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Abstract—We consider the problem of millimeter-wave beam
alignment using only one RF chain and beamformers imple-
mentable with just phase shifters and antenna deactivation.
Recent works have proposed Multi-Armed Bandit (MAB) based
approaches for fast and efficient beam alignment. In this work,
we investigate the role of codebook design in the performance
of a specific MAB beam alignment algorithm called HOSUB
which exploits the so-called “Unimodality” of rewards from
hierarchical codebooks. We study the relationship between uni-
modality and beampattern. Motivated by this analysis, we design
a new hierarchical codebook for HOSUB that leverages our past
design of robust analog beamformers. Extensive simulations are
presented to showcase the efficacy of the proposed codebook in
improving the performance of HOSUB in comparison to other
hierarchical codebooks in the literature which obey the same
hardware constraints.

Index Terms—Millimeter wave communication, beam align-
ment, beamforming, codebook design, Multi-Armed Bandits,
Hierarchical codebook

I. INTRODUCTION

Millimeter-Wave (mmWave) systems promise to offer ex-
panded signal bandwidth for applications such as 5G, and the
evolving 6G technologies [1], [2]. However, mmWave signals
suffer from significant path loss, which leads to low Signal
to Noise Ratio (SNR) and increased link outage [3]. Despite
these challenges, short wavelength allows for the deployment
of an array featuring an extensive number of antennas within a
relatively confined space [4], enabling massive Multiple-Input
Multiple-Output (MIMO) arrays in compact devices.

A massive MIMO mmWave systems can potentially over-
come path loss and low SNR challenges with highly direc-
tional beams. Achieving effective communication using direc-
tional beams requires spatial beam alignment. It is important
to note that the problem of beam alignment is an online
decision-making problem since the beamformer needs to be
determined “on-the-fly” by adaptively sensing the environment
(without prior knowledge of the direction of the user). In 5G
standard’s beam sweeping approach [5], an exhaustive search
across all possible directions spatially aligns the beam. Such
beam scanning might require the scan time to scale linearly
with the number of directions, leading to high pilot overhead
for beam training.

A recent line of work employs Bayesian decision-making
over hierarchical beamforming codebooks to find the most
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aligned beam. In particular, in [6] a Hierarchical Posterior
Matching (HPM) algorithm is proposed. This algorithm uti-
lizes complete Channel State Information (CSI) to update
the posterior probabilities of the incoming beam direction.
However, precise and reliable CSI might not be available
during beam alignment.

An effective approach for designing adaptive strategies for
beam alignment without the knowledge of CSI and in the
presence of noise utilizes ideas from Multi-Armed Bandits
(MAB) [7]-[9]. Given a codebook W, each beamformer
w € W can be considered as an arm of a multi-armed bandit.
One possible choice of reward associated with w € W can
be the Received Signal Strength (RSS) obtained by sampling
the arm w. The problem of finding the beam with maximum
RSS can then be cast as finding the arm with the maximum
reward in a multi-armed bandit.

One such MAB algorithm for beam alignment is the Hi-
erarchical Optimal Sampling of Unimodal Bandits (HOSUB),
which was recently proposed in [10] to find a beamformer with
maximum expected RSS in a sample efficient manner. The
HOSUB algorithm exploits the so-called “unimodal structure”
of rewards associated with a hierarchical codebook, meaning
rewards monotonically increase as one moves in the direction
of the highest reward. One important consideration is that the
success of the HOSUB algorithm is dependent on the extent to
which the given codebook satisfies the “unimodal structure”.

A conventional approach for designing a hierarchical code-
book is to consider a grid of spatial frequencies G over the
region of interest and construct beamformers to probe grid
locations D C G using the pseudo-inverse of array response
matrix [6], [11]. It is not clear if such codebooks satisfy the
unimodal property. Moreover, these beamformers may not be
realizable due to physical hardware constraints. To address
this issue, the authors in [11], [12], suggested approximating
such ideal beamformers using multiple RF chains and phase
shifters in a hybrid architecture. However, in the case of large
antenna arrays, the installation of an RF chain for each an-
tenna becomes prohibitively expensive, rendering per-antenna
digital processing impractical. A cost-effective solution for the
practical implementation of large array systems in mmWave
bands involves the deployment of a single RF chain.

In this work, our main goal is to design a hierarchical
codebook suitable for the HOSUB algorithm using only a
single RF chain, phase shifters, and antenna deactivation.
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To do so, we first take a closer look at the relationship
between the unimodal structure on which the effectiveness
of HOSUB depends, and the properties of beampatterns that
need to be satisfied. With this insight, we tailor our max-
min optimal beamformers, introduced in our previous work
[13], and combine them with the idea of subarray splitting
developed in [14].

II. PROBLEM FORMULATION

Consider a base station (BS) equipped with N —antenna
uniform linear array (ULA) with % spacing, where X is the
carrier wavelength. The K —path uplink channel between a
single-antenna user and the BS can be written as [11]

K
h= Z agay (sin(f))

k=1
where  {ax}, are the complex path gains,
{6:35, € [-%,%Z) are the angles of arrival and
an(f) = [1 &™) €S ej(N*I)”f}T represents

the array response (or steering) vector corresponding to
the spatial frequency f = sin(d) € [—1,1). Each user
w=1,---,U, transmits orthonormal pilot symbol z,(t) i.e.,
2y ()" 2, (t) = 1 if u = u' and zero otherwise. We consider
a single Radio Frequency (RF) chain at the BS. Under the
aforementioned assumptions and after matched filtering, the
received signal from a particular user, at time ¢, at the output
of the RF chain is expressed as [6], [10]

yt:\/]gwflh—i—wfnt, t=1,2,...,T

where /P is the combined effect of transmit power and large-
scale fading, w; is the beamforming vector used at time ¢, T’
is the length of pilot sequence, and n; ~ CA(0,0?1) is i.i.d
complex Gaussian noise at the antennas. The received signal
strength (RSS) at time ¢ corresponding to the beamformer wy,
is denoted by r(w;) := |wi (v Ph + n;)|2.

Given a codebook W, the objective of beam alignment is to
find the beamformer w*(h) € W corresponding to the channel
h which maximizes the expected RSS:

w*(h) = arg max E[r(w)] (1)

wew

If the channel h is known, we can choose the beamformer
w*(h) € W which is aligned with h. However, the channel
is usually unknown and there is no single w that maximizes
RSS for all possible channels. One naive approach to beam
alignment is an exhaustive search over the codebook which
could be highly sample-inefficient. The design of sample effi-
cient strategies for finding w*(h) without channel information
and in the presence of noise is a challenging problem. One
line of work on designing sample efficient strategies for beam
alignment is based on the design of adaptive strategies such
as Bayesian posterior matching [6] and Multi-Armed Bandit
(MAB) algorithms [7]-[10]. We consider MAB-based ap-
proaches over posterior matching since they do not require the
knowledge of the channel path gain. In particular, we consider
the HOSUB algorithm [10] which is a recently proposed MAB

beam alignment strategy. HOSUB exploits a certain reward
structure called “Unimodality” [15], [16] in order to find the
beamformer with maximum RSS in a sample efficient manner.
The effectiveness of HOSUB algorithm depends on the extent
to which the hierarchical codebook satisfies this unimodality
property.

It is to be noted that analog beamformers can only be
implemented with phase shifters and antenna deactivation, i.e.
|[w];| € {0,1},% = 1,2,..., N. These hardware constraints
further exacerbate the complexity of the beam alignment
problem since it is not clear whether a suitable hierarchical
codebook can be designed for HOSUB algorithm that obeys
these constraints.

III. UNDERSTANDING UNIMODALITY

We first take a closer look at the “Unimodality” property
required by HOSUB. A hierarchical codebook W can be
associated with a binary tree 7 = (V, £) defined as follows

V={(t,ng) st. £€[0: L), me € [1:2] }

L —1 2°
e= U U {(@no)@+1,2n-1)),
(=0 mny=1

((€,me), (€ +1, zng))}

where ¢ = Ly, is the last level in the binary tree and we
use the notation [a¢ : b] := {a,a + 1,...,b}. Each vertex
(¢,ng) € V corresponds to a unique beamformer w,* € W.
In order to focus on the relationship between beamformers
and unimodality, we will assume a single-path channel i.e.,
K =1 with h = aapn(f). Considering RSS as the reward
function, the expected reward associated with vertex (¢, ny)
corresponding to the (ground truth) spatial frequency f is
given as

Ry () = B [ (VPaan() 4w | @

Here, the expectation is taken with respect to the noise

distribution (Note that o and f are deterministic unknowns).
Considering this setup and for a fixed a and P, we first

provide the definition for unimodality following [16].

Definition III.1 (Unimodality). Given a reward function
Rs(.), for every f € [—1,1) and every node ({1,n;,) €
V, the node with the highest expected reward ((},n}) =
argmax, , ey Rf(Wy*) is unique and there exists a path
p = ((tr,n0,), (L2, n05), - -, (bmmsng,,)) where (bny,my,,) =
(£5,m%) such that

Rf(wgf'i) < Rf(wzlzfl)for (liyng,) €p, 1 <i<m-—1
3

Although this definition of unimodality has been used to
design MAB algorithms [16], it is difficult to gain insights
about the design of hierarchical beamforming codebooks W
that satisfy unimodality. It can be observed that the unimodal
property (3) is directly related to beam gain as follows

Ry(wy*) = Plof?|(wy)"an (f)* + E[|(w;)"nl*] @)
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Let By(w)*) = |(w;*)"an(f)|* be the beam gain in the
direction corresponding to spatial frequency f. For n = 0
(or high SNR regime), whether (3) is satisfied or not will be
mainly determined by the corresponding beam gains. Hence
the reward unimodality structure is explicitly tied to the
unimodality structure of the beam gains.

We will study guiding principles for a hierarchical codebook
to satisfy the unimodality of beam gains in terms of main lobe
and sidelobe of neighboring beamformers. Following [14], we
define the main lobe (coverage) region of w,* as follows (for
a fixed A € (0,1))

M(wy*) = {/" € [L,1)] By (w}*) = AmaxBy(w})}

and the sidelobe region is defined as the complement set of
the main lobe, i.e. S(w,*) = [-1,1) \ M(w;*).

To motivate our insights on the beamformer design, we
briefly describe the HOSUB algorithm. The HOSUB algorithm
uses a truncated hierarchical codebook consisting of levels
{lo, ..., Lmax } Where £y > 1. The algorithm initially samples
every node at level £ = ¢, once and updates their sample
mean reward. For the remaining steps t = 2f +1,..., T, the
algorithm iterates between the following two steps. Firstly,
the algorithm chooses the node with the largest sample mean
reward as the leader node L(t). Next, it samples the neighbor
of L(t) with the largest Upper Confidence Bound (UCB)
on the expected reward, followed by updating the sample
mean reward and UCB of the sampled node. This procedure
continues until either L(¢) is one of the leaf nodes or the
sample limit 7" is reached. Please refer to [10] for a detailed
description of the algorithm.

From this description, it is evident that HOSUB tends to
select the neighbor of the current leader with the highest ex-
pected reward Ry (W?[') as the next leader. Thus, following (4),
the relationship between beam gains By (w,*) of neighboring
nodes is an important indicator of the performance of HOSUB.

We now provide guiding principles for beamformer design
in terms of the main lobe and sidelobe that are needed to
satisfy unimodality. To simplify notations, for vertex v =
(¢,ng) € V, we use M(v) to denote M(w,*) and By(v) to
denote By(w,*). Forv = (¢,ng) € V, letc; = ({+1,2n,—1)
and c; = (£ 4 1,2ny) be the two children of v. Then, it is
desirable to design a beamformer with the following properties
for all v = (¢,n4),£ € [0 : Linax — 1],m¢ € [1: 2°].

By(ci) > By(v) for all f € M(¢;),i € {1,2} %)
By(v) > By(v') for all v,0" € V, f € M(v)NS(') (6)

These statements can be motivated as follows: The condition
(5) helps HOSUB to converge to the correct leaf node starting
from level ¢y since HOSUB traverses the path of monotoni-
cally increasing rewards and hence we need the beam gain to
increase monotonically as well. The condition (6) ensures that
i) a wrong child does not become the leader over its correct
sibling (i.e., the sibling with f in its main lobe) since the
side lobe of the wrong sibling will have lower beamgain and
hence lower expected reward compared to the main lobe of

the correct child, and ii) the algorithm is able to correct itself
in the presence of noise.

In the following section, we utilize the proposed conditions
in (5) and (6) to evaluate a given hierarchical codebook and
suggest suitable modifications.

IV. TOWARDS DESIGNING UNIMODAL HIERARCHICAL
CODEBOOK

Following [14], the design of hierarchical codebooks is
simplified by discretizing the region of interest [—1,1) into
a uniform grid of size 2P and spacing between adjacent

gridpoints § = 52— given by

G = {—1+ (n—;) s, n:1,2,...,2Lm} (7

The number of grid points is assumed to be equal to the
number of antennas i.e., N = 2Lmx

Although the conditions in (5) and (6) are applicable to the
entire spatial frequency domain, we can restrict the verifica-
tion of these conditions to the grid G under the simplified
assumption of user being located at one of the grid points.
Moreover, we can focus on the design of only w; at each
level £ € {1,..., Ly} since the beampattern of w,*, n, €
{2,3,...,2} can be obtained by shifting the beampattern of
w, by appropriate amounts as done in [14].

A. Max-Min Codebook Design

In our earlier work [13] we proposed a novel max-min cri-
terion for beamformer design using phase shifters and antenna
deactivation, which aims to maximize the minimum beam gain
over a region of interest T := [f. — 5, f. + £] C [-1,1)
centered at frequency f. and width A as follows

e in B , 8
W ar‘;gverr]l:axrflel% r(w) (8)
s.t. |Jwy| € {0,1},n=1,2,--- N

where F is the set of all DFT-type beamformers with varying
center frequencies and beamwidths. The Max-min criterion
can serve as a useful tool for designing a codebook that sat-
isfies unimodality conditions (5) and (6). Thus, we utilise the
beamformer design in [13] to design the Max-min hierarchical
codebook by choosing the appropriate region [f. — %7 fe+ %]
for each W;* € Wacmin. For each (¢,ny) € V, we choose
center frequency f.(¢,n,) and width A, as

1) ©)
Follme) = =1+ (ng — 1)(Ay + 8) + 20

A£ — (2Lmnx7€ _

(10)

Note that the width A, is independent of n, since vAv?Z is a
modulated version of W} given as follows

Wit = Wi oan(fo(lne) — fo(£,1)) (11)

where o represents elementwise product of two vectors. Fol-

lowing [13], the beamformer w,* is given by

w1 = [ang, (f(6,n0)T 07]" eV (12)
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Fig. 1: Max-min codebook design for N = 64 antennas

where M, = {mw with |z] denoting closest integer
to x and ~, is a tuning parameter that allows slight modifica-
tion to the beamwidth which helps in improving performance
of HOSUB.! Empirically, we noticed that v, = 0.8, £ € [0 :
Lyax — 2] and My, 1 = 3N/4 led to better performance of
HOSUB.

We observed that the Max-min codebook satisfies conditions
(5) and (6) to a large extent for levels ¢ > (¢, where
{y is sufficiently large, and in the on-grid setting, thereby
improving the performance of HOSUB. 2 Figure 1 shows the
beampatterns corresponding to levels £ = 2 and 3.

In early levels of the hierarchy, the beampattern is required
to cover a wide region in its main lobe. To achieve this, the
above Max-min beamformer design deactivates a large number
of antennas which leads to a significant reduction in the max-
imum mainlobe beam gain of the beamformers. This makes
HOSUB prone to mistakes in initial timesteps, especially in
low SNR regimes. Correcting these early mistakes can be
costly in terms of sample complexity. Thus, in the low SNR
regimes, the performance of HOSUB is highly dependent on
the maximum main lobe beam gain of the early levels of the
hierarchy.

To improve the maximum mainlobe beam gain while main-
taining the same mainlobe coverage region, Xia et al [14] in-
troduced the idea of splitting the array into multiple subarrays
(Subarray Splitting) which allows the design of beamform-
ers with wide coverage region without antenna deactivation.
Although Xia et al’s codebook provides a larger maximum
beam gain compared to the Max-min codebook, it violates (5)
at certain levels as shown in Figure 2, since the beam gain of
both children beamformers falls below the beam gain of their
parent in the highlighted regions.

max

B. Proposed Codebook

We wish to modify the Max-min codebook by ensuring that
for each (¢,n¢) € V, the mainlobe M (w}*) of beamformer
w,* contains the following set of grid points C(¢,n¢) € G

C(év nlf) = {fc(ﬁ,ng) - & + 349, j € [0 - 9L =0 _ 1]}

2

VAt £ = Ly, the width Ap_ = 0 since the region of interest corre-
sponding t0 (Lmax,n) € V, n = 1,2,..., Lmax contains only fc(Lmax,n)
which is the nt" gridpoint in G.

2We do not satisfy unimodality completely for all levels due to the larger
sidelobe of child beamformers compared to their parents and the shape of the
beampattern sidelobe is hard to control.

°[Unimodal pro rty iolated

—o—Level=2
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Beam gain
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-1 -0.8 0.6 -0.4 -0.2 0
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Fig. 2: Codebook design using [14] with N = 64 antennas. The locations where (5) is
violated are highlighted.

We improve the minimum beam gain over the coverage region
C(¢,ny) by combining the Max-min criteria [13] with the
subarray splitting approach of [14]. This leads to a hierarchical
codebook which rectifies the violation of (5) in Xia’s codebook
and has higher minimum beam gain over the coverage region
compared to the Max-min codebook.’

Inspired by [14], a beamformer can be split into S subarrays
(2 < S < N), each of size Ng = L%J with parameters
(f,p) where £ = (fi,fo,...,fs) € [-1,1]° and p =

(p1,p2,---,ps) € RY. Such a beamformer wg(f, p) is of
the form
ws(f, p) = [ ang (f1)", ..., e ang(fs)", 0"  (13)

We design the hierarchical codebook using beamformers of
the form shown in equation (13). Further, for each level ¢ =
0,1,..., Ly, we describe the design of w} since w,* can
be obtained as shown in equation (11).

For level ¢, we are interested in finding the number of
subarrays S; and corresponding best parameters (f;, p;) such
that w; = wg: (7, p;) covers the grid points in C(¢,1) in its
mainlobe. We propose to choose these parameters based on
the Max-min criteria as follows

Sy, (f),p;) =argmax min B, (wg(f, p))
S,(£,p) WEC(LL)

't in B, f, >
st Do (ws(f, p))

(14)

Bw'(WS(f7 p))

max
w'€G\C(L,1)
However, the optimization problem shown in equation (14) is
analytically intractable. In this paper, we choose to optimize
(14) by discretizing f and computing the maximum and
minimum beam gain only over a finite set of frequencies w.
Note that the optimization for our proposed codebook design
is done offline and hence it does not affect the beam training
overhead.

For levels ¢ = 0,1,...,Lm.x — 2, the search of S is
restricted to the set {2,3,...,2lm=f — 1}, For levels ¢ =
Linax — 1 and Ly, we use the Max-min codebook design
since C'(¢,1) only contains 2 and 1 point respectively. For
agiven £ € [0: Lo —2] and S € [2: 2Em=f — 1], we further
restrict the frequencies f to the following form parameterized
by a single variable m:

f=fs(m):=(f1, fr+md,...., f1 +(S—1)md) (15)

3The proposed design still does not satisfy unimodality completely at every
node. Provably achieving this at every node can be an interesting future
direction of work.
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Fig. 3: Proposed codebook design for N = 64 antennas. The unimodality violations of
Xia et al’s codebook [14] have been rectified in our codebook design.
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where fi = fo(£.1) — (55%)mé, m € [1: Cs] and Cs =
2””\0)&7272
—S5-1

region [f.(¢,1) — %, -(6,1)+ %]
Given the set of frequencies f, the phases p are computed
by setting p; = 0 and choosing

is chosen such that the frequencies lie within the

P (fz-_le 4 %) ie2:Ss) a6
where p; expression is obtained by maximizing
lws(f, p)an(£=57L)| using the approximation mentioned
in [14].

Therefore, for a given ¢ € {0,1,..., Ly — 2}, we
consider all possible S € [2 2Low—=f 1] and
m € 1 Cs], and for each (S,m) pair we com-
pute Bunin(S,m) = mingec(e1) Bo(Ws(fs(m),p)) and
Bmax(Sv m) = MaXu,eg\C(4,1) Bw(WS(fS(m)’p)) * where P
is obtained from (16). We obtain (S, m}) by solving

(S, m;) =argmax g ,,,) Bmin (S, m)
8.t Bimin(S,m) > Bpax(S, m)

We choose f; = fs:(mj;) and pj is obtained from f; using
equation (16). Finally, we obtain w; = wg: (7, p;).

V. SIMULATIONS

In order to validate the effectiveness of the proposed code-
book, we compare the probability of success of HOSUB using
the proposed codebook, the codebook from [14] (referred to
as Xia’s codebook), and Max-min codebook [13]. We consider
N = 64 antennas at the BS, and a single-path channel (' = 1)
with o = 1 and noise power 02 = 1. The SNR is defined
as SNR = 1010g10(|aa‘2p). We simulate an on-grid setting
in which the user is located at one of the grid points in
G and HOSUB succeeds if it converges to the leaf node

4For £ =0, C(0,1) = G and hence we set Bmax (S, m) =0

On-grid comparison for various SNR, Nam=64, and I0=2
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Fig. 5: Average probability of success of HOSUB across the grid G with varying SNR

corresponding to the user location. HOSUB is simulated with
truncated hierarchical codebooks starting from ¢y = 2 for all
codebooks.

Figures 4a and 4b illustrate the performance of HOSUB
at fixed SNR levels with the user location varying across the
grid. In both figures, we observe that the proposed codebook
performs better than the other two codebooks across the grid.
In Fig. 4a, we see that HOSUB with Xia’s codebook fails at
grid locations where the codebook does not satisfy (5). On the
other hand, Max-min codebook and the proposed codebook
perform better than Xia’s codebook uniformly over all grid
locations. At SNR=0 dB (Fig. 4b), HOSUB’s performance
with the Max-min codebook degrades more than the proposed
codebook due to low beam gain.

Figure 5 shows the average success probability of HO-
SUB (over the entire grid) with varying SNR. Our proposed
codebook consistently performs better on average compared
to the other two codebook designs. The success probability
of HOSUB with Xia’s codebook saturates around 0.9 at high
SNR since the codebook does not satisfy unimodality at certain
grid points. On the other hand, the performance of HOSUB
with Max-min codebook deteriorates quickly with decreasing
SNR. The proposed codebook design combines the advantages
of Max-min and Xia’s codebook to achieve a higher success
rate over the entire considered SNR regime.

VI. CONCLUSION

In this work, we took a closer look into the effectiveness of a
Multi-Armed Bandit algorithm, namely HOSUB, for mmWave
beam alignment. We provided certain physically meaningful
conditions on the beampattern for achieving the unimodality
of hierarchical codebooks associated with HOSUB, which
serves as a guiding principle for codebook design. By utilizing
these insights and combining them with subarray splitting and
robust beamformer design, we propose a suitable hierarchical
codebook for the HOSUB algorithm which is restricted to only
one RF chain and can be implemented using phase shifters.
In future work, we plan to further optimize and analyze the
codebook design so that unimodality is provably satisfied at
every node of the tree.
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