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ABSTRACT 

 
This paper introduces a new paradigm that integrates the concepts of particle abrasion and 

breakage. Both processes can co-occur under loading as soil particles are subjected to friction as 
well as collisions between particles. Therefore, the significance of this integrating paradigm lies 
in its ability to address both abrasion and breakage in a single framework. The new paradigm is 
mapped out in a framework called the particle geometry space. The x-axis corresponds to the 
surface-area-to-volume ratio (A/V), while the y-axis represents volume (V). This space facilitates 
a holistic characterization of the four-particle geometry features, that is, shape (β) and size (D) as 
well as surface area (A) and volume (V). Three distinct paths (abrasion, breakage, and equally 
occurring abrasion and breakage processes), three limit lines (breakage line, sphere line, and 
average shape-conserving line), and five different zones are defined in the particle geometry 
space. Consequently, this approach enables us to systematically relate the extent of co-occurring 
abrasion and breakage to the particle geometry evolution. 
 
INTRODUCTION 
 

Comminution is an important phenomenon in the geology and geotechnical engineering as it 
greatly influences the macroscopic properties and behavior of geological and granular materials. 
(Davies and McSaveney 2009; Dufresne and Dunning 2017; Latham et al. 2006; Shen et al. 
2022). Abrasion and breakage are the two primary mechanisms involved in the comminution 
process. Soil particles experience both friction and collision when subjected to loading, and 
therefore abrasion and breakage have been observed to co-occur (Bowman et al. 2001; Jin et al. 
2022; Qian et al. 2014; Xiao et al. 2022). However, most comminution studies have narrowly 
focused on either abrasion or breakage (Altuhafi and Coop 2011; Cil and Alshibli 2014; Deiros 
Quintanilla et al. 2017; Domokos et al. 2009; Einav 2007; Hardin 1985; Harmon et al. 2020; 
Miller et al. 2014; Sipos et al. 2021; Wang and Arson 2016; Zhang et al. 2015; Zheng et al. 
2019) without considering these processes in a broader framework. Therefore, the breakage 
studies have reported inconsistent results, which can be attributed to the unaccounted effects of 

Geo-Congress 2024 GSP 348 272

© ASCE

 Geo-Congress 2024 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

Pr
iy

a 
Tr

ip
at

hi
 o

n 
02

/2
4/

24
. C

op
yr

ig
ht

 A
SC

E.
 F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

rig
ht

s r
es

er
ve

d.



abrasion. For example, Altuhafi and Coop (2011) found that uniaxial compression tests on sand 
led to an increase of particle angularity. In contrast, Peng et al. (2021) reported a decrease in the 
shape angularity after particle breakage. Seo and Buscarnera (2022), on the other hand, found 
“strong correlation between the shape of parent and child particles”. It is worth noting that the 
shape similarity between parent and child particles depends on the parent particles’ prior 
comminution history. For instance, abraded parent particles, thus round shapes, would yield 
relatively more angular child particles, while freshly crushed parents and their child particles 
may have relatively similar angularities. Hence, without knowing the history, a simple before-
and-after shape comparison may have a limited significance. 

The objective of this study is to provide a new paradigm that can integrate the concepts of 
abrasion and breakage. The integrating paradigm is set within the particle geometry space. This 
space enables us to comprehensively present the four particle geometry features, i.e., shape (β) and 
size (D), surface area (A) and volume (V) within a single framework. This approach will therefore 
facilitate a holistic understanding of particle geometry evolution caused by comminution. 

METHODOLOGY 

Particle Geometry Space 

Lee and colleagues proposed a logarithmic space where the x-axis corresponds to particle 
surface-area-to-volume ratio (A/V), and the y-axis represents particle volume (V) – (Lee et al. 
2021, 2022; Su et al. 2020; Tripathi et al. 2023). Hereafter, this space is termed particle 
geometry space. The advantage of using the particle geometry space is the four particle geometry 
features, i.e., shape (β), size (D), surface area (A) and volume (V), can be holistically presented. 
The particle shape index β is defined as A3/V2 in this space which satisfies Eq. (1). The equation 
can be log-transformed to Eq. (2). Given that x- and y-axes of the logarithmic particle geometry 
space represent A/V and V respectively, the β corresponds to the intercept at A/V = 1. If data 
points representing identical shapes but with varying sizes are plotted in the space, the resulting 
regression line will exhibit a slope of -3 (e.g., yellow data points as in Figure 1a). The individual 
particle’s shape angularity is presented by β1, β2, and β3, and in this case β1=β2=β3. The value of 
β cannot be smaller than 36π (=113.09) which represents a sphere and gets higher for a more 
angular shape. For example, β is 216 for cube and 374.12 for tetrahedron. It is worth noting that 
the shape index β is equivalent to the inverse of Wadell’s true sphericity S as shown in Eq. (3). 
The size D can be estimated as the diameter of a sphere having the same volume V as the particle 
as in Eq. (4). Therefore, as in Figure 1, another vertical axis can be adopted to represent D. 

 
V = (A/V)-3 × β                                                             (1) 

 
log(V) = -3 × log(A/V) + log(β)                                                 (2) 

 
(β / 36π)1/3 = ((A3 / V2) / 36π)1/3 = A / As = 1 / S                                   (3) 

 
D = (6V / π)1/3                                                             (4) 

 
Average shape angularity β*: The shape angularity of an ‘individual particle’ could be 

determined using β. The ‘average’ shape angularity can be similarly determined for a ‘group of 
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under ax.1 & 3, turns {PO} into {PB}. It is worth noting that the number of data points will 
change as {PO}→{PB}, producing ‘child’ particles, unlike {PO}→{PA} without major 
fragmentations. The β*O, β*A, and β*B represent the average angularity of {PO}, {PA}, and {PB}, 
respectively, with β*A < β*O < β*B indicating the angularity decrease or increase caused by the 
comminution. In a ‘special’ comminution process where abrasion and breakage occur equally, 
the initial shape angularity β*O would be conserved. Then, the resulting particle set {PC} will be 
on a line with slope of -3 from {PO}. The β* is determined at the A/V = 1 intercept on this line 
with slope of -3, making it the only possible path for β*O = β*C. The line with slope of -3 is 
termed the average shape-conserving line. 

Breakage of initially abraded particles: If {PO} has already experienced significant abrasion, 
breakage will cause a more dramatic shape change. The resulting particles, {PD}, will appear far-
right of {PO}, as shown in Figure 2b, with much higher β* values than β*O. 
 
Change in the power regression’s slope α during comminution  
 

Abrasion: The regression line with initially |α| < 3 gradually converges towards |α| = 3, as 
angular particles typically undergo abrasion faster than round particles (Janoo 1998; Krumbein 
1941), making all shapes more similar to one another. In an extreme abrasion, the data points 
cluster near the sphere line (|α| = 3 and β* = 36π). Figure 2c illustrates the concept. The RO and 
RA represent the regression lines corresponding to {PO} and {PA}, respectively. The RO starts 
with |α| < 3, and the slope gets steeper with abrasion, thus RA is closer to |α| = 3.  

Breakage: The child (broken) particles inherit parents’ traits, yielding the identical regression 
line. See Figure 2c. RB is the regression line that corresponds to {PB}, realizing RB = RO. The set 
{PB(k)} denotes the resulting particles after k-th continuous breakage. Further breakage maintains 
the line such that RB(k) = RO due to the inherited trait. In this study, this line is termed the 
breakage line.  

Equally-occurring abrasion and breakage: While {PO}→{PC} occurs along a line with slope 
of -3 (keeping β* constant), the slope |α| of RC (regression line corresponding to {PC}) becomes 
steeper than the slope |α| of RO due to the effect of abrasion making all shapes similar to one 
another. 

Geometric origin of comminution: The point O, where the breakage line and sphere line 
intersect, is termed the geometric origin of comminution. It serves as the key reference for the 
slope |α| during comminution processes, with the regression lines pivoting around it. 

Breakage of initially abraded particles: If {PO} has experienced significant abrasion in the 
prior history, the slope |α| of RO will be already high. It will be close to 3, if {PO} was extremely 
abraded. Upon breakage, a new breakage line RD will emerge, and the slope will exhibit what 
could have been obtained from the freshly crushed parent particles prior to undergoing abrasion. 

Five zones in the A/V and V space. With consideration of three distinct paths (abrasion, 
breakage, and equally-occurring abrasion and breakage processes) and three limits (sphere line, 
breakage line, and average shape-conserving line) as in Figure 2d, five zones can be defined as in 
Figure 2e: (1) Zone A on the left of the average shape-conserving line informs more abrasion 
because the data points in this zone realize a lower β* than β*O; (2) Zone B1 is located on the 
right side of the average shape-conserving line and informs more breakage. The data points in 
this zone realize higher β* values than β*O; (3) Zone B2 is on the right side of the initial 
regression line RO. If the particles data show up in this zone after breakage, it informs the parent 
particles have undergone some significant abrasion prior to breakage; (4) Zone I1 is underneath 
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the sphere line. This is an ‘impossible zone’ where data cannot exist because there is no rounder 
shape than a sphere; (5) Zone I2 is located above {PO}. This is another impossible zone because 
particles do not get larger after comminution.  

Ultimate shape angularity. The shape angularity in extreme comminution will be 
determined at the ultimate grading, where no further changes in particle size distribution are 
expected (Altuhafi and Coop 2011; Einav 2007). In Figure 2f, the particle sets after the ultimate 
grading are labeled as {PA(ult)}, {PB(ult)}, and {PC(ult)} resulting from extreme abrasion, breakage, 
and an equally-occurring abrasion and breakage process, respectively. The data points sit at the 
lowest possible V from the ultimate grading, with the average angularities evaluated as β*A(ult) < 
β*C(ult) (= β*O) < β*B(ult). In an extreme abrasion, {PA(ult)} becomes spherical, aligning data points 
on the sphere line. 
 
EXPERIMENTAL VALIDATION 
 

Comminution data obtained from experiments are mapped onto the particle geometry space 
to demonstrate the paths {PO}→{PA} and {PO}→{PB}. The abrasion test data reported by 
Paixão and Fortunato (2021) are utilized for {PO}→{PA}. A series of drop hammer test is 
conducted for {PO}→{PB} to induce breakage without abrasion.  
 
Abrasion 
 

Paixão and Fortunato (2021) conducted micro-Deval abrasion tests on 30 granite particles, 
and 3D scanned those particles at 0, 2000, and 14000 revolutions. Figure 3 plots this geometry 
data, initially showing |α| at 1.8 (< 3), which suggests smaller particles are more angular. After 
14000 revolutions, |α| increases to 1.92 due to more abrasion on angular particles, resulting in 
shapes relatively uniform than the initial condition at 0 revolution. The data points shift lower 
left, decreasing β* value from 260.98 to 226.72, and approaching the sphere line with β* = 36π. 
This data demonstrates the {PO}→{PA} path. 
 
Breakage 
 

A sample of 10 particles collected from a batch of crushed granite particles is used for this 
study. The batch was obtained from a quarry located in Richmond, Virginia. Figure 4 shows the 
10 Virginia granite (VG) particles. A drop hammer test is conducted on each particle to induce 
breakage without abrasion, dropping a 5.5 lbs. Proctor hammer from 2.5 inches high. Broken 
particles larger than #10 sieve size (2 mm) are sifted and shown in Figure 4. The loss of finer 
particles is about 12%. A Polyga C504 3D scanner is used to capture the geometry before and 
after the test, from which particle surface area (A) and volume (V) are obtained. Figure 5 plots 
the geometry changes. The child particles inherit the phenotypic trait of the parent particles, thus 
both data sets share the same regression line (Figure 5a), while the average angularity β* increases 
from 285.90 to 389.11 (Figure 5b). This experiment demonstrates the {PO}→{PB} path. 

CONCLUDING REMARKS 
 

This study presents a new paradigm for understanding the particle geometry evolution due to 
abrasion and breakage. The particle geometry space is used to integrate the concepts of abrasion 
and breakage. This approach allows for mapping the geometry evolution within a single 
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framework, effectively capturing the changes of shape (β), size (D), surface area (A), and volume 
(V). Three distinct paths, three limit lines, and five in-between zones are defined in the space to 
systematically map the particle geometry evolution resulting from both abrasion and breakage. 
The proposed approach will be able to serve as a new conceptual foundation, enabling a 
comprehensive and coherent understanding of the complex comminution processes. 

 

 
 

Figure 3. Particle geometry evolution by abrasion: (a) The power regression’s slope |α| 
increases; (b) The intercept β* decreases, suggesting the data points approaching the 

sphere line. 
 

 
 

Figure 4. Virginia granite (VG) Particles before and after breakage 
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Figure 5. Particle geometry evolution by breakage: (a) The child particles inherit the 
phenotypic trait of parent particles, sharing the same regression line; (b) The intercept β* 

increases. 
 
DATA AVAILABILITY 
 

The dataset of digital particles generated from this study is available in the NSF DesignSafe-
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dataset. 

ACKNOWLEDGEMENTS 

This work is partly sponsored by the US National Science Foundation (NSF) under the 
awards CMMI #1938431 and #1938285. The support is greatly appreciated. The authors extend 
their appreciation to Dr. Eric Koehler in Titan America LLC for providing the Virginia granite 
particles used in the breakage study. 
 
REFERENCES 
 
Altuhafi, F., and B. A. Baudet. 2011. “A hypothesis on the relative roles of crushing and 

abrasion in the mechanical genesis of a glacial sediment.” Eng. Geol., 120 (1–4): 1–9. 
Altuhafi, F. N., and M. R. Coop. 2011. “Changes to particle characteristics associated with the 

compression of sands.” Géotechnique, 61 (6): 459–471. 
Bowman, E. T., K. Soga, and W. Drummond. 2001. “Particle shape characterisation using 

Fourier descriptor analysis.” Géotechnique, 51 (6): 545–554. 
Cil, M. B., and K. A. Alshibli. 2014. “3D evolution of sand fracture under 1D compression.” 

Geotechnique, 64 (5): 351–364. 
Davies, T. R., and M. J. McSaveney. 2009. “The role of rock fragmentation in the motion of 

large landslides.” Eng. Geol., 109 (1–2): 67–79. 

Geo-Congress 2024 GSP 348 279

© ASCE

 Geo-Congress 2024 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

Pr
iy

a 
Tr

ip
at

hi
 o

n 
02

/2
4/

24
. C

op
yr

ig
ht

 A
SC

E.
 F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

rig
ht

s r
es

er
ve

d.



Deiros Quintanilla, I., G. Combe, F. Emeriault, J.-B. Toni, C. Voivret, and J. F. Ferellec. 2017. 
“Wear of sharp aggregates in a rotating drum.” EPJ Web Conf., (F. Radjai, S. Nezamabadi, 
S. Luding, and J. Y. Delenne, eds.), 140: 07009. 

Domokos, G., A. Á. Sipos, and P. L. Várkonyi. 2009. “Countinuous and discrete models for 
abrasion processes.” Period. Polytech. Archit., 40 (1): 3. 

Dufresne, A., and S. A. Dunning. 2017. “Process dependence of grain size distributions in rock 
avalanche deposits.” Landslides, 14 (5): 1555–1563. 

Einav, I. 2007. “Breakage mechanics—Part I: Theory.” J. Mech. Phys. Solids, 55 (6): 1274–
1297. 

Hardin, B. O. 1985. “Crushing of Soil Particles.” J. Geotech. Eng., 111 (10): 1177–1192. 
Harmon, J. M., D. Arthur, and J. E. Andrade. 2020. “Level set splitting in DEM for modeling 

breakage mechanics.” Comput. Methods Appl. Mech. Eng., 365: 112961. 
Janoo, V. C. 1998. Quantification of Shape, Angularity, and Surface Texture of Base Course 

Materials. Hanover, New Hampshire. 
Jin, K., A. Xing, W. Chang, J. He, G. Gao, M. Bilal, Y. Zhang, and Y. Zhuang. 2022. “Inferring 

Dynamic Fragmentation Through the Particle Size and Shape Distribution of a Rock 
Avalanche.” J. Geophys. Res. Earth Surf., 127 (11). 

Krumbein, W. C. 1941. “The Effects of Abrasion on the Size, Shape and Roundness of Rock 
Fragments.” J. Geol., 49 (5): 482–520. 

Latham, J.-P., J. Van Meulen, and S. Dupray. 2006. “Prediction of fragmentation and yield 
curves with reference to armourstone production.” Eng. Geol., 87 (1–2): 60–74. 

Lee, S. J., M. Shin, C. H. Lee, and P. Tripathi. 2022. “Phenotypic trait of particle geometries.” 
Granul. Matter, 24 (3): 79. 

Lee, S., C. Lee, M. Shin, and P. Tripathi. 2021. “The ‘Signature’ of Particle Geometry - DEM 
Modelling Perspective.” 7th Ed. Int. Conf. Part. Methods, 7. Hamburg, Germany: CIMNE. 

Miller, K. L., T. Szabó, D. J. Jerolmack, and G. Domokos. 2014. “Quantifying the significance 
of abrasion and selective transport for downstream fluvial grain size evolution.” J. Geophys. 
Res. Earth Surf., 119 (11): 2412–2429. 

Paixão, A., and E. Fortunato. 2021. “Abrasion evolution of steel furnace slag aggregate for 
railway ballast: 3D morphology analysis of scanned particles by close-range 
photogrammetry.” Constr. Build. Mater., 267: 121225. 

Peng, Y., H. Liu, C. Li, X. Ding, X. Deng, and C. Wang. 2021. “The detailed particle breakage 
around the pile in coral sand.” Acta Geotech., 16 (6): 1971–1981. 

Qian, Y., H. Boler, M. Moaveni, E. Tutumluer, Y. M. A. Hashash, and J. Ghaboussi. 2014. 
“Characterizing Ballast Degradation through Los Angeles Abrasion Test and Image 
Analysis.” Transp. Res. Rec. J. Transp. Res. Board, 2448 (1): 142–151. 

Seo, D., and G. Buscarnera. 2022. “Sequential shape heritability during confined comminution.” 
Mech. Res. Commun., 124: 103945. 

Shen, C., S. Liu, L. Wang, J. Yu, H. Wei, and P. Wu. 2022. “Packing, compressibility, and 
crushability of rockfill materials with polydisperse particle size distributions and implications 
for dam engineering.” Water Sci. Eng., 15 (4): 358–366. 

Sipos, A. A., G. Domokos, and J. Török. 2021. “Particle size dynamics in abrading pebble 
populations.” Earth Surf. Dyn., 9 (2): 235–251. 

Su, Y. F., S. Bhattacharya, S. J. Lee, C. H. Lee, and M. Shin. 2020. “A new interpretation of 
three-dimensional particle geometry: M-A-V-L.” Transp. Geotech., 23: 100328. 

Geo-Congress 2024 GSP 348 280

© ASCE

 Geo-Congress 2024 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

Pr
iy

a 
Tr

ip
at

hi
 o

n 
02

/2
4/

24
. C

op
yr

ig
ht

 A
SC

E.
 F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

rig
ht

s r
es

er
ve

d.



Tripathi, P., S. J. Lee, M. Shin, and C. H. Lee. 2023. “Replication Data: 3D Geometry 
Characterization of Florida and Virginia Mineral Particles.” US Natl. Sci. Found. Des. 

Wang, P., and C. Arson. 2016. “Discrete element modeling of shielding and size effects during 
single particle crushing.” Comput. Geotech., 78: 227–236. 

Xiao, Y., Y. Sun, W. Zhou, J. Shi, and C. S. Desai. 2022. “Evolution of Particle Shape Produced 
by Sand Breakage.” Int. J. Geomech., 22 (4). 

Zhang, S., C.-X. Tong, X. Li, and D. Sheng. 2015. “A new method for studying the evolution of 
particle breakage.” Géotechnique, 65 (11): 911–922. 

Zheng, W., X. Hu, D. D. Tannant, K. Zhang, and C. Xu. 2019. “Characterization of two- and 
three-dimensional morphological properties of fragmented sand grains.” Eng. Geol., 263: 
105358. 

 
 
 

Geo-Congress 2024 GSP 348 281

© ASCE

 Geo-Congress 2024 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

Pr
iy

a 
Tr

ip
at

hi
 o

n 
02

/2
4/

24
. C

op
yr

ig
ht

 A
SC

E.
 F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

rig
ht

s r
es

er
ve

d.


