FROBENIUS-SCHUR INDICATORS FOR TWISTED REAL
REPRESENTATION THEORY AND TWO DIMENSIONAL UNORIENTED
TOPOLOGICAL FIELD THEORY

LEVI GAGNON-RIRIE AND MATTHEW B. YOUNG

AssTtrACT. We construct a two dimensional unoriented open/closed topological field
theory from a finite graded group 7 : G - {1,-1}, a mt-twisted 2-cocycle 6 on BG and
a character A : G — U(1). The underlying oriented theory is a twisted Dijkgraaf—
Witten theory. The construction is based on a detailed study of the (G, é, A)-twisted
Real representation theory of ker . In particular, twisted Real representations are
boundary conditions of the unoriented theory and the generalized Frobenius-Schur
element is its crosscap state.

INTRODUCTION

Associated to a finite group G and a U(1)-valued 2-cocycle 6 on its classifying
space BG is a two dimensional topological gauge theory known as Dijkgraaf-Witten
theory [18]. This is an oriented open/closed topological quantum field theory
(TFT) Z,9) with boundary conditions the category Rep?(G) of finite dimensional 6-
twisted complex representations of G [24, 46]. In particular, Z ¢, g assigns a partition
function to each compact oriented 2-manifold with boundary components labelled
by twisted representations of G. Open/closed TFT was introduced as a framework
to axiomatize the structure of topological D-branes in string theory [43, 35, 46] and
has found a variety of applications in pure mathematics [15, 7, 1]. The open/closed
structure of Dijkgraaf-Witten theory plays an important role in the descriptions of
D-branes in orbifold string theory [18], generalized symmetries in quantum field
theory [55, 32] and boundary degrees of freedom in topological phases of matter
[57].

Open/closed TFTs on unoriented—and possibly non-orientable—manifolds arise
naturally in orientifold string theory [31] and its related mathematics [63, 25, 29, 49].
In condensed matter physics, unoriented TFTs in general, and Dijkgraaf-Witten
theory in particular, model topological phases of matter with time reversal symmetry
(26, 36, 6].

The main result of this paper is an algebraic construction of a class of unoriented
lifts of the oriented open/closed Dijkgraaf-Witten theories Z g)-.

Theorem A (Theorem 3.7). A triple (G, 0, A) consisting of a short exact sequence of finite
groups

1—>G—>(§1>C2:{1,—1}—>1,
a t-twisted U(1)-valued 2-cocycle @ on BG which restricts to @ on BG and a character

A: G — U(1) defines a two dimensional unoriented open/closed topological field theory
Z¢,0,1) whose underlying oriented sector is a subtheory of ZG g).
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A number of authors have studied Z 4 4 ,) under the assumption that G=GxGC,
is the trivial extension,  is in the image of the map H?(BG;C,) — H*(BG;U(1),)
and A is trivial [37, 3, 59, 44, 58]. For general (G,0) and trivial A, a topological
construction of the closed sector of Z ¢ 4 ;), and its higher dimensional analogues,
was given in [63]. A G-equivariant extension of the closed sector of Z ¢ 4 ;) was given

in [36]. We emphasize that general input data (G,0, 1) is required to realize in full
the applications of unoriented Dijkgraaf-Witten theory mentioned before Theorem
A; see Remark 3.8. As explained below, general input data is also natural from the
representation theoretic and K-theoretic perspectives.

Theorem A is proved using Theorem 3.4, an algebraic characterization of un-
oriented TFTs which builds off earlier characterizations of oriented closed and
open/closed TFTs [17, 2, 43, 46, 3, 42], unoriented closed TFTs [60] and unoriented
open/closed TFTs with a single boundary condition [3]. The algebraic data required
to define an unoriented open/closed TFT includes:

e A commutative Frobenius algebra A; this defines the oriented closed sector.

e A Calabi-Yau category B; this defines the oriented open sector.

e An isometric involution p : A — A and a crosscap state Q € A, the latter
corresponding to the value of the TFT on the compact Mobius strip; this
defines the unoriented closed sector.

e A strict contravariant involution of B, that is, a functor P : B°? — B which
squares to the identity, which is moreover required to be the identity on
objects; this defines the unoriented open sector.

The data (and that which we have omitted) is required to satisfy a number of coher-
ence conditions. The oriented theory Z ¢ g) is defined by the commutative Frobenius

algebra HH,(Rep?(G)) ~ Z((EG_1 [G]) with the Haar bilinear form (—,—); and Calabi-
Yau category Rep?(G). Motivated by the search for the data required to define the
unoriented lift Z(G,é,/\)' in Section 2 we construct and study a contravariant invo-

lution (P(G'é'A),G(G'é'A)) of RepG(G), that is, a contravariant endofunctor p(GOA) of
G,0,A

Rep?(G) and a natural isomorphism ©! ) from the identity functor to its square.

The functor P{©%4 acts non-trivially on objects and so is not an admissible choice for
the defining data of Z 4 ). A key representation theoretic observation is that the

homotopy fixed points of (P(@¢4), ©(G0.4)) is the category of (G, 0, A)-twisted Real
representations of G. The Real representation theory of G was originally studied by
Wigner [61] and Dyson [21] as a generalization of real and quaternionic representa-
tion theory in the context of anti-unitary symmetries in quantum mechanics. More
recently, Real representation theory has been developed from the related perspective
of twisted equivariant KR-theory [4, 38, 26, 49] and categorical representation the-
ory [64, 53, 52]. In the K-theoretic setting, general pairs (6, A) are required to realize
all KR-theory twists. Motivated by the above perspectives, we consider the element

A¢) 0
o= ), e HH,(Rep?(G)).
V(6,6.1) CE;\,G 6l € (Rep”(G))

The role of v(4 4 ,) in Real representation theory is summarized by the next result.
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Theorem B (Theorem 2.7 and Corollary 2.8). Let V be a O-twisted representation of G
with character xy. Then <XV:V(é,é,A)>G is equal to the trace of the involution

(G,0,1)

Homg(V, PCON(V)) 5 Homg(V, PCONV)). £ POON(f) o0l

In particular, if V is irreducible, then
1 ifandonly if V lifts to a (

(Xv:Vgeac=1-1 ifandonlyif V lifts toa (
0  otherwise.

G,0, A)-twisted Real representation,
G, 59, A)-twisted Real representation,

Here & is a representative of the generator of H2(BCy; U(1),) =~ C,.

The second statement in Theorem B shows that v 4 ,) is a generalization to
twisted Real representation theory of the classical Frobenius—Schur element. Indeed,
the element V(¢,0,1) Tecovers, under various specializations of the data (G, é, A), other
previously known generalized Frobenius—-Schur elements [27, 30, 59, 34]. Theorem B
and a complete understanding of the O-twisted representation theory of G suffices to
obtain a complete understanding of the (G, 0, A)-twisted Real representation theory
of G.

Returning to the proof of Theorem A, we take for 5 the Calabi-Yau category of
(G, 8, \)-twisted Real representations of G and their G-equivariant linear maps. We
view this as an orientifold-type construction, with Rep?(G) seen as the category of D-
branes in an oriented string theory and 5 the category of D-branes which survive the
orientifold projection defined by (P(94), @(G:0:4)) The category of twisted Real rep-
resentations is a non-full subcategory of B and the forgetful functor B — Rep?(G)
respects Calabi—Yau structures. Moreover, B inherits a contravariant involution
which is the identity on objects and A = HH,(Rep?(G)) inherits an isometric involu-
tion p. We take for the crosscap state Q the generalized Frobenius—Schur element
V(¢,6,1)- It remains to verify the coherence conditions. The most interesting coher-
ence conditions are the Klein condition, which relates the square of the crosscap to
the Klein bottle partition function, and the unoriented counterpart of the famous
Cardy condition [13], which asserts the equality of two ways of evaluating a Mébius
strip diagram with boundary condition V. We verify the unoriented Cardy condition
as a mild generalization of the first equality in Theorem B (proved in Theorem 2.7).
The remaining coherence conditions required of the crosscap state, involution p
and boundary-bulk and bulk-boundary maps, including the Klein condition, are
verified using the calculus of twisted cocycles. In Section 3.3, we compute partition
functions of Z4 4 -

Theorem A, and in particular the crosscap state of Z(é,é, A further establishes the
role of generalized Frobenius-Schur indicators in quantum topology and quantum
field theory. For earlier appearances of generalized indicators in these contexts, see
[5, 33, 23, 48, 44, 22]. A new feature of the present work is that the generalized
indicators result from duality structures on the (non-monoidal) category Rep?(G)
associated to the twisting data (G, é, A). This should be contrasted with the more
common monoidal generalization of Frobenius-Schur indicators [48].

Theorem B is a basic instance of the unoriented Cardy condition. Oriented Cardy
conditions have proven to be extremely interesting, and subtle, from the mathemati-
cal perspective and have led to much new mathematics. See [50, 20, 14] for proofs of
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the oriented Cardy condition in the setting of categories of matrix factorizations and
B-twisted affine Landau—Ginzburg orbifolds. It would be interesting to establish
further instances of the unoriented Cardy condition.

1. BACKGROUND MATERIAL

Throughout the paper the ground field is C and vector spaces are assumed to be
finite dimensional. The linear duality functor is (-)¥ = Homg(—, C). Denote by U(1)
the group of unit norm complex numbers and C,, the cyclic group of order #, seen as
a multiplicative group.

1.1. Group cohomology. For a detailed introduction to group cohomology, the
reader is referred to [10].

Let K be a finite group and M a left K-module. We regard the underlying abelian
group of M as multiplicative. Let C*(BK;M) be the complex of normalized sim-
plicial cochains on the classifying space BK with coefficients in M. An element
0 € C"(BK;M) is a function

O0:K" > M, (kpy-- o k1) = O([kyl -+ k1 ])

whose value is the identity if any k; is the identity. The differential 46 of an (n—1)-
cochain 0 is defined so that dO([k,|---|k{]) is equal to

—

n—

K- Oyl Ry ) | [ Okl [kl Ty DD O[Tk )"

—
Il
—_

Write Z*(BK; M) and H*(BK; M) for the cocycles and cohomologies of C*(BK;M),
respectively.

When M = U(1) with trivial K-action, write C*(BK) for C*(BK;M). When 7 :
G — C, is a group homomorphism and M = U(1) with G-action w - z = 27(®), write
C*+™(BG) for C*(BG;M). If 7t : C, — C, is the identity map, then H**™(BC,) ~ C,, a
cocycle representative 6 for the generator being

d([caler]) = {_1 if ¢ =¢p=-1,

0 otherwise.

We use the same notation for  and its image under 7* : Z>*™(BC,) — Z**™(BG).

Lemma 1.1. Let 7 : G — C, be a C,-graded finite group and 6 € Z**™(BG). For all
g €G, we Gand ¢ e G\G, the following equalities hold:

b(lwgrw wgiw!])  B(lwgw ) O[wg o w]) (6([wgsgr@ @]\

(1)

O(gla )™ (olgnl)  O(wlg)) O([wlg281])
O(lwsw e ) __ 6(lwle’) 2
O([clc) ™« O((wctww])

Proof. Both equalities follow from repeated use of the 2-cocycle condition on 0:

O([wswylan )0 ([wslw,]) = O([wslwaw; )O([w,lw, )™, w; € G. 0
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1.2. Twisted representation theory. We recall background on twisted representa-
tion theory following [39]. Let G be a finite group and 6 € Z?(BG).

Definition 1.2. A O-twisted (or 6-projective) representation of G is pair (V,p) con-
sisting of a vector space V and a map p : G — GL(V') which satisfies p(e) = idy and

p(g2)op(g1) = 0([&21g1Dp(281), 81,.82€6G.

We often write V or py for (V,p). The category Repe(G) of O-twisted representa-
tions and their G-equivariant linear maps is C-linear finite semisimple.

The O-twisted group algebra C?[G] is the C-algebra with basis {lg1 g € G} and
multiplication lg, - I, = 0([£2/¢1])lg,q,- The category of finite dimensional C[G]-
modules is equivalent to Rep?(G). We sometimes interpret C°[G] as functions on
G, in which case I, the o-function at g. The centre Z(CY[G)) consists of elements
)_¢eG dgly whose coefficients satisfy

Apgh-1 = T(@)([h]g)_lag, g, heG.

-1
Here ©(0)([h]g) := 6([9%@]')}[])

groupoid of BG called the loop transgression of 6 [62, Theorem 3]. Define a non-
degenerate symmetric bilinear form on C?[G] by

) agle Y bl = )0l gy by

geG heG geG

are the components of a 1-cocycle t(6) on the loop

The character of (V,p) € Rep?(G) is the function xy : G — C, g try p(g). A short
calculation shows that xy(hgh™!) = 1(0)([h]g)xv(g). Functions G — C with this

conjugation equivariance are elements of Z (o [G]) and are called O-twisted class
functions. Characters of irreducible O-twisted representations form an orthonormal

basis of Z(C? ' [G]) with respect to (—,—)g := (=, —)g,6-1-
Given (V,py) € Rep?(G), define (V,pyv) € Rep?” (G) by pyv(g) = (py(g)™")". For
ease of notation, we write py(g)~" for (py(g)™!)V.

1.3. Categories with duality. For a detailed introduction to categories with duality,
the reader is referred to [41].

Definition 1.3. (1) A category with duality is a triple (C,P,®©) consisting of a
category C, a functor P : C°P — C and a natural isomorphism © :id¢ = P o P°P
whose components satisfy

P(@)V)O@P(V) :idp(v), Vel (3)

The duality structure (P,©) is strict if © is the identity natural transformation.

(2) A homotopy fixed point of (C,P,0) is a pair (V,y) consisting of an object
V € C and an isomorphism ¢y : V. — P(V) which satisfies P(iy) o Oy = iy

We interpret (P,©) as defining a categorical C,-action on C in which the generator

acts contravariantly. Motivated by this, let C"“2 and CC2 be the categories with
objects homotopy fixed points and morphisms

Homgic, (V, ¢v), (W, w)) = {¢p € Home(V, W) [y = P(P) 0 Pw o ¢}

and
Homic, (V, Yy ), (W, ) = Home (V, W),
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respectively. Let phe: . (CEC?)Op — C"C: be the functor which is the identity on
objects and sends a morphism ¢ : (V,y) — (W, hy) to PC2(¢) = 3! o P(¢) 0 Py
Let ©"C2 ; idc;;c2 = phC2 o (PhCZ)OID be the identity natural transformation.

Lemma 1.4. The triple (CEC%P}}C%@ECZ) is a category with strict duality. Moreover,
P"C2 is the identity on objects.

2. A FROBENIUS—SCHUR INDICATOR FOR TWISTED REAL REPRESENTATION THEORY

2.1. Twisted Real representation theory. The Real representation theory of a finite
group has been studied by many authors as a generalization of representation theory
over Ror H [61, 21, 4, 38, 26, 64]. We establish relevant aspects of the twisted form
of this theory, following [64, §3.2].

Let 7t : G — C, be a C,-graded finite group with i surjective. Fix 0 € Z?*"(BG)
and a character A : G — U(1). Note that A can be interpreted as an element of
Z1(BG). Denote by G = ker i and 6 € Z?(BG) the restriction of 6 along BG — BG.

An element ¢ € G\G determines a C-linear exact duality structure (P(é'/\'g),®(é'/\'5))
on Rep?(G). On objects, we have P(@}<)(V, p) = (Vv,p(g’/\'g)), where

p(cg™tc)V, geG.

The coefficients
vt O([wg™ o o))
O ([wlg™«)])

el (6)([w]g) == 0(1g7"Ig)) ., g€G weG
are best understood in terms of orientation-twisted loop transgression [49, Theorem
2.8], which is a cochain map

wefl . C**7(BG) — C* 1 (B(G/RG)).

The codomain is simplicial cochains on the classifying space of the quotient groupoid
G/xG resulting from the Real conjugation action of G on G: w-g = wg™@w,
w € G, g € G. In geometric terms, G/G is the unoriented loop groupoid of BG,
that is, the quotient of the loop groupoid of BG by the C,-action which reverses
orientation of loops and acts on BG by deck transformations of the double cover

BG — BG. While this geometric perspective will not be taken in this paper, we will

refl é'ArC)

use that T7¢(0) is closed, since 0 is so. Continuing, on morphisms P! is simply

C-linear duality. The natural isomorphism ©(0:1.€) is defined by its components

elra _ _AC) 21 V.0) € Rep?(G
v e p(c?) (V,p) € Rep™(G)

where evy : V — VVV is the evaluation isomorphism of underlying vector spaces.

The normalization of @2/9’/\'(;) ensures that the coherence condition (3) holds.

Definition 2.1. The category RRep(é'/\)(G) of (8, A)-twisted Real representations of
G is the homotopy fixed point category Rep®(G)"2 of (P(04€) @(0:4)),



REAL FROBENIUS-SCHUR INDICATORS 7

Up to equivalenge, (P(é'A'C),G(é”"C)) depends only on (G, [é],/\). The same is there-
fore true of RRep(Q"\)(G) and we drop ¢ from the notation if it is fixed or the particu-
lar realization of the duality structure is not important.

Concretely, an object (V,y) € RRep(G’A)(G) is an isomorphism ¢y : V — PO (V)
in Rep?(G) which satisfies P(é"‘)(gbv) o @i/e’/\) = y. A morphism ¢ : (V,¢py) —
(W, dy) in RRep(Q'/\)(G) is a morphism in Rep?(G) which satisfies P(G'/\)(({)) oo =
iy. Note that ¢ is necessarily injective. In particular, the category RRep®V(G) is
neither linear nor abelian.

A more standard representation theoretic interpretation of RRep®?(G) is as
follows. Given a vector space V and sign € € C,, introduce the notation

1% ife=1
€V: 4
{VV ife=-1

with similar notation for linear maps. A (6, A)-twisted Real representation of G is
then a vector space V together with linear maps p(w) : @y -V, we G, which
satisfy p(e) =idy and

On(w ,1t(ws),— m(wp)=1 A
p(a)z)on(wz)p(wl)n(wz)oevv( 1) m(wy) 1:/\(61)1) 3 9([a)2|a)1])p(a)za)1), (4)

. 671 w1),m(wr),-1 . . . .
The notation evv( D@1 indicates that evy is included exactly when nt(w;) =

1(w,) = —1. The equivalence of this interpretation with that of homotopy fixed
points follows from noting that a homotopy fixed point ((V, py),y) determines an
extension of py to G\ G by

pv(w) =0([wc ) T py(wsToyy!,  weG\G.
A third interpretation of twisted Real representations will also be useful.
Proposition 2.2. Fix ¢ € G\ G. A (0, \)-twisted Real representation of G is equivalent to

the data of a O-twisted representation of G on V together with a non-degenerate bilinear
form (—,—): V x V.— C which satisfies the twisted G-invariance condition

O([clg))

_1 _
(p(g)vi,plcgc™ va) = /\(g)é([ggg—llg])<v1'v2>’ g§€G

and the twisted symmetry condition
(v1,v2) = Mc)O([c e ){p(c?)va, v1)
forallvy,v, € V.

Proof. Let (V,p) be a (0, M)-twisted Real representation of G. Fix ¢ € G\ G and define
a non-degenerate bilinear form on V by

(v1,v2) = p(c™) 7 (v1)v2, (5)
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With this definition, (p(g)v1, p(cgc™!)v,) is equal to

P(c‘l)‘l(P(g)( D(p(cge™ )vy)
= Mcg)0(lccg)) " plcg) ™ (evy(v1))(p(cge ™ )va)
= Mcg)McHO([c M eg) " O([cgle™ ) plcge™) Vo) T (v )(p(cge T va)
O((clg))
= /\ —_— ) .
O cge e

The first two equalities follow from equation (4) and the third from the 2-cocycle
condition on 6. Similarly, we compute

(wivay = M) ) ple) Y (evy(vy))va

)
= Mo)O([c )M ple _2)_V°P( )Y (evy (v))(p(c™?)v,)
= AM)O([c M) ([Pl vy (v)(p(c ™) o plc™?)vy)
= MO e ) p(c vy, vy).

Conversely, given (V,p) € Rep?(G) with non-degenerate bilinear form (-, —) satis-
fying the conditions of the lemma, define p(¢™!) by equation (5) and set

p(w)=0(wclc ' ) Tp(we)op(c™),  weG\G.

Note that w¢ € G. The verification that p is a (0, \)-twisted Real representation of G
mirrors the calculations from the previous paragraph. 0

A (0, )-twisted Real representation is called irreducible if it has no non-trivial Real
subrepresentations. The direct sum (V, iy )@ (W, pw) = (Ve W,y &) allows for
the following formulation of a Real analogue of Maschke’s lemma.

Proposition 2.3. Let V € RRep(é”\)(G) be irreducible. Then the restriction of V to G is
irreducible or of the form U & P9V (U) for an irreducible U € Rep?(G).

Proof. Interpret V as a O-twisted representation of G with compatible bilinear form
(-,—), as in Proposition 2.2, and suppose that the restriction V|; has a non-trivial
irreducible O-twisted subrepresentation U. The twisted G-invariance of (—,—) im-
plies that the orthogonal complement U+ is a 6-twisted subrepresentation of Vg
and Vg = U® U~ as O-twisted representations. Since V is irreducible, the map
p(¢): V¥V — V restricts to a map p(¢) : UY — Ut which defines an isomorphism

P(é"‘)(U) — U+ of O-twisted representations. 4

2.2. A twisted Frobenius-Schur indicator. Keep the notation of Section 2.1.

Definition 2.4. The (é,A)—twisted Frobenius—Schur element is

A((;) 9—1
5 1) = E - l.eC” [G].

When (0, A) is clear from the context, we write v for V(6,1)- Note that

Vo0 = 7Y©6,10) = “Y(O,ra)

Lemma 2.5. The element vy , is a O-twisted class function on G.
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Proof. The statement amounts to the identity
O([hch™'lheh™' ) =1(0)([h]c*)O([clc)™,  heG, ceG\G,
which is seen to hold using equation (2). O
We require the following elementary result from linear algebra.

Lemma 2.6. Let V be a finite dimensional vector space and ¢ € Homg(V,V). Then
try ¢ is equal to the trace of the map

1 : Homg(V, VVY) = Homg(V,VY), ffYoevyod.
Proof. Let dim¢ V =v. Fix a basis of V with induced basis {Eij}:'},jzl of Hom¢(V, V).
Writing ¢p =) 7 ij=1 ¢i;E;j in this basis, we compute 14(E;;) = Yo ¢ikEjk so that

tHome(V,vY) Lo = Z Z $ik(E ]k Z ¢zk6]15k] =try ¢. 0

i,j= i,j,k=1 i,j,k=1

Let V € Rep?(G) and ¢ € Homg(V, V). Consider the map

(6,M¢)

1y : Homg(V, POA) (V) > Homg(V, POA)(V)),  f PO (f) o0l 0 g,

Independence of the duality structure up to equivalence of the choice ¢ € G\ G
implies that 14 is independent of ¢. The coherence condition (3) implies that 1 := 154,
is an involution.

For each V € Rep?(G), define

v :Homg(V,V) —>Z(C9_][G]), ¢ — Ztrv(d)opv(g))lg.
geG

Note that TV(idv) =Xv
Theorem 2.7. For each V € RepQ(G and ¢ € Homg(V, V), there is an equality
tr T Homg(V,PON (V) L = <T (}), V(é,A)>G~

Proof. Write (P, Q) for (P 9""5),@(9')"5)). We compute

trHomg(V,P(V) i = tTHomg(v,P(v)) (f = é(/}fjl})fv oevyop(c’)o¢)
A¢) 2\-1
= A—t ’
Bilelep P o)

the second equality following from Lemma 2.6. Since tryom (v,p(v)) L¢ is independent

of the choice ¢ € G\ G used in the definition of 15, we average over all such choices
to obtain

trHoma(V,P(V)) lp = (p(c®) o).
G\G
On the other hand, we have
1 Alc o _
e = G L 3 [( | )] 0122 ey (o pulc)
c;eG\G C C

1 Ag) -
Gl Z ﬁ V(pV(Cz) 1o¢),
cE
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thereby proving the desired equality. g
Recall that ¢ is a cocycle representative of the generator of H**™(BC,) ~ C,.
Corollary 2.8. Let V be an irreducible O-twisted representation of G. Then

1 ifand only if V lifts to a (6, A)-twisted Real representation,
vV =11 ifandonlyif V liftstoa (60, A)-twisted Real representation,
0  otherwise.

When <)(V,V(é’/\)>c = +1, the twisted Real structure on V is unique up to isomorphism.

Proof. Schur’s Lemma for Rep?(G) implies that Homg(V, PO (V)) ~ C if PO (V) ~
V and HomG(V,P(é"”(V)) = 0 otherwise. Hence, if HomG(V,P(é"”(V)) = 0, then
V does not lift to a Real representation and the statement follows by applying
Theorem 2.7 with ¢ =idy. If HomG(V,P(é'/‘)(V)) ~ C, then a non-zero element
Yy € HomG(V,P(é’/\)(V)) is an isomorphism which, by Theorem 2.7, satisfies

PONWy) 0Oy = (xv, Vg6 -
The first statement of the corollary now follows from the homotopy fixed point
interpretation of twisted Real representations. Uniqueness of the Real structure up
to isomorphism follows from one dimensionality of Homg(V, P(®Y(V)). U

In the setting of Corollary 2.8, if (x v, v(é’/\))G =0, then V determines an irreducible
(0, A)-twisted Real representation by H(é'/‘)(V) =Ve P(é’/\)(V) with its hyperbolic
homotopy fixed point structure [64, §7.3]. Note that H(®V (V) ~ HOA)(pOA)(V)),

Corollary 2.9. There are finitely many isomorphism classes of irreducible (8, \)-twisted
Real representations.

Proof. This follows from Proposition 2.3, finiteness of isomorphism classes of irre-
ducible 6-twisted representations and the final statement of Corollary 2.8. O

Corollary 2.10. There is an equality

Yio.n = Z Xv, v GcXv,
Velrr? (G)
PO V)=V
where Irt® (G) denotes the set of isomorphism classes of irreducible O-twisted representa-
tions of G.

Proof. This follows from the second part of Corollary 2.8 and the fact that the set
{Xv}vernoc) of irreducible O-twisted characters is an orthonormal basis of the space

of O-twisted class functions on G. O
Various instances of the element vy ,) and Corollary 2.8 are known:

(1) The classical setting of Frobenius and Schur [27] corresponds to taking G=
GxC, with 7 the projection to the second factor and the cohomological data 6
and A trivial. The conditions on the bilinear form (—,—) from Proposition 2.2
reduce to G-invariance and symmetry; if O = 8, then (—, ) is skew-symmetric.
Corollary 2.8 then gives the standard necessary and sufficient condition for
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V to admit a G-invariant bilinear form and so be defined over R (in the
symmetric case) or H (in the skew-symmetric case).

(2) Taking 6 and A to be trivial recovers Gow’s generalized Frobenius—Schur
element used in the character theoretic study of 2-regularity of finite groups
[30, §2]. For representation theoretic applications, see [51].

(3) Take G = Gx C,. In this case, there is a homomorphism G — G which splits 7.
When 0 is in the image of the resulting map H?(BG;C,) — H*™(BG) and A is
trivial, vy ;) recovers Turaev’s generalized Frobenius—-Schur element studied
in the context of closed unoriented TFT [59]. See [34] for a generalization in
the setting of closed Pin; TFT.

(4) When ¢ =idy the trace of Theorem 2.7 is an instance of a Shimizu’s Frobenius-
Schur indicator in a category with duality [56].

Remark 2.11. In most cases, v ;) is not an instance of the generalized Frobenius—
Schur elements of Ng and Schauenburg [48], which are defined in the setting of
monoidal categories (satisfying additional assumptions). Indeed, Rep?(G) is not
monoidal if 6 is cohomologically non-trivial.

V-1
Example 2.12. Let G = C,, with generator r and C = 62 n 1. The one dimensional
representations {py | 0 < k < n—1}, defined by pi(r) = ¢k, constitute a complete set of

irreducible representations of G. Take 0 and A to be trivial in this example.

(1) Let G = C,, x C, with 7 the projection to the second factor. We have

1 ifk=0ork=7%,
0 otherwise,

X V)G = {

whence the trivial and sign representation (which exists when n is even)
admit Real structures. These are precisely the irreducible representations
which are defined over IR.

(2) Let G = Cy, with generator ¢ satisfying ¢? = r and C,-grading 7t : G — C,
determined by m(¢) = —1. Assume that n is even; otherwise G=~C,xC,as

C,-graded groups. We have v = 22;7:_01 l,2j from which we compute

5 51 1 ifk=0,
X V)c = " ZCZ"] =q-1 ifk=1%,
j=0 0 otherwise.

The Real structure on py is given by po(¢)(1Y) = 1. The same formula gives
the o-twisted Real structure on pu.

(3) Let G be the dihedral group D, =(r,s|r" =s?>=e¢,srs = r~') with rt : G—C,
determined by 7(r) = 1 and 7(s) = —-1. We have v = nl, from which we
compute (xi,v)c = 1. Each irreducible representation py can therefore be
extended to a Real representation by the formula pi(s)(1Y) = 1. A

Example 2.13. Let G = Qg be the quaternion group with C,-grading given on the
standard generators by 7t(i) = 1 and 7(j) = —1. Then G ~ C, is generated by i. We
have v = 41_; so that (x;,v) = (-=1)k. The Real structure on Pk, which is o-twisted
precisely when k is even, is determined by px(j)(1Y) = 1. A
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Example 2.14. Let G = A4 be the alternating group on 4 letters. The irreducible
representations of G are the trivial representation U, two non-trivial one dimensional
representations U’ and U” and a three dimensional representation V. Writing

C = ezngﬁ, we take the convention that their characters are
xu(123) =¢, xu(132) =2, xu((12)(34) =1,
xu»(123) =2, xu»(132)=¢, xu((12)(34)) =1,
xv(123) =0, xv(132) =0, xv((12)(34) = 1.

(1) Taking G = A4 x C, with 7t the projection to the second factor gives v =
41(1) + Zr3fcyc1es o la- USing thiS, we Compute

<XUIV>:11 <XU’;V>:01 <XU”’V>:01 <XV’V>:1‘

Hence, only U and V admit real structures.
(2) Taking G = S; the symmetric group with 7 the sign representation gives
V= 61(1) + 2(1(12)(34) + 1(13)(24) + 1(14)(23)). Using this, we compute

(xu,v)=1, (xu»vy=1, (xunvy=1, (xv,v)=0.

Hence, all one dimensional representations admit Real structures. Taking
A to be non-trivial, that is, A = 7, replaces v with its negative and leads to
o-twisted Real structures on the one dimensional representations. A

3. Two DIMENSIONAL UNORIENTED OPEN/CLOSED TOPOLOGICAL FIELD THEORY

3.1. Algebraic characterization. Following Lazaroiu [43] and Moore and Segal [46],
we begin by recalling an algebraic characterization of two dimensional oriented
open/closed topological field theories (TFTs). See also [3, 42]. In topological terms,
such a TFT is a symmetric monoidal functor Z : BordJ""” — Vectc. Here Bord"” is
the two dimensional open/closed bordism category, defined in detail in [42, §3]. In
short, objects are compact oriented 1-manifolds whose boundary components are
labelled by elements of a given set D. Morphisms are equivalence classes of oriented
bordisms with corners whose free boundaries are D-labelled compatibly with the
incoming and outgoing boundaries, where two bordisms are equivalent if they
are isomorphic relative D-labelled boundary. The monoidal structure of Bordgr’D
is given by disjoint union. Restriction of the functor Z to the full subcategory
Bordy" C Bordgr’D on objects without boundary defines the closed sector of the
theory and is known simply as a two dimensional oriented TFT.

Theorem 3.1 ([46, Theorem 1]). Two dimensional oriented open/closed TFTs are classi-
fied by the following data:

(1) A commutative Frobenius algebra A with identity 1, and trace (=) : A — C.

(2) A Calabi—Yau category B, that is, C-linear additive category with cyclic traces
(=)v :Homp(V,V) > C, V € B, whose associated pairings

(= =)y w : Homg(W, V) ® Homg(V, W) > Homg(V, V) 2% €

are non-degenerate.

(3) For each V € B, a linear boundary-bulk map v Hompg(V,V) — A and linear
bulk-boundary map ty : A - Hompg(V, V).

This data is required to satisfy the following conditions:
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(i) Ty is a unital algebra homomorphism.
(ii) tw(a)op =P orty(a)forallac A and ¢ € Homp(V,W).
(iii) (P, Ty(a))y,yv = (tV(p),a) for all a € A and ¢ € Homp(V, V).
(iv) (The oriented Cardy condition) Let {1;}; be a basis of Homg(V, W) and {};
the dual basis of Homp(W, V) with respect to (-, =)y w. Then ty o ™ is equal
to the map

Homg(W, W) - Homg(V,V), ¢ ZW o o;.

Remarks 3.2. (1) When B has a single object, the algebraic data of Theorem 3.1
is called a Cardy—Frobenius or knowledgeable Frobenius algebra [3, 42].

(2) Let Z be an oriented open/closed TFT with object set D. The associated
category! B has objects D, morphisms Homg(V, W) given by the value of Z
on the closed labelled interval oriented from V to W and composition of
morphisms defined by the value of Z on the obvious labelled flattened pair
of pants. The value of Z on the flattened cap defines the Calabi-Yau traces.

(3) By non-degeneracy of the Calabi-Yau pairings, the oriented Cardy condition
holds if and only if

tHomg(v,w) (f = Yo fod) =t (), 7" (¢))g (6)
for all ¢ € Homg(V,V) and ¢ € Homg(W,W). Following [12, §7.4], we
refer to equation (6) as the baggy oriented Cardy condition. Topologically, the
oriented Cardy condition asserts the equality of two ways of evaluating the
TFT on the annulus with boundary components labelled by V and W.

We are interested in the extension of Theorem 3.1 to the unoriented bordism cate-
gory Bord?, defined analogously to Bord(z’r’D except that its objects and morphisms
are unoriented. Upon restriction to the closed sector, the extension is known.

Theorem 3.3 ([60, Proposition 2.9]). Two dimensional unoriented TFTs are classified by
the data of an unoriented Frobenius algebra, that is, a commutative Frobenius algebra
(A, 14,{—)o) with an isometric algebra involution p : A — A and an element Q € A, the
crosscap state, which satisfy the following conditions:
(i) p(Qa) = Qa for all a € A.
(ii) (The Klein condition) Given a basis {a;}; of A with dual basis {a'}; of A with
respect to (—)o, the equality

Q% = Zp(ai)ﬂi

holds.
In terms of bordisms, Q is the image under Z of the compact Mébius strip RIP?\ D?,

:@—)Sl,

and p is the image of the mapping cylinder of circle reflection,
The topological identity underlying the Klein condition is illustrated in Figure 1.

ISince B is assumed to be additive, it may be required to formally add some elements to D to ensure
the existence of direct sums. See [46, §2.5].
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05 o

Ficure 1. The equality of bordisms responsible for the Klein condition.

We now come the main classification result.

Theorem 3.4. Two dimensional unoriented open/closed TFTs are classified by the data
of an underlying oriented open/closed theory, as in Theorem 3.1, with a lift of its closed
sector to an unoriented theory, as in Theorem 3.3, together with the data of a C-linear
strict duality P on B. This data is required to satisfy the following conditions:
(i) The functor P is the identity on objects.
(ii) (P(¢p))y =(P)y for all $ € Hompg(V,V).
(iii)) Poty =ty op forall V e B.
(iv) poTV :TVonorall VeB.
(v) (The unoriented Cardy condition) Let {1;}; be a basis of Homp(V, V) with dual
basis {1b'}; with respect to (= —)v,v. Then there is an equality

v (Q) = ZW’ o P(1;). (7)

Proof. The theorem is proved in [3, §4] under the assumption that B has a single
object, where the above algebraic data is known as a structure algebra. This proof
generalizes immediately to allow for B to have many objects, in the same way as the
analogous generalization in the oriented case [42, §5]. g

Topologically, P is the image under Z of the mapping cylinder of reflection of the
closed interval so that Py 1y : Hompg(V, W) — Homg(W, V) comes from the bordism

As indicated on the right, we will picture this bordism as embedded in R3 with a
half-twist. That P is a strict involution follows from the fact that reflection of the
closed interval is an involution. We record two basic consequences of Theorem 3.4.
Proposition 3.5.

(1) The equality (Q?)q = tr4 p holds.
(2) Forany V € B and ¢ € Hompg(V, V), the equality

(T (), Q)0 = trHomp(v,v) kg
holds, where 1y is defined analogously to Section 2.2.
Proof. Since p is an involution, there exists a basis {4;}; of A such that p(a;) = s;a;

with s; € {1,—1}. Let {a'}; be a dual basis, so that (a/,a;), = 6?. Since p is an isometry
of (=)o, we have p(a’) = s;a’. With these preliminaries, we compute

(Qo=()_plaad=) siaady=) si=trap.

1 1
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Ficure 2. The equality of bordisms responsible for the unoriented Cardy
condition (7). All boundaries are labelled by the object V € B.

For the second statement, we compute
(TV($), Q0 = 7v(Qdvy = ) (pop'oP(W)y =

Z(Qbi o 1y(¥i))v = trHomu(vV,v) L

The first equality is the adjointness of T and 7y, the second is the unoriented Cardy
condition and the third is cyclicity of traces. O

By non-degeneracy of the Calabi-Yau pairings, the unoriented Cardy condition
is equivalent to the second equality from Proposition 3.5, which we term the baggy
unoriented Cardy condition. The unoriented Cardy condition reflects the equality
of two ways of evaluating the TFT on the Mobius strip with boundary component
labelled by V. See Figure 2.

The next result constructs the algebraic input of Theorem 3.4 from a Calabi-Yau
category with a contravariant involution which need not act trivially on objects.

Proposition 3.6. Let (B,1°,1,,A) define a two dimensional oriented open/closed TFT
and let (p, Q) be an unoriented lift of A. Let (P,®) be a duality structure on B such that

(P(P)p(v)=(P)v, ¢ €Homp(V,V)

and

POTV:TP(V)OP, pOTV:TP(V)OP, VeB.
If the equality
trHomg(v,P(v)) kp = (T" (), Qo (8)

holds for all ¢ € Homp(V,V), then (BBCZ,T.,T.,A,[),Q) defines a two dimensional un-
oriented open/closed TFT.

Proof. By Lemma 1.4, the triple (BECZ,P’;C%@;’C?) is a category with strict duality
and P2 acts trivially on objects. The category BIC2 inherits a Calabi-Yau structure
from B with traces (=)(v,y,) := (-)v. Define boundary-bulk and bulk-boundary
maps for BhC: by ©V'¥v) = ¢V and T(v,py) = Tv- The assumptions that P preserves
the Calabi—Yau structure and that P and p are compatible with 7, and 7° ensure
conditions (ii)-(iv) of Theorem 3.4 for PhC . It remains to verify the unoriented Cardy
condition. Let (V,¢y) € BMC2 Let {1;}; be a basis of Homp(V, P(V)) with dual basis
{'}; of Homg(P(V), V). Then {gb;l o 1;}; is a basis of Hompg(V, V) with dual basis
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{' o Py };. We compute
W) (Q) =) P oP(;) 0Oy =
Y wlowpyopitoP(pi)o Pyt oy =) oy o PPy o).

For the first equality, note that the discussion proceeding Proposition 3.5 shows that
equation (8) implies that 7y (Q) =} ; ' o P(¢;) 0 Oy. The second equality follows
from the coherence condition on homotopy fixed points and the final equality from

the definition of (PECZ,GECZ). O

We comment on the physical interpretation of Proposition 3.6. As mentioned
in the introduction, the Calabi—Yau category B should be seen as a model for the
category of D-branes in an oriented string theory. With this interpretation, a duality
structure (P,0) which preserves the Calabi—Yau pairings is the categorical data of
the orientifold construction, as explained in in the setting of orientifolds of IIB string
theory [16] and Landau-Ginzburg theory [31]. In this context, P is often called the
(orientifold) parity functor and the quantity tryoem,(v,p(v)) L¢ the associated parity-
twisted Witten index [11, §2]. It is through the computation of the parity-twisted
Witten index via closed sector quantities, namely the unoriented Cardy condition
(8), that the crosscap state Q naturally appears. The D-branes which survive the
orientifold projection are the homotopy fixed points of (P, ®), that is, objects of the

category BC2. With these remarks in mind, Proposition 3.6 is an orientifold-type
construction of an unoriented open/closed TFT from an oriented open/closed TFT.

3.2. The Frobenius-Schur element as a crosscap state. We give an algebraic con-
struction of a two dimensional unoriented open/closed TFT from twisted Real
representation theory. When G=Gx C, and the cohomological data (é,/\) is trivial,
this generalizes results of [3, 44]. When A is trivial, a topological construction of the
closed sector of this theory was given in [63, §4.4].

Fix group theoretic data (G,6,1) as in Section 2.1. Let A = Z(C9_1[G]) with
Frobenius pairing (—,—); and B = Repe(G) with Calabi-Yau traces (¢)y = ﬁtrv ¢.
The boundary-bulk map 7" is as in Section 2.2 and the bulk-boundary map is

defined by
oY agle) = ) ac0llsls D pvis™)
gGG geG

This data defines a two dimensional oriented open/closed TFT Z ) via Theorem
3.1. See [46, 59, 40]. The main axiom to be verified is the oriented Cardy condition
which is a mild generalization of the orthogonality of characters of irreducible
O-twisted representations.

Theorem 3.7. The data (G,0, ) defines a two dimensional unoriented open/closed TFT
26,6, whose oriented sector is a sub TFT of ZG,g).

We will prove Theorem 3.7 using the orientifold-type construction of Proposition
3.6. We take (P\%Y,0(0Y) for the duality structure on B = Rep?(G) and Q = V(6,0
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for the candidate crosscap state. We compute

P()pey) = %trpmp(cp) - %tfvv 0¥ = (D),

which verifies the open sector assumption of Proposition 3.6. The remainder of the
proof of Theorem 3.7 is divided into closed sector computations and verification of
the open/closed coherence conditions required to apply Proposition 3.6.

The oriented open sector of Z,6,0) 18 the full theory Z; g) precisely when the

forgetful functor Rep?(G)"“2 — Rep?(G) is essentially surjective. By Corollary 2.8,
this is the case when (xv, V(é,)\)>G =1 for each irreducible V € Repe(G). Otherwise,
the oriented open sector is a strict subtheory of Z; g). In Example 2.12, the forgetful
functor is essentially surjective only in subexample (3).

Remark 3.8. We comment on the relation of Z 4 ,) to categories of D-branes
in orientifold string theory on global quotients. Recall that the spacetime of an
orientifold string theory is an orbifold double cover 7 : X — X. Additional data
required to define the theory includes the (gauge equivalence class of a) B-field B e
H3*7(X) [19], a class in the nt-twisted differential cohomology of X, and a complex
line bundle with connection I € H?(X) [28, §8.4.1]. The underlying (oriented)
orbifold string theory depends only on (X, 7c*B). Consider now the particular case
in which the spacetime is a global quotient 7 : X/G — X//G associated to a finite
C,-graded group G acting on a smooth manifold X. A special class of B-fields arises
through the composition

H*™(BG) — H*™(X/G) — H>*™(X/G), 0 By,

where the first map is restriction along the the canonical morphism X/G — BG and
the second is the inclusion of flat B-fields. Similarly, a class A € H'(BG) defines a flat
line bundle L, € H2(X/G). The pair (Bé,i/\) can be seen as defining universal twists
for global G-orientifolds. The unoriented TFT Z(¢,6,1) 1s a precise mathematical

description of the affects of the twists (39,[1,\) on partition functions. See [9], [54,
§5], [49, §4.5] for detailed discussions of these affects in the closed sector.

We return to the proof of Theorem 3.7.

3.2.1. Closed sector. Denote by Autge“(([le_1 [G]) the group of algebra automorphisms

and algebra anti-automorphisms of co’ [G]. The group Autgen(([je_1 [G]) is C,-graded
by sending anti-automorphisms to —1.

Lemma 3.9. The function p : G— Autge“((l:G_1 [G]), w > p®, where

7(w)-1 refl

PPl =Ag) 7 TNO)N[w]e)ygriory1,  §EG

is a C-graded group homomorphism. Moreover, each p® is an isometry of (—)g.

Proof. We prove that p?, w € G\G, is an anti-automorphism and omit the easier
calculation that pé, g € G, is an automorphism. For g, h € G, direct calculations give
ol = SOl

$ A(gh)6([gln]) &~
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and » »
ot — SO @O [wle)
P20 S g T T

It therefore suffices to prove that
o((gln]) _ T (0)([wlgh)
O([wh™ @ wg ™)) el (6) ()T (O) ([w]g)

A short calculation using equation (1) shows that this identity indeed holds.
That p® is an isometry follows from the equalities

w _ T (O)([wle) _ deg
<P (lg)>G |G| ,9 /\(e) |G| <lg>G

It remains to prove the homomorphism property, p“2 o p®1 = p“2“1, Recall from
Section 2.1 that T¢f(6) is a 1-cocycle on the groupoid G/rG whose objects are
elements of G and whose morphisms are w : § — wg™@w™!, w € G. With this
description, closedness of T:¢() becomes the equalities

T (0)([ws]w1 g™ “Ver )T (0)([w ]g) = T (0)([wrw1]g), §€G, wi€G

which is immediately seen to imply the homomorphism property. g

5e

Proposition 3.10. For each ¢ € G\G, the map p¢ restricts to an algebra involution of
Z((l:e_1 [G]). Moreover, this involution is independent of ¢.

Proof. Using the explicit descriptions of the centre z(co™" [G]) from Section 1.2 and
the genuine G-action on CY ' [G] from Lemma 3.9 we see that C° "' [G]C = Z(C? "' [G)).
It follows that the generalized G-action on Cefl[G] from Lemma 3.9 induces an
action of C, ~ G/G by algebra automorphisms on Z((EQ_1 [G]). g

Denote by p the algebra involution of Z(Co" [G]) induced by any ¢ € G\G.

Remark 3.11. Using functoriality of Hochschild homology and invariance under
taking opposites, we form the composition

0 - 0 HH,(POY) 0
HH,(Rep”(G)) = HH,(Rep”(G)*?) ————— HH,(Rep”(G)). (9)
Since RepQ(G) is finite semisimple, HH.(Repe(G)) is concentrated in degree zero,

where is it isomorphic to Z(Ce_l[G]). Under this isomorphism, the map (9) is p.
The +1 (resp. -1) eigenspace of p is then the involutive (resp. skew-involutive)

Hochschild homology of (Rep?(G), P p@:A) ,0(0Y) See [8, Theorem 2.14] for an anal-
ogous result in the setting of strictly involutive A -algebras. The first part of
Proposition 3.5 therefore shows that the Klein condition computes the difference in
dimensions of involutive and skew-involutive Hochschild homologies.

Proposition 3.12. The element v, ,, € Z((EQ_1 [G]) is p-invariant.

Proof. We have seen in Lemma 2.5 that vg , ez(Co" [G]). For p-invariance, we have

) €
Sy A )= At O)lelpr?),
o ,lecZ\c W0
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A([clli 1)
Ol u )0 ([ep2c1c))

Equation (2) gives é([g;flc;_lqulc_l])
equal to

so that pg(v(é’/\)) is

E _ [ ]
4 1 l 2.1
neG\G i ([P‘ll"]) ([142|]/l ]) ([clp2]) (o 7ange

= ) AT Ol O T O e ) e e e e ) et
yeG\G

A short calculation shows that @([p | 1)@ ([plp])O([p?|p~2]) = 1, whence

Pvga)= ) A Oep e e e g = v, =
neG\G

Lemma 3.13. The following equality holds for all g € G and yu € G\G:
O([plul) L2 - agly = M(g)pH (agly) - O([uglpg]) ™
Proof. This can be verified directly from the twisted 2-cocycle condition on 6. [

Proposition 3.14. The equality p(v(g )\ f) = v(g 1) f holds for all f € Z(Cefl[G]).

Proof. Write } o agl, for f € Z( cf [G]). Lemma 3.13 gives

V(é,A>Zaglg Z (1g)p"(agle)O([uglug)) ™

geG geG
yeG\G

from which we find that p®(v4 ) L ¢ 4¢l,) is equal to

Y Apg)p©(pH(agly)- O([uglug) ™ ugp)

= ) M (O(1pglpg)) g2 pH agly)

= ) Mg Oeg e leg T T e ) gt et PP (aghy)
&K

= ) A0l w e Meg p e ) Mogo e TN (O) (S H1R) ™ aghepg(p

= Z/\(ﬂg)é([gg_lﬂ_lg_l|Cg_1l4_1g_1])_1lc(g*1ﬂ’1)2c*1“cyg(w)*llc#g(c#)*l

AUy
) Al "

heG
neG\G

which is vy 1)) peg anlp- The first equality follows from the fact that p© is an anti-

homomorphism (Lemma 3.9), the second from Proposition 3.12, the third from
Lemma 3.9 and the definition of p, the fourth from the assumed centrality of }_, acl,

and the fifth from the change of variables = cg 'y~ 'c! and h = cugu~tc 1. O
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Recall that a conjugacy class O C G is called O-regular if g&i:g; =1forallgeO

and h € Cg(9)-
Proposition 3.15. The Klein condition holds.

Proof. The vector space Z((EQ_1 [G]) has a basis {lp}o labelled by O-regular conjugacy
classes of G. For convenience, set [» = 0 if O is not O-regular. Writing Iy = deo agly
and lp-1 = ) jcobp-11p-1, we have (lp, lp-1)g = Ilfl ) gcO 9([g|g‘1])‘1agbg-1. Centrality
of [n+1 implies that the function O - C, g+ 6([g|g‘1])‘1agbg-1, is constant; denote
its (necessarily non-zero) value by cp. Since we also have (lp,lp/)g = 0if O’ = 07!,
it follows that 1} = |C|;(|9| lp-1. With this notation, the right hand side of the Klein
condition is R := ) per,(c/6) lop® (13))- We compute

a 1. p%(by 11y 1)
_ agle
R =l Z Z’ colO|

Oeny(G/G) g heO

aghy-1 A(h) T (0)([c]h ™) gepc
Oert(G/G) g he® colOl0([glchc1))

Z ZZ g tg 1-1A(g reﬂ(9>([ ]tg_lt_l)lggtgt‘lg‘l
coB([glctgt~Lc])

Oemy(G/G) ge0 teG

|Gl

Z gbtg 1t1 reﬂ [C]tg 1t 1)

= tot—lco-1.
g.teG [glc;tgt e 1)) et e
Above we have set h = tgt‘l. As byg-1-1 =7(6 )([tlg™) )bg-1, we can write
reﬂ 1,-1
R - Z agbgt | (MO )Ty 1)([_cl]tg t )lggtg_lt_lc_1
a1eG O([gletgt1c1))
9 | ! - re
= Z AMg)= gls” ) 0)([tlg l ﬂ [C]tg s 1 lg(;tgt‘lg‘l

e 9([g|cfgt‘1c;‘1])

O(glg™"])  _ren g
= A _ r L
g;G (g)e([g|gtgt—lg—1]) (O)[ct]g Ngergrtc

The second equality follows from the definition of c» and the final from closedness
of ’treﬂ(Q) as in the proof of Lemma 3.9. Define p,& € G\G by u =gctand & =
t71¢7! sothat t = ¢ 1&1 and g = u&. Making these substitutions, the coefficient of
l = lﬂzgz in R is

gc;tgt‘lc‘l
L O([E T pEHET)
O([&u&))

ApE)O([HElE ue)) = Mp&)O([ulp)) tO((ElE) O ([p?1E2) !

It follows that
R= ) MpoO(plp) " OEIED " O([121E°) M e,

wEeG\G

. . 2
which is exactly v 6.1 O
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3.2.2. Open/closed coherence. Note that Theorem 2.7 verifies equation (8).
Proposition 3.16. The maps t°, t,, P and p satisfy the assumptions of Proposition 3.6.
Proof. We compute
T (6)((clg) Sl -1V
POTV(P(Zang)) = Z%TPV(CS ¢ )= TP(V)(Zaglg):
geG geG geG

that is, P o Ty o p = Tp(y). Since p is an involution, this implies P o Ty = Tp(y) o p.
We also have

refl ( A
por’@) = Y LN g opuly iegc
geG 8
and
P(V) _ A(Q) bV o INRNNY
V)(P(¢)) Z—T%eﬂ(é)([g]g)trv (¢¥ o py(cg e,

Mceg™'e™) )
- Z refl Ag )trVV((PVOPV(ngC 2)V)lgg—lg—1.

Closedness of Treﬂ(()) 1mplies

T(0)([clg)T (D) ([cleg ) = () ([?]g)-

Since ¢ is G-equivariant and

pv(c?)opy(g)opy(c™?) = 0([*Ig)O([c*glcpv(c’gc™),
we have

o((c?Ic2))
o([Ig) 0 gl 2] TV P epvie):

1 in TP(V)(P((j))) is therefore

tryv(¢p OPV(C 8¢ 2)Y) =

The coefficient of try (¢ o py(g))!

cglc”
g el O)cle)  0(c’)  _ hO)(clg)
e (6)([c2]g) O([c2Ig])O([c?glc]) Ag)
We conclude that pot¥ = ") o P. 4

This completes the proof of Theorem 3.7.

3.3. Partition functions. The algebraic construction of Z 4 ) allows for the ex-
plicit computation of the partition function of an arbitrary surface.

3.3.1. Closed surfaces. For the real projective plane, we have

2 E
eG\G ’u ﬂ

the first equality reflecting that RIP? is a Mdbius strip glued to a disk. In particu-
lar, Z(G,é’/\)(IRIPZ) vanishes unless 7w : G — C, splits. Realizing the Klein bottle as
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two cylinders glued together, with one gluing by circle reflection, and using that
Z(CP'[G]) = €Y '[G]C (see the proof of Proposition 3.10), we compute

1 1 1 0((glw])
ZeoonK) ==Y trog . p's=— _ . .
661 |G|heZG L ATe ; A@)6((gIg) 6([wlg )
weG\G
wglwl=g

In general, a formula for the partition function of a closed connected non-orientable
surface ¥ can be written in terms of -weighted counts of C,-graded group homomor-
phisms from the fundamental group of the orientation double cover of X°" — ¥ to G.
See [63, §4.4]. Alternatively, the primitive orthogonal idempotents of the semisimple
algebra Z (([39_1 [G]) can be used to evaluate the partition functions. Proceeding in
this way and writing the crosscap state as in Corollary 2.10, we find

¥ = <XV:v(é’A)>Gdiva x(X)
Z(é,é,,\)( ) = Z iG]
velrr?(G)
PO V)=V
For example,
1 .
Zeon®P) =12 ) (v gaedimeV
VAeIer(G)
pOA(V)=v

and |
Z(c.onK) =1V elr®(G)| PON(V) 2 V)

Equating these expressions for the partition function of ¥ relates weighted counts of
C,-graded homomorphisms 7t; (X°7) — G to Real character theoretic sums. Various
specializations of these identities are known [27, 37, 47, 58, 6, 63] and provide
non-orientable counterparts of Mednykh’s formulae [45].

Similar expressions for partitions functions of non-orientable surfaces also occur
in two dimensional conformal field theory [5], [33, §2], [23, §5]. In this setting,
the category Rep?(G) is replaced with a modular tensor category and partition
functions are written as sums over simple self-dual objects with weights involving
the generalized Frobenius—Schur indicators of [48].

3.3.2. Surfaces with boundary. Let ¥ be a compact connected non-orientable surface
with b > 1 boundary components. To begin, label each boundary component by the

same irreducible twisted Real representation V e RepQ(G)ECZ. The partition function

. . 5 b
26,6, V) 1 Homg o i, (V, V) — €

can be computed as follows. By Proposition 2.3, there are two cases to consider. If V
is irreducible as a twisted representation, then the primitive orthogonal idempotent

dimg V dimg V

~ -b
of C? 1[G] corresponding to V is eyv = TG AV whence Xij/ = (T) eyv. Using

this and the fact that <XV:V(é,A))>G =1 (see Corollary 2.8), we compute

dime V )" )

. 1®b
2605 V)(idy) = ( al
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If instead the underlying twisted representation of V is reducible, then V ~ H (é"\)(U)

with U € Rep?(G) irreducible. It follows that X6y = dir|r?q:| 7(eyv + eP(Q;M(U)V) and

dimc U\
L

HON(U) T) (euv + epa.a gy )-

There are two further sub-cases:

o P(é'A)(U) # U, in which case (xy, v 1))c = ()(P(Q,M( Vig,a)6 = 0. Since v4 5

U)
has no xy or X plo.) (1) cOmponents, we find

2o H (Q’A)(U))(idi?m ) = 0.

()

e POV (U) = U, in which case {xy, V(é,/\)k; =-1and

_ dlmc U ))(():)
|Gl
A formula in the general case, with boundary components labelled by arbitrary

twisted Real representations V;, i = 1,...,b, can be deduced from the previous
formulae by writing xv. as a linear combination of primitive idempotents.

L1702 . 1®b _
Zgo0(Z:H >(U))(1d§m)(u)) = 2(
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