EQUIVARIANT BURNSIDE GROUPS AND
REPRESENTATION THEORY

ANDREW KRESCH AND YURI TSCHINKEL

ABSTRACT. We apply the equivariant Burnside group formalism to
distinguish linear actions of finite groups, up to equivariant bira-
tionality. Our approach is based on De Concini-Procesi models of
subspace arrangements.

1. INTRODUCTION

Let G be a finite group, and k a field of characteristic zero containing
all roots of unity of order dividing |G|. In this paper, we continue the
study of the equivariant Burnside group

Burn, (G),

introduced in [16], building on [15], [14], [17], and [13]. This group re-
ceives G-equivariant birational equivalence classes

(X © G

of smooth projective varieties X with generically free G-action.
Prior to the introduction of this invariant, the main tools to distinguish
G-actions, up to equivariant birationality, were

e existence of fixed points upon restriction to abelian subgroups,

e group cohomology H'(G’, Pic(X)), for subgroups G’ C G,

e the equivariant Minimal Model Program (MMP) and equivariant

birational rigidity.

The new invariant allows to distinguish actions for which the classical
approaches fail. In [13], we presented several geometric applications,
distinguishing nonlinear actions from linear actions, e.g., we produced a
rational cubic fourfold with G = Z/6-action, not G-birational to a linear
action on P*.

Motivated by these developments, in [18] we considered various func-
torial properties of Burn, (G), such as restriction, fibrations, and prod-
ucts. In this paper, we develop techniques that allow to distinguish linear
G-actions on projective space P, modulo conjugation in the Cremona
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group, i.e., modulo G-equivariant birationality. The corresponding clas-
sification is an open problem already for n = 2 (see [8]).
Linear G-actions on P" arise in different ways. We may consider:

e the natural compactification a linear action of G on A",
e the action induced by a linear action of G on A"*!,
e a projective linear representation of G.

Standard examples are actions on P! of a cyclic group, of the symmetric
group S3, and of the Klein 4-group R4 = 7Z/2 & Z/2, respectively.

One of our main results is an explicit combinatorial algorithm to com-
pute the class

[P" © G| € Burn,(G) (1.1)

for each of the cases above (Theorem 8.5). Our principal tool is the
formalism of De Concini-Procesi compactifications of subspace arrange-
ments, adopted to the equivariant context. The De Concini-Procesi
model is well-suited for recursive computations, allowing us to extract
the class (1.1) from classes of strata together with the corresponding
normal bundle data.

We then apply this formalism in representative examples. In par-
ticular, we are able to address the long-standing problem of birational
classification of G-actions on P?. We also present new classes of examples
of nonbirational linear actions on P3.

In Section 2 we give a new definition of Burn,(G), rewriting gener-
ators and relations in terms of centralizers rather than normalizers as
in [16]; this equivalent presentation is better suited for applications. In
Section 3 we recall some properties of Burn, (G) and introduce a new op-
eration, induction, that plays a dual role to the restriction operation of
[18]. We discuss simplifications of the equivariant Burnside group based
on the combinatorics of subgroups and properties of G-actions in smaller
dimensions. In Section 4 we consider smooth projective X with a simple
normal crossing divisor D = J,.; D; and explain how to compute the
class [X © G] in terms of classes of strata D; := (\,.;D; for I C T
and the corresponding normal bundle data. In Section 5 we provide the
framework for this computation, when the normal bundles are replaced
by an arbitrary sequence of line bundles. In Section 6 we study De
Concini-Procesi models for linear representations; these depend on the
lattice of stabilizer subgroups of GG. In Section 7 we develop the analo-
gous theory for projective linear actions and consider the corresponding
De Concini-Procesi models. In Section 8 we compute the classes of lin-
ear and projective linear actions in the corresponding Burnside groups.
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In Section 9 we specialize to permutation actions, illustrating the gen-
eral theory in examples. In Sections 10 and 11 we consider actions in
dimension 2 and 3.

Acknowledgments: The first author was partially supported by the
Swiss National Science Foundation. The second author was partially
supported by NSF grant 2000099.

2. GENERALITIES

In this paper, we work with smooth quasi-projective G-varieties X over
k. By this, we mean smooth quasi-projective schemes X with an action
of G that is transitive on the set of irreducible components. The last
requirement is made, in order to be able to speak of the generic behavior
of a G-variety. For instance, G acts generically freely on X if G acts
freely on some nonempty, hence dense, invariant open subvariety.

In [16] and [18] we introduced and studied the equivariant Burnside
group

Burn, (G) = Burn,, x(G).

The group-theoretic framework of the formalism in [16] was based on
(conjugacy classes of) abelian subgroups H C G and their normaliz-
ers Ng(H); here we present an equivalent version based on centralizers
Zo(H) instead. The advantage of the centralizer language is that the
equivariant Burnside group itself is easier to describe; this comes at the
cost of additional complexity in the expression for the class [X © G] of
a smooth projective G-variety X with generically free action (Definition
2.3, below).

The basic ingredients of the construction are:
e abelian subgroups H C G, the quotients Z := Zg(H)/H, and the
character groups
HY := Hom(H, k™),

e the sets Biry(k) of isomorphism classes of function fields of alge-
braic varieties of dimension d over k; we identify a field with its
isomorphism class,

e the sets Alg,(K,) of isomorphism classes of Z-Galois algebras
K/ Ky, with Ky € Biry(k), satisfying

Assumption 1: The homomorphism
H' (Zg(H), K*) — HY(H, K*)? = 0" (2.1)

is surjective.
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The equivariant Burnside group
Burn, (G) = Burn,, x(G)
is the Z-module, generated by symbols
s:=(H,ZCK,p),
where H and Z are as above and:

o K € Alg,(Ky), with K, € Birg(k), and d < n,
e 3= (by,...,b,_q), asequence of nonzero elements generating H".

We call d the dimension of s. We permit ourselves to write a symbol in
the form
(HY C K, p)

with a subgroup Y C Z and K € Alg, (Ky), the set of isomorphism
classes of Y-Galois algebras over K| satisfying the analogous condition
to Assumption 1:

(HY @ K,f) := (H,Z & Ind2(K), p). (2.2)
These generators are subject to relations:
(0): (H,ZC K,B)=(H,Z C K, if f is a reordering of 3.

(C): (H,Z & K,B8) = (H',Z & K,B'), when H = gHg™! and 7' =
Za(H')/H', with g € G, and § and /' are related by conjugation by g.

(Bl): (H,Z ¢ K, ) =0 when by + by = 0.
(B2): (H,Z C K, ) = ©1 + O, where

o _ {o, if by = by,

(H,Z G K,B)) + (H,Z @ K, B), if by # by,
with
B := (b1, by — b1, b3, ..., bu_q), [Bo:= (ba, by —bo,bs,... by q),
and
o, — {0,__ o if b; € (b) for some i, b := by — by,
(H,Z & K, ), otherwise,

H:=Ker(b), Z:=7Zqs(H)/H, K :=K(t),

B = (627637 cee 7bn7d)7 Bz € HV?

and K carries the action described in Construction (A) in [16, Section
2|, applied to the character b = b, —by € H": the Zg(H)-action on K(t)
arises by lifting b via (2.1) and is trivial on H.
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Remark 2.1. We see that the above description reproduces the equivari-
ant Burnside group defined in [16] by appealing to [18, Lemma 2.1],
which is the observation that a symbol involving an algebra in Algy (Kj),
N := Ng(H)/H, is equivalent, in a sense analogous to (2.2), to one with
an algebra in Alg,(Kj).

Assumption 2: All stabilizers for the G-action on X are abelian,
and for every abelian subgroup H and component of X¥ with generic
stabilizer H, the Zg(H)-orbit F' has the property that the composite
homomorphism

Pic%(X) — HY(Zg(H), k(F)*) — HY

is surjective. Here, the first map is given by restriction, and the second
is the map from Assumption 1 with K = k(F).

Note that Assumption 2 implies, for every H and F', that Z5(H) is the
maximal subgroup of G for which F is invariant, and Z C k(F’) satisfies
Assumption 1 (see [16, Remark 3.2(i)] and [18, Lemma 2.1]).

Definition 2.2. Let H be an abelian subgroup of GG, and I' an abelian
group. A I'-pairing on H is a bilinear map
I'x H— k~,

i.e., a homomorphism
r — HY.

The group G acts naturally by conjugation on abelian subgroups with
I'-pairing.
Reformulating [16, Definition 4.4], we express the class

(X © G] € Burn,(G)
in the language of centralizers, as follows:

Definition 2.3. Let X be a smooth projective G-variety with a generi-
cally free G-action satisfying Assumption 2. Put

xoa= Y 3 (H,Z & k(F), Br(X)),

H, Pic®(X)-pairing F C X with generic
stabilizer H and Pic® (X)-pairing

where

e the outer sum is over conjugacy class representatives of abelian
subgroups with Pic®(X)-pairing;
e for each conjugacy class representative

Pic%(X) — HY (2.3)
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we consider the components of the fixed locus X that have
generic stabilizer H and, by the map in Assumption 2, Pic®(X)-
pairing (2.3);

e the inner sum is over Zg(H )-orbits of components F' C X;

e the generic normal bundle representation along F'is recorded as

Pr(X).
We recall the key fact [16, Theorem 5.1]:

Theorem 2.4. Let X be a smooth projective variety with a generically
free G-action. The class

(X © G] € Burn,(G)

15 a G-equivariant birational invariant.

3. PROPERTIES OF EQUIVARIANT BURNSIDE GROUPS

In this section, we record several basic constructions concerning equi-
variant Burnside groups. Let G be a finite group and G’ C G a subgroup.

Burnside groups of stacks. In [17] we defined

Burn,,,

the Burnside group of orbifolds, receiving birational equivalence classes
of algebraic orbifolds; we write

[X] € Burn,,

for the class of the quotient stack X := [X/G]. In [16, Section 7] we
defined a homomorphism

k% : Burn,(G) — Burn,, (3.1)

satisfying
k9 ([X © G]) = [X] € Burn,,
see [16, Proposition 7.9].

Restriction. A G-action on a quasi-projective variety X induces an
action of G’ on X. In [18, Theorem 7.2] we defined a homomorphism

resS, : Burn, (G) — Burn, (G'),
via an explicit formula on generators
(H,Z C K, ).
With this definition, we have
res&, ([X © G)) = [X © G'] € Burn,(G").
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Induction. A G’-action on a quasi-projective variety X induces an ac-
tion of G on X x& @G, the quotient of X x G by a diagonal action of G'.
Then we obtain
X OG)—[X xYGoDd] (3.2)
from a natural homomorphism of equivariant Burnside groups:
Definition 3.1. The induction homomorphism
ind%,: Burn,(G') — Burn,(G)

is given by

(H'.Z' & K,B)— (H,Z' & K, B).
Here, Z' denotes Zg/(H')/H’, and on the right we follow the notational
convention (2.2), for the subgroup Z of Zg(H')/H':

(H'.Z' & K,p) = (H', Ze(H")/H' = Ind "™ (K), ).

Proposition 3.2. Let G' C G, and let X be a quasi-projective variety
with generically free G'-action. Then indg/ obeys (3.2), and additionally,
k% oind%, = k%,

where k% is the homomorphism (3.1) to Burn,,.

Proof. The first assertion is clear. For the second, we combine [16, Prop.
7.9] with the observation, stated as [16, Rmk. 5.16], that the classes
[X & G'] generate Burn,(G’), and the fact that the quotient stacks,
associated with the left- and right-hand sides of (3.2), are isomorphic. [J

Products. There is a product map

Burn,, (G') x Burn,(G") — Burn, 1,»(G" x G"),
which satisfies

((X"oG@,[X"2G)—»[X'xX"DG xG",
see [18, Section 6].

Filtrations. The equivariant Burnside group admits various projections
Burn, (G) — Burn(G). (3.3)
These are based on the combinatorics of G and its subgroups. Let
H = {(H.Y)},
be a set of pairs, with H C G abelian and Y C Zo(H)/H, such that
(gHg ', gYg ') e H, forall (H,Y)cH,geG.
The projection (3.3) is obtained by annihilating all symbols
(H,Y ¢ K,p), with K a field and (H,Y) ¢ H.
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Upon such projections one can reduce the set of generators and relations,
provided H is such that for all (H,Y) € Hand all g € Zo(H) withg € Y
we have

((H,9),Y/(g)) € H.
Then Burn!!(G) is generated by symbols

(HY ¢ K,3), with (H,Y)€H,

(with K a field), and relations applied only to these triples [18, Section
3]. Here are some basic examples of such H:
e With Hyy, := {(triv,Y) |Y C G}, the projection to Burn: = (G)
extracts just the n-dimensional symbols.
e When G is abelian, we can take Hy,. := {(G, triv)}, and

Burnf»(G) = Bun%(G),

the group introduced in [16, Section 8|. For general G we take
H,,.. to consist of all (H,triv) with H a maximal abelian sub-
group of G.

Incompressibles. Other simplifications arise when we focus on geomet-
ric properties of the the function fields of strata, i.e., the middle terms in
the symbols. The examination of defining relations of Burn, (G) reveals
that it contains a distinguished subgroup

Burn™(G) C Burn,(G),

generated by incompressible divisor symbols, where by a divisor symbol
we mean a symbol of dimension d =n — 1, i.e.,
s=(H,ZCK,p), KeAlgy(Ky), Kopée€Bir, 1(k),

therefore H a nontrivial cyclic group and 5 = (b), a single character,
generating HV.

Definition 3.3. A divisor symbol s is called incompressible if it cannot
arise from the term O in relation (B2). Otherwise, s is called compress-
1ble.

The following is immediate:

Proposition 3.4. The subgroup
Burn™(G) C Burn,(G),

n

1s a direct summand, freely generated by incompressible divisor symbols,
modulo Conjugation relation (C).

Proof. Indeed, these symbols are not involved in any relations (O), (B1),
or (B2). O
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Remark 3.5. When n = 1, every divisor symbol in incompressible, hence
Burn; (G) = Burn'™(G) @ Burn; ™ (G).

Let n > 2 and let
s:=(H,Z C K,p)

be an incompressible divisor symbol. Geometrically, this symbol stands
for the contribution of (an orbit of) an irreducible divisor F, which does
not arise as the exceptional divisor of an equivariant blow-up, i.e., via
projectivization of the normal bundle to a codimension > 2 stratum with
nontrivial stabilizer. This is a stronger requirement, than just the failure
to be Z-equivariantly birational to F’ x A! for some F’ of codimension
2, where the action of Z on the second factor A! is trivial.

A version of incompressibility appeared in the definition of B, (G, k)
in [14, Remark 5], see also [13, Section 5.1], in the context of abelian
groups and maximal stabilizers. In practice, we will be able to check
this condition in small dimensions, where we have explicit control over
possible groups and over equivariant birationality.

Proposition 3.6. Letn = 2, let G be a finite group, and suppose that the
base field k is algebraically closed. Then a divisor symbol (H,Y C K, [3),
= (b), K a field, is compressible if and only if Y is cyclic and K is a
rational function field.

Proof. Since k is algebraically closed, a symbol of dimension 0 must arise
as in (2.2) from the trivial group acting on &, and Construction (A) yields
term O9, when nontrivial, with a cyclic group acting on k(¢). Conversely,
suppose we have a divisor symbol with Y cyclic, and let us write Y as
H,/H. The condition H; C Zg(H) (cf. Remark 2.1) implies that H; is
abelian. Since k is algebraically closed, there must be an isomorphism
K = E(t) such that Y acts is by roots of unity on t. Compressibility is
evident, via a symbol (Hy,triv C k, (a,a’)) with @ a lift of b to H) and
a' — a a generator of (Hy/H)". O

4. STRATIFICATIONS

In this section, X is a smooth projective variety with generically free
G-action, and
D=|JD;cX, IT={1,...1},
€T
is a simple normal crossing divisor, where each D; is invariant under G.
We assume that X satisfies Assumption 2.
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Our goal in this section is to compute the class [X © G| € Burn, (G)
in terms of D;, their intersections, and the corresponding normal bundle
data.

We start by rephrasing the definition of the equivariant indexed Burn-
side group

Burn,, ;(G),

in the setting of centralizers, rather than normalizers as in [18, Section
4]. Here, and throughout,

IcN

is a finite index set. The indexed equivariant Burnside group is generated
by symbols

(HCH.,Z CK,B,v)
where

H C H’ are abelian subgroups of G,

7' = Zo(H')/H',

K e Ang/<K0), KO S Bird(k), d <n-— |[‘,

B = (br,...,bp—q—j1), a sequence of nonzero characters of H’
restricting trivially to H and generating (H'/H)",

v = (¢)ier, a sequence of characters of H' whose restrictions
generate HV.

The relations are:

(O): reordering of g,

(C): conjugation,

(B1): vanishing, when b; + by = 0,

(B2): blowup relation, similar to that in Section 2.

See [18, Section 4] for precise definitions.
Example 4.1. We may view v as a Z!-pairing of H' (Definition 2.2),
where
7' =P
iel
An automorphism 7 of Z! determines an automorphism of Burn,, ;(G),
by
(HCH,Z'CK,f,7)—~ (HCH,Z CK,ByoT).
A special role will be played by the automorphism
7.7 € Aut(Z'),
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determined by a subset J C I. With standard basis (e;);c; of Z%,

Z €, 1f]€J,

iGIS]'
min(J>;)=j

€ if j & J,

for j € I, with self-explanatory notation I<; and J>;.

T[J(ej) =

Also introduced in [18] are homomorphisms

wr y: Burn, ;(G) — Burn, ;(G),
for J C I, determined by application of Construction (A) to the char-
acters ¢; for i € I\ J. We now introduce homomorphisms, which shift
¢, for i € I'\ J to . Geometrically, this amounts to forgetting D, for
iel\J.
Definition 4.2. For J C [ the homomorphism

wI,J: Burnn,I(G) — Burnn,J(G)
sends a symbol (H C H',Z' C K, 3,7) with ¢; # 0, for alli € I\ J, to

(B0 () kerle) CH,Z' G K AU @ieng, (@)es); (A1)
ien\J

in case ¢; = 0 for some i € I\ J, the symbol is mapped to 0.

To justify the validity of Definition 4.2 we notice that the images of ¢;
in HY, for i € I'\ J, generate

\%
(H / =N N ker(ci))> .
€I\J
With this observation, (4.1) is an element of Burn, ;(G). The map on
symbols respects relations.
These homomorphisms are functorial in index sets, i.e., for K C J C I,
wirgowry =wrr  and Y r oYy =Yk,

and they commute with each other:

Wi K © Y17 = Y\J)UK,K © WI,(I\J)UK - (4.2)

Identifying Burn, ¢(G) with Burn,(G), the case J = ) leads to homo-
morphisms that are denoted with a single index; v; has already been

defined in [18]:
wr: Burn, ;(G) — Burn,(G),
¢r: Burn, ;(G) — Burn,(G).
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The operations of restriction and induction extend immediately to the
setting of equivariant indexed Burnside groups.

Example 4.3. With the notation of [18, §4] we have
X1,7(X O G, (Dy)iez) = Y1 (x1(X O G, (Dy)iez)),
for J C I, where
X1(X © G, (Di)ier) = x1,1(X © G, (D))ex).

We generalize the treatment of [18, §4] by dropping the assumption,
made for notational simplicity, that the generic stabilizers of components
of Dy belong to a single conjugacy class. First we observe that the generic
stabilizer group H of a component of D; acquires a Z!-pairing from the
divisors D;, i € I.

Notation 4.4. Let X be a smooth quasi-projective variety of dimension
n, with a generically free G-action, satisfying Assumption 2. Let

D=JD;, T:={1,....4},
€T
be a simple normal crossing divisor, with each D; invariant under G. For

I C T we express the intersection Dy of D; for i € I (with Dy := X when
I = () as a disjoint union
D= | | Du;
JEIT
of unions of components indexed by some set J;, such that each Dy ; is
G-invariant, and for every j € J; the generic stabilizers and associated

Z!-pairing of the components of Dy ; belong to a single conjugacy class,
with representative H;; and Z' — HY ;. We also introduce

D;,j = D; N D[’j, (43)
where Dj denotes the complement in Dy of all D; for i ¢ I.

Example 4.5. (Continuation of Example 4.3.) We have
X1(X © G, (Di)ier) =
Z Z Z (Hl,j ngazlck(W)7ﬁW77)a

JETT H'DH; wcDs
with Pic (X)-pairing
where
e the middle sum is over conjugacy class representatives of abelian
subgroups of Z¢(H; ;), containing H; ;, with compatible Pic® (X)-
pairing, where compatibility is with the Z!-pairing of Hy ;,
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e the rightmost sum is over Zg(H')-orbits of components W with
generic stabilizer H' and given Pic®(X)-pairing, contained in
components of Dj ; with generic stabilizer Hy; and given Z:-
pairing,

e O encodes the normal bundle to W in Dy ;, and

e 7 consists of the characters coming from D; for i € I.

Lemma 4.6. In the setting of Notation 4.4, for  CZ and j € T\ I we
have

x1(X © G, (Di)iez) + ¢IU{1}»I(XIU{1}(X O G, (Di)ier))
= x1(X O G, (Di)ier\i).
Proof. This is immediate from the definitions. OJ

Lemma 4.7. In the setting of Notation 4.4, for I C T we have

Xi(X © G, (D)iez) = Z (=)l (7 (X D G, (Di)ies))-

1CJCT
Proof. This follows by induction on |Z \ I], from Lemma 4.6. O]

Proposition 4.8. In the setting of Notation 4.4,

Np,/x © G] naive Z@DJ (wrugs(Xrus (X © G, (Dy)iez)))-

JCT

In particular,

[X D) G naive ij XJ X D) G ( z)zGI));

JCT
this is [ X © G| when X is projective.

Proof. Starting with the formula from [18, §4], we apply the commuta-
tivity identity (4.2) and functoriality. Rearranging the double sum as a
single sum over J, with M = I U J, we obtain the first formula in the
proposition. Taking I = (), we get the second formula. [l

Corollary 4.9. In the setting of Notation 4.4, with U := X \ D we have

(X oG = UG+ > (1), (X © G, (Diies)):
0£JCT

this is [ X © G| when X is projective.

Proof. This follows from Lemma 4.7 and Proposition 4.8. 0
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5. CLASSES OF SUMS OF LINE BUNDLES

In this section, we introduce classes in
Burn,, ;(G)

of quasi-projective varieties with collections of line bundles, indexed by
a finite index set I C N.

Lemma 5.1. Let X be a smooth quasi-projective G-variety over k with
G-linearized line bundles L;, for i € I. Let H be the stabilizer at the
generic point of a component of X, and let us denote the Zg(H)-orbit of
the component by Y. The following are equivalent.

(i) The Z-action on'Y satisfies Assumption 2, and H is abelian with
HY generated by the characters determined by L; fori € I.

(ii) The G-action on @,.; L is generically free and satisfies Assump-
tion 2.

(iii) The G-action on @,.; L; is generically free and satisfies Assump-
tion 2, even when PicG(@iGI L;) is replaced by the subgroup gen-
erated by the classes of L; for i € I, and pullbacks of equivariant
line bundles on X with trivial generic stabilizer action on compo-
nents.

Proof. A similar statement is given in [18, Lemma 5.1], so we just ex-
plain the modifications, needed to adapt the proof. First, we treat the
total space of a sum of line bundles rather than the projectivization; the
statements receive appropriate modification, and the proof needs to be
modified in an analogous fashion. Second, since (i) is stated in terms
of centralizer rather than normalizer, we need to verify that statement
(i) implies the maximality of Zo(H), among subgroups of G leaving Y
invariant (so that a Zg(H )-linearized line bundle on Y will determine a
G-linearized line bundle on X). We leave the first modification to the
reader and indicate only that the second is accomplished by an argument,
as in [18, Lemma 2.1]. O

Remark 5.2. When the conditions of Lemma 5.1 are satisfied, we may
read off a Z!-pairing on H from statement (i).

Definition 5.3. Let X be a smooth projective G-variety over k with
G-linearized line bundles L;, for ¢ € I. We suppose that the equivalent
conditions of Lemma 5.1 are satisfied. Then we define

(X © Gl(1,),., € Burn, ;(G),
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using the notation of Lemma 5.1 and the Z/-pairing on H of Remark 5.2:
X O Gy, = Y, D (HCH,Z kW), Sw(Y)),

H'DH wcy
with Pic® (X)-pairing
where

e the outer sum is over conjugacy classes of abelian subgroups of
Za(H), containing H, with compatible Pic®(X)-pairing, where
the compatibility is with the Z!-pairing on H;

e the inner sum is over Zg(H')-orbits of components W C Y with
generic stabilizer H' and given Pic”(X)-pairing;

e S (Y) records the generic normal bundle representation along
W.

)

e 7 consists of the characters coming from D; for ¢ € I.
With notation as above, but X only assumed quasi-projective, we define

(X © G]?z‘“)’eel € Burn, ;(G)
by the same formula.
Example 5.4. We suppose I = {1,...,r}. Then
(X O G, (Ly,... . L™ =) y(wrs (X O GIEY,)) € Burn, ., (G).
JCI
Here, we employ the notation
(X O G, (Ly,..., L))" = [L,® - & L, D G]"e,
introduced in [16, §7].

Definition 5.5. Let 7: X’ — X be a morphism of quasi-projective G-
varieties and (L;);er, resp. (L})er, a collection of G-linearized line bundles
on X, resp. on X'. We say that 7 is compatible with the line bundles if

7*(L;) is equivariantly isomorphic to L}, for all i € I.

Proposition 5.6. Let X and X' be smooth projective G-varieties over k,
with G-linearized line bundles L;, respectively, L., fori € I. We suppose
that both X and X' satisfy the conditions of Lemma 5.1. If there is a
G-equivariant birational morphism X' — X, compatible with the line
bundles, then

(X O Gl = XD Glwy,er-
In the same situation with smooth quasi-projective G-varieties X and X',
if there is a birational projective morphism X' — X, compatible with the
line bundles, then

[X © G]I(lzi‘)/zeel = [X/ O G]I(lzz\)/fel
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Proof. As in the proof of [16, Prop. 3.6], we may factor X’ — X as
a sequence of equivariant smooth blow-ups and their inverses, among
quasi-projective G-varieties with indexed collections of G-linearized line
bundles, and thus reduce the proposition to the case of a single equi-
variant smooth blow-up, that is compatible with the line bundles. We
conclude by arguing as in the proof of [16, Thm. 5.1]. O

Remark 5.7. The rest of [16, §5] extends as well to the setting of smooth
quasi-projective G-varieties with indexed collections of G-linearized line
bundles:

e For the complement U = X'\ D of a simple normal crossing divisor
D= Ujej D;, J :={1,...,(}, in a smooth projective G-variety
X as in Definition 5.3, we define

U Gy = X O Gy, + Y, (“DYINp,x © G,
0#£ICT
(5.1)
e We have the identity
U O Glirye =0 GIES + > (DN, x © G, (52)
0#£ICT

involving the punctured normal bundle A/ Dy/X introduced in [16,
Defn. 5.6].

e The class [U © GJ(1,),.; in (5.1) is independent of the choice of
presentation as X \ D. Besides the argument as in the proof of
[16, Lemma 5.10], we also need to deal with the effect of replacing
some L; by another G-linearized line bundle on X, restricting to
the same class in Pic®(U). In fact, [9, Thm. 1] and the standard
excision sequence of Chow groups give a right exact sequence

7' — Pic®(X) — Pic“(U) — 0,

where for simplicity we suppose that the G-action on irreducible
components of each D; is transitive; the left-hand map is given
by (NDj/X)jej. Replacing L; by L; ®NDj/X leave the right-hand
side of (5.2) unchanged.

e Finally, [U C G](1,),., € Burn,;(G) is well-defined and is an
equivariant blratlonal invariant of any smooth quasi-projective
G-variety U with G-linearized line bundles L; for ¢ € I, satisfying
just the second half of statement (i) of Lemma 5.1 (where com-
patibility with the line bundles is understood in the equivariant
birational invariance).
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Definition 5.8. For an abelian subgroup H of G, we let Burn,, ;(G, H)
denote the subgroup of Burn,, ;(G), generated by symbols

(HCH,Z'CK,B.7),

with the given abelian subgroup as the first subgroup in the symbol. We
define the homomorphism

nr: Burn, (G, H) — Burn,_;(2)

by
(HCH,Z ¢ K,B,7)— (H'/|H,Z' & K, B).

Proposition 5.9. In the setting of Definition 5.3, we have
nf([X O G](Li)iel) = [Y O Z]v
when X 1is projective,
nr((X © GIEEY:.,) = Y © Z]™,

generally. In the setting of Remark 5.7, an analogous identity holds:
letting V' denote the Zg(H)-orbit of a component of U, we have

771<[U O G](Li)iel) = [V O Z]'

Proof. In each case, the class in Burn,, ;(G) lies in Burn,, ;(G, H). Com-
paring definitions, we obtain the identities. O]

Corollary 5.10. In the setting of Definition 5.3, if H is central in G,
then
T][([X O G](Li)iel) = [X O G/H]7

when X 1is projective,
(X © GliLY..,) = [X © G/HP™™,

i)iel

generally, and in the setting of Remark 5.7,

nI([U O G](Li)iel) = [U ) G/H]
Convention 5.11. The classes [X © G](r,),., and [X © GJ{ye_ (Def-
inition 5.3), respectively [U © G|(z,),., (Remark 5.7), also make sense
without the assumption of transitivity of the G-action on connected com-
ponents of X, respectively U. The assumptions concerning Lemma 5.1
need to be imposed on each orbit of components. Each orbit of com-
ponents leads to a class, and these are added to yield [X © GJL,,.,
respectively [X ©O G]](“ESZ?GI, respectively [U © GJ1,),.,- Furthermore,
we permit the line bundles L; to be defined on smooth quasi-projective
schemes with G-action, containing X, respectively U as an invariant
subscheme; the restriction to X, respectively U is then implicit in the

notation.
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Example 5.12. With the notation of Example 4.5,

XI(X D) G, (Di)i€I> = [D; O G]?ﬁ};j/x)iel'

Furthermore, if each D;; is the orbit under G of a single component

D, ;, then letting Gy ; denote the maximal subgroup of G for which D, ;
is invariant,

Xi(X © G, (Dy)iez) = Y indg, (D, © Gl,j}?ﬁ}gj/x)ig%
JjeIr

where on the right-hand side we employ notation analogous to (4.3).

6. DE CONCINI-PROCESI MODELS FOR LINEAR ACTIONS

Let V be a finite-dimensional vector space over k. In this section, we
lay the groundwork for computing the class

[V © G]"*¥° € Burn,(G),

of a given linear action of G on V, using as our main tool the wonderful
compactifications of De Concini and Procesi [7].

Here, V' has the right action of G determined by a faithful linear rep-

resentation
G — GL(VY).
We follow the presentation in [11].

The space V' contains an arrangement of linear subspaces, called the
stabilizer stratification in [1], indexed by the stabilizer groups I' C G
of vectors in V. We denote by £ = L(V) the set of these stabilizer
groups, partially ordered by inclusion. Associated with I' € L is the
linear subspace

Vei={veV]v-g=wvforall gel}.

Remark 6.1. The poset L is not, generally, a sublattice of the lattice of all
subgroups of GG. For instance, for the tensor product of the standard and
sign representations of &4 we have ((1,2)), ((1,2,3)) € £ but &3 ¢ L.
Generally, however, £ is a lattice, with TATY =T'NI"V e Lfor I, IV € L,
but more intricate join operation: I' V I"” is characterized as the generic
stabilizer of Vr N V.

The De Concini-Procesi model V; is the closure of the image of
VeV [ BV,
{1}#£TeL
where

vee=vy o J W
{1}#£TeL
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There is a natural projection
VE -V

which is an isomorphism on V°. The complement in V, is a normal
crossing divisor
D= |J bDr (6.1)
{1}£TeL
All strata are enumerated in terms of the combinatorics of the lattice L:
for A C £\ {1}, the stratum

Dy:=()Dr
reA
is nonempty if and only if A is a chain in £; we have Dy := V, by
convention. The geometry of the strata is described in [7, §4.3].

Proposition 6.2. The variety V; is in standard form with respect to the
divisor D in (6.1):

e the action on V; \ D is free,

e forg e G and {1} #T € L either g(Dr) = Dr or g(Dr)NDr = 0.
Consequently, all stabilizers are abelian, and Assumption 2 is satisfied.

Proof. The first condition holds, by definition. The second condition
holds, since a subset of L, consisting of two subgroups of the same order,
is never a chain. 0J

Following [11], we describe a point p € V. as a pair
p=(x,ViCcW,C---CV,CW) (6.2)
consisting of a vector x € V and a flag of subspaces of V', such that
o V; = Vpu for some {1} # T € L, for all i.
e We have dim(W;) = dim(V;) + 1 for all 4. (But, for i > 2, we only
require dim(W;_;) < dim(V;).)
e The stabilizer of z is I'' when ¢ is positive, trivial when ¢ = 0.

e The generic stabilizer of W is T for ¢ < t.
e The generic stabilizer of W, is trivial when ¢ > 1.

The point p lies in the stratum D,, indexed by the chain
A=T'D>I?*>...OT (6.3)
and not in any deeper stratum. The stabilizer of p is
{geT'|Vi-g=V,and W; - g = W for all i};

we remark, for g € G, that V; - g = V; if and only if g € Ng(T).
Concretely, the stabilizer is the group A’ obtained by the following
recursive construction, for which we introduce Vi, := V and I''*! :=
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{1}. Start with Npi(T'?) — GL((V2/V1)Y) with kernel T and define
A' C Npi(T'?) to be the subgroup leaving W, /V; invariant; then

Nat(T®) = GL((W1/V4)Y) x GL((Vs/Va)")

has kernel I, and we define A? C Na:1(I'®) to be the subgroup leaving
W3/ V5 invariant; and so on. We get a faithful representation

(€, .. ) AL = GL((W1/V))Y) x -+ x GL((W,/V))").

The character of A determined by D1 is €', by Dpi for i > 2 is € — e ~L.
(To see this, we form a basis of V by successively extending bases of
the vector spaces in (6.2), notice that the dual basis is adapted with
apparent marking [7, §1.3], obtain a quasi-affine neighborhood of p [7,
§3.1], and find the product of local defining equations of the first i divisors
as coordinate on V', corresponding to the ith marking [7, (1.4.3)].)

There is an analogous description of the generic stabilizer of Dy, where
we replace passage to the subgroup A? leaving a one-dimensional sub-
space of Vi;1/V; invariant with passage to the subgroup A% acting by
scalar multiplication on (Vi41/V;)":

(€h, ... €y ) AL — (B € GL((Vo/V1)Y) x - x GL((V/V)Y).

In order to apply the machinery of Section 4, we introduce G-invariant
divisors, made up of unions over conjugacy classes of divisors Dr. Let

Fl,...,rg€£\{1}

be a choice of conjugacy class representatives of nontrivial stabilizer
groups of vectors in V. Then, with

Di:= |J bDr,

I' conjugate
to Fi
we have a simple normal crossing divisor D = Dy U ---U Dy, with each
D; invariant under G. Now suppose I C 7 := {1,...,¢}, with D; # (.
Then the orders of I'; must be pairwise distinct; we write I = {iy,...,4;}
with
Ti| > [Ty >+ > T, [.

We take J; to be the set of conjugacy classes of chains of subgroups
(6.3) with I'* in the conjugacy class of I';, fora =1, ..., t. For j € J,

conjugacy class of a chain (6.3), we Dy ;, orbit under G of D,, with
generic stabilizer Hy; = A, with Z'-pairing given by €}, €% — €}, . . ..
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There is also a projective version, fitting into a cartesian diagram [7,
(4.1.1)-(4.1.3)]:

Ve — Opv)(—1) X 1y e POV/VE)
l (6.4)
P(V) x [1j1yrec P(V/VE).

Here, P(V). is the corresponding projective De Concini-Procesi model
[7, 84.1], isomorphic, when V has trivial space of invariants, to Dg.

P(V)c

Remark 6.3. This construction may yield, for a single G-action on P(V),
different models P(V').. The reason is that different linear representa-
tions can have the same projectivization. For instance, the standard
representation of &, leads to P(V)., isomorphic to the blow-up of P?
at 7 points, while the tensor product of the standard and sign repre-
sentations leads to a different lattice £ (cf. Remark 6.1), for which the
corresponding (V') is isomorphic to the blow-up of P? at 13 points.

7. DE CONCINI-PROCESI MODELS FOR PROJECTIVE LINEAR ACTIONS

A faithful representation G — GL(V"), having (possibly trivial) cyclic
subgroup C' acting by scalar matrices, induces a faithful projective repre-
sentation G/C — PGL(V"). This leads to an arrangement of projective
subspaces of P(V') indexed by pairs

(T e), CCrca, e € Hom(T', k™),

where I is the stabilizer group of some one-dimensional subspace ¢ C V'

with T' — GL(¢Y) = k* given by e. This is the projective analogue of

the stabilizer stratification: I'/C' is the stabilizer group of P(¢) € P(V).
The set

L = L(V) := {pairs (T, ¢) as above} U {0}

is a poset, with relation < defined by containment of subgroups with
compatibility of characters, and maximal element oo. Associated with
(I',€) € L is the linear subspace

Viei={veV]v-g=e(g)v forall g €T},
with
Ve :=0.
We get the structure of lattice, with (I', ) A (I, €’) equal to the subgroup
of I'NI” defined by equality of € and €', paired with the common restriction

of € and ¢, and as in Remark 6.1 a more intricate join operation, where
(T, e) v (I, ¢) has associated linear subspace Vi N Vi .



22 ANDREW KRESCH AND YURI TSCHINKEL

The representation G — GL(V') determines a projective De Concini-
Procesi model P(V')z, the closure of the image of
P(V)° = P(V)x [] B(V/Vio),

(Tye)el
T£C

where P(V')° denotes the complement in P(V') of the union of all proper
subspaces P(Vr ). There is a natural projection

P(V); — P(V) (7.1)

which is an isomorphism on P(V')°. The complement in P(V') 7 is a normal
crossing divisor

D= |]J Dr. (7.2)

Lemma 7.1. Let (T';e) € L, with T' # C. The projection (7.1) factors
through the blow-up

Bty \P(V) CP(V) x P(V/Vr)

of P(V') along P(Vr ). The pre-image of P(Vr.) is the exceptional divisor
in Bl \P(V'), with divisor class

Or(v) (1) © Opyvr o (=1),
and the further pre-image in P(V')z is the divisor

U DF’,6’7
(I'",€)=2(Te)

with all components of multiplicity 1.

Proof. The description of Blpy;, yP(V) is standard. The description of
the pre-image in P(V')z follows from [7, Thm. 4.2]. O

The strata are the intersections D, indexed by chains A in £, not
containing the smallest or largest element, with the empty chain corre-
sponding to Dy :=P(V)z.

Proposition 7.2. The variety P(V'); is in standard form with respect to
the divisor D in (7.2). In particular, all stabilizers are abelian.

Proof. The action on P(V')z\ D is free, and as in the proof of Proposition
6.2, the translate under g € G of Dr . is equal to or disjoint from Dr . [

Our next goal is to describe a point p € P(V); and the corresponding
stabilizer, in terms of the lattice £. There is a diagram, analogous to
(6.4), and an identification of P(V')z with the divisor of V; indexed by
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oo € L. Again following [11], we may describe such a point as in (6.2),
where the condition to lie on the divisor isomorphic to P(V') translates
into the vanishing of x € V. Then, automatically, the first vector space
is 0, and the second is a one-dimensional space ¢. Omitting this, respec-
tively separating this as y := P(¢) € P(V), we write
with:

o V; = Vi for some (I, ¢) € £ with I'" # C, for all 4,

o dim(W;) = dim(V;) + 1, for all 4,

o (I %, €) as stabilizer and character of /,

o (I'"*1 ¢) as stabilizer and character of a generic one-dimensional

subspace of W;, for ¢ < t,
e ( as stabilizer of a generic one-dimensional subspace of W;.

The point p lies in the stratum D,, indexed by the chain
A=T'>...OT" with common character e, (7.3)

and not in any deeper stratum. As in Section 6, we obtain the stabilizer
of p by a recursive construction, V., := V, 'l := C now starting with

N1 (I%) = GL((V2/V1)")

and subgroup Al, leaving W1 /V; invariant, with A? C N1 (I'®) the sub-
group leaving W5 /V5 invariant, etc. We obtain

(6,€',...,€): A = GL(£Y) x GL(W1/V1)Y) x -+ x GL(W/Vi)Y).
The stabilizer of p is A*/C, and the character of Dr1 . is €' — ¢, of Dri,
fori>2is e — e L

The generic stabilizer of D, is obtained as above, replacing passage
to the subgroup A’ by passage to A%, acting by scalar multiplication on
(Vi1 /V2)Y.

Also in the context of projectivized representations, we introduce G-
invariant divisors. Let

(F1,€1>,...,<Fg,€g) c E

be a choice of conjugacy class representatives of pairs consisting of a
stabilizer group, strictly containing ', and corresponding character. We

set
Di:= | Dr.

(T, €) conjugate
to (T, €)

Then D = Dy U---U Dy is a simple normal crossing divisor, with each
D; invariant under G. Given I C Z := {1,...,(}, with D; # (), we can
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write I uniquely as {i1,...,4} with
Ti| > [Ty >+ > |, [

We take J; to be the set of conjugacy classes of chains of subgroups (7.3)
with (I'*,€) in the conjugacy class of (I';,,¢;,) for a = 1, ..., t. Then
for j € Jr, we have Dy, orbit under G of D, for a representative A
of the conjugacy class j, with generic stabilizer group H;; = A}, with
Z'-pairing given by €} — €, €3 — €}, .... The maximal subgroup G ; of
G, under which D, is invariant (cf. Example 5.12), is the stabilizer of A
under the conjugation action of G, i.e., is

Ng(A) = Ng(rl, 6) N Ng(FQ) N---N Ng<Ft),
where Ng(T'!, €) € Ng(T'!) denotes the subgroup that stabilizes e.
8. COMPUTING CLASSES OF LINEAR REPRESENTATIONS

Here, we apply the previous results to compute the classes

[V © G]*° € Burn, (G) (8.1)
and
[P(V) © G/C| € Burn,_1(G/C). (8.2)
In fact, we first determine the class
P(V) D G](Op(v)(—l)) € Burn, (o (G). (8.3)

Referring to the diagram (6.4), we see by Example 5.4 that (8.1) arises
from the class (8.3) by applying wyoy and vy, and adding the results.
By Corollary 5.10, we obtain (8.2) as image of the class (8.3) under 7.
We work on the model P(V')z. By Proposition 7.2 this is in standard
form and, in particular, satisfies Assumption 2. Moreover, there is an
explicit description of all strata: strata are labeled by chains A in the
lattice £. The geometry of these strata is worked out in [7, Section 4.3]:
D, is isomorphic to a product of projective varieties, each obtained by
the De Concini-Procesi projective subspace arrangement construction ap-
plied to some subquotient spaces of V. However, this description involves
unnecessary, for our purposes, combinatorial sophistication. The relevant
information for us is the equivariant birational type of the G-orbit of D,.
The rough idea, behind the determination of the class (8.3), may be
found in Corollary 4.9, which predicts a formula whose first term is

(CCC,G/ICCkPV)),(),e), (8.4)

where € € CV is given by the scalar action of C on V. But, Corollary
4.9 requires knowledge of the classes of strata in the equivariant indexed
Burnside group, for the normal bundles of divisors. The classes that arise
recursively come from a different collection of bundles. So the formula
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in Proposition 8.3, below, uses Proposition 4.8, instead. Further treat-
ment is then required, to obtain the naive classes of the locally closed
strata. With a stabilizer-distinguishing stratification, this would be an
easy matter, with each locally closed stratum contributing a single term.
However, the stratifications that we use, generally, exhibit jumping of
stabilizers on locally closed strata; see Example 9.1 and the computa-
tion in Proposition 9.4. Instead, this emerges as the technical heart of
Theorem 8.4, below.

We turn to the description of input from the stratum, indexed by a
chain (7.3). As before, we write V; for V5., @ =1, ..., t. The stabilizer
Ng(A), described in Section 7, acts on each of the following projective
spaces:

The action on P(V}) arises from the faithful linear representation
Ng(A)/ ker(e) — GL(V}Y).
For 1 < ¢ <t we have
Ay € Na(h),
defined by the condition of acting by scalar multiplication on V1 /V;:
€ Al = kX C GL((Via /V)Y).
Then the action on P(V;,;/V;) arises from the faithful linear representa-
tion
Ne(A)/ ker(e') — GL((Vi1/Vi)")-
Put n := dim(V') and n; := dim(V;). Recursively, we have classes in
Burn,, o3 (Ne(A)/ ker(e), Nri(A)/ ker(e)), respectively
Burnniﬂ—ni,{i}(NG(A)/ker(€i>7 Ni\/ker(ei))'

Using the operations of product [18, §6] and restriction [18, §7], we com-
bine and obtain a class in

in fact, in the subgroup
Burn,, o, 11 (Na(A), AL).

Concretely, A, is the central subgroup of Ng(A), which under the faithful
representation on

V' x (Vo/ V1) x - x (V/V)Y

acts by scalars on each factor.
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Convention 8.1. We write (O(—1)) for the following sequence of line
bundles, indexed by {0, ..., t}:

Opy)(—1), Opy (1) @ Opyyviy (—1), Opva i) (1) @ Opvyvp) (—1), -+ -

The class in Burn, o, (Ne(A), A}) that we naturally obtain above
will record the characters of a different sequence of line bundles, those
where we omit the twists by the various O(1) bundles. These may be
transformed to the characters for (O(—1)), as in Example 4.1; the choice
of transformation is inspired by Lemma 7.1.

Recursively, we take as known the class
[B(VA) x B(Va/V) x - - x B((V/V)) © No(Wowy  (85)

in Burn, jo...(Ng(A), AY).
Lemma 8.2. We have

[Dr © Na(M]o-1) = [P(V1) x - x P(V/V;) © Ne(A)]o-1))
in Burn,, 1o (Na(A), AL).
Proof. This follows from the birational invariance of Proposition 5.6. [J
Proposition 8.3. The class

[P(V) O Glogy(-1)) € Burnn, 0 (G),

determined by G — GL(V'), is

(CCCGICCEPV)), ()€ +

ST ST indS, ) (Yoo (103 © No(A)Ee,y)  (8:6)

0AICT [AleTr

Proof. This is essentially the formula from Proposition 4.8. The first term
has been determined above (8.4). For the other terms, we use Example
5.12. OJ

Theorem 8.4. An algorithm to compute the class
[P(V) D G](OJP(V)(*l)) € Burnmg(G),

is supplied by the formula (8.6) and the following recursive procedure.
For all nonempty chains (7.3), starting with the longest chains and pro-
gressing to shorter ones, we compute

(D} © Ne(A)]{ay)) = [Da © Na(M)]o-)

- Z nd%G(A, Yra(rra([D3 © Ne(M)]5(1))))-
V]
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The sum is over Ng(A)-conjugacy classes of chains strictly containing A,
in the sense of having stabilizer groups with compatible characters added
at aribitrary locations along the chain A, including possibly at the begin-
ning and/or end. Let t' >t denote the length of . Now A determines
a subset

Jc{0,...,t'}

consisting of 0 as well as the positive integer indices of the members of A.
The summand, an element of Burn,, ;(Ng(A)), is viewed as an element

of
Burn, (.1} (Ne(A))

by order-preserving re-indexing.

Proof. The recursive procedure takes, as known, the class (8.5), which
by Lemma 8.2 is the first term in the right-hand side of the formula in
the statement of the theorem. Since ¢’ > ¢, the summands are known as
well. So it suffices to establish the validity of the equality. This follows,
by combining Proposition 4.8 and Example 5.12, where by Lemma 7.1,
we see that the application of 77 ; ensures that the correct divisor classes
appear in the J-indexed character components. 0

To summarize the results of this section, we state:
Theorem 8.5. We have
[V O GI"™™ = wioy ([P(V) © Glipyy(-1)))
+ 90y ([P(V) © Glos(-1))
[P(V) © G/CT =m0} ([P(V) © Gliosyy(-1)))
P& V) O G] = wioy ([P(V) © Glosyy(-1)
+ 90} (IP(V) © Glios,(-1) + ¥10} (P(V) O Glioy,m)-
Remark 8.6. If C' is trivial, the formula for
P(leV)oDd]

simplifies. By the No-Name Lemma (see, e.g., [6, Lemma 4.4]), a G-
vector bundle W — P(V), of relative dimension d, is equivariantly bira-
tional to P? x P(V), with trivial G-action on the first factor. Recognizing
that P(1@ V) is equivariantly birationally equivalent to (the compactifi-
cation of ) a G-linearized line bundle over P(V'), we obtain [P(1&V) © G
as the image of [P(V) ©© G] under the product map with [P* © triv] (cf.
Section 3).
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9. STANDARD PERMUTATION ACTION

In this section, we discuss the standard permutation action, considered
in [10], [11], [12].

Let n be a positive integer, let V' be the subspace of k™ defined by the
vanishing of the sum of coordinates, and let

S, — GL(VY)
be the standard representation, with V' 5 &,, given by

(1}1, ce 7(L’n) 0 = (mg(l), c. ,xg(n)).

Let £ = L(V) be the lattice of stabilizer groups in this representation.
The corresponding subspace arrangement is known as the braid arrange-
ment (see, e.g., [10]), £(V') is isomorphic to the partition lattice 11, of

{1,...,n}.

In detail, £(V') consists of all subgroups I' C &,, of the form
r=6,x--x6,

where
LU---UL=A{1,...,n}
with |I1] +--- + |I.] = n, i.e., [ are labeled by partitions of {1,...,n}.

Example 9.1. We study the case n = 4, i.e., the action of &4 in its
standard representation, matching it with the geometric description in
[7, Section 4.3]. Conjugacy classes of nontrivial stabilizer groups are

Fl = 64, FQ = 62 X 62, Fg = 637 F4 = 62.

Conjugacy class representatives of chains are tabulated, with generic sta-
bilizer and characters, in Table 1. We describe the strata Dj.

e Dy is P(V), blown up in 7 points: on P(V) the equations z; = x;
for 1 < i < j < 4 define 6 lines, and the 4 points of triple
intersection and 3 remaining intersection points get blown up.

e D, has 3 components, Al x P(V/{(1,1,—1,—1))) and two others
obtained by permutation of coordinates.

e D; has 4 components, A' x P(V/{(1,1,1,—-3))) and three others
obtained by permutation of coordinates.

e D, has 6 components, each a hyperplane in V' defined by equality
of a pair of coordinates, blown up at the origin.

e Dy has 3 components, P(V/{((1,1,—1,—1))) and two others.

e Di3 has 4 components, P(V/((1,1,1,—-3))) and three others.

e Dy, has 6 components P(IT): associated with I'! = &4 and I'? =
Gy are V; = 0 and Vo, = II, hyperplane in V' defined by the
equality of a pair of coordinates.



EQUIVARIANT BURNSIDE GROUPS 29

t A Al et €
1 G, trivial —

1 62 X 62 dlag 62 1

1 S3 trivial —

1 S, S, 1

2 64 D) 62 X 62 dlag 62 O, 1
2 G4 D 63 trivial —

2 64D 6, GPS 0,1
2 62 X 62 D) 62 62 X 62 €9, €1
2 G3 D 6, GPS 0,1
316,063 x 63D 65|65 x 6, 0, e, €1
3 64363362 S, 0,0,1

TABLE 1. Conjugacy classes of chains of stabilizer groups
of &4, with notation Gy, &3 for standard subgroups,
dlag 62 = <<172><374)> - <(172)7 (374)> = 62 X 62

e Dy, and Dy are unions of 6 respectively 12 copies of Al
e Dy, and Dq34 consist of 6 respectively 12 points.

The geometry of strata exhibits an interesting feature, namely, the jump-
ing of stabilizers on strata, in the open part of a stratum. We focus on a
single component P(II) of Dy4, with II defined by the equality of the first
two coordinates. Then P(II) inherits an G5 x Gq-action, where the first
factor G, acts trivially. The action of the second factor fixes two points,

(0,0 C ((0,0,1,-1)) cITC V)
0,0 ((1,1,-1,-1)=VhCcll=V;CV).

Of these, only the second is in a deeper stratum, namely, Do4.

and

As explained in Section 8, projective actions are of primary interest.
For the standard permutation action there is a direct combinatorial de-
scription of £ = L(V):

Proposition 9.2. Fizing a choice of primitive character of the cyclic
group C., for all 1 < e < n, the lattice L = L(V') associated with the
projectivized standard representation of S, admits the following descrip-
tion.

o An element (T, triv) € L is determined by a partition
{1,....,.n} =L U---UL
with r > 2, such that if r = 2, then |I;| # |I2|:
I'=6, x---xGy,.
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o An element (T, €) € L with nontrivial € is determined by a nonempty
subset S C {1,...,n}, a partition

S=LU---UI,

an integer e > 2 diwviding |I1|, ..., |I.|, and partitions of I; into
e cyclically ordered subsets of equal cardinality forit=1, ..., r:

I =T"%X&q, . nps: "= (S X X Sy ) e,

with character given by the chosen character of the quotient C, of
['. Such T is stabilizer of a point of P(V'), with nonzero coordinate
entries indexed by S, obeying an evident pattern involving eth
roots of unity, with respect to the partition of each set I;.

Proof. When the character is trivial, we pick up the description from
the affine case, where we exclude the cases r = 1 (corresponding to the
zero subspace of V') and r = 2 when |I;| = |I5| (corresponding to a one-
dimensional subspace of V' where the stabilizer group upon projectiviza-
tion picks up a nontrivial character). When the character is nontrivial,
the constraint for the permutation to act by scalar multiplication by a
primitive root of unity forces the set S, indexing the nonzero coordinates,
to have the structure indicated in the statement. 0

Example 9.3. When n = 4, Table 2 lists (conjugacy class represen-
tatives of) stabilizer groups, and their chains; see Proposition 9.2. For
each, the generic stabilizer group and characters have been computed, as
described in Section 7.

Proposition 9.4. The class [P(V) © &4] is

(triv, &4 C k(t,u), () + (62,6, C k(t), (1))
+ 2(diag G4, Ry C k(t), (1))
+2(64 X Gy, triv C k, (e1,€1 + €2))
+ (Ry, triv C k, (€1, €2)) + (Cs, triv C k, (1, 1))
+2(Cy, triv C k, (1,2)) € Burny(Sy).
Proof. We refer to Table 2: each line in the table is a contribution from

a divisor (¢ = 1) or intersection of pair of divisors (¢ = 2). In each case,
we record a description and the class

[Dy © N64(A)]((9(_1)) € Burng,{gymt}(N&l(A), Ai\)
Cases with t = 1:
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t A A e | e €
1 S3 trivial | — —

1 S, S, 0 1

1 62 ! 02 d1ag 62 0 1

1 CQ dlag 62 1 0

1 CQ X 62 62 1 0

1 Cs trivial | — —

1 Cy trivial | — —

2| @506, S 0| 01

2 62 ! 02 D 62 62 X 62 0 €9, €1
2 62 l CQ D) CQ ﬁ4 e | e1 + €9, €1
210 x G306, |Gy x6y|e 0,62
210y x 69D 05 |Gy x 6y e es,0

2 Cy, D0y Cy 1 3,2

TABLE 2. Conjugacy classes of chains of stabilizer groups,
for the projectivized standard representation of G4

o 'l = &3 with V; = ((1,1,1,-3)) gives rise to Ng,(A) = Gs,
acting trivially on V}¥ and via the standard representation on
(V/V1)Y. The class is

(triv C triv, S3 C k(t), (), (0,0)) + (triv C &y, triv & k, (1), (0,0))
+ (triv C &y, triv C k, (1), (0,1)) + (triv € Cs, triv C k, (1), (0, 1))
€ Burl’lgj{o’l} (63, tI'iV).

o ['! = &, with V} defined by equality of first two coordinates gives
rise to Ng, (A) = Gy x G, with first factor acting trivially on VY
and nontrivially on (V/V})Y, and second factor acting nontrivially
on V" and trivially on (V/V1)Y. The class is

(62 C Gy, 6, Ck(t),(),(0,1) + (62 € Gy x Gy, triv C £, (e2), (0, 61))
+ (62 g 62 X GQ,tI'iV C k?, ((52), (62, €1 + 62))
c BUFH37{071}(62 X 627 62)

o I'' = G500, with V; = ((1,1,—1,—1)) gives rise to Ng,(A) =
G21C5, acting by the given character on V}Y and via an irreducible
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representation on (V/V1)Y. The class is
(diag &, C diag G2, Ry C k(1) (), (0,1))
+ (diag Gy C Gy X G, triv C k, (e1 + €2), (0, e1))
+ (diag &5 C Ry, triv C k, (e2), (€2, €1 + €32))
+ (diag &, C Cy, triv C k, (2),(2,3)) € Burng 10.13(D4, diag &5).
o T = (), with V; = ((1,—1,0,0),(0,0,1, —1)), has Ng,(A) of

order 8, acting via an irreducible representation on V}¥ and by a
nontrivial character on (V/V})Y. The class is

(diag &, C diag G,, Ry C k(2), (), (1,1))
+ (diag Gy C Gy x G, triv C k, (e1 + €2), (€1,€1))
+ (diag Gy C Ry, triv C k, (e2), (e1,€1 + €32))
+ (diag S, C Oy, triv C k., (2), (1,1)) € Burng 19.13(D4, diag S5).
o I'' = O x &y, with V; = ((1,-1,0,0)), has Ng,(A) = Cy x &g,

acting on (V/V})Y by a nontrivial action of the second factor. The
class is

(62 g 627 62 C k@)? ()7 (17 1))
+ (62 g 62 X 627triv C k? ((ZZ)v (617 e+ @2))
+ (62 € 6y x Gy, triv &k, (e2), (e1,€1)) € Burng 19,13(62 X &2, 63).

o I'' = (5 with V; = ((1,¢, ¢?,0)) gives rise to Ng,(A) = C3 acting
on (V/V1)¥ by the sum of a trivial and a nontrivial character.
The class is

(triv C triv, C3 C k(t), (), (0,0)) + (triv C Cs, triv C k, (1), (1,1))
+ (triv € Cs, triv C k, (2), (1,2)) € Burns 40,13(Cs, triv).

o 'l = C, with V; = ((1,i,—1,—i)) gives rise to Ng,(A) = C4
acting on (V/V7)Y via a sum of a primitive and a nonprimitive
character. The class is

(triv C triv, Cy C k(t), (), (0,0)) + (triv C Cy, triv C k, (1), (1,1))
+ (triv € Cy, triv & k, (3),(1,2)) € Burng 4,13(Cy, triv).
When ¢ = 2, we have Ng,(A) acting on
VY x (Vo /W)Y x (V/Va)Y 2k x k x k,
so A% = Ng,(A), and the class is
(Ne,(A) C Ng, (M), triv & k, (), (e, €' — €, * — €"))
€ Burns (91,23 (Ne, (A), AZ).
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By the formula from the statement of Theorem 8.4, we subtract the in-
dicated terms from [Dy C Ne, (Al(o(-1)), to obtain [D} C Ne, (A)J{57 -
When t = 2, we do not subtract anything. When ¢ = 1, we obtain from
the t = 2 classes the terms to subtract, e.g., from

[Dg,56, © S2l{5( 1y = (62 C &, triv C k, (), (0,0, 1)),
the term
(triv C Go, triv C k, (1), (0,0))
to subtract from [De, O &3(o(-1)), to obtain

[Dg, © 63]’%‘{61)) = (triv C triv, 83 C k(t), (), (0,0))

+ (triv C &y, triv C k, (1), (0, 1)) + (triv C Cs, triv C &, (1), (0, 1)).
Finally, the classes are combined using Proposition 8.3 to obtain

[P(V) © G4y, (1) = (triv C triv, &4 C k(t, u), (), (0))

+ (triv C G, triv C k, (1, 1), (0)) + (triv C Cs, triv C k, (1, 1), (0))
+ (triv € 6,82 C K(t), (1), (0)) + (triv C Cy, triv C k, (2, 3), (2))
(triv C diag &2, 84 C k(?), (1), (0))

(triv C diag &y, 8y C k(t), (1), (1))
(triv C Gq, 6y C k(1), (1), (1)) + (triv C C, triv C k, (1,1), (1))
(triv C Cs, triv C k, (2,2), (1)) + (triv C Cy, triv C k, (1, 1), (1))

(triv C Gy x Gy, triv C k, (e2, €1 + €2), (0))

(triv C Ry, triv C k, (e1, €2), (€2)) + (triv C Cy, triv C k, (2, 3), (1))
+ (triv € Sy X Gy, triv C k, (e1, €3), (e1))

+ (triv € Sy X Gy, triv C k, (e1 + €3, €2), (e1)).

Applying 7y and relations in Burny(&,), we obtain the expression in

the statement of the proposition. ]

10. PROJECTIVE LINEAR ACTIONS ON P?
In this section we address an open problem, stated in [8, Section 9:

Problem 10.1. Find the conjugacy classes in the Cremona group Crs
of subgroups of PGLs.

In fact, the authors wrote: We do not know whether any two isomor-
phic non-conjugate subgroups of PGL3 are conjugate in Crs.

Here, we identify all finite groups G that admit embeddings into PGL;
giving nonbirational actions on P2, up to a small list of potential excep-
tions.
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We follow [8, Section 4.2] to organize the classification. Recall the
basic terminology: a (faithful) representation G — GL(V"Y) is called:

e intransitive: if it is reducible, transitive if it is irreducible;
e imprimitive if it is transitive but contains an intransitive normal
subgroup G’; in this case G /G’ permutes the G’ representations;
e primitive if it is neither intransitive, nor imprimitive.
The same terminology is used for subgroups in PGL(V"), if one of their
liftings is as above. The classification of finite subgroups G C PGLs
takes the form:

(1) If G is intransitive then
G=C,xG Ck*xGLyk), neN,

and G’ is a finite subgroup of GLs, a binary extensions of a sub-
group G’ C PGLsy, which in turn is:
e cyclic, dihedral, 204, &4, or As.
The classification of all possibilities for G’ is in [8, Corollary 4.6].
(2) If G is transitive but imprimitive then it is one of the four types
(see [8, Theorem 4.7]):
(2.1) extension of C3 by (Z/nZ)?, with the action

(Cnx()amlaxZ)a <x07Cnxlax2)7 ($27:C0>x1)7

(2.2) extension of &3 by (Z/nZ)?, here the &3 acts permutation
of the coordinates (zg, x1, x2), and the abelian subgroup acts
as above,

(2.3) extension of C3 by (Z/nZ) & (Z/mZ), m = n/r, with r > 1,
r|n,s*—s+1=0 (mod r), and with the action

(Cmfﬂo,fl?l,xz% (CZxO7Cnx17$2)a (332,350,5171),

(2.4) extension of &3 by (Z/nZ) ® (Z/mZ), m = n/3, 3 | n, here
the &3 acts permuation of the coordinates (zg,x1, z2), and
the abelian subgroup by

(Cm%,th)a (C27Cn171,x2>-

In each of these actions, there are 3 distinguished points on P2,
fixed by the abelian subgroup, and permuted by Cj3, respectively
G3. This means that GG can be realized on a del Pezzo surface of
degree 6, with the abelian subgroup acting freely on the torus.
(3) If G is primitive then it is one of the groups:
o s, As, PSLy(F7), the Hessian group 32 : SLy(F3), and two
of its subgroups.
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As mentioned in the Introduction, the standard approaches to dis-
tinguishing G-actions, up to birationality, rely on group cohomology
H!(G, Pic(X)), or birational rigidity. The first is not applicable since
Pic(P") = Z, which implies vanishing of cohomology.

Primitive actions. These actions are now understood, via birational
rigidity techniques:

Theorem 10.2. [20] Let G C PGL3 be a finite group. Then P? is G-
birationally rigid if and only if G is transitive and not isomorphic to A4
or Gy.

Recall that G-birational rigidity in our context means that there are
no G-equivariant birational maps P? --» X, where X is a G-Mori fiber
space (i.e., conic bundle or a del Pezzo surface) not isomorphic to P2.
Birational super-ridigity means that every equivariantly birational model
has the same action on P?, up to automorphisms.

In fact, [20] identifies rigid and super-rigid actions. For example, there
are two actions of 2As on P2, coming from the two nonisomorphic 3-
dimensional represesentations of 2A5; they are not conjugated in PGL;
but are conjugated in the Cremona group Cry [4, Remark 6.3.9]. On the
other hand, 2s and PSLy(F7) also admit two actions on P2, but these are
not conjugated in Cry [2, Theorems B.8 and A.20].

Transitive imprimitive actions. In this case, G contains an abelian
subgroup H of rank 2. The classification of G-actions can be approached
via the Reichstein-Youssin invariant [19]: the equivariant birational type
upon restriction to H is governed by the determinant, up to 4+1. This
gives examples of nonbirational actions of G. The argument is similar to
[19, Theorem 7.2].

Intransitive actions. From the perspective of birational rigidity, this
class is more difficult to analyze: the existence of G-fixed points allows for
different G-birational models. However, it is well-suited for applications
of the Burnside group formalism.

We can assume that

G=0C,xG, n>2,
where G’ C GLy is a lift of G’ € PGLs.

o ' = C,,: Actions of cyclic groups on P! lift to GL,. Thus we
have an action of G := C,, x C,,, on P2, By [19], such actions are
birational if and only if the determinants differ by +1.

o (' =9, Ay, &y, or As. Let n be such that p(n) > 3. Then G

admits nonbirational actions on P2,
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Indeed, let € be a primitive character of C,. Let V be a faithful 2-
dimensional representation of G’ lifting G’ C PGLy, and V, :== V ® e.
This gives generically a free action of G on P(1 @ V). To compute the
class of this action in Burny(G), we may apply Theorem 8.5. We may
also turn to geometry and observe that there are two distinguished loci
in P(1 @ V,): the fixed point, and the line P(V'). To obtain a standard
model, we need to blow up the fixed point. On the blow-up, there will
be two divisors with stabilizer C,,, the corresponding contribution to

P(le V) ©d]
is given by
(Cpn, G & k(P(V)),€) + (Cp,G' & k(P(V)), —e).

These symbols are incompressible, by Proposition 3.6.
Let € be another primitive character, and V., := V ®¢’ the correspond-
ing twist. Applying Proposition 3.4, we obtain

P1aV,) ©G]#[P(1e V) D G] € Burng(G),

provided e # +¢'.
This construction generalizes [18, Example 5.3].

11. PROJECTIVE LINEAR ACTIONS ON P3

As in the case of P?, primitive actions on P? are amenable to birational
rigidity techniques. An analog of Theorem 10.2 in dimension 3 is:

Theorem 11.1. [5] Let G C PGLy be a finite subgroup. Then P is
G-birationally rigid if and only if G is primitive and not isomorphic to

As or G5.

The classification goes further, by identifying G-super-rigid actions,
e.g., two embeddings of G = PSLy(F;) into PGL, are conjugated in Crj
if and only if they are conjugated in PGLy [3, Corollary 1.11]; this yields
examples of nonbirational actions by considering P(1 @& V3), where V3 is
a 3-dimensional representation of PSLy(F7), and P(V}), where Vj is a
4-dimensional representation of SLq(F7).

Much harder to handle, from the perspective of rigidity, are intransitive
actions, in particular, those with a G-fixed point.

Theorem 11.2. Consider G = C,, x G', where G' C GLg is a lift of
G' € PGL3. Let G’ be one of the following groups

&, s, PSLy(F7), s C PGL;.

Assume that p(n) > 3. Then G admits nonbirational actions on P3.
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Proof. Let V be a faithful 3-dimensional representation of G'. We con-
sider generically free actions on P(1 & V;), where V., := V ® ¢, and € is
a nontrivial character of C,. Applying Theorem 8.5, and the formalism
of Section 3 (or [18, Section 5]), we extract symbols with C),-stabilizers
which appear in the computation of the class

P(1®V,) © G] € Burng(G),
namely,
(Cn,G' C k(P(V)),€) + (Cp,G' & k(P(V)), —e¢). (11.1)

The main point is that these symbols are incompressible (see Section
3). Indeed, the PSLy(F;) and 2Ag-actions on P? cannot be obtained by
blowing up an isolated point on a threefold (it has an abelian stabilizer),
or a line P!, since these groups do not act (generically freely) on P!
The s, respectively &,-action, on P! x P!, with trivial action on the
second factor, is not equivariantly birational to the linear action of the
corresponding group on P2, Indeed, the restriction of the action to a
Klein subgroup K, C G, for G = &4 or 25, has no fixed points on
P! x P!, but does have fixed points on P?.
By Proposition 3.4, the symbols

(Cp, G & k(P(V)),€)

are linearly independent in Burni*(G), a direct summand of Burns(G).
Therefore,

P(1eV,) DG #[P(1e V) D G] € Burng(G),

provided
€ # +¢€,
in which case the actions are not equivariantly birational. 0
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