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Abstract

This paper presents a fast solver for time-fractional two-dimensional convection-diffusion
problems that maintains non-negativity of numerical solutions. To this end, two new tech-
niques are developed. (i) A three-part decomposition of the L1 discretization for Caputo
derivatives is proposed and justified for fast evaluation while maintaining positivity; (ii)
A positivity-correction technique is devised for both diffusive and convective fluxes. An
upwinding technique for the bilinear finite volume approximation on general quadrilaterals
is utilized for enabling the solver robustness in handling convection dominance. The solver
attains optimal convergence rates when graded temporal meshes are used. These properties
are theoretically justified and numerically illustrated.

Keywords Caputo derivatives - Fast numerical solver - Finite volume method -
Positivity-preserving - Time-fractional convection-diffusion - Upwinding
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1 Introduction

This paper is concerned with fast numerical solvers with certain desired properties, e.g., non-
negativity of numerical solutions, for time-fractional 2-dimensional convection-diffusion
boundary initial value problems prototyped as
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0% + V- (bu — AVu) = f, in £ x (0, T],
u(x,y, t) =g1(x,y,t), ondf2 x (0,T], (I.1)
u(x,y,0) =go(x,y), in$2,

where 97u, a € (0, 1) is the Caputo derivative defined as

0 (r) = " ) (12)
! Trl—a)Jy t—s5)2 ’

Here, £2 C R? is a bounded connected open domain with a Lipschitz boundary 32, T > 0
the final time, b a known velocity, A > 0 a constant for diffusivity, u(x, y, ¢) the unknown
concentration for the substance being transported, f > 0 aknown source,and g; > 0, g2 >0
boundary and initial data.

Fractional order partial differential equations (PDEs) have been attracting significant research
efforts, since they provide models for many problems in science and engineering [6, 16, 40],
biology [17], medical and health science [24], and finance [11]. A new collection of such
problems up to 2018 was presented in [38]. In particular, the equation in (1.1) can be used to
model gas transport through heterogeneous reservoirs [8].

For discretization of the Caputo derivative, the L1 scheme based on linear approximation
of the integrand is a popular choice [22, 27, 33, 45], whereas the L2 schemes based on
quadratic approximation of the integrand [13, 30] can be used to match higher order spatial
approximations. The L2-1, discretization provides a more delicate choice [1].

Due to the nonlocal nature of fractional order derivatives [9], their discretizations involve
solution values at all spatial nodes/elements and/or all previous time steps. This results in
high computational costs. Various types of techniques have been investigated for develop-
ment of fast numerical solvers. Numerical methods based on the concept of nested meshes
were proposed in [10, 12]. Based on the integral representations of the singular kernels,
kernel compression techniques were developed in [2—4]. Based on approximation of a neg-
ative power kernel by sum-of-exponentials (SOE) [5], a new set of fast solvers have been
developed recently [19, 37, 43, 51]. As demonstrated in [47], fast Poisson solvers for spa-
tial discretization can also be utilized for time-fractional subdiffusion problems. However,
the fast solvers developed for time-fractional subdiffusion problems may not be extended
directly to fast solvers for time-fractional convection-diffusion problems when the positivity
of numerical solutions is concerned.

Positivity or non-negativity of numerical solutions is an important aspect of PDEs. For general
PDEg, there have been many mature results. In [14, 41, 46], a monotone finite volume scheme
for diffusion equations on polygonal and general quadrilateral meshes was proposed. Some
work on the finite element method can be found in [28]. A cut off method for the numerical
computation of nonnegative solutions of parabolic PDEs is studied in [29]. However, only few
work addressed such an issue of fractional order PDEs, e.g., [21] for a class of piecewise linear
finite element approximations for subdiffusion equations; [49] for a maximum-principle
preserving scheme for the time-fractional Allen-Cahn equation. As of our best knowledge,
there is not yet a known fast solver for time-fractional convection-diffusion problems that
preserves positivity, although recent developments of numerical methods can be found in [7,
18, 26, 31, 32, 34, 35, 42, 48, 50]. Some work on the meshless methods can be found in [39,
52].

This paper intends to fill such gaps. We take a comprehensive approach to develop a numerical
solver for time-fractional convection-diffusion problems that has several desired properties,
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e.g., preserving positivity, robust in handling convectional dominance, attaining optimal
convergence rates, and being a fast solver.

(i) For discretization of the Caputo derivative, we still consider L1 discretization and
approximation by sums of exponentials, but we propose a three-part decomposition
(current, transition, and history terms) that will play a key role in positivity-preserving.
It will be shown that a fast solver based on the conventional 2-part decomposition fails
to preserve positivity. Our fast solver based on the 3-part decomposition combined with
the graded temporal meshes will attain optimal temporal convergence rates.

(ii) For spatial discretization, we use bilinear finite volumes for general quadrilaterals. It
has been recognized that quadrilateral meshes are equally flexible as triangular meshes
for accommodating complicated domain geometry [15].

(iii) As motivated by the work [25], a new upwinding technique for bilinear finite volumes
is developed, which allows the solver to handle well convectional dominance.

(iv) A positivity-correction technique is developed for both diffusive and convective fluxes.
This contributes to a slightly nonlinear approximation, which is implemented via Picard
iterations. It will be discussed later such nonlinearization will be worthwhile in main-
taining positivity. A combination of the correction technique and the new upwinding
technique ensures the optimal spatial convergence rate.

The rest of this paper is organized as follows. Section 2 reviews the L1 discretization and then
proposes a 3-term decomposition for a modified fast evaluation algorithm (MFL1). Section 3
describes a new upwinding technique for the finite volume discretization on general quadri-
lateral meshes. Section 4 presents a positivity-correction technique for both convective and
diffusive fluxes. Section 5 describes our new solver that combines MFL1 and flux-correction
and its implementation based on Picard iterations. Section 6 elaborates on the positivity-
preserving property and computational efficiency of this solver. Section 7 presents numerical
tests to demonstrate convergence rates, positivity-preserving property, and efficiency of the
solver. The paper is concluded with some remarks in Sect. 8.

2 A Modified Fast L1 Evaluation Algorithm for Caputo Derivatives

This section briefly reviews the L1 discretization for Caputo derivatives and the conventional
fast evaluation algorithm based on a two-part decomposition and approximation of a negative
power kernel by sums of exponentials (SOE). Then we propose a modified fast L1 algorithm
(MFL1) that will play an important role in positivity-preserving.

2.1 L1 Discretization and SOE Approximation

The L1 discretization is based on a piecewise linear approximation of function u(-) in the inte-
grand. Assume the time interval [0, T'] has a partitiont,, = T(n/N7)" forn =0, 1, ..., Nr,
where r > 1. Lett, =t, —ty_1and t,p =t, —ty forn >k >0andn =1,2,..., Nr.
For convenience, we denote u(z,) as u™. The piecewise linear approximant is expressed as

ty — 1t t—ty—
(May(t) =u* D EZ2 4y 2Ly n 0], 1<k<Np. (1)

Tk Tk
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Its derivative is a piecewise constant
) u® k=1
(ITku) (1) = EE— Vi € (tk—1, th)- (2.2)
This implies that, for any #, with 1 <n < N,

n

ty ’ [7 ’
ot = [T L[ ),
k

(ty — ) rd-aoa k=1 Yt (ty — 5)“
n = (2.3)
1 u® —y*=b e gy
_ )3 / — D%,
ra—o = w  Jy, tn—9"
Direct calculations of the above integrals yield, for 1 <n < Nr,
n k k—1
O wB w0 e iy, (2.4)
L1 F(Z _ a) = Tk n,k—l n,k
Now we rewrite the above discretization formula of the Caputo derivative as
n—1
DY u® = o0 dnn o) 3 Dk —dnis ) (p 5
r2-—aw) r2-—-awa = r2-—aw
where
l—« -«
T -1
do i = ok mnzkdl oy o< 2.6)
Tn—k+1
It is easy to prove that
dpx >0 for 1 <k <mn; dpk —dpjk+1 >0 for 1 <k <n-—1. 2.7

Remark 1 Note that in the L1 discretization (2.5), the coefficients of the history layers u*
(k=0,...,n— 1) are negative, whereas the coefficient of the current layer ™ is positive.

Computational costs for numerically solving time-fractional PDEs would be very high if the
direct L1 discretization formula was used. Fast evaluation algorithms have been developed
thanks to approximation by a sum of exponentials (SOE) to the negative power kernel in the
definition of the Caputo derivative.

Lemma 1 (Approximation to a negative power by SOE). For any fractional exponent B €
(0, 1), an error tolerance ¢ € (0, e~'1, and a cut-off time 8 € (0, 11, there exist a positive
integer N,yp, positive constants A j and positive weights 0 for j = 1,2, ..., Neyxp, such that
the relative error

N, exp

‘l‘_ﬂ — Z 91'6_}"-”

j=1

/rﬁ <e Vrels 1. 2.8)
Discussion of selection of Nexp, Aj and 8 can be found in [5].
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2.2 A Modified Fast L1 Evaluation Algorithm

Recall the L1 discretization involves

n

1

D%, ™ —
Lt F(—a) &

1) /
/ ¢ UL 2.9)
1

k—1 (tn - S)a

For the conventional fast algorithm based on SOE approximation [19], a common practice is
to split the sum (2.9) into two parts. The current term for interval [#,_1, ,] is approximated
directly via L1, whereas the history term for interval [#y, #,,—1], which is related to the “long-
tail”, is approximated by SOE. However, this conventional fast algorithm fails to preserve
non-negativity of numerical solutions. Here, we propose a new algorithm that splits the sum
(2.9) into three parts (for n > 3) as follows.

— The current term

R " () () |
Ic(ty) = Fi=a ), o ds; (2.10)

— A transitional term

l)l
Ir(ty) = / 1(17 1’6 @2.11)
oc) t, — 8)%
— The history term
&3 (M) (s)
Inty) = ——— Rl L 2.12
H0) =T P /,,(_1 tn—s)® @12

The current term /¢ (¢,) on [t,_1, t,] can still be handled by direct L1 approximation

Ic(ty) =

1 " Iw's) o dn (um)_u(n—l)), (2.13)

Fa=a )y, t-9"""TC-a
For the transitional term, we apply the SOE approximation Lemma 1 partially,

1 th—1 , —
IT(ty) = m - UTy—1u) (s) (ty — ) “ds

1 =1 g (n=1) T« -1 1 (n=2)

_a In — 5\~
= (ty — ) %ds — ( ) ds
raa—oJ,, tw- rad—o J,, tw- T

o New 02
~ dn,z u(nfl) T Z 9 f Ly ei)‘/(t"i”v)/Tds
r'2—a) I'(1l—a) 4 Tl

n—2

Nexp

_ sy T =4 @/T) _ g=hj(@un2/T)

= 0 u(n—2).
I'2—a) r'(l—a) et J AjTu—t1/T

(2.14)
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The history term /g (2,) on [0, #,_>] causing the “long-tail” needs to be reformulated. Apply-
ing Lemma 1, we obtain

7o 122 ty — s\~
o = =15 [ o (22)
B = o Z[( ) ("0) s
T o n—2 Nexp
~ Xj(tn—s)/T
i Z/ (M) (S)ZM T ds (2.15)
Nexp n—2
—Aj(tn—s)/T
_F(l—(x)ze Z/ (ITxw)' (s) e i)/ gg.
For convenience, we denote, for2 <n < Ny and 1 < j < Ny,
Ik
w =3 / (M) (s) e i =T g (2.16)
k=

Specifically, w'? =0.We split the above sum and perform direct calculations to obtain

n—3 173 th-2
w =3 (M) (s) e/ ds +[ (ITy—2u) (s) e 21U =T ds
k=1 " k=1 n-3
n=3 e th-z 3y (1=2) _ ,,(n=3) 217
— o @/T) Zf (MY (5) =41 =97 g +/ R =T g
k=1 tk=1

-3 Th—2
which yields, for 3 <n < Ny and 1 < j < Ny,

—Xj(Tnn—2/T) _ ,—2j(tnn-3/T)
) _ e M e iltn,
w&") = ef)‘f(r”/T)wj." Dy

AjTh—2/T

(" —u"=). (2.18)

Shown below is our modified fast L1 evaluation algorithm (MFL1) for the Caputo derivative

— For n =1, 2, this algorithm is the direct L1 evaluation formula

n—1
DL ™ — P ™ — dn 1 LM _ dn,,, u(o) _ Z dn,k - dn,k+1 u("_k).
F Lt re—a" I'2-a) ~ Tr2-oa
(2.19)
— Forn=23,4,---, Ny, we have
D%y — Dty dna —dn2 oy
F T2 —a) I'2—a)
7o New o h@T) g Guna/T) 7o New
_ € J — e Mt u(nfz) + Z Q'w(-n)
r'd—a) p J AjTam1/T I'l—a)&~="7"7"
(2.20)
where the auxiliary quantity w;") satisfies a recurrence formula stated above but refor-
mulated as follows
—Aj(@un—2/T) _ p=2j(Tnn-3/T
W — gy /Tty € — e h D (=2 =)
p ! XjTaa/T ©@21)
w? =0, V1<) < Negp.
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Next we show that the MFL1 algorithm maintains certain properties of the L1 discretization.

Theorem 1 For the MFLI algorithm, D% u™ has the following properties.

(i) The coefficient of the current layer u™ is positive;
(ii) The coefficients of the history layers u® (k =0, ..., n — 1) are negative.

Proof Tt is clear from (2.19) and (2.20) that the coefficient of the current layer u™ is positive.

Yes, the MFL1 algorithm satisfies Property (i).

For n = 1,2, we know that D% u® = D¢, u®™ from (2.19). Property (ii) holds for
D% u™ p=1,2. To ease presentation, for n > 3, we denote

e*)hj (T /T) _ e*}lj (Tnn—2/T)

v = - *ta1/T u? tw, @22
Then (2.20) can be written as
pe = It e 1 = o S )
Y T Tre-w" T Te-a +r(1—a)20” @23)

According to (2.7), the coefficient of ™~ is negative.

Next, we prove that the coefficients of time layers in vg.") (n > 3) are negative by math
induction. When n = 3, from (2.20) and (2.21), we obtain

—3j(t3/T) _ ,—nj(131/T —2j(31/T) _ ,—rj(z30/T
v('3) _ e J(@/T) _ o=hj(31/T) L0 N e M@ 1/T) _ g=2j(w0/T) (u(l) B M(O)).
J )»j‘l,'z/T ijl/T

(2.24)

It is easy to see that the coefficient for u® is negative. As for the coefficient of (", we fix
1 < j < Nexp and then apply the Mean Value Theorem to obtain

e Mi@1/T) _ o=2j(wo/T)  o=4j(@/T) _ o=2j(31/T)

— < 0. (2.25)
AT /T rjn/T
Thus the coefficients of time layers in v;3) are indeed negative.
By induction hypothesis, the coefficients of time layers in v;.")(n =3,4,...,1 — 1) are

negative. According to (2.18) and (2.22), we have

—Aj(ti-2/T) _ p=2j(ui-3/T) =2j(@/T) _ p=rj(mi—2/T)
. — [ e 7 e i e Mitu, _
v;.l) = e)‘/(TI/T)UE.l D + ( ) (1-2)

AjT2/T - Ajt—1/T
(2.26)
Similarly, the Mean Value Theorem implies that
e *i@i-2/T) _ o=2j(t1-3/T) e 2i@/T) _ o=2j(Ti-2/T)
< 0. (2.27)

Ajt—2/T - rjt—1/T

So the claim about the time layer coefficients for vﬁ-l) holds. Property (ii) holds by mathemat-
ical induction. O
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n 4+ >,
R Py(1,1) &
Py(0,1) P,

K —_—

Py

v

P,(0,0) By(1.0) P,

Fig.1 A bilinear mapping Fg

Remark 2 The conventional fast L1 algorithm (CFL1) based on a two-part decomposition [19]
does not satisfy Property (ii). The correction technique in (4.30) and (4.31) (to be elaborated
on later) will not work under CFL1. The modified fast L1 algorithm (MFL1) based on the
above three-part decomposition will play a key role in preserving positivity of numerical
solutions.

3 Upwinding for Bilinear Finite Volume Discretization

Let 7, = {K} be a quadrilateral mesh on £2, where K represents a typical quadrilateral and
h denotes the mesh size. Let P, be the set of all vertices and Np be the number of vertices.
Let K = [0, 1]? be the reference element with coordinates (&, 7). We consider a typical
quadrilateral K with vertices P; = (x;, y;)(i = 1, 2, 3, 4) ordered in the counterclockwise
orientation. There exists a unique invertible bilinear mapping F from KtoK (see Fig. 1):

x =x1 +a§ +axn + azén, G0
y =y1 +bi§ + ban+ b3én, '
where
ay =xp — X1, Ay = X4 — X1, A3 = X3 — X4 — X2 + X1, (3.2)
bi=y»—y1,bp=ys—y1, b3 =y3 —yas — y2 + y1. '

The Jacobian matrix of the mapping Fk is

ox  0x
_| % @ | _[a+an a+as -
Jx €. m) |:g§ 3,‘7:| [bl—i-bsn by + b3 |° (3-3)

Denote the Jacobian determinant as Jg (€, n). By direct calculations, we get

ae 9g]"
Vé = [aj i} = (1 =8&)q1a +&q23) / Ik (&, m),
x  Jy (3.4)

o oan"

Vn=|— = ={—-mqu+nq3)/IxE, n),
ox dy

where g;; is obtained by rotating the vector P; P; by 7 /2 clockwise (see Fig. 2). We denote

q16) =0 —=8)qua+&q3,  q2(n) = (1 —n)qa1 + ngaa. (3.5)
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Fig.2 The normal vectors on the
edges of a quadrilateral

Fig.3 The dual elements
surrounding the primal vertices
Py, Py, P3, P4

Then

_ &) Vi = ()
k(& )’ Ik )’

Let U, (I% ) be the standard bilinear polynomial space on K. Define the trial space as

(3.6)

Up = {up € C(2) : uplg = ip o Fg', iy € Upn(K), YK € Ty} = Span{pp : P € Py},
(3.7)

where ¢p represents a typical nodal basis function. For any shape function u; € Uj, the
reference shape function iy, corresponding to uy|g can be expressed as

up=up (1=6A —=n) +up,§1—n) +up n+up, (1 —8)n. (3.8)

By combining Formulas (3.6) and (3.8), we obtain the gradient of uj |k as follows.

V) = 2 gg 4. 2

Uplg) = o & o
= (up, —up)(1— ﬂ)% + (upy — uP;;)ﬂ%;)n) (3.9
+ (up, —up)(1 — f)% + (upy; — uﬁ)é%.

Let 7,* be the dual mesh corresponding to the primary mesh 7. A dual element is a polygon
centred at a given node and enclosed by zig-zag line segments that connect the midpoints of
the adjacent edges and the centers of the surrounding primal volumes (see Fig. 3). We define
the test function space as the space of piecewise constants on the dual mesh

Vi = {vp € L2(2) : vl k3 = constant, VK} € T} = Span{y/p : P € Py}, (3.10)

@ Springer
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where ¥ p is the characteristic function for K.

The finite volume bilinear form for diffusion is defined as

Ap(up, vp) = — Z / AVuy -nvyds, Nup €Uy, Yo, € Vy, (3.11)
d

where n is the outward unit normal vector on 0 K ;“,.

Now we introduce the pointwise average gradient on a shared edge. Let K |K2 be the
common edge of two adjacent elements K and K7 in 7j,. Define the average gradient of v
at (x,y) € Kl‘Kz as

— 1
Vu(x, y) = 5((VU|K1)(X, ») + (Vulgy)(x, ). (3.12)

Consider e as a line segment shared by two adjacent dual elements K ;‘,1 and K }k,z (see Fig. 3).

The reference coordinates corresponding to e are % and n with n € (0, %). The upstream
point (x(n), ¥(n)) is defined as

A ~ F 03 ’ f b ZO, 1
(x(n),y(n»:{FZEl o f‘flb,,’:w ne (0.3). (3.13)
. i f bony <0,

where n is the outward unit normal vector for K ;‘,1 with respect to edge M;O. Then we
obtain the upwind approximation of u at any point (xp, yg) € e; as

u(xo, yo) ~ u"P (no) := u(x (o), 3(n0)) + v - Vu(x(10), 3 (10)), (3.14)

where (%, no) are the reference coordinates corresponding to (xg, yo), and v = [xo —
£(0), yo — $(10)1" . Especially, if (X, $) € 92, then we take Vu (%, §) = Vu(x, ).

Accordingly, the bilinear form for convection reads as

Bi(up.vp) = Y / (b -nyu,vpds, Nup €Uy, Vv, € V. (3.15)
K

Thus, our semi-discrete upwinding finite volume scheme for the time-fractional 2-dim
convection-diffusion Eq. (1.1) is formulated as

(9 wn, vn) + An(un, vp) + By, vp) = (f o). Yo, €V, (3.16)
where
(O un vn) = > // (0%up)vp dxdy, Vv, € Vy, (3.17)
KyeTr
(foom= ) // Ffupdxdy, Vv € V. (3.18)
KyeTr

4 Flux Correction for Bilinear Finite Volume Discretization

The semi-discrete bilinear finite volume scheme (3.16) can be rewritten as

(0 un. ¥p) + An(un, ¥p) + Bp(up, ¥p) = (f, ¥p), VP € Py 4.1
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The discrete bilinear forms Aj (uy, ¥p) and By (up, Y¥p) involve line integrals along the
boundary segments of a typical dual element K . In this section, our flux correction technique
is established for these integral terms. For ease of presentation, assume e; is a common
boundary segment of two adjacent dual elements K j?,l and K ;*32.

4.1 Splitting of the Diffusive Flux

Plugging the test functions ¥p,, ¥ p, into (3.11), respectively, we end up with the following
integrals on the line segment ey :

FPleg = —/ AVuy -nyds, FPye = —/ AVuy - (—ny)ds. 4.2)
el €l

Obviously, Fp, ¢, + Fp,.e; = 0.

For a quadrilateral element K, the normal vector n| can be written as

a@d)

ny = . 4.3)
lq1(3)!
Applying Formula (3.9), we obtain the gradient of uy|., as shown below.
q1(3) q1(3)
Vunley) = p, —up)(1 = ) ——2— + (up, — up)n——2—
JK(jJ?) JK(QJ?) (4.4)
1\ q2(n) 1 q2(n) '
+ (up —MP)(l —s)—F —t+tup—up)s—F—,
v 2)JK<%,n> P20k
where n € [0, %]. Then we have
1
2 1
Fre == [ AVl - (3)dn
0
1)1 1)1

/éA(l ) dn ( )+/£A dn ( )
= =M ————dnlup —up N——-—dn(up, —up
0 Tk (5.m) O R N ) v

A -ak) A -ak)
+/o 2 dn(upl_"P4)+/() 3 axQon 1lnTen)
4.5)

Examining the 1st term of the right-hand side of (4.5), we note that the numerical flux Fp, ¢,
demonstrates a two-point flux structure y (up, — up,) with y > 0. Therefore, we split the
numerical flux Fp, ., into two parts: the major part with a two-point flux structure and a
remainder. Specifically,

Fpier =¥, (p, —up) + R, . (4.6)
where
L 14,2
2 lg1(3)]
Vo = f A(l = n)—F—dn, 4.7)
0 Jk(3,m)

@ Springer



59 Page 12 0f 26 Journal of Scientific Computing (2024) 98:59

and
1 1112 1 1
2 ()l 2A@m (3)
R;i’l,el :/ AT} 12 dﬁ (MP4 - MP3) +/ 571 2 dn (upl — up4)
0 Jk (5. m) 0 Jk (5, m)
> A q1(3) -
2 Aq2(n) - q1(5
+/ —————dn(up, —up,) .
0o 2 Jx(im (ur, —up)
Direct calculations yield
Fprer = Vo up, —up) + Rp, .. Rp . = —Rp . 4.9)
4.2 Splitting of the Convective Flux
Now we consider the convection terms expressed as integrals on the line segment e :
Gpyey = / (b-n)ulds,  Gpe = —/ (b-ny)u,’ds. (4.10)
el el
Assume that fel (b -ny)ds > 0. According to (3.13), we have
A N 1
). 5) = Fx©.m. e (0.3). @11

Combining (3.14), (4.3) and (4.11), we obtain

Gpye = /O : (b(% n) ql(%)) (uh(f(m, H) + 5 - Vup (R (). ﬁ(n)))dn
- /05 <b(% n) ql(%)) ((1 — Mup, + qup, + 00 - V() 9(n>>)dn
[ () a(3) om0
+/0é (b(% ) ql(%)> (n (up, — up,) + 3 - Vup (R (), 9(n>))dn,

(4.12)

where b(§, 1) = b o Fx(§, 1) and §(n) = Fx (3. 1) — Fx (0, ).

We conduct a splitting similar to that in handling the diffusion term. We choose the terms
containing u p, and u p, as the major part that demonstrates a quasi two-point flux structure,
since u p, ,u p, are respectively the upstream and downstream nodes. Accordingly, the integral
can be decomposed as

gpl’el =K, UP _OXMP2+R§’1,61’ (4.13)

where

Key = /0% <5(%, n) "11(%)) dn >0, (4.14)

and
1
. | 1 o
Rp o = /02 <b(§,f7) -th(i)) <n(up4 —upl)+v(n)~Vuh(x(n),y(n))>dn. (4.15)
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Similarly, we obtain a splitting as shown below.

gpz,el =0 x up, =K, up +R§’2.el’ R(/F‘)z’el = _R;lgel. (4.16)
4.3 Positivity-Correction for Diffusive and Convective Fluxes

Now we explain the technique for positivity correction. First, we introduce two integral terms

Ipier = FPres +GPrer = (Vel t K, ) up =y, up, + R?’],el + Rchl,el ) (4.17)
Ipyer = Fpyer +GPrer = Ve UPy — (Vel + Kq) up + R(Z’Z,el + Rp, o (4.18)
Setting
R, =R% , +R, , =—RS , —RS (4.19)
€l Pr,e; P1,e; Pr,eq Pr.er> .
we obtain
Tpye) = (ygl + xel) up, — ¥, up, + Rey, (4.20)
Ipyey = Ve UP, — (J’gl + Kel) up; = Re,. (4.21)

Next, we denote the positive and negative parts of R,, as

IR, | + R, _ |Re | —R
RS = # R, = —4——% 5 a. (4.22)
The integrals can be rewritten as
T = (1, + 5, ) up = v, um + R = R, (4.23)
Thyer = Vigtiry = (Vi +5, ) un = RS + RS, (4.24)
Let B be an empirical large positive constant. Then we have
BRj]
Lpre =\ Vo oo g | 1up
. BR,, N h2R} h’R;, (425)
Y Bup2+h2 e Bup, + h? B Blltpz-i—hz7 ’
BR,
re = Vo gy ) e
+k, + R;‘I th; + the_' (4.26)
Ve Ko Bupl + h? “h Bupl + h? Bupz-‘rhz. '

Dropping the last two terms in (4.25) and (4.26), respectively, we obtain nonlinear approx-
imations to Zp, ¢, and Zp, ., as follows.

~ BR;*1 BR,,
Doy = \ 1+ g o = v 4 g e 62D
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— +
TPy = LTI P fe 4R ), (4.28)
Prer =\ Ve, Bup, + h? P2 Ve ‘U Bup, + h? A '

Note that Z Ple; +7 Py,e; = 0, which means the corrected finite volume method satisfies local
mass conservation. Note also that when the node is on the domain boundary, the corrected
integral terms appear as

Rt

~ BR] _ .
IP].,el: y"l +K31 +W)MPI—)/EIMP2—R61, 1fP268.Q,
BR (4.29)

sz.,el =\v, t rpﬁlhz) up, — ()/el —ch)up1 - R;L], if P1 € 952.

Finally, the fully discrete finite volume scheme with flux positivity-correction read as

AnCun. ¥p) + Buun, ¥p) = Y Ipye (4.30)
eC(’)K}ﬁ]

A, ey + BaCun, yp) = Y Tpye. 431)
eCZ)K;z

5 A Positivity-Preserving Fast Solver for Time-fractional
Convection-Diffusion Problems

Combining the techniques and results in Sections 2—4, we establish a novel numerical scheme
(MFLI-Correction) for the time-fractional convection-diffusion equation in (1.1) that seeks
u}l") € Uy, such that

(D5 v) + Za " vp) + Biu” yp) = (Fyp). YPEPr  (5D)

5.1 A Nonlinear Discrete System for the Solver

We examine the algebraic aspects of the nonlinear system resulted from (5.1).

Firstly, consider the stiffness matrix for the diffusion and convection terms combined. Let
K }‘,i and K }‘,j_ be two adjacent dual elements sharing a common boundary e. Similar to (4.27)

and (4.28), the integral terms 7 p;,e and 7 Pj,e are represented in a nonlinear algebraic form

Tp up.
|:fP,,e :| = Ke(uh) |: i ] — ge(llh), (52)
Pj.e up;
where u, = [up,up,, ..., upy, 1T with Np being the number of nodes in the mesh,
BR;
ﬂe+Bu.j—h2 pe—Bu .j—hz 0
K. () = "R s | e = [0] , (5.3)
“Pe T Bup+n? P + Bup, +h?

and g, and p, are positive constants. If one of the nodes P; and P; is on the boundary 952, the
scheme changes slightly. Assume that P; is an interior node but P; € 9£2. Then Zp; , = 0.
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By (4.29), we have

BRF _
K@) = [5 i B"Pﬁhzoo] L g = [{)’f””f R } . (5.4)

Denote by T, an Np x 2 matrix whose entries are 1 at positions (i, 1) and (j, 2). The assembly
from element stiffness matrices into the global stiffness matrix is expressed as

K@) =Y TKun)T], gy =) Teg, (). (5.5)

For the time-fractional derivative, we apply the lump-of-mass technique to obtain
(Duf” wp) = IKpIDufy, (5.6)

where |K7| is the area of K. This implies that the mass matrix M is a diagonal matrix
whose entries are just the areas of the dual elements.

Accordingly, the MFL1-correction time-marching solver is formulated as

— For n = 1, 2, the temporal discretization is handled by the direct L1 algorithm as

dn )y ) ) )
<mM+K(u " )) w” =" + g

d e (5.7
+M n,n (0)+ n, n,k+ u(n—k) )
(F(Z o) “h 1; re—a "
— Forn=3,4,---, N,

M(ﬂ ]

dp,1 (n) (n) (@ (n) nl
M+ K — £ ol e
(F(2—> TR Ju B )

fop Nevp

M T ) e Mi@/T) _ p=4j(@nn—2/T) n-2) -
. w s
M\ oo = 5 ta1)T “n F(l “a) ¢ Z i

(5.8)

(n)

where the auxiliary quantity w i satisfies a recurrence formula

e*)\j(fn.n—Z/T) — e*)\j('fn,n—3/T) u( _2) (n_3))
AjTu—2/T h b 75.9)

w® = e i@/T) (=1 4
J J
2 .
wﬁ):0, Vlf]ENexly

For both cases, £ is the contribution from the source term.
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5.2 Implementation Based on Picard Iterations

Algorithm 1 Picard iterations for the MFL1-Correction solver
1: Choose a small positive value €, a large parameter B, N7 as # of time-marching steps
2: Determine a error tolerance of SOE approximation ¢, parameters Nexp, A, 0
0 T
3: Letu” = (92(P). g2(P). ... g2(Py;)) | 20

4: forn =1,2do
[u(n)]o (n l)

5
6: forp 01 do
7
8

-1
S(lug”1P) [ui,”’]l’“ £00 g (g 17) + wi g, g
Solve the linear system

9: if 11”17+ — ({17 |max < € then
10: (n) =[u (n)]p+l

11: Stop

12: end if

13:  end for

14: end for

15: forn =3,4,--- , N7 do

16: [u(")] u,(qn_l);

17:  Compute wgn), 1 < j < Nexp by the recurrence formula (5.9)
18: forp=0,1,--- do

19 S 1P = 100 4 gl 1) ol w0,
20: Solve the linear system

21 if [)”17+! — (117 |max < € then

22: u,(:l) = [u;,")]pﬂz

23: Stop.

24: end if

25:  end for

26: end for

Picard iterations can be used to solve the nonlinear systems (5.7) and (5.8), that is, for an
integer p > 0,

dn ) p M p+l _ pn) (mp
(F(Z )M—}—K([u ] )) [u) "] =" +g(lu,’'1")

d =l o (5.10)
M n,n (0) n +1 _ (n—k) ,
+ (r(z +kz Te—a '

1

and similarly,

) (M1p+1 _ g(n) ) dn1 —dn2 (o)
M+ K p p pyy Il T 2y
(r(z— " + K([u,, ]))[u ] + g([u, ])+r(2—a) u,
Nex . . NéX
M T« ? 0. ef)‘f (T/T) _ ef)‘l (tnn—2/T) u(” ) i w(”)
r'd—a) = J AjTa_1/T h F(l —a) 4 i ’
(5.11)
where [u;l") 17 is the approximate solution at the p-th iteration. We set
Sy = BRIV K@), (5.12)
Ire-oa
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along with

) (-1 _ nn (0) dnx —d nk+1 (n—k)
wiu,, ... u )_M<F(2 +Z UL ] ) (5.13)

h
P rQe-
and
(n) (n) (n—2) (nfl) _ dn,l _dn,Z (n—1)
wo(w; ", . Wy Uy, , )= 71“(2 ~ o) M
Nt’)( —_ — ) Ne’(?
M T« pe'e Aj(t/T) _ e Aj(@nn—2/T) u(”_2 Z] 9 w(")
ra-o J AjTa—1/T h F(l — ) 4
(5.14)
Note that (5.10) and (5.11) can be simplified as
Su”17) [ 17 = £ + g((u” 1) + Wiy, u ) (5.15)
and
S(uy 1) "1 =0 + g((uf”17) + wo !, wlu P u ),
(5.16)
respectively.

6 Advantages of the MFL1-Correction Solver

This section elaborates on the positivity-preserving property and computational efficiency of
our new solver that combines the modified fast L1 evaluation algorithm and flux correction.

6.1 Positivity-Preserving Property of the MFL1-Correction Solver

For the upwinding bilinear finite volume scheme on a general quadrilateral mesh, some off-
diagonal entries of the coefficient matrix may be positive. The scheme does not guarantee
positivity of the numerical solution to problem (1.1). However, our flux correction technique
converts the coefficient matrix to an M-matrix. As is well known, the inverse of an M-matrix
has the non-negativity property, which guarantees non-negativity of the numerical solution
produced by Algorithm 1.

Theorem 2 The solution by Algorithm 1 (MFLI-Correction solver) is nonnegative.

Proof We apply mathematical induction on the time-marching step n. The claim is true for
n =0, since

T
uy) = (g2(P1). g2(P2). ..., g2(Py,)) | = 0. ©.1)

Fix n € {1, 2}. Assume that u( )is nonnegative fork =0, ...,n — 1. By (2.7), we have
wi@, . u") >0 6.2)

@ Springer



59 Page 18 of 26 Journal of Scientific Computing (2024) 98:59

According to Algorithm 1, the iterative approximation [z 1% = " ™"

that

is nonnegative. Note

Su17) [ 1P = 1+ g (1) + wi g, (6.3)

From (5.3),(5.4), we know g([u}"1”) > 0. Note matrix S([u;”’]f’) satisfies the following
conditions

(i) All diagonal entries are positive;
(i) All off-diagonal entries are non-positive;
(iii) The column sum is positive.

This implies that ST is an M-matrix andhence S™! = (S§T)"H T isa nonnegative matrix. For
the model problem (1.1) with f > 0, it is clear that £ > 0. By the induction hypothesis,

1 = (S1)) (6 4 g 1)+ wi @) 20, forn < 2.

(6.4)
Thus &\ > 0 for n € {0, 1,2).
Similarly, fix n € {3,4, ..., Nr}. Assume that u( ) is nonnegative for k = 0,...,n — 1.

According to Theorem 1, we have

N, N,
7o N k@) i) - New
— Yy u) ™ — ——— 30w’ >0.(6.5)
ri—a) & it /T r—a =%
Then
waw” w20, (6.6)

It is straightforward to prove that

1 = (1) (6 + 1)+ wawl. w0 = o,

6.7)
where n € {3,4, ..., Nr}. By mathematical induction, this implies that the numerical solu-
tion produced by Algorithm 1 is indeed nonnegative. O

6.2 Reduction in Bandwidth and Computational Complexity

A noticeable benefit of flux-correction is the reduction of stencil size and then bandwidth of the
coefficient matrix of the discrete algebraic system, and accordingly savings in computational
costs for each Picard iteration.

Recall discretization of convection utilize information from the upstream elements/nodes.
For instance, in the case b > 0, the stencil size of the original scheme on the dual element
K% (shown in Fig. 4a) is 15. It is clear from a comparison of (4.5), (4.12), and (4.27) that
our flux correction technique can reduce the stencil size to 5, as shown in Fig. 4b.

Assume a primal mesh has Np nodes. The MFL1-Correction solver requires O(Np) opera-
tions for w;") for each fixed n (one step in time-marching) and each fixed j (one term in the
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Ly
el st
B

(a)

Fig.4 Reduction in stencil size and hence bandwidth of the coefficient matrix thanks to positivity correction.
a Before correction: 15 nodes with nonzero coefficients; b After correction: Only 5 nodes with nonzero
coefficients

SOE approximation) in the recurrence formula. Since Nox, < O((log N7)?) (see [5]), this
solver requires only

O(NpNr(logN7)?),  O(Np(log Nr)?) (6.8)

for operations and storage, respectively.

On the other hand, the L1 discretization does satisfy the two properties in Theorem 1, it can
also be combined with our flux correction technique. Such a combination is more expensive,
since its requirements for operations and storage are respectively

O(NpN3),  O(NpNT).

7 Numerical Experiments

This section presents numerical examples to demonstrate accuracy, efficiency, and positivity-
preserving property of our fast solver. General quadrilateral meshes are used. They are
generated from random perturbations of uniform rectangular meshes. For an interior node
(x, y) in a uniform rectangular mesh with size &, the corresponding node of the quadrilateral
mesh is

x,y) =,y + <—g + % * rand(1, 2)) , (7.1

where rand(1, 2) generates a matrix of size 1 x 2 with entries being random numbers in
(0, 1). The distortion range of node coordinates is (—h/4, h/4). Such meshes (see Fig. 5)
are used in Example 1 & 3. For all numerical tests, Ng denotes the number of elements and
Nt denotes the number of time steps.

Example 1 (Convergence rates). We consider a time-fractional convection-diffusion prob-
lem with 2 = (0, )2, 7T =1, = 0.6, b(x, y) = [2, 117, A = 1078, and a known exact
solution

w(e, y. 1) = (1 — 273 470 (1% 419, (7.2)
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Fig.5 A quadrilateral mesh obtained from perturbation of a rectangular mesh

which is weakly singular at + = 0. More specifically, there exists a constant C > 0 so that
|8, y. ) < C(A+1471. (7.3)

Such singularity may resultin accumulation of errors as time-marching progresses. To address
this issue, temporal graded meshes should be used. For instance, one may sett, = T'(n/Nt)"
forn =0, 1,..., Nr. The optimal index is r = ZTT"‘, as suggested in [36], while r = 1 gives
a uniform temporal partition. We examine two types of errors.

— The L%-norm of the spatial errors at the final time 7' ||u(-, T) — u;lNT)(~)||Lz;
— The overall spatial-temporal errors: o) max ||lu(-,t,) — u(")(-)||L2.

n<Nr
We use quadrilateral meshes obtained from perturbation of uniform rectangular meshes.
Parameter B = 100 is used for correction and € = 10~ for controlling Picard iterations.

Remark 3 Parameter B is problem-dependent, somewhat like the penalty factor for the
discontinuous Galerkin finite element methods. It needs to be large enough to guarantee
convergence of the numerical solutions to that of the given problem. Here we make a simple
empirical choice B = 10'° for Example 1. Parameter € is also empirical. Here we expect
various types of errors to reach the level of 10~ and accordingly choose € = 10~°, which
is three-magnitude lower.

Our numerical solver has errors O((Af)>~ + h?), when quasi-uniform spatial meshes
(with size h) and graded temporal partitions (with understanding At = NLT) are used. But
a rigorous proof is omitted due to page limitation. With the consideration to emphasize
(A2, we choose h ~ At (so that A% is a higher order infinitesimal) or equivalently
Ng ~ N% in Tables 1 & 3. With the consideration to emphasize h?, we choose h? ~ At or
equivalently Ng &~ Nt in Table 4. Listed below are observations for the individual tables.

(i) When the optimal graded temporal mesh (r = 277"‘) is used and 1 ~ NLT, the overall

errors are proportional to (At)2_“, as shown in Table 1;

(ii) If a uniform temporal mesh is used instead and h =~ NLT the overall errors converge at
a lower rate (close to «), as shown in Table 2;

(iii) When the optimal graded temporal mesh is used and i ~ NLT the spatial L>-errors at
the final time T exhibit a convergence rate close to (2 — «), as shown in Table 3;
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Table1 Ex.1 (@ = 0.6): Overall errors for graded temporal meshes with r = ZTTO‘
CFL1-Uncorrected solver MFL1-Correction solver

N N max ™ — w2 Rate max ™ — w2 Rate
8 x8 8 1.4558 x 10! - 1.4514 x 107! -

16 x 16 16 6.3456 x 1072 1.198 6.3683 x 1072 1.188
32 %32 32 2.5641 x 1072 1307 2.5805 x 1072 1.303
64 x 64 64 1.0117 x 1072 1.341 1.0118 x 1072 1.350
128 x 128 128 3.9192 x 1073 1.368 3.9251 x 1073 1.366

Table2 Ex.1 (a = 0.6): Overall errors for uniform temporal partitions (r = 1)

CFL1-Uncorrected solver MFL1-Correction solver
NE Nr max [, = u(tn)ll 2 Rate max [ = u(ta)ll 2 Rate
8 x 8 8 9.7168 x 102 - 9.8382 x 1072 -
16 x 16 16 9.1061 x 1072 0.093 9.1020 x 1072 0.112
32 x 32 32 7.3654 x 1072 0.306 7.3571 x 1072 0.307
64 x 64 64 5.5226 x 1072 0.415 5.5227 x 1072 0.413
128 x 128 128 3.9651 x 1072 0.478 3.9659 x 1072 0.477

Table 3 Ex.l (o« = 0.6): Spatial errors of numerical solutions at t = 1 for graded temporal meshes with
2—«a

r==

CFL1-Uncorrected solver MFL1-Correction solver
Ng Nt L2-error Rate L2-error Rate
8 x8 8 1.4558 x 107! - 1.4514 x 1071 -
16 x 16 16 6.3456 x 1072 1.198 6.3683 x 1072 1.188
32 %32 32 2.5641 x 1072 1.307 2.5805 x 1072 1.303
64 x 64 64 1.0117 x 1072 1.341 1.0118 x 1072 1.350
128 x 128 128 3.9192 x 1073 1.368 3.9251 x 1073 1.366

(iv) When the optimal graded temporal mesh is used and 7> ~ NLT, the spatial L?-errors
at the final time T behave like /2, as shown in Table 4.

Remark 4 . 1t is also interesting to note that Tables 1 and 3 record the same results. This
is mainly due to the weak singularity of the solution at t+ = 0. When the optimal graded
temporal partition (r = %) is used, the following holds

()
h

N
max  fuC, 1) —ui 2 = luC, tn,) — uf o

0<n<Nrp

Example 2 (Positivity-preserving property). Here we consider a time-fractional convection-
diffusion problem in 2 = (-4, $)? with 7 = 7, b = [2y, —2x]", A = 10~*, and f = 0.
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Table 4 Ex.1 (« = 0.6): Spatial errors of numerical solutions at t = 1 for graded temporal meshes with

=2
CFL1-Uncorrected solver MEFL1-Correction solver

Ng Nt L2-error Rate L2-error Rate

4 x4 42 1.5836 x 1071 - 1.5700 x 101 -

8 x8 82 4.2648 x 1072 1.892 4.4818 x 1072 1.808

16 x 16 162 1.0322 x 1072 2.046 1.0296 x 10~2 2.121

32 % 32 322 2.5676 x 1073 2.007 2.5155 x 1073 2.033

y

05
0.15 0.12
0.1
0.1 ' 0.08
0 0.06
0.05 0.04
0.02
0 -0.5
0.5 0 0.5
X

(a) CFL1-Uncorrected (b) MFL1-Uncorrected (¢) MFL1-Correction

Fig. 6 Ex.2 with @ = 0.3: Numerical solutions at 1 = 7 by three different solvers. a, b Solutions exhibit
negative values (shown as white dots) for the solvers without correction; ¢ the solution remains nonnegative
fmu‘sthna olver with (‘m‘rPftinn0

5 05 = 05 m
018

00 025
08 {015
o7 j02 fo
06 : o2

015
> 0 05 > 0 > 0 > 0 o1
008
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01 0

05 05 05 05
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X X X

Fig.7 Ex.2 (@ = 0.95): Numerical solutions by the MFL1-Correction solver at ¢ = 0, %, ZT”, 7 (from left to
right)

A Gaussian hump is specified as the initial condition

(x — xc)z + (- )’0)2

&2(x, y) =exp <— > . (xe, ye) = (—0.25,0), o =0.0447.

202
(7.4)
The boundary condition is set as
( 1 = 202
S D = 05 A
(cos(2t)x — sin(2t)y — xc)2 + (sin(2t)x + cos(2t)y — yc)2
exp | — . (7.5)
202 +4At

According to the maximum principle [23], for @ € (0, 1), the solution u is nonnegative on
2 x(0,T].

The problem was solved for o = 0.3 by four different solvers on a 96 x 96 uniform rectangular
mesh with a uniform time partition (N7 = 3000). Picard iteration control parameter is set as
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X X
Solver#1(L1-Uncorrected) Solver#2 (L1-Correction) Solver#6 (MFL1-Correction)
(a) (b) (c)
Fig. 8 Ex.3: Numerical solutions at # = 1 by three different solvers. a Nonphysical oscillations; b, ¢ No

nonphysical oscillations

€ = 1072, Other parameters are the same as in Ex.1. The concentration profiles for the final
time T = 7 (see Fig. 6) show clearly negative values (marked as white dots) for the solvers
without correction. For CFL1 with correction, it still produced negative solution values as
early as n = 3 (graphics not presented though). Only the MFL1-Correction solver works and
maintains non-negativity of the numerical solution as shown in Fig. 6¢. It is clear that both
temporal modification and spatial correction are needed.

Example 2 was also solved for « = 0.95 by the MFL1-Correction solver. Concentration
profiles at time moments ¢t = 0, % 27”, s are shown in Fig. 7. The numerical solution
remains nonnegative and a “long tail" is clearly observed as the counterclockwise rotation

progresses.

Example 3 (Efficiency while preserving positivity). We consider a quasi-2d problem with
a boundary layer, which is similar to those in [20, 44]. Specifically, 2 = (0, D3, T =1,
=05 A=1,and b = [x(1 — x) 4+ 400, 0]T. The initial condition is g2(x,y) = 0and
the boundary condition is

10x
l—e 2

_— 1",
2.20255 x 10*
The problem is solved on a 24 x 24 quadrilateral mesh with a uniform temporal partition

N7 = 128. The correction parameter is B = 10'° and the control parameter for Picard
iterations is € = 1079,

gi1(x, y, 1) = (7.6)

As shown in Table 5, there could be six solvers. But none of Solver#1,#3,#5 would guarantee
non-negativity of numerical solutions, since there is no flux correction. Solver#4 does not
preserve positivity either, since itis based on a conventional fast L1 algorithm, namely, a 2-part
decomposition of the L1 discretization (see Section 2). Solver#2 does preserve positivity but
may be slow. Solver#6 preserves positivity and is faster than Solver#2, as shown in Table 6.
Figure 8 provides more details about features of the numerical solutions. Therefore, Solver#6
(MFL1-Correction) is the right choice.

8 Concluding Remarks

In this paper, we have developed a novel positivity-preserving fast solver for time-fractional
2-dim convection-diffusion problems. The solver is robust in handling convection dominance.
It attains optimal convergence rates when graded temporal meshes are used.
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Table 5 Six possible solvers

Without flux correction With flux correction
L1 discretization Solver#l Solver#2 (L1-correction)
2-part splitting Solver#3 Solver#4 (CFL1-correction)
3-part splitting Solver#5 Solver#6 (MFL1-correction)

Table 6 Ex.3: Comparison of #steps of Picard iteration and solver runtime

L1-correction (solver#2) MFL1-correction (solver#6)
Nt Avg. #steps for CPU time Avg. #steps for CPU time
Picard iteration (s) Picard iteration (s)
10,000 2.09 717.87 2.09 444.64
15,000 1.99 1251.32 1.99 632.19
20,000 1.99 1946.26 1.99 841.37

The three-part decomposition of L1 discretization of Caputo derivatives plays an important
role in maintaining numerical solutions nonnegative. As discussed in Section 2, the conven-
tional two-part splitting fails to preserve positivity of numerical solutions.

The flux-correction technique discussed in Section 4 leads to a slightly nonlinear problem
that involves Picard iterations. As demonstrated in numerical experiments, only few iterations
are needed for each time-marching step. But the bandwidth of the stiffness matrix is actually
reduced. The numerical solution is guaranteed to be nonnegative and hence the efforts are
worthwhile.

Our solver applies to the time-fractional Fokker-Planck equation also. Here we would like
to comment on the differences between our work and that in [44]. The work in [44] is con-
cerned with the discrete maximum principle by using the cell-centred finite volume method,
but it does not consider fast computation. For our work, the non-negativity of numerical
solutions is critical to time-fractional convection-diffusion problems. The finite volume ele-
ment method was used and our positivity-correction applies to both diffusive and convective
fluxes. Moreover, our solver is a fast solver.

The methodology for developing the new solver in this paper can be extended to 3-dim
problems and other fractional order PDEs. Combining the higher order temporal discretiza-
tions L2 and L2-1, with the upwinding and flux-correction techniques in this paper will be
interesting topics for further study. These will be reported in our future work.
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