ē * H2(
)2 and p * H2(
) be the exact solutions of poroelasticity problem (1). Let ēℎ * Ēℎ and pℎ * Wℎ be the
numerical solutions of (21) by Algorithm II. Let �ℎ = čℎē − ēℎ * Ē0

ℎ
and �ℎ = Qℎp − pℎ * W 0

ℎ
. We can establish the following error

equations.

ïó
ℎ

(
�̄
n−

1
2

ℎ
, Ĕℎ

)
− ðℎ

(
Ĕℎ, �̄

n−
1
2

ℎ

)
=

1
E*óℎ

(�(ē̄n−
1
2 ) +  (p̄n−

1
2 ),∇wĔℎ)E ,

ðℎ
( �(n)

ℎ
− �

(n−1)

ℎ

�t
, qℎ

)
+ ñℎ

( � (n)
ℎ

− �
(n−1)

ℎ

�t
, qℎ

)
+ïò

ℎ

(
�̄
n−

1
2

ℎ
, qℎ

)

= ('(p̄(n−
1
2
)
),∇wqℎ) +

1
E*óℎ

(�∇ ç Ď̃(ē, tn) + c0Ď̃(p, tn), q
ċ)E ,

(42)

where

⎧
⎪⎨⎪⎩

Ď̃(ē, tn) =
ē(n) − ē(n−1)

�t
− )tē̄

n−
1
2 ,

Ď̃(p, tn) =
p(n) − p(n−1)

�t
− )tp̄

n−
1
2 .



Journal of Computational and Applied Mathematics 443 (2024) 115754

9

R. Wang et al.

Proof. This can be obtained in a straightforward way by taking t = tn and t = tn−1 in Lemmas 3 and 4. ¦

Theorem 2. Assume the exact solutions (ē, p) of poroelasticity problem (1) satisfy the regularity assumptions (40). Let ēℎ * Ēℎ and
pℎ * Wℎ be the numerical solutions of (21) by Algorithm II. Let �ℎ = čℎē−ēℎ * Ē0

ℎ
and �ℎ = Qℎp−pℎ * W 0

ℎ
. The following error estimate

holds.

max
1dndN

{
‖∇w�(n)ℎ ‖2 + �‖∇w ç �

(n)

ℎ
‖2 + ‖�ċ,(n)

ℎ
‖2
}

+

N1
n=1

�t‖∇w�̄
n−

1
2

ℎ
‖2 d ý(ℎ4 + �t4).

(43)

Obviously, after taking square roots, the errors for displacement, dilation, pressure, and velocity, measured in the L2−norms, are actually
of 2nd order.

Proof. See Appendix. ¦

Theorem 3. For two-dimensional problems (d = 2) and k = 0, under the regularity assumption [44] for the exact solution ē * H2(
)d

that

�‖ē‖2 + �‖∇ ç ē‖1 d C‖Ą‖0 (44)

with C > 0 being a constant independent of ē, Ą , the numerical solution of Algorithm I is locking-free in the sense that

max
1dndN |||čℎē

(n) − ē
(n)

ℎ
||| d C(ℎ + �t),

max
1dndN |||ē(n) − ē

(n)

ℎ
||| d C(ℎ + �t),

(45)

where the positive constant C is independent of � and ℎ.
For k e 1, we need a stronger regularity assumption [45] in a similar form

�‖ē‖k+2 + �‖∇ ç ē‖k+1 d C‖Ą‖k (46)

with C > 0 being a constant independent of ē, Ą . Accordingly, the numerical solutions of Algorithms I and II are locking-free, that is,

max
1dndN |||čℎē

(n) − ē
(n)

ℎ
||| d C

(
ℎk+1 + �t

)
,

max
1dndN |||ē(n) − ē

(n)

ℎ
||| d C

(
ℎk+1 + �t

)
,

(47)

where C > 0 is a constant independent of � and ℎ.

Proof. See Appendix. ¦

5. Numerical experiments

This section presents numerical experiments on our 2-field finite element solvers that utilize the implicit Euler or Crank–Nicolson
for temporal discretization, the weak Galerkin (Pk, Pk;ACk)(k e 0) elements for Darcy flow, and the weak Galerkin (P 2

k
, P 2

k
;AC2

k
;Pk)

elements for linear elasticity.

Example 1 (Smooth Solutions). This example is adopted from [46] with slight modifications. Here 
 = (0, 1)2, T = 1, ć = ą, c0 = 0,
and � = 1. The analytical solutions are known as

ē = t

[
sin(2�y)(−1 + cos(2�x)) +

1

�+�
sin(�x) sin(�y)

sin(2�x)(1 − cos(2�y)) +
1

�+�
sin(�x) sin(�y)

]

and

p = −t sin(�x) sin(�y).

Dirichlet boundary conditions are posed for the whole boundary using the values of the exact solutions.
To effectively demonstrate the locking-free property of our solvers, we choose the Poisson ratio as � = 0.49999, which is close to

0.5. Thus � = 16666 and � = 0.33334. Notably, the full WG solvers are specifically tested on the trapezoidal meshes used [47]. The
numerical results shown in Tables 1 and 2 exhibit optimal order convergence in the errors of displacement, dilation, stress, pressure,
and velocity. In Table 3, the results obtained from WG(P 2

1
, P 2

1
;AC2

1
;P1) + WG(P1, P1;AC1) and Crank–Nicolson demonstrate clearly

second-order convergence of all errors. It is worth noting that our solvers are effective on rectangular meshes as well but the results
are omitted due to page limitation.
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Table 1
Example 1: Optimal convergence rates of the 2-field solver WG(P 2

0
, P 2

0
;AC2

0
;P0) + WG(P0 , P0;AC0) on trapezoidal meshes (slant parameter 0.35, see [47]) combined

with implicit Euler and �t = ℎ.

ℎ ‖ē − ēċ
ℎ
‖l2 (L2 ) Rate ‖p − pċ

ℎ
‖l2 (L2 ) Rate ‖ď − ďℎ‖l2 (L2 ) Rate ‖∇ ç ē − ∇ ç ēℎ‖l2 (L2 ) Rate ‖� − �ℎ‖l2 (L2 ) Rate

2−3 2.1355e−1 – 5.2852e−2 – 1.7438e−1 – 1.5202e−5 – 7.4037e−1 –
2−4 1.0181e−1 1.06 2.5375e−2 1.05 8.4363e−2 1.04 7.2055e−6 1.07 3.5543e−1 1.05
2−5 4.9694e−2 1.03 1.2413e−2 1.03 4.1528e−2 1.02 3.4937e−6 1.04 1.7384e−1 1.03
2−6 2.4553e−2 1.01 6.1369e−3 1.01 2.0603e−2 1.01 1.7201e−6 1.02 8.5921e−2 1.01
2−7 1.2204e−2 1.00 3.0508e−3 1.00 1.0261e−2 1.00 8.5373e−7 1.01 4.2708e−2 1.00

Table 2
Example 1: Results of the 2-field solver WG(P 2

1
, P 2

1
;AC2

1
;P1) + WG(P1 , P1;AC1) on trapezoidal meshes (slant parameter 0.35, see [47]) combined with implicit

Euler and �t = ℎ2.

ℎ ‖ē − ēċ
ℎ
‖l2 (L2 ) Rate ‖p − pċ

ℎ
‖l2 (L2 ) Rate ‖ď − ďℎ‖l2 (L2 ) Rate ‖∇ ç ē − ∇ ç ēℎ‖l2 (L2 ) Rate ‖� − �ℎ‖l2 (L2 ) Rate

2−3 3.0913e−2 – 4.7507e−3 – 1.0811e−3 – 1.5725e−6 – 8.4123e−2 –
2−4 7.7875e−3 1.98 1.1836e−3 2.00 2.7257e−3 1.98 3.9234e−7 2.00 2.1530e−2 1.96
2−5 1.9509e−3 1.99 2.9566e−4 2.00 6.8487e−4 1.99 9.7956e−8 2.00 5.4427e−3 1.98
2−6 4.8798e−4 1.99 7.3898e−5 2.00 1.7168e−4 1.99 2.4443e−8 2.00 1.3673e−3 1.99

Table 3
Example 1: Optimal convergence rates of the 2-field solver WG(P 2

1
, P 2

1
;AC2

1
;P1) + WG(P1 , P1;AC1) on trapezoidal meshes (slant parameter 0.35, see [47]) combined

with Crank–Nicolson and �t = ℎ.

ℎ ‖ē − ēċ
ℎ
‖l2 (L2 ) Rate ‖p − pċ

ℎ
‖l2 (L2 ) Rate ‖ď − ďℎ‖l2 (L2 ) Rate ‖∇ ç ē − ∇ ç ēℎ‖l2 (L2 ) Rate ‖� − �ℎ‖l2 (L2 ) Rate

2−3 3.3373e−2 – 5.1326e−3 – 1.1701e−2 – 1.6991e−6 – 9.1235e−2 –
2−4 8.1258e−3 2.03 1.2353e−3 2.05 2.8470e−3 2.03 4.0944e−7 2.05 2.2512e−2 2.01
2−5 1.9950e−3 2.02 3.0235e−4 2.03 7.0078e−4 2.02 1.0017e−7 2.03 5.5735e−3 2.01
2−6 4.9360e−4 2.01 7.4750e−5 2.01 1.7375e−4 2.01 2.4723e−8 2.01 1.3848e−3 2.00

Example 2 (Terzaghi’s Consolidation Problem). With known analytical solutions, the problem has been frequently tested [2,3,48].
Here we consider the domain 
 = (0, 1) × (−10, 0) and the exact pressure solution along with some dimensionless quantities

p∗(z∗, t∗) =

@1
i=0

2

M
e−M

2t∗ sin(Mz∗), (48)

M =
�(2i + 1)

2
, t∗ =

cv

H2
t, z∗ =

z

H
,

with z being the distance from the drainage boundary (at the top), H = 10 the height of the domain, t the time, cv the coefficient
of consolidation, and

cv = 3K
(1 − �)

(1 + �)

ki

�
.

The problem involves the application of a surface loading to the poroelastic domain. Due to the domain’s 1:10 aspect ratio, the fluid
pressure near the bottom of the domain is subsequently influenced. The top surface is the drainage surface while the other 3 surfaces
allow no flow. Therefore, the external loading induces compression of the solid, which leads to the drainage of fluid through the
top surface.

The Terzaghi’s consolidation problem assumes an external force applied at the top boundary of a fully saturated poroelastic
domain, which is also the drainage boundary. All other boundaries are impermeable. See Fig. 1(a) for an illustration. Since the
domain is tall enough, the fluid pressure at the bottom is supposed not to be affected in the early stage.

To test this problem, we take � = 1, c0 = 5.5 × 10−4, � = 0.25, an isotropic permeability ki = 10−12, a dynamic viscosity
� = 10−6 (k(Pa)s) with a bulk modulus K = 1000 (kPa). Then we have cv = 0.0018 (m2/s), Young’s modulus E = 106, permeability
ć = �ą, � = 10−6. Lamé constants �, � are calculated accordingly. The following boundary and initial conditions are posed.

(i) Boundary conditions for solid displacement ē = [u1, u2]
T :

Dirichlet condition ē = [0, 0]T on the bottom boundary;
Partial Dirichlet condition u1 = 0 on the left and right boundaries;
Neumann condition �̃Č = [0,−F ]T , F = 106 on the top boundary.

(ii) Boundary conditions for fluid pressure p:
No flow (−ć∇p) ç Č = 0 on the bottom, left, and right boundaries;
Dirichlet condition p = 0 on the top boundary.

(iii) Initial conditions:
Displacement: ē = [0, 0]T ;
Pressure: Known exact pressure projected to the finite element space.
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Fig. 1. Example 2: (a) An illustration of the problem; (b) Analytical (solid lines) vs. numerical (symbols) pressure along the z-axis. Black: T = 0.5 s; Red: T =
5 s; Green: T = 55 s; Blue: T = 138 s. Note that for better visualization, the height and width of the domain are not proportional.).

We test the example with the solver WG(P 2
0
, P 2

0
;AC2

0
;P0) + WG(P0, P0;AC0) with the implicit Euler time discretization.

• When T = 0.5 s, for better approximation, we take �t = 0.1 and spatial discretization 10 × 300.
• When T = 5 s, 55 s, 138 s, we use �t = 0.1 and spatial discretization 10 × 100.

We report numerical pressures on the edges along the z-direction. Numerical and analytical pressures are presented in Fig. 1(b).
Our results demonstrate nice agreement between the numerical and analytical pressures.

Example 3 (Heterogeneous Permeability). This example is adopted from [10] with slight modifications. We have 
 = (0, 1)2, T = 10−3,
� = 12500, � = 8333, ć = �ą, c0 = 0, and � = 1. The permeability is heterogeneous as shown in Fig. 2(a). In the lower-left and upper-
right quarters of the domain, the permeability � = 10−4, but � = 1 elsewhere. For the displacement, an external loading (Neumann
condition) is placed on the top boundary, but a homogeneous Dirichlet boundary condition is specified on other boundaries. For the
pressure, the top boundary assumes the drainage (Dirichlet p = 0), while other boundaries have a no-flow (Neumann) condition.

Fig. 2(b) shows the numerical solution obtained from applying the solver WG(P 2
0
, P 2

0
;AC2

0
;P0) + WG(P0, P0;AC0) on a rectangular

mesh (ℎ =
1

128
) with the implicit Euler for temporal discretization. Steep pressure fronts can be clearly observed near the internal

boundaries (x = 0.5 or y = 0.5) of permeability. Fig. 2(c) presents more details of the pressure contours. No spurious pressure
oscillations are spotted.

Example 3 is also solved using higher order WG(P 2
1
, P 2

1
;AC2

1
;P1) + WG(P1, P1;AC1) on rectangular meshes. Fig. 3(a)(c) show

the results with ℎ =
1

64
and the implicit Euler with �t = T

64×64
. Fig. 3(b)(d) show the results with ℎ =

1

32
and Crank–Nicolson with

�t =
T

32
. For comparison, both numerical pressures and contours at the final time T are plotted on the 128×128 meshes. Comparable

results are observed, but the Crank–Nicolson solver uses less time steps.

6. Concluding remarks

In this paper, we have developed two sets of new finite element solvers for linear poroelasticity problems. Both sets are based
on full weak Galerkin discretizations on quadrilateral meshes, which are equally flexible as triangular meshes for accommodation
of complicated geometry. These solvers are developed for the primal variables, namely, solid displacement and fluid pressure.
Other physical quantities such as stress, dilation, and velocity can be easily obtained via postprocessing with the weak Galerkin
methodology. These solvers have optimal order spatial and temporal accuracy. Moreover, the solvers are locking-free. The robustness
of these novel solvers have been demonstrated by numerical experiments on popular test cases.

Both sets of solvers developed in this paper utilize one-step temporal discretization. Each can be efficiently used as a starter
solver for more sophisticated poroelasticity solvers that are based on higher order temporal discretizations.

The methodology in this paper can be applied to develop finite element solvers for 3-dim poroelasticity problems on cuboidal
hexahedral meshes. Similarly, scalar- and vector-valued þ-type polynomials in element interiors and on faces will be used to
approximate fluid pressure and solid placement. Their discrete weak gradients will be established in broken Arbogast–Tao spaces
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Fig. 2. Example 3: (a) Permeability profile and boundary conditions. (b) Numerical pressure at the final time T = 10−3 by Algorithm I: WG(P 2
0
, P 2

0
;AC2

0
;P0) +

WG(P0 , P0;AC0) on a rectangular mesh (ℎ =
1

128
) combined with the implicit Euler (�t = T

128
). (c) Numerical pressure contours (0.1 to 0.8).

Fig. 3. Example 3: Numerical pressures and contours at the final time T = 10−3. Spatial discretization utilizes WG(P1 , AC1). (a)(c) Algorithm I (implicit Euler)
with ℎ =

1

64
, �t =

T

64×64
; (b)(d) Algorithm II (Crank–Nicolson) with ℎ =

1

32
, �t =

T

32
.
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(of vectors or matrices) [49], for which local basis functions need to be constructed. This is under our investigation and will be
reported in our future work.

These solvers can be applied to modeling and simulations of practical poroelasticity problems such as intracellular transport of
viral protein and drug delivery through tissues near cancer sites. This is under our investigation and will be reported in our future
work.
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Data will be made available on request.
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Appendix

In the appendix, we provide complete rigorous proofs of Theorem 1, 2, and 3.

Proof of Theorem 1. For ease of presentation, we assume ć = �ą with � > 0 being a constant. The proof is divided into three
steps.
Step (i). Take Ĕℎ = �

(n)

ℎ
− �

(n−1)

ℎ
and qℎ = �

(n)

ℎ
in (37). Adding these terms up and applying the elementary inequality 2a(a − b) e

a2 − b2, we obtain

�

2
‖∇w�(n)ℎ ‖2 + � + �

2
‖∇w ç �

(n)

ℎ
‖2 + c0

2
‖�ċ,(n)
ℎ

‖2 + �t�‖∇w� (n)ℎ
‖2

d �

2
‖∇w�(n−1)ℎ

‖2 + � + �

2
‖∇w ç �

(n−1)

ℎ
‖2 + c0

2
‖�ċ,(n−1)
ℎ

‖2

+
1
E*óℎ

(�(ē(n)) +  (p(n)),∇w(�
(n)

ℎ
− �

(n−1)

ℎ
))E

+�t
1
E*óℎ

('(p(n)),∇w�
(n)

ℎ
)E

+�t
1
E*óℎ

(�∇ ç Ď(ē, tn) + c0Ď(p, tn), �
ċ,(n)

ℎ
)E .

(49)

Step (ii). Applying the fact that ‖�ċ,(n)
ℎ

‖ d C‖∇w� (n)ℎ
‖ (see [37]) and the Young’s inequality, we get

�t('(p(n)),∇w�
(n)

ℎ
) d �t�

2
‖∇w� (n)ℎ

‖2 + �t

2�
‖'(p(n))‖2,

�t
1
E*óℎ

�(∇ ç Ď(ē, tn), �
ċ,(n)

ℎ
)E d �

2
�t‖∇w� (n)ℎ

‖2

+
�2C2

2�
�t‖∇ ç Ď(ē, tn)‖2,

�t
1
E*óℎ

c0(Ď(p, tn), �
ċ,(n)

ℎ
)E d �

2
�t‖∇w� (n)ℎ

‖2 + c2
0
C2

2�
�t‖Ď(p, tn)‖2.

(50)

Moreover, we have

�

2
‖∇w�(n)ℎ ‖2 + � + �

2
‖∇w ç �

(n)

ℎ
‖2 + c0

2
‖�ċ,(n)
ℎ

‖2

+
(
�

2
− �

)
�t‖∇w� (n)ℎ

‖2

d �

2
‖∇w�(n−1)ℎ

‖2 + � + �

2
‖∇w ç �

(n−1)

ℎ
‖2 + c0

2
‖�ċ,(n−1)
ℎ

‖2

+
1
E*óℎ

(�(ē(n)) +  (p(n)),∇w(�
(n)

ℎ
− �

(n−1)

ℎ
))E

+
�t

2�
‖'(p(n))‖2 + �2C2

2�
�t‖∇ ç Ď(ē, tn)‖2

+
c2
0
C2

2�
�t‖Ď(p, tn)‖2,

(51)



Journal of Computational and Applied Mathematics 443 (2024) 115754

14

R. Wang et al.

by math induction and the fact that �(0)
ℎ

= ÿ, � (0)
ℎ

= 0. Furthermore,

�

2
‖∇w�(N)

ℎ
‖2 + � + �

2
‖∇w ç �

(N)

ℎ
‖2 + c0

2
‖�ċ,(N)

ℎ
‖2

+

N1
n=1

(
�

2
− �

)
�t‖∇w� (n)ℎ

‖2

d
N1
n=1

1
E*óℎ

(�(ē(n)) +  (p(n)),∇w(�
(n)

ℎ
− �

(n−1)

ℎ
))E

+

N1
n=1

�t

2�
‖'(p(n))‖2 +

N1
n=1

�2C2

2�
�t‖∇ ç Ď(ē, tn)‖2

+

N1
n=1

c2
0
C2

2�
�t‖Ď(p, tn)‖2.

(52)

Applying the technique of summation by parts, we have

N1
n=1

an(bn − bn−1) = aNbN − a0b0 −

N1
n=1

(an − an−1)bn−1,

and hence

�

2
‖∇w�(N)

ℎ
‖2 + � + �

2
‖∇w ç �

(N)

ℎ
‖2 + c0

2
‖�ċ,(N)

ℎ
‖2

+

N1
n=1

(
�

2
− �

)
�t‖∇w� (n)ℎ

‖2

d 1
E*óℎ

(�(ē(N)),∇w�
(N)

ℎ
)E +

1
E*óℎ

( (p(N)),∇w�
(N)

ℎ
)E

−

N1
n=1

1
E*óℎ

(�(ē(n)) − �(ē(n−1)),∇w�
(n−1)

ℎ
)E

−

N1
n=1

1
E*óℎ

( (p(n)) −  (p(n−1)),∇w�
(n−1)

ℎ
)E

+

N1
n=1

�t

2�
‖'(p(n))‖2 +

N1
n=1

�2C2

2�
�t‖∇ ç Ď(ē, tn)‖2

+

N1
n=1

c2
0
C2

2�
�t‖Ď(p, tn)‖2.

(53)

Applying the Young’s inequality leads to

1
E*óℎ

(�(ē(N)),∇w(�
(N)

ℎ
))E d �

2
‖∇w�(N)

ℎ
‖2 + 1

2�
‖�(ē(N))‖2,

1
E*óℎ

( (p(N)),∇w(�
(N)

ℎ
))E d �

2
‖∇w�(N)

ℎ
‖2 + 1

2�
‖ (p(N))‖2.

(54)

Applying the fact that
ē(n) − ē(n−1)

�t
= )tē

(n) + Ď(ē, tn) yields

N1
n=1

1
E*óℎ

(�(ē(n)) − �(ē(n−1)),∇w(�
(n−1)

ℎ
))E

d 1

2

N−11
n=0

�t‖∇w�(n)ℎ ‖2 + 1

2

N1
n=1

�t‖�()tē(n) + Ď(ē, tn))‖2.
(55)

Similarly,

N1
n=1

1
E*óℎ

( (p(n)) −  (p(n−1)),∇w(�
(n−1)

ℎ
))E

d 1

2

N−11
n=0

�t‖∇w�(n)ℎ ‖2 + 1

2

N1
n=1

�t‖ ()tp(n) + Ď(p, tn))‖2.
(56)
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Combined together, these yield

(�
2
− �

)
‖∇w�(N)

ℎ
‖2 + � + �

2
‖∇w ç �

(N)

ℎ
‖2

+
c0

2
‖�ċ,(N)

ℎ
‖2 +

N1
n=1

(
�

2
− �

)
�t‖∇w� (n)ℎ

‖2

d
N−11
n=0

�t‖∇w�(n)ℎ ‖2 + 1

2�
‖�(ē(N))‖2 + 1

2�
‖ (p(N))‖2

+
1

2

N1
n=1

�t‖�()tē(n) + Ď(ē, tn))‖2 + 1

2

N1
n=1

�t‖ ()tp(n) + Ď(p, tn))‖2

+

N1
n=1

�t

2�
‖'(p(n))‖2 +

N1
n=1

�2C2

2�
�t‖∇ ç Ď(ē, tn)‖2

+

N1
n=1

c2
0
C2

2�
�t‖Ď(p, tn)‖2.

(57)

Step (iii). Applying the commutativity (19) and the Bramble–Hilbert lemma, we obtain

‖�(ē(N))‖ d �‖∇wčℎē
(N) −�ℎ∇ē

(N)‖
+(� + �)‖∇w çčℎē

(N)ą −�ℎ(∇ ç ē(N)ą)‖
= �‖Qℎ∇ē

(N) −�ℎ∇ē
(N)‖

+(� + �)‖(Qċ
ℎ
∇ ç ē(N))ą −�ℎ(∇ ç ē(N)ą)‖

≲ ℎk+1(�‖ē(N)‖k+2 + (� + �)‖∇ ç ē(N)‖k+1)
= ý(ℎk+1).

(58)

Similarly, we have

‖ (p(N))‖ ≲ ℎk+1�‖p(N)‖k+1 = ý(ℎk+1),
N1
n=1

�t

2�
‖'(p(n))‖2 ≲ Tℎ2(k+1)�‖∇p‖2

L@(0,T ;Hk+1(
))
= ý(ℎ2(k+1)). (59)

Moreover, there holds

N1
n=1

�t‖�()tē(n))‖2

≲ Tℎ2(k+1)(�‖)tē‖L@(0,T ;Hk+2(
)) + (� + �)‖∇ ç )tē‖L@(0,T ;Hk+1(
)))
2

= ý(ℎ2(k+1)),
(60)

and

N1
n=1

�t‖ ()tp(n))‖2 ≲ Tℎ2(k+1)(�‖)tp‖L@(0,T ;Hk+1(
)))
2 = ý(ℎ2(k+1)). (61)

Applying the Cauchy–Schwarz inequality, we are led to the following estimates

N1
n=1

�t‖Ď(p, tn)‖2 =
N1
n=1

�t+

(

1

�t +
tn

tn−1

(� − tn−1))ttp(�)d�

)2

dĖ

d
N1
n=1

1

�t +
 +
tn

tn−1

(� − tn−1)
2d� +

tn

tn−1

)ttp(�)
2d�dĖ

≲ (�t)2 +
T

0

‖)ttp‖2d� = ý(�t2).

(62)

Similarly,

N1
n=1

�t‖�(Ď(ē, tn))‖2

≲ �t2ℎ2(k+1) +
T

0

(�‖)ttē‖k+2 + (� + �)‖∇ ç )ttē‖k+1)2d�
= ý((�t)2ℎ2(k+1)),

(63)
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and

N1
n=1

�t‖ (Ď(p, tn))‖2 ≲ (�t)2ℎ2(k+1) +
T

0

(�‖)ttp‖k+1)2d�

= ý((�t)2ℎ2(k+1)),
N1
n=1

�t‖∇ ç Ď(ē, tn)‖2 ≲ �t2 +
T

0

‖)tt∇ ç ē‖2d� = ý((�t)2).
(64)

Therefore, there holds
(�
2
− �

)
‖∇w�(N)

ℎ
‖2 + � + �

2
‖∇w ç �

(N)

ℎ
‖2

+
c0

2
‖�ċ,(N)

ℎ
‖2 +

N1
n=1

(
�

2
− �

)
�t‖∇w� (n)ℎ

‖2

d �t

N−11
n=0

‖∇w(�(n)ℎ )‖2 + ý(ℎ2(k+1) + (�t)2).

(65)

Finally, the discrete Gronwall inequality leads to

max
1dndN

{(�
2
− �

)
‖∇w�(n)ℎ ‖2 + � + �

2
‖∇w ç �

(n)

ℎ
‖2 + c0

2
‖�ċ,(n)
ℎ

‖2
}

+

N1
n=1

(
�

2
− �

)
�t‖∇w� (n)ℎ

‖2

d ý(ℎ2(k+1) + (�t)2),

(66)

which completes the proof of Theorem 1. ¦

Proof of Theorem 2. The proof is divided into three steps.

Step (i). Take Ĕℎ = �
(n)

ℎ
− �

(n−1)

ℎ
and qℎ = �̄

n−
1
2

ℎ
in (42). Adding these them up and applying the elementary identity (a+ b)(a− b) =

a2 − b2, we obtain

�

2
‖∇w�(n)ℎ ‖2 + � + �

2
‖∇w ç �

(n)

ℎ
‖2 + c0

2
‖�ċ,(n)
ℎ

‖2 + �t �‖∇w�̄
n−

1
2

ℎ
‖2

d �

2
‖∇w�(n−1)ℎ

‖2 + � + �
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‖∇w ç �
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‖2 + c0

2
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ℎ

‖2

+
1
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1
2 ) +  (p̄n−

1
2 ),∇w(�

(n)

ℎ
− �

(n−1)

ℎ
))E

+
1
E*óℎ

�t('(p̄n−
1
2 ),∇w�̄

n−
1
2

ℎ
)E

+�t
1
E*óℎ

(�∇ ç Ď̃(ē, tn) + c0Ď̃(p, tn), �̄
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1
2

ℎ
)E .

(67)

Step (ii). Applying the techniques in Theorem 1 proof Step (ii), we obtain
(�
2
− �

)
‖∇w�(N)

ℎ
‖2 + � + �

2
‖∇w ç �

(N)

ℎ
‖2

+
c0

2
‖�ċ,(N)

ℎ
‖2 +

N1
n=1

(
�

2
− �

)
�t‖∇w�̄
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1
2
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‖2

d �t

N−11
n=0

‖∇w�(n)ℎ ‖2 + 1

2�
‖�(ē̄N−

1
2 )‖2 + 1

2�
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1
2 )‖2

+
1

2
�t

N1
n=1

‖�()tē̄n−
1
2 + Ď̃(ē, tn))‖2

+
1

2
�t

N1
n=1

‖ ()tp̄n−
1
2 + Ď̃(p, tn))‖2

+

N1
n=1

�t

2�
‖'(p̄n− 1

2 )‖2 +
N1
n=1

�2C2

2�
�t‖∇ ç Ď̃(ē, tn)‖2

+

N1
n=1

c2
0
C2

2�
�t‖Ď̃(p, tn)‖2.

(68)
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Step (iii). Since

Ď̃(ē, tn) =
ē(n) − ē(n−1)

�t
− )tē̄

n−
1
2 = ý(�t2),

Ď̃(p, tn) =
p(n) − p(n−1)

�t
− )tp̄

n−
1
2 = ý(�t2),

we have

max
1dndN

{(�
2
− �

)
‖∇w�(n)ℎ ‖2 + � + �

2
‖∇w ç �

(n)

ℎ
‖2 + c0

2
‖�ċ,(n)
ℎ

‖2
}

+

N1
n=1

(
�

2
− �

)
�t‖∇w�̄

n−
1
2

ℎ
‖2

d ý(ℎ4 + �t4),

(69)

which implies the conclusion of Theorem 2. ¦

Proof of Theorem 3. Applying the same techniques as in the proof of Theorem 1, we obtain

(�
2
− �

)
‖∇w�(N)

ℎ
‖2 d

N−11
n=0

�t‖∇w�(n)ℎ ‖2 + 1

2�
‖�(ē(N))‖2

+
1

2�
‖ (p(N))‖2 + 1

2

N1
n=1

�t‖�()tē(n) + Ď(ē, tn))‖2

+
1

2

N1
n=1

�t‖ ()tp(n) + Ď(p, tn))‖2 +
N1
n=1

�t

2�
‖'(p(n))‖2

+

N1
n=1

�2C2

2�
�t‖∇ ç Ď(ē, tn)‖2 +

N1
n=1

c2
0
C2

2�
�t‖Ď(p, tn)‖2.

For k = 0, under the regularity assumption

�‖ē‖2 + �‖∇ ç ē‖1 d C‖Ą‖0,

we have, by applying the commuting identities,

‖�(ē(N))‖ =
‖‖‖�(∇w(čℎē

(n)) −�ℎ(∇ē
(n)))

+ (� + �)(∇w ç (čℎē
(n))ą −�ℎ((∇ ç ē(n))ą))

‖‖‖
d �‖Qℎ(∇ē

(N)) −�ℎ(∇ē
(N))‖

+(� + �)‖(Qċ
ℎ
(∇ ç ē(N)))ą −�ℎ((∇ ç ē(N))ą)‖

d Cℎ
(
�‖ē(N)‖2 + (� + �)‖∇ ç ē(N)‖1

)

d Cℎ ‖Ą (N)‖.

Similarly, we obtain, with the constant C > 0 being independent of � and ℎ,

N1
n=1

�t‖�()tē(n))‖2 d Cℎ2‖)tĄ‖2L@(0,T ;L2(
))
,

N1
n=1

�t‖�(Ď(ē, tn))‖2 d C(�t)2ℎ2 +
T

0

‖)ttĄ‖2d�.
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The same techniques in Theorem 1 proof yield the following six estimates

‖ (p(N))‖ d Cℎ‖p(N)‖1,
N1
n=1

�t

2�
‖'(p(n))‖2 d Cℎ2‖∇p‖2

L@(0,T ;H1(
))
,

N1
n=1

�t‖ ()tp(n))‖2 d Cℎ2‖)tp‖2L@(0,T ;H1(
))
,

N1
n=1

�t‖Ď(p, tn)‖2 d C(�t)2 +
T

0

‖)ttp‖2d�,
N1
n=1

�t‖ (Ď(p, tn))‖2 d C(�t)2ℎ2 +
T

0

(�‖)ttp‖1)2d�,
N1
n=1

�t‖∇ ç Ď(ē, tn)‖2 d C�t2 +
T

0

‖)tt∇ ç ē‖2d�.

Combined together, they imply

(�
2
− �

)
‖∇w�(N)

ℎ
‖2 d �t

N−11
n=0

‖∇w(�(n)ℎ )‖2 + C(ℎ2 + (�t)2
)
.

The discrete Gronwall inequality gives

max
1dndN ‖∇w�(n)ℎ ‖ d C(ℎ + �t),

where the positive constant C is independent of � and ℎ. The second inequality in (45) follows from the estimate shown above, the

properties of the projection operators, and a triangle inequality. This completes proof of Theorem 3 for the case k = 0.

As for k e 1, we need a stronger regularity assumption as shown below.

�‖ē‖k+2 + �‖∇ ç ē‖k+1 d C‖Ą‖k.
Then we have

‖�(ē(N))‖ d �‖Qℎ∇ē
(N) −�ℎ∇ē

(N)‖
+(� + �)‖(Qċ

ℎ
∇ ç ē(N))ą −�ℎ(∇ ç ē(N)ą)‖

d Cℎk+1(�‖ē(N)‖k+2 + (� + �)‖∇ ç ē(N)‖k+1)
d Cℎk+1‖Ą (N)‖k.

Similarly,

N1
n=1

�t‖�()tē(n))‖2 d Cℎ2(k+1)‖)tĄ‖2L@(0,T ;Hk(
))
,

N1
n=1

�t‖�(Ď(ē, tn))‖2 d C(�t)2ℎ2(k+1) +
T

0

‖)ttĄ‖2kd�,

where the constant C > 0 is independent of � and ℎ. Once again, the techniques for proving Theorem 1 produce

‖ (p(N))‖ d Cℎk+1‖p(N)‖k+1,
N1
n=1

�t

2�
‖'(p(n))‖2 d Cℎ2(k+1)‖∇p‖2

L@(0,T ;Hk+1(
))
,

N1
n=1

�t‖ ()tp(n))‖2 d Cℎ2(k+1)‖)tp‖2L@(0,T ;Hk+1(
))
,

N1
n=1

�t‖Ď(p, tn)‖2 d C(�t)2 +
T

0

‖)ttp‖2d�,
N1
n=1

�t‖ (Ď(p, tn))‖2 d C(�t)2ℎ2(k+1) +
T

0

(‖)ttp‖k+1)2d�,
N1
n=1

�t‖∇ ç Ď(ē, tn)‖2 d C�t2 +
T

0

‖)tt∇ ç ē‖2d�.
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Together with the discrete Gronwall inequality, they imply

max
1dndN |||čℎē

(n) − ē
(n)

ℎ
||| d C

(
ℎk+1 + �t

)
,

where the constant C > 0 is independent of � and ℎ. The previous comment applies also to the second inequality in (47). ¦
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