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Recent experiments reveal that adhesive interactions can play a key role in causing surface
instability in soft lubrication. Instances of instability include fluid entrapment in isolated pockets
upon a soft sphere’s normal contact with a hard substrate and surface wrinkling of a soft substrate
as a hard sphere slides across it. These phenomena underscore a substantial distinction between
hard and soft lubrication. They are of paramount importance from a fundamental standpoint,
providing an entirely new explanation for the transition mechanism from elasto-hydrodynamic to
the mixed lubrication regimes. Here, we introduce a new theory to elucidate these observations.
Our theory modifies the Reynolds elasto-hydrodynamic equation by incorporating adhesive
interaction across the fluid layer, investigating the interplay between adhesion, fluid flow and
elastic instability. Our analysis proposes the addition of a new dimensionless parameter in
lubrication theory, that compares the stiffness of the adhesive interaction to that of the substrate.
When this parameter exceeds unity, the soft solid surface exhibits instability to small perturba-
tions in its shape. In mathematical terms, the Reynolds equation undergoes a transition from a
nonlinear diffusion equation to a nonlinear wave equation at this critical point. Post-transition,
the diffusivity of the nonlinear diffusion equation turns negative, rendering the problem ill-
posed. We investigate the transition using the method of characteristics and present an exact
analytic solution. This solution offers insights into the occurrence of a vanishing liquid film
thickness at specific locations, resulting in dry contact—initiating transition to mixed lubrication.

1. Introduction

The study of lubricated contact between hard or stiff solids has been well-established, with mathematical representation through
the Reynolds lubrication equation (Cameron, 1971; Reynolds, 1997; Dowson and Higginson, 2014). However, recent interest in the
application of soft materials to mechanical (Roberts, 1971; Persson, 2001; Persson et al., 2005; Gervais et al., 2006; Saintyves et al.,
2016; Strobel et al., 2012) and biological (Huber et al., 2005; Persson, 2007; Ma et al., 2015; Jahn et al., 2016; Lee et al., 2023) systems
has highlighted the challenge of lubricated contact between a soft and a hard solid. In contrast to lubricated contact between stiff
solids, this scenario involves intricate interplay among the flow mechanics of the confined fluid, properties of the lubricant and
substrate deformation. Many applications involve two distinct contact modes: the first is normal contact (Roberts, 1971; Hou et al.,
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1992; Persson et al., 2005; Balmforth et al., 2010; Leroy et al., 2012; Kaveh et al., 2014; Wang et al., 2015, 2017; Karan et al., 2020,
2021; Sun et al., 2021; Liu et al., 2022; Bureau et al., 2023; Jha et al., 2023), where a smooth hard/soft indenter is brought vertically
into contact with a lubricated soft/hard elastic substrate, and the second is sliding contact (Persson, 2001; Martin et al., 2002; Sko-
theim and Mahadevan, 2004; de Vicente et al., 2005; Persson et al., 2005; Persson and Scaraggi, 2009; Myant et al., 2010; Strobel et al.,
2012; Ma et al., 2015; Sadowski and Stupkiewicz, 2019; Wu et al., 2020; Hui et al., 2021; Essink et al., 2021; Moyle et al., 2021; Wu
et al., 2021, 2023; Dong et al., 2023), where the soft/hard indenter slides across the lubricated surface of a hard/soft substrate.
Lubricated sliding generally involves three regimes: boundary (B), mixed (ML), and elasto-hydrodynamic (EHL). In the B regime, the
liquid between contact surface pairs is completely expelled; friction response is similar to dry contact (Persson and Scaraggi, 2009;
Strobel et al., 2012; Jahn et al., 2016). In contrast, in the EHL regime, a continuous fluid film is present between contact pairs (de
Vicente et al., 2005; Dowson and Higginson, 2014; Wang et al., 2015; Sadowski and Stupkiewicz, 2019; Hui et al., 2021; Karan et al.,
2021; Moyle et al., 2021; Dong et al., 2023; Jha et al., 2023; Wu et al., 2023). Finally, in the mixed (ML) regime, this continuous film
breaks down partially (Spikes, 1997; Ta et al., 2016; Sadowski and Stupkiewicz, 2019; Moyle et al., 2021).

In contrast to the mixed (ML) regime, the theory for the EHL regime is far more comprehensively developed. Consequently, it has
been the subject of extensive research, with various factors, including the hydrophilicity of contact pairs (Persson and Scaraggi, 2009;
Sun et al., 2021), lubricant types (de Vicente et al., 2005; Strobel et al., 2012; Sadowski and Stupkiewicz, 2019; Dong et al., 2023),
surface patterns (Persson, 2001; Sadowski and Stupkiewicz, 2019; Moyle et al., 2021), substrate stiffness (Myant et al., 2010; Kaveh
et al., 2014; Dong et al., 2023), sliding velocity (de Vicente et al., 2005; Sadowski and Stupkiewicz, 2019; Dong et al., 2023),
viscoelastic effects (Myant et al., 2010; Hui et al., 2021; Wu et al., 2021), and normal loading (Myant et al., 2010; Sadowski and
Stupkiewicz, 2019; Karan et al., 2021), considered by numerous researchers. A useful finding, resulting from the appropriate
normalization of coupled Reynolds and Hertzian contact equations, indicates that the system response in EHL is governed by a single
dimensionless parameter () (Snoeijer et al., 2013; Wu et al., 2020), consistent with experimental data (Wu et al., 2020; Bertin et al.,
2022). Changes in normal load, sliding velocity, and lubricant viscosity shift the system from EHL to ML, where a discontinuous fluid
film persists, and solid-solid contact begins to emerge (Spikes, 1997; Persson and Scaraggi, 2009; Ta et al., 2016; Moyle et al., 2021;
Dong et al., 2023).

The transition from EHL to ML poses a fundamental challenge in lubrication theory and has garnered significant attention. While
the conventional view relies on a dimensionless number A, representing the ratio of film thickness to root-mean-square (RMS) surface
roughness, as the criterion for the EHL-ML transition (Spikes, 1997; Bongaerts et al., 2007; Sadowski and Stupkiewicz, 2019), recent
findings from our group challenge this perspective, especially in the context of soft lubricated contact (Dong et al., 2023). Specifically,
although A roughly in the ~1-10 range (Spikes, 1997; Bongaerts et al., 2007) is widely accepted as indicative of the EHL-ML transition,
our recent experiments reveal that in soft lubricated sliding, the EHL-ML transition can occur for lubricant film thickness orders of
magnitude larger than the RMS roughness. This indicates that using A as the sole criterion for the EHL-ML transition is inappropriate
for soft solids. In our experiments, we observed surface instabilities in the form of wrinkles and fluid trapping between wrinkles. These
results align with the known highly nonlinear elasticity of soft materials under dry contact conditions, where experimental and
theoretical studies have demonstrated the occurrence of surface folding (van Limbeek et al., 2021), buckling (Song et al., 2008), and
creasing (Hong et al., 2009; Glover et al., 2023) under compression and shear. These instabilities likely contribute to the EHL-ML
transition by inducing random contact of the solid surfaces. However, there is currently no model that connects these surface in-
stabilities to the EHL-ML transition.

Presumably similar surface instability can also occur under normal lubricated contact. If these instabilities exist, fluid could become
trapped between wrinkles, resulting in a significant increase in the volume of fluid trapped underneath the indenter during a relaxation
test. In such a test, the indenter is rapidly brought into contact with the substrate and then held fixed. During this period, fluid
continuously drains from the contact region, causing the volume of fluid in this region to decrease over time (Liu et al., 2022). The
presence of surface instabilities, like wrinkles, can dramatically influence the volume of trapped fluid and rate of water evaluation from
the contact region.

This phenomenon was recently observed in the experiments of Sun et al. (2021), where they indented a soft polydimethylsiloxane
(PDMS) sphere on a glass substrate in a chamber surrounded by water. During the relaxation period with fixed indenter displacement,
they found that the rate of water expulsion from the contact region is three orders of magnitude lower for hydrophobic-hydrophobic
(adhesive) contact compared to hydrophobic-hydrophilic (non-adhesive) contact. Their experiments demonstrated that "adhesive
interactions cause instability in valleys and lead to a state of more trapped water and less intimate solid—solid contact". In Fig. 2b of
their work, Sun et al. (2021) demonstrated a clear competition between wettability and adhesion in their experiments. When
wettability prevails on a surface, contact is non-adhesive, resulting in a high rate of water expulsion. This competition is defined by the
work of adhesion when solid 1 and solid 2 are immersed in liquid (L), given by (Eq. (2) in their work):

WlLZ = WlAZ — 7L (COSQ]L + COSQZL)7 (1)

where Wia» is the work of adhesion of solid 1 and solid 2 in air (A), and y; is surface energy of the liquid, and 6,; and 6, are the
equilibrium contact angles of a liquid drop on flat solid surfaces 1 and 2 in air respectively. In their experiments, Sun et al. observed
that adhesion dominates when Wy, > 0. For the rest of this paper, we assume this condition is met.

Motivated by the results of Sun et al. (2021) and our experiments in sliding (Dong et al., 2023), we hypothesize that adhesion plays
a crucial role in the formation of surface instability in lubricated contact. In our supplementary materials, we provide experimental
evidence indicating that, under dry conditions, the interaction distance between a glass sphere (approximately 4 mm in diameter) and
a smooth PDMS substrate falls within the range of 200 nm. Notably, this distance increases with the compliance of the PDMS substrate.
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Further elaboration on these experiments will be presented in the discussion, with detailed experimental procedures available in the
Supporting Information (SI).

In this work, we focus on the normal contact mode and modify the Reynolds hydrodynamic equation to incorporate adhesive
interactions across the fluid layer. We then apply this new theoretical framework to investigate elastic instability using a simple
geometrical model. The paper is organized as follows: In Section 2 we use perturbation theory to demonstrate that adhesion can induce
flow and instability on an initial flat substrate, i.e., small perturbations can become unstable and grow. We hypothesize that such
unstable growth, by increasing friction due to solid-solid contact, can lead to surface wrinkling. We show that instability occurs when a
dimensionless parameter @ > 1. a represents the ratio of adhesion stiffness to the stiffness of elastic substrate. It is defined in Eq. (15)
and more description can be found in Section 2.4. Moving to Section 3, we employed a fully nonlinear numerical analysis to study the
impact of adhesion on lubricant flow. In the regime of a < 1, Reynolds equation is mathematically equivalent to a nonlinear heat
diffusion equation with temperature dependent diffusion coefficient. We compare the linearized solution from Section 2 with the
numerical solution of the nonlinear equations. We show that the 2nd order nonlinear diffusion equation simplifies into a 1st order
nonlinear wave equation at the stability transition where a = 1. We examine the physical significance and solution of this 1st order
nonlinear partial differential equation (PDE). Finally, we conclude the paper with a discussion and summary in Section 4.

2. Linear stability analysis

We study the impact of adhesion on lubricated normal contact using a simple geometry where an infinitely flat rigid indenter is
brought into normal contact with a lubricated flat surface of an elastic foundation. Flow is independent of the out of plane direction.
The stiffness of the elastic foundation is denoted by k. The geometry is illustrated in Fig. 1.

2.1. A homogeneous solution of the Reynolds equation

As shown in Fig. 1(a), the rigid indenter is pushed downward with a vertical displacement A(t) < 0. Since the lateral dimension of
the indenter is infinite, symmetry implies that the pressure gradient is zero everywhere, so the fluid velocity gradient is zero every-
where and there is no flow. Thus, the fluid pressure is spatially uniform, say, p. The displacement of the substrate foundation w is
independent of position and (negative downward) is the same as A(t). The pressure, according to the foundation model is:

p = —kw=—kA(t). 2)

Next, we introduce an attractive force between the surfaces resulting in a normal stress o,4 attracting the rigid indenter downwards
(the bottom of substrate is fixed). We assume that this stress depends only on the separation h between the flat indenter and the
substrate (or the fluid thickness), i.e.,

0aa = f(h), 3)

where f specifies the adhesive interaction and is a monotonic decreasing function of h. For this case, the fluid film thickness is un-
changed by the indentation and is h; (initial fluid thickness). The pressure and displacement are spatially homogeneous, and the
Reynolds equation is satisfied trivially. The normal pressure acting on the substrate is p — f(h;) and the surface displacement of the
substrate is w = A(t).

p—f(h) = —kw = —kA. 4
Thus, given the indentation A(t) and the separation h, we can find the pressure of the fluid layer. For example, if A(t) = 0, then
p=f(h). %)
(a) (b) y
displacement control
l A(t) <0 L L LS

rigid indenter Y
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Fig. 1. Schematic diagram of the geometry (not to scale). (a) The three layers (indenter, fluid, and substrate) are infinite in extent in the horizontal
(x) and the out of plane directions; the fluid layer has uniform initial thickness h;. The elastic substrate is modeled as an elastic foundation with
stiffness k. The coordinate system (x,y) is placed on the top surface of the undeformed substrate whichisy = 0 (y > 0 upwards). The dash line in
black presents the perturbation to the top surface of the substrate used in Sections 2.2 and 2.3. (b) The indenter has cosine undulation with
amplitude 5y and wavelength A. The shape undulation here is treated as the defect on the indenter, used in Section 3.
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2.2. Stability of homogenous solution
The pressure given by (4) is spatially homogeneous; there is no flow. The question is whether this solution is stable with respect to
small perturbations. More specifically, let us allow a small perturbation of the surface of the substrate at t = 0, in the form of
¥(x,t=0") = 8y cos(2zx / A), where Sy/h; << 1, 6)
where y = 0 corresponds to the position of the unperturbed substrate surface (see Fig. 1(a)). As a result of this perturbation, the

pressure field is no longer spatially uniform. Indeed, the initial gap between the surface of the indenter and the substrate is h(x,t=0")
= h; — 8y cos(2zx /1) . This means that the fluid film in the perturbed configuration (t = 0") is narrower in some parts and thicker in

others, i.e., the film is thinnest at x = nA (peak) and thickest at x = <n + %)11 (valley), where n is an integer. The initial interaction
stress is:
0ad = f(h; — 8y cos(27x /[ 4)). )

This stress due to adhesion is highest at the peaks and lowest at the valleys.
2.3. Stability analysis: long wavelength approximation

We use lubrication theory to compute flow. This approximation assumes that the thickness of the fluid layer is much smaller than
the wavelength of perturbation, i.e., h << 1. For this case, h satisfies the Reynolds equation (Cameron, 1971; Reynolds, 1997; Dowson
and Higginson, 2014),

oh_ 1 0 (.0p
ot 12y ox (h ax>’ ®

where p is the fluid pressure, 7 is the fluid dynamic viscosity and h is the thickness of the fluid film and is given by:
h(x,t) = hy — 8y cos(2mx / 2) — (W — A). ()]
The vertical displacement of the substrate surface is:
w = —(p —o0aa)/k = [f(h) —p]/k. (103
Impose a perturbation on the homogeneous displacement and pressure field in (4), i.e.,
p(x,t) =po +p = f(h1) —k A(t) + 6p, w(x,t) = A(t) + éw. (11a,b)
Using (10),

k(A +6w) = —po — 8p + f(h) &k w = —6p + f(h) — f(hy). (11¢)
From (11b) and (9),
h = h; — 8y cos(2zx / A) — éw. 11d)

For small perturbation,
f(h) ~ f(hr) + (h—hy) f (hy), (12)
where f = df /dh. Substituting (12), (11d) into (11c), we get
8p = —k 6w + f(h) — f(h;) ~ —k éw — [y cos(2nx/A) + éw] f'(hy). 13)

dop
ox?

Using (11a), we have % = so to leading order, the Reynolds Eq. (8) is:

oh  dow _ h d°p

T o Sz e a4)
Substituting (13) into (14), we obtain

asw (1 —a)kh® *sw  akh? or\ 2

7—% = 12}; (f) cos(21x/2), a = —f (hy) / k> 0. (15)

Since the initial perturbation is periodic, we seek a periodic solution of (15) that satisfies the initial condition éw(t = 0) = 0. It is
easy to verify this solution is:

a oy

5W:1—a

[1 —exp(bt)]cos(27x / A), (16a)
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where

_ (1—a)kk} (21)?
b=——15\7) (16b)

Note when b > 0 or a > 1, the solution is unstable since the displacement of the substrate will grow exponentially fast with time.

2.4. Comments

e A special case which contains most of the essential physics is A = 0, that is, when flow is driven entirely by adhesion. The analysis
conducted earlier, specifically in Eq. (15), governing the temporal and spatial evolution of displacement and pressure, unveils that
it remains unaffected by A. Consequently, we concentrate on this A = 0 case for the remainder of this paper.

(1— a)kh

e Eq. (15) can be identified as a linear heat diffusion equation with diffusion coefficient given by L, The heat source is given by

the RHS of (15). Instability corresponds to a negative diffusion coefficient where a > 1.

e Stability is controlled by a dimensionless parameter « = — f'(h;) /k > 0. The physical interpretation of this parameter is as follows:
f'(hy) represents the slope of adhesive stress versus gap thickness at hy, serving as the intrinsic stiffness of an adhesive "spring" with
negative value, i.e., force increases with decreasing distance. In contrast, the substrate stiffness, k, is positive. Visualize a spring-
block system where these springs are connected in series. When —f'(h;) > k (or when @ > 1), if the block retracts the attractive
force increases more than required to hold the spring in place and we have a mechanically unstable jump into contact.

3. Evolution of interface due to adhesion - nonlinear theory

The above analysis linearizes the nonlinear Reynolds equation. In this section we study the evolution of displacement and pressure
by solving the nonlinear Reynolds equation and compare these results with the linearized theory in the previous section. Detailed
analysis is carried out in two regimes: @ < 1, @ = 1. In the regime of a > 1, the numerical scheme is unstable.

First, we modified Reynolds equation for normal contact. Here we consider the case where the rigid plate is fixed (i.e., A = 0), so
the change in liquid film thickness/pressure is driven solely by adhesion. The dependence of stability on applied displacement and
machine compliance is provided in Section 3 of the SI. For convenience, we treat the perturbation as a permanent geometric defect as
shown in Fig. 1(b), that is, the rigid indenter is not exactly flat, instead, its surface varies sinusoidally with amplitude 5y > 0. Spe-
cifically, the film thickness is given by:

h = h; — 8y cos(2zx /1) — w. a7
To simplify the analysis, we assume a piecewise linear adhesion model (Camacho and Ortiz, 1996), i.e.,
6o(1 —h/d) 0 <h<d,

a(h) = S 18a,b
ou(h) {o h>d.’ (18a.b)

where 69, and d. are material constants. At h = 0, there is hard contact. Physically, oy indicates the adhesive strength and d, is a
characteristic distance over which adhesion acts. The quantity ood./2 (area underneath the 6,4 vs h plot) is typically referred to as the
work of adhesion in Fracture Mechanics (Maugis, 1992). If we further assume that h < d. (this assumption is usually satisfied for
sufficiently small h;), then the fluid pressure p everywhere can be computed using (10), (17), and (18a), with f(h) = 6o(1 —h /d;) . The
Reynolds Eq. (8) becomes (by substituting the p in expression of fluid thickness h):

oh k o 2nx 09 h
i oe P o)+ (1)
with
p=f(h)—kw =0 (1 7d£> + klh — hy + Sycos(27x / A)]. 19

We introduce the following normalization to expedite the analysis,

3
X= 27[.)('/}, H-= h./h]7 w= W/h[7 f|:kh ( > :| (20a-d)
127\ 2

Using these normalizations, (19) can be written as

oH 0 (H36H> ea(HgsinX)7 21a)

ﬁf(l )dX X X

where
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a=o0/(kd)) >0, 0<e=(8y)/lh<1, H=1—ecosX — W. (21b-d)

Note that if we interpret H as temperature, then (1 —a)H® can be interpret as a temperature dependent diffusivity which depends on
the temperature to the third power. Hence (21a) can be viewed as a nonlinear heat diffusion equation with temperature dependent
o(H3sinX)

diffusivity and S = —e——;

is a temperature dependent heat source. The initial condition (IC) is:
H(X,T=0)=1—ecosX & W(X,T=0)=0. (22a)

The solution of (21a) and (22a) is periodic with period 2x, and symmetry dictates that we need only to consider the region X € [0, 7]
with boundary conditions (BCs):

oH
— =0. 22b
aX X=0,7 0 ( )
First, consider the trivial case of NO adhesion, @ = 0, then H(X, T) = 1 — ecosX satisfies all the boundary conditions and the PDE
(21) exactly. As expected, nothing happens if there is no adhesion.
It can be verified that, as long as W < 1, the linearized solution of (21a) with ¢ < 1 subjected to the IC and BCs (22a, 22b) is given by
(16a, 16b), which in normalized form, is:
a

Wzlfaﬂ—wm—u—mmmg;w«L (23a)

Eq. (23a) indicates that, as long as a < 1, the displacement does not increase exponentially with time. More importantly, for large
(1 — a)T >> 1, the exponential goes to zero, and

ae

WX, T-o0) = 1 cosX. (23b)

Since H =1 — ecosX — W (21d), dry contact occurs first at X = 0 when the condition:
WX=0T)=1-¢ (24a)

is satisfied. This condition and (23a) predict that, when 1 — ¢ < a, dry contact occurs at X = 0 at normalized time T, given by

A-a)1—¢)

1-a)T. = -In|1 - -~

forl—e<a (24b)
Note the special case of 1 — ¢ = a predicts dry contact at infinite time. On the other hand, dry contact will not occur if 1 — e > a.
Here we emphasized that the linearized solution given by (23a, 23b) breaks down for finite times before dry contact can occur, since
the displacement will no longer be of order ¢. For small a so that € + @ < 1, one expects the solution given by (23a) is uniformly valid
for all times, since the displacement remains small. In other words, whether dry contact can occur for @ < 1 should be further studied
by solving the nonlinear equation, which is done in Section 3.1.
An important observation is that when a—1, the linearized displacement solution given by (23a) approaches:

1.2 T T T T T T T
€=0.1, @ =0.5, —— =0.2

'l -«

1.15

== Nonlinear Solution
=¢ Linearized Solution

— (1-a)T=0.1
— (1-a)T=0.5
1-a)T=1.0
— (1-a)T=2.0 ]
— (1-a)T=3.0
0.8 — (1-a)T=5.0 1

— (1-a)T =10.0

0.75 1 1 L 1 I .
0 0.1 0.2 03 04 0.5 06 07 08 09 1

X[x]

Fig. 2. Nonlinear solution and linearized solution of fluid thickness for ¢ = 0.1 and @ = 0.5. For this case, linearized solution predicts there would
be no dry contact.
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w= la—ea(l —exp[— (1 — a)T])cosX =,.; eTcosX. (25)
Thus, the transition to instability at « = 1 is marked by displacement growing linearly with normalized time. Note that the line-

arized theory predicts that dry contact (i.e., H =1 — ecosX — W =1 — ecosX — eTcosX =0) occursatX =0whenT = (1 —¢)/e ~ 1
/€.

3.1. Numerical solution for 0 < a < 1

In this regime the surface is stable, but it is still interesting to consider how the surface evolves due to adhesion driven flow. Using a
newly developed numerical technique (Liu et al., 2022; Wu et al., 2023), we solved the nonlinear PDE (21) subjected to (22a, 22b) for
different values of @ < 1. Details of implementation are given in the Supporting Information. Comparison of the linearized solution
(23a) and the fully nonlinear solution is plotted in Figs. 2-5 fore = 0.1 and a = 0.5, 0.8, 0.9 and 0.95 respectively. The figures depict
the spatial variation of film thickness H at different times. Since Eq. (23a) indicates that the time dependence is governed by the factor
(1 — a)T, we vary this parameter in our plots instead of T. These numerical results also allow us to determine elastic foundation
displacement fields W at different times, these are given in SI Figures S2-S5. The fluid thickness and displacement fields for e = 0.1 and
a= 0.1, 0.905, 0.91, 0.92, 0.98 and 0.99 are shown in SI Figures S6-S11 respectively. At (1—a)T=5, the fluid thickness and
displacement fields with different values of a are shown in SI Figure S12.

Figs. 2-5 demonstrate that the linearized solution agrees well with the nonlinear solution for all @ < 1 for short times, (1 — a)T < 1.
For a < 0.8, the linearized solution accurately predicts the trend, albeit with errors emerging at larger times. It is worth noting that
according to the linearized theory, dry contact occurs at X = 0 when 1 — ¢ < a . Assuming linear theory is accurate, for ¢ = 0.1, dry
contact (H—0) should occur at sufficiently long times when a = 0.9 (75, = 1). However, the nonlinear solution reveals that although
the liquid gap decreases over time, it is not nearly as thin as predicted by the linearized solution. An intriguing observation is that this
thin liquid gap extends over a much larger area, while the thinner gap predicted by the linearized solution is more localized at X = 0.
This trend continues for 1 — e < a (or ¢/(1 — a) > 1), as illustrated in Fig. 5. Note that for several of the cases, the linearlized solution
predicts negative H, which is not permitted physically. In those cases, for the sake of plotting, we assign all negative H values to be zero.

3.2. The transition case a = 1

The transitional case holds significance as it allows for exact analysis and illustrates the onset of instability. When instability sets in
a > 1, the modified Reynolds Eq. (21) becomes numerically unstable, we are not aware of any numerical method to solve this problem.
For the transition case a = 1, eq. (21a) simplifies to

= —cH® . 26
P eH%cosX (26)

a—T—(l—a)— =—e—~— %= 4 3eH%sinX

oH 9 ((pOH\ _ o(H®sinX)  oH oH
0x 0x oT X

Note the PDE (26) completely changes character when a = 1. Instead of a nonlinear diffusion equation (@ < 1) of 2nd order, it
becomes a 1st order hyperbolic equation. This type of equation can be solved using the method of characteristics. The characteristic
curves are space curves in the (T,X, H) space. The theory of PDE tells us that these characteristic curves span the solution surface

1.6 T T T

141

1.2F

== Nonlinear Solution
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Fig. 3. Nonlinear solution and linearized solution of fluid thickness for ¢ = 0.1 and @ = 0.8. For this case, linearized solution predicts there would
be no dry contact.
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Fig. 4. Nonlinear solution and linearized solution of fluid thickness for ¢ = 0.1 and @ = 0.9. For this case, linearized solution predicts that dry
contact would occur in an infinite time.

3 T T

T T T TS

. T . v
=0.1, o =0.95, —— =2 o
€ a e 5

= Nonlinear Solution #
= o Linearized Solution
- (1-a)T =0.1
2 —(1-a@T=0.5

(1-a)T=1.0
— (1-a)T=5.0
T 15 —(1-a)T=10

— (1-a)T =20
— (1-a)T =50

[ pmp————r—r

05F ——"d
—"
e
0 e — { T 4 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

X[n]

Fig. 5. Nonlinear solution and linearized solution of fluid thickness for ¢ = 0.1 and a = 0.95. For this case, linearized solution expects the dry
contact would first occur at (1 — a)T. = 0.642. For accuracy, we round up to three decimal places with our numerical time increment as 0.001.

(Carrier and Pearson, 2014). For convenience, we use normalized time T to parameterize the characteristic curves, which are solutions
of the system of autonomous ordinary differential equations (ODEs) given by:

dx 2
ar - 3eH*sinX
, (27a,b)
d'H 3
T —eH>cosX
with the initial data
H(X, T=0)=1— ecosX. 27¢)
For short times, the leading order approximation of (26) is:
0H dsinX
Tt S;X = —¢cosX = H =1 — ecosX — eTcosX + O(¢?). (28)

Eq. (28) is Eq. (25) for short times.
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We integrate (27a, 27b) to determine the evolution of the initial data. Periodicity and symmetry allow us to consider X € [0,x]. For
example, suppose we want to determine how the film thickness at X = 0 evolves with time, we solve (27a, 27b) subjected to the initial
condition:

X(T=0)=0, HT=0)=1—¢. (29a,b)
It can be easily verified that:

1
X(T20)=0, H(T) = [(1—¢) > +2T] * (30a)
satisfies the ODE and the IC. There is also an exact result at X = x, here the exact solution of (27a, 27b) is:
1
X(T>0)=nr, H(T) = [(1 te)y?o zeT] 2, (30b)

These are two important results, as they show exactly how the liquid gap changes with time at the narrowest and widest gap. In
dimensional form, these results are:

1
kh3 2
h(x=0,t) =h {(1 —e) % +e a<7> t} , (31a)
2 1
AN o kR (2 2 (31b)
h(xfi,t) h[|:(1 +e) 766—’1<7> t} .

Note at X = z, the gap is infinite as T approaches 1/ [26(1 + 6‘)2] , presenting an unphysical outcome. This result stems from our
calculation assumes that h < d. or H < d./h; holds for all X. However, this condition is violated for sufficiently large time when H
exceeds d. /h;. Therefore, the solution (30b, 31b) is valid for T less than [( €)% — (h/d.)*|/(2¢). However, we emphasize that (30a)

is valid for all times, which means that, in practice, dry contact will occur at sufficiently long time.
Note that for short times where 2¢T < 1,

1

H(X=0,T) = {(1 —e)? +25T} Zrloe—(1-ePeT~1—e—eT, (32a)

1
HX=nT) = {(1 +e) - 25T} *ml+e+(1+e’cTrl+e+ecT. (32b)

We recover the asymptotic solution (28) evaluated at X = 0 and 7 respectively. The time it takes to achieve dry contact depends on
the initial amplitude of perturbation, from (30a), T has to be larger than 1/e. We next solve (27a, 27b) for X € (0, x). Pick any point

X; € (0,7), the characteristic curve that intersects this point at T = 0 must satisfy, by (27a, 27b),

dH H cosX

X~ 3 sinX >H=0 (sz) (33)

dx

g7 = 3Ci6inx) " = / = = 3¢C2T. (34)
(sinq)

Note we have imposed the condition X(T= 0) = X; in (34). Since the integral in (34) is monotonically increasing, its inverse
function must exit, so there exists a function g such that:

X

dq
/W =3eCiT = X = g(3¢CiT, X1). (35)
X1

Finally, C; is determined by the initial data and (33), i.e.,

1 1
1 —ecosX; = C;(sinX;) 3 = C; = (1 — ecosX; )(sinX; )3. (36)

Egs. (33)-(36) completely determine the characteristic curve that passes through the initial curve at (T =0, X =X;, H =1 —
ecosX; ). Specifically, the characteristic space curve that passes through (T =0, X = X;, H=1 — ecosX;) has coordinates:

1 1
(T =0, X =g(3¢CiT, X,), H= Cl(sinX)B) , where C; = (1 — ecosX; ) (sinX; )3. (37)
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Fig. 6. (X, T,H) solution surface for « = 1. In (a), a cut plane in grey color represents the case where d./h; = 1.5, serving as an example. Above the
cut plane, the solution surface is not valid since (18a) is violated when H > d./h;. (b) is a rotated view of (a) to provide a different perspective of the
solution surface. If there comes a point in time when the fluid thickness H exceeds d. /h;, our solution becomes invalid from that moment onward.

These solutions can also be visualized by examining the phase plane of (27a, 27b). In theory, one can obtain the solution surface by
solving the equation:
d 2
/ (7" = 3¢(1 — ecosX; ) (sinX, )3T (38)

13
% sinq)

for X;. Denote this solution by X; = W(X, T,¢) and substituting this into C; in (36) and using (33) gives the equation of the solution
surface. In practice, ¥ can be not determined in close form, so this method is not particularly useful. Here we generate the solution
surface by computing the characteristic curves by solving (27a, 27b) using many sets of initial data with different X; € [0, 7]. These
characteristic curves are then used to span the solution surface which is shown in Fig. 6. For a given time T, we can find the intersection

curve H(X,T) of the solution surface and the fixed T surface. The fluid thickness for a=1 at different times is plotted in Fig. 7. The
corresponding elastic foundation displacement fields are shown in SI Figure S13.

25 T T T T T T

a=1e=0:1

05 . ) . . . . \ .
0 0.1 02 03 04 05 06 07 08 09 1

X[n]

Fig. 7. The fluid thickness H as a function of location X at different time T for @ = 1. Again, we use d./h; = 1.5 as an illustrative example to
demonstrate the valid zone of our solution. The results indicate that for T = 0.1, 0.5, 0.8, 1.0, the fluid thickness at all X positions satisfies H < d
/hy, so the solutions are valid. However, for T = 2.0, 3.0, 4.0, there are areas where the fluid gap is larger than d./h; = 1.5. In these regions, our
assumption (18a) fails, rendering invalid solutions for such times. The dash lines label the positions where H(X, T) = d./h;.
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33 a>1

As previously mentioned, this scenario corresponds to backward diffusion, where the diffusivity is negative. Even in the case of a
linear PDE with a negative constant diffusion coefficient, backward diffusion is recognized as ill-posed, indicating that the solution
does not exhibit continuous dependence on the provided data (Zhang and Zhang, 2020). Unfortunately, due to the nonlinearity and
unstable nature of (21a), we have not been able to develop a numerical scheme to accurately solve the nonlinear PDE (21) with IC
(22a) and BCs (22b).

Herein, we study the outcomes of linear stability analysis and shed light on the anticipated behavior of the nonlinear solution. The
linear analysis for this case reveals flow instability. Assuming that W << 1 or H is close to 1, the solution of (21a), (22a, 22b) is given
by:

ae

H=1+ elcost

. o cosXexp|(a — 1)T]. (39)

Thus, for |X| < z/2, H decreases exponentially fast with time. In this region, linearized theory predicts that dry contact is achieved
exponentially fast in finite time T,

1 1 a-1 .2
T,=— In(- x| <Z. 40
¢ ocfln<oz+ocecosX>7 | ‘<2 (“40)

However, it is crucial to note that this expression overestimates the contact time. As H decreases, the “diffusion” coefficient
(assumed to be (1 —a)H® in perturbation theory) and the “source” term, — e d(H>sinX)/dX, cease to remain constant but decrease
rapidly proportional to H®. Consequently, the attainment of dry contact is expected to be notably slower than predicted by linear
analysis, as exemplified by our results in Fig. 5 (and Figures S7-S11 in SI). In essence, as the liquid gap closes, flow becomes
exceedingly sluggish, requiring significantly more time to achieve dry contact. The outcome is the rapid spreading of this thin fluid
layer from X = O to the rest of the region. Hence, linear analysis is expected to provide a lower bound for the time to achieve dry
contact.

4. Summary and discussion

Motivated by recent experiments demonstrating the significant role of adhesion in controlling soft contact mechanics under
lubricated conditions, we have introduced a new model that integrates adhesive interactions into the standard lubrication equation of
Reynolds. Our focus is on examining the impact of adhesion on fluid flow, employing a simple geometry where a thin layer of fluid,
initially of constant thickness, is sandwiched between a rigid flat indenter and the surface of an elastic foundation.

We present solutions for flow driven by adhesion and demonstrate that, for a dimensionless parameter «, the homogeneous solution
(indicating no flow) becomes unstable, leading to the possibility of dry contact. Mathematically, the modified Reynolds equation
transforms from a nonlinear diffusion equation with positive diffusivity to one with negative diffusivity, representing backward
diffusion. In the transition case of @ = 1, the Reynolds equation shifts to a first-order nonlinear wave equation. These findings hold
significant importance as they provide insights into new phenomena such as fluid trapping under normal contact conditions and
surface wrinkling instabilities recently observed in sliding lubricated contact.

For mathematical simplicity, we model the substrate as an elastic foundation. Although it is straightforward to formulate the
problem using a finite layer of linear elastic solid, analytic solutions become much more challenging. Nonetheless, we anticipate that a
parameter similar to a exists and that there are little qualitative differences in physics. We employ a piecewise linear adhesion model
with two parameters, o and d.. These parameters can be adjusted to match different surface interactions, such as Van der Waals
interactions modified by a thin liquid layer. If necessary, the model can be further modified to represent more accurate interaction
between surfaces. In the realm of fracture mechanics and adhesion literature, it is widely accepted that the pivotal parameters in
adhesive models are the peak stress and the adhesive energy, the latter being represented by the area under the 6,4 versus h curve. The
precise shape of the curve holds secondary importance. Therefore, if these two parameters are assumed to be identical, one can
anticipate minimal qualitative deviations in the solution behavior, regardless of the specific adhesive model employed. A more
complex challenge arises when incorporating curvature into the analysis, as many contact problems involve non-conformal bodies like
spheres or cylinders. Despite the formulation remaining the same, the primary obstacle lies in numerically solving highly nonlinear
coupled partial differential equations with complicated geometrical boundary conditions. In this work, we study only normal contact.
The effect of adhesion on sliding contact will be analyzed in future work.

Finally, we examine the range of adhesive interactions in the soft materials used in our experiments and those of Sun et al. (2021).
Here, we discuss results under dry contact conditions which are much easier to observe. In this experiment, a borosilicate glass
indenter, 4.06 mm in diameter, approached a PDMS substrate at a velocity of 5 x 1078 m/s. Using a custom Johnson-Kendall-Roberts
(JKR) setup and a high-speed camera, Newton’s rings were observed as the indenter moved towards the surface. The sudden jump
distance, reflecting the minimum air gap length, was measured before contact. Experiments were conducted on both stiff (with shear
modulus G =1 MPa) and soft (with G = 40 KPa) PDMS substrates. The sudden jump distance for stiff and soft substrate is 195 nm and
250 nm respectively. This result shows that the range of adhesive interactions can be significantly larger than the surface roughness of
PDMS substrates (with root-mean-square surface roughness 3.2 nm (Dong et al., 2023)).
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