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Ancestral sequence reconstruction is a key task in computational biol-
ogy. It consists in inferring a molecular sequence at an ancestral species of
a known phylogeny, given descendant sequences at the tip of the tree. In ad-
dition to its many biological applications, it has played a key role in eluci-
dating the statistical performance of phylogeny estimation methods. Here we
establish a formal connection to another important bioinformatics problem,
multiple sequence alignment, where one attempts to best align a collection of
molecular sequences under some mismatch penalty score by inserting gaps.
Our result is counter-intuitive: we show that perfect pairwise sequence align-
ment with high probability is possible in principle at arbitrary large evolu-
tionary distances—provided the phylogeny is known and dense enough. We
use techniques from ancestral sequence reconstruction in the taxon-rich set-
ting together with the probabilistic analysis of sequence evolution models
involving insertions and deletions.

1. Introduction. Ancestral sequence reconstruction (ASR) is a key task in computa-
tional evolutionary biology [24]. It consists in inferring a molecular sequence at an ancestral
species of a known phylogeny, given descendant sequences at the tip of the tree. Numerous
approaches are available for this task. Some are based on statistical models of sequence evo-
lution on a tree, while others rely on combinatorial optimization formulations [37, 41]. In
addition to its many biological applications, ASR has played a key role in elucidating the
statistical performance of phylogeny estimation methods [29, 30, 33, 34]. Here we establish
a formal connection to sequence alignment.

Rigorous analyses of the accuracy of ASR methods have been performed mainly in two
asymptotic settings. In phylogenies of arbitrarily large depth, an achievable goal is to infer a
sequence that is correlated site-by-site with the true ancestral sequence [11, 22, 27, 38]. In
the taxon-rich setting, on the other hand, where the depth of the phylogeny is bounded as the
number of taxa increases, consistent estimators are known to exist [17, 35]. That is, under
conditions on the branching of the phylogeny around its root, the correct inference of a single
site in the ancestral sequence can be guaranteed as the number of leaves goes to infinity.

Most theoretical results in this area are derived under models of sequence evolution by
single site substitutions. More complex models allowing for site insertions and deletions (in-
dels) have also been considered [2, 12, 16]. The star case, also known as trace reconstruction,
has been the subject of much recent interest [3, 5-7, 9, 10, 20, 21, 31]. See also [1, 8, 13,
26, 39] for rigorous analyses of indel models in other contexts, for example, distance-based
phylogeny reconstruction.

Indel models are closely related to another important bioinformatics problem, multiple
sequence alignment (MSA), in which one attempts to best align a collection of molecular
sequences under some mismatch penalty score by inserting gaps. In practice, MSA is a hard
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problem, especially at large evolutionary distances [4, 36]. While statistical approaches based
on indel models have also been developed [25], commonly used approaches involve progres-
sively aligning the given sequences up a guide tree, in what is reminiscent of ASR proce-
dures [32]. In fact, many trace reconstruction and ASR methods under indels involve partial
local alignments of sequences.

In this paper, we combine insights from ASR in the taxon-rich setting together with the
probabilistic analysis of indel models to prove the first (as far as we know) rigorous guarantee
for sequence alignment under an indel model on a phylogenetic tree. Our result is somewhat
counter-intuitive: we show that perfect pairwise sequence alignment with high probability is
in principle possible at arbitrary large evolutionary distances—provided the phylogeny is
known and dense enough. While such a condition may not be satisfied in real datasets, our
analysis is a step towards a better theoretical understanding of MSA and its connections to
ASR.

In a nutshell, we take advantage of the density of the phylogeny to estimate ancestral se-
quences with high probability along the path between two leaf sequences of interest, then
reconstruct the history of mutations along the way. For the ASR step, we use a standard
phylogenetic method known as parsimony, which seeks to use the smallest number of muta-
tions possible to explain sequences at the leaves of a phylogeny. Rigorous analyses of par-
simony are often challenging and have revealed the intricate, often unintuitive, behavior of
the method [14, 18, 19, 23, 42]. In our taxon-rich setting, branching process results lead to
rigorous guarantees on the ancestral reconstruction.

The rest of the paper is organized as follows. In Section 2, we state our main result after
introducing some background. The alignment algorithm is presented in Section 3. The proof
is comprised of two parts: the ancestral estimation step is analyzed in Section 4 and the
alignment step is analyzed in Section 5.

2. Background and main result. In this section, we state our main result. First, we
introduce the model of sequence evolution we use here as well as the multiple sequence
alignment problem.

2.1. Definitions. We consider the TKF91 insertion-deletion (indel) sequence evolution
model. Technically, we use a slight variant of the TKF91 model defined in [40], where we
only allow an alphabet with two letters 0 and 1 to simplify the analysis and its presentation.
Our results extend naturally to more general settings, such as to any finite alphabet (see
Section 2.3).

DEFINITION 1 (TKF91 model: two-state version). Consider the following Markov pro-
cess Z = {Z;};>0 on the space S of binary digit sequences together with an immortal link
“e”, that is,

S:="e"® | J{0.1}",
M=>1

where the notation above indicates that all sequences begin with the immortal link. Posi-
tions of a sequence, except for that of the immortal link, are called sites or mortal links.
Let (n, A, n) € (0, 00)3 and (7m0, 1) € [0, 11? with g + 771 = 1 be given parameters. The
continuous-time dynamics are as follows: If the current state is the sequence x € S, then the
following events occur independently:

e Substitution: Each site is substituted independently at rate n > 0. When a substitution oc-
curs, the corresponding digit is replaced by 0 and 1 with probabilities 7y and 71, respec-
tively.
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00001111

© insertiony
000001 1 1 1 (0 deletion)

© substitution)/ \(1 deletion)

000001101 00000111 0001111

F1G. 1. The evolution of a two-state TKF91 process on a tree T with three leaves.

e Deletion: Each site is removed independently at rate p.

e [Insertion: Each site, as well as the immortal link, gives birth to a new digit independently
at rate A. When a birth occurs, the new site is added immediately to the right of its parent
site. The newborn site has digit O and 1 with probabilities 7y and 71, respectively.

We run this process on a rooted metric tree as follows. Consider a rooted binary tree
T = (V,E, p,t) with vertices V, edges E, root p, and edge lengths t = {t,},cr (in time
units). It is standard in phylogenetics to use a binary tree, so that each interior node reflects
the creation of a single new species. We restrict ourselves to ultrametric trees, that is, the
sum of edge lengths from root to leaf is the same for every leaf. We refer to this common
quantity as the depth of the tree and denote it by /. The rooted metric tree 7 is then indexed
by all points along the edges of 7. The root vertex has an initial sequence o, € S. With an
initial sequence o, € S, the TKF91 process is recursively performed on each descending edge
e = (u, v) over the time interval [0, 7.] to obtain another sequence o, € S. Processes running
along descending edges of u are independent, conditioned on state o,, at u. We refer to the
full process as the (two-state) TKF91 process on tree T. An example of how the sequence
evolves on the tree is given in Figure 1.

For any sequence o € S, let |o| be the length of the sequence, and let |o|g and |o|; be
the number of 0’s and 1’s in the sequence, respectively. The stationary distribution of the
sequence length |o| = M is known [40] to be

w=(-2)G)" et

provided u > A. We assume that the root sequence o, follows its stationary distribution. That
is, |0, | is distributed according to yp and its sites are i.i.d. in {0, 1} with respective probabil-
ities o and mry. Stationarity of o, implies stationarity of the TKF91 process throughout the
tree. We assume from now on that i > A and that stationarity holds.

Some notation. Later on, we will need the following notation. For a sequence o € S, let
Ss(0), S4(0), and S; (o) be the sequences that differ from o respectively by a single sub-
stitution, a single deletion, and a single insertion. Observe that these sets are disjoint as the
sequence lengths in each necessarily differ. Further, let S;(0) = Ss(0) U Sy(0) U S;(0) be
the sequences obtained by performing a single mutation on ¢, and define

2) M)= Y Qo,t)=xr(lo]l+1)+pulo| +nmilolo + nmolol
7€8)(0)

as the total rate under the TKF91 process of moving away from o, where Q (o, 7) is the rate
at which the TKF91 process on an edge jumps from o to 7. Formula (2) is derived formally
in the Appendix.
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000001101 0000011 -01
00000111 0000011 - -1
000001101 00000110 -1
000001111 00000111 -1
0011111 -0001111-1

FIG. 2. Left: A collection of sequences to align. Right: A possible multiple sequence alignment..

2.2. Multiple sequence alignment. To compare sequences descending from a common
ancestor through substitutions, insertions, and deletions, it is natural to attempt to align them
as best as possible, that is, to construct a multiple sequence alignment.

DEFINITION 2 (Multiple sequence alignment). For any integer n > 1 and sequences
o =(0y,...,0y,) €S™ at points vy, ..., v, € T, a multiple sequence alignment (or pair-
wise alignment when m = 2) is a collection of sequences a(o) = (a;(0), ..., an(0)) whose
entries come from {0, 1, —} (— is called a gap) such that:

o the lengths satisfy

|a1(a)| = |a2(a)| == |an1(6)| = maX{|001 [, |0v2|, ceey |JU,n|}s
e no corresponding entries of a1 (o), ..., ay,(a) all equal —, and
e removing — from a; (o) yields oy, foralli € {1,2,...,m}.

A multiple sequence alignment can be expressed as an m X |aj (0')| matrix where the rows are
the sequence alignments and where no column consists of all gaps. If m = 2, the alignment
is referred to as pairwise.

An example of a multiple sequence alignment is given in Figure 2. More generally, a mul-
tiple sequence alignment procedure may take as input further auxiliary information (beyond
the sequences to be aligned), such as a tree or sequences at other points of the tree. Our
alignment algorithm (see Section 3) will indeed use additional information.

Two sites, one from one sequence and the other from another sequence, are said to be
homologous provided they descend from a common site in their most recent common ances-
tral sequence only through substitutions under the evolutionary process on the tree. A true
multiple sequence alignment is one that places homologous sites in the same column and
nonhomologous sites in different columns. We note however that certain homology relation-
ships are unknowable a priori: for example, if in the course of evolution a 0 is inserted in a
sequence next to another 0, which of them descends from the ancestral O is arbitrary. Here
we take the convention that a repeated site is always inserted at the beginning of a run; and
that similarly a repeated site is always deleted at the beginning of a run.

2.3. Statement of main result. The following theorem states that it is possible to construct
with high probability a true pairwise alignment of the sequences at two arbitrary leaves v and
w of a phylogeny as long as the maximal branch length is sufficiently small.

THEOREM 1 (Main result). Fix n, u, A € (0, 00), the substitution, deletion, and insertion
rates under the TKF91 model. There is a polynomial-time alignment procedure A such that
for any tree depth h > 0 and any failure probability € > 0, there exists a maximum branch
length tmax := tmax (1, €) > 0 such that the following property holds. For any rooted binary
tree T = (V, E, p,t) with vertices V, edges E, root p, and edge lengths t = {t,}ccE, assume
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that the leaves 0T = {{;}}_, are ordered from left to right in a planar realization of T , and let
v=4~1 and w = {,. Then the alignment procedure applied to the sequences oy, 0y,, ..., 0y,
outputs a true pairwise alignment of o, and oy, with probability at least 1 — ¢, provided that
te < tmax for all edges e € E.

Note that the tree depth £ is arbitrary. The alignment procedure, which is described in
Section 3, takes as input leaf sequences at the leaves of T as well as T itself. We show in
Section 3 that the overall computational complexity of the algorithm is O (n?(¢ + logn))
where £ is the maximum sequence length at the leaves. Note however that we have not at-
tempted to optimize the computational efficiency of the algorithm.

The maximum branch length, 7, depends only on / and €. Whether the specific depen-
dence in our proofs can be improved is a nontrivial problem. It is ultimately driven by our
use of exact sequence reconstruction deep inside the tree. One could potentially get better
quantitative bounds by allowing for errors in the reconstruction. However, little is known
about approximate ancestral reconstruction under indel models [2, 16], even in the trace re-
construction setting [3, 5—7, 10] where the tree is a star and the evolution model is often
simpler.

Extensions. While we have stated our main result for binary sequences to simplify the
presentation, it holds unchanged for an arbitrary alphabet size. Firstly our algorithm, as de-
scribed in Section 3, can be applied as is to sequences over an arbitrary alphabet. In particular,
we state our ancestral reconstruction estimator in a form that does not rely on the size of the
alphabet (see Definition 3). Second, the model we use, the TKF91 model, was in fact intro-
duced over alphabets of any size in [40] (and applied specifically to nucleotide sequences,
which have four states). There, insertions and substitutions are simply drawn from the sta-
tionary distribution over nucleotides. Under this more general model, all steps of the analysis
remain unchanged. Indeed, the proofs rely on identifying substructures where none or one
mutation has occurred (see Propositions 2 and 3).

While we assume above that the rate of substitution is the same throughout the tree, our
proof still goes through if the parameter 7 is merely an upper bound on that rate across edges.

3. Alignment algorithm. In this section, we describe the alignment procedure of The-
orem 1. We emphasize that this algorithm is not meant to be practical, but rather serve as a
proof of our main result.

3.1. Overview of full alignment algorithm. We introduce the following alignment algo-
rithm A which takes as input a rooted metric tree 7, two distinguished leaves v and w, all
leaf sequences, and a preprocessing parameter 61. Here, we assume that the most recent com-
mon ancestor of v and w is the root. If it is not the root, then we consider only the subtree
descending from the most recent common ancestor. We take 8 to satisfy fiax < 81 < h. The
algorithm outputs a pairwise alignment for the sequences at v and w.

There is a unique path between v and w that we henceforth call the backbone. We let B
be the number of nonroot vertices on the backbone. Then v = x; and w = xp and the other
nonroot backbone vertices are in order xz,...,xp_1. For some parts of the algorithm and
analysis, it will be convenient to use an alternative numbering of the backbone vertices—
away from the root, numbering the left side, then numbering the right side. Specifically, let
X1, ...,xp- be the backbone vertices on the same side of the root as xj. Let xg—, ¢, ..., xp
be the backbone vertices on the same side of the root as xp and let BT be the number of such
vertices. Then we set

f; =XB—(i—1)> i=1,...,B™
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(a) (b)

X3
Xo Xo Z3
2 Z
X1 G- Xp X1 O &1-...  XB

FIG. 3. (@) Tree T with leaf sequences 01 = 0x,,00 =0y 5.+, 0t;,» OB = Oxp- (b) Tree T with leaf sequences
0| =0x,02 =0xp s---» 04> 03 =Ox3 s> 00, s OB-
and

=+ . _ +

X =xp-4;, i=1,...,B".

Notice in particular that X;” and )Efr are the children of the root and )ZE_ =x1 and )Z}r = Xg.

We now describe the main steps of the algorithm. Some details will be given in the follow-
ing subsections. Figure 3 illustrates part of this algorithm at a high level.

We start with a preprocessing step. This step is used in the analysis of the algorithm.
Indeed, it will be convenient for all edges on the backbone to be roughly of the same length §;
(up to a constant factor) and, furthermore, to have explicit control over this length separately
from the overall bound #,ax on the edge lengths. This is because d1 and fmax play different
roles in the proof: #max serves to guarantee correctness of ancestral reconstruction on the
subtrees hanging from the backbone; §; on the other hand must be small enough to ensure
that at most one mutation occurs along the edges of the backbone, but large enough to allow
a union bound to be taken over the vertices of the backbone (see the proof of Proposition 3 in
Section 5.2 where this argument is detailed and an explicit relationship between §; and #pax
is derived).

e Preprocessing: backbone sparsification. We first construct a subtree 7’ by pruning some
backbone vertices and their descendants. Initialize 7’ := T. Then, for 0 = —, + and for
k=1,...,B°—1,

1. Check whether the vertex X/ is a vertex in the tree 7. If not, do nothing.

2. If X} is in the tree T’, find the minimal £ > 1 such that the distance (accounting for
edge lengths) between X} and X} , is at least §;. Observe that, by assumption, the distance
between X} and X}/ , is necessarily at most 81 + fmax < 231.

3. Remove the vertices X |, ..., X, ,_;, €xcept X,, and all of their off-backbone de-
scendants from the tree T (if they exist).

The result is a tree where the distance between consecutive vertices on the backbone is in
[61,281] (by the observation in Item 2), with the possible exception of the children of the root
and the last pair on each side of the root all of whose distances are in (0, 261]. To simplify
the notation, we reassign 7' to be this new rooted metric tree and we reassign xi, X2, ..., Xp
to be the backbone vertices on this tree (with an updated value for B and updated alternative
numbering X for o = —,+ and k =1, ..., B?). Because the initial tree is binary, it has at
most O (n) internal vertices. In particular the number of vertices on the path between v and
w is O (n). Hence the preprocessing step has O (n) computational complexity.

We then proceed with the alignment algorithm, which consists of two main steps both
proceeding along the backbone:

1. Ancestral estimation: We infer the ancestral sequences at the backbone vertices as follows.
Fork=2,...,B—1:
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(a) For the child vertex zx of x; that is off the backbone, infer the sequence 6;, at zx
using the Fitch method [15] (described below in Section 3.2) applied to the subtree rooted
at zy.

(b) Set 6y, equal to 6.

2. Recursive alignment: Now that the sequences at the nonroot backbone vertices {xk}f:1
have been estimated, we construct a multiple sequence alignment sequentially, starting
from x1, going to x3, and ending at xg_; and xp. This stepwise alignment procedure is
described in Section 3.3 below. If the inferred sequences of successive backbone vertices
are not at most one mutation apart, then we terminate the algorithm with no output. Else,
a pairwise sequence alignment is produced for vertices v = x| and w = xp.

We will show in Proposition 2 below that, with high probability, 6., = o, for all k =
2,...,B — 1. We will then show in Proposition 3 below that the above stepwise alignment
outputs a true pairwise alignment with high probability.

3.2. Ancestral sequence reconstruction. We briefly describe below the ancestral se-
quence reconstruction subroutine. Note that we use the Fitch method for the convenience
of its analysis, but other methods could also be used. Though we focus on the {0, 1} alphabet,
this method can be performed on sequences over any alphabet.

DEFINITION 3 (Fitch estimator). Let T = (V, E) be a finite binary rooted tree with root z
and leaf set 0T C V with given leaf sequences (o¢)¢cg7. For any leaf vertex £, define S‘g CcS
to be the subset Se = {o¢}. For each nonleaf vertex v with children v; and v;, define S‘U cS
recursively to be

v =

« Sy, NS, ifS, NS, #2,
S‘Ul U 3’,,2 otherwise.

Then define the Fitch estimator 6, of o, to be a uniformly chosen member of SZ.

An analysis of this method in our setting is provided in Proposition 2 below.

Let £ be the maximum sequence length at the leaves. Identifying all unique sequences at
the leaves, of which there are at most n, has O(n*¢) computational complexity. For each
backbone vertex, the ancestral reconstruction step then has O (n?) computational complex-
ity. The number of leaves n is at least exponential in 1/tyn.x > 1/81. Hence the number of
backbone vertices is O (logn). Hence the ancestral reconstruction step can be accomplished
in time O (n%¢ + n’logn).

3.3. Stepwise alignment. In this section, we describe the stepwise alignment subroutine.
It is based on the assumption that along the backbone (of the pruned tree):

(i) the sequences have been correctly inferred; and
(ii) consecutive sequences differ by at most one mutation.

We establish these facts in Propositions 2 and 3 below. In these circumstances, we show that
homologous sites can be traced (up to the convention we described earlier). We will construct
a sequence of alignments aZ, a3, etc. We first describe the alignment of two sequences, then
the alignment of alignments, and so on.

Given two sequences &, 7 satisfying the assumptions (i) and (ii) above, we construct an
alignment a(6, ). For £ € {1, 2}, we let af(&, 7) denote the £th sequence (or £th row) of
the alignment constructed from the sequences &, T. There are three possible cases:
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(A) If 6 = 7, then a true alignment is obtained by setting a%(&, 7) =0 and a% (6,7)=T1,
corresponding to no mutation.

(B) If |6| = |7| but 6 and T agree on all sites except one, then a true alignment is obtained
by setting a?(6, %) = 6 and a3(6, ©) = £, corresponding to exactly one substitution between
the sequences.

(C) If |T] = |6| + 1 and there exists j € {1,2, ..., |6} and Tiys € {0, 1} such that

61' i<j,
Ti = \ Tins i=J,
i1 I>].

As we discussed before, the location of the indel cannot be determined from the sequences
alone. For example, if 6 and T are separated by an indel so that they are given by

6=(0,1,0,1,0,1,0,0,0,0,0,1,0),
7=(0,1,0,1,0,1,0,0,0,0,0,0,1,0),

we cannot tell which site gave birth to the new 0 to obtain 7 (assuming that the evolutionary
process transformed & into 7). So we assume by convention that j is the minimal choice

possible. Then a true alignment is obtained by setting a% (6,7)=1andfori=1,...,|6]|+1
O; i<j,
A, Di=y— i=j

Oi—1 1>],

corresponding to a single site Ti,s being inserted into the sequence 7 to the left of the jth site
to obtain . Similarly, if instead |6| = |7] 4+ 1 (in which case a deletion has occurred), we
interchange the roles of & and 7 and use the same convention.

In fact, we will need to align alignments along the backbone, rather than sequences. Sup-

pose we have sequences 0y, , Oy,, ..., Ox, and successive pairs
{6x1 s 6x2}7 {ze’ 6)63}7 ceey {O—xB,l s GXB}

each satisfy exactly one of the cases (A), (B), or (C). (We terminate without output if the
assumptions do not hold.) Then we recursively construct a multiple sequence alignment as
follows. To simplify the notation, we let 1.k = (6y,, . .., Oy, ). For any £ <k, we let aéf G1:4)
denote the £th sequence (or £th row) of the alignment constructed from the given sequences
Ol:k-

1. Given 6y, and 6y,, let a%(&l;z) and a% (61:2) be the pairwise alignment constructed above.
2. Fork=3,..., B:

(a) We are given a multiple alignment alffl Olik=1)s s a,’iill (61:x—1) of the sequences
Ox,, ..., 0x,_,, and a new sequence 6y, that is at most one mutation away from 6,,_,.

(b) The sequences 6y, , and oy, satisfy one of the three cases (A), (B), or (C) by as-
sumption, so their alignment a,@l (01:%) and a’,ﬁ (61:¢) (within the larger multiple sequence
alignment) will differ by at most one entry similar to the sequence case above. To describe
the alignment, it will be convenient to imagine that the tree is rooted at x1, and that the
evolutionary process transforms 6y, into 6y,, and so on up to dy,. Indeed, observe that the
direction of time simply turns insertions into deletions and vice versa, and that it plays no
role in the alignment procedure. The full alignment is defined as follows:

e If 6, , =0y, then set allg (61:x) to be equal to a,]:ll (61:4—1) and alk (61:%) to be equal to
a{‘_l(&l;k_l) foralli < k.
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e If 6,, |, and 6y, have equal length and disagree at a single segregating site, set af‘ (61:%)
to ag‘_l (614) forall i <k — 1. Each entry of a,’; (1) is set to the corresponding entry
of a’,ﬁ_ 1(G1:1), except for the segregating site. If the latter occurs at position i within
a,f_l(c?];k), then we set a,’f((}];k)i to a],i_l(&l;k)i + 1(mod 2).

e If 6,, has one more site than 6,, ,, then an insertion has occurred and the inserted site
in 6,, cannot be ancestral to any site in 6y, ..., 0x,_,. This is because the insertion
corresponds to the creation of a new column in the alignment. For the same reason, the
inserted site in 6, must correspond to a gap in all previous sequences. More specifi-

cally, if the site iy is inserted to the left of position j* € {1, ..., |a/,§:11 (61:4—1)|} in the
(k — 1)st sequence in the previously constructed alignment a,]:ll (61:—1) (Where j* is
the minimal such choice) then set

ay 1 (61x—1)i 1<i<j*,
ag(61:)i = { Gins i=j%,
ay" | Gra—io1 jF<i<|ai"(Gra—]+1
andforall ¢ <k —1
aj G- 1<i<j
ay (G14)i = | — i=
ay N Gru—niot JF<i <l|af7 | Gru—n)| + 1.

e The case where 6,, has one fewer site than &y, , is handled similarly. This time we in-
clude a gap in the kth sequence of the alignment, while all other rows remain unchanged
from the previous multiple alignment.

3. Output the pairwise alignment (alB (61:8), ag (61:8)) after removing all columns with only
gaps.

We provide an example of repeated use of steps 1 and 2 in the stepwise alignment in

Figure 4.
Because each loop through the alignment algorithm, of which there are at most O (logn),

introduces at most one gap in the current alignment of alignments, the overall computational
complexity of this phase is O ((logn V £) log® n).

3.4. Theoretical guarantee. We establish the two claims below in the next sections.

PROPOSITION 1 (Correctness of alignment). Let T be the output of the preprocessing
step and let x1,...,xp be the resulting backbone vertices. Then the alignment algorithm
produces a true pairwise alignment of oy, and oy, provided that:

1. (Correctness of ancestral estimation) Fork =2,..., B — 1, 6y, = 0y,.
2. (One-mutation condition) Successive pairs of true backbone sequences

{le , ng}, {O'xz, O'x3}, cees {O'xg,l , GXB}s

are at most one mutation away.

4. Correctness of ancestral estimation. In this section, we analyze the ancestral se-
quence estimation step. The analysis proceeds by coupling the TKF91 process with a perco-
lation process. Roughly, we say that an edge is open if the sequence does not change along
it under the TKF91 process. We will show that, provided the edge lengths are short enough,
the open cluster of the root forms a fairly “dense” subtree with high probability. The latter
property will lead to a correct reconstruction by the Fitch method.
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X
3.000001101 4.000001111
2. 00000111 X X 5.00001111
1. 000001101 X X 6.00011111

1. 000001101
2.0000011-1
2.0000011-1 1. 0000011-01
3.000001101 2.0000011--1

3. 00000110-1
1. 0000011-01 4.00000111-1
2.0000011--1 5.-0000111-1
3..00000110-1 6.-0001111-1

FIG. 4. Top: A rooted binary tree whose backbone graph-distance neighbors are all exactly one mutation apart.
Bottom Left: The alignment of sequences 1,2,3 along the backbone. In the first step, a deletion is observed going
from sequence 1 into sequence 2. So in the alignment algorithm, a gap in sequence 2 is written to correspond to
the O in site 8 of sequence 1. In the second step, an insertion is observed going from sequence 2 into sequence
3, so an additional gap must be written in sequences 1 and 2. Bottom right: The alignment of all six backbone
sequences.

4.1. The percolation process. Consider again the backbone vertices {xk}f:1 and the off-

backbone child vertices {zk}fz_Zl. For each k =2, ..., B — 1 separately, we couple the se-
quence evolution process on the subtree descending from z; with a simpler percolation pro-
cess.

We will need some notation. We denote by T} the subtree of T (after preprocessing) rooted
at zx. For two sequences o, T, we let P;(o, T) be the probability under the TKF91 model on
an edge that, started at o, the state is 7 after time 7. Similarly, we let P, (o, T) be the same
probability conditioned on not being at state o at time t.

It will be convenient to work on an infinite tree. Specifically, let T be the completion of
Ty into an infinite binary tree where new edges have length 0. We now describe the coupling:
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o The percolation process on T. We condition on the sequence o7, at zk, the root of Tj. For
an edge e on Ty, let t, be its length and set

e(k) = Pte(azk9 Uzk),

that is, the probability that the sequence does not change along edge e if started at o, .
We then perform percolation on 7 with probabilities ge(k): for each edge e, it is open
independently with probability {e(k). Let Ck be the resulting open cluster including zj (i.e.,
all vertices of T that can be reached from z; using only open edges).

e The joint process on T. For each vertex v in Cy, set oy, = o,. For each descendant w of
a vertex v € Cy that is not itself in Cy, assign a sequence to w taken from the conditional
distribution P, (0, ) where e = (v, w). For each remaining vertex, we run the TKF91
process recursively from the states already assigned. Note that the edges of length 0 added
in the completion of 7} simply entail copying the sequences at the leaves of Tj to all their
descendants.

We will be interested in the properties of the cluster C;. Let T,? be the subtree of T
made of all the vertices in C; and the edges connecting them. For any ¢, b € Z., a rooted
tree T’ is said [28] to be a (¢, b)-diluted tree if: for all i € Z,., each of the vertices of T at
graph distance i¢ from the root has at least b descendants at graph distance i€ 4 ¢ from the

root. From the following lemma adapted from [28], T,(? is (2, 3)-diluted with arbitrarily high
probability provided edge lengths are short enough. Figure 5 depicts an infinite 2-diluted 3-
regular tree. Later in the proof, we will need to condition on the length of o;, being less than

a threshold L. Let PL be the probability measure of the joint process where o, is drawn from
the stationary distribution of the TKF91 process conditioned on |0, | < L. We first record a
simple observation.

LEMMA 1 (Staying probability). Fix L < +o00. For any sequence o such that |o| < L
and any t > 0, we have
Pi(o,0)>1—t(L+ D(u+r+n).
PROOF. Indeed P;(o, o) is lower bounded by the probability that no mutation occurs up
to time ¢ which, by (2), is at least
Pi(0,0) = exp(—(L + DI+ Ai+nlt) = 1 — (L + D[p+ X+ nlt,
as claimed. [

FIG. 5. An open 2-diluted 3-regular subtree of the infinite binary rooted tree. Solid lines not descending from
any dashed line indicate no mutation. Dashed lines indicate a mutation may have occurred. For every vertex in
the even generations, at least three of its grandchildren share the same trait.
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LEMMA 2 (Existence of an open diluted tree). For any L € Z and 8, > 0, there is
tmax > 0 small enough that, if t, < tmax for all e,

PL[TY is (2, 3)-diluted] > 1 — 8,.

PROOF. By Lemma I, for any sequence o, such that |o;, | < L, we have that

O = P, (02.02) = 1 — (L + DIt + & + 0ltmax.

where we recall that 7, < f0x by assumption (and that of course includes the added edges of

length 0). Hence g“e(k) can be made arbitrarily close to 1 (uniformly in e) by taking #p,ax small
enough (as a function of L). The result then follows directly from [28], Lemma 8, (which
can be extended in a straightforward manner to the case where percolation probabilities vary
across edges but are uniformly bounded). [

4.2. Analyzing the Fitch estimator. Next, we analyze the Fitch estimator in the event that
T contains an open (2, 3)-diluted subtree.

Forany D € Z, let Tk, p be the truncation of T at level D, that is, the finite tree obtained
by removing all vertices of T at graph distance greater than D from its root. Let 8 be the

smallest positive integer such that Ty := Tkvzﬂk contains all of Ty. Importantly, we make the
following observation about the Fitch estimator.

LEMMA 3 (Fitch estimator on the completion). The Fitch estimator applied to the leaves

of T produces the same ancestral sequence estimate as the Fitch estimator applied to the
leaves of Ty.

PROOF. All leaves { of ?k descending from a leaf ¢ of T} satisty 07 =0y, 80 by definition
of the Fitch estimator S‘g = oy. The claim follows. [

=0 —
Let T be the truncation of T,? at level 2.

—0
LEMMA 4 (Fitch estimator in the presence of an open diluted tree). If T} is (2,3)-

diluted, then the Fitch estimator &, over the tree Ty equals the true sequence o, at zy.

PROOF.  We prove this claim by induction on S. We start with the B = 1 case.

Then T consists of zx, two children z}( and z,%, and the grandchildren z}(’l, z,lc’z, zi’l,

=0
z,%’z. If all four grandchildren belong to 7 , then we are done. The other case, with-
=0
out loss of generality, is z,%’l ¢ Ty . Then 021 # 0,22 = 0y, SO the Fitch method gives
k k
Sz,% = Szl%,l U SZ/%’Z = {O'zi.l , 07 }. Since O L1 =012 =0y, we have SZ;i = {0 }. Continuing

on, we have SZk = Sz,ﬁ N S‘Z]% = {0y }. Since §Zk contains only the state o, , the Fitch method

is guaranteed to return o, .
Now, we assume the rth case holds for » > 1 and we show that the (r + 1)st case holds
as well. As before, consider the four grandchildren of zz and the same cases. If all four

grandchildren belong to T, , then they are each the root of a subtree of 2r levels with root

state equal to o;,. The induction assumption implies that the Fitch method returns o;, as

estimates for 0 i, j € {1,2}. The Fitch method then returns S;, = {0, }, as required. For
k



2726 B. LEGRIED AND S. ROCH

the other case when zk §é Tk , we know only that S 21 is an arbitrary set of sequences. If
0 € SZZ,I , then SZ% = Szz,l N SZ2,2 = {GZk}, and we are done. Else, we have SZ]% = SZ2,1 U Szz,z,
k k k k k

where o, € S'Zz,z so that S'Zk = 3’le N S’Z]% = {0y}, as required. This completes the proof for

the (r 4+ 1)st case, and hence of the lemma. [
Combining Lemmas 2, 3, and 4, we get the following.

PROPOSITION 2 (Correctness of ancestral estimation off the backbone). Forany L € Z.,

and 8, > 0, there is tmax > 0 small enough that, under PL, the Fitch estimator on T returns
the correct ancestral state 6, = o, with probability at least 1 — 8.

5. One-mutation condition. In this section, we establish the one-mutation condition
required by Proposition 1 and use it to finish the proof of the main result.

5.1. A bound on the transition probabilities. 'We will need a bound on the probability that
at most one mutation occurs on an edge along the backbone. Because the state space of the
sequence process is infinite, the rates are unbounded and we state the next bound explicitly
in terms of the length of the sequence at the start of the edge. Later on, we will use the fact
that the length is stationary to control it.

LEMMA 5 (At most one mutation). Fix L < +0c. For any sequence o such that |o| < L
and any t > 0, we have

P(0,Ys) > 1 —{t(L+2)[+ A+ nl}*

where Yy = {0} U S1(0) are the sequences at most one mutation away from o .

PROOF. For a TKF91 process on an edge started at o, let X; € S be the sequence ob-
served at time s € [0, ¢] and 7; be the time of the i th jump from one state to another state. Then

P[(O', YO‘)ZPO'[T2>I]9

as the event on the right-hand side guarantees a single jump, which in turn guarantees that
X; € Y. Here P, indicates that the edge process is started at o. Letting

fri10(s) = A" (0) exp(—s1%(0)), Frjo(s) = 1 — exp(—s1*(0)),
be the probability density function and cumulative distribution function of the time of the
first jump started at o, we get by the strong Markov property

U[Tz<r]—/ fro® Y x*( ) QOT) e —5)ds

€81 (0)

< /O[A*(a)exp(—s)»*(a)) max {1 —exp(—(r — s)A*(1))}ds

teS(0)

Under the assumption that |o| < L, it holds that |t| < L + 1 for any t € S1(0), and hence
max{A*(0), A*(t)} < (L +2)[x + A + n]. Continuing on, the last line in the previous display
is

<{1—exp(~t(L+2)[x+1+1nl)} /ot 1 (o) exp(—sA*(0))ds
= {1 —exp(—t(L +2)[ + A+ n])}{1 — exp(—t1*(0))}

<{t@+Dp+r+m),
establishing the claim. [
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5.2. Union bound over the backbone. We define a number of events whose joint occur-
rence guarantees the success of our alignment procedure:

e (One-mutation condition) For o = —,+ and k =1, ..., B° — 1, let F}} be the event that
the sequences at X! and the backbone child vertex of X} (i.e., X ) satisfy constraints (A),
(B), or (C) from Section 3.3.

e (Ancestral reconstruction) For o = —,+and k =1, ..., B° — 1, let G{ be the event that
there is no mutation between the sequences at X and its off-backbone child vertex z7 and
that o030 is correctly reconstructed by applying the Fitch method on the subtree rooted at
Zq.

° (;Qoot segment) For o = —, +, let H’ be the event that the sequences at the root and at x{
are identical.

The following proposition provides a requirement on the maximum branch length #,,x for
all the above events to occur simultaneously. Define the bad event

B=mE ) umE) vl U U E)ruGc].
o=—,+ k=1

Recall that the preprocessing procedure has a parameter 4.
PROPOSITION 3 (Union bound over the backbone). Fix a tree height h > 0. For any
0 < 81 < h, there is a tmax small enough that
P[B] < Ché;log*(577),
where C is a constant depending only on A, i, 1.
PROOF. We take a union bound over the events making up B.
Controlling the lengths. For each event, we first apply the law of total probability to control

for the length of the starting sequence as follows. Suppose that sequence 7 is stationary, which
we denote by T ~ I1. Using the stationary distribution for the length (i.e., (1)), we have

P.-n[lc| > L] =M§:H<1 _ %)(%)M . (%>£+1.

The expression on the right is made less than 6% by choosing
[ log(8?
[ B < ctogtor )

3) L=
log(A/ 1)

for a constant C’ > 0 depending only on w, A, where recall that u > A. Then for any event £

which depends on t, we can write

P[] =P[€]||z]| < L]P[|z| < L]+ P[€||z] > L]P[|z| > L]
) <P[E||r] < L]+ P[|7] > L]
<P[&||t| < L]+ 6%,

for the choice of L above.

Events H°. For o = —, 4+, we use Lemma 1 to bound the probability of (H?)¢. By con-
struction, X{ is a child of the root, so the edge length between the root and x{ is at most fmax.
Hence, using Lemma 1 and (4) with 7 := 0, and £ := (H?)¢, we get

) P[(H)] < tmax(L + D)(i + A+ 1) + 8.
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Events Gj. Foro=—,+and k=1,..., B — 1, we use Lemma 1 together with Proposi-
tion 2 to bound the probability of (G7)¢. Here we take 7 := oze and £ :=(G%)°. By assump-
tion, the edge length between X} and its off-backbone child z} is at most fy,x. Further, for
any fixed failure probability 8, > 0 and length threshold L, the maximum branch length 4«
can be taken small enough for Proposition 2 to hold. By (4), we get

P{(G}) ] = P[(GY)“llogg| < L] + 57
< P[{og #0320} U {{oze = 020} N {62 # oz0}}llogel < L] + 67
<Plloge # oz }lloge| < L]
+P[{{oz = 030} N {630 # 020} oo | < L] + 67,
We use the Markov property to bound the second term as follows:
P[{{oz0 = 030} N {830 # oz} } oo | < L]
=Plog = ox||oge| < L]P[630 # 030 |owe = 030, loge| < L]
=Plozo = 0x0||oze| < L]P[Sz0 # 030]loz0| < L]
< P[5z #oxlloz| < L].
Plugging this back above and using Lemma 1 and Proposition 2 gives
(6) P[(GD) ] < tmax (L + D)t + A+ 1) + 84 + 87

Events F!. Foro=—,+andk =1, ..., B°—1, we use Lemma 5 to bound the probability
of (F?). Here we take T := 5o and & := (FY)°. By construction (i.e., by the backbone
sparsification preprocessing step), the edge length between X} and its backbone child x| is
at most 261. By (4) and Lemma 5, we get

P[(FY)] < P[(FY) llosel < L]+ 63

(7) _ )
< {281(L + D[+ 1 +nl}" + 67,

Union bound. Taking a union bound over all events above gives

P[B] < 2[tmax (L + D (1 + A + 1) + 8]
B°—1

+ 3 Y [tmax L+ D+ A +n) + 84+ 87
o=—,+ k=1

B?—1

+ Y Y2804+l + o+ ) + 6]
o=—,+ k=1

by (5), (6), and (7). We make all terms in square brackets of order 812 log 81_1 by choosing
8q = 8% and then choosing 0 < fax < 8% small enough for Proposition 2 to hold. Then we
get, using (3),

P[B] < 2[87(C"log(87") + 1) (1 + A + 1) + 67
+2(B% — 1)[61(C"log(87 ") + 1) (i + A + 1) + 267
+2(B° — D[{261(C'1og(57") + 2) [ + A + 01} + 67].

Because the tree has height 4 and each backbone edge has length at least §; (after prepro-
cessing), with the exception of the first and last one on each side of the root, we must have
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(B? —2)81 < h, or after rearranging B° < h/38; + 2. Employing this bound and simplifying
gives finally
P[B] < Ché;log*(571),

for a constant C depending only on u, A, n, as claimed. [J
5.3. Proof of the theorem. We are now ready to finish the proof of the main result.

PROOF OF THEOREM 1. For a fixed failure probability €, we first choose 61 small enough
(as a function of &, u, A, n) such that Ché; 10g2(81_1) < &. We then choose #,x small enough
(again as a function of &, u, A, n) that Proposition 3 implies P[B] < €. Proposition 1 then
completes the proof of the theorem. [J

APPENDIX: FURTHER LEMMAS
We formally justify equation (2).

LEMMA 6 (Total rate). The rate matrix Q satisfies

Y. Q0. ) =A(lo|+ 1)+ plo| +nmilolo 4+ nmolols.
te8S) (o)

PROOF. The transition rate matrix Q entries are as follows. For the transition from o to
7, where t differs from o only by a single substitution, we have

Q(o, 1) =nm;,

when label i € {0, 1} is the product of the single substitution. The sum over all 7 in S;(o),
the sequences that differ by o by a single substitution, is

®) > Q(o, 1) =nmiloly + nmolol;.
TeSs(0)

Next, for the transitions from o to t in S4(o), the sequences obtained by deleting a single
digit of o, we have

D
0o, 1) =su,
(D

where sa,,) > 1 is the length of the repeated segment of letters where the deletion occurs.
Here, we observe that the position of the deletion within the segment is not needed. This

is because the letters are identical within the segment, so the remaining letters are identical

when one is deleted. For example, if a zero is deleted from a string of 10 zeros, then s((,,[? =10.

Since only one deletion out of |o| can occur, the sum is
9 > Qo) =lolu.
Te€SH(0)
Finally, for the transitions from o to 7 in S; (o), the sequences obtained by inserting a digit
into o, we have
0@, 1) = (s} +D)am, ie{0, 1},

where i is the digit inserted and s((,lg > 0 is the size of the repeated segment of digit i where
the site is being inserted. Noting that only one insertion can occur and the immortal link
might insert a site, the sum is

(10) Y 0@, 1)=(lo|+ 1)
T€S; (o)
The claim follows from combining (8), (9), and (10). [J
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