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Abstract 

As the most abundant molecule in the universe, collisions involving H2 have important 

implications in astrochemistry. Collisions between hydrogen molecules also represent a prototype for 

assessing various dynamic methods for understanding fundamental few-body processes. In this work, 

we develop a new and highly accurate full-dimensional potential energy surface (PES) covering all 

reactive channels of the H2 + H2 system, which extends our previously reported H2 + H2 nonreactive 

PES [J. Chem. Theory Comput. 2021, 17, 6747] by adding 39,538 additional ab initio points 

calculated at the MRCI/AV5Z level in the reactive channels. The global PES is represented with high-

fidelity (RMSE = 0.6 meV for a total of 79,000 points) by a permutation invariant polynomial-neural 

network (PIP-NN), and is suitable for studying collision induced dissociation, single exchange, as 

well as four center exchange reactions. Preliminary quasi-classical trajectory studies on the new PIP-

NN PES reveal strong vibrational enhancement of all reaction channels. 
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Ⅰ. Introduction 

The hydrogen molecule (H2) and its isotopomers are the most abundant molecular species in the 

universe and play a vital role in many areas of astrophysics and astrochemistry.1 In interstellar media, 

the evolution of shock fronts and photodissociation regions is governed by the energy transfer 

involving H2 molecules.2, 3 Collision induced energy transfer between H2 molecules and between H2 

and other species is also the main contributor to the cooling of the primordial gas4, 5 and heat 

generation through shock waves.6 In interstellar molecular clouds, molecular hydrogen, the primary 

component of these clouds, can undergo internal excitation and collision induced dissociation due to 

the elevated temperatures resulting from shock wave compressions.2 Unfortunately, H2 and D2 are 

not easily detected due to lack of electric dipole moment, but spectroscopic signatures of HD have 

been detected in space.7 

Molecular hydrogen is also involved in various extreme environments (e.g., high vibrational 

excitations and collision energies) such as combustion8 and plasmas,9 where the collisional energy 

transfer between ro-vibrationally excited H2 molecules is an important part of the chemistry.10, 11  

Due to experimental difficulties in simulating extreme conditions, energy transfer processes 

between two H2 molecules (and their isotopic variants) have largely been investigated theoretically.12-

33 These calculations were carried out either in full-dimensionality or within the rigid rotor 

approximation using various potential energy surfaces (PESs).8, 34-42 More recently, this system has 

been leveraged in experimental studies of cold collisions involving aligned H2/HD/D2 molecules,43-

47 using the Stark-induced Adiabatic Raman Passage (SARP) technique.48 Quantum mechanical 

calculations by some of the authors of this paper helped to elucidate the role of shape resonances in 

the stereodynamics of these prototypical systems.49-52 
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When considering scattering between H2 molecules at sufficiently high collision energies, 

various reactive processes may occur, in addition to elastic and inelastic scattering. Firstly, there is 

collision induced dissociation (CID), in which one of the H-H bonds is cleaved: 

HH + H'H' → HH + H' + H'.              (R1) 

Secondly, the H-H bond cleavage in both molecules might be associated with the formation of a new 

H2 molecule, in what is called single exchange (SE) reaction, which implies the breaking of two bonds 

and the formation of new one: 

HH + H'H' → H + HH' + H'.                  (R2) 

Finally, the reaction can take place in the so-called four center (4C) exchange, in which both reactant 

molecules break their bonds leading to two new hydrogen molecules,  

HH + H'H' → HH' + HH'.                     (R3) 

Different from a more prevalent three-center reaction, where only one bond is broken while 

another is formed during the course of reaction, a 4C reaction entails a simultaneous cleavage and 

formation of two bonds.53 In organic chemistry, 1,3-dipolar cycloaddition and Diels-Alder reactions 

all proceed with a 4C transition state. As the simplest 4C reaction, R3 has been extensively 

investigated in the past.54-65 The Woodward-Hoffmann rules dictate that a 4C barrier is necessarily 

high as it involves two electron excitation.66 To provide a comprehensive understanding of the 

reaction dynamics, it is essential to have an accurate global PES. Unfortunately, most existing H4 

PESs,8, 34, 36, 37, 39-41 including the latest one constructed by us,42 are designed for non-reactive 

scattering, thus not suitable for reactive studies. 

By fitting 48,180 energy points at the level of multi-reference (single and) double excitation 

configuration interaction (MRD-CI) with the (9s3p1d)/[4s3p1d] Gaussian basis set, Boothroyd, 

Martin, Keogh, and Peterson (BMKP) constructed a full-dimensional reactive PES for the H4 system 
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more than 20 years ago.38 While this PES covers all reactive channels, quantum non-reactive 

scattering calculations have found it to be inaccurate in the long range.18-21, 23-25, 67 In a recent 

publication, Zuo, Croft, Balakrishnan, and Guo (ZCBG) reported a new non-reactive full-dimensional 

PES for the H2 + H2 system.42 A total of 39,462 ab initio points at the level of multi-reference 

configuration interaction (MRCI)68, 69 with the augmented correlation-consistent polarized valence 5-

zeta (AV5Z) basis set70, 71 was fitted using the permutation invariant polynomial-neural network (PIP-

NN) fitting method,72, 73 with a root mean square error (RMSE) of only 0.44 cm-1. This ZCBG PES 

demonstrates the correct long-range behavior for the H2 + H2 asymptote and covers a large range of 

H-H distances, enabling vibrational excitation of the molecules. Quantum non-reactive scattering 

calculations42 have found good agreement with those obtained on the accurate Hinde PES39 based on 

CCSD(T) data.  

In this work, we extend the ZCBR PES to include all reactive channels, i.e., the CID, SE, and 4C 

reactions. The new global reactive PES is fitted to a total of 79,000 ab initio points at the MRCI/AV5Z 

level using the PIP-NN method. Preliminary quasi-classical trajectory (QCT) calculations are carried 

out using this PES to investigate the reactive scattering, with an aim to understand possible vibrational 

enhancement of the reactive events. The remaining part of this publication is organized as follows: in 

Section II, the ab initio and PIP-NN fitting methods are presented. Section III reports the features of 

the new PES and QCT results on the PES. Section IV is the conclusions. 

 

Ⅱ. Methods 

II.A. Ab Initio Calculations 

The 2015.1.0 version of the MOLPRO program package74 was employed to perform all 

electronic structure calculations. The energies, frequencies, and geometries of all the stationary points, 
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as shown Figure 1 and Table 1, were determined at the MRCI/AV5Z level. To this end, the spin-

restricted Hartree-Fock (RHF) wave functions were first employed as the basis for subsequent 

complete active space self-consistent field (CASSCF) calculations, in which all four electrons in four 

orbitals (4e and 4o) were included. The calculated wave functions were then used as the reference for 

the subsequent MRCI calculations. In this work, The Davidson correction75 was chosen to promote 

size extensivity and account for higher-order excitations.   

II.B. Construction of the Potential Energy Surface 

To extend the previous ZCBG PES to the reactive channels, QCT calculations with a high 

vibrational excitation of H2 (v = 14) and the collision energy of 2.0 eV were performed on the previous 

PES to explore all the relevant reactive channels i.e., the CID, SE, and 4C reactions. The new points 

generated from the QCT calculations were added to the dataset to improve the PES in the 

corresponding configuration space. This procedure was repeated until (a) no spurious features were 

found, (b) the reaction probability of the three reactive channels was converged, and (c) the key 

properties of the system, including the geometries, energies, frequencies of all stationary points, as 

well as the reaction paths were well reproduced. 

The new reactive PES was fit to the enlarged ab initio dataset using the PIP-NN method72, 73 with 

the following functional form, 

𝑉𝑉 = 𝑏𝑏1
(3) + � �𝜔𝜔1,𝑘𝑘
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(2) ⋅ 𝑓𝑓1 �𝑏𝑏𝑗𝑗
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where I denotes the size of the PIP input layer with 𝐺𝐺𝑖𝑖 = 𝑆̂𝑆� 𝑝𝑝𝑖𝑖𝑖𝑖
𝑙𝑙𝑖𝑖𝑖𝑖

𝑁𝑁

𝑖𝑖<𝑗𝑗
. exp( )ij ijp rλ= −  represents the 

Morse-like variables associated with internuclear distances (rij),76 these variables are linked to an 

adjustable constant denoted as λ (chosen to be 2.0 bohr in this work). 𝑆̂𝑆 denotes the symmetrization 

operator used to keep the permutation invariance of identical atoms in the system; 𝜔𝜔𝑗𝑗,𝑖𝑖
(𝑙𝑙)  and 𝑏𝑏𝑗𝑗(𝑙𝑙) 
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represent the weight connecting the ith neuron of the (l-1)th layer to the jth neuron of the lth layer 

and the bias of the jth neuron in the lth layer, respectively. J and K are the numbers of neurons in the 

hidden layers. For the H4 system, 39 PIPs up to the fifth order were used as the input of the NN fitting. 

The PIPs was obtained by the Monomial Symmetrization Approach (MSA) package.77 

The parameters ω and b were optimized by minimizing the root mean square error (RMSE),

( )
data 2

output target data
=1

RMSE= / .
N

i i

i
E E N−∑                                 (2) 

To mitigate the problem of “overfitting” we implemented the “early stopping” method78 in which the 

dataset was randomly divided into three segments: training (90%), validation (5%), and test (5%). 

The minimization process is stopped when the performance on the validation set shows no further 

improvement for a defined number of consecutive epochs. To minimize random errors of the 

nonlinear fitting, the final NN PES was chosen as the average of three best fittings. It should be noted 

that the long-range interaction terms used in the ZCBG PES42 can be readily interfaced with the new 

reactive PES to provide accurate description for low energy collision processes.  

II.C. Quasi-Classical Trajectory Calculations 

QCT calculations were performed on the new PIP-NN PES using the VENUS program.79 The 

initial vibrational states were set to v1 = 10, 11, 12, and 13 for one of two H2 molecules and v2 = 0 for 

the other. The Einstein-Brillouin-Keller (EBK) semiclassical quantization approach80 was used to 

calculate the corresponding vibrational energies. Both collision partners were initially rotationless. 

The initial translational energy between the two molecules was increased from 0.1 to 1.6 eV with the 

step of 0.1 eV. To ensure good energy and angular momentum conservation, the integration time step 

was set to 0.05 fs. The gradient was computed numerically. The trajectories were initiated with the 

two reactants separated by 8 Å, at which the interaction potential is insignificant compared to the 



8 
 

collision energy. For the nonreactive and 4C channels, the integration was terminated when the two 

hydrogen molecules were separated by 8 Å. Following the strategy used in Ref. 60, the trajectories 

were stopped when at least four diatomic distances are larger than 8.0 Å for the dissociation channels, 

i.e., the CID and SE processes. A total of 50,000 trajectories were sampled for each set of initial 

conditions, which yielded statistical errors less than 5.0%. The impact parameter b was sampled 

between 0 and the maximum impact parameter bmax according to b = bmax(RND)1/2, where RND is a 

random number between 0 and 1. The parameter bmax was determined using small batches of 

trajectories with trial values. The determined bmax ranges from 1.4 to 3.3 Å under various initial 

conditions. 

The classical treatment of the dynamics might not preserve the zero-point energy (ZPE) in the 

H2 product, and this ZPE violation is particularly severe for endoergic processes such as SE and 4C 

reactions. To address this issue, we have included only those trajectories with vibrational energies 

exceeding its ZPE after collision. 

Finally, the reactive integral cross sections (ICSs) for CID, SE, and 4C processes are all 

computed according to the following formula: 

( ) ( )2
max ( )r c c r cE b E P Eσ π= ,                                (3) 

where Pr(Ec) is the reaction probability at the specified collision energy Ec. The reaction probabilities 

are given by the ratios NCID/Ntotal, NSE/Ntotal, and N4C/Ntotal for the CID, SE, and 4C channels, 

respectively. NCID, NSE, and N4C denote the numbers of trajectories found in the CID, SE, 4C channels, 

respectively, while Ntotal is the total number of trajectories. For comparison, we also performed the 

same QCT calculations on the BKMP PES.  
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III. Results 

III.A. Ab Initio Calculations 

Figure 1 illustrates the reaction pathways for the SE and 4C channels, as well as the optimized 

geometries of the transition states at the MRCI/AV5Z level. The corresponding energies and harmonic 

frequencies are listed in Table 1, along with the values from the BKMP PES. In the SE channel, the 

transition state (TS1) has a linear geometry with an energy of 4.827 eV at the MRCI/AV5Z level, 

which is 0.295 eV larger than the transition state TS2 of the 4C reaction, which has a rhomboid 

structure. This structure is very different from a conventional 3C transition state because it features 

concurrent dual bond-breaking and bond-forming. Compared to the BMKP PES, the maximum 

deviations in the energy, frequencies, and bond lengths of TS2 are 0.033 eV, 387 cm-1, and 0.02 Å, 

respectively. These differences are most likely attributable to the lower level of theory, smaller 

number of points, and less flexible functional form used in the construction of the BMKP PES.38 

III.B. Potential Energy Surface 

In addition to the original ab initio points generated in constructing the ZCBG PES,42 additional 

39538 new points were sampled to cover the three reactive channels. The new reactive PES is 

obtained by fitting a total of 79,000 points using the PIP-NN method. This number is significantly 

larger than that used in the BMKP fit (48,180).38 After some tests, an NN structure was selected with 

30 and 20 neurons in the two hidden layers, respectively, yielding 1841 nonlinear fitting parameters 

with the final average RMSE of 0.6 meV, which is much less than that of BMKP PES, 38.9 meV. This 

improved fitting quality can be attributed to the high fidelity of the PIP-NN method.81 The fitting 

error as a function of the ab initio energies are shown in Figure 2a and the corresponding distribution 

of the fitting errors is depicted in Figure 2b. As can be seen, most of the points have very small fitting 

errors, and are evenly distributed along the energy up to 26 eV and about 81% of the data points have 
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fitting errors under 0.2 meV. The few outliers near 5 eV are mostly in the H2 + 2H asymptote.  

Figure 3a and 3b show the potential energies along the minimum energy paths (MEPs) of TS1 

and TS2, respectively, on the PIP-NN PES. The ab initio values along the MEPs are calculated and 

shown in the same figure for comparison. The agreement between the PES and direct ab initio 

calculations is excellent. The two-dimensional contour plot of the PES for the SE channel along R1 

and R2 (defined in the same figure) with other coordinates fixed at TS1 is shown in Figure 4. As 

shown, the PES is smooth along the reaction path from the reactant asymptote to TS1 and the product 

asymptote. Clearly, TS1 is a “late” barrier, which suggests that vibrational excitation of the reactants 

should be able to enhance reactivity. Figure 5 presents the contour plot of the PES for the 4C channel 

along R1 and R2 with other coordinates constrained at TS2. It can be seen that the 4C reaction channel 

is symmetric. Namely, the reactant side and the product side are equivalent to each other, and the 

corresponding transition state (TS2) features concurrent bond formation and bond breaking. It is also 

easy to see that the H-H bonds of the reactants are stretched extensively, suggesting that the 4C 

reaction has also a “late” barrier. Hence, vibrational excitation in the reactants might be more efficient 

than the collision energy in promoting the reaction.  

III.C. Quasi-Classical Trajectory Calculations 

The QCT calculated ICSs of the CID, 4C, and SE channels for the collision between H2 (v1 = 10, 

11, 12, 13, j1 = 0) and H2 (v2 = 0, j2 = 0) on the PIP-NN PES (solid line) and BKMP PES (dotted line) 

are compared in Figure 6 as a function of the collision energy (left-hand panels) and total energy 

(right-hand panels). Though he newly fitted PIP-NN PES is based on higher level of ab initio 

calculations and has lower fitting errors, the calculated ICSs are close to those on the BMKP PES as 

shown in Figure 6. In our opinion, this is due to the high barriers of the reactive channels. The barrier 

height of SE and CID channels are 4.827 and 4.532 eV, but the energy deviations between the two 
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PESs are only 0.003 and 0.027 eV for TS1 and TS2, respectively. As these processes are controlled 

largely by the barriers, the BMKP PES yields similar results.  

Figure 6 clearly shows a positive correlation between the collision energy and ICSs is observed 

for all reactive channels. This is consistent with the activated nature of this reaction. As shown in the 

right-hand panels of Figure 6, vibrational excitation is more effective than the translational energy in 

promoting all three reactions because the ICS is larger when a hydrogen molecule has higher 

vibrational excitation at the same total energy. This vibrational enhancement can be traced back to 

the “late” barriers of the three reactions. For R1, the CID transition state is in the H2 + H + H 

asymptote, which is a “late” barrier. According to Polanyi rules,82 a later barrier is easier to be 

overcome by reactant vibration. For R2, the SE transition state (TS1) is already shown in Figure 4 to 

be quite “late”. Similarly, the 4C transition state (TS2) also features extended H-H distances, implying 

possible enhancement of the reactivity by reactant vibrational excitation.  

We have recently proposed the Sudden Vector Projection (SVP) model83 as a generalization of 

the Polanyi rules. The basic premise of SVP is that the reactant mode with the largest projection onto 

the reaction coordinate at the transition state has the best chance in promoting the reaction. The SVP 

values for TS1 and TS2 are presented in Table 2. According to these SVP predictions, both the 

reactant vibrational and translational modes are strongly coupled with the reaction coordinates, 

suggesting that excitations in these modes are expected to enhance the reactivity. On the other hand, 

the rotational modes have essentially no effect. These predictions are borne out qualitatively by the 

ICSs in Figure 6. The slightly larger SVP values for the transitional mode suggests that its excitation 

should be more effective than the same amount of vibrational excitation in promoting reaction, which 

is opposite to the results in Figure 6. This discrepancy might be due to the fact that the current 

calculations have focused on a highly excited H2 reactant, while SVP is more appropriate in predicting 
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lower reactant vibrational excitations.   

The CID reaction (R1) is the dominant process over the energy range considered, as the 

calculated ICSs are about ten times the corresponding values of the SE (R2) and 4C (R3) processes. 

The threshold of the CID reaction is strongly dependent on the vibrational excitation of a hydrogen 

molecule, much more so than the 4C and SE processes. For low vibrationally excited hydrogen 

reactants, additional energy is needed to reach its dissociation limit, and this can only be supplied by 

the collision energy. But this need for collision energy becomes less as the H2 vibrational excitation 

increases. These results also show that vibrational excitation of the reactants is more efficient than 

translational energy in promoting the reaction. As shown in Figure 6e and f, the reaction thresholds 

in 4C process are higher than those of the CID ones. However, the reaction barrier of 4C process is 

lower than that of the CID process as shown in Figure 1. This can be attributed to the more severe 

dynamical constraints imposed on the former, such as the simultaneous requirement for two bond-

breaking and two bond-forming processes.  

In Figure 6, the ICSs are also compared with the previous full-dimensional quantum mechanical 

(QM) scattering results of Song et al.65 on the BMKP PES. These authors have reported the ICSs for 

reactions between H2(v1 = 10, 11, j1 = 0) and D2(v2 = 0, j2 = 0). Since the QCT results on the two PESs 

are essentially the same as discussed, the QM results can be qualitatively compared with the QCT 

ones on the new PES, with the caveat that a D2, rather than H2 was used in the QM work. It is readily 

seen that the QM ICSs all follow the same trends as the QCT results: namely both the translational 

and vibrational excitations promote the reactions with the translational mode being more effective. 

However, the QM excitation functions have significantly lower thresholds than the QCT counterparts, 

clearly suggesting tunneling. The former is also quantitatively larger than the latter, although they are 

still on the same order of magnitude. This comparison underscores the importance of quantum effects 
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in these reactions.  

The vibrational enhancement in these H2 + H2 reactive processes can be compared with another 

system that involves a 4C transition state. In a previous publication, the HH + H’OH’ → HH’ + HOH’ 

system have been investigated and the reaction proceeds via a high energy 4C transition state, similar 

to the current system.84 There, the CID asymptotes are significantly higher than the 4C barrier, so the 

later becomes dominant at energies below the CID threshold. 

 

Ⅳ. Conclusions 

In this work, we developed a new full-dimensional reactive PES for the H4 system. Three reactive 

channels, namely CID, SE, 4C, are described by this global PES. The new PES is extended from the 

H2 + H2 nonreactive PES constructed by Zuo et al.,42 which was fitted to 39,462 energy points at the 

level of MRCI/AV5Z using the high-fidelity PIP-NN method. To cover the three reactive channels, 

an additional 39,538 points were sampled and calculated at the same level of theory, amounting to a 

total of 79,000 points fitted by the same PIP-NN method. The final PES reproduces with high fidelity 

the properties of all the stationary points, as well as the MEPs of the SE and 4C channels. The fitting 

error of the new PIP-NN PES is only 0.6 meV, which is much lower than the previous BKMP PES 

(38.9 meV). This new PES thus provides a reliable platform for future dynamics studies of the 

reactions involving H2 molecules.  

This PES is expected to be more accurate than the BKMP PES in several aspects. First, the basis 

set used in the ab initio calculations is much larger. Second, there are more ab initio points used in 

the fitting of the PES. Finally, the use of the PIP-NN method significantly reduced the fitting error. 

This PES was used in preliminary dynamical calculations with a QCT method. Our results are in good 

agreement with those on the BKMP PES. Vibrational excitation of an H2 reactant is found to enhance 
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the reactivity for all three reactive processes, which can be attributed to the strong coupling of the 

reactant vibrational modes with the reaction coordinate at each transition state. Finally, comparison 

with quantum scattering calculations suggests strong quantum effects. 

The vibrational enhancement of the reactions studied here bodes well with the goal of vibrational 

control of reactivity, in which reactant vibrational excitation is needed to trigger the chemical 

transformation. Recent experimental advances, such as SARP48 and SEP (stimulated emission 

pumping),85 have demonstrated the ability to prepare single quantum states for molecules with 

significant vibrational excitation. Investigations of reactions involving such far-from-equilibrium 

species is an exciting opportunity within reach. 
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Table 1. Energies (eV) and vibrational harmonic frequencies (cm-1) of the stationary points for the 

H2 + H2 system.  

Species Method E 
Frequencies 

1 2 3 4 5 6 7 
H2+H2 PIP-NN PES a 0 4405  4405     

 MRCI/AV5Z b 0 4400  4400     
 BMKP PES c 0 4404  4404     
          
          

TS1 PIP-NN PES a 4.827  i517 141 141 406 406 551 3968 
 MRCI/AV5Z b 4.827  i528 144 144 410 410 559 3952 
 BMKP PES c 4.830 i586 69 69 430 430 539 3958 

          
TS2 PIP-NN PES a 4.532 i3158 1229 1350 1523 1654 3701  

 MRCI/AV5Z b 4.532 i3163 1227 1348 1513 1656 3706  
 BMKP PES c 4.505 i2776 1247 1437 1768 2116 4063  
          
H+H2+H PIP-NN PES a 4.746 4405       
 MRCI/AV5Z b 4.746 4400       
 BMKP PES c 4.746 4404       

a: This work, PIP-NN PES; b: This work, MRCI/AV5Z. c: The BMKP PES at MRD-CI/ (9s3p1d)/[4s3p1d] level.38 
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Table 2. Results of the SVP model for the TS1 and TS2 on the PIP-NN PES. 

 TS1 TS2 

𝑣𝑣H2 0.536 0.507 

H2 rotation 0.000 0.001 

Translation 0.665 0.659 
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Figure 1. Schematic reaction paths for the H2 + H2 system. The geometric and energetic values of the 

stationary points from the PIP-NN PES, MRCI/AV5Z, and BMKP PES are shown from top to bottom. 

Energies are in eV and relative to the H2 + H2 asymptote. All distances are in Å. 
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Figure 2. (a) Fitting error (Efit - Etarget, in eV) of the PIP-NN PES as a function of the ab initio energy 

(eV). (b) Distribution of the absolute fitting errors. The bin size is 0.1 meV.  
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Figure 3. Potential energies along MEPs of TS1 and TS2 on the PIP-NN PES. The symbols represent 

the ab initio calculated energies. The geometries of the stationary points are shown. 
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Figure 4. Contours of the PES (eV) for the reactive dissociation channel as a function of R1 and R2. 

All other coordinates are fixed at TS1. The definition of R1 and R2 is shown in the inset. 
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Figure 5. Contours of the PES (eV) for the 4C channel as a function of R1 and R2 with other 

coordinates fixed at TS2. The definition of R1 and R2 is shown in the inset.  
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Figure 6. ZPE-corrected QCT integral cross sections (ICSs) of the CID (upper panels), 4C (central 

panels), and SE (lower panels) channels for H2 (v1 = 10, 11, 12, 13, j1 = 0) + H2 (v2 = 0, j2 = 0) as a 

function of the collision energy (left-hand panels) and total energy (right-hand panels). Solid lines 

represent results on the PIP-NN PES, dotted lines refer to the BMKP PES ones and dashed lines are 

the QM results. 
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