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We describe a matrix product state (MPS) extension for the Fermionic Quantum Emulator (FQE)
software library. We discuss the theory behind symmetry adapted matrix product states for approxi-
mating many-body wavefunctions of spin-1/2 fermions, and we present an open-source, MPS-enabled
implementation of the FQE interface (MPS-FQE). The software uses the open-source pyblock3 and
block2 libraries for most elementary tensor operations, and it can largely be used as a drop-in re-
placement for FQE that allows for more efficient, but approximate, emulation of larger fermionic
circuits. Finally, we show several applications relevant to both near-term and fault-tolerant quantum
algorithms where approximate emulation of larger systems is expected to be useful: characteriza-
tion of state preparation strategies for quantum phase estimation, the testing of different variational
quantum eigensolver ansitze, the numerical evaluation of Trotter errors, and the simulation of gen-
eral quantum dynamics problems. In all these examples, approximate emulation with MPS-FQE
allows us to treat systems that are significantly larger than those accessible with a full statevector

emulator.

I. INTRODUCTION

One of the most studied applications of quantum com-
puters is fermionic simulation. In order to quantify the
degree of computational advantage a quantum compu-
tation provides, the best classical strategies must be
brought to bear on the equivalent problem. This has
led to rapid development in classical strategies for ap-
proximating quantum circuits depending on the desired
output from a circuit simulation—i.e. amplitudes, proba-
bilities, or expectation values of operators. For example,
approximate tensor network contraction [1-4], stabilizer
simulation [5], or Clifford perturbation theory [6] have
been used to classically emulate a quantum computa-
tional task at much lower complexity than exact state
vector simulation of the quantum circuit. Beyond defin-
ing the boundary of quantum advantage, efficient circuit
simulation has become crucial for quantum algorithm de-
sign and analysis [7—11]. In fact, the requirement for com-
putational utility does not demand that classical emula-
tors consider precisely the same circuit as the quantum
implementation, so long as the same result is obtained.
In fermionic settings, this has led to the development
of fermion-specific simulators and frameworks that take
advantage of additional structure in the problems of in-
terest [7, 12| resulting in substantially lower emulation
costs.

For fermionic problems in particular, the Fermionic
Quantum Emulator (FQE) is a software package that
aims for maximum efficiency in full statevector emu-
lation [12]. The FQE implements algorithms designed
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specifically to take full advantage of symmetries that are
common to fermionic systems, in particular the particle
number and projected spin symmetries. This source of
efficiency enables emulation of quantum circuits that tar-
get fermionic simulation at larger scales than are achiev-
able with naive statevector emulation. FQE provides
near-optimal performance for most emulation tasks on
single-node, CPU platforms. In a recent work [12], it
was shown that exploiting just number and projected
spin-symmetries can lead to substantial savings in to-
tal run-time and memory requirements over qubit based
simulations that do not use these symmetries.

Approximate approaches, like those based upon tensor
networks (including matrix product states (MPS)) [1-
3, 13-15], are instrumental for pushing the boundaries
of classical emulation and have helped inform our un-
derstanding of what constitutes a classically intractable
problem [6, 16-21]. However, many implementations of
these approximate approaches in the quantum emulation
setting do not take advantage of problem symmetries
[22, 23]. In this work, we present a matrix product state
backend for FQE. This software package implements the
FQE interface, but uses an approximate MPS represen-
tation of the fermionic wavefunction instead of the ex-
act statevector. The MPS implementation takes full ad-
vantage of particle number and projected spin symme-
try, and the approximation is systematically improvable.
The theory and applications presented here are specific
to spin-1/2 fermions, but an extension to fermions with
higher spin is straightforward.

The FQE simulator interfaces with the fermionic quan-
tum simulation library OpenFermion [24], as well as the
more general quantum circuit emulator Cirq [22]. The
result is a powerful and convenient software ecosystem
that enables highly efficient quantum emulation for a



broad range of applications, and the MPS backend de-
scribed here [25] further expands the scope of treat-
able systems. In Section II we briefly review the the-
ory behind operations on MPS wavefunctions, in Sec-
tion III we describe the software implementation, and
in Section IV we show some example applications rel-
evant to noisy intermediate-scale quantum (NISQ) and
fault-tolerant quantum computing (FTQC) algorithms
for quantum simulation.

II. THEORETICAL BACKGROUND

The Hilbert space of many-particle systems grows ex-
ponentially with respect to their size. For spin-1/2
fermions, each orbital can be unoccupied, occupied by
a single particle of up or down spin, or doubly occupied
by particles of both spin: |¢;) € [|=),|1), [4), [T1)]. This
leads to 4 possible occupations for each orbital and 4%
many-particle basis states for N spatial orbitals, and we
refer to this as the standard fermionic representation. If
one maps the problem to qubits for the purpose of simu-
lation on a quantum computer, then the Jordan-Wigner
mapping [26] or some other exact mapping [27, 28] will
require 2N qubits. The Hilbert space will be the same
size, 4"V, as expected, although the labelling of the states
may look quite different, depending on the mapping. We
will refer to this as using a qubit representation.

One is usually interested in simulating many-electron
systems that satisfy one or more physical symmetries,
and only a limited region of Hilbert space remains acces-
sible. For example, a system with IV spatial orbitals with
conserved particle number n, +ng = Neclec and projected
spin n, —ng = 25, the relevant region of Hilbert space

is spanned by N = (é\i) (T]L\g) basis states. The FQE is
designed to take advantage of such symmetries to reduce
the memory and CPU time associated with simulations
of fermionic systems [12].

Even accounting for symmetry, exact simulations of
larger systems beyond roughly 18 spatial orbitals at
half-filling are still infeasible. Describing a system with
18 spatial orbitals on a quantum computer requires 36
qubits, but larger system sizes are necessary to address
practical questions associated with many algorithms for
quantum simulation. To overcome the memory and
CPU-time limitations associated with an exact descrip-
tion of the statevector, we utilize the MPS Ansatz for
an approximate but systematically improvable represen-
tation of the fermionic wavefunction [29, 30]. The util-
ity of the MPS Ansatz as an efficient representation has
been rigorously proven for the ground state of noncritical
one-dimensional quantum systems with local interactions
[31]. For more general quantum systems, the efficiency
of the MPS Ansatz is not guaranteed, but high quality
approximate MPS representations of the exact state are
often found in practice that are more concise than the
exact representation. Heuristic schemes that exploit the
locality of interactions, in conjunction with orbital local-

ization and reordering schemes, can be used to improve
the compactness of the fermionic MPS Ansatz [32].

A general wavefunction may be written in MPS form
as

[U) = AT AL AR niyng,.nn), (1)

where n; indexes the physical occupations of the ith or-
bital (or lattice site). Contracting the matrix dimensions
(“virtual bonds”) of all the matrices for a given vector of
physical occupations, n = (n1,na,...,ny) will produce
the amplitude associated with that basis state. This rep-
resentation is clearly exact if the “bond dimension" is
allowed to be arbitrarily large. In fact, the MPS ten-
sors can be obtained constructively by repeated singu-
lar value decomposition of the exact coefficient tensor.
The dimension of the virtual bonds required for an ex-
act representation grows exponentially toward the center
of the tensor product so that the upper bound of the
virtual bond summation for the ith tensor is obtained
as M; = min(4%,4F=%) for an L-site system of spin-1/2
fermions. As a result, in order to benefit from the MPS
Ansatz, one must place a truncated upper bound on the
bond dimension, M, so that M; = min(4%,45~% M).
The effectiveness of the truncated MPS can be under-
stood from information theoretic arguments [31], and it
is known that the optimal approximate (truncated) wave-
function is obtained by retaining the states in a Schmidt
decomposition with the largest Schmidt numbers [33].
Note that construction of an MPS by consecutive SVDs of
the FCI tensor does not yield the optimal truncated MPS
wavefunction. Applying a local variational optimization
to the truncated MPS Ansatz results in the density ma-
trix renormalization group (DMRG) algorithm. Physical
symmetries can be efficiently treated within the MPS rep-
resentation by blocking the MPS tensors by local particle
number and projected spin labels and then only storing
those blocks which correctly multiply to the conserved
global symmetry [34].

For efficient emulation of quantum algorithms, we must
be able to apply unitary operators to emulate quantum
gates and non-unitary operators to emulate projective
measurement. In the MPS language, these operators can
be expressed as matrix product operators (MPOs). Very
generally, an operator can be written as a sum of prod-
ucts of operators acting on single sites,

0= E OF#22N 0 04y oo Ozps (2)
z

where the index z; runs over a complete set of local oper-
ators. As with the MPS, one can represent this operator
as a product of matrices (MPO):

O=> Wi'W3 .. . Wi¥o.,0,...0.y. (3

The bond dimension of the MPO is determined by the
number of non-zero terms in the expansion and by the



locality of the operators in each term. The efficient con-
struction of MPOs of dense operators is a non-trivial
problem, and the MPS-FQE can, via its interface with
pyblock3, use either an SVD-based compression approach
[35] or the “bipartite" approach [36]. As with the MPS,
the MPOs can be blocked by their symmetry labels. This
is vitally important for efficient computation of expec-
tation values and renormalized basis states used in the
DMRG and time-dependent DMRG (td-DMRG) algo-
rithms [35]. Given a bra and ket MPS, the matrix el-
ement of the MPO can be exactly computed with an ef-
ficient contraction algorithm which is at the heart of the
utility of DMRG. Unitary evolution of the MPS wave-
function is a more difficult problem and it has been an
active research topic over the last 20 years. For the pur-
poses of quantum emulation, we want to be able to apply
the unitary operators of arbitrary, but generally sparse,
generators. One option is to use the 4th order Runge-
Kutta integrator (RK4),

|W(t+ At)) = e HA | W(2))
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where all of the |k,) states can be obtained by only ap-
plying the generator, H. Here, and throughout the re-
mainder of this manuscript, we have taken i = 1. RK4 is
conceptually simple, but it cannot be efficiently applied
to the MPS wavefunction because exact application of
the generator to a state causes the bond dimension to in-
crease. Some kind of global or local compression must be
performed after, or during, each application of the gen-
erator, but this will generally not be optimal for unitary
evolution. This issue can be partially alleviated with al-
gorithms that are designed for unitary evolution in the
MPS representation [37-50]. In this work, we will primar-
ily use the algorithm of Ronca et al [48] which is a variant
of the td-DMRG method of Feiguin and White [41].
Importantly, all of the MPS algorithms discussed in
this work can be symmetry adapted for particle number
and projected spin. It is also possible to take advantage of
the total spin squared (full SU(2)) symmetry within the
DMRG/MPS framework [32, 51, 52|, but this symmetry
is not currently supported by the FQE interface. Using
the local particle number blocks, it is also simple to treat
the signs that arise from interchanging fermions arising
from the application of operators. Formally, our MPS
Ansatz can be considered as a fermionic MPS [53].
Using a symmetry-adapted fermionic MPS wavefunc-
tion can be significantly more efficient than using an MPS
wavefunction without symmetry. In Figure 1 we show the
advantage of symmetry explicitly by applying a complete
layer of one-electron, orbital-rotation gates to an initial
mean-field (product state) MPS wavefunction. The total
wall time and peak memory usage are shown as a function
of bond dimension in the symmetry-adapted fermionic
representation (V sites, 4 occupation states per site, us-
ing particle number and projected spin symmetry) and in
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FIG. 1. Comparison of CPU time (solid lines) and mem-
ory (dashed lines) for simulating the application of a layer
of one-electron gates to a system with 14 sites and 14 elec-
trons over a range of bond dimensions. The fermionic rep-
resentation results utilize particle number and projected spin
symmetry, while the qubit representation results do not. As
shown in the inset, the error compared with exact results
is nearly graphically indistinguishable between the two rep-
resentations. Both simulations were performed using the
ITensors.jl library [54, 55]. A layer of 91 one-electron gates
with randomly-sampled coefficients was applied to an initial
Hartree—Fock state. The simulations were performed with 8
threads on Intel Cascade Lake cores using block sparse thread-
ing and the reported timing does not include garbage collec-
tion. The reported memory corresponds to the maximum
amount of RAM consumed at any point along to simulation.
The garbage collector was called after each gate was applied
using a single RK4 step. The error was computed as the norm
of the difference between the computed and reference one par-
ticle density matrices, normalized by the number of sites.

the non-symmetry adapted qubit represention (2N sites,
2 states per site without symmetry restriction, using the
Jordan-Wigner mapping). The error due to the bond di-
mension truncation is shown in the inset of Figure 1 and
it is largely independent of the representation and the use
of symmetry. Therefore, for simulations that satisfy one
or more symmetries, it is clearly superior to use a rep-
resentation that allows for an efficient, straightforward
treatment of symmetry. The software presented in this
work implements the FQE interface with an MPS back-
end that fully leverages particle number and projected
spin symmetry in a manner consistent with the behavior
of the FQE.

III. SOFTWARE IMPLEMENTATION

The key contribution in the described work is the im-
plementation of an MPS backend to the FQE that greatly
expands the size of quantum circuits that can be emu-
lated. The described MPS backend utilizes the pyblock3
library [56] for performing basic tensor operations and,



when possible, the block2 library [57] for optimal perfor-
mance in a parallel computing environment. The MPS
backend offers the ability to substitute the exact stat-
evector with a memory-efficient approximation that is
systematically improvable. Crucially, one can often still
obtain “exact” results for observable quantities via ex-
trapolation of the maximum bond dimension.

The MPS-FQE emulator includes class methods to
simplify integration of the MPS backend into exist-
ing FQE-based emulation workflows. For example, one
can generate an MPSWavefunction object, the central
object for manipulation in MPS-FQE, from the FQE
Wavefunction object with minimal effort (or vice versa),
and the consistency between the two APIs enables the
MPSWavefunction to function as nearly a drop-in re-
placement for its FQE counterpart. When generating
an instance of the MPSWavefunction, one has the option
to specify MPS-specific parameters, or else inherit the
corresponding default values, that influence the behavior
of subsequent manipulations of the wavefunction. For
example, the maximum bond dimension and the cutoff
value used for compression and truncation of MPS ten-
sors can be specified upon instantiating the object, or it
may be specified explicitly upon calling methods of the
MPSWavefunction object.

import fqge
from mps_fqge.wavefunction import MPSWavefunction

fge_wfn = fge.Wavefunction([[nele, sz, norbsl])
fge_wfn.set_wfn(strategy="from_data",
raw_data={(nele, sz): wfn_data})
mps_wfn = MPSWavefunction.from_fqe_wavefunction(fge_wfn,
max_bond_dim=mbd,
cutoff=cutoff)

Moreover, manipulations of the MPSWavefunction in-
volving application of operators invoke a flexible interface
that allows users to provide FQE operators as arguments
in addition to MPOs. When dealing with large systems
and high bond dimension, it may be prohibitively costly
to apply operators in an exact manner through tensor
contractions, even when performing subsequent compres-
sion. To alleviate this issue, MPS-FQE offers the option
to utilize an approximate sweep algorithm for operator
application with a reduced memory demand [57, 58|.

Finally, a variety of time evolution algorithms are avail-
able including the td-DMRG and RK4 with both exact
and approximate application of the generator. The user
has the option to include keywords that specify the de-
tails of the chosen time evolution algorithm, or else in-
herit default values.

from openfermion import FermionOperator
from fge.hamiltonians.sparse_hamiltonian import SparseHamiltonian
from mps_fge.hamiltonian import mpo_from_fge_hamiltonian

fermion_operator = FermionOperator("1” 3")

fqe_operator = SparseHamiltonian(fermion_operator)

mpo = mpo_from_fge_hamiltonian(fge_operator,
n_sites=mps_wfn.n_sites)

fge_applied = mps_wfn.apply(fqge_operator) # Exact application
mpo_applied = mps_wfn.apply(mpo, exact=False) # Approximate application

from mps_fge.wavefunction import get_hf_mps

mps_wfn = get_hf_mps(nele, sz, norbs, bdim=bdim, cutoff=cutoff)

# TD-DMRG for one step

evolved = mps_wfn.time_evolve(time, hamiltonian)

# RK4 for four steps

evolved_rk4 = mps_wfn.time_evolve(time, hamiltonian, steps=4, method="rk4")

IV. APPLICATIONS

Here we describe four potential applications of the
MPS-FQE that are of particular relevance to current re-
search directions in quantum algorithms for simulating
fermionic systems. In each case we show that MPS-FQE
can provide useful, near-exact results for systems where
exact state vector emulation is impossible.

A. Preparing near-exact ground states

Many quantum algorithms for the ground state of
fermionic systems use some variant of quantum phase
estimation (QPE) which requires a significant overlap be-
tween the initial state, |¥p), and the exact ground state,
|¥). MPS-FQE can be used both as a means to approxi-
mate the exact ground state, |¥), and as a way to emulate
state preparation algorithms for |¥). In the former case,
DMRG is the most efficient way to form near-exact states
in the MPS representation, and a seamless interface with
the pyblock3 and block2 codes makes it easy to con-
vert the DMRG solution to an MPS-FQE wavefunction.
For example, in Figure 2 we show the potential energy
and the overlap, [(Uo| )|, for a restricted Hartree—Fock
(RHF) initial state of No. The “exact” quantities are com-
puted from extrapolating DMRG results to the limit of
infinite bond dimension. In this particular example, the
overlap between the RHF state and the “exact" ground
state is large enough such that the RHF state could be
used for QPE over most of the potential energy surface.
Note that it is useful to be able to compute these quanti-
ties for larger basis sets, as we do here, because minimal
basis sets that are often used while discussing quantum
algorithms are too small to provide quantitative informa-
tion with chemically-meaningful accuracy. The calcula-
tions with the 6-31G basis set are still possible using an
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FIG. 2. Comparison of Hartree-Fock and exact potential en-
ergy curves for N2 (top) and the overlap between the exact
state and the Hartree—Fock state (bottom). Results are shown
in the 6-31G basis set (14 electrons in 18 spatial basis func-
tions) and the def2-SVP basis set (14 electrons in 28 spatial
basis functions). All “exact” quantities are obtained by ex-
trapolating DMRG results from M = 400 to zero truncation
error. Analogous exact calculations would require approxi-
mately 15 GB and 22 TB respectively to store a single state
vector even accounting for particle number and spin symme-
try.

exact statevector solver, but the def2-SVP basis is far too
large for an exact solution.

MPS-FQE can also be used to emulate state prepa-
ration algorithms on quantum computers. For example,
one might want to use a small amount of quantum imag-
inary time evolution or adiabatic state preparation to
prepare a state that has stronger overlap with the exact
ground state. In this case, the qualitative information
provided by MPS-FQE with a modest bond dimension
can be very useful. In Figure 3 we compare the amount
of imaginary and real time respectively necessary to pre-
pare a state where the overlap with the exact ground
state is greater than 0.9. Note that the “exact" ground
state is estimated by extrapolating DMRG calculations
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FIG. 3. A comparison of imaginary time evolution (top) and
adiabatic state preparation (bottom) for No (R = 1.5A) in
the def2-SVP basis set (green lines). Results are shown for a
max bond dimension of M = 200 where both simulations start
from the HF ground state, and energy (solid lines) and over-
lap with the exact ground state (dashed lines) are shown. The
total evolution time of the adiabatic state preparation with
a linear schedule is chosen to be 20 atomic units. Even ac-
counting for symmetries, exact emulation of these algorithms
would require more than 22 TB of memory for this system.

to zero truncation error from M = 400. Again we show
results for Ny (R = 1.5A) in the def2-SVP basis set where
the 28 spatial orbitals (56 spin orbitals) makes exact em-
ulation impossible. Although imaginary time evolution is
much more efficient in terms of the number of time steps,
each step of imaginary time is much more complicated to
implement on a quantum computer [59, 60] and the most
efficient algorithm will depend on the implementation on
real hardware. Either way, MPS-FQE can provide useful
estimates for such applications.



B. Testing VQE Ansétze

Designing efficient, low-depth circuits and optimizing
the parameters of those circuits is the primary challenge
of hybrid algorithms. During the NISQ era, hybrid al-
gorithms are some of the most practical candidates for
evaluating real-world applications of quantum computa-
tion. The Variational Quantum Eigensolver (VQE) is a
popular hybrid algorithm designed to report a variational
upper bound on the ground state energy of a quantum
system [61-63].

Since its introduction, several VQE Ansétze have
been proposed [63-66], and efficient emulation of such
quantum algorithms can be useful for exploring novel
fermionic gate primitives or for evaluating the difficulty
of classically simulating a quantum circuit. In particu-
lar, investigating more realistic systems with larger ba-
sis sets is important when exploring the practical issues
such as convergence under different classical optimiza-
tion schemes. As an example, we consider the popular
ADAPT-VQE ansatz [66] and show how MPS-FQE can
be used to emulate the algorithm applied to larger chem-
ical systems.

The ansatz obtained via the ADAPT-VQE algorithm
is, in principle, exact for a given basis [66] and can be
expressed to Nth order as

|¥) ApapT = e INONTINION 1 om0 |Yur). (5)

Here, e %9 is a parametrized unitary and |¥yp) is the

Hartree-Fock state. The operators, {O;}, are chosen
based on the magnitude of the energy gradient from an
“operator pool” that contains the set of spin-conserving,
generalized single and double excitation operators [66].
The ansatz expands in an iterative fashion where, during
each iteration, the parameters {6;} are re-optimized and
a new (possibly repetitive) operator is selected from the
pool based on the updated energy gradient.

In Figure 4, we present ADAPT-VQE results obtained
with MPS-FQE for N5 using the 6-31G basis set with a
max bond dimension of M = 100. For the calculations
described here, we have evaluated the operator pool gra-
dients using exact analytical commutation relations (al-
though all Hamiltonian applications are performed us-
ing an approximate sweep algorithm) despite the fact
that any unitary corresponding to a selected operator
is ultimately applied approximately via RK4 followed by
compression under the imposed maximum bond dimen-
sion and a cutoff value of 10720, The ADAPT ansatz is
subsequently optimized at each iteration using analytical
commutation relations. We also note that, with respect
to the exact potential energy curve, one obtains signif-
icantly better agreement simply by performing DMRG
simulations, representing a direct variational optimiza-
tion of the MPS ansatz. The ADAPT-VQE ansatz, on
the other hand, may be much more sensitive to orbital
ordering given the nature of the applied excitation oper-
ators. In fact, we have performed the same set of calcu-
lations with M = 200 and observed only a very small (al-

most graphically indistinguishable) improvement to the
energy. While we have not utilized any orbital localiza-
tion or reordering schemes in this application, we note
that the MPS-FQE library is well-suited for evaluating
their impact in this context, and it is reasonable to expect
that the use of such schemes would improve approximate
MPS-based ADAPT-VQE results.

While a conventional ADAPT-VQE implementation
considers convergence with respect to the L? norm of
the operator pool gradient vector [66], we have found in
this application that it can be challenging to converge
the gradient norm below about 2 x 10~! in many cases
(compared to 107! in the ADAPT(e;) implementation)
using the described scheme for evaluating gradients with
respect to parameters for operators in the pool. The rea-
son the operator pool gradient norm remains relatively
large in some cases is likely due to the mismatch be-
tween the manner in which the gradients are evaluated
and the selected unitaries are applied. The operator pool
gradient vector is computed assuming that the applica-
tion of each corresponding unitary will be done exactly
(i.e. they are obtained via the analytical commutation
relations). The quality of this assumption likely deteri-
orates as the ADAPT ansatz grows and the impact of a
truncated bond dimension becomes more severe for larger
iterations. Thus, it remains possible that an operator se-
lected from the pool, which is expected to have the great-
est influence on the energy under the assumption of an
exact application of the corresponding unitary, may have
a considerably smaller impact under truncated bond di-
mension.

An alternative, and perhaps more internally consistent,
implementation would evaluate all gradients wia finite
differences, such that they reflect the approximate nature
of propagation in a truncated Hilbert space. However,
evaluating the gradients of every term in the expansive
operator pool via finite differences would be prohibitively
expensive for the basis set considered here. Analytic eval-
uation of the gradient of the approximate ansatz is also
possible in principle, but the implementation is difficult,
requiring the solution of response equations at each step.
The data shown in Figure 4 therefore corresponds to the
endpoint of an ADAPT trajectory that is terminated
when the cumulative change in energy over 3 successive
iterations is less than 107° Ej, or, in some cases, when
the gradient norm converges below 1071,

This emulation of ADAPT-VQE contains error from
the approximate nature of the ADAPT-VQE method, er-
ror due to the truncated bond dimension, and error due
to the adopted convergence scheme. The former includes
the error due to the finite number of iterations used to
optimize the ansatz as well as the possibility of converg-
ing to a local minimum. Unfortunately, these sources
of error are coupled, which makes extrapolation to the
“exact" ADAPT-VQE energy difficult. For example, the
ADAPT-VQE solution at M = 100 may be a different
solution than the one found at M = 200. Despite these
difficulties, MPS emulation in the fermionic representa-
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FIG. 4. MPS-FQE emulation of ADAPT-VQE for N3 in the
6-31G basis set. The “exact" ground state energy is obtained
from DMRG extrapolated to zero truncation error.

tion allows one to study the qualitative features of the
ansatz for much larger systems. In this case, the basis of
36 spin orbitals is much larger than systems studied with
ADAPT-VQE in the past.

C. Numerical evaluation of Trotter error

When doing QPE or simulating any kind of fermionic
dynamics on a quantum computer, one way to apply the
many-body unitary operator is to use an approximate
product formula where the unitary generated by a sum
of terms is approximated as a product of unitary op-
erators. The simplest such formula is the Lie-Trotter
product formula,

e—i(A+B)At _ e—iAAte—iBAt + O(Atg), (6)

which has an error that is quadratic in the propagation
time, At, with a coefficient that is proportional to the
norm of the commutator between A an B.

To decide on the most efficient strategy for real appli-
cations, an asymptotic understanding of the error is not
sufficient and the coefficients must be also considered.
For example, for the simple Lie-Trotter formula,

||e—i(A+B)At o e—iAAte—iBAtH2 —

SIIIA, BILAR + 0(AF)
The 2-norm, or spectral norm, of an operator can be esti-
mated with power iteration, and this can be accomplished
with MPS-FQE.

As an example, we consider the electron gas Hamilto-
nian recently used to obtain quantum resource estimates

for stopping power calculations [67], which has the form,
H=T+V
= Z Tjka}(,a;w + Z lema;faalgafnTamT. (8)
jk,o lm,oT

Here o and 7 index the spin, and T and V refer to the
kinetic and potential energy respectively. It is known
from reference [68] that, for an operator splitting into
kinetic energy and potential energy terms, the spectral
norm of the difference between the exact and trotterized
propagators has scaling proportional to polynomials of
the particle-weighted norms of each operator,

e At — 5 (A)|; =
O (Ul + 1l ) Il 11l gy A2

where

Il = m;\XZ 175, (10)
k

9)

2l = max g X, (lvjm | + oo+ vgm, ), (11)
k is the Trotter order, and 7 is the number of electrons.
Thus in order to determine the constant factors we must
determine the true spectral norm of the difference be-
tween the exact operator and the product formula and
divide by the norm based complexity inside the big-O of
Eq. (9). Since the constant factors themselves are not rel-
evant to this work, we will describe only the computation
of the spectral norm that appears on the LHS of Equa-
tion 9 (see reference [68] for a more complete discussion
of how to compute and interpret the constant factors).
In Figure 5, we show how one can estimate coefficients in
the error incurred by using the Lie-Trotter formula. We
note that this problem is not ideally suited to approxi-
mation with matrix product states because computation
of the 2-norm requires us to compute the state whose
norm is maximized by the action of an operator. Such
states are not generally low-entanglement, and this makes
it difficult to accurately perform the power iteration to
compute the 2-norm under truncated bond dimension.
Furthermore, the approximate and state-dependent ap-
plication of the operators means that it is possible for
power iteration to collapse to an eigenvalue that is much
larger than those of the exact operator. This behavior
can be seen in Figure 5, (b) and (c¢) where it is particu-
larly obvious for the calculations done with small bond
dimension. Despite these limitations, qualitative infor-
mation can still be obtained with a low-bond-dimension
MPS, and quantitative information can be obtained with
a lower memory footprint than that of the exact calcula-
tion.

D. Near-exact simulation of fermion dynamics

Many interesting and important properties of many-
body fermionic systems are nonequilibrium in nature,
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FIG. 5. The estimation of Trotter error with FQE and MPS-
FQE. (a) log-log plot of |[e {THVIAL _ o=iTAL —iVAL), g
the time step in atomic units (black dots) and the expected
asymptotic behavior (blue) computed from 3||[T, V]||2 for a
system of 4 electrons in a grid basis of 27 orbitals computed
with FQE. The spectral norm is computed with power iter-
ation. The spectral norm of the commutator (from power
iteration) is shown with exact (FQE) and truncated bond di-
mension (MPS-FQE) for (b) 4 electrons in 27 orbitals and (c)
4 electrons in 64 orbitals.

and are determined by the transient behavior of the sys-
tem following interactions with external stimuli. Under-
standing the dynamics of nonequilibrium quantum sys-
tems is crucial for the development of future technologies
and it is expected that simulating the coherent nonequi-
librium dynamics of interacting quantum systems will be
a relevant application of future FTQC devices [69]. For
systems beyond the size of those that are exactly treat-
able, the MPS-FQE simulator offers the ability to explore
quantum dynamical behavior in an approximate, yet
systematically improvable, manner. For demonstration
purposes, we consider the dynamics of a 20-site Fermi-
Hubbard chain at half-filling under periodic boundary
conditions.

The Fermi-Hubbard model is known to be an effective
proxy for strongly correlated fermionic systems, and it
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FIG. 6. Ground state optical spectrum for a 20-site Hubbard
chain in the strongly interacting regime (U = 8t;,) from M =
1000 to M = 3000.

contains much of the essential physics necessary to de-
scribe many of their exotic properties despite its rela-
tive simplicity [70, 71]. The Hamiltonian for the one-
dimensional Fermi-Hubbard chain is given by

H=—t, Z (a;oaiJrLg + hC) + UZnLTniyi' (12)

Here, t; is the nearest-neighbor tunneling amplitude,
U > 0 is the on-site electron-electron repulsion, and
Nj g = ajﬁai,g is the fermionic number operator.

In Fig. 6, we report the ground state optical spectrum
obtained as the temporal Fourier transform of the two-
point current operator autocorrelation function defined
for a chain of length L as

1 [ o )
Alw) x Z/o dr NI Jem H=ET 7501 (13)

where J = —it, Y . (ajﬁai“,n — h.c.) is the current

operator, po = |1o) (10| is the initial density operator,
and v = 0.1 ¢, ' is a Lorentzian broadening factor [72].
From the above expression, it is clear that the peak struc-
ture of the ground state optical spectrum is determined
by oscillatory behavior of coherence elements between the
ground state, |1g) and the excited states that are pre-
pared via the action of the current operator. The simula-
tions reported here were performed up to tyax = 20 tﬁl,
and we have included a cosine window function in the
Fourier integral to ensure that the (damped) correla-
tion function is identically 0 at 7 = tpax. For this
one-dimensional system, the spectrum is fully converged
at a maximum bond dimension of M = 3000, as it
is graphically indistinguishable from one obtained with
M = 3500, but a qualitatively correct spectrum can be



obtained with much lower bond dimensions as shown
in Figure 6. This application, which involves calculat-
ing the initial state, |¢g), with DMRG and then sub-
sequently calculating real-time dynamics of the system
upon a quench (here, obtained by applying the current
operator), highlights the broad range of problems that
the MPS-FQE emulator is capable of treating.

V. CONCLUSIONS

In summary, the matrix product state backend for FQE
(MPS-FQE) can serve as a drop-in replacement for FQE,
and the controllable approximation of the MPS represen-
tation enables the treatment of problems that are much
larger than those accessible with an exact statevector em-
ulator. Like FQE, MPS-FQE is designed to work in the
standard fermionic representation and fully supports par-
ticle number and projected spin symmetries. The code is
available on github under the GPL-3.0 license [25]. In
Section IV we have described several examples of the
types of quantum simulation problems where FQE, and
by extension MPS-FQE, can be useful. For these prob-

lems, MPS-FQE can lower the cost of quantum emulation
to allow calculations on larger, more realistic systems.

Possible future work includes the implementation of
automatic differentiation and extensions appropriate for
different parallel environments including graphical pro-
cessing units (GPUs). One weakness of the current ver-
sion of MPS-FQE is that, unlike FQE, it does not yet
have specialized routines for unitary evolution with struc-
tured generators. For example, when the generator is
very sparse, the general time evolution algorithm may
perform more work than is strictly necessary. Specialized
algorithms to take advantage of the structure of common
generators in the MPS represention would be valuable
future addition to the library.
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