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1. Restatement of the main results.
Theorem 1. Assume conditions (A1)—(A6) and (A5') hold and 1 < R <
(M +2)/2. Define for ¢,k > 0,

Doy = {D € D*(a+,G,T): ||D— Dyloo < ecn 23 and | D" — Dff||oe < k}.

Then for any numbers ¢ > 0, T > 0, any point a, € G, any D € Dy, any
function w € W, any 1 < p < 00, and some k > 0, we have

lim inf inf sup Ew(n2/(d+3)(H)?r(zl) _ x(l)‘
noeo gV X eg, (a.,T) DED,k

o | XS — 2B

p, 17

va)) > 0.
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Corollary 1. Assume conditions (A1)~(A6) and (A5') hold and 1 < R <
(M +2)/2. Then for any number T > 0, any point a, € G, any function
w € W, we have

lim inf inf sup Ew (nQ/(d+3) (H)?fll) — M H
n—eo g X ee, (ar,T) DED?(ax,G,T)

X 2™, ) >0

p, T’

ey

Theorem 2. Assume conditions (A1)—(A8) and (A5') hold. Let {)?T(LT): r=
1,..., R} be the CS estimators.

(a) If we additionally assume E|&|| < oo, for some q > 4, then for
each r = 1,..., R, for any number T > 0, for any point a, € G, and any
2 < p < q, we have

sup sup EHnQ/(d+3) ( Aff) - :c(’”)) I 7 < 00
n DeD2(ay,G,T) P

(b) For each r = 1,..., R, for any number T > 0, for any point ax € G,
we have

sup sup EHnQ/(d+3) ()?ff) — ZE(T)) H < 0.

T
n DeD2(a,,GT) o

2. Proofs. The proof relies on several intermediate results. It is easy
to see D, C D?(ax, G,T), therefore, Corollary 1 immediately follows from
Theorem 1.

2.1. Proof of Theorem 1.

Proof. The proof of Theorem 1 will be based on the following lemmas and
are similar to the construction given in [6] and [4]. We additionally provide
a result that extends Fano’s lemma in the multidimensional parameter space.
We use that result in Lemma 3 tailored to fit our problem. The ideas are
similar to Theorem 5.7 in [3]. Lemma 2 provides a bound for the function g
from section 2 in [1]. We establish the smoothness condition on the perturbed
class of tensor fields D) in Lemma 4. Finally, Lemmas 5 and 6 provide
a construction for the tensor fields and integral curves which we will utilize
in the proof of Theorem 1.

Lemma 1. Forr =1,...,R, for all x € Gg%, the tensors DIET) satisfy
ker(7 (0" (), D" (x)) — A\, T) = 0.

The technical proof is in the last section.

Lemma 2. Let f satisfy condition (A5'). Then there exists a 61 > 0 such
that for any vector u satisfying |u| < 61 we have

g(u) < O(f,61)|ul”

with a positive constant C(f,d1).
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The proof of Lemma 2 will follow along the same lines of the proof of
Lemma 1 from [11]. Now we consider two important propositions. Proposi-
tion 1 is Fano’s lemma described in a multidimensional parameters setting
and Proposition 2 provides a bound for the KL-divergence of the densities in
our parametric subclass. The proofs of these propositions will be deferred to
the appendix sections 4 and 5. Let us define ||[v||% = [, [v(z)|*dz for a vector
field v.

Proposition 1. Let X be a random variable whose density fg depends on
a parameter 0 = (9(1), ey G(R)) from a multidimensional discrete parameter
space {1 < 0 < I, +1,r=1,....R, I, € N}. Suppose for n > 0, the
Kullback-Leibler divergence between fg and fo is K(fo, for) < n. Then for
an estimator ¥(X) = (VW(X),..., \I’(R)(X)) of the unknown parameter 0
we have

. n+1In2
sgpPz(\I/(X)#;)/l n(Z —1)

where i = (i1,...,ig), 1 <ip <l +1,r=1,...,R, L =T1",1+1,) and
P; is the probability induced by f;.

Proposition 2. Let f; be the density of (X, BD(X) + XY23(X)¢), i =
(i1,...,ig). Then for any two indicesi # j,1 <i,, j, <l.+1,r=1,...,R,
we have -

ID, DB <n = K(fif;) < C(f,01)Cs.om,
where C(f,01) is a constant introduced in Lemma 2 and Cx, g is a constant
depending on ¥ and B only.
Using these two propositions we will describe and prove Lemma 3, which
is a pivotal result in proving Theorem 1 and its Corollary 1.
Lemma 3. Let Dy be a class of £ tensor fields Dy, 0 = (A1), ..., 0(7)

inside the parametric subclass of Dy, such that for any 6 # 0 and positive

constants n and (5§T), r=1,..., R,
Dy — D% < b1, |Do—Dgl% <n. and |z’ — ||, , > 200,

where for eachr =1,..., R and 0, we denote by :c(gr) € RY the integral curve

corresponding to vér) starting at as. In addition, let f satisfy condition (A5').

Then for any w € W, we have
sup Ew(H)?ﬁLl) — m(l)Hl o

DeD,

In2

> inf w(]x(l)\,...,m(R)D(l_nCEvBC(f’él)n+ n >
() |26{7: r=1,...,R In(Z —1)

X — 2 1.z)
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Proof. We will follow the structure of the modified version of Fano’s lemma
that we described in Proposition 1. Let = (81, ... 8(R) is uniformly
distributed over {1 < 0" <1, +1,r=1,...,R, I, € N} such that

1
(l1+1)---(Ir+1)’
1<i,<l.+1, r=1,...,R.

POW =iy, ..., 00 =ip) =

Let P; be the probability induced by (X, BQi(X)+Zl/2(X)§) i=(i1,...,iR).
For each r = 1,..., R, define the function ¥ as follows:

(X1, Xnyb1yenns &) = (WX, 0B (X)),

where W) (X) = 9() if H)?,(f) — 2|17 > (55”. Then by Proposition 1
(a modified version of Fano’s lemma) we have

sup Ew(HX’r(Ll) _x(l)Hl T X\—?QR) _x(R)HlT)

DeD2(ay,G,T)

> sup Bw(|| X" -2 7. X0 - 2B )
DeD, ’ 7
> inf (|$(1)|,---a’x(R)’)

=
|z 687 r=1,..,R

x sup P(|X) —af’||, > 057 =1, R)
DeD,
= inf (|x(1)|’m’,x(R)’)
| 'r)|>6(7‘) 1,.,R
xmaXP (¢T)( )7&9 -.,R)
> inf (|x(1)|,,..,,x(R)D<1 nl((X1,6),6) +1n2>’
() [>687 r=1,..,R (L — 1)

where I((X71,£&1),0) is the Shannon information, which can be bounded from
above as in [4]:

I((thl);@)
L+l g+l Y~V2(z)(y — BD,(x)))

—y - Z//RN< = 12 F(S772(z)(y — BD,(x)))

11=1 ip=1

< FE 2 () (y — BDi<x>>>) da dy
L+l Iptl —-1/2
o 1@~ 52(2)BD,(x))
=Ly Z//RN< L7y, 1G -5 P@)BD,@)

i1=1 ip=1 J

x f(§—S"Y2(2)BD,(x)) det(V?(2) >dwdy.
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Using the change of variable § = ¥~%2y on y only and using the concavity
of log we can further bound I((X71,£&1),©) from above by

L+l g+l < (y— %~ 1/2($) Q;(m))

2 Z//RN f(§ = 271*(z)BD(x))

11=1 ip=1

x f(7—S7V2(2)BD,(x)) det(2V2(2)) | dz dy.

Now we can bound the integral above similarly to the proof of Proposition 2.
Hence, we get

l1+1 lp+1

I(X1,6),0) <L Y Y C(f,0)

i1=1 ip=1
></ 1S712(2)BD () — £7V2(2) BD(2)[* det(SV/?(2)) dz
G

h+1 ZR—‘,-I

g*lz... Z C(f,01)

i1=1  ip=1

X /G IS7Y2(@) |2 IBIIF D) — D)7 det(S'/(x)) dar
Ii+1  Ig+1
<Ly C(f,61)Cs 8l Do — DyllE < C(f,61)C 1.

11=1 ip=1

This argument along with Propositions 1 and 2 completes the proof. Lemma 3
is proved.

Further, we define a (P/4)-separated net in L;-norm B by using b € {0, 1}7
similar to [10]. The cardinality of such a set B is larger than exp(P/2), see
[7], [8]. Recall

o) (@) = of (@) (1 4+ 0, (17 (@) (07 ay (x) - aa)).

)

Note that by construction, the starting point ay(z) € A. does not depend
on b, therefore, ay(x) = ag(x), for all b € {0,1}*. Moreover,

1§ (@) = (@) + 700 (1) @) (0 ag(@) — ). (1)
Following the construction of [11], for each r = 1,..., R, we can construct

o (t): R — [~1,1] as a twice continuously differentiable function with
support [0, 1] such that

(P(T)(O) = (p(r)(l) =0, -1< (Pl(r)( ) <1,
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and
) L t—(i—1)h
T _ AN Ol I S
t) = ;21 bihe < . >

Here P = Pin®, h = T/P, P, > 0 is a constant, and § > 0. We will
eventually show that the best choice would be § = 0. Moreover, suppose the
components of (pl()r) are supported on equal length subintervals [(i — 1)h, ih],
i1=1,...,P. It is very important for us now to show that the tensor subclass
is indeed in D?(ay, G, T), in particular, its members are twice differentiable.
The smoothness condition is a requirement as stated in (A1), which is pivotal
to our estimation process of the tensor model of the fiber tracts. In what
follows we would introduce Lemma 4 which will establish that the tensors in
our parametric subclass are twice continuously differentiable.

Lemma 4. For all b € B, we have Dy € D .

The proof requires careful term by term differentiation of the tensor Dy in
its components and elements, therefore, the proof of this lemma is deferred
to last subsection. Now we move on to our next lemma which shows that
the difference in the tensors for any two b € B is bounded in the integrated
Lo-norm.

Lemma 5. For any b,g € B, such that b # b and, for any large enough n,
we have

1D y(x) — Qg(x)HQG < Op~(d=1r+2e

where C' > 0 is a constant.
Proof. We have Dy(z) = Zf’:l ATlerg(:U)QgM. For fixed b,b € B, we have

1Dy(x) — Dy(2)1E

b
R
I:

S (v (@)2M (14 00" (17 ()0 (n]ag (2) — au))

r=1

2

_)\TU(()T)(LU)@M(l—i-n_asD%(T) (tl(;r)(x))?,/)(”(n”ao(ﬂ?) _a*|))M) Fdx
ZM M1+ nog" (17 (@) (n7]ao(x) — au]))™
2

dx

= (g (57 @) 9 o) — o)) ) |

R
</GZA%Hvé”<x>®MH2F(< + %" (87 (2)) 0 (07 ap(x) — aul))
r=1

~ (107 () @) 0 (o @) — a.)) ) do
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R
[
Gr:l

X [(Mn’o‘l/J( (n"ao(x) — ax|) ( ( )_W/g(r)(tl(;r)(x))))cwﬁwfdx

(where the sequence C(Z)ﬁ 14+ 0(n 72&))

o —2a0 2 2 (r) (@M ||2
=Cn 2\ ;(Arigg“% (z) HF)

x /G (O (o (@) — ) (27 (1) (@) — o (K@) . (2)

In the above expression we use the simple identity

(1+uw)M —(1+0)M = (u—v) <M+ (]\24> (u+v)+ <A34> (u® 4 uv +v?) +- )

and the fact that functions ¢, ¢ are bounded. Hence, we can find a bounded

sequence ™) with which we can bound the o(n™®) terms in the expres-
sion (2). Now for each r = 1,..., R, integrals

/G (6 (n7]ao(@) — au))* (0, (1 (@) — ¢, (1) (@)))* da

can be bounded by C,n~ (=17 using Lemma 4 in [11], where C;. > 0 is some
generic constant depending on r. Hence, we conclude that for some generic
C>0

IDy(z) — Dy(w)llg < Cn20 (@10,

Lemma 5 is proved.

The following lemma shows that the curves driven by the pseudo-eigen-
vectors are separated in Lj-norm inside the class indexed by B.

Lemma 6. For each r =1,..., R, for any b, b € B such that b =+ b and
any large enough n, we have

7 HI,T >Cn~°

[
with some C' > 0 depending on 7.

Proof. Consider the following relations:

)., )

Hw(r) (r,ax) — Tz

M

/ 2 (¢ +n=e” (©9(0), a.) — 7 (¢ +n g (1) (0), ) | dt

L

n= (o (1) = (1)) (0)
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T
—neu0) [ (\wé”<t> )

| o @l w0 ()0 + =m0, 0.))

X

) i,
1
for any b,g e B, b+ Abl which is bounded from below by
~*P(0 inf
ol (g,

+(1=me(1)), a.)) dr

1
/0 o (& (¢ + = (0) (" (1)

)/ ") - o) q

T
— " (0)C, /0 o) — o (1) dt.

In order to complete the proof of this lemma we need to show that

inf

> 0. (3
te[0,T ( )

1
/0 ug” (@ (t+ne(0) (mey (1) + (1 = 1)l (1)), 0.)) dre 1

Let us suppose there exists an ng such that, for all n > ng,

=0.
1

inf

1
tef0,7) /0 og” (w(t + n o9 (0) (mey (8) + (1 — 7r)SOg)(t)),a*)) dmr

Then there exists tg € [0,T] such that, for n > no,
1
/0 ug” (2 (to + n7ow(0) (mp}” (o) + (1 = M) (t0)) @) ) drr = 0. (4)

Using the change of variable tg + n_a@b(O)(Trcpl(f) (to) + (1 — w)gpg) (to)) = u,

we can write (4) as

o (2, a2)) du ~0

ot p (06 (t0) = (0) (i) (to) o (t0))
— o (@ (ton + 07 0(0) () (ton) + (1 = )@l (t0.0)))) =0,

/to +n’°‘1/f(0)50;(,r) (to)
t

where {to n}n>1, ton — to and m, € [0, 1]. This would imply that there exists
x € Xy C G such that U(()T) () = 0, x € Xy, which violates the assumption
that we have imposed in (A1) and (A3). Therefore, (3) holds true. Now by
following the proof of Lemma 5 in [11] the integral fOT |gogr) (t) —cpg) (t)| dt can
be shown to be bounded from below by Cn~?, where C' is a generic constant
depending on r. Hence, we can conclude le(f) - wéT)Hl,T > Cn=*7%. The
lemma is proved.
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Going back to the expression in Theorem 1 using Lemma 3 we get

inf sup Ew(nQ/(d+3) (H A£L1) - x(l)H

_ ~ -
XWX P g, (an,T) DED & P

cey

)

n

i 2/(d+3) (|| (1) _ .(1)
> co ol o B (XS =2

)

TLCXBC(f, (51)77 +1In2
B In(£ —1) > 5)

ey

> inf wn(\x(1)|,...,]:1:(R)])(1
\x“ﬂ}éy): r=1,...,.R

In the above expression we substitute Cx, pC(f,61) = C > 0 as a generic
constant and choose n = Cn!~20=(d=1)7, 5§T) = C/2n=°7°. Also it can be
shown that £ > exp(P/2), see |7], [8], hence by an algebraic manipulation
we get In(£ — 1) > P/2 — 1. Therefore, we can rewrite (5) as

inf sup Ew(n2/(d+3)(H)?7(ll) — 1:(1)H

_ A T
KW RB g, (ar,T) DED, i P

o IR = 2 )

1—2a—(d—1)702 +1n?2
_ it V) (127
|a:(7“)|20/2n1*r51>‘*5: r:l,...,Rw (|x ” ’ ‘x D P/2 -1
1
inf w(lzM],..., |z"]) > 0, (6)

2 |z(M|>(1/2)Ch: r=1,..,R

where w, (|JzM)], ..., |zB)]) = w(n?/ (@3 (|2MW)], ... |z(F)])). Note that while
obtaining (6) we have chosen a = 2/(d+3), v = a/2 and 6 = 0. Also we can
choose P; sufficiently large, where P = Pyn, introduced before such that
C? < (P; — 2)/4 — In2, which completes the proof of Theorem 1.

2.2. Proof of Theorem 2. To prove part (a), first fix 7 in 1,..., R.
Then using Jensen’s inequality, we can write

~ T 1/p
EHXT(LT) _ x(T)HpT _ E(/ HX7(LT)(t) _ $(r)(t)H£ dt)
’ 0

T N 1/p
<([ =00 -0ka) " @

Recall that D denotes the vectorized representation of the super-symmetric
tensor D. Using this notation and the definition of an integral curve estimator
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we can write

o~ t o~ o~
RO (1) - 20 (1) = /0 (0 (D (RO (s))) - o (D) (5))) ds
= [ O DEDE)) ~ 0 D6 E)) ds

t ~
= [ 9o D6 6) VD 6) (X () - 2 (s))
+ [T (DO ) (B - D)) ds + D)
0
where the remainder term R{’ (t) is given by

RO = [[0DEOE) -0 (0 6)
— Vo) (D(($))) VD () (X1 (5) — 20 (5))] ds
+ [0 DEPE)) - DEDE) - v (D)
% (D,,(x)(s)) — D(a(s))] ds.
Now similar to [9] we can decompose
X0 (s) — 2)(s) = 2 (s) + 60 (s), forcach r=1,...,R.

Then we can write
—2"(t) = /t Vo) (D(2")(s)))VD(2")(5))8{ (s) ds + RS (t)
v [l )(D — D) (") (s)) ds
+/0 Vo) (D(xM(s) 7($(r)(8)>an)(s) ds.

Here the stochastic processes 5 (1), Z{) (t), for any ¢t € [0,T], are repre-
sented by

50t / Volr VD (2 (5))60) (s) ds + RO (1),
20t / Volr )(D, — D)(x"(s)) ds
+/ Vo T) (D (z)(s) VQ(x(T)(S))ZnT)(S) ds.
0
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Let us denote Vo) (D(z((s)))VD(z")(s)) = v (x()(s)). Then Zg)(t)
satisfies the equation

(r)
P - 9 (DO () (D, - D)) + 200, Z0) =0

(8)
The solution to the stochastic differential equation in (7) can be represented
by the d-dimensional random process

t

Z(s) =/ U(t,5)Vo) (D(z'"(s))) (D, — D) (=" (s))ds,  t€[0,T],
0

where U™ : R2 — R% is the Green function defined as the solution of the

PDE given by

U (t, 5)

5 = Vo (DED 1) VDED @)U (Es), U (s5) = Loxa:

Now from (7) we have

E[|X7 () -2 @)|]) <E(IZD () ~EZD @)l + IEZ @)+ 167 ()]],)"-
9)

Since

Do) = g K (5

where E(X) is the LSE estimator of D(X}), we can write

'>B(X>

D(X;) = (BTB)'BTY(X;) = (B"B)"'BT(BD(X;) + Z'/*(X;)Z;)
=D(X;)+T;, T;=(B"B)'B'2V?(X;)z;.

Now let us denote Z\ (t)=>1, XZ(T) (t), where

o= [0 ( ”‘X)@<<>+n»

’I’L

17(s) = Iog(s)UD (¢, 5) Vo) (D("(s)).
Then using similar arguments from [2| we can derive
EZ(t) = —hy, / F(s)VD (2™ (s)) / uK () duds
ey / £ (s) / K (u)(V2D(" (s))u, u) du ds + o(h2).
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Since we select the bandwidth h, = n~Y@+3) we get

15 () + op(1)

(r)

where 457 (t) is the mean of the limiting Gaussian process G)(t) for inte-

EZ{(t) =

gral curve estimator X (t) and [ is the constant that has been introduced
n (A8). Hence,

— p—2/(d+3) H (r) )H

“/ml 4

Also notice that using similar arguments from [2] we get supgc;<r |5£LT) (t)] =
op((nhd=1)=1/2). Now applying Rosenthal’s inequality for independent mean
zero random variables from [5] to (X,gr)( t) — EXZT)( t))/nhe with finite pth
moments, we obtain

( ) P d n T o T P
Xz EXZ ( ) r Xz,k (t) EXz,k: (t)
k=1 i=1
S X () = Ex )\ 2\ 72
; nhd ’

where C(") (p) > 0 depends on p and r only. Now we can bound the pth
moment of Xgrk) using the similar arguments from [9]. To this goal we have

) — Ex )

E

() (s1) — X;
< C(nhd)?E <T><31>K(“>XZ) dsy (D (X0) + )

hy,
[ (T g 0y 10

< C'(nhi)™? /Rd+p <|ftr (s1)--- |ftT (sp)]

(r) _ (r) _
y K(W) K(W)) dsy - ds, dy

_p/" <Ufﬁ@ﬁ|~-ufﬁ@p)KXd
Rd+p
82)

)
(r) _ () (r) _ ()
><K<z—|—x ( hm (31)>_“K<Z+x (Sp)h:r (31)>>dsl---dspdz,

= C'hd (nhd
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which is

O%#?*omﬁ‘?éprﬁ”@nuﬁﬂ@l+mhw~wﬁ”@1+nmﬂK@>

(51 + mh) — 27 (s1)
T2y,

() B) — 20
x --XK(Z—FTP:U (31+Tph> ° (81))>dzd31d72~-d7p
Tphn

- 1/p
<oty [ A ([ 157 60pan)
Rpr—

(") Vp
(156 P )

") 1/p
X </ If," (s1 + mphn)|P dsl> dry - --dmp

< C”h;ﬁ*pl(nhﬁ)p/ I </\f( s1 |pd51>
Rr—1

< O1hEPL(npd) =P

XK<Z+T2

where

Y (r) _ .(r)
A(ra,...,7) =  sup K(Z)K(z bt (s2) —x (31)>
S1rrspel0r] SR 52— 51

(r) — 2
X oo X K(z + pr (s;,) : (81)> dz
p — °1

is analogous to A(71,72,73) in [2]. Recall that D is the kth component of
vectorized D. Also Cy, C, C’, and C” are positive constants depending on
B, D, U"). Thus, from (9), we obtain, by replacing h,, = n~/(4+3),

(r) P d+p—1 d+1\ p/2
X EX (t) ) Cinhy, Conhy,
) i <d ’
253 , ST T g2
— dCo™ (p)n—3p/(d+3) max{C{n(‘l_p)/(dJFS), Cénp/(d+3) }
= dC™) (p)Chyn =2/ (d+3) (10)

where C], C) are positive constants. As a result, we have

EHX}(L _ Hp < 20/ (d+3) b(H (gr)(t)Hp)v

N T . 1/p
EHX'r(Lr) — x(T)HpT < n—?/(d+3)< b(H/‘,(B)(t)Hp) dt) ’

)

0
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for some bounded and continuous function b: [0,00) — [0,00). This con-
cludes the proof of part (a) in Theorem 2.
To prove part (b), we first notice that we can write

v () (r)
E X —
tes[%%] 1%?2% nk( )mn )‘

<UD || E sup max
tGOT] 1<k<d

Z X" EXET)(t)‘ 1 (1))

+E sup max ‘(5 ‘
tE[O T] 1<k<d

We already know that supjo 160 (t)] = op((nhd=1)=1/2). Now using
a maximal inequality for Eg—norm we can bound

E\ ™
ZXZ nh%Xz ()‘

n(r) (r)
() —Eyx; (T
é\/gmax <E sup E Xi *) Xi *)

E sup max
te 0 T] 1<k<d

2>1/2

ISk<d\ " ¢efo0,1]15 nhi
Let us denote W) (¢) = 31" 1()(1 (t) — E (t))/(nhd), [0,7]. Then
repeating the first few steps of part (a) with p = 2 and

17(8) = T (8)U (1, 5) V0 (Da “"( ), 0t <t<T
we get
(BIWO (1) - WOE)2) 2 < COn2@jty ). (11)
Observe that the diameter of [0, 7] in the metric
m(ty, ta) = CTn= 2 @)1y — |

is diam([0, 7], m) = TC"n=2/(4+3) and the maximal number of e-separated
points in [0, 7] with respect to metric m is Dist(e,m) = TCTn=2/(@43) /¢,
Now using the inequality on p. 100 in [12] yields

1/2
(B sup W)
te[0,T]

o\ 1/2 ") diam([0,T],m) 1
< (EWO (1)2) " + K¢ / Dist!/2(e, m) de
0

and we can write

0 ’ 0 €

= 27 C(")p=2/(d+3),
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On the other hand, from (10) we have (E|[W (") (to)[?)"/? < C()p~=2/(d+3)
for some generic constant C'") > 0. Then we have the bound

1/2
(E sup \W(")(t)\2) P < ey,
te[0,7)

As a result finally we get

E sup max Anr) 1) — 2 < Oy =2/(d+3)
s X700 - 0]

for some generic C") > 0, which concludes the proof of Theorem 2.

3. Proof of Lemma 1.

Proof. In order to prove Lemma 1, let us first assume n be sufficiently
large so that all the terms with o(n™) can be ignored and all assertions hold
up to terms of order o(n~%). Then note that, for r = R,

T (o2 (@), DS (2)),,,
d
RPN

= /\R[(M — 1)U0k7)0m — 6km]

(véR> (@), DS (@)

) (@)s) (@) (052 (@) - (052 (2))* = Arbrm

ﬁM& ||

To show ker(’T(v(()R) (x), DéR)(x)) — ArI) = 0, we consider any arbitrary u €
R? such that

(Ar[(M = Do) 6ka,u>=o

d
= Z(M - 1)U0k U(()i)um = Z Ok Um,

m=1
d d R d »
— Y S M= )i = > v w
k=1m=1 k=1
d d d
= (M-1) Z v(()i)um = Zvé?)uk = Z v(()i)um =0.

m=1 k=1 m=1

Therefore, it implies that, if up =0,k =1,...,d, then

ker(’T(véR)(:c),D(()R) (z)) — Arl) = 0.
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Similarly,

(T (v (@), Dé” <x>) — 1) o

=(M-1) ZA Z Zka Uéi) )véi)(x)'“”éﬁl(x)
iz3=1 =1

x véi’;( ) o) () = Sy

= [(M—l))\pvéi)(m)véfr)l( ) = OkmAp|+ (M —1) Z A UOk_ UOm )q%) 2
r=p+1
(12)

where ¢, = <vér) vy > p#r=1,...,R. Now consider a generic u € R%,
which belongs to ker(7 (v (()p) (x), D((]p)( )) — ApI), then

- 1 Z APUOk UOm )u

M—1) Z Z A UOk ’Uom )umq% 2 = A\pU. (13)

m=1r=p+1

Then taking a sum over Zi 1 U(()Z)( ) we get

d d R
(M = 1)Ap > ol (@) + (M = 1) Y > P @)y
m=1 m=1 :p
d
= )\pzvé],?(x)uk,
k=1
d R
(M—2)Ap2062(x)um—l—(M—1) Z Ay ! Zv U, =0
m=1 r=p+1

Similarly, taking Zz:1 vélk) (x) on (13), we get, for l=p+1,..., R,

d
DAty Y o5 (2)u
m=1

R d
M—-1) Z /\qumq%fl Z vé’%(x)um =X Z v(()?n(x)um (14)
m=1

r=p+1
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Suppose Zizl oV (x)um = A;, then together with (13) and (14) we get

Oom
a linear system of equations, for [ =p+1,..., R. It is of the form

R
Ap(M = 2)A, + (M —1) > Mgl A, =0,

=t (15)

R
Ap(M = DgrpAp + (M —=1) > Meaealy 2 Ay — ApA; = 0.

r=p+1

We can write these R — p + 1 equations in R — p + 1 variables A4;, | =
p+1,...,R, given by (15), in matrix notations as QrpA = 0, where A =
(Ap, Apt1, ..., Ar) and matrix Qg is given by

(M —2)A, (M — 1))\p+]bq£§_1; (M—l)Aqu\f;; X
(M =D Apgpt1p (M — 1))‘p+1qp+1p —Ap oo (M- 1))‘RQP+LRqR,;
(M = 1)A\parp o e (M- 1))‘Rq%;2 ~ A

Now suppose det(Qrp) # 0, then

or in other words
(p) (p)

UOl e Uod (5]
: =0
(R) (R)

Vo1 -+ Uog Uq

Now putting equation (16) back in (14), we get up =0,k =1,...,d. Now we
need to find under what conditions the ((R—p+1) X (R—p+1))-matrix Qrp
is of the full rank for p = 1,..., R. Thus, in order to ensure det(Qr,) # 0,
p=1,...,R, consider the following cases.

Case 1. If R < d, then after choosing R — p pseudo-eigenvectors we can
choose the rest p of pseudo-eigenvectors v(()k), k=R-p+1,...,R, that
are mutually orthogonal, and as a result we will have ¢;,, = 0, k,m =
R—p+1,...,R. Therefore, as long as A\, # 0, we will have det(Qrj) # 0.

Case II. If R > d, then first let us consider R = d + 1. In that case,
we can choose the first d pseudo-eigenvectors vék) to be orthogonal, hence
¢,j = 0ij, 1,7 =1,...,d. Now we need to check det(Qr,) #0,p=1,...,R.

1. When p = R, we have dim(Qgr,) =1 x 1 and

det(QR,p) #0 = Agp(M — 2) £ 0.
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2. When p = R — 1, we have dim(Qr,) =2 x 2 and

det(QRm) 7& 0

(M —2)Ag_1 (M = D)Aray 5y
o ( [(M —1)Ar-19r,R—1 (M — 1)>‘Rq%§31 - )‘RD 7o
— (M- 1)(M—2)g0 32 — (M —2) — (M~ 1)%q}p_, #0. (17)

Now (17) is a polynomial in gr r—1, that can yield at most M roots, provided

Ar_1 # 0. Hence, we can choose v(()R) such that gr r—1 satisfies (17).

3. When p = R —2, we have dim(Qr,) = 3 x 3. Also we use the fact that
qr—1,rR—2 = 0 as the first d pseudo-eigenvectors are orthogonal. Here in this
case, the Qr) matrix is given by

(M —2)Ap—2 (M —1)Ar-19r-1,R—2 (M — 1))\R—1Q§\g{1§£2
(M —1)Ar—2qr—1,r—2 (M — 1)>\R—1qg__1273_2* Ar-1 (M —1)Arqr—1 RqR M=ol
(M —1)Ar—2qr.r—2 (M — 1))\R71QR717RQ§\24_712,R_2 (M — ))‘RqR R_2— AR

and, therefore,

det(Qrp) # 0
(M —2)Ap—2 0 (M — 1))‘R—1q}]\%4,}?zi2
— det 0 —Ar-1 (M —1)Argr—1 RAR, wrta| | #£0
(M —1)Ar—2qRr,R—2 0 (M_l))‘RqRR 2~ AR

= —((M— (M — 2)qRR o — (M —2)—(M~-1) QR,R—2) # 0.
Note that, the last assertion is similar to (17) provided Ag, Ag—1, Ar—2 # 0.

4. Similarly, for p = R — 3, we have dim(Qgrp) = 4 x 4 and here we use
the fact that gr—2 r—3,qr—1,r—3 = 0 using similar arguments. Hence,

det(Qr,p) # 0
(M - 2)>\R—2 0 0 ( - 1))‘RqR R— 3
0 ~Ar—2 0 (M —1)Arqr-—2,RAN p°5
— det ' n 0
0 0 —Ar-1 (M- 1))\RQR—1,RQR7R33 7
0 0 0 (M—1DArqyp’s—Ar

— (=1)*((M = 1)(M = 2)qy 525 — (M = 2) = (M — 1)*q/p_3) #0.

In this way we can continue and at each step we need to choose v[()R), in

such a way that, forp=1,..., R —1,

(1) EP=D(M - 1)(M 2)qp % — (M —2) — (M —1)%q},) #0.
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Finally, for any R = d+k, where k > 1, by induction we will get a polynomial
expression in

qdR,R—k+1 dqrR,R—k 4R, R—k-1 --- dR,p
qR—1,R—k+1 e qR,p
. )
dR—k+1,R—k e qR—k+1,p

similar to (17), where each of the ¢r, r, € [—1,1] and the polynomial will
be of a fixed integer degree. Therefore, we can choose Aq,...,Ar # 0 and
{v(()l), . ,v[()R)} such that det(Qrp) #0, p=1,...,R. Lemma 1 is proved.
4. Proof of Proposition 1.
Proof. Let 8 = (61, ..., 0) be a random vector such that

p(g(l)zihm,e(R):iR): , 1<, <, +1, r=1,...,R.

D=

For ease of notation assume ¥(X) = (¢W(X),..., ¥ (X)). Then,

S POW =i, 0B =ig | X)InP(0W =iy, 00 =i | X)
o PO =9(X)|X)InP(# = U(X)]|X)
+ PO £U(X)|X)InP(h £ U(X)|X)
PO =i|X) P =i|X)

+P(0# V(X)|X) In
#%(:X) PO#V(X)|X) PO#T(X)|X)

>-—In2—P(0#U(X)|X)In(L - 1),

where we applied Lemma (5.1) from the [3] twice. The quantity on the
left-hand side of this chain of inequalities will now be bounded from above.

Indeed,

Jiroin(X) .
Z]’l,-..,jR fj1,~~~7jR (X)

PO=i|X)=POW =iy,....0P =ip | X) =
Thus,

E<zi:P(9:i|X)ln(P(9 ziX))>
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since,

1n(izj:fj(x)>>izj:1nf] L?Z/ ( >f1d:c—lnﬁ

_ éZK(fz,fl-) WML <B-InL.

We conclude that
B—InL>—-In2—-P(0# V(X)) In(L-1).

Hence,

) . . Inf—p—1In2
SupPy(¥(X) #1) > P(V(X) #6) > 2T

i

Finally, sup; P;(¥(X) # i) > 1 — (8 +In2)/In(£ — 1). Proposition 1 is
proved.

5. Proof of Proposition 2.
Proof. Consider the following relations:
)(y — BD(x)))

1/2( D,

K= [ [ g (S 7()(y — BD,(x)))
x f(E72(@)(y — BD,(x))) dx dy
y S12(z)BD,(x
//RN — > 1/2 x)BQl
o fg— S~ x)BQl

: //RN fly—%- 1/2 x)BQ2

x f(5 — 272 (@) BD;(2)) det(S12(2)) do dy

/ / F(z+5712(2)B(D,(2) - D;(x)))
. )

@ //RN (1+ flz+27 /(ﬂf)B(Dz((l‘) Dj(x)))—f(2)>

x f(z)det($Y?(2)) dz dz.

5

R

Here in equality (1) we used the change of variable y = Y12y on y and in
equality (2) we used the change of variable z =y — 2*1/2(1‘)BQ1($).
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Finally, applying Lemma 2 we obtain
K(fify) < C(80) [ 1572 @)BD,@) - Dy (@) det(2/2(@)) da

C(f,51)/G\2_1/2(@HFHBHFHDz‘(fU)—Dj@?)\%det@lﬂ(?@'))dﬂc
C(f,61)Cs,8l1Dg — Dglle < C(f,61)Cs, 5B

Proposition 2 is proved.

6. Proof of Lemma 4.
Proof. Following the arguments in Lemma 3 of [11] we note that the quan-

tity t(T), r =1,..., R, is twice continuously differentiable. Therefore, the
implicit differentiation of the equation (1) would imply the gradient and the

Hessian of tl(f), r=1,..., R, are bounded for all sufficiently large n. In other
words, for each r =1,... R,

/o to" ()] + 1" .
It @)l < e and @)l <,
for some positive constants EY), sg). Also,

e flh Jt—(i— Dh nP
) szso E=l=Dh szso L )nT17

; 20
" (r) N ‘ lll(,r,)t — (l — ].)h n Pl

Recall Dy(z) = Zf;l )\Tv[()r) (2)®M. Then we can rewrite the tensor elements

Dos,.ins(x Z)\ (HUO% >).

7=1

Taking the first and the second derivatives of D ;, i, (z) in z, and z,, ,,
respectively, we get

(r) M
9Dy U1y (‘73) i < M 6UO,i i (:B) (r
20T A\ Z j H o) (x> 7
Oy r=1 j=1 Ozy I=1,1#£j l
(r) M
9 Do,ll, SIM (CC) _ 4 M 821)0 i (‘T) (r)
Oy, 0y N Z Ar Z 0Ly 0%y H UO’ZJ( 7) (18)
r=1  \j=1 1=1,1#j
M oul) () aul) (x)

+
LS
SR
N
| S
8ls
7
/=
4
N
&
~
~—

J1#£72 175]17]2
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Similarly,

Z )\Tvo ®M 1 +n” (p () (tér)(m))w(r)(n”ab(ﬂs) — a*|))M.

Hence, we can rewrite the above tensor elementwise as follows:

R
=S Aol (@) o) (@) (1 e (67 () (0 |ao(2) — ax])

r;l y ;
=ZAT(Hv8’;j< >><1+n "oy (1 (@) 0" (0 |ao() — a]) ™.
r=1 j=1

Now taking the partial derivative of the tensor component Dy ;, ;. (x) with
respect to x,, we get

0Dy, iy ()
0xy,

x(f;avéw ﬁ )@M—a(HM )

j=1 Tu =1,

R
= Z (107" (17 () ) (7 ag (x) — au)

x (M(l +n*%zf” (t7 ()™ (0] ag (z) — aul))

N (r)
< (8 6@) 2 0 wlao(e) - )

, , ao(z) — ax)T Oag(x
i) @) 0 o) — ) G Pl ) ),

lag(x) — ax| Oy

Further, the second order derivative of the tensor component Dy, i, ()
with respect to x, and z,, where u # v, is given by

Dy, iy (2) r —a (r) [, (r r M
e = LM (1T (67 @) (0 ao(e) - )
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R
+2Mn~® Z A (14 n_agob(T) (tl(f) (m))?ﬁ(r) (n7|ag(x) — G*|))M_1

r=1

. (r)
< (67 @) 25 60 o) ~ 0

’ ’ apglT) — ax T aplx
_i_nvgpb(r)(tl(:)(x))w(r)(n7|a0(l,)_a*D( 0( ) )t 0 0( ))

lag(z) — ax|  Ozy
Moo (@) M
(XTSI )

Ty

W, o (r) T 5 (r)
< (e tgxix>) 8 0 o) - a)

"y . 821:(7") .
o 17@) G O o (w) )

+ 17,7 (15 () O (0 |ag () — ax)
ot (z) [ (ao(z) —ax)T dag(z)\ Ot () [ (ag(z) —ax)T dao(x)
( Oz, <|ao(> o] Oz, )* oz, <|ao<x>a*| Dz, >>

+ 120, (187 (2)) " (0 |ag (x) — a.])

(L <x§—a*> dao(@) \ ( (ao(z) = a.)” dao(a)
(. ) )

]ao(x) —ay| Oz, lap(z) — ax| Omy,
+ 07, (1 (2)) ) <m|ao< ) - a.])

dap(r)\ " dag(z 1 (ao(w) — a.)’ 9%a(x)
(< O:UU ) axu lag(x) — a| + lag(x) — ax| OxyOxy
_ (ao(x) — a)" dag(x) () — a7 da0(2)
ot e 29 0y (0) — ) H ) ). (19)

The leading term in (19) is

n?1 =0, (87 (2)) 9" (0] ag (x) — as)
" (( o(@) — a.)” dag(x ))((ao(ﬂf)—a*)T 3610(96))'

lap(z) — ax|  Oxzy lap(z) — ax| Omy,
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Now by construction the vector fields v((f) (z), r=1,..., R, are bounded
and twice continuously differentiable, and the functions <p(T), ),
r =1,...,R, are bounded thrice and twice continuously differentiable, re-

Sp

ectively. Therefore, in the expression of (19), if @ > 0 and v = «/2, then

Dy, satisfies || Dy — Dolloo < en™® and ||Dg — Dglleo < k for some constant
k > 0. Lemma 4 is proved.

10.

11.
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