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Abstract. We construct a two dimensional unoriented open/closed topological field
theory from a finite graded group ⇡ : Ĝ⇣ {1,�1}, a ⇡-twisted 2-cocycle ✓̂ on BĜ and
a character � : Ĝ! U(1). The underlying oriented theory is a twisted Dijkgraaf–
Witten theory. The construction is based on a detailed study of the (Ĝ, ✓̂,�)-twisted
Real representation theory of ker⇡. In particular, twisted Real representations are
boundary conditions of the unoriented theory and the generalized Frobenius–Schur
element is its crosscap state.

Introduction

Associated to a finite group G and a U(1)-valued 2-cocycle ✓ on its classifying
space BG is a two dimensional topological gauge theory known as Dijkgraaf–Witten
theory [18]. This is an oriented open/closed topological quantum field theory
(TFT) Z(G,✓) with boundary conditions the category Rep✓(G) of finite dimensional ✓-
twisted complex representations ofG [24, 46]. In particular, Z(G,✓) assigns a partition
function to each compact oriented 2-manifold with boundary components labelled
by twisted representations of G. Open/closed TFT was introduced as a framework
to axiomatize the structure of topological D-branes in string theory [43, 35, 46] and
has found a variety of applications in pure mathematics [15, 7, 1]. The open/closed
structure of Dijkgraaf–Witten theory plays an important role in the descriptions of
D-branes in orbifold string theory [18], generalized symmetries in quantum field
theory [55, 32] and boundary degrees of freedom in topological phases of matter
[57].

Open/closed TFTs on unoriented—and possibly non-orientable—manifolds arise
naturally in orientifold string theory [31] and its related mathematics [63, 25, 29, 49].
In condensed matter physics, unoriented TFTs in general, and Dijkgraaf–Witten
theory in particular, model topological phases of matter with time reversal symmetry
[26, 36, 6].

The main result of this paper is an algebraic construction of a class of unoriented
lifts of the oriented open/closed Dijkgraaf–Witten theories Z(G,✓).

Theorem A (Theorem 3.7). A triple (Ĝ, ✓̂,�) consisting of a short exact sequence of finite
groups

1! G! Ĝ
⇡

�! C2 = {1,�1}! 1,
a ⇡-twisted U(1)-valued 2-cocycle ✓̂ on BĜ which restricts to ✓ on BG and a character
� : Ĝ!U(1) defines a two dimensional unoriented open/closed topological field theory
Z(Ĝ,✓̂,�) whose underlying oriented sector is a subtheory of Z(G,✓).
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A number of authors have studied Z(Ĝ,✓̂,�) under the assumption that Ĝ = G ⇥C2

is the trivial extension, ✓̂ is in the image of the map H
2(BG;C2)! H

2(BĜ;U(1)⇡)
and � is trivial [37, 3, 59, 44, 58]. For general (Ĝ, ✓̂) and trivial �, a topological
construction of the closed sector of Z(Ĝ,✓̂,1), and its higher dimensional analogues,
was given in [63]. A G-equivariant extension of the closed sector of Z(Ĝ,✓̂,1) was given
in [36]. We emphasize that general input data (Ĝ, ✓̂,�) is required to realize in full
the applications of unoriented Dijkgraaf–Witten theory mentioned before Theorem
A; see Remark 3.8. As explained below, general input data is also natural from the
representation theoretic and K-theoretic perspectives.
Theorem A is proved using Theorem 3.4, an algebraic characterization of un-

oriented TFTs which builds o↵ earlier characterizations of oriented closed and
open/closed TFTs [17, 2, 43, 46, 3, 42], unoriented closed TFTs [60] and unoriented
open/closed TFTs with a single boundary condition [3]. The algebraic data required
to define an unoriented open/closed TFT includes:

• A commutative Frobenius algebra A; this defines the oriented closed sector.
• A Calabi–Yau category B; this defines the oriented open sector.
• An isometric involution p : A ! A and a crosscap state Q 2 A, the latter
corresponding to the value of the TFT on the compact Möbius strip; this
defines the unoriented closed sector.
• A strict contravariant involution of B, that is, a functor P : Bop! B which
squares to the identity, which is moreover required to be the identity on
objects; this defines the unoriented open sector.

The data (and that which we have omitted) is required to satisfy a number of coher-
ence conditions. The oriented theory Z(G,✓) is defined by the commutative Frobenius
algebra HH•(Rep✓(G)) ' Z(C✓

�1
[G]) with the Haar bilinear form h�,�iG and Calabi–

Yau category Rep✓(G). Motivated by the search for the data required to define the
unoriented lift Z(Ĝ,✓̂,�), in Section 2 we construct and study a contravariant invo-

lution (P(Ĝ,✓̂,�)
,⇥(Ĝ,✓̂,�)) of Rep✓(G), that is, a contravariant endofunctor P(Ĝ,✓̂,�) of

Rep✓(G) and a natural isomorphism ⇥(Ĝ,✓̂,�) from the identity functor to its square.
The functor P(Ĝ,✓̂,�) acts non-trivially on objects and so is not an admissible choice for
the defining data of Z(Ĝ,✓̂,�). A key representation theoretic observation is that the

homotopy fixed points of (P(Ĝ,✓̂,�)
,⇥(Ĝ,✓̂,�)) is the category of (Ĝ, ✓̂,�)-twisted Real

representations of G. The Real representation theory of G was originally studied by
Wigner [61] and Dyson [21] as a generalization of real and quaternionic representa-
tion theory in the context of anti-unitary symmetries in quantum mechanics. More
recently, Real representation theory has been developed from the related perspective
of twisted equivariant KR-theory [4, 38, 26, 49] and categorical representation the-
ory [64, 53, 52]. In the K-theoretic setting, general pairs (✓̂,�) are required to realize
all KR-theory twists. Motivated by the above perspectives, we consider the element

⌫(Ĝ,✓̂,�) =
X

&2Ĝ\G

�(&)
✓̂([&|&])

l&2 2HH•(Rep✓(G)).

The role of ⌫(Ĝ,✓̂,�) in Real representation theory is summarized by the next result.
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Theorem B (Theorem 2.7 and Corollary 2.8). Let V be a ✓-twisted representation of G
with character �V . Then h�V ,⌫(Ĝ,✓̂,�)iG is equal to the trace of the involution

HomG(V ,P
(Ĝ,✓̂,�)(V ))!HomG(V ,P

(Ĝ,✓̂,�)(V )). f 7! P
(Ĝ,✓̂,�)(f ) �⇥(Ĝ,✓̂,�)

V
.

In particular, if V is irreducible, then

h�V ,⌫(Ĝ,✓̂,�)iG =

8>>>><>>>>:

1 if and only if V lifts to a (Ĝ, ✓̂,�)-twisted Real representation,
�1 if and only if V lifts to a (Ĝ,�✓̂,�)-twisted Real representation,
0 otherwise.

Here � is a representative of the generator of H2(BC2;U(1)⇡) ' C2.

The second statement in Theorem B shows that ⌫(Ĝ,✓̂,�) is a generalization to
twisted Real representation theory of the classical Frobenius–Schur element. Indeed,
the element ⌫(Ĝ,✓̂,�) recovers, under various specializations of the data (Ĝ, ✓̂,�), other
previously known generalized Frobenius–Schur elements [27, 30, 59, 34]. Theorem B
and a complete understanding of the ✓-twisted representation theory of G su�ces to
obtain a complete understanding of the (Ĝ, ✓̂,�)-twisted Real representation theory
of G.
Returning to the proof of Theorem A, we take for B the Calabi–Yau category of

(Ĝ, ✓̂,�)-twisted Real representations of G and their G-equivariant linear maps. We
view this as an orientifold-type construction, with Rep✓(G) seen as the category of D-
branes in an oriented string theory and B the category of D-branes which survive the
orientifold projection defined by (P(Ĝ,✓̂,�)

,⇥(Ĝ,✓̂,�)). The category of twisted Real rep-
resentations is a non-full subcategory of B and the forgetful functor B! Rep✓(G)
respects Calabi–Yau structures. Moreover, B inherits a contravariant involution
which is the identity on objects and A =HH•(Rep✓(G)) inherits an isometric involu-
tion p. We take for the crosscap state Q the generalized Frobenius–Schur element
⌫(Ĝ,✓̂,�). It remains to verify the coherence conditions. The most interesting coher-
ence conditions are the Klein condition, which relates the square of the crosscap to
the Klein bottle partition function, and the unoriented counterpart of the famous
Cardy condition [13], which asserts the equality of two ways of evaluating a Möbius
strip diagram with boundary condition V . We verify the unoriented Cardy condition
as a mild generalization of the first equality in Theorem B (proved in Theorem 2.7).
The remaining coherence conditions required of the crosscap state, involution p

and boundary-bulk and bulk-boundary maps, including the Klein condition, are
verified using the calculus of twisted cocycles. In Section 3.3, we compute partition
functions of Z(Ĝ,✓̂,�).

Theorem A, and in particular the crosscap state of Z(Ĝ,✓̂,�), further establishes the
role of generalized Frobenius–Schur indicators in quantum topology and quantum
field theory. For earlier appearances of generalized indicators in these contexts, see
[5, 33, 23, 48, 44, 22]. A new feature of the present work is that the generalized
indicators result from duality structures on the (non-monoidal) category Rep✓(G)
associated to the twisting data (Ĝ, ✓̂,�). This should be contrasted with the more
common monoidal generalization of Frobenius–Schur indicators [48].

Theorem B is a basic instance of the unoriented Cardy condition. Oriented Cardy
conditions have proven to be extremely interesting, and subtle, from the mathemati-
cal perspective and have led to much new mathematics. See [50, 20, 14] for proofs of



4 L. GAGNON-RIRIE AND M.B. YOUNG

the oriented Cardy condition in the setting of categories of matrix factorizations and
B-twisted a�ne Landau–Ginzburg orbifolds. It would be interesting to establish
further instances of the unoriented Cardy condition.

1. Background material

Throughout the paper the ground field is C and vector spaces are assumed to be
finite dimensional. The linear duality functor is (�)_ = HomC(�,C). Denote by U(1)
the group of unit norm complex numbers and Cn the cyclic group of order n, seen as
a multiplicative group.

1.1. Group cohomology. For a detailed introduction to group cohomology, the
reader is referred to [10].

Let K be a finite group and M a left K-module. We regard the underlying abelian
group of M as multiplicative. Let C•(BK ;M) be the complex of normalized sim-
plicial cochains on the classifying space BK with coe�cients in M . An element
✓ 2 C

n(BK ;M) is a function

✓ : Kn
!M, (kn, . . . , k1) 7! ✓([kn| · · · |k1])

whose value is the identity if any ki is the identity. The di↵erential d✓ of an (n� 1)-
cochain ✓ is defined so that d✓([kn| · · · |k1]) is equal to

kn ·✓([kn�1| · · · |k1])
n�1Y

j=1

✓([kn| · · · |kj+1kj | · · · |k1])(�1)
n�j

⇥✓([kn| · · · |k2])(�1)
n

.

Write Z
•(BK ;M) and H

•(BK ;M) for the cocycles and cohomologies of C•(BK ;M),
respectively.
When M = U(1) with trivial K-action, write C

•(BK) for C
•(BK ;M). When ⇡ :

Ĝ! C2 is a group homomorphism and M =U(1) with Ĝ-action ! · z = z
⇡(!), write

C
•+⇡(BĜ) for C•(BĜ;M). If ⇡ : C2! C2 is the identity map, then H

2+⇡(BC2) ' C2, a
cocycle representative � for the generator being

�([&2|&1]) =
(
�1 if &1 = &2 = �1,
0 otherwise.

We use the same notation for � and its image under ⇡⇤ : Z2+⇡(BC2)! Z
2+⇡(BĜ).

Lemma 1.1. Let ⇡ : Ĝ ! C2 be a C2-graded finite group and ✓̂ 2 Z2+⇡(BĜ). For all
gi 2 G, ! 2 Ĝ and & 2 Ĝ \G, the following equalities hold:

✓̂([!g2!�1|!g1!�1])
✓̂([g2|g1])⇡(!)

=
✓̂([!g2!�1|!])
✓̂([!|g2])

✓̂([!g1!�1|!])
✓̂([!|g1])

 
✓̂([!g2g1!�1|!])
✓̂([!|g2g1])

!�1
(1)

✓̂([!&!�1|!&!�1])
✓̂([&|&])�⇡(!)

=
✓̂([!|&2])

✓̂([!&2!�1|!])
. (2)

Proof. Both equalities follow from repeated use of the 2-cocycle condition on ✓̂:

✓̂([!3!2|!1])✓̂([!3|!2]) = ✓̂([!3|!2!1])✓̂([!2|!1])⇡(!3), !i 2 Ĝ. ⇤
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1.2. Twisted representation theory. We recall background on twisted representa-
tion theory following [39]. Let G be a finite group and ✓ 2 Z2(BG).

Definition 1.2. A ✓-twisted (or ✓-projective) representation of G is pair (V ,⇢) con-
sisting of a vector space V and a map ⇢ : G! GL(V ) which satisfies ⇢(e) = idV and

⇢(g2) � ⇢(g1) = ✓([g2|g1])⇢(g2g1), g1, g2 2 G.

We often write V or ⇢V for (V ,⇢). The category Rep✓(G) of ✓-twisted representa-
tions and their G-equivariant linear maps is C-linear finite semisimple.
The ✓-twisted group algebra C

✓[G] is the C-algebra with basis {lg | g 2 G} and
multiplication lg2 · lg1 = ✓([g2|g1])lg2g1. The category of finite dimensional C✓[G]-
modules is equivalent to Rep✓(G). We sometimes interpret C✓[G] as functions on
G, in which case lg the �-function at g . The centre Z(C✓[G]) consists of elementsP

g2G aglg whose coe�cients satisfy

ahgh�1 = ⌧(✓)([h]g)�1ag , g,h 2 G.

Here ⌧(✓)([h]g) := ✓([hgh�1|h])
✓([h|g]) are the components of a 1-cocycle ⌧(✓) on the loop

groupoid of BG called the loop transgression of ✓ [62, Theorem 3]. Define a non-
degenerate symmetric bilinear form on C

✓[G] by

h

X

g2G

aglg ,

X

h2G

bhlhiG,✓ =
1
|G|

X

g2G

✓([g�1|g])ag�1bg .

The character of (V ,⇢) 2 Rep✓(G) is the function �V : G! C, g 7! trV ⇢(g). A short
calculation shows that �V (hgh�1) = ⌧(✓)([h]g)�V (g). Functions G ! C with this
conjugation equivariance are elements of Z(C✓

�1
[G]) and are called ✓-twisted class

functions. Characters of irreducible ✓-twisted representations form an orthonormal
basis of Z(C✓

�1
[G]) with respect to h�,�iG := h�,�iG,✓�1.

Given (V ,⇢V ) 2 Rep✓(G), define (V _,⇢V_) 2 Rep✓
�1
(G) by ⇢V_(g) = (⇢V (g)�1)_. For

ease of notation, we write ⇢V (g)�_ for (⇢V (g)�1)_.

1.3. Categories with duality. For a detailed introduction to categories with duality,
the reader is referred to [41].

Definition 1.3. (1) A category with duality is a triple (C,P,⇥) consisting of a
category C, a functor P : Cop! C and a natural isomorphism ⇥ : idC) P �P

op

whose components satisfy

P(⇥V ) �⇥P(V ) = idP(V ), V 2 C. (3)

The duality structure (P,⇥) is strict if ⇥ is the identity natural transformation.
(2) A homotopy fixed point of (C,P,⇥) is a pair (V , V ) consisting of an object

V 2 C and an isomorphism  V : V ! P(V ) which satisfies P( V ) �⇥V =  V .

We interpret (P,⇥) as defining a categorical C2-action on C in which the generator
acts contravariantly. Motivated by this, let ChC2 and Ch̃C2 be the categories with
objects homotopy fixed points and morphisms

Hom
ChC2 ((V , V ), (W, W )) = {� 2HomC(V ,W ) |  V = P(�) � W ��}

and
Hom

Ch̃C2
((V , V ), (W, W )) = HomC(V ,W ),
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respectively. Let Ph̃C2 : (Ch̃C2)op ! Ch̃C2 be the functor which is the identity on
objects and sends a morphism � : (V , V )! (W, W ) to P

h̃C2(�) =  �1
V
�P(�) � W .

Let ⇥h̃C2 : id
Ch̃C2
) P

h̃C2 � (Ph̃C2)op be the identity natural transformation.

Lemma 1.4. The triple (Ch̃C2 ,P
h̃C2 ,⇥h̃C2) is a category with strict duality. Moreover,

P
h̃C2 is the identity on objects.

2. A Frobenius–Schur indicator for twisted Real representation theory

2.1. Twisted Real representation theory. The Real representation theory of a finite
group has been studied by many authors as a generalization of representation theory
over R or H [61, 21, 4, 38, 26, 64]. We establish relevant aspects of the twisted form
of this theory, following [64, §3.2].
Let ⇡ : Ĝ! C2 be a C2-graded finite group with ⇡ surjective. Fix ✓̂ 2 Z2+⇡(BĜ)

and a character � : Ĝ ! U(1). Note that � can be interpreted as an element of
Z
1(BĜ). Denote by G = ker⇡ and ✓ 2 Z2(BG) the restriction of ✓̂ along BG! BĜ.
An element & 2 Ĝ\G determines a C-linear exact duality structure (P(✓̂,�,&)

,⇥(✓̂,�,&))
on Rep✓(G). On objects, we have P(✓̂,�,&)(V ,⇢) = (V _,⇢(✓̂,�,&)), where

⇢
(✓̂,�,&)(g) =

�(g)
⌧refl⇡ (✓̂)([&]g)

⇢(&g�1&�1)_, g 2 G.

The coe�cients

⌧refl⇡ (✓̂)([!]g) := ✓̂([g�1|g])
⇡(!)�1

2
✓̂([!g⇡(!)!�1|!])
✓̂([!|g⇡(!)])

, g 2 G, ! 2 Ĝ

are best understood in terms of orientation-twisted loop transgression [49, Theorem
2.8], which is a cochain map

⌧refl⇡ : C•+⇡(BĜ)! C
•�1(B(G//RĜ)).

The codomain is simplicial cochains on the classifying space of the quotient groupoid
G//RĜ resulting from the Real conjugation action of Ĝ on G: ! · g = !g

⇡(!)
!
�1,

! 2 Ĝ, g 2 G. In geometric terms, G//RĜ is the unoriented loop groupoid of BĜ,
that is, the quotient of the loop groupoid of BG by the C2-action which reverses
orientation of loops and acts on BG by deck transformations of the double cover
BG! BĜ. While this geometric perspective will not be taken in this paper, we will
use that ⌧refl⇡ (✓̂) is closed, since ✓̂ is so. Continuing, on morphisms P(✓̂,�,&) is simply
C-linear duality. The natural isomorphism ⇥(✓̂,�,&) is defined by its components

⇥
(✓̂,�,&)
V

=
�(&)

✓̂([&|&])
evV � ⇢(&2)�1, (V ,⇢) 2 Rep✓(G)

where evV : V ! V
__ is the evaluation isomorphism of underlying vector spaces.

The normalization of ⇥(✓̂,�,&)
V

ensures that the coherence condition (3) holds.

Definition 2.1. The category RRep(✓̂,�)(G) of (✓̂,�)-twisted Real representations of
G is the homotopy fixed point category Rep✓(G)hC2 of (P(✓̂,�,&)

,⇥(✓̂,�,&)).
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Up to equivalence, (P(✓̂,�,&)
,⇥(✓̂,�,&)) depends only on (Ĝ, [✓̂],�). The same is there-

fore true of RRep(✓̂,�)(G) and we drop & from the notation if it is fixed or the particu-
lar realization of the duality structure is not important.

Concretely, an object (V , V ) 2 RRep(✓̂,�)(G) is an isomorphism  V : V ! P
(✓̂,�)(V )

in Rep✓(G) which satisfies P
(✓̂,�)( V ) � ⇥

(✓̂,�)
V

=  V . A morphism � : (V , V ) !
(W, W ) in RRep(✓̂,�)(G) is a morphism in Rep✓(G) which satisfies P(✓̂,�)(�)� W �� =
 V . Note that � is necessarily injective. In particular, the category RRep(✓̂,�)(Ĝ) is
neither linear nor abelian.
A more standard representation theoretic interpretation of RRep(✓̂,�)(G) is as

follows. Given a vector space V and sign ✏ 2 C2, introduce the notation

✏
V =

(
V if ✏ = 1,
V
_ if ✏ = �1

with similar notation for linear maps. A (✓̂,�)-twisted Real representation of G is
then a vector space V together with linear maps ⇢(!) : ⇡(!)V ! V , ! 2 Ĝ, which
satisfy ⇢(e) = idV and

⇢(!2) �
⇡(!2)⇢(!1)⇡(!2) � ev

�⇡(!1),⇡(!2),�1
V

= �(!1)
⇡(!2)�1

2 ✓̂([!2|!1])⇢(!2!1). (4)

The notation ev
�⇡(!1),⇡(!2),�1
V

indicates that evV is included exactly when ⇡(!1) =
⇡(!2) = �1. The equivalence of this interpretation with that of homotopy fixed
points follows from noting that a homotopy fixed point ((V ,⇢V ), V ) determines an
extension of ⇢V to Ĝ \G by

⇢V (!) = ✓̂([!&�1|&])�1⇢V (!&�1) � �1V , ! 2 Ĝ \G.

A third interpretation of twisted Real representations will also be useful.

Proposition 2.2. Fix & 2 Ĝ \G. A (✓̂,�)-twisted Real representation of G is equivalent to
the data of a ✓-twisted representation of G on V together with a non-degenerate bilinear
form h�,�i : V ⇥V ! C which satisfies the twisted G-invariance condition

h⇢(g)v1,⇢(&g&�1)v2i = �(g)
✓̂([&|g])

✓̂([&g&�1|&])
hv1, v2i, g 2 G

and the twisted symmetry condition

hv1, v2i = �(&)✓([&�1|&�1])h⇢(&�2)v2, v1i

for all v1, v2 2 V .

Proof. Let (V ,⇢) be a (✓̂,�)-twisted Real representation of G. Fix & 2 Ĝ \G and define
a non-degenerate bilinear form on V by

hv1, v2i = ⇢(&�1)�1(v1)v2. (5)
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With this definition, h⇢(g)v1,⇢(&g&�1)v2i is equal to

⇢(&�1)�1(⇢(g)(v1))(⇢(&g&�1)v2)

= �(&g)✓̂([&�1|&g])�1⇢(&g)�_(evV (v1))(⇢(&g&�1)v2)

= �(&g)�(&�1)✓̂([&�1|&g])�1✓̂([&g |&�1])�1⇢(&g&�1)�_⇢(&�1)�1(v1)(⇢(&g&�1)v2)

= �(g)
✓̂([&|g])

✓̂([&g&�1|&])
hv1, v2i.

The first two equalities follow from equation (4) and the third from the 2-cocycle
condition on ✓̂. Similarly, we compute

hv1, v2i = �(&)✓̂([&�1|&])�1⇢(&)�_(evV (v1))v2
= �(&)✓̂([&�1|&])�1⇢(&�2)�_ � ⇢(&)�_(evV (v1))(⇢(&�2)v2)

= �(&)✓̂([&�1|&])�1✓̂([&�2|&])�1evV (v1)(⇢(&�1)�1 � ⇢(&�2)v2)

= �(&)✓̂([&�1|&�1])h⇢(&�2)v2, v1i.

Conversely, given (V ,⇢) 2 Rep✓(G) with non-degenerate bilinear form h�,�i satis-
fying the conditions of the lemma, define ⇢(&�1) by equation (5) and set

⇢(!) = ✓̂([!&|&�1])�1⇢(!&) � ⇢(&�1), ! 2 Ĝ \G.

Note that !& 2 G. The verification that ⇢ is a (✓̂,�)-twisted Real representation of G
mirrors the calculations from the previous paragraph. ⇤

A (✓̂,�)-twisted Real representation is called irreducible if it has no non-trivial Real
subrepresentations. The direct sum (V , V )� (W, W ) = (V �W, V � W ) allows for
the following formulation of a Real analogue of Maschke’s lemma.

Proposition 2.3. Let V 2 RRep(✓̂,�)(G) be irreducible. Then the restriction of V to G is
irreducible or of the form U �P

(✓̂,�)(U ) for an irreducible U 2 Rep✓(G).

Proof. Interpret V as a ✓-twisted representation of G with compatible bilinear form
h�,�i, as in Proposition 2.2, and suppose that the restriction V|G has a non-trivial
irreducible ✓-twisted subrepresentation U . The twisted G-invariance of h�,�i im-
plies that the orthogonal complement U? is a ✓-twisted subrepresentation of V|G
and V|G = U �U

? as ✓-twisted representations. Since V is irreducible, the map
⇢(&) : V _ ! V restricts to a map ⇢(&) : U_ ! U

? which defines an isomorphism
P
(✓̂,�)(U )

⇠
�!U

? of ✓-twisted representations. ⇤

2.2. A twisted Frobenius–Schur indicator. Keep the notation of Section 2.1.

Definition 2.4. The (✓̂,�)-twisted Frobenius–Schur element is

⌫(✓̂,�) =
X

&2Ĝ\G

�(&)
✓̂([&|&])

l&2 2 C
✓
�1
[G].

When (✓̂,�) is clear from the context, we write ⌫ for ⌫(✓̂,�). Note that

⌫(✓̂,�) = �⌫(�✓̂,�) = �⌫(✓̂,⇡�).

Lemma 2.5. The element ⌫(✓̂,�) is a ✓-twisted class function on G.



REAL FROBENIUS–SCHUR INDICATORS 9

Proof. The statement amounts to the identity

✓̂([h&h�1|h&h�1])�1 = ⌧(✓)([h]&2)✓̂([&|&])�1, h 2 G, & 2 Ĝ\G,

which is seen to hold using equation (2). ⇤
We require the following elementary result from linear algebra.

Lemma 2.6. Let V be a finite dimensional vector space and � 2 HomC(V ,V ). Then
trV � is equal to the trace of the map

◆� : HomC(V ,V
_)!HomC(V ,V

_), f 7! f
_
� evV ��.

Proof. Let dimCV = v. Fix a basis of V with induced basis {Eij }
v

i,j=1 of HomC(V ,V ).
Writing � =

P
v

i,j=1�ijEij in this basis, we compute ◆�(Eij ) =
P

v

k=1�ikEjk so that

trHomC(V ,V_) ◆� =
vX

i,j=1

◆�(Eij )ij =
vX

i,j,k=1

�ik(Ejk)ij =
vX

i,j,k=1

�ik�ji�kj = trV �. ⇤

Let V 2 Rep✓(G) and � 2HomG(V ,V ). Consider the map

◆� : HomG(V ,P
(✓̂,�,&)(V ))!HomG(V ,P

(✓̂,�,&)(V )), f 7! P
(✓̂,�,&)(f ) �⇥(✓̂,�,&)

V
��.

Independence of the duality structure up to equivalence of the choice & 2 Ĝ \G
implies that ◆� is independent of &. The coherence condition (3) implies that ◆ := ◆idV
is an involution.

For each V 2 Rep✓(G), define

⌧
V : HomG(V ,V )! Z(C✓

�1
[G]), � 7!

X

g2G

trV (� � ⇢V (g))lg .

Note that ⌧V (idV ) = �V .

Theorem 2.7. For each V 2 Rep✓(G) and � 2HomG(V ,V ), there is an equality

trHomG(V ,P(✓̂,�)(V )) ◆� = h⌧V (�),⌫(✓̂,�)iG.

Proof. Write (P,⇥) for (P(✓̂,�,&)
,⇥(✓̂,�,&)). We compute

trHomG(V ,P(V )) ◆� = trHomG(V ,P(V )) (f 7!
�(&)

✓̂([&|&])
f
_
� evV � ⇢(&2)�1 ��)

=
�(&)

✓̂([&|&])
trV (⇢(&2)�1 ��),

the second equality following from Lemma 2.6. Since trHomG(V ,P(V )) ◆� is independent
of the choice & 2 Ĝ \G used in the definition of ◆� , we average over all such choices
to obtain

trHomG(V ,P(V )) ◆� =
1
|G|

X

&2Ĝ\G

�(&)
✓̂([&|&])

trV (⇢(&2)�1 ��).

On the other hand, we have

h⌧
V (�),⌫(✓̂,�)iG =

1
|G|

X

&2Ĝ\G

�(&)
✓̂([&|&])

✓([&2|&�2])�1trV
⇣
� � ⇢V (&�2)

⌘

=
1
|G|

X

&2Ĝ\G

�(&)
✓̂([&|&])

trV
⇣
⇢V (&2)�1 ��

⌘
,
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thereby proving the desired equality. ⇤
Recall that � is a cocycle representative of the generator of H2+⇡(BC2) ' C2.

Corollary 2.8. Let V be an irreducible ✓-twisted representation of G. Then

h�V ,⌫(✓̂,�)iG =

8>>>><>>>>:

1 if and only if V lifts to a (✓̂,�)-twisted Real representation,
�1 if and only if V lifts to a (�✓̂,�)-twisted Real representation,
0 otherwise.

When h�V ,⌫(✓̂,�)iG = ±1, the twisted Real structure on V is unique up to isomorphism.

Proof. Schur’s Lemma for Rep✓(G) implies that HomG(V ,P
(✓̂,�)(V )) ' C if P(✓̂,�)(V ) '

V and HomG(V ,P
(✓̂,�)(V )) = 0 otherwise. Hence, if HomG(V ,P

(✓̂,�)(V )) = 0, then
V does not lift to a Real representation and the statement follows by applying
Theorem 2.7 with � = idV . If HomG(V ,P

(✓̂,�)(V )) ' C, then a non-zero element
 V 2HomG(V ,P

(✓̂,�)(V )) is an isomorphism which, by Theorem 2.7, satisfies

P
(✓̂,�)( V ) �⇥V = h�V ,⌫(✓̂,�)iG · V .

The first statement of the corollary now follows from the homotopy fixed point
interpretation of twisted Real representations. Uniqueness of the Real structure up
to isomorphism follows from one dimensionality of HomG(V ,P

(✓̂,�)(V )). ⇤
In the setting of Corollary 2.8, if h�V ,⌫(✓̂,�)iG = 0, then V determines an irreducible

(✓̂,�)-twisted Real representation by H
(✓̂,�)(V ) = V � P

(✓̂,�)(V ) with its hyperbolic
homotopy fixed point structure [64, §7.3]. Note that H (✓̂,�)(V ) 'H

(✓̂,�)(P(✓̂,�)(V )).

Corollary 2.9. There are finitely many isomorphism classes of irreducible (✓̂,�)-twisted
Real representations.

Proof. This follows from Proposition 2.3, finiteness of isomorphism classes of irre-
ducible ✓-twisted representations and the final statement of Corollary 2.8. ⇤
Corollary 2.10. There is an equality

⌫(✓̂,�) =
X

V2Irr✓(G)
P
(✓̂,�)(V )'V

h�V ,⌫(✓̂,�)iG�V ,

where Irr✓(G) denotes the set of isomorphism classes of irreducible ✓-twisted representa-
tions of G.

Proof. This follows from the second part of Corollary 2.8 and the fact that the set
{�V }V2Irr✓(G) of irreducible ✓-twisted characters is an orthonormal basis of the space
of ✓-twisted class functions on G. ⇤

Various instances of the element ⌫(✓̂,�) and Corollary 2.8 are known:

(1) The classical setting of Frobenius and Schur [27] corresponds to taking Ĝ =
G⇥C2 with ⇡ the projection to the second factor and the cohomological data ✓̂
and � trivial. The conditions on the bilinear form h�,�i from Proposition 2.2
reduce to G-invariance and symmetry; if ✓̂ = �, then h�,�i is skew-symmetric.
Corollary 2.8 then gives the standard necessary and su�cient condition for
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V to admit a G-invariant bilinear form and so be defined over R (in the
symmetric case) or H (in the skew-symmetric case).

(2) Taking ✓̂ and � to be trivial recovers Gow’s generalized Frobenius–Schur
element used in the character theoretic study of 2-regularity of finite groups
[30, §2]. For representation theoretic applications, see [51].

(3) Take Ĝ = G⇥C2. In this case, there is a homomorphism G! Ĝ which splits ⇡.
When ✓̂ is in the image of the resulting mapH

2(BG;C2)!H
2+⇡(BĜ) and � is

trivial, ⌫(✓̂,1) recovers Turaev’s generalized Frobenius–Schur element studied
in the context of closed unoriented TFT [59]. See [34] for a generalization in
the setting of closed Pin�2 TFT.

(4) When� = idV the trace of Theorem 2.7 is an instance of a Shimizu’s Frobenius–
Schur indicator in a category with duality [56].

Remark 2.11. In most cases, ⌫(✓̂,�) is not an instance of the generalized Frobenius–
Schur elements of Ng and Schauenburg [48], which are defined in the setting of
monoidal categories (satisfying additional assumptions). Indeed, Rep✓(G) is not
monoidal if ✓ is cohomologically non-trivial.

Example 2.12. Let G = Cn with generator r and ⇣ = e
2⇡
p
�1

n . The one dimensional
representations {⇢k | 0  k  n� 1}, defined by ⇢k(r) = ⇣k , constitute a complete set of
irreducible representations of G. Take ✓̂ and � to be trivial in this example.

(1) Let Ĝ = Cn ⇥C2 with ⇡ the projection to the second factor. We have

h�k,⌫iG =
(
1 if k = 0 or k = n

2 ,

0 otherwise,

whence the trivial and sign representation (which exists when n is even)
admit Real structures. These are precisely the irreducible representations
which are defined over R.

(2) Let Ĝ = C2n with generator & satisfying &2 = r and C2-grading ⇡ : Ĝ ! C2
determined by ⇡(&) = �1. Assume that n is even; otherwise Ĝ ' Cn ⇥C2 as
C2-graded groups. We have ⌫ = 2

P n

2�1
j=0 l

r2j from which we compute

h�k,⌫iG =
2
n

n

2�1X

j=0

⇣
2kj =

8>>>><>>>>:

1 if k = 0,
�1 if k = n

2 ,

0 otherwise.

The Real structure on ⇢0 is given by ⇢0(&)(1_) = 1. The same formula gives
the �-twisted Real structure on ⇢ n

2
.

(3) Let Ĝ be the dihedral group D2n = hr, s | rn = s
2 = e, srs = r

�1
i with ⇡ : Ĝ! C2

determined by ⇡(r) = 1 and ⇡(s) = �1. We have ⌫ = nle from which we
compute h�k,⌫iG = 1. Each irreducible representation ⇢k can therefore be
extended to a Real representation by the formula ⇢k(s)(1_) = 1. 4

Example 2.13. Let Ĝ = Q8 be the quaternion group with C2-grading given on the
standard generators by ⇡(i) = 1 and ⇡(j) = �1. Then G ' C4 is generated by i. We
have ⌫ = 4l�1 so that h�k,⌫i = (�1)k . The Real structure on ⇢k , which is �-twisted
precisely when k is even, is determined by ⇢k(j)(1_) = 1. 4
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Example 2.14. Let G = A4 be the alternating group on 4 letters. The irreducible
representations ofG are the trivial representationU , two non-trivial one dimensional
representations U

0 and U
00 and a three dimensional representation V . Writing

⇣ = e
2⇡
p
�1

3 , we take the convention that their characters are

�U 0 (123) = ⇣, �U 0 (132) = ⇣2, �U 0 ((12)(34)) = 1,

�U 00 (123) = ⇣2, �U 00 (132) = ⇣, �U 00 ((12)(34)) = 1,
�V (123) = 0, �V (132) = 0, �V ((12)(34)) = �1.

(1) Taking Ĝ = A4 ⇥ C2 with ⇡ the projection to the second factor gives ⌫ =
4l(1) +

P
3-cycles � l� . Using this, we compute

h�U,⌫i = 1, h�U 0 ,⌫i = 0, h�U 00 ,⌫i = 0, h�V ,⌫i = 1.

Hence, only U and V admit real structures.
(2) Taking Ĝ = S4 the symmetric group with ⇡ the sign representation gives

⌫ = 6l(1) + 2(l(12)(34) + l(13)(24) + l(14)(23)). Using this, we compute

h�U,⌫i = 1, h�U 0 ,⌫i = 1, h�U 00 ,⌫i = 1, h�V ,⌫i = 0.

Hence, all one dimensional representations admit Real structures. Taking
� to be non-trivial, that is, � = ⇡, replaces ⌫ with its negative and leads to
�-twisted Real structures on the one dimensional representations. 4

3. Two dimensional unoriented open/closed topological field theory

3.1. Algebraic characterization. Following Lazaroiu [43] and Moore and Segal [46],
we begin by recalling an algebraic characterization of two dimensional oriented
open/closed topological field theories (TFTs). See also [3, 42]. In topological terms,
such a TFT is a symmetric monoidal functor Z : Bordor,D

2 ! VectC. Here Bordor,D
2 is

the two dimensional open/closed bordism category, defined in detail in [42, §3]. In
short, objects are compact oriented 1-manifolds whose boundary components are
labelled by elements of a given set D. Morphisms are equivalence classes of oriented
bordisms with corners whose free boundaries are D-labelled compatibly with the
incoming and outgoing boundaries, where two bordisms are equivalent if they
are isomorphic relative D-labelled boundary. The monoidal structure of Bordor,D

2
is given by disjoint union. Restriction of the functor Z to the full subcategory
Bordor

2 ⇢ Bordor,D
2 on objects without boundary defines the closed sector of the

theory and is known simply as a two dimensional oriented TFT.

Theorem 3.1 ([46, Theorem 1]). Two dimensional oriented open/closed TFTs are classi-
fied by the following data:

(1) A commutative Frobenius algebra A with identity 1A and trace h�i0 : A! C.
(2) A Calabi–Yau category B, that is, C-linear additive category with cyclic traces
h�iV : HomB(V ,V )! C, V 2 B, whose associated pairings

h�,�iV ,W : HomB(W,V )⌦HomB(V ,W )
�
�!HomB(V ,V )

h�iV
����! C

are non-degenerate.
(3) For each V 2 B, a linear boundary-bulk map ⌧V : HomB(V ,V )! A and linear

bulk-boundary map ⌧V : A!HomB(V ,V ).
This data is required to satisfy the following conditions:
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(i) ⌧V is a unital algebra homomorphism.
(ii) ⌧W (a) �� = � � ⌧V (a) for all a 2 A and � 2HomB(V ,W ).
(iii) h�,⌧V (a)iV ,V = h⌧V (�), ai0 for all a 2 A and � 2HomB(V ,V ).
(iv) (The oriented Cardy condition) Let { i}i be a basis of HomB(V ,W ) and { i

}i

the dual basis of HomB(W,V ) with respect to h�,�iV ,W . Then ⌧V � ⌧W is equal
to the map

HomB(W,W )!HomB(V ,V ), � 7!

X

i

 
i
�� � i .

Remarks 3.2. (1) When B has a single object, the algebraic data of Theorem 3.1
is called a Cardy–Frobenius or knowledgeable Frobenius algebra [3, 42].

(2) Let Z be an oriented open/closed TFT with object set D. The associated
category1 B has objects D, morphisms HomB(V ,W ) given by the value of Z
on the closed labelled interval oriented from V to W and composition of
morphisms defined by the value of Z on the obvious labelled flattened pair
of pants. The value of Z on the flattened cap defines the Calabi–Yau traces.

(3) By non-degeneracy of the Calabi–Yau pairings, the oriented Cardy condition
holds if and only if

trHomB (V ,W ) (f 7!  � f ��) = h⌧W ( ),⌧V (�)i0 (6)

for all � 2 HomB(V ,V ) and  2 HomB(W,W ). Following [12, §7.4], we
refer to equation (6) as the baggy oriented Cardy condition. Topologically, the
oriented Cardy condition asserts the equality of two ways of evaluating the
TFT on the annulus with boundary components labelled by V and W .

We are interested in the extension of Theorem 3.1 to the unoriented bordism cate-
gory BordD

2 , defined analogously to Bordor,D
2 except that its objects and morphisms

are unoriented. Upon restriction to the closed sector, the extension is known.

Theorem 3.3 ([60, Proposition 2.9]). Two dimensional unoriented TFTs are classified by
the data of an unoriented Frobenius algebra, that is, a commutative Frobenius algebra
(A,1A,h�i0) with an isometric algebra involution p : A! A and an element Q 2 A, the
crosscap state, which satisfy the following conditions:

(i) p(Qa) =Qa for all a 2 A.
(ii) (The Klein condition) Given a basis {ai}i of A with dual basis {ai}i of A with

respect to h�i0, the equality

Q
2 =

X

i

p(ai)ai

holds.

In terms of bordisms,Q is the image underZ of the compact Möbius stripRP
2
\D̊

2,

: ?! S
1
,

and p is the image of the mapping cylinder of circle reflection,

: S1
! S

1
.

The topological identity underlying the Klein condition is illustrated in Figure 1.
1Since B is assumed to be additive, it may be required to formally add some elements to D to ensure
the existence of direct sums. See [46, §2.5].
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=

Figure 1. The equality of bordisms responsible for the Klein condition.

We now come the main classification result.

Theorem 3.4. Two dimensional unoriented open/closed TFTs are classified by the data
of an underlying oriented open/closed theory, as in Theorem 3.1, with a lift of its closed
sector to an unoriented theory, as in Theorem 3.3, together with the data of a C-linear
strict duality P on B. This data is required to satisfy the following conditions:

(i) The functor P is the identity on objects.
(ii) hP(�)iV = h�iV for all � 2HomB(V ,V ).
(iii) P � ⌧V = ⌧V � p for all V 2 B.
(iv) p � ⌧

V = ⌧V �P for all V 2 B.
(v) (The unoriented Cardy condition) Let { i}i be a basis of HomB(V ,V ) with dual

basis { i
}i with respect to h�,�iV ,V . Then there is an equality

⌧V (Q) =
X

i

 
i
�P( i). (7)

Proof. The theorem is proved in [3, §4] under the assumption that B has a single
object, where the above algebraic data is known as a structure algebra. This proof
generalizes immediately to allow for B to have many objects, in the same way as the
analogous generalization in the oriented case [42, §5]. ⇤

Topologically, P is the image under Z of the mapping cylinder of reflection of the
closed interval so that PV ,W : HomB(V ,W )!HomB(W,V ) comes from the bordism

V

W

V

W

=
V

W

W

V

.

As indicated on the right, we will picture this bordism as embedded in R
3 with a

half-twist. That P is a strict involution follows from the fact that reflection of the
closed interval is an involution. We record two basic consequences of Theorem 3.4.

Proposition 3.5.
(1) The equality hQ2

i0 = trA p holds.
(2) For any V 2 B and � 2HomB(V ,V ), the equality

h⌧
V (�),Qi0 = trHomB (V ,V ) ◆�

holds, where ◆� is defined analogously to Section 2.2.

Proof. Since p is an involution, there exists a basis {ai}i of A such that p(ai) = siai

with si 2 {1,�1}. Let {ai}i be a dual basis, so that haj ,aii0 = �
j

i
. Since p is an isometry

of h�i0, we have p(ai) = sia
i . With these preliminaries, we compute

hQ
2
i0 = h

X

i

p(ai)aii0 =
X

i

siha
i
aii0 =

X

i

si = trA p.
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=

Figure 2. The equality of bordisms responsible for the unoriented Cardy
condition (7). All boundaries are labelled by the object V 2 B.

For the second statement, we compute

h⌧
V (�),Qi0 = h�,⌧V (Q)iV ,V =

X

i

h� � 
i
�P( i)iV =

X

i

h 
i
� ◆�( i)iV = trHomB (V ,V ) ◆� .

The first equality is the adjointness of ⌧V and ⌧V , the second is the unoriented Cardy
condition and the third is cyclicity of traces. ⇤

By non-degeneracy of the Calabi–Yau pairings, the unoriented Cardy condition
is equivalent to the second equality from Proposition 3.5, which we term the baggy
unoriented Cardy condition. The unoriented Cardy condition reflects the equality
of two ways of evaluating the TFT on the Möbius strip with boundary component
labelled by V . See Figure 2.
The next result constructs the algebraic input of Theorem 3.4 from a Calabi–Yau

category with a contravariant involution which need not act trivially on objects.

Proposition 3.6. Let (B,⌧•,⌧•,A) define a two dimensional oriented open/closed TFT
and let (p,Q) be an unoriented lift of A. Let (P,⇥) be a duality structure on B such that

hP(�)iP(V ) = h�iV , � 2HomB(V ,V )

and

P � ⌧V = ⌧P(V ) � p, p � ⌧
V = ⌧P(V )

�P, V 2 B.

If the equality

trHomB (V ,P(V )) ◆� = h⌧V (�),Qi0 (8)

holds for all � 2HomB(V ,V ), then (B h̃C2 ,⌧
•
,⌧•,A,p,Q) defines a two dimensional un-

oriented open/closed TFT.

Proof. By Lemma 1.4, the triple (B h̃C2 ,P
h̃C2 ,⇥h̃C2) is a category with strict duality

and P
h̃C2 acts trivially on objects. The category B h̃C2 inherits a Calabi–Yau structure

from B with traces h�i(V , V ) := h�iV . Define boundary-bulk and bulk-boundary
maps for B h̃C2 by ⌧(V , V ) = ⌧V and ⌧(V , V ) = ⌧V . The assumptions that P preserves
the Calabi–Yau structure and that P and p are compatible with ⌧• and ⌧• ensure
conditions (ii)-(iv) of Theorem 3.4 for Ph̃C2. It remains to verify the unoriented Cardy
condition. Let (V , V ) 2 B h̃C2. Let { i}i be a basis of HomB(V ,P(V )) with dual basis
{ 

i
}i of HomB(P(V ),V ). Then { �1

V
� i}i is a basis of HomB(V ,V ) with dual basis
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{ 
i
� V }i . We compute

⌧(V , V )(Q) =
X

i

 
i
�P( i) �⇥V =

X

i

 
i
� V � 

�1
V
�P( i) �P( �1V ) � V =

X

i

 
i
� V �P

h̃C2( �1
V
� i).

For the first equality, note that the discussion proceeding Proposition 3.5 shows that
equation (8) implies that ⌧V (Q) =

P
i
 
i
� P( i) �⇥V . The second equality follows

from the coherence condition on homotopy fixed points and the final equality from
the definition of (Ph̃C2 ,⇥h̃C2). ⇤

We comment on the physical interpretation of Proposition 3.6. As mentioned
in the introduction, the Calabi–Yau category B should be seen as a model for the
category of D-branes in an oriented string theory. With this interpretation, a duality
structure (P,⇥) which preserves the Calabi–Yau pairings is the categorical data of
the orientifold construction, as explained in in the setting of orientifolds of IIB string
theory [16] and Landau–Ginzburg theory [31]. In this context, P is often called the
(orientifold) parity functor and the quantity trHomB (V ,P(V )) ◆� the associated parity-
twisted Witten index [11, §2]. It is through the computation of the parity-twisted
Witten index via closed sector quantities, namely the unoriented Cardy condition
(8), that the crosscap state Q naturally appears. The D-branes which survive the
orientifold projection are the homotopy fixed points of (P,⇥), that is, objects of the
category B h̃C2. With these remarks in mind, Proposition 3.6 is an orientifold-type
construction of an unoriented open/closed TFT from an oriented open/closed TFT.

3.2. The Frobenius–Schur element as a crosscap state. We give an algebraic con-
struction of a two dimensional unoriented open/closed TFT from twisted Real
representation theory. When Ĝ = G ⇥C2 and the cohomological data (✓̂,�) is trivial,
this generalizes results of [3, 44]. When � is trivial, a topological construction of the
closed sector of this theory was given in [63, §4.4].
Fix group theoretic data (Ĝ, ✓̂,�) as in Section 2.1. Let A = Z(C✓

�1
[G]) with

Frobenius pairing h�,�iG and B = Rep✓(G) with Calabi–Yau traces h�iV = 1
|G|
trV �.

The boundary-bulk map ⌧
V is as in Section 2.2 and the bulk-boundary map is

defined by

⌧V

✓X

g2G

aglg

◆
=

X

g2G

ag✓([g |g�1])�1⇢V (g�1).

This data defines a two dimensional oriented open/closed TFT Z(G,✓) via Theorem
3.1. See [46, 59, 40]. The main axiom to be verified is the oriented Cardy condition
which is a mild generalization of the orthogonality of characters of irreducible
✓-twisted representations.

Theorem 3.7. The data (Ĝ, ✓̂,�) defines a two dimensional unoriented open/closed TFT
Z(Ĝ,✓̂,�) whose oriented sector is a sub TFT of Z(G,✓).

We will prove Theorem 3.7 using the orientifold-type construction of Proposition
3.6. We take (P(✓̂,�)

,⇥(✓̂,�)) for the duality structure on B = Rep✓(G) and Q = ⌫(✓̂,�)
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for the candidate crosscap state. We compute

hP(�)iP(V ) =
1
|G|

trP(V )P(�) =
1
|G|

trV_�_ = h�iV ,

which verifies the open sector assumption of Proposition 3.6. The remainder of the
proof of Theorem 3.7 is divided into closed sector computations and verification of
the open/closed coherence conditions required to apply Proposition 3.6.
The oriented open sector of Z(Ĝ,✓̂,�) is the full theory Z(G,✓) precisely when the

forgetful functor Rep✓(G)h̃C2 ! Rep✓(G) is essentially surjective. By Corollary 2.8,
this is the case when h�V ,⌫(✓̂,�)iG = 1 for each irreducible V 2 Rep✓(G). Otherwise,
the oriented open sector is a strict subtheory of Z(G,✓). In Example 2.12, the forgetful
functor is essentially surjective only in subexample (3).

Remark 3.8. We comment on the relation of Z(Ĝ,✓̂,�) to categories of D-branes
in orientifold string theory on global quotients. Recall that the spacetime of an
orientifold string theory is an orbifold double cover ⇡ : X ! X̂ . Additional data
required to define the theory includes the (gauge equivalence class of a) B-field B̌ 2

Ȟ
3+⇡(X̂ ) [19], a class in the ⇡-twisted di↵erential cohomology of X̂ , and a complex

line bundle with connection Ľ 2 Ȟ
2(X̂ ) [28, §8.4.1]. The underlying (oriented)

orbifold string theory depends only on (X ,⇡⇤B̌). Consider now the particular case
in which the spacetime is a global quotient ⇡ : X//G! X//Ĝ associated to a finite
C2-graded group Ĝ acting on a smooth manifold X. A special class of B-fields arises
through the composition

H
2+⇡(BĜ)!H

2+⇡(X//Ĝ) ,! Ȟ
3+⇡(X//G), ✓̂ 7! B̌

✓̂
,

where the first map is restriction along the the canonical morphism X//Ĝ! BĜ and
the second is the inclusion of flat B-fields. Similarly, a class � 2H1(BĜ) defines a flat
line bundle Ľ� 2 Ȟ2(X//Ĝ). The pair (B̌

✓̂
, Ľ�) can be seen as defining universal twists

for global Ĝ-orientifolds. The unoriented TFT Z(Ĝ,✓̂,�) is a precise mathematical
description of the a↵ects of the twists (B̌

✓̂
, Ľ�) on partition functions. See [9], [54,

§5], [49, §4.5] for detailed discussions of these a↵ects in the closed sector.

We return to the proof of Theorem 3.7.

3.2.1. Closed sector. Denote by Autgen(C✓
�1
[G]) the group of algebra automorphisms

and algebra anti-automorphisms ofC✓
�1
[G]. The group Autgen(C✓

�1
[G]) is C2-graded

by sending anti-automorphisms to �1.

Lemma 3.9. The function p : Ĝ! Autgen(C✓
�1
[G]), ! 7! p

!, where

p
!(lg ) = �(g)

⇡(!)�1
2 ⌧refl⇡ (✓̂)([!]g)l

!g⇡(!)!�1 , g 2 G

is a C2-graded group homomorphism. Moreover, each p
! is an isometry of h�iG.

Proof. We prove that p!, ! 2 Ĝ\G, is an anti-automorphism and omit the easier
calculation that pg , g 2 G, is an automorphism. For g,h 2 G, direct calculations give

p
!(lg · lh) =

⌧refl⇡ (✓̂)([!]gh)
�(gh)✓([g |h])

l!(gh)�1!�1
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and

p
!(lh) · p!(lg ) =

⌧refl⇡ (✓̂)([!]h)⌧refl⇡ (✓̂)([!]g)
�(g)�(h)✓([!h�1!�1|!g�1!�1])

l!h�1g�1!�1 .

It therefore su�ces to prove that

✓([g |h])
✓([!h�1!�1|!g�1!�1])

=
⌧refl⇡ (✓̂)([!]gh)

⌧refl⇡ (✓̂)([!]h)⌧refl⇡ (✓̂)([!]g)
.

A short calculation using equation (1) shows that this identity indeed holds.
That p! is an isometry follows from the equalities

hp
!(lg )iG =

1
|G|
�e,g

⌧refl⇡ (✓̂)([!]e)
�(e)

=
�e,g

|G|
= hlgiG.

It remains to prove the homomorphism property, p!2 � p
!1 = p

!2!1. Recall from
Section 2.1 that ⌧refl⇡ (✓̂) is a 1-cocycle on the groupoid G//RĜ whose objects are
elements of G and whose morphisms are ! : g ! !g

⇡(!)
!
�1, ! 2 Ĝ. With this

description, closedness of ⌧refl⇡ (✓̂) becomes the equalities

⌧refl⇡ (✓̂)([!2]!1g
⇡(!1)!�11 )⌧refl⇡ (✓̂)([!1]g) = ⌧refl⇡ (✓̂)([!2!1]g), g 2 G, !i 2 Ĝ

which is immediately seen to imply the homomorphism property. ⇤
Proposition 3.10. For each & 2 Ĝ\G, the map p

& restricts to an algebra involution of
Z(C✓

�1
[G]). Moreover, this involution is independent of &.

Proof. Using the explicit descriptions of the centre Z(C✓
�1
[G]) from Section 1.2 and

the genuine G-action on C
✓
�1
[G] from Lemma 3.9 we see that C✓

�1
[G]G = Z(C✓

�1
[G]).

It follows that the generalized Ĝ-action on C
✓
�1
[G] from Lemma 3.9 induces an

action of C2 ' Ĝ/G by algebra automorphisms on Z(C✓
�1
[G]). ⇤

Denote by p the algebra involution of Z(C✓
�1
[G]) induced by any & 2 Ĝ\G.

Remark 3.11. Using functoriality of Hochschild homology and invariance under
taking opposites, we form the composition

HH•(Rep✓(G))
⇠
�!HH•(Rep✓(G)op)

HH•(P(✓̂,�))
����������!HH•(Rep✓(G)). (9)

Since Rep✓(G) is finite semisimple, HH•(Rep✓(G)) is concentrated in degree zero,
where is it isomorphic to Z(C✓

�1
[G]). Under this isomorphism, the map (9) is p.

The +1 (resp. �1) eigenspace of p is then the involutive (resp. skew-involutive)
Hochschild homology of (Rep✓(G),P(✓̂,�)

,⇥(✓̂,�)). See [8, Theorem 2.14] for an anal-
ogous result in the setting of strictly involutive A1-algebras. The first part of
Proposition 3.5 therefore shows that the Klein condition computes the di↵erence in
dimensions of involutive and skew-involutive Hochschild homologies.

Proposition 3.12. The element ⌫(✓̂,�) 2 Z(C
✓
�1
[G]) is p-invariant.

Proof. We have seen in Lemma 2.5 that ⌫(✓̂,�) 2 Z(C
✓
�1
[G]). For p-invariance, we have

p
&(⌫(✓̂,�)) =

X

µ2Ĝ\G

�(µ)⌧refl⇡ (✓̂)([&]µ2)
�(µ2)✓̂([µ|µ])

l&µ�2&�1 .
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Equation (2) gives ✓̂([&µ�1&�1|&µ�1&�1]) = ✓̂([&|µ�2])
✓̂([µ�1|µ�1])✓̂([&µ�2&�1|&])

so that p&(⌫(✓̂,�)) is
equal to

X

µ2Ĝ\G

�(µ)�1
✓̂([&µ�2&�1|&])

✓̂([µ|µ])✓̂([µ2|µ�2])✓̂([&|µ�2])
l&µ�2&�1

=
X

µ2Ĝ\G

�(µ)�1✓̂([µ|µ])�1✓̂([µ2|µ�2])�1✓̂([µ�1|µ�1])�1✓̂([&µ�1&�1|&µ�1&�1])�1l&µ�2&�1 .

A short calculation shows that ✓̂([µ�1|µ�1])✓̂([µ|µ])✓̂([µ2|µ�2]) = 1, whence

p
&(⌫(✓̂,�)) =

X

µ2Ĝ\G

�(µ�1)✓̂([&µ�1&�1|&µ�1&�1])�1l&µ�2&�1 = ⌫(✓̂,�). ⇤

Lemma 3.13. The following equality holds for all g 2 G and µ 2 Ĝ\G:

✓̂([µ|µ])�1lµ2 · aglg = �(g)p
µ(aglg ) · ✓̂([µg |µg])�1l(µg)2 .

Proof. This can be verified directly from the twisted 2-cocycle condition on ✓̂. ⇤

Proposition 3.14. The equality p(⌫(✓̂,�)f ) = ⌫(✓̂,�)f holds for all f 2 Z(C✓
�1
[G]).

Proof. Write
P

g2G aglg for f 2 Z(C
✓
�1
[G]). Lemma 3.13 gives

⌫(✓̂,�)

X

g2G

aglg =
X

g2G

µ2Ĝ\G

�(µg)pµ(aglg )✓̂([µg |µg])�1l(µg)2

from which we find that p&(⌫(✓̂,�)
P

g
ag lg ) is equal to

X

g2G

µ2Ĝ\G

�(µg)p&(pµ(aglg ) · ✓̂([µg |µg])�1l(µg)2)

=
X

g,µ

�(µg)p&(✓̂([µg |µg])�1l(µg)2)p
&
p
µ(aglg )

=
X

g,µ

�(µg)�1✓̂([&g�1µ�1&�1|&g�1µ�1&�1])�1l&(g�1µ�1)2&�1p
&
p
µ(aglg )

=
X

g,µ

�(µg)✓̂([&g�1µ�1&�1|&g�1µ�1&�1])�1l&(g�1µ�1)2&�1⌧
refl
⇡ (✓̂)([&µ]g)�1agl&µg(&µ)�1

=
X

g,µ

�(µg)✓̂([&g�1µ�1&�1|&g�1µ�1&�1])�1l&(g�1µ�1)2&�1a&µg(&µ)�1l&µg(&µ)�1

=
X

h2G

⌘2Ĝ\G

�(⌘)
✓̂([⌘ |⌘])

l⌘2ahlh,

which is ⌫(✓̂,�)
P

h2G ahlh. The first equality follows from the fact that p& is an anti-
homomorphism (Lemma 3.9), the second from Proposition 3.12, the third from
Lemma 3.9 and the definition of p, the fourth from the assumed centrality of

P
g
ag lg

and the fifth from the change of variables ⌘ = &g�1µ�1&�1 and h = &µgµ�1&�1. ⇤
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Recall that a conjugacy class O ⇢ G is called ✓-regular if ✓([g |h])
✓([h|g]) = 1 for all g 2 O

and h 2 CG(g).

Proposition 3.15. The Klein condition holds.

Proof. The vector space Z(C✓
�1
[G]) has a basis {lO}O labelled by ✓-regular conjugacy

classes of G. For convenience, set lO = 0 if O is not ✓-regular. Writing lO =
P

g2O aglg

and lO�1 =
P

h2O bh�1lh�1, we have hlO , lO�1iG = 1
|G|

P
g2O ✓([g |g

�1])�1agbg�1 . Centrality
of lO±1 implies that the function O! C, g 7! ✓([g |g�1])�1agbg�1, is constant; denote
its (necessarily non-zero) value by cO. Since we also have hlO , lO0 iG = 0 if O0 , O�1,
it follows that l_

O
= |G|

cO|O|
lO�1. With this notation, the right hand side of the Klein

condition is R :=
P
O2⇡0(G//G) lOp

&(l_
O
). We compute

R = |G|

X

O2⇡0(G//G)

X

g,h2O

aglgp
&(bh�1lh�1)
cO|O|

= |G|

X

O2⇡0(G//G)

X

g,h2O

agbh�1�(h)⌧refl⇡ (✓̂)([&]h�1)lg&h&�1

cO|O|✓̂([g |&h&�1])

=
X

O2⇡0(G//G)

X

g2O

X

t2G

agbtg�1t�1�(g)⌧refl⇡ (✓̂)([&]tg�1t�1)lg&tgt�1&�1

cO✓̂([g |&tgt�1&�1])

=
X

g,t2G

agbtg�1t�1

cO

�(g)
⌧refl⇡ (✓̂)([&]tg�1t�1)
✓̂([g |&tgt�1&�1])

lg&tgt�1&�1 .

Above we have set h = tgt
�1. As btg�1t�1 = ⌧(✓)([t]g�1)bg�1, we can write

R =
X

g,t2G

agbg�1

cO

�(g)
⌧(✓)([t]g�1)⌧refl⇡ (✓̂)([&]tg�1t�1)

✓̂([g |&tgt�1&�1])
lg&tg�1t�1&�1

=
X

g,t2G

�(g)
✓([g |g�1])

✓̂([g |&tgt�1&�1])
⌧(✓)([t]g�1)⌧refl⇡ (✓̂)([&]tg�1t�1)lg&tgt�1&�1

=
X

g,t2G

�(g)
✓([g |g�1])

✓̂([g |&tgt�1&�1])
⌧refl⇡ (✓̂)([&t]g�1)lg&tgt�1&�1 .

The second equality follows from the definition of cO and the final from closedness
of ⌧refl⇡ (✓̂), as in the proof of Lemma 3.9. Define µ,⇠ 2 Ĝ\G by µ = g&t and ⇠ =
t
�1
&
�1, so that t = &�1⇠�1 and g = µ⇠ . Making these substitutions, the coe�cient of

lg&tgt�1&�1 = lµ2⇠2 in R is

�(µ⇠)✓̂([µ⇠ |⇠�1µ⇠2])�1
✓̂([⇠�1µ⇠2|⇠�1])
✓̂([⇠�1|µ⇠])

= �(µ⇠)✓̂([µ|µ])�1✓̂([⇠ |⇠])�1✓̂([µ2|⇠2])�1.

It follows that

R =
X

µ,⇠2Ĝ\G

�(µ⇠)✓̂([µ|µ])�1✓̂([⇠ |⇠])�1✓̂([µ2|⇠2])�1lµ2⇠2 ,

which is exactly ⌫2
(✓̂,�)

. ⇤
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3.2.2. Open/closed coherence. Note that Theorem 2.7 verifies equation (8).

Proposition 3.16. The maps ⌧•, ⌧•, P and p satisfy the assumptions of Proposition 3.6.

Proof. We compute

P � ⌧V (p(
X

g2G

aglg )) =
X

g2G

ag

⌧refl⇡ (✓̂)([&]g)
�(g)

⇢V (&g�1&�1)_ = ⌧P(V )(
X

g2G

aglg ),

that is, P � ⌧V � p = ⌧P(V ). Since p is an involution, this implies P � ⌧V = ⌧P(V ) � p.
We also have

p � ⌧
V (�) =

X

g2G

⌧refl⇡ (✓̂)([&]g)
�(g)

trV (� � ⇢V (g�1))l&g�1&�1

and

⌧
P(V )(P(�)) =

X

g2G

�(g)
⌧refl⇡ (✓̂)([&]g)

trV_(�_ � ⇢V (&g�1&�1)_)lg

=
X

g2G

�(&g�1&�1)
⌧refl⇡ (✓̂)(&g�1&�1)

trV_(�_ � ⇢V (&2g&�2)_)l&g�1&�1 .

Closedness of ⌧refl⇡ (✓̂) implies

⌧refl⇡ (✓̂)([&]g)⌧refl⇡ (✓̂)([&]&g�1&�1) = ⌧refl⇡ (✓̂)([&2]g).

Since � is G-equivariant and

⇢V (&2) � ⇢V (g) � ⇢V (&�2) = ✓([&2|g])✓([&2g |&�2])⇢V (&2g&�2),

we have

trV_(�_ � ⇢V (&2g&�2)_) =
✓([&�2|&2])

✓([&2|g])✓([&2g |&�2])
trV (� � ⇢V (g)).

The coe�cient of trV (� � ⇢V (g))l&g�1&�1 in ⌧P(V )(P(�)) is therefore

�(g)�1
⌧refl⇡ (✓̂)([&]g)
⌧refl⇡ (✓̂)([&2]g)

✓([&�2|&2])
✓([&2|g])✓([&2g |&�2])

=
⌧refl⇡ (✓̂)([&]g)

�(g)
.

We conclude that p � ⌧V = ⌧P(V )
�P. ⇤

This completes the proof of Theorem 3.7.

3.3. Partition functions. The algebraic construction of Z(Ĝ,✓̂,�) allows for the ex-
plicit computation of the partition function of an arbitrary surface.

3.3.1. Closed surfaces. For the real projective plane, we have

Z(Ĝ,✓̂,�)(RP
2) = h⌫(✓̂,�)iG =

1
|G|

X

µ2Ĝ\G

µ
2=e

�(µ)
✓̂([µ|µ])

,

the first equality reflecting that RP
2 is a Möbius strip glued to a disk. In particu-

lar, Z(Ĝ,✓̂,�)(RP
2) vanishes unless ⇡ : Ĝ ! C2 splits. Realizing the Klein bottle as
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two cylinders glued together, with one gluing by circle reflection, and using that
Z(C✓

�1
[G]) = C

✓
�1
[G]G (see the proof of Proposition 3.10), we compute

Z(Ĝ,✓̂,�)(K) =
1
|G|

X

h2G

tr
C✓
�1[G]p

h& =
1
|G|

X

g2G

!2Ĝ\G

!g
�1
!
�1=g

1
�(g)✓̂([g�1|g])

✓̂([g |!])
✓̂([!|g�1])

.

In general, a formula for the partition function of a closed connected non-orientable
surface⌃ can be written in terms of ✓̂-weighted counts ofC2-graded group homomor-
phisms from the fundamental group of the orientation double cover of ⌃or

! ⌃ to Ĝ.
See [63, §4.4]. Alternatively, the primitive orthogonal idempotents of the semisimple
algebra Z(C✓

�1
[G]) can be used to evaluate the partition functions. Proceeding in

this way and writing the crosscap state as in Corollary 2.10, we find

Z(Ĝ,✓̂,�)(⌃) =
X

V2Irr✓(G)
P
(✓̂,�)(V )'V

 
h�V ,⌫(✓̂,�)iGdimCV

|G|

!�(⌃)
.

For example,

Z(Ĝ,✓̂,�)(RP
2) =

1
|G|

X

V2Irr✓(G)
P
(✓̂,�)(V )'V

h�V ,⌫(✓̂,�)iGdimCV

and
Z(Ĝ,✓̂,�)(K) = |{V 2 Irr✓(G) | P(✓̂,�)(V ) ' V }|.

Equating these expressions for the partition function of ⌃ relates weighted counts of
C2-graded homomorphisms ⇡1(⌃or)! Ĝ to Real character theoretic sums. Various
specializations of these identities are known [27, 37, 47, 58, 6, 63] and provide
non-orientable counterparts of Mednykh’s formulae [45].

Similar expressions for partitions functions of non-orientable surfaces also occur
in two dimensional conformal field theory [5], [33, §2], [23, §5]. In this setting,
the category Rep✓(G) is replaced with a modular tensor category and partition
functions are written as sums over simple self-dual objects with weights involving
the generalized Frobenius–Schur indicators of [48].

3.3.2. Surfaces with boundary. Let ⌃ be a compact connected non-orientable surface
with b � 1 boundary components. To begin, label each boundary component by the
same irreducible twisted Real representation V 2 Rep✓(G)h̃C2. The partition function

Z(Ĝ,✓̂,�)(⌃;V ) : HomRep✓(G)h̃C2 (V ,V )⌦b! C

can be computed as follows. By Proposition 2.3, there are two cases to consider. If V
is irreducible as a twisted representation, then the primitive orthogonal idempotent

of C✓
�1
[G] corresponding to V is eV_ =

dimCV

|G|
�V , whence �b

V
=

⇣
dimCV

|G|

⌘�b
eV_ . Using

this and the fact that h�V ,⌫(✓̂,�))iG = 1 (see Corollary 2.8), we compute

Z(Ĝ,✓̂,�)(⌃;V )(id⌦b
V
) =

 
dimCV

|G|

!�(⌃)
.
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If instead the underlying twisted representation of V is reducible, then V 'H
(✓̂,�)(U )

with U 2 Rep✓(G) irreducible. It follows that �
H (✓̂,�)(U ) =

|G|

dimCU
(eU_ + e

P(✓̂,�)(U )_) and

�
b

H (✓̂,�)(U )
=

 
dimCU

|G|

!�b
(eU_ + e

P(✓̂,�)(U )_).

There are two further sub-cases:
• P

(✓̂,�)(U ) ;U , in which case h�U,⌫(✓̂,�)iG = h�
P(✓̂,�)(U )⌫(✓̂,�)iG = 0. Since ⌫(✓̂,�)

has no �U or �
P(✓̂,�)(U ) components, we find

Z(Ĝ,✓̂,�)(⌃;H
(✓̂,�)(U ))(id⌦b

H (✓̂,�)(U )
) = 0.

• P
(✓̂,�)(U ) 'U , in which case h�U,⌫(✓̂,�)iG = �1 and

Z(Ĝ,✓̂,�)(⌃;H
(✓̂,�)(U ))(id⌦b

H (✓̂,�)(U )
) = 2

 
�
dimCU

|G|

!�(⌃)
.

A formula in the general case, with boundary components labelled by arbitrary
twisted Real representations Vi , i = 1, . . . , b, can be deduced from the previous
formulae by writing �Vi

as a linear combination of primitive idempotents.
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