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Building on work by Hang and He, we show how the residual five-dimensional diffeomorphism
symmetries of compactified gravitational theories with a warped extra dimension imply equivalence
theorems which ensure that the scattering amplitudes of helicity-0 and helicity-1 spin-2 Kaluza-Klein states
equal (to leading order in scattering energy) those of the corresponding Goldstone bosons present in the 't-
Hooft-Feynman gauge. We derive a set of Ward identities that leads to a transparent power-counting of the
scattering amplitudes involving spin-2 Kaluza-Klein states. We explicitly calculate these amplitudes in terms
of the Goldstone bosons in the Randall-Sundrum model, check the correspondence to previous unitary-gauge
computations, and demonstrate the efficacy of ’t-Hooft-Feynman gauge for accurately computing
amplitudes for scattering of the spin-2 states both among themselves and with matter. Power-counting
for the Goldstone boson interactions establishes that the scattering amplitudes grow no faster than O(s),
explaining the origin of the behavior previously shown to arise from intricate cancellations between different
contributions to these scattering amplitudes in unitary gauge. We describe how our results apply to more
general warped geometries, including models with a stabilized extra dimension. We explicitly identify the
symmetry algebra of the residual 5D diffeomorphisms of a Randall-Sundrum extra-dimensional theory.
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I. INTRODUCTION

In recent years, motivated by phenomenological studies
of massive spin-2 particles, whether in simplified models or
in theories of extra dimensions, understanding the behavior
of scattering amplitudes of massive spin-2 particles has
been of increasing interest. These calculations have impli-
cations for cosmological considerations such as dark matter
relic density and direct detection [1-3], and for phenom-
enological studies of massive spin-2 resonances at high
energy colliders. A key issue is understanding the high
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energy behavior of scattering amplitudes with massive
spin-2 particles in the external states.

In theories of massive gravity like Fierz-Pauli [4] and its
extensions like de Rham-Gabadadze-Tolley gravity [5] in
which the mass m of the spin-2 is introduced by hand, there
is a low-energy strong-coupling scale parametrically lower
than the Planck mass (Mp;). This follows from the fact that
scattering amplitudes of massive gravitons among them-
selves scale proportional to' O(s/(M%mS,) signifying a
discontinuity as mg — 0 [6-8]. This behavior is an aspect of
the van Dam-Veltman-Zakharov (vDVZ) discontinuity
[9,10], a distinctive feature of theories of massive gravity
and emerges from the fact that the longitudinal polarization
state couples to the trace of the stress-energy tensor.

In compact extra dimensions, by contrast, massive spin-2
Kaluza-Klein (KK) states [11,12] arise from a geometric
Higgs mechanism [13-19]. In KK theories the massive
spin-2 states appear as part of an infinite tower of such
states, with the tower starting with a massless spin-2
particle (the graviton), a scalar radion (which is massless

'Or at least as fast [6-8] as O(s?/(MEm).
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in the absence of a mechanism to stabilize the size of the
extra dimension), and subsequent spin-2 states with
increasing mass spaced in steps proportional to the inverse
size of the compact dimension.

In KK theories the behavior of the scattering amplitudes
of these massive spin-2 states is quite different than in
Fierz-Pauli and the other theories of massive gravity
mentioned above. Individual scattering amplitudes (in
unitary gauge) do indeed grow as fast as O(s> /A2M%,),
where A is a mass scale associated with the background
geometry, as expected from naive scaling arguments.
However there are cancellations between the individual
contributions (typically also including cancellations
between contributions involving the radion and different
intermediate KK tower states) such that the total scattering
amplitudes grow no faster than O(s/A?). These cancella-
tions have been demonstrated in explicit calculations of the
scattering amplitudes in unitary gauge [20]. The intricate
cancellations involved have been shown to be enforced by a
set of sum-rules involving the couplings of the KK states
and their masses [21-23] (including the radion [17])
regardless of whether the internal geometry is flat or
warped as in the Randall-Sundrum (RS1) model [24,25].
Similar calculations have demonstrated cancellations and
revealed sum-rules [26,27] in Goldberger-Wise (GW)
models of stabilized extra dimensions [28,29], and in the
scattering of KK gravitons with matter [30].*”

We demonstrate in this paper that the cancellations
observed between the individual contributions to the massive
spin-2 KK scattering amplitudes in unitary gauge are a result
of the residual five-dimensional diffeomorphism symmetries
[15-17,33] of the compactified KK theory. In particular, the
residual diffeomorphism invariance allows one to compute
the scattering amplitudes in the analog of ’t-Hooft-Feynman
gauge rather than unitary gauge. Extending the work of
[18,19] which considered helicity-0 scattering for KK states
arising from flat extra dimensions (toroidal compactification),
we show that the Ward identities of a warped KK gravitational
theory in ’t-Hooft-Feynman gauge relate the scattering
amplitudes of the helicity-0 and helicity-1 states (the states
whose scattering amplitudes suffer from the largest potential
high-energy growth) to those for the scattering amplitudes of
the (unphysical) Goldstone scalar and vector particles present
in this gauge. Unlike the massive spin-2 particles, whose
helicity-0 and helicity-1 states have polarization vectors
which grow with energy in all gauges, naive power-counting
of the equivalent Goldstone boson amplitudes manifestly
grow no faster than O(s/A?), explaining that cancellations
observed in previous work arise from residual gauge-
invariance.

%See also [31] in the case of brane-localized scalar matter.

“If massive external spin-2 particles couple to a conserved
current, there are no divergences as mg — 0, whether in Fierz-
Pauli theory or for KK states as a result of Ward identities [32].

Specifically, in this work we extend the KK “gravitational
equivalence theorem” (GRET) introduced by Hang and
He [18,19], analogous to the familiar equivalence theorem
for massive vector-bosons [34-38], to both the helicity-0
and helicity-1 states of massive spin-2 KK boson scatter-
ing. The Ward identities we derive in this work provide a
transparent power-counting for the energy dependence of
the scattering amplitudes, which proves that the residual
terms not accounted for by the GRET grow no faster than
O(s%). By including the subleading residual terms, we also
propose a novel method for computing the scattering
amplitudes without large cancellations among the different
diagrammatic contributions, and give examples in RS1
which show explicitly how the unitary gauge, "t-Hooft-
Feynman gauge, and Goldstone calculations agree.

The rest of the paper is organized as follows. In Sec. II,
we introduce 't Hooft-Feynman gauge for the RS1 model
and derive the Ward identities for the massive KK grav-
itons. In Sec. III, we discuss the scattering of helicity-0 and
helicity-1 polarized KK gravitons, and apply the Ward
identities to eliminate the apparent bad high energy
behavior of the external polarization tensors. In Sec. IV,
we demonstrate the GRET using two explicit examples:
(a) the scattering of two KK bulk scalar into two KK
gravitons and (b) the scattering of two KK gravitons into
two KK gravitons, and we comment on the connection
between our results and the double-copy construction
suggested by [18,19]. In Sec. V, we propose a novel
method to compute the exact scattering amplitudes involv-
ing longitudinally polarized KK gravitons that is free of
large cancellations, and demonstrate its better convergence
when only a finite number of intermediate KK states are
included, in comparison with the traditional computation in
the unitary gauge. We conclude in Sec. VI with a discussion
of the generality of our results and other questions to be
addressed by future work. Appendix A outlines our
notation, while Appendix B gives the ’t-Hooft-Feynman
gauge Feynman rules needed for the computations in
Sec. V. Lastly, in Appendix C we derive the symmetry
algebra of the residual 5D diffeomorphisms of a Randall-
Sundrum extra-dimensional theory, extending the results of
Duft and Dolan [33] for toroidal compactifications.

I1. RS1 WARD IDENTITIES FOR KK GRAVITONS

In the 5D RS1 model [24,25], an orbifolded slice of
AdSs, the gravitational fields can be decomposed into
towers of KK four-dimensional modes [17],

B (6,2) = 3 B2 ()9 (2), (1)
n=0

A7) = 30 AP () 2, ©)
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FIG. 1.
Goldstone boson.

p(x%.2) =Y " (x)k"(z). (3)
n=0
where h,(,(y is the massless graviton field, h,(ffO) are the

massive KK spin-2 fields, Aﬁ(fpo) are the massive KK vector

Goldstone fields, ¢(? is the radion field, and ¢(">? are the
massive KK scalar Goldstone fields. Here z; < z < z, is the
internal compact coordinate, z;, are the locations of
the orbifold fixed points, and the mode wave functions
f"(z), ¢"(z), and k™ (z) (which are respectively even,
odd, and even under orbifold parity) are determined by the
geometry of the internal space. A brief description of our
conventions is given in Appendix A and details can be
found in [17] and references therein.

The quadratic terms of Lagragian of the graviton sector
are then given by,

L vpo 1 (n L (n v, (n 1 n n
g2zz<§h}<w>y;p WY+ LA DAY 1 LD >),

n

(4)

Crucially [15,16], the wave equations for these modes of
different spin are related by a pair of N =2 quantum-
mechanical SUSY symmetries that enforce the degeneracy
of the nonzero mass modes of these different spins, a
situation that also holds in the case of a stabilized extra
dimension [17], and hence the inverse propagators are
given by

vpo l Vo O ,,U v c
D" = 5 (0 + oy =t 7o) (-0 —m3). (5)

Dy = —n (-0 —m3), (6)

D, =-0-mj. (7)

In addition, the degeneracy of these different modes
allows one to adopt a ’t Hooft-Feynman gauge for
gravity [15,16] with a warped internal dimension, (here
h(”) = h(”)ﬂﬂ)

Schematic Feynman diagrams involving one external KK graviton, one KK vector Goldstone boson, or one KK scalar

Lo = ZF(WF/(tn) - an)Fg”)7 (8)

n n 1 1 !
F,(, ) — —(a”h,(,f —Ea,,h(”) +EmnAl<4 >>’ ©)

Fo/=—(=-m - HA, A zm,e .1
> <2 h V2 . 2" (10)

From the gauge fixing condition, one can derive the Ward
identities [18,39] for the time-ordered matrix elements

(TF" (x)®) = (TF{" (x)®) = 0, (11)

where @ denotes any other on-shell physical fields after the
Lehmann-Symanzik-Zimmermann (LSZ) amputation.
Plugging in the gauge fixing condition in Eqs. (9) and
(10), we have the following identities for the time-ordered
Green’s functions

n 1 1 n
<T<av (h},) —En,wh(")) +\ﬁmnA,§ ’>q>> =0, (12)

1 1 3
T(=m, h™ ——pa" \ﬁ )@ ) =0. 13
< <2m” vzt Ty ()

Because of the mass degeneracy of Ay, Aj, and ¢", we can
amputate these external states at the same time by multi-
plying by (=0 —my).

Now consider the processes shown in Fig. 1, whose
scattering amplitudes, M, can be written, respectively, as
Mr=e(p)Th,, MA=c(p)Ts, M?=T?  (14)
where the ¢ and €” are the polarization vectors of the
external spin-2 and spin-1 particles. Note that the sub-
amplitudes Tﬁy, Tﬁ, and 77 are related to the corresponding
Green’s functions by LSZ amputation,
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N/d“xe’prﬁm Thgf,)(x)d)>

—/\/’/d“xei”x(—D—m%)

< (T (W0~ a0 o) 13)

Th = N / d*xe'r< D4, (TAL (x) D)

=N / d*xer" (=0 = m2)(T(-AL (x))®) ~ (16)

T :/\/'/d“xeipr‘/’(Tgo(")(x)(I))
—N/d4xei”x(—D - m2) (T (x)®) (17)

Assuming the momentum is incoming, one derives the
following Ward identities,

1
ﬁmnT;} =0, (18)

2 (Th + Tll;l}t) -

1 ] 3
—EmnTZ” +\/L§p"T;‘ + \/%m,,T"’ =0. (19)

Note that the derivation of the Ward identities above only
relies on the gauge fixing conditions in Eqgs. (9) and (10),
and will work in any geometry in which these gauge-fixing
conditions can be applied. In particular, the same con-
ditions apply in toroidal compactifications [18,19], and we
discuss the generalization to the GW model in Sec. IV. We
note that the identity will also work if the KK graviton is
off-shell.

We use these Ward identities to formulate the Goldstone
boson equivalence theorems in the next section.

III. THE GOLDSTONE BOSON EQUIVALENCE
THEOREM IN RS1

In this section we will use the Ward identities in Egs. (18)
and (19) to relate amplitudes with one or more helicity-0 or
helicity-1 external states with the corresponding Goldstone
boson amplitudes in the RS1 model. For the longitudinally
polarized (helicity-0) KK graviton external state, the
polarization tensor can be expressed using two spin-1
polarization vectors,

1
7 ('€’ + el + 2eies), (20)

where the polarization vectors, for momentum with polar
angle 6 and azimuthal angle ¢, are defined as

e =

1
— (0, F cos@cos ¢ + ising, F cos b sin
7 0,F ¢ b F ¢

—icos¢, +sind)T, (21)

61;::

1
=—(VE*- mz,Esianoscﬁ,Esianingb,EcosH)T.
m
(22)

The polarization vectors have the energy dependency, when
E > m,

¢ ~0(1), ey~ O(E/m). (23)
Thus, the longitudinal polarization tensor depends on the
energy quadratically at high-energies,

ey ~O(E?/m?), (24)

leading to large individual contributions when computing
the longitudinal KK graviton scattering amplitude in unitary
gauge. We show below how to rewrite these polarization
vectors such that the Ward identities can be applied, leading
to amplitudes with no bad high-energy behavior.

We begin by reexpressing the amplitudes involving
helicity-0 external states using the Ward identities. Note
that one can use the polarization sum for spin-1 polarization
vectors,

;41/
=) Yder=-n . (29

A==%,0

to rewrite the longitudinal polarization tensor as

1 P'p
Y = v —
G <" m?

The potentially bad high energy behavior from €f; can be
isolated by introducing [40—42]

i + 36666). (26)

€ = s +€0, where
gt = _L _ N
O=TE (1,-p/Ip|) ~O(m/E).  (27)

Thus one can rewrite the longitudinal polarization tensor as

M MY vt
<nﬂ”+2pp Y 0), (28)
m

1
@ =+

V6

m

where

o 3., m?
= \fgesesw(ﬁ), (29)
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thereby expressing the external longitudinal polarization
tensor in terms of external momenta and subleading terms.

Using the Ward identities in Egs. (18) and (19), we see
that

Th, p’,;l; = —%TQZ—/; - —%T,’}” + \érﬂ, (30)
7, PGPS e (31)
Therefore,
T, (n,w - 2%’5) =ere, (32)
and the longitudinal scattering amplitude can be

expressed as
They =T¢ —iv/3They + Théy. (33)

Note that there is no bad high energy behavior coming from
the external polarization tensors or vectors on the right-
hand side of Eq. (33); the second and third terms on the
right-hand side of Eq. (33) are relatively suppressed due to
the fact that & ~ O(m/E) and &’ ~ O(m?/E?).

This expression confirms and extends the Goldstone
boson equivalence theorem given by Hang and He for
longitudinal KK graviton scattering [18,19], namely that
the scattering amplitude of the longitudinally polarized KK
gravitons equals that of the scalar KK Goldstone boson in
the high energy limit,

They =T¢ + O(s). (34)
Furthermore, our derivation of Eq. (33) demonstrates that
the equivalence theorem is valid for a warped internal space
and gives an explicit expression for the residual terms not
captured by the leading-order expression.

Similarly, using the definitions of the helicity +1
polarization tensors

& = = (et + ). 35)

and using the decomposition of €f given in Eq. (27) and
applying the Ward identities, one finds the following
identities for helicity &1 states,

Th e, = —iThe + Th ey, (36)
where
& = (e g e o(’") (37)
=—=(€.€ €.)~ —
+1 \/i +*0 0v+ E

Therefore, the Goldstone boson equivalence theorem for
the helicity +1 states is: the scattering amplitude of the
KK gravitons with helicities =1 equals that of the vector
KK Goldstone boson in the high energy limit up to a
overall phase,

Theth, = —iThet + O(s"). (38)

While we have derived the above identities for one
external KK graviton, one can easily generalize it to the
case of multiple external KK gravitons, by examining

(TR ()F( (x) - @) =0. (39)

By neglecting the subleading terms, we arrive at the
Goldstone equivalence theorem for the helicity-0 KK
gravitons,

MR - = Ml -]+ O(s°). (40)

and for the helicity +1 KK gravitons,

MRS ) = (=) Vo (i) Nou M[ATI AL ]+ O(s0),
(41)

where N, (N,,) is the number of incoming (outgoing)
helicity +£1 KK graviton states.

We also note that one can organize the above results
into a more compact way by introducing 5D polarization
tensors as

S o e
é’MNi 0 6 2-0 ~MN _ +1 V2 E

€ =\ ;.

0 - ) ;
e’ 0
v =|"" ", 42
+2 (0 0 ( )
and
o Al (43)
TMN: ) 43
h
— LT —%T,/—\/%Tv’

such that the above identities relating amplitudes can be
written as,

Tﬁye‘f{’/ == TMNéQ/[N. (44)
Correspondingly, we can parametrize the scattering

matrix T,y as in Eq. (43) so that the internal propagators
can be also written as a 5D graviton propagator that has the
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FIG. 2. Schematic Feynman diagrams involving one internal KK graviton, one KK vector Goldstone boson, or one KK scalar

Goldstone boson.

tensor structure of a 5D massless graviton. For a scattering
shown in Fig. 2, the amplitude can be written as

M =T WP%”’)”T}; po T T4 ﬂPﬁDTf}V + TP, TS

= ?x MNPMNRSTY RS> (45)

where the propagators are give by

” i1
Py = T 1 = ).
n
—in i
= P = 46
Apt-m vopt-m] (46)
MNRS 1 MR, NS MS  NR 2 MN RS
PR = s s " A =2 )
p-—m;2 3

(47)

In this section, combining the results of [15,16] for the
RS1 model, we have extended the analysis of [18,19] to
establish the gravitational Goldstone boson equivalence
theorem for the scattering amplitudes in the compactified
RS1 model (see Sec. IV for a brief discussion of the GW
model). To leading order, the Goldstone boson equivalence
theorem relates the scattering of helicity-0 and helicity-1
KK gravitons to that of the Goldstone bosons present in ’t-
Hooft-Feynman gauge, Egs. (40) and (41). The analysis of
the RS1 model in a ’t-Hooft-Feynman gauge is only
possible because of residual 5D diffeomorphism invariance
of the theory, which can be formally described by the
algebra given in Appendix C. Power-counting of the
Goldstone boson amplitudes in ’t-Hooft-Feynman gauge
demonstrates that the scattering amplitudes of KK-grav-
itons among themselves or with matter can grow no faster
than O(s), explaining the cancellations observed in the
unitary gauge calculations of [20-23]. It is important to
remember that the Goldstone boson equivalence theorem
relates the scattering of KK gravitons to that of the
Goldstone bosons only to leading order, O(s). In the case
of vanishing scattering amplitudes at O(s) due to helicity
selection rules, one would have to include the subleading
terms in Eqs. (33) and (36).

To use these results to compute scattering amplitudes,
one must construct the couplings of the Goldstone bosons

in ’t-Hooft-Feynman gauge. We illustrate this in the next
section in RS1, checking that the results agree to leading
order with previous unitary-gauge computations. As we
explain more completely in Sec. VI, however, although the
form of the equivalence theorem will remain the same in
other warped geometries, the computation of the Goldstone
boson matrix elements will depend on the details of
the model.

IV. APPLYING THE EQUIVALENCE
THEOREM: TWO EXAMPLES

In this section, we apply the Goldstone boson equiv-
alence theorem in RS1 to the scattering of two longitudi-
nally polarized KK gravitons into a pair of KK scalars, and
to the elastic scattering of the longitudinally polarized KK
gravitons. We show that, to leading order in energy, the
scattering amplitude involving helicity-0 spin-2 particles
[23,30] equals the ’t-Hooft-Feynman gauge amplitude for
the scalar Goldstone boson, per Eq. (34). We would like to
emphasize that, while we choose the RS1 model for our
examples in this paper, the form of the equivalence theorem
is generic for other warped background geometries, such as
in a GW model [28,29], though the interactions among the
Goldstone bosons will differ from those evaluated here
in RSI.

A. Scattering of two KK bulk scalars into
two helicity-0 KK gravitons

For the first example, we consider the scattering of two
KK bulk scalar into two longitudinal KK gravitons,

S(m)gn) 5 plm) plne), (48)

According to the Goldstone boson equivalence theorem,
one should expect

M[S(”l)S("z) - hg’%)hg’zx)]

= M[S(nl)S(HZ) — q)(”?)q)(nﬂ«)] + O(SO). (49)

We take the matter Lagrangian for a real bulk scalar S with
amass M to be (the metric GMV is defined in Appendix A)

075016-6
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G(n1) 3 o) g(n) | , n3)

G(na) o L) gna) < s pna)

FIG. 3. The Feynman diagrams for ") §02) — (1) (%) where we use the double line to indicate all three possible intermediate

S (n1) . e p3) - g(n1) . y (")
N N \ K
S ! S ¢
e IR N B '\ )
states h'), A and (p()
\/_ 1 MN 1 2.Q2
subject to the boundary conditions,”
GZS = O at 7z = 212- (51)

In the above expression \/G denotes the determinant
of the 5D metric. Following the notation in Ref. [30],
we decompose the bulk scalar field into KK modes,

=3 s 2),

n=0

(52)

where f(S") are the eigenfunctions of the mode equation

(=0, — 34'(2))0. + M2eX O f) = m2 f0, (53)

where A(z) is the warp factor in the conformal coordinate
line-element (see Appendix A).

The full set of ’t-Hooft-Feynman gauge tree-level dia-
grams for S()S(m) — n)gp(n) s depicted in Fig. 3,
where we use the double line to indicate all three possible
gravity intermediate states 2, A()_ and ¢(). However, not
all intermediate states contribute at O(s) in the high energy
limit. To calculate the scattering amplitudes of scalar
Goldstone bosons in the high energy limit, we only need
to expand the Feynman rules to the leading order in
momenta. Since each interaction term in the Lagrangian
can contain at most two 4-derivatives d,, the relevant non-
vanishing Feynman rules at order O(E?) are given in
Appendix B, where the vertices and terms below O(E?)
have been neglected: note that the contribution of the vector
states A1) is not relevant to this process at leading order.

Using the Feynman rules, we find the scattering ampli-
tude at the leading order O(s) to be

*For simplicity, we consider a model with no bulk potential or
brane-localized scalar interactions.

M[S('H)S(’lz) N 40(”3)40(”4)]

2 )
:—% (3 cos26 + 5) Z(; £ ply
2
+%<k<">k<”)f< 75") + 0(s")

s
25(1 — c0s 20) (k"

KOFPFY) +0(0), (54)

where we have abbreviated the overlap integrals defining
the mode couplings as [17]

G = [P a5

21

This result agrees with the unitary gauge calculation
given in Ref. [30], consistent with the Goldstone boson
equivalence theorem of Eq. (34). Note that the final
amplitude at order O(s) can be written as proportional
to the overlap integral of the product of the external state
wave-functions (kKMk™ £ V) This is because, at the
leading order O(s), each interaction vertex must contain
two 4-derivatives d, and have no KK mass dependence.
Since the masses in the propagators can also be neglected in
the high energy limit, one can always use the completeness
relation to combine the two three-point overlap integrals
into a four-point overlap integral. Note that the amplitude
does not have any apparent vDVZ discontinuity, and
therefore, one can safely take the m, — O limit, which
corresponds to the decoupling of the longitudinal mode.

B. Scattering of two helicity-0 KK gravitons into two
helicity-0 KK gravitons

For the next example, we consider the scattering of two
longitudinal KK gravitons,

hg’ll)hg‘nz) = h2n3)h2n4)' (56)
The Goldstone boson equivalence theorem gives
M[hiﬂl)hgnz) - h£n3)h2n4)]
— M[(p(”l)(p("Z) — (p(n3)(p(n4)} + O(SO). (57)
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80(77’1) . /' gp(n?») Sp(nl) .\\

\
\ /7 ~ -

AY 7
AY 4
4 AY - ~

o) N ) plne) o7

”’—So(n?’) gp(nl) ~\\\

\\‘. 90(”4) (p(/ILQ) .”’

,, (‘0(”3) Sp(nl) \\ ,, (‘0(”3)

N (p(n4) (p(’llg) e N (p(m;)

FIG. 4. The Feynman diagrams for ¢(")p("2) — (") (") where we use the double line to indicate all three possible intermediate

states A0, A(), and ).

The Feynman diagrams for ")) — ()p(n) are
shown in Fig. 4, where we use the double line to indicate
all three possible intermediate states A(), A and ¢').
Based on the Feynman rules given in Appendix B, we find
that the only diagrams that contribute at order O(s) are the
s-, t- and u-channel diagrams with intermediate KK
gravitons. And the scattering amplitude is then found to be

M[q)(”l)(g("Z) — ¢("3)(p(”4)]

2 0 0
= % (sin2t9 + 4cot? 3 + 4tan? 5)

X Z<k(")k(”>f<")>(f(“k(")k(”)) +O(s%)
i=0

k%5 (cos20+47)

=~ g (KM MY 4 O(s0)  (58)

This result agrees with the unitary gauge calculation given
in Ref. [23], once one uses the SUSY relation [17],

B 2A'(z)

my

k) (z) = —f0)(z) 9" (2), (59)

to convert the graviton wave-functions in Ref. [23] into
those of the scalar Goldstone bosons. As we explained in
the previous subsection, the final amplitude is proportional
to the overlap integral of the product of the external state
wave-functions (kW k(" k™ k") and no vDVZ disconti-
nuity is present.

We conclude this section by commenting on the relation-
ship of our results to the “double-copy” construction noted in
[18,19]. Motivated by the “color-kinematic” duality relating
gauge-theory and gravitational amplitudes [43-45], Hang and
He note that since the massive spin-2 helicity-0 amplitudes
grow only like O(s) and since these leading order amplitudes
are KK mass-independent, color-kinematic duality (which is
exact in the massless theory) should also apply to the leading
order in a compactified theory. Specifically, they demonstrate
that an appropriate color-kinematic duality can be used to
relate the high-energy scattering amplitude of the longitudinal
modes of spin-1 KK bosons in a toroidally compactified five-
dimensional gauge-theory to the high-energy scattering
amplitudes of the helicity-0 modes of the corresponding
spin-2 gravitational KK modes. Our result in Eq. (58) above

shows how their analysis generalizes to warped models: the
kinematic factors remain precisely the same, but the couplings
must be rescaled to account for the overlap integrals which
give the mode-couplings of the (gauge- and gravitational)
Goldstone bosons in the warped space.

While the results in this section demonstrate the
validity of the Goldstone boson equivalence theorems
in Eqs. (54) and (58), we can actually compute full
amplitudes using Eqs. (33) and (36). We describe how
to do so in the next section.

V. A ROBUST METHOD OF COMPUTING
SPIN-2 SCATTERING AMPLITUDES

A. Method

Studying the phenomenology of spin-2 gravitons requires
the ability to reliably compute their scattering amplitudes.
This is a challenge when working with models in warped
geometries, where evaluating the exact tree-level scattering
amplitudes in unitary gauge would technically require
summing over an infinite number of intermediate KK states.

In practice, numerical computations of the helicity-0 spin-
2 scattering amplitudes in unitary gauge are inherently
unstable. The overlap integrals of the wave-functions can
only be evaluated with finite precision, and one can only sum
over a finite number of the intermediate KK states. These
limitations introduce numerical errors which are amplified at
high energies: the sum rules enforcing the cancellations
[21-23] are only precisely true if one evaluates the overlap
integrals exactly and sums over all possible intermediate
states. These limitations of the numerical calculations
reintroduce errors which in unitary gauge grow like
O(s°). Therefore, to evaluate amplitudes with sufficient
accuracy at high energies in unitary gauge, one must not only
evaluate all the overlap integrals with great precision but also
sum over a large number of intermediate KK modes to keep
the numerical errors under control [23].

However, the earlier results in this paper enable us to
mitigate those issues and achieve robust computation of
spin-2 scattering amplitudes. Instead of using unitary
gauge, one computes the amplitudes using ’t-Hooft-
Feynman gauge and applies the Ward identities described
above to rewrite any matrix elements involving problematic
external states as an appropriate combination of Goldstone
boson amplitudes.
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This approach addresses each of the sources of bad high
energy behavior. On the one hand, all the internal propa-
gators in the 't Hooft-Feynman gauge behave like 1/p?,
eliminating the problematic high-energy behavior coming
from unitary gauge projection operators in the propagators.
On the other hand, the Ward identities in Egs. (33) and (36)
show that we can replace the matrix elements involving
external helicity-0 and helicity-1 massive spin-2 states—
the states whose polarization tensors have potentially large
high-energy behavior—by a combination of amplitudes
involving the corresponding Goldstone bosons and a
residual ““spin-2” polarization vector (é* in those equa-
tions) whose behavior at high-energies is mild. Therefore,
by combining these techniques, one can avoid the spurious
high-energy growth which occurs in unitary gauge; the
scattering amplitudes will converge as fast as the overlap
integrals which determine the coupling among the various
KK levels.

We will now illustrate this robust approach by applying it
to analyze the full behavior of the scattering amplitudes
described using the equivalence theorem in Sec. IV. First,
we consider the scattering of two KK scalar bosons into a
pair of KK gravitons. Applying Egs. (33) and (36) we find
the amplitude can be written as

M[S(”')S<n2> N hg:h)hg;u)}
4
(ITex.70 )aistosies — #)ri)
(60)

where the relative phases are defined as

(1 2=0
)= {O else
—-iv3 A=0
GA) =X =i a=41, h)=1. (61)
0 else

Each field F; on the right hand side of Eq. (60) represents
F; = ¢,A, h, where ¢ is the scalar Goldstone boson, Aﬁ{ is
the vector Goldstone boson with (unphysical) polarization
&, and 1" is the KK graviton with (unphysical) polari-
zation &,

el A=+ e 1=42
=" =4 .(62
={s e 7= ©)

&’ else

Similarly, the scattering amplitude of two KK gravitons
into a pair of KK gravitons is given by

Ay

- 3 () (1160)

Fi=p.Ah Ni=1
x M f("l)j:("z) _7-“("3>f(”4) 63
[ WY 20, 7 Y30, 4,/14]- (63)

Again, we emphasize that the analyses leading to Egs. (60)
and (63) hold for any background geometry, as long as the
’t Hooft-Feynman in Eq. (8) exists and Eqgs. (33) and (36)
are true. However the details of the model can effect the
couplings of the Goldstone bosons and therefore the
Goldstone boson matrix elements themselves.

Next, we illustrate the numerical efficacy of using ’t-
Hooft-Feynman gauge and the Ward identities for these two
amplitudes in RS1 where, due to the absence of the discrete
momentum conservation present in toroidal models, the
exact tree-level scattering amplitudes require summing
over an infinite number of intermediate KK states. We
set the numerical accuracy of our computation to be high
(50 significant figures), to isolate and expose the issues
arising from truncation error. The RS1 geometry is speci-
fied by the AdS curvature k and “compactification radius”
r., where kzr, =log(z,/z;), and the mode functions and
overlap integrals depend only on the combination kr,.

Following [23], we define the error due to truncating the
sum over intermediate states at level N by

MM (kre,s)

— -1
M(kr,, s)

Ajune(N, ke, 5) :‘ , (64)

where MM is the scattering amplitude that only includes
up to N modes for intermediate KK states, and M is the
exact scattering amplitude which we approximate using
M =~ MU computed via Eq. (60) or Eq. (63) in this work.
In general, the scattering amplitudes could have different
angular dependence at different truncation N and different
energies. To be representative, we average the scattering
amplitudes over different values of the polar angle 6,

M = i/\/l(ezjﬂ/lo). (65)

O —

Note that we have excluded the forward and backward
region, § < z/10and 6 > 97z/10, to avoid potential infrared
divergences in the presence of massless intermediate par-
ticles in the # and u channels.

B. Results

We are now ready to discuss the results of our compu-
tations. Figures 5 and 6 display the relationship between

>While such average is a reasonable approach to estimate the
errors on the cross section, it does not guarantee the accuracy of
the angular distribution.
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The truncation error as a function of the number of included intermediate-state KK modes N o for the scattering of a pair of

level-1 KK scalars in to a pair of longitudinal level-1 KK graviton S1)S(1) — h(Ll)h(LU. Outcomes are shown for benchmark models with
different warping, kr. = 0.1 (left column) and kr, = 10 (right column), analyzed at two different scattering energies, /s = 10m,
(upper panels) and /s = 100m; (lower panels). The results are computed via three methods: using our robust method involving
"t-Hooft-Feynman gauge and the Ward identities as in Eq. (60) (red), doing the calculation in unitary gauge (blue), and using the
Goldstone boson equivalence theorem to O(s) as in Eq. (54) (green). Smaller truncation error implies a more reliable result for the
scattering amplitude; lower N, .5 implies a less resource-intensive computation. See text for a detailed discussion.

truncation error and the number of included intermediate
KK modes, while Fig. 7 illustrates the interplay between
the number of intermediate states and the scattering energy
in achieving a given level of computational precision.
Figure 5 shows the truncation error as a function of the
number of included KK modes N .o for the scattering of
a pair of level-1 KK scalars into a pair of longitudinal level-
1 KK gravitons SUSW = nY2Y We have chosen
two different benchmark models with different warping,
kr. =0.1 (left column) and kr.= 10 (right column),
analyzed at two different scattering energies, /s = 10m,

(upper panels) and /s = 100m; (lower panels). For
simplicity, we have set the Lagrangian mass of the bulk
scalar to be Mg =0, such that the KK scalars and the
gravitons have the same masses, mg, = m,. The red lines
are computed using the robust method from this paper
involving "t-Hooft-Feynman gauge and the Ward identities,
Eq. (60). This method clearly converges much faster as
Nyt off Increases than computation in unitary gauge (blue
lines), and the benefit is more pronounced for higher
scattering energies (lower panels). For purposes of com-
parison, we also show (green lines) the results obtained
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FIG. 6. The truncation error as a function of the number of included intermediate-state KK modes N . for the elastic scattering of a

pair of longitudinal level-1 KK gravitons h<Ll)h(Ll) - h<Ll)h(Ll)

text for a detailed discussion.

when using the Goldstone boson equivalence theorem in
Eq. (54); this involves keeping only the O(s) contribution,
so the resulting accuracy is no better than m? /s regardless
of how many KK modes included.

Figure 6 displays the truncation errors for the elastic
scattering of a pair of level-1 KK gravitons h( )h(

hgl)h(L ), which exhibit similar behaviors.

We note that, while the truncation error does converge
as fast as the overlap integrals when one uses "t-Hooft-
Feynman gauge and the Ward identities, different overlap
integrals may converge at different rates. Such variance in
convergence can lead to cases at intermediate scattering

. The panel layout and curve labeling scheme are the same as in Fig. 5. See

energies (upper panels) and small truncation error values
(i.e., large enough N ,..f) Where the unitary gauge
computation yields a truncation error equal to or smaller
than the result of our robust method. For example, as
shown in upper right panel in Fig. 6, the unitary gauge
result (blue) and the ’t-Hooft-Feynman gauge result (red)
intersect at N ,.ofr ~ 0, and the unitary gauge computation
errors drop faster after that point when including more
intermediate states. One should notice, however, that the
errors in both cases are already less than 0.1%. In this
case, the truncation errors are expected to have the scaling
behaviors of
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FIG. 7. The minimum number of intermediate KK modes one must include to achieve an accuracy of A, = 1% (solid lines) or

Agune = 0.1% (dashed lines), as a function of the ratio of the scattering energy over the mass. Upper panels are for S(V§(1) — h<Ll>h(Ll);

lower panels are for h(Ll)h(Ll) - h(Ll)h(1>

1 - Outcomes are shown for benchmark models with different warping, kr. = 0.1 (left column) and

kr. = 10 (right column) The curve labeling color scheme is the same as in Fig. 5. See text for a detailed discussion.

Ajyne

max <f<11>f£1>f§Ncut—ﬂff)>2’

fi€{f.g.k}

We find that numerically some of the overlap integrals
in the ’t-Hooft-Feynman gauge computation, for
example (k&) fWNewor))  converge more slowly than
(fV f) fNeworr)) (the only overlap needed in unitary

4
<f<])f<])f(Ncul—ol'l')>2 X (i) , unitary gauge,

2
my

(66)
"t-Hooft-Feynman gauge.

|
gauge) as N, increases. Therefore, for small enough
truncation errors, such difference in convergence could
overcome the amplification factor s*/ mif in the unitary
gauge computation, which causes the intersection of the
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blue and red lines in Fig. 6 at N, ¢ ~ 6 at intermediate
energies.

As the scattering energy increases, however, the unitary
gauge calculation always requires more intermediate states
to reach an accurate result. Figure 7 shows the minimum
number of intermediate KK modes one has to include to
achieve the accuracy of Ay, = 1% (solid lines) or
Agune = 0.1% (dashed lines), as a function of the ratio
of the scattering energy over the mass. The upper panels are

plotted for the scattering of SMSM — AVAY | and the
lower panels are plotted for the scattering of
AR 5 MR with kr, = 0.1 (left column) and kr, =
10 (right panels). As shown by the red lines computed
using our robust method [Eqs. (60) and (63)], the number of
included intermediate KK modes required to achieve a
given accuracy stays constant at higher energies. On the
contrary, if one employs unitary gauge (blue lines), the
number of intermediate KK modes that must be included to
achieve a given accuracy grows dramatically with a power
law behavior as the energy increases, due to the bad high-
energy behavior of the truncated unitary-gauge amplitudes.
The red and blue lines are comparable only at lower
energies where the residual contribution of the O(s?),
for ¢ > 1, caused by the truncation, are less important. For
comparison, we also show the Goldstone boson equiva-
lence theorem results in green; note that this method can
reach 1% accuracy only at very high energies /s = 20m;,
so the solid green lines do not extend to lower energies in
these plots and a dashed green line appears only at high
energy for large kr..

VI. CONCLUSIONS

In this work, extending results by Hang and He, we have
showed how the residual five-dimensional diffeomorphism
symmetries of compactified gravitational theories with a
warped extra dimension imply equivalence theorems which
ensure that the scattering amplitudes of helicity-0 and
helicity-1 spin-2 Kaluza-Klein states equal (to leading order
in scattering energy) those of the corresponding Goldstone
bosons present in the 't-Hooft-Feynman gauge. We explic-
itly calculated these amplitudes in terms of the Goldstone
bosons in the Randall-Sundrum model and checked the
correspondence to previous unitary-gauge computations.
We also introduced a novel and robust method for accu-
rately computing amplitudes for scattering of the spin-2
states both among themselves and with matter—and dem-
onstrated that this method outperforms unitary gauge
calculations especially at higher scattering energies.

It is interesting to consider how these results generalize
to other background geometries. As we mention in Sec. III,
since such gauge fixing conditions have the exactly same
form in toroidal compactification [18,19], RS1 [15,16], or
GW models [17], the Ward identities themselves will be of
the same form in all cases regardless of the background

geometry. The fact that the scattering amplitudes of the
helicity-0 and helicity-1 states can be written in the form of
Egs. (33) and (36), and that the scattering amplitudes of the
helicity-0 and helicity-1 states of the KK-gravitons equal
those of the corresponding Goldstone bosons in ’t-Hooft-
Feynman gauge is also true in all of these cases. Therefore
the power-counting arguments given, showing that two-to-
two helicity-0 spin-2 scattering processes cannot grow any
faster than O(s), are also generally true.

However, to use the equivalence theorem to compute
scattering amplitudes one needs to be able to explicitly
compute the corresponding ’t-Hooft-Feynman gauge
Goldstone boson couplings. In general, this depends on
the details of the model in at least two ways. First, the
mode-functions of the KK states (the analogs of ") (z),
g™ (z), and k" (z) in RS1) will be different in different
background geometries and must be computed. Second,
as in the case of the Goldberger-Wise model [17,28,29],
the scalar Goldstone bosons may be linear combinations
of gravitational and bulk scalar fields, and their inter-
actions will therefore also be dependent on the bulk scalar
potential.6

Finally, we note that since the analyses presented here
rely on the residual background 5D diffoemorphism
symmetries of the theory, it should be possible to extend
these results to consider processes beyond the tree-level
analyses given here.
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APPENDIX A: NOTATION
The 5D Lagrangian of the RS1 model is given by

®This is analogous to using the equivalence theorem for
longitudinal W-boson scattering in the Higgs-doublet standard
model: the Goldstone boson scattering amplitudes include Higgs-
exchange contributions, and are not determined by the gauge
theory alone.
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where Lpy and Lcc are the usual Einstein-Hilbert and
cosmological constant terms respectively. The AL term is
a total derivative term required for a well defined
variational principle for the action. Lgr is gauge fixing
term and £, is the Lagrangian of the matter fields.” The
RSI line element in conformal coordinates (x,,z) is
written as,

ds* = A0, dx"dx” — dz?), (A2)
|

e 0IV8(y, + ichy, (x, 7))

GMN = 62A<Z)

where the background 4D Minkowski metric 7, =
diag(+1,—1,—1,—1) is used to raise and lower indices,
and z lies in the interval z; = 1/k <z < z, = k"¢ /i,
where k is the AdS curvature and r. is the RSI
“compactification radius,” a measure of the size of the
internal dimension.® The warp factor A(z) is given by,
A(z) = —In(kz), (A3)

The metric, including fluctuations, can then be written as,

(A4)

B54,(x.2)
The metric fluctuations 4, (x, z) define the spin-2 fluctuations in 4D, while A, (x, z) and ¢(x, z) are the spin-1 and spin-0

fluctuations respectively. Here we have followed the notation in Refs. [15-17] and we refer the reader there for details.

APPENDIX B: FEYNMAN RULES

The relevant Feynman rules that are used in Sec. IV are given below,

S(n2)

’
P1 //
S ¥ P2 K

—
ny) n n ne v v v
hiit) AR 5 (ff D f) £ (phpl + pypl — 1 p2 - ps) + O ((0:)°) (B1)
p;\\\
S('Ilg)
(tg(n2>
D 'I, iR n n n L v TS L, v
1013) AR A2 = oy (FURUR) [4ppy — 12phpy — 12pkp; (B2)
nz . ,
‘\ =" (2pF + 6p5 + 6p3)] + O ((p:)°)
P3 N
(p(na)
99(77,2)
P ,"
(m1) > AP WK (1) 1 (n2) L(n3)y (2 4 12 4 o2 0 B
pln) -mmmm < = *%Uf k2 Em)) (pf 4+ p3 4+ p3) + O ((02)°), (B3)
p&\\\
()O(ng,)

"The mathematical expressions for each of these terms are provided in [23] and in conformal coordinates in [17].
The dimensionless ratio kr. is a convenient measure of how “warped” the internal space is and determines the mode functions and

overlap integrals needed to compute scattering amplitudes.
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APPENDIX C: SYMMETRY ALGEBRA OF THE
RESIDUAL RS1 5D DIFFEOMORPHISMS

Following the exposition of Duff and Dolan in Ref. [33],
we can explicitly identify the residual discrete 5D
diffeomorphism symmetries that are preserved in our
compactified warped model. The infinitesimal coordinate
transformation parameter ¥ (6x* = & and 6z = &) can be
expanded,

Zf (2)&(x
= 9" ()& (%)

(C1)

(€2)

where the functions f(z) and ¢"(z) are precisely
the eigenfunctions that appear in the expansions of the
KK tensor and vector modes in Eqgs. (1) and (2). Note that
the functions g (z) start with n = 1 and are chosen to
vanish at the boundaries (¥ (z;,) = 0) of RSI so that the
coordinate transformations do not change the location of
the branes.

As emphasized in [33], ordinary SD general coordinate
transformations in flat space can be regarded as the local
gauge transformations that correspond to the corresponding
global Poincaré algebra,

5’;; =a, + wnﬂuxyv (C3)

n = Cn. (C4)

E(n1) g ( 'ng)f(TLS f n4)> (ps '174) +0 ((pi)O)’

2
% <k(n1)k(n2)k("3)k(”4)> (Z]ﬁ) +0 ((pz)O) _

(B4)

4

(BS)

i=1

Therefore, the generators corresponding to the residual
transformations in Egs. (C1) and (C2) are

Pl = fmor, (C5)
MY = f0)(xY ot — xH oY), (C6)
0, = g"o, (C7)

These generators define the following infinite parameter
Lie algebra

[Ph. Pl = 0. (C8)
My Pg] = (f Y7 Py —n*°P[),  (C9)
]
M’,;", MPU _ Z nﬂp Mm + o Mﬂ/’
—anM';P — M), (c10)

(C11)
+m,,,;mn(<f<m>g<n>g<z>>-<g(m>f e
(00 Ph) = 3 malg™ g™ f P, (C13)
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[Q,, Miy] = M. (Cl4)

Zm

In the last expressions, which require evaluating derivatives
of the mode functions, we use the SUSY structure of the
mode eigenequations [15—17]. Note that the masses of the
eigenmodes m,, and the overlap integrals defined by Eq. (55)
appear in the structure-constants of this algebra. As in the
case of toroidal compactification [33], the symmetries with
n > 1 are spontaneously broken giving rise to the (space-

time) Goldstone bosons A,(,”) and (") which are “eaten” by

the corresponding spin-2 modes. h,(l(,l) is the massless 4D

graviton, and there is no broken symmetry corresponding to
the radion, ¢(©). The radion can be given a mass via the
Goldberger-Wise mechanism [28,29] while still respecting a
residual 5D diffeomorphism invariance [17].

In the case of toroidal compactification, where the
internal wave functions are simple trigonometric functions
and which has a discrete momentum conservation corre-
sponding to discrete global translations in the extra dimen-
sion, the above algebra reduces to the Kac-Moody algebra
in Ref. [33].
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