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Abstract
We introduce certain torus-equivariant classes on permutohedral varieties which we
call “tautological classes of matroids” as a new geometric framework for studying
matroids. Using this framework, we unify and extend many recent developments in
matroid theory arising from its interaction with algebraic geometry. We achieve this
by establishing a Chow-theoretic description and a log-concavity property for a 4-
variable transformation of the Tutte polynomial, and by establishing an exceptional
Hirzebruch-Riemann-Roch-type formula for permutohedral varieties that translates
between K-theory and Chow theory.
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1 Introduction

In Ardila’s survey on the interaction between matroid theory and algebraic geome-
try [8], recent developments are classified according to three geometric models for
matroids. However, developments from these different geometric models remained
partially disjoint, as evidenced in Conjectures 1.1 below. We introduce a new unify-
ing framework we call “tautological classes of matroids.” An advantage of our ap-
proach is that we are able to exploit different techniques that were previously appli-
cable in one model but not in others. Two prominent such techniques are localization
methods in torus-equivariant geometry and positivity properties in tropical Hodge
theory.

Let E = {0,1, . . . , n}, and let T be the algebraic torus (C∗)E . The standard action
of T on C

E is (t0, . . . , tn) · (x0, . . . , xn)= (t0x0, . . . , tnxn), which induces a T -action
on the Grassmannian Gr(r;E) of r-dimensional subspaces of CE . Let XE be the n-
dimensional permutohedral variety, which is the projective toric variety associated to
the permutohedron �(E) = Conv

(
σ · (0, . . . , n) | σ a permutation of E

) ⊂ R
E . We

follow the conventions of [31, 52] for toric varieties and polyhedral geometry.
Let M be a matroid of rank r with ground set E, and let rkM : 2E → Z be its rank

function. We refer to [109] or [94] for a general background on matroids. We always
assume that a matroid has a nonempty ground set unless explicitly noted otherwise.
For a set S and an element i ∈ S, as is customary in matroid theory, we often denote
S \ i = S \{i}. For i ∈E, we denote by Hi the i-th coordinate hyperplane in CE . If M

is realizable over C, a realization of M is an r-dimensional linear subspace L⊆ C
E

such that the set of bases of M equals the sub-collection {B ∈ (E
r

) | L ∩⋂i∈B Hi =
{0}} of size r subsets of E.

1.1 Three previous geometric models of matroids

For the reader’s convenience, we include an overview of the previous three geomet-
ric models of matroids. In each case, one begins with an algebro-geometric model
defined for a realizable matroid, and then captures its combinatorial essence by a
polyhedral model defined for an arbitrary (not necessarily realizable) matroid.
Model (1) (Base polytope and K-theory) In this model, one considers a realization

L ⊆ C
E as a point on Gr(r;E). The resulting algebro-geometric model is the

torus orbit closure T ·L ⊂ Gr(r;E). The polyhedral model is the base poly-
tope P(M)= Conv(

∑
i∈B ei | B a basis of M)⊂R

E , whose associated projec-
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tive toric variety is isomorphic to T ·L when L is a realization of M [58]. This
geometric approach to matroids led to:
• a matroid invariant called the g-polynomial [103],
• a K-theoretic expression for the Tutte polynomial of M [50],
• an Ehrhart-style lattice point counting expression for the Tutte polynomial

of M [25], and
• a generalization of the Tutte polynomial of a matroid to flag matroids [26,

39].
Model (2) (Bergman fan and Chow ring) In this model, one considers a realization

L⊆C
E as a hyperplane arrangement {Hi ⊂ L |Hi = L∩Hi}i∈E of the restric-

tions of Hi ⊂ C
E to L. The resulting algebro-geometric model is the wonder-

ful compactification WL of the projective hyperplane arrangement complement
PL \⋃PHi , introduced in [35]. It is a subvariety of the permutohedral variety
XE . The polyhedral model is the Bergman fan �M , a subfan of the normal fan of
the permutohedron, whose cones correspond to chains of flats of M [9]. When
considered as a Minkowski weight, it defines a homology class �M in the Chow
ring A•(XE) that equals the class [WL] when L is a realization of M [78, 104].
This geometric approach to matroids led to:
• a notion of Chow rings of arbitrary (not necessarily realizable) matroids

[49],
• a Chow-theoretic expression for the (reduced) characteristic polynomial of

M [72], and
• the development of the Hodge theory of matroids, and in particular a proof

of the log-concavity of coefficients of the characteristic polynomial of a
matroid [1], settling the long-standing conjectures of Heron, Rota, Mason,
and Welsh [64, 88, 98, 109]

Model (3) (Conormal fan and Chow ring) In this model, one considers a realization
L⊆C

E as a Lagrangian subvariety L×L⊥ of the cotangent space CE× (CE)∨
of CE , where L⊥ = (CE/L)∨. Projectivizing, one obtains the conormal space
PL× PL⊥ of the linear subvariety PL ⊆ P

n. The resulting algebro-geometric
model is the critical set variety XL [30, 93], a variety birational to PL× PL⊥.
The polyhedral model is the conormal fan �M,M⊥ , whose support equals the
support of the product of two Bergman fans �M ×�M⊥ . Here M⊥ denotes the
dual matroid of M , a matroid that is realized by L⊥ when M is realized by L.
This geometric approach to matroids led to:
• a notion of Chern-Schwartz-MacPherson (CSM) classes of matroids [84],

inspired by the related geometry of log-tangent sheaves [37, 68],
• a Chow-theoretic expression for the coefficients of TM(x,0), i.e. the Tutte

polynomial TM(x, y) of M evaluated at y = 0 [84], and
• a proof of the log-concavity of the coefficients of TM(x,0) [13, 70], set-

tling long-standing conjectures of Brylawski and Dawson [23, 34].
In these models, the Tutte polynomial of a matroid and its specializations man-

ifested geometrically in many different ways, but the connection between them has
until now remained unclear. The following collects conjectures about such connec-
tions from several groups of authors.
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Conjectures 1.1
(a) (within (1)) The authors of [25] conjectured there was a connection between

their formulation of the Tutte polynomial and that of [50] (see the discussion
below [25, Theorem 3.4]).

(b) ((1) & (2)) The authors of [26] asked how the K-theoretic computations in
[50] relate to the Chow-theoretic computations made in [72] (see the discussion
above [26, §1.1]). Moreover, they generalized the characteristic polynomial of a
matroid to that of a flag matroid via K-theory, and conjectured that it also has
log-concave coefficients [26, Conjecture 9.4].

(c) ((1) & (3)) The authors of [84] conjectured a Chow-theoretic formula for the
g-polynomial of matroids, originally defined in [103] via K-theory (see [84,
§5.3]).

We affirm all parts of Conjectures 1.1 (see the discussion at the end of §1.6).

1.2 Tautological bundles and tautological classes

We now introduce our new framework. Let CE
inv denote the vector space CE with

the inverse action of T where (t0, . . . , tn) ∈ T acts on (x0, . . . , xn) ∈ C
E
inv by

(t−1
0 x0, . . . , t

−1
n xn). Denote by C

E
inv the T -equivariant vector bundle XE × C

E
inv. Fi-

nally, write 1 for the identity point of the open torus T/C∗ ⊂ XE , where C
∗ acts

diagonally on T .

Definition 1.2 For an r-dimensional linear subspace L⊆ C
E , the tautological sub-

bundle SL and the tautological quotient bundle QL of L are defined by

SL := the unique T -equivariant rank r subbundle of CE
inv whose fiber at 1 is L, and

QL := the unique T -equivariant rank |E| − r quotient bundle of CE
inv whose fiber

at 1 is CE/L.

The uniqueness and existence of these bundles are verified in Proposition 3.6,
where we induce them from the tautological sub and quotient bundles of the Grass-
mannian Gr(r;E). By construction, one has a short exact sequence 0 → SL →
C

E
inv →QL→ 0 of vector bundles on XE .
When L ⊆ C

E is a realization of a matroid M , the T -equivariant K-classes
[SL], [QL] ∈ KT

0 (XE) depend only on the matroid M (Proposition 3.7). From this,
we construct classes [SM ], [QM ] ∈KT

0 (XE) on XE satisfying [SM ]+[QM ] = [CE
inv]

for arbitrary (not necessarily realizable) matroids M with ground set E (Defini-
tion 3.9) which we call the tautological K-classes of M . We will write [S∨M ], [Q∨M ]
for their duals, and write ci(SM), ci(QM) ∈ Ai(XE) for their i-th non-equivariant
Chern classes, which we call the tautological Chern classes of M .

1.3 Two fundamental properties

The tautological K-classes and Chern classes of a matroid display useful features of
both the K-theoretic approach to matroids via base polytopes (Model (1) in §1.1)
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and the Chow-theoretic approach via tropical geometry (Models (2) and (3) in §1.1).
More precisely:
(A) The T -equivariant structure of tautological classes of matroids allows for the

use of localization techniques in torus-equivariant geometry, reviewed in §2.
Using these localization techniques, we show in §4 that tautological classes of
matroids satisfy a deletion-contraction property, and we show in §5 that they
display the following properties often shared by matroid invariants derived from
base polytopes of matroids:
• A Hopf-algebraic structure reflecting the fact that a face of the base poly-

tope P(M) of a matroid M is a product of the base polytopes of certain
matroid minors of M [2, 40, 79].

• Valuativity, which means that the invariant satisfies an inclusion-exclusion
property with respect to any subdivision of P(M) into smaller matroid
base polytopes [10, 11, 38].

• Well-behavedness under matroid duality and direct sums.
(B) Several long-standing conjectures in matroid theory concerning the log-conca-

vity of sequences were resolved by adapting positivity properties of nef line
bundles in algebraic geometry to a tropical geometry setting [1, 13]. In our case,
if a matroid M has a realization L, then S∨L and QL are globally generated,
and hence nef vector bundles. Equivalently, the relative hyperplane classes of
the bi-projective bundle P(Q∨L) ×XE

P(SL) are nef divisor classes, implying
that the Chern classes of S∨L and QL (as the Segre classes of Q∨L and SL re-
spectively) have positivity and log-concavity properties. In §9, we show that the
Chern classes of S∨M and QM for arbitrary (not necessarily realizable) matroids
M retain these same properties. An essential tool for establishing these results
is the tropical Hodge theory of Lefschetz fans developed in [13, §5].

1.4 A unifying formula and log-concavity for the Tutte polynomial

An element i ∈E in a matroid M is a loop (resp. a coloop) if no basis of M contains
i (resp. every basis of M contains i). When i is neither a loop nor a coloop in M , the
deletion M \ i and the contraction M/i are matroids on E \ i defined by

the set of bases of M \ i = {B | B a basis of M such that B 
� i}, and

the set of bases of M/i = {B \ i | B a basis of M such that B � i}.
When i is a loop or a coloop in M , one writes M \ i =M/i for the matroid whose set
of bases equal the nonempty one among the two sets of bases above. These notions
give rise to the Tutte polynomial, the universal deletion-contraction invariant, defined
for graphs in [106], and for matroids in [33].

Definition 1.3 Let M be a matroid with ground set E. The Tutte polynomial
TM(x, y) is the unique bivariate polynomial determined by the following two prop-
erties.
• (Base case) If |E| = 1, then

TM(x, y)=
{

x if M has rank 1 (i.e. M is a coloop)

y if M has rank 0 (i.e. M is a loop).



A. Berget et al.

• (Deletion-contraction relation) If |E| ≥ 2 and i ∈E, then

TM(x, y)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x · TM/i(x, y) if i ∈E is a coloop in M

y · TM\i (x, y) if i ∈E is a loop in M

TM\i (x, y)+ TM/i(x, y) if i ∈E is neither a loop nor a coloop

in M.

We use the fundamental properties (A) and (B) of tautological classes of matroids
to prove the following two theorems about the Tutte polynomial. The first theorem is
a Chow-theoretic expression for the Tutte polynomial that generalizes every previous
expression for the Tutte polynomial and its specializations mentioned in §1.1. To state
it, we recall two distinguished nef divisor classes on the permutohedral variety XE

from [1, 72]. Writing U1,E and Un,E for the uniform matroids of rank 1 and corank 1
on E (respectively), denote in the non-equivariant Chow group A1(XE) the elements
(see Example 3.10)

α = c1(QUn,E
) and β = c1(S∨U1,E

).

Equivalently, XE resolves the Cremona map P
n crem��� P

n defined by [x0 : . . . : xn] 
→
[x−1

0 : . . . : x−1
n ], and α,β are the pullbacks of the hyperplane classes from the domain

and target respectively (see §2.6).

Theorem A Let
∫
XE
: A•(XE)→ Z be the degree map on XE . For a matroid M of

rank r with ground set E, define a polynomial

tM(x, y, z,w)= (x + y)−1(y + z)r (x +w)|E|−rTM

(x + y

y + z
,

x + y

x +w

)
.

Then, we have an equality

∑

i+j+k+�=n

(∫

XE

αiβj ck(S∨M)c�(QM)

)
xiyj zkw� = tM(x, y, z,w).

We prove Theorem A in §4 by showing that the tautological Chern classes of
matroids satisfy a deletion-contraction relation (Theorem 4.8). We also present in
Appendix I a different proof obtained by establishing a recursive convolution formula
for both tautological Chern classes and Tutte polynomials of matroids, which may be
of independent interest.

The second theorem is a log-concavity property for the Tutte polynomial ex-
pression in Theorem A, which generalizes every log-concavity result mentioned
in §1.1. To state it, we recall that a nonnegative sequence (a0, a1, . . . , am) is log-
concave if a2

k ≥ ak−1ak+1 for all 1 ≤ k ≤ m − 1, and has no internal zeros if
aiaj > 0 =⇒ ak > 0 for all 0 ≤ i ≤ k ≤ j ≤ m. For a homogeneous polynomial
f ∈ R[x1, . . . , xN ] of degree d with nonnegative coefficients, we say that its coeffi-
cients form a log-concave unbroken array if, for any 1 ≤ i < j ≤ N and a mono-
mial xm of degree d ′ ≤ d , the coefficients of {xk

i xd−d ′−k
j xm}0≤k≤d−d ′ in f form a

log-concave sequence with no internal zeros.
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Theorem B For a matroid M of rank r with ground set E, the coefficients of the
polynomial

tM(x, y, z,w)= (x + y)−1(y + z)r (x +w)|E|−rTM

(x + y

y + z
,

x + y

x +w

)

form a log-concave unbroken array.

We prove Theorem B in §9. In fact, we establish a stronger statement (Theo-
rem 9.13) implying that the polynomial tM(x, y, z,w) is a “denormalized Lorentzian
polynomial” in the sense of [17].

By considering coefficients of xr−1−iyiw|E|−r in Theorem B (i.e. setting z = 0
and considering terms divisible by w|E|−r ), one recovers the log-concavity for the
coefficients of the unsigned reduced characteristic polynomial TM(q + 1,0)/(q + 1)

from [1]. By considering coefficients of xr−1−iziw|E|−r (i.e. setting y = 0 and con-
sidering terms divisible by w|E|−r ), one recovers the log-concavity for the coeffi-
cients of TM(q,0), the h-vector of the broken circuit complex of M , from [13]. To
deduce the log-concavity of the coefficients of TM(q,1), the h-vector of the inde-
pendence complex, [13] appeals to a combinatorial property of the free coextension
matroid of M due to Brylawski [22]. Here, one can deduce this result directly from
Theorem B applied to M by considering the coefficients of x|E|−r−1+izr−i (i.e. set-
ting y = w = 0).1 We note [34] showed that h-vector log-concavity always implies
f -vector log-concavity.

1.5 Minkowski weights associated to matroids

We use Theorem A to relate the tautological Chern classes of a matroid to prior con-
structions such as the Bergman fan and the Chern-Schwartz-MacPherson classes of a
matroid (Definition 7.5 and Definition 8.2, respectively). See §7.1 for the definition
of, and notations concerning, Minkowski weights used in the statements below.

Theorem C Let M be a matroid of rank r with ground set E. Let �M be its
Bergman class. For 0≤ k ≤ r−1, let csmk(M) be its k-dimensional Chern-Schwartz-
MacPherson class. Then

�M = c|E|−r (QM)∩��E
and csmk(M)= cr−1−k(SM)c|E|−r (QM)∩��E

.

The result for �M is proved in Theorem 7.6 and the result for csmk(M) is proved
in Theorem 8.4. For realizable matroids, we establish stronger geometric statements
in Theorem 7.10 and Theorem 8.8. Using these theorems, in §7 and §8 we re-
cover the properties of the Bergman fans and the CSM classes of matroids pre-
viously established in [9, 48] and [84], respectively. In light of Theorem C, The-
orem A generalizes [72, Lemma 6.1], which states that the intersection degrees

1A strengthening of the log-concavity of the f -vector of the independence complex to ultra-log-concavity,
conjectured by Mason [88], was established in [7] and [17]. A strengthening of the log-concavity of the
h-vector is given in [15]. Neither strengthening is implied by Theorem B.
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αiβr−1−i�M equal the coefficients of the unsigned reduced characteristic polyno-
mial TM(q + 1,0)/(q + 1), and generalizes [84, Theorem 5.8], which states that the
intersection degrees αi csmi (M) equal the coefficients of TM(q,0). These combina-
torial interpretations of the tautological Chern classes, which are particular cases of
Schur classes of SM and QM , motivate us to pose the following question.

Question 1.4 What combinatorial interpretations do products of Schur classes of S∨M
and QM admit? Do they similarly satisfy positivity and log-concavity properties?

For instance, [36, 54] establish positivity properties for Schur classes of nef vector
bundles, which apply to the globally generated bundles S∨L and QL if L is a realiza-
tion of M .

1.6 A K-theory to Chow theory bridge

We now turn to connecting Theorem A, a Chow-theoretic expression, to expressions
for the Tutte polynomial obtained via K-theoretic tools. One could try using the
Hirzebruch-Riemann-Roch (HRR) theorem, which states that the Euler characteristic
χ([E]) of a K-class [E] on a smooth projective variety X satisfies

χ
([E])=

∫

X

Td(X) · ch([E]),

where Td(X) ∈ A•(X)Q is the Todd class of X and ch([E]) is the Chern charac-
ter of [E] (by convention

∫
X

γ = 0 if γ ∈ Ai(X) for i < dim(X)). However, the
Hirzebruch-Riemann-Roch theorem does not appear to be useful in our context (see
Remark 10.3).

We construct an exceptional isomorphism ζXE
: K0(XE)

∼→A•(XE), unrelated to
the Chern character ch, that translates between K-theoretic and Chow-theoretic com-
putations using 1+α+· · ·+αn in place of the Todd class Td(XE). This map behaves
particularly well on a collection of T -equivariant K-classes that we say “have simple
Chern roots” (Definition 10.4), which includes [S∨M ] and [Q∨M ] for any matroid M .

Theorem D There exists a ring isomorphism ζXE
: K0(XE)

∼→ A•(XE) which satis-
fies

χ
([E])=

∫

XE

(1+ α + · · · + αn) · ζE([E])

for any [E] ∈ K0(XE). Denote by
∧i for the i-th exterior power and c(E, u) :=∑

i≥0 ci(E)ui the Chern polynomial of [E]. If [E] has simple Chern roots and rank
rk(E) then we have

∑

i≥0

ζXE

([∧i E])ui = (u+ 1)rk(E)c(E, u
u+1 ), and

∑

i≥0

ζXE

([∧i E∨])ui = (u+ 1)rk(E)c(E,1)−1c(E, 1
u+1 ).
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We prove the first part of Theorem D in Theorem 10.1, and the second part
in Proposition 10.5. Applying Theorem D to Theorem A, we recover both the K-
theoretic formula for the Tutte polynomial [50, Theorem 5.1] (see Theorem 10.9)
and the lattice-point-counting formula for the Tutte polynomial [25, Theorem 3.2]
(see Theorem 10.11), thereby answering Conjectures 1.1.(a) and the first part of
Conjectures 1.1.(b). We also use Theorem D to give a Chow-theoretic formula for
Speyer’s g-polynomial of a matroid (Theorem 10.12) conjectured in [84, Conjecture
1], answering Conjectures 1.1.(c).

Finally, in §11 we show that our methods generalize well to flag matroids, an-
swering two conjectures concerning the characteristic polynomials of flag matroids
that were defined and studied in [26, 39]. In particular, we establish a log-concavity
property answering the second part of Conjectures 1.1.(b).

Matroids and flag matroids are the “type A” examples of Coxeter matroids [16,
57]. They are also examples of polymatroids (Remark 10.7). Motivated by these, we
pose the following question.

Question 1.5 How do the results here generalize to Coxeter matroids or polyma-
troids?

For instance, we show in §10.4 that Theorem D recovers Postnikov’s result [95,
Theorem 11.3] relating Ehrhart and volume polynomials of generalized permutohe-
dra, of which polymatroids are a subfamily.

2 Equivariant geometry of permutohedral varieties

We set notations and collect results relevant to the torus-equivariant K-theory and
Chow theory of permutohedral varieties. We also note some features that are special
to permutohedral varieties not shared by arbitrary toric varieties.

2.1 Equivariant K-ring and equivariant Chow ring

Recall that E = {0,1, . . . , n}, and T = (C∗)E . Let Char(T ) be the character group of
T . For a smooth T -variety X, let K0

T (X) denote the T -equivariant Grothendieck K-
ring of vector bundles on X, as defined in for example [97, 108]. For [E] ∈K0

T (X),
we write [E∨] for its dual class. Writing T0, . . . , Tn for the standard characters of
T , we identify the character ring Z[Char(T )] with the Laurent polynomial ring
Z[T ±0 , . . . , T ±n ]. In particular, the T -equivariant K-ring K0

T (pt) of a point is iden-
tified with Z[T ±0 , . . . , T ±n ], where a T -representation corresponds to the sum of its
characters.

We let A•T (X) denote the T -equivariant Chow ring of X as defined in [41], not-
ing the identification of the equivariant Chow homology with the equivariant Chow
cohomology occurring in [41, Proposition 4] when X is smooth. For a T -equivariant
K-class [E] ∈ K0

T (X), we write ci(E) for its i-th non-equivariant Chern class, re-
serving the notation cT

i (E) for the i-th T -equivariant Chern class. We identify the
symmetric algebra Sym•Char(T ), which is the T -equivariant Chow ring A•T (pt) of a



A. Berget et al.

point, with the polynomial ring Z[t0, . . . , tn]. Here we have used the lowercase t for
notational clarity: In the context of equivariant K-theory or Chow rings, the Ti vari-
ables will denote elements in the Laurent polynomial ring, whereas the ti variables
will denote elements in the polynomial ring.

2.2 Grassmannians

Let S and Q denote the tautological sub and quotient bundle on Gr(r;E), respec-
tively. For an r-element subset I of E, let pI be the T -fixed point of Gr(r;E) corre-
sponding to span(ei | i ∈ I )⊆C

E . For a T -equivariant K-class [E] ∈K0
T (Gr(r;E)),

write [E]I for its image under the restriction map K0
T (Gr(r;E)) → K0

T (pI ) =
Z[T ±0 , . . . , T ±n ]. Then, we have

[S]I =
∑

i∈I

Ti and [Q]I =
∑

j∈E\I
Tj for any I ∈ (E

r

)
.

In particular, the ample line bundle O(1) on Gr(r;E), whose global sections give

the Plücker embedding into P(C(E
r )), satisfies [O(1)]I = [detS∨]I =∏i∈I T −1

i for

every I ∈ (E
r

)
. If I and J are r-element subsets of E such that J = I \ {i} ∪ {j} for

some i ∈ I and j ∈ J , then every T -equivariant K-class [E] ∈K0
T (Gr(r;E)) satisfies

[E]I ≡ [E]J mod (1 − Ti/Tj ). Conversely a collection ([E]I )I∈(E
r )

satisfying this

congruence for all such I, J determines a unique [E] (see for example the discussion
in [50, §2.2]).

2.3 Conventions for permutations and cones

We now specialize to permutohedral varieties. We first set some notations and con-
ventions. Let 〈·, ·〉 denote the standard inner product on R

E , and let SE be the set
of permutations on E. The normal fan �̃E of the permutohedron �(E)= Conv(σ ·
(0,1, . . . , n) | σ ∈SE) is the fan in R

E induced by the type An hyperplane arrange-
ment, which consists of the

(
n+1

2

)
hyperplanes {x ∈ R

E | 〈x, ei − ej 〉 = 0}0≤i<j≤n.
Every cone of �̃E has 1-dimensional linearity space R1, where 1= (1,1, . . . ,1). Let
�E be the quotient fan in RE/R1. It is a rational unimodular fan over the lattice
Z

E/Z1, whose dual lattice is 1⊥ = {x ∈ Z
E | 〈x,1〉 = 0}.

The cones of �E correspond to flags of nonempty proper subsets of E. Such a
flag S : ∅� S1 � · · ·� Sk � E corresponds to Cone(eS1 , . . . , eSk

), where eS denotes
the image of eS :=∑i∈S ei under RE → R

E/R1. The permutohedral variety XE is
the toric variety of the fan �E , whose dense open torus is T/C∗ with C

∗ acting
diagonally on T . We often consider XE as a T -variety, where the diagonal C∗ acts
trivially on XE . As the fan �E is unimodular, the variety XE is smooth.

We set a bijection between the set SE of permutations on E and the set of maximal
cones of �E by

SE � σ ←→ Cone(eS1 , . . . , eSn) corresponding to the chain S
where Si = {σ(0), . . . , σ (i − 1)} for 1≤ i ≤ n

.
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The elements in the interior of the cone corresponding to σ are precisely those of
the form v0eσ(0) + v1eσ(1) + · · · + vneσ(n) for v0 > · · ·> vn. This bijection naturally
induces a bijection between SE and the set XT

E of T -fixed points of XE . For a permu-
tation σ , we write pσ for the T -fixed point corresponding to σ , and write Uσ � C

n

for the T -invariant affine chart around pσ . Since Cone(eσ(0) − eσ(1), . . . , eσ(n−1) −
eσ(n)) ⊂ 1⊥ is the dual cone of the maximal cone corresponding to σ , the torus
T acts on Uσ , and hence in particular the tangent space to pσ , with characters
Tσ(0)T

−1
σ(1), . . . , Tσ(n−1)T

−1
σ(n).

2.4 Localization theorems

By the bijection between permutations SE and T -fixed points XT
E , we identify

K0
T (XT

E) with
∏

σ∈SE
Z[T ±0 , . . . , T ±n ], and identify A•T (XT

E) with
∏

σ∈SE
Z[t0, . . . ,

tn]. For f in
∏

σ∈SE
Z[T ±0 , . . . , T ±n ] (resp.

∏
σ∈SE

Z[t0, . . . , tn]), we write fσ for
its projection to the copy of the factor Z[T ±0 , . . . , T ±n ] (resp. Z[t0, . . . , tn]) indexed
by the permutation σ .

Theorem 2.1 Let XE be the permutohedral variety as above.
(a) The restriction map K0

T (XE)→K0
T (XT

E) from the T -equivariant K-ring of XE

to that of its T -fixed points is injective, and its image is the subring of K0
T (XT

E)

given by
⎧
⎪⎨

⎪⎩
f ∈

∏

σ∈SE

Z[T ±0 , . . . , T ±n ]

∣∣∣∣∣∣∣

fσ ≡ fσ ′ mod (1− Tσ(i+1)

Tσ(i)
)

whenever σ ′ = σ ◦ (i, i + 1) for a transposition
(i, i + 1)

⎫
⎪⎬

⎪⎭
.

In particular, the ring K0
T (XE) can be identified with the ring PLaur(�̃E) of

piecewise Laurent polynomials on the fan �̃E in R
E , and the non-equivariant

K-ring K0(XE) is isomorphic to the quotient of PLaur(�̃E) by the ideal gen-
erated by f (T0, . . . , Tn)−f (1, . . . ,1) for each global Laurent polynomial f on
R

E .
(b) The restriction map A•T (XE) → A•T (XT

E) from the T -equivariant Chow ring
of XE to that of its T -fixed points is injective, and its image is the subring of
A•T (XT

E) given by
⎧
⎨

⎩
ϕ ∈
∏

σ∈SE

Z[t0, . . . , tn]
∣∣
∣∣∣∣

ϕσ ≡ ϕσ ′ mod (tσ (i) − tσ (i+1))

whenever σ ′ = σ ◦ (i, i + 1) for a transposition
(i, i + 1)

⎫
⎬

⎭
.

In particular, the ring A•T (XE) can be identified with the ring PPoly(�̃E) of
piecewise polynomial functions on the fan �̃E in R

E , and the non-equivariant
Chow ring A•(XE) is isomorphic to the quotient of PPoly(�̃E) by the ideal
generated by ϕ(t0, . . . , tn)− ϕ(0, . . . ,0) for each global polynomial ϕ on R

E .

In light of the above theorem, for [E] ∈K0
T (XE) we also write [E] for its image

in K0
T (XT

E), and [E]σ ∈ Z[T ±0 , . . . , T ±n ] for the restriction of [E] to the T -fixed point
pσ . We notate similarly for ξ ∈A•T (XE).
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With one exception, Theorem 2.1 collects standard results in equivariant geom-
etry that hold, e.g., for smooth proper toric varieties. Theorem 2.1.(a) follows from
[108, Corollary 5.12, Theorem 5.19] while (b) follows from [21, Corollary 2.3, The-
orem 3.4]. The non-standard exception above is the identification of K0

T (XE) with a
ring of piecewise Laurent polynomials on a fan. This result is special to the permuto-
hedral variety, and fails for arbitrary toric varieties. The validity of the identification
follows from two straightforward observations: No codimension 1 cone of �̃E , whose
linear span is the hyperplane normal to eσ(i)− eσ(i+1) for some σ and i, is contained
in a coordinate hyperplane of RE , and two Laurent polynomials fσ and fσ ′ satisfy
fσ ≡ fσ ′ mod (1− Tσ(i+1)

Tσ(i)
) if and only if fσ ≡ fσ ′ mod (Tσ(i) − Tσ(i+1)).

2.5 Duality, rank, exterior powers, and Chern classes

For m= (m0, . . . ,mn) ∈ Z
E , write Tm = T

m0
0 · · ·T mn

n , and write m · t=m0t0+· · ·+
mntn. Let [E] ∈K0

T (XE). Then, for each σ ∈SE we have

[E]σ =
kσ∑

i=1

aσ,iTmσ,i

for some integer kσ ≥ 0, signs a1, . . . , akσ ∈ {−1,1}, and mσ,1, . . . ,mσ,kσ ∈ Z
E . The

dual class [E∨] is defined by saying

[E∨]σ =
kσ∑

i=1

aσ,iT−mσ,i .

The map which takes a vector bundle E to its rank is additive, and hence extends to
a map rk : KT

0 (XE)→ Z. We have rk(E)= aσ,1 + · · · + aσ,kσ for any σ , since when
E is a vector bundle the right hand side is the rank of the pullback of the bundle
to the torus fixed point pσ . The j -th exterior power, denoted [∧j E], and the j -th
T -equivariant Chern class, are given by equating

∞∑

j=0

[∧jE]σ uj =
kσ∏

i=1

(1+Tmσ,i u)aσ,i and

cT (E, u)=
∞∑

j=0

cT
j (E)σ uj =

kσ∏

i=1

(1+mσ,i · tu)aσ,i ,

where u is a formal variable. We note that this implies cT (E∨, u)= cT (E,−u). When
aσ,i = 1 for all σ and i, in which case kσ = rk(E) for all permutations σ , we have for
0≤ j ≤ rk(E) that

[∧j E]σ = Elemj (Tmσ,1 , . . . ,Tmσ,rk(E) ) and

cT
j (E)= Elemj (mσ,1 · t, . . . ,mσ,rk(E) · t),
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where Elemj denotes the j -th elementary symmetric polynomial. More generally,
when aσ,i = 1 for all σ and i, given an element λ(x) ∈ � ⊂ Z[[x1, x2, . . .]] in the
ring � of symmetric functions [85, Section I.2], we define the T -equivariant K-class
[SλE] by

[SλE]σ = λ(Tmσ,1 , . . . ,Tmσ,rk(E) ,0,0, . . . ) for all σ ∈SE,

and define the T -equivariant Chow class sT
λ (E) by

sT
λ (E)σ = λ(mσ,1 · t, . . . ,mσ,rk(E) · t,0,0, . . . ) for all σ ∈SE.

2.6 Cremona involution

The projective space P
n is a T -variety by the standard action of T on C

E . The fan of
P

n as a toric variety is then the coarsening of �E with rays Cone(ei ) for each i ∈E,
and we have the naturally induced birational map πE : XE → P

n that is the identity
on the common dense open torus T/C∗. Let crem : Pn ��� Pn be the Cremona trans-
formation defined by [t0 : · · · tn] 
→ [t−1

0 : · · · : t−1
n ] on the open dense torus T/C∗ of

P
n. Relatedly, the map R

E/R1→ R
E/R1 given by x 
→ −x defines an involution

of the fan �E , and hence induces the Cremona involution crem : XE → XE of the
permutohedral variety XE , fitting into the diagram

XE XE

P
n

P
n.

crem

πE πE

crem

Because crem is an involution, we have crem∗ = crem∗ on KT
0 (XE) and A•T (XE), so

we simply write crem when acting on K-classes or Chow classes.

Remark 2.2 The map crem : XE →XE is not T -equivariant, but is a toric morphism,
where the map of tori T → T is given by t 
→ t−1. For a permutation σ ∈SE , note
that the T -fixed point pσ maps under crem to the point pσ , where

σ ∈SE is defined by σ(i)= σ(n− i) for i = 0, . . . , n.

As a result, if [E] ∈ K0
T (XE) with [E]σ = ∑kσ

i=1 aσ,iTmσ,i for σ ∈ SE , then
crem[E] ∈K0

T (XE) satisfies

(crem[E])σ = [E]σ (T −1
0 , . . . , T −1

n )=
kσ∑

i=1

aσ,iT−mσ ,i .

The Cremona involution gives rise to two distinguished divisor classes on XE as
follows.

Definition 2.3 Writing h= c1(O(1)) ∈A1(Pn) for the hyperplane class in P
n, define

the divisor classes αE = π∗Eh and βE = cremαE = (πE ◦ crem)∗h in A1(XE).
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We omit the subscript E from αE and βE when the ground set E is clear. The line
bundles of the divisor classes α and β are given T -linearizations in Remark 2.4.

2.7 Generalized permutohedra and T -linearized line bundles

Let P ⊂ R
E be a lattice polytope contained in a translate of the sublattice 1⊥ =

{m ∈ Z
E | m0 + · · · + mn = 0}. Let hP : RE → R be its support function defined

by hP (x)=maxm∈P 〈m, x〉. It was shown in several places [43, §II], [89, Ch. 4], [2,
Theorem 12.3 & references therein] that the following two statements are equivalent:
• The polytope P is a generalized permutohedron, i.e. its normal fan coarsens

the fan �̃E .
• The function rkP : 2E → R defined by rkP (S)= hP (eS) for a subset S ⊆ E is

submodular, i.e.

rkP (S)+ rkP (S′)≥ rkP (S ∪ S′)+ rkP (S ∩ S′) for all subsets S,S′ ⊆E,

and P = {x ∈ R
E | 〈x,1〉 = rkP (E) and 〈x, eS〉 ≤ rkP (S) for all nonempty S ⊆

E}.
Let P now be a generalized permutohedron. The negated polytope −P has support
function h−P (v)= hP (−v), and is also a generalized permutohedron as rk−P (S)=
rkP (E \ S) − rkP (E) is submodular. We associate to P a T -linearized line bundle
on XE as follows. Since 1⊥ is the dual lattice of ZE/Z1, for every translate P ′ of P

such that P ′ ⊂ 1⊥, there is the associated (T /C∗)-invariant divisor DP ′ on XE (see
[31, Theorem 4.2.12 & Proposition 4.2.14]) given by

DP ′ =
∑

∅�S�E

− min
m∈P ′

〈m, eS〉ZS =
∑

∅�S�E

max
m∈−P ′

〈m, eS〉ZS =
∑

∅�S�E

rk−P ′(S)ZS

where ZS denotes the (T /C∗)-invariant divisor in XE corresponding to the ray
Cone(eS) in the fan �E . We note here that the divisor class [DP ′ ] ∈ A1(XE) in
the non-equivariant Chow ring of XE is independent of the translation P ′, so we
may write [DP ] for this divisor class. The resulting line bundle O(DP ) admits a
T -linearization given by

[O(DP )]σ = T−mσ ∈ Z[T ±0 , . . . , T ±n ] for any σ ∈SE,

where mσ is the vertex of P minimizing the pairing with any vector in the inte-
rior of the cone corresponding to the permutation σ . Concretely, the lattice point
mσ is the vertex of P achieving for any sequence v0 > · · · > vn the minimum in
minm∈P 〈m, v0eσ(0) + v1eσ(1) + · · · + vneσ(n)〉. In particular, we have

[O(D−P )]σ = Tm̃σ ∈ Z[T ±0 , . . . , T ±n ] for any σ ∈SE,

where the lattice point m̃σ is the vertex of P achieving for any sequence v0 > · · ·> vn

the maximum in maxm∈P 〈m, v0eσ(0) + v1eσ(1) + · · · + vneσ(n)〉.

Notation For a generalized permutohedron P , we write O(DP ) for the correspond-
ing line bundle on XE with the T -linearization given as above.
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Remark 2.4 Let �= Conv(ei | i ∈ E) be the standard simplex in R
E , and let −�=

Conv(−ei | i ∈ E) be the negative standard simplex. Since the fan of Pn as a toric
variety is the normal fan of �, the T -equivariant line bundles O(D�) and O(D−�)

on XE are non-equivariantly isomorphic to O(α) and O(β), respectively. Moreover,
by the discussion above they satisfy

[O(D�)]σ = T −1
σ(n) and [O(D−�)]σ = Tσ(0)

for every permutation σ ∈ SE . Furthermore, fixing an element i ∈ E, we can con-
sider the translate �− ei , which is contained in the sublattice 1⊥, so that we have the
equality of divisor classes

α = [D�] =
∑

∅�S�E

rkei−�(S)[ZS] =
∑

i∈S�E

[ZS]

in A1(XE), and by a similar computation β =∑∅�S⊆E\{i}[ZS]. These last defini-
tions of α and β are the same as in [1, 13, 72].

3 Tautological classes of matroids

In §3.1, we define the tautological bundles of a realizations of matroids, and define
the tautological K-classes and Chern classes of matroids, which we collectively refer
to as “tautological classes of matroids”. In §3.2, we provide a slight generalization
that we will not need until §10.

3.1 Well-definedness

We prepare by recalling some properties of the base polytope of a matroid. Introduced
in [58], the base polytope P(M) of a matroid M with ground set E is defined as

P(M)= Conv
(

eB : B a basis of M
)
⊂R

E,

where eS =∑i∈S ei for a subset S ⊆ E. We recall two well-known facts about the
base polytope P(M).

Proposition 3.1 Let M be matroid of rank r with ground set E.
(a) The base polytope P(M) is a generalized permutohedron. In other words, the

normal fan of P(M), as a fan in R
E/R1, coarsens the permutohedral fan �E .

(b) Let L ⊆ C
E be a realization of M , considered as a point L ∈ Gr(r;E). Then,

the torus-orbit-closure T ·L ⊆ Gr(r;E) is torus-equivariantly isomorphic to
the normal projective toric variety XP(M) associated to the polytope P(M). For
a basis B ⊆E of M , the T -fixed point in XP(M) corresponding to the vertex eB

of P(M) maps under the isomorphism to the T -fixed point pB in Gr(r;E), as
denoted in §2.2.
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Part (a) is classical, tracing back to [43]; see [12, §4.4] for a proof and a general-
ization to Coxeter matroids. Part (b) follows from combining [58, Corollary 2.4] and
[110]; see [26, §5] for a proof. Proposition 3.1.(a) allows us to make the following
definition.

Definition 3.2 For a permutation σ ∈ SE , the lex-first-basis of a matroid M with
respect to σ , denoted by Bσ (M), is the unique basis of M such that the vertex eBσ (M)

of P(M) achieves for any sequence v0 > · · ·> vn the maximum in

max
m∈P(M)

〈m, v0eσ(0) + v1eσ(1) + · · · + vneσ(n)〉.

Writing σ ∈ SE for the permutation defined by σ(i) = σ(n − i), define the basis
Bσ (M) to be the reverse-lex-basis of M with respect to σ . Equivalently, the basis
Bσ (M) is the basis of M such that the vertex eBσ (M) of P(M) achieves for any
sequence v0 > · · ·> vn the minimum in

min
m∈P(M)

〈m, v0eσ(0) + v1eσ(1) + · · · + vneσ(n)〉.

We simply write Bσ or Bσ if the matroid in question is clear.

That the respective maximum or minimum is achieved uniquely at a vertex of
P(M), independently of all v0 > · · · > vn, follows from Proposition 3.1.(a). The
equivalence of the two definitions for Bσ (M) follows from noting that if wi =−vn−i

then v0 > · · · > vn is equivalent to w0 > · · · > wn, and v0eσ(0) + v1eσ(1) + · · · +
vneσ(n) =−(w0eσ(0) +w1eσ(1) + · · · +wneσ(n)).

Remark 3.3 Under the min-convention for polyhedral geometry, the cone in the nor-
mal fan of P(M) corresponding to the vertex eB consists of x ∈R

E/R1 such that eB

achieves the minimum in minm∈P(M)〈m, x〉. In particular, for a permutation σ ∈SE ,
the definition of eBσ(M)

implies that the cone of �E corresponding to σ is contained
in the cone in the normal fan of P(M) corresponding to the vertex eBσ (M).

Remark 3.4 Choosing v0 � · · · � vn justifies the terminology “lex-first-basis” be-
cause it implies Bσ (M) is the first basis in the lexicographic ordering when the
ground set has the linear order σ(0)≺ · · · ≺ σ(n).

Combining the two parts of Proposition 3.1, we have the following.

Lemma 3.5 If L ⊆ C
E is a realization of a matroid M of rank r , then one has a

T -equivariant map

ϕL : XE →XP(M)
∼→ T ·L⊂Gr(r;E) (†)

which sends the identity point 1 of the open torus T/C∗ of XE to the point L in
Gr(r;E). For each permutation σ ∈SE , the map ϕL sends the T -fixed point pσ in
XE to the T -fixed point pBσ (M) in Gr(r;E).
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Proof Proposition 3.1.(a) implies that we have a T -equivariant map XE → XP(M)

induced by a coarsening of fans. By Remark 3.3, for a permutation σ ∈ SE , the
cone of �E corresponding to σ is contained in the cone in the normal fan of P(M)

corresponding to the vertex eBσ (M). The rest of the lemma now follows from Propo-
sition 3.1.(b). �

We thus have the following proposition. Recall that CE
inv =XE ×C

E
inv, where CE

inv
denotes the vector space CE with the inverse action of T .

Proposition 3.6 The assignment L 
→ cremϕ∗LS (resp. L 
→ cremϕ∗LQ), where S
(resp. Q) is the tautological sub (resp. quotient) bundle of Gr(dimL;E), is a bijection
between subspaces L ⊆ C

E and T -equivariant sub (resp. quotient) bundles of CE
inv

whose fiber at the identity 1 ∈ T/C∗ is L (resp. CE/L).

Proof Since S (resp. Q) is a sub (resp. quotient) bundle of the trivial bundle
Gr(dimL;E) × C

E , where T acts on C
E by the standard action t · (x0, . . . , xn) =

(t0x0, . . . , tnxn), the pullback ϕ∗LS (resp. ϕ∗LQ) is a T -equivariant sub (resp. quotient)
bundle of XE ×C

E . Applying the Cremona involution, we thus have that cremϕ∗LS
(resp. cremϕ∗LQ) is a T -equivariant sub (resp. quotient) bundle of CE

inv =XE ×C
E
inv

whose fiber over 1 is L (resp. CE/L). Since such a sub (resp. quotient) bundle
is uniquely determined by its fibers over the dense torus of XE , which by torus-
equivariance is uniquely determined by its fiber at the identity, the assignment is a
bijection. �

We thus find that the notions in Definition 1.2, reproduced below, are well-defined.

Definition 1.2 For an r-dimensional linear subspace L⊆ C
E , the tautological sub-

bundle SL and the tautological quotient bundle QL of L are defined by

SL := the unique T -equivariant rank r subbundle of CE
inv whose fiber at 1 is L, and

QL := the unique T -equivariant rank |E| − r quotient bundle of CE
inv whose fiber

at 1 is CE/L.

Equivalently, SL and QL are defined as

SL := cremϕ∗LS and QL := cremϕ∗LQ.

In other words, the fiber of SL over a point t in the open torus T/C∗ of XE

is identified with the subspace t−1L of CE . Remark 7.12 explains the inverse t−1.
We now identify the localizations of [SL] and [QL] at the torus fixed points of XE ,
proving that the K-classes depend only on the matroid M of the realization L.

Proposition 3.7 For any realization L⊆ C
E of a matroid M with ground set E, the

T -equivariant K-classes [SL] and [QL] only depend on the matroid M , and satisfy

[SL]σ =
∑

i∈Bσ (M)

T −1
i and
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[QL]σ =
∑

i∈E\Bσ (M)

T −1
i for every permutation σ ∈SE.

Proof Let r = dimL, and let ϕL : XE → XP(M)
∼→ T ·L ⊂ Gr(r;E) be as above.

For a permutation σ ∈SE , the map ϕL : XE → T ·L sends pσ to the fixed point of
XE corresponding to Bσ (M). Therefore ϕL(pσ )= pBσ

∈Gr(r;E), so we have

[ϕ∗LS]σ = [S]Bσ (M) =
∑

i∈Bσ (M)

Ti and [ϕ∗LQ]σ = [Q]Bσ (M) =
∑

i∈E\Bσ (M)

Ti

by §2.2. Applying the Cremona involution (Remark 2.2) then yields the desired state-
ment. �

This description of the T -equivariant K-classes of tautological bundles of realiza-
tions of matroids extend to arbitrary (not necessarily realizable) matroids.

Proposition 3.8 For any matroid M (not necessarily realizable) on ground set E, the
two SE-tuples [SM ] and [QM ] of Laurent polynomials defined by

[SM ]σ =
∑

i∈Bσ

T −1
i and [QM ]σ =

∑

i /∈Bσ

T −1
i for σ ∈SE

are well-defined T -equivariant K-classes on XE satisfying [SM ] + [QM ] = [CE
inv].

Proof Let σ and σ ′ be permutations such that σ ′ = σ ◦ (i, i+1) for some i ∈E. Note
that σ ′ = σ ◦ (n− i, n− i− 1). So, the two maximal cones in �E corresponding to σ

and σ ′ intersect in a codimension 1 cone whose linear span is the hyperplane normal
to eσ(n−i) − eσ(n−i−1). Since the normal fan of the base polytope P(M) coarsens
�E , the two vertices eBσ and eBσ ′ are either identical, or their difference is equal
to eσ(n−i) − eσ(n−i−1) = eσ(i) − eσ(i+1). In other words, the lex-first-bases Bσ and
Bσ ′ are thus identical or have symmetric difference {σ(i), σ (i + 1)}. Hence, the two
SE-tuples satisfy the condition in Theorem 2.1.(a). Their sum is the SE-tuple such
that we have

∑
i∈E T −1

i for all σ ∈SE , which defines the class of [CE
inv]. �

Definition 3.9 For a matroid M with ground set E, we define the tautological sub
(resp. quotient) K-class of M to be the T -equivariant K-class [SM ] (resp. [QM ]) in
KT

0 (XE) defined by

[SM ]σ =
∑

i∈Bσ

T −1
i resp. [QM ]σ =

∑

i /∈Bσ

T −1
i for σ ∈SE.

We define the tautological sub (resp. quotient) equivariant Chern classes of M to
be associated equivariant Chow classes cT

j (SM) (resp. cT
j (QM)) in A•T (XE), which

by definition are given by

cT
j (SM)σ = Elemj ({−ti}i∈Bσ ) resp. cT

j (QM)σ = Elemj ({−ti}i /∈Bσ ) for σ ∈SE.
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Example 3.10 Recall the two distinguished divisor classes α and β on XE , and denote
by Ur,E the uniform matroid on E of rank r . Note that the base polytope P(U1,E)

is the standard simplex � = Conv(ei | i ∈ E). Since E \ Bσ (Un,E) = {σ(n)} and
Bσ (U1,E)= {σ(0)}, by comparing the localizations at pσ for σ ∈SE , it follows from
Remark 2.4 that we have [QUn,E

] = [O(DP(U1,E))] and [S∨U1,E
] = [O(D−P(U1,E))] as

classes in K0
T (XE), and thus

[QUn,E
] = [O(α)] and [S∨U1,E

] = [O(β)]

as non-equivariant K-classes. Moreover, since [SM ] + [QM ] = [CE
inv] for a matroid

M , we have

c(S∨Un,E
)= c(Q∨Un,E

)−1 = 1+ α + · · · + αn and

c(QU1,E
)= c(SU1,E

)−1 = 1+ β + · · · + βn

as non-equivariant Chow classes in A•(XE).

Example 3.11 We note [O(D−P(M))] = [detS∨M ]. Indeed, by the discussion in §2.7
above Remark 2.4,

[O(D−P(M))]σ = TeBσ (M) =
∏

i∈Bσ (M)

Ti = [detS∨M ]σ for any σ ∈SE.

Example 3.12 Let M = U1,{0,1} ⊕ U1,{2}. The following figure illustrates the fan
�{0,1,2} and the class [SM ] represented by assignments of Laurent polynomials to
the maximal cones.

e0 + e1

e2

e1 + e2 e0

e0 + e2

e1

T −1
0 + T −1

2

T −1
1 + T −1

2

T −1
1 + T −1

2

T −1
1 + T −1

2

T −1
0 + T −1

2

T −1
0 + T −1

2

This matroid M has a realization L ⊆ C
{0,1,2} where L is the row-span of the ma-

trix

[
1 1 0
0 0 1

]
. Consider a permutation σ defined by (σ (0), σ (1), σ (2))= (2,0,1).

Note that e0 + 2e2 lies in the interior of Cone(eσ(0), eσ(0) + eσ(1)), the cone corre-
sponding to σ . Hence, the map λσ : C∗ → (C∗){0,1,2}/C∗ defined by s 
→ [s : 1 : s2]
limits as s→ 0 to the T -fixed point pσ in X{0,1,2}. The limit as s→ 0 of λσ (s)−1L=
row-span

[
s−1 1 0
0 0 s−2

]
in Gr(2; {0,1,2}) is row-span

[
1 0 0
0 0 1

]
. This verifies as

expected that [SL]σ = T −1
0 + T −1

2 .
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3.2 Matroid analogues of Grassmannian K-classes

Here we generalize the association of [SM ] and [QM ] from the vector bundles S and
Q on Gr(r;E), to arbitrary K-classes on Gr(r;E). We will not need this until §10,
where we relate our computations to the computations of [50]. One may consider it as
a combinatorial abstraction for arbitrary matroids of a pullback map from the K-ring
of Gr(r;E) to the K-ring of the permutohedral variety.

Proposition 3.13 Let M be a matroid of rank r with ground set E. For any class
[E] ∈K0

T (Gr(r;E)), an element [EM ] defined by

[EM ]σ = [E]Bσ (M)(T
−1

0 , . . . , T −1
n ) ∈ Z[T ±0 , . . . , T ±n ] for each σ ∈SE

is a well-defined element in K0
T (XE) such that if L ⊆ C

E is any realization of M ,
then [EM ] = cremϕ∗L[E] where ϕL : XE → Gr(r;E) is the map (†) in Lemma 3.5.
Moreover, the assignment [E] 
→ [EM ] is a ring homomorphism K0

T (Gr(r;E))→
K0

T (XE) that respects exterior powers.

The notation of Proposition 3.13 is consistent with our definition of the tautologi-
cal K-classes [SM ] and [QM ] of a matroid M . In particular, Proposition 3.13 implies
that the notation [∧i SM ] is unambiguous, since [(∧i S)M ] = [∧i

(SM)], and like-
wise for exterior powers of QM and the duals S∨M,Q∨M .

Proof By the property of the Cremona involution (Remark 2.2), it suffices to show
that an element [E ′M ] defined by [E ′M ]σ = [E]Bσ (M) ∈ Z[T ±0 , . . . , T ±n ] for σ ∈SE is
a well-defined element in K0

T (XE) such that [E ′M ] = ϕ∗L[E] for a realization L. To
see well-definedness, we check that [E ′M ] satisfies the condition in Theorem 2.1.(a).
Suppose that σ and σ ′ are maximal cones in �E sharing a codimension 1 face,
whose linear span is {x ∈ R

E/R1 | xi = xj } for some i 
= j ∈ E. Since the subsets
Bσ (M) and B

σ ′(M) are either identical or have symmetric difference {i, j}, the con-
dition for [E] ∈K0

T (Gr(r;E)) as noted in §2.2 implies that [E ′M ]Bσ (M) ≡ [E ′M ]Bσ ′ (M)

mod (Ti − Tj ), as desired. That [E ′M ] = ϕ∗L[E] for a realization L follows from the
fact that ϕL maps the point pσ in XE to pBσ (M) in Gr(r;E) for any permutation
σ ∈SE by Lemma 3.5. That the assignment [E] 
→ [EM ] is a ring homomorphism
respecting exterior powers is straightforward to check from the defining formula
[EM ]σ = [E]Bσ (M)(T

−1
0 , . . . , T −1

n ) for each σ ∈SE . �

4 A unifying Tutte polynomial formula

In this section, we prove Theorem A, reproduced below, by establishing a deletion-
contraction relation for the tautological Chern classes of matroids.

Theorem A Let
∫
XE
: A•(XE)→ Z be the degree map on XE . For a matroid M of

rank r with ground set E, define a polynomial

tM(x, y, z,w)= (x + y)−1(y + z)r (x +w)|E|−rTM

(x + y

y + z
,

x + y

x +w

)
.
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Then, we have an equality

∑

i+j+k+�=n

(∫

XE

αiβj ck(S∨M)c�(QM)

)
xiyj zkw� = tM(x, y, z,w).

To do so, we will use the following property of Tutte polynomials. See [24,
Sect. 6.2], specifically Exercise 6.5(b), for details and further references.

Proposition 4.1 There is a unique 5-variable polynomial GM(u,v, a, b, γ ) ∈ Z[u,v,

a, b, γ ] associated to a matroid M , called a generalized Tutte-Grothendieck invari-
ant of M , satisfying the following properties:
(1) (Base case) If |E| = 1, then

GM(u,v, a, b, γ )=
{

u if M has rank 1 (i.e. M is a coloop)

v if M has rank 0 (i.e. M is a loop).

(2) (Deletion-contraction relation) If |E| ≥ 2 and i ∈E, then

GM(u,v, a, b, γ )=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

γ uGM/i(u, v, a, b, γ ) if i ∈E is a coloop in M

γvGM\i (u, v, a, b, γ ) if i ∈E is a loop in M

aGM\i (u, v, a, b, γ )+ bGM/i(u, v, a, b, γ )

if i ∈E is neither a loop nor a coloop in M.

For a matroid M with ground set E and of rank r , this polynomial is given by

GM(u,v, a, b, γ )= γ−1bra|E|−rTM

(uγ

b
,
vγ

a

)
.

In particular, for the polynomial appearing in Theorem A we have

GM(1,1, x+w,y+ z, x+ y)= (x+ y)−1(y+ z)r (x+w)|E|−rTM(
x + y

y + z
,

x + y

x +w
).

Let us now restate Theorem A as follows. Denote an element ξM ∈ A•(XE)[x, y,

z,w] by

ξM = (1+ αx + · · · + αnxn)(1+ βy + · · · + βnyn)c(S∨M,z)c(QM,w)

= c(S∨Un,E
, x)c(QU1,E

, y)c(S∨M,z)c(QM,w),

where the second equality follows from Example 3.10. We show that
∫
XE

ξM is the
generalized Tutte-Grothendieck invariant in Proposition 4.1 with u= v = 1, a = x +
w, b= y + z, and γ = x + y.

For the base case, note that if |E| = 1 then ξM = 1 because XE is 0-dimensional.
It follows that

∫
XE

ξM = 1.
If |E| ≥ 2, we will show that

∫
XE

ξM satisfies the deletion-contraction relation in
Proposition 4.1 in two steps (for concreteness we will take i = n in our arguments).
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First, in §4.1, we consider a surjective map f : XE → XE\n of permutohedral va-
rieties defined by deleting n ∈ E, and study the behavior of the tautological Chern
classes of M under the pushforward map f∗ : A•(XE)→A•−1(XE\n). Then, in §4.2,
we use these observations to show Theorem 4.8, which states that ξM satisfies

f∗ξM =

⎧
⎪⎨

⎪⎩

(x + y)ξM\n if n is a loop

(x + y)ξM/n if n is a coloop

(x +w)ξM\n + (y + z)ξM/n if n is neither a loop nor a coloop.

Noting that
∫
XE

ξM =
∫
XE\n f∗ξM by the functoriality of pushforward maps, we con-

clude that
∫
XE

ξM satisfies the deletion-contraction relation of Proposition 4.1, and
Theorem A follows.

4.1 A projection map of permutohedral varieties

As before, we let E = {0,1, . . . , n}, and assume throughout that |E| ≥ 2. Denote
T ′ = (C∗)E\n. The projection map R

E/R1 → R
(E\n)/R1 induces a map of fans

�E →�E\n because the cone of �E corresponding to a permutation σ̃ ∈SE maps
to the cone of �E\n corresponding to the permutation σ ∈ SE\n where the se-
quence (σ (0), . . . , σ (n− 1)) is obtained from (̃σ (0), . . . , σ̃ (n)) by omitting the entry
n= σ̃ (̃σ−1(n)).

Definition 4.2 Let f : XE → XE\n be the toric morphism of permutohedral vari-
eties induced by the projection map R

E/R1 → R
(E\n)/R1, where XE and XE\n

are considered as a T -variety and a T ′-variety, respectively. The underlying map of
tori T/C× → T ′/C× corresponding to the toric morphism f is induced by the map
T → T ′ given by projection onto the first n coordinates.

Given a permutation σ ∈SE\n, define for each i ∈E a permutation σ i ∈SE by

σ i(j)=

⎧
⎪⎨

⎪⎩

σ(j) j < i

n j = i

σ (j − 1) j > i

for 0≤ j ≤ n,

so that the preimage f−1(pσ ) of the T ′-fixed point pσ of XE\n consists of T -fixed
points {pσi }i∈E of XE .

One may consider the permutation σ i ∈ SE as the permutation obtained from
σ ∈SE\n by inserting n right after σ(i−1) in the linear order σ(0)≺ . . .≺ σ(n−1)

of σ . In other words, the linear order defining the permutation σ i is given by σ(0)≺
· · · ≺ σ(i − 1)≺ n≺ σ(i)≺ · · · ≺ σ(n− 1).

In order to push forward ξM under f∗ : A•(XE)→A•−1(XE\n), our strategy will
be to take an equivariant version ξT

M of ξM and compute the image under the com-

posite A•T (XE)
f∗−→ A•−1

T (XE\{n})→ A•−1
T ′ (XE\{n}), where the first map is given by

equivariant pushforward and the second map is induced by the map T ′ → T given by
inclusion into the first n coordinates. This would recover the pushforward f∗(ξM) by
the commutativity of the diagram below.
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ξT
M ∈A•T (XE) A•(XE) � ξM

A•−1
T (XE\{n}) A•−1

T ′ (XE\{n}) A•−1(XE\{n})

f∗ f∗

To compute the image of ξT
M under the composite A•T (XE)

f∗−→ A•−1
T (XE\{n}) →

A•−1
T ′ (XE\{n}), we compute the localizations of the image at each of the torus-fixed

points. Our basic tool for doing so is Lemma 4.3 below.

Lemma 4.3 For a T -equivariant Chow class ξT ∈ A•T (XE), the pushforward map
f∗ : A•T (XE)→A•−1

T (XE\n) satisfies

(f∗ξT )σ |tn=0 =
n−1∑

i=0

t−1
σ(i)(ξ

T
σ i+1

∣∣
tn=0 − ξT

σ i |tn=0
) ∈A•−1

T ′ (pt)

for any permutation σ ∈SE\n,

where the right-hand-side always simplifies to a polynomial in A•−1
T ′ (pt)= Z[t0, . . . ,

tn−1].
Proof We apply the localization formula [21, Corollary 4.2] with the identification of
the torus action on the tangent spaces to the torus-fixed points of XE at the end of
§2.3, and write

ξT =
∑

τ∈SE

ξT
τ∏n

�=1(tτ(�−1) − tτ (�))
[pτ ],

where [pτ ] is the class of the T -fixed point pτ ∈XE , and its coefficient is the equiv-
ariant multiplicity of ξT at pτ by [21, Theorem 5.4]. Applying f∗ to this equation
and regrouping gives,

f∗ξT =
∑

σ∈SE\n

n∑

i=0

ξT
σ i∏n

�=1(tσ i (�−1) − tσ i (�))
[pσ ],

Here, we are treating XE\n as a T -variety via the map T → T ′, and the class f∗ξT as
a T -equivariant Chow class in A•T (XE\n). Applying the equivariant multiplicity map
of [21, Theorem 4.2] we obtain

(f∗ξT )σ
∏n−1

j=1(tσ (j−1) − tσ (j))
=

n∑

i=0

ξT
σ i∏n

�=1(tσ i (�−1) − tσ i (�))
,

which yields

(f∗ξT )σ =
n∑

i=0

∏n−1
j=1(tσ (j−1) − tσ (j))

∏n
�=1(tσ i (�−1) − tσ i (�))

ξT
σ i
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=− 1

tσ (0) − tn
ξT
σ 0 + 1

tσ (n−1) − tn
ξT
σn +

n−1∑

i=1

tσ (i−1) − tσ (i)

(tσ (i−1) − tn)(tn − tσ (i))
ξT
σ i

=− 1

tσ (0) − tn
ξT
σ 0 + 1

tσ (n−1) − tn
ξT
σn +

n−1∑

i=1

(
1

tσ (i−1) − tn
− 1

tσ (i) − tn
)ξT

σ i .

Reordering the terms and setting tn = 0 then yields the desired result. �

We now consider how the T -equivariant tautological Chern classes of matroids
behave with respect to the pushforward map f∗. Let us prepare with the following.

Lemma 4.4 Let M be a matroid on ground set E, and let σ ∈SE\n. For all 0≤ i ≤
n, if n is a loop then Bσi (M) = Bσ (M \ n), and if n is a coloop then Bσi (M) =
Bσ (M/n)� {n}. If n ∈E is neither a loop nor a coloop, there is a 0≤ k ≤ n− 1 such
that
• Bσ 0(M)= Bσ 1(M)= · · · = Bσk (M)= Bσ (M/n) � {n},
• Bσk+1(M)= · · · = Bσn(M)= Bσ (M \ n), and
• Bσ (M/n) � {σ(k)} = Bσ (M \ n).

Proof When n is not a coloop, the set of bases of M \ n is {B | B a basis of M such
that B 
� n}, and when n is not a loop, the set of bases of M/n is {B \ n |
B a basis of M such that B � n}. Thus, for all 0≤ i ≤ n, if n is a loop then Bσi (M)=
Bσ (M \ n), and if n is a coloop then Bσi (M)= Bσ (M/n) � {n}.

For all 0 ≤ i ≤ n, the definition of σ i ∈ SE and the “lex-first” property (Re-
mark 3.4) imply that if n ∈ Bσi (M) then n ∈ Bσj (M) for all 0 ≤ j ≤ i, and if
n /∈ Bσi (M) then n /∈ Bσj (M) for all i ≤ j ≤ n. If n is neither a loop nor a
coloop, then it is contained in some basis of M , and also avoids some other ba-
sis of M . Thus, the lex-first-basis Bσ 0(M) of M with respect to the linear ordering
n≺ σ(0)≺ · · · ≺ σ(n− 1) contains n, and the lex-first-basis Bσn(M) of M with re-
spect to the linear ordering σ(0)≺ · · · ≺ σ(n− 1)≺ n does not contain n. Hence, the
maximum max{0≤ i ≤ n− 1 | n ∈ Bσi (M)} is well-defined, and setting k to be this
maximum, we see that the first two bullet points follow from the lex-first property.

For the third, we first note that the two cones in �E corresponding to permuta-
tions σk and σk+1 share the codimension 1 face whose linear span is the hyperplane
normal to eσ(k) − en. Hence, since the normal fan of P(M) coarsens �E (Proposi-
tion 3.1.(a)), and since Bσk (M) 
= Bσk+1(M) by definition of k, then as in the proof
of Proposition 3.8 we have the symmetric difference of Bσk (M) and Bσk+1(M) is
{n,σ (k)}. �

Definition 4.5 Let M be a matroid on ground set E, and let σ ∈SE\n. Then define
kσ (M) ∈ Z by

kσ (M)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1 if n ∈E is loop in M

n if n ∈E is a coloop in M

max{0≤ i ≤ n− 1 | n ∈ Bσi (M)} if n ∈E is neither a loop

nor a coloop.
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The following lemma records the key behavior of tautological Chern classes of
matroids that we will need to establish a deletion-contraction relation (Theorem 4.8)
in the next subsection.

Lemma 4.6 Let M be a matroid on ground set E, and σ ∈SE\n.
(a) For any 0≤ i ≤ n we have

cT (S∨M,u)σ i |tn=0 =
⎧
⎨

⎩

cT ′(S∨M/n,u)σ if i ≤ kσ (M)

cT ′(S∨M\n,u)σ if i > kσ (M), and

cT (QM,u)σ i |tn=0 =
⎧
⎨

⎩

cT ′(QM/n,u)σ if i ≤ kσ (M)

cT ′(QM\n,u)σ if i > kσ (M).

(b) If n ∈E is neither a loop nor a coloop, then writing k = kσ(M), we have

(1+ tσ (k)u)cT ′(S∨M/n,u)σ = cT ′(S∨M\n,u)σ and

(1− tσ (k)u)cT ′(QM\n,u)σ = cT ′(QM/n,u)σ .

Proof Recalling that for any permutation σ̃ ∈SE we have

cT (S∨M,u)σ̃ =
∏

j∈Bσ̃ (M)

(1+ tj u) and cT (QM,u)σ̃ =
∏

j /∈Bσ̃ (M)

(1− tj u),

this is a direct reformulation of Lemma 4.4 after noting (1± tnu)|tn=0 = 1. �

4.2 A deletion-contraction relation

With these preparations in place, we are now ready to prove the deletion-contraction
relation. Throughout, assume that |E| ≥ 2. As before, let T ′ = (C∗)E\n. For nota-
tional clarity, let us define

aE(x)= c(S∨Un,E
, x) and bE(y)= c(QU1,E

, y),

and their T -equivariant counterparts aT
E(x) = cT (S∨Un,E

, x) and bT
E(y) = cT (QU1,E

,

y). In particular, for a matroid M on ground set E, we have

ξM = aE(x)bE(y)c(S∨M,z)c(QM,w).

The following corollary of Lemma 4.6 will be useful in our computations.

Corollary 4.7 The T -equivariant classes aT
E(x) = cT (S∨Un,E

, x) and bT
E(y) =

cT (QU1,E
, y) satisfy

aT
E(x)σ i |tn=0 = aT ′

E\n(x)σ for 0≤ i < n and
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aT
E(x)σn |tn=0 = (1+ tσ (n−1)x)aT ′

E\n(x)σ , and

bT
E(y)σ i |tn=0 = bT ′

E\n(y)σ for

0 < i ≤ n and bT
E(y)σ 0 |tn=0 = (1− tσ (0)y)bT ′

E\n(y)σ

for any permutation σ ∈SE\n.

Proof For the part concerning aT
E , apply Lemma 4.6 to the matroid Un,E , noting that

(Un,E)/n = Un−1,E\n and that kσ (Un,E) = n − 1 for any σ ∈ SE\n. Likewise, for
bT
E , apply Lemma 4.6 to the matroid U1,E , noting that (U1,E) \ n= U1,E\n and that

kσ (U1,E)= 0 for any σ ∈SE\n. �

Theorem 4.8 Let M be a matroid on ground set E with |E| ≥ 2. Let f∗ : A•(XE)→
A•−1(XE\n) be the pushforward map of the toric map f : XE → XE\n in Defini-
tion 4.2. Then, we have

f∗ξM =

⎧
⎪⎨

⎪⎩

(x + y)ξM\n if n ∈E is a loop in M

(x + y)ξM/n if n ∈E is a coloop in M

(x +w)ξM\n + (y + z)ξM/n otherwise.

Proof We compute using the T -equivariant classes. That is, denote by

ξT
M = aT

E(x)bT
E(y)cT (S∨M,z)cT (QM,w)

an element in A•T (XE)[x, y, z,w], which maps to the non-equivariant class ξM . We
wish to show that for any permutation σ ∈SE\n

(f∗ξT
M)σ |tn=0 =

⎧
⎪⎪⎨

⎪⎪⎩

(x + y)(ξT ′
M\n)σ if kσ(M) =−1

(x +w)(ξT ′
M\n)σ + (y + z)(ξT ′

M/n)σ if 0≤ kσ(M) ≤ n− 1

(x + y)(ξT ′
M/n)σ if kσ(M) = n.

(#)

Let us fix an arbitrary permutation σ ∈SE\n. By Lemma 4.3, we have

(f∗ξT
M)σ |tn=0 =

n−1∑

i=0

t−1
σ(i)

(
(ξT

M)σ i+1

∣∣
tn=0 − (ξT

M)σ i

∣∣
tn=0

)
.

Noting kσ(M) =−1 if n is a loop, kσ(M) = n if n is a loop, and 0≤ kσ(M) ≤ n− 1
otherwise, the desired equality (#) is implied by the following claim consisting of
three cases.

Claim: For i = 0 we have

t−1
σ(0)

(
(ξT

M)σ 1

∣∣
tn=0 − (ξT

M)σ 0

∣∣
tn=0

)=

⎧
⎪⎪⎨

⎪⎪⎩

y(ξT ′
M\n)σ if kσ (M)=−1

w(ξT ′
M\n)σ + (y + z)(ξT ′

M/n)σ if kσ (M)= 0

y(ξT ′
M/n)σ if kσ (M) > 0.
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For 0 < i < n− 1 we have

t−1
σ(i)

(
(ξT

M)σ i+1

∣∣
tn=0 − (ξT

M)σ i

∣∣
tn=0

)=
{

0 if kσ (M) 
= i

w(ξT ′
M\n)σ + z(ξT ′

M/n)σ if kσ (M)= i.

Finally, for i = n− 1 we have

t−1
σ(n−1)

(
(ξT

M)σn

∣∣
tn=0 − (ξT

M)σn−1

∣∣
tn=0

)

=

⎧
⎪⎨

⎪⎩

x(ξT ′
M\n)σ if kσ (M) < n− 1

(x +w)(ξT ′
M\n)σ + z(ξT ′

M/n)σ if kσ (M)= n− 1.

x(ξT ′
M/n)σ if kσ (M)= n

The proofs for i = 0 and i = n − 1 are nearly identical so we only show the
former. Also, Lemma 4.6.(a) and Corollary 4.7 together imply that the difference
(ξT

M)σ i+1 |tn=0 − (ξT
M)σ i |tn=0 is zero when 0 < i < n − 1 and i = kσ (M), so when

0 < i < n− 1 we only need to establish the case kσ(M) = i.

Case i = 0 and kσ (M) 
= 0.
Write M ′ =M \ n if kσ(M) =−1 and M ′ =M/n if kσ(M) > 0. Since kσ (M) 
= 0,

Lemma 4.6.(a) implies that

cT (S∨M,z)σ 0 |tn=0 = cT (S∨M,z)σ 1 |tn=0 = cT ′(S∨M ′ , z)σ , and

cT (QM,w)σ 0 |tn=0 = cT (QM,w)σ 1 |tn=0 = cT ′(QM ′,w)σ .

By Corollary 4.7, we also have

aT
E(x)σ 0 |tn=0 = aT

E(x)σ 1 |tn=0 = aT ′
E\n(x)σ ,

bT
E(y)σ 0 |tn=0 = (1− tσ (0)y)bT ′

E\n(y)σ , and

bT
E(y)σ 1 |tn=0 = bT ′

E\n(y)σ .

We conclude that

t−1
σ(0)

(
(ξT

M)σ 1

∣∣
tn=0 − (ξT

M)σ 0

∣∣
tn=0

)

= t−1
σ(0)a

T ′
E\n(x)σ

(
1− (1− tσ (0)y)

)
bT ′
E\n(y)σ cT ′(SM ′ , z)σ cT ′(QM ′ ,w)σ

= y(ξT ′
M ′)σ .

Case i = 0 and kσ (M)= 0.
Since kσ (M)= 0, Lemma 4.6 implies that

cT (S∨M,z)σ 0 |tn=0 = cT ′(S∨M/n, z)σ ,

cT (S∨M,z)σ 1 |tn=0 = cT ′(S∨M\n, z)σ = (1+ tσ (0)z)c
T ′(S∨M/n, z)σ ,



A. Berget et al.

cT (QM,w)σ 0 |tn=0 = cT ′(QM/n,w)σ = (1− tσ (0)w)cT ′(QM\n,w)σ , and

cT (QM,w)σ 1 |tn=0 = cT ′(QM\n,w)σ .

Similarly to the previous case, by Corollary 4.7, we also have

aT
E(x)σ 0 |tn=0 = aT

E(x)σ 1 |tn=0 = aT ′
E\n(x)σ ,

bT
E(y)σ 0 |tn=0 = (1− tσ (0)y)bT ′

E\n(y)σ , and

bT
E(y)σ 1 |tn=0 = bT ′

E\n(y)σ .

Thus, we conclude that

t−1
σ(0)

(
(ξT

M)σ 1

∣∣
tn=0 − (ξT

M)σ 0

∣∣
tn=0

)

= t−1
σ(0)

aT ′
E\n(x)σ

(
(1+ tσ (0)z)− (1− tσ (0)y)(1− tσ (0)w)

)

× bT ′
E\n(y)σ cT ′(S∨M/n, z)σ cT ′(QM\n,w)σ

= aT ′
E\n(x)σ bT ′

E\n(y)σ

(
z+ y +w− tσ (0)yw

)
cT ′(S∨M/n, z)σ cT ′(QM\n,w)σ

= aT ′
E\n(x)σ bT ′

E\n(x)σ

(
(w(1+ tσ (0)z)+ (y + z)(1− tσ (0)w)

)

× cT ′(S∨M/n, z)σ cT ′(QM\n,w)σ

= aT ′
E\n(x)σ bT ′

E\n(x)σ

(
wcT ′(S∨M\n, z)σ cT ′(QM\n, z)σ

+ (y + z)cT ′(S∨M/n, z)σ cT ′(QM/n, z)σ

)

=w(ξT ′
M\n)σ + (y + z)(ξT ′

M/n)σ ,

where the second last equality follows from Lemma 4.6.(b).

Case 0 < i < n− 1 and kσ (M)= i.
Applying Lemma 4.6 to M with i = kσ (M) implies that

cT (S∨M,z)σ i |tn=0 = cT ′(S∨M/n, z)σ , and

cT (S∨M,z)σ i+1 |tn=0 = cT ′(S∨M\n, z)σ = (1+ tσ (i)z)c
T ′(S∨M/n, z)σ ,

and moreover that

cT (QM,w)σ i |tn=0 = cT ′(QM/n,w)σ = (1− tσ (i)w)cT ′(QM\n,w)σ , and

cT (QM,w)σ i+1 |tn=0 = cT ′(QM\n,w)σ .

Since 0 < i < n− 1, by Corollary 4.7 we also have

aT
E(x)σ i |tn=0 = aT

E(x)σ i+1 |tn=0 = aT ′
E\n(x)σ , and
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bT
E(y)σ i |tn=0 = bT

E(y)σ i+1 |tn=0 = bT ′
E\n(y)σ .

Thus, we conclude that

t−1
σ(i)

(
(ξT

M)σ i+1

∣∣
tn=0 − (ξT

M)σ i

∣∣
tn=0

)

= t−1
σ(i)a

T ′
E\n(x)σ bT ′

E\n(y)σ

(
(1+ tσ (i)z)− (1− tσ (i)w)

)
cT ′(S∨M/n, z)σ cT ′(QM\n,w)σ

= aT ′
E\n(x)σ bT ′

E\n(y)σ

(
z+w

)
cT ′(S∨M/n, z)σ cT ′(QM\n,w)σ

= aT ′
E\n(x)σ bT ′

E\n(y)σ

(
w(1+ tσ (i)z)+ z(1− tσ (i)w)

)
cT ′(S∨M/n, z)σ cT ′(QM\n,w)σ

= aT ′
E\n(x)σ bT ′

E\n(y)σ

(
wcT ′(S∨M\n, z)σ cT ′(QM\n,w)σ

+ zcT ′(S∨M/n, z)σ cT ′(QM/n,w)σ

)

=w(ξT ′
M\n)σ + z(ξT ′

M/n)σ ,

where the second last equality follows from Lemma 4.6.(b).
This concludes our proof of the claim, and thereby that of Theorem 4.8. �

From this, we conclude the proof of Theorem A.

Proof of Theorem A Theorem 4.8 shows that the pushforward f∗ξM satisfies the
same deletion-contraction relation as tM(x, y, z,w) does. Noting that

∫
XE

ξM =∫
XE\n f∗ξM by the functoriality of pushforward maps, we conclude Theorem A by

induction on the cardinality of E. �

5 Base polytope properties

We establish the base polytope properties of tautological classes of matroids and
their Chern classes listed in §1.3(A)—matroid minors decomposition, valuativity, and
well-behavedness under duality and direct sum.

5.1 Matroid minors decomposition

For a matroid M on E and subset S ⊆E, recall that the restriction M|S is a matroid
on S with rank function rkM|S(·)= rkM(·), and that the contraction M/S is a matroid
on E \ S with rank function rkM/S(·) = rkM(· ∪ S) − rkM(S). A minor of M is
a matroid M|S/S′ on S \ S′ for some S′ ⊆ S ⊆ E. One can verify that M|S/S′ =
(M/S′)|S.

Let S : ∅� S1 � · · ·� Sk � E be a chain of nonempty proper subsets of E. We
always denote by convention S0 = ∅ and Sk+1 = E for such a chain. Faces of the
base polytope of a matroid have the following decomposition property.
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Proposition 5.1 [9, Proposition 2] Let M be a matroid with ground set E. The face
of the base polytope P(M) maximizing the pairing 〈·, eS1 + · · · + eSk

〉 is equal to the
product

P(M|S1)× P(M|S2/S1)× · · · × P(M|Sk/Sk−1)× P(M/Sk).

Many combinatorial invariants on matroids respect this matroid minors decom-
position behavior, which underlies the Hopf algebra structure on matroids studied in
[2, 40, 74, 79, 99]. We show that the tautological classes of matroids also display such
behavior. We prepare with the following, which is a geometric restatement of the fact
that faces of permutohedra are products of smaller permutohedra (see for example [2,
§4.1] and references therein).

Proposition 5.2 Let S : ∅� S1 � · · ·� Sk � E be a chain of nonempty proper sub-
sets of E. Then, the torus-orbit closure ZS ⊂ XE corresponding to Cone(eS1 , . . . ,

eSk
) ∈�E has a natural T -equivariant isomorphism

ZS �XS1 ×XS2\S1 × · · · ×XE\Sk
,

where the torus T = (C∗)E acts on the torus TSi+1\Si
= (C∗)Si+1\Si via the obvious

projection for each i = 0, . . . , k. In particular, we have

A•T (ZS )�
k⊗

i=0

A•TSi+1\Si
(XSi+1\Si

) and K0
T (ZS )�

k⊗

i=0

K0
TSi+1\Si

(XSi+1\Si
).

Under the isomorphism, for a (k + 1)-tuple (σ0, . . . , σk) of permutations where σi ∈
SSi+1\Si

, the inclusion ZS ↪→XE maps the T -fixed point pσ0 × · · · × pσk
of ZS to

the point pσ of XE where σ is the permutation σ0 ◦ · · · ◦ σk on E =⊔k
i=0(Si+1 \Si).

Proposition 5.3 Let S : ∅� S1 � · · ·� Sk � E be a chain of nonempty proper sub-
sets of E, and let M be a matroid on E. Then, under the isomorphism in Proposi-
tion 5.2, one has

[SM ]|ZS =
k∑

i=0

1⊗i ⊗ [SM|Si+1/Si
] ⊗ 1⊗(k−i) and

[QM ]|ZS =
k∑

i=0

1⊗i ⊗ [QM|Si+1/Si
] ⊗ 1⊗(k−i)

as elements in K0
T (ZS ). In particular, with a formal variable u, one has

c(SM,u)|ZS =
k⊗

i=0

c(SM|Si+1/Si
, u) and c(QM,u)|ZS =

k⊗

i=0

c(QM|Si+1/Si
, u)

as elements in
⊗k

i=0 A•(XSi+1\Si
)�A•(ZS ).
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Proof Let σ ∈ SE be the composition of permutations σ0, . . . , σk where σi ∈
SSi+1\Si

for i = 0, . . . , k. Since Bσ (M)=⊔k
i=0 Bσi

(M|Si+1/Si) by Proposition 5.1,
the restrictions of the K-classes [SM ]|ZS and

∑k
i=0 1⊗i ⊗ [SM|Si+1/Si

] ⊗ 1⊗(k−i) to
the point pσ both give the same Laurent polynomial

∑
j∈Bσ (M) T

−1
j . The statement

for [QM ] is proved similarly. �

Corollary 5.4 Let S : ∅� S1 � · · ·� Sk � E be a chain of nonempty proper subsets
of E, and let M be a matroid on E. The divisor classes αE and βE on XE defined in
Definition 2.3 satisfy

α|ZS = 1⊗k ⊗ αE\Sk
and β|ZS = βS1 ⊗ 1⊗k

as elements in
⊗k

i=0 A•(XSi+1\Si
)�A•(ZS ).

Proof In Example 3.10, we showed that the divisor classes αE and βE on XE satisfy
[QUn,E

] = [O(α)] and [S∨U1,E
] = [O(β)] as non-equivariant K-classes. For any sub-

sets ∅ ⊆ S′ ⊆ S ⊆E, the matroid minor Un,E |S/S′ is a uniform matroid of corank 1 if
S =E and S′ � E, and is corank 0 otherwise. Likewise, the matroid minor U1,E |S/S′
is a uniform matroid of rank 1 if ∅� S and S′ = ∅, and is rank 0 otherwise. Thus, ap-
plying Proposition 5.3 with M =Un,E and M =U1,E implies the desired result. �

5.2 Valuativity

For a subset P ⊆ R
E , let 1P : RE → Z denote its indicator function defined by

1P (x)= 1 if x ∈ P and 0 otherwise. An important tool for extending algebraic con-
structions from realizable matroids to arbitrary matroids is the following notion of
“valuativity”.

Definition 5.5 [38, Definition 3.5] A function φ from the set of matroids with
ground set E to an abelian group A is valuative if, for any matroids M1, . . . ,M�

on E and integers a1, . . . , a� such that
∑�

i=1 ai1P(Mi) = 0, the function φ satisfies
∑�

i=1 aiφ(Mi)= 0.

In other words, the map φ is valuative if it factors through the map sending M to
the indicator function 1P(M) of its base polytope P(M). Many invariants of matroids
satisfy valuativity, including the Tutte polynomial and its specializations [11, 38]. For
a more comprehensive list see [10], and see [47] for a study of valuativity for Coxeter
matroids.

We show that a wide range of classes associated to the tautological K-classes of
matroids are also valuative. These will include any polynomial expression in exterior
powers or Chern classes of [SM ], [QM ], and their dual K-classes [S∨M ] and [Q∨M ]. For
example, one may consider assigning to a matroid M the class [∧2 SM ][∧3 QM ] +
4[∧5 S∨M ], or the class c1(SM)2c2(QM)− c4(SM)3.

More precisely, recall from Sect. 2.5 that for an element λ(x) ∈ � ⊂ Z[[x1, x2,

. . . ]] in the ring of symmetric functions, we may construct the classes [SλE] ∈
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KT (XE) and sT
λ (E) ∈ A•T (XE) when E = [SM ], [QM ], [S∨M ], or [Q∨M ]. For a poly-

nomial f (a, b, c, d) ∈ Z[a, b, c, d] and a sequence λ= (λa(x), λb(x), λc(x), λd(x))

of symmetric functions, we define

φf,λ : {Matroids on E}→KT (XE)

by M 
→ f ([SλaSM ], [SλbQM ], [SλcS∨M ], [SλdQ∨M ]), and

ψf,λ : {Matroids on E}→A•T (XE)

by M 
→ f (sT
λa

(SM), sT
λb

(QM), sT
λc

(S∨M), sT
λd

(Q∨M)).

For instance, by taking λ to be appropriate elementary symmetric functions and f

certain polynomials, one obtains the two aforementioned examples.

Proposition 5.6 The maps φf,λ and ψf,λ defined above are valuative.

We prepare the proof with the following lemma.

Lemma 5.7 Let Z(E
r ) be the free abelian group on the set of r-subsets of E, with its

standard basis denoted {〈B〉 | B ∈ (E
r

)}. For any fixed permutation σ ∈SE , the as-

signment M 
→ 〈Bσ (M)〉 ∈ Z
(E

r ) on matroids of rank r with ground set E is valuative.

Proof For a total order < on the ground set E, recall that an element i in a basis B

is internally active if there is no j ∈ E such that j < i and (B \ i) ∪ j is a basis.
When the total order < is given by the permutation σ , the lex-first basis Bσ (M) is
the unique basis with r internally active elements (Remark 3.4). The lemma is now a
special case of [11, Theorem 5.4]. �

Proof of Proposition 5.6 For a matroid M and a permutation σ , by the construction
of [SλE] in Sect. 2.5, the restriction of the equivariant K-class φf,λ(M) to the T -
fixed point pσ is a Laurent polynomial φf,λ(M)σ ∈ Z[T ±0 , . . . , T ±n ] determined com-
pletely by Bσ (M). Similarly, the polynomial ψf,λ(M)σ in Z[t0, . . . , tn] representing
the restriction to pσ of the equivariant Chow class ψf,λ(M) is completely determined
by Bσ (M). In other words, the map M 
→ φf,λ(M)σ factors through the free abelian

group Z
(E

r ) by M 
→ 〈Bσ (M)〉 ∈ Z
(E

r ), and similarly for ψf,λ. Thus, the method of
localization Theorem 2.1 implies that both φf,λ and ψf,λ factor through the map

M 
→ (〈Bσ (M)〉)σ∈SE
∈⊕σ∈SE

Z
(E

r ), which is valuative by Lemma 5.7, and the
result follows. �

We note for future use in §10 the following generalization of Proposition 5.6 con-
cerning the valuativity of classes defined in Proposition 3.13.

Proposition 5.8 For a fixed set of classes [E (1)], . . . , [E (m)] ∈K0
T (Gr(r;E)), the map

φ that assigns to a matroid M of rank r on E a fixed polynomial expression in the
classes [E (1)

M ], . . . , [E (m)
M ] ∈K0

T (XE) defined in Proposition 3.13 is valuative.
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Proof It follows from the definition of the classes [E (i)
M ] (Proposition 3.13) that, for

each permutation σ ∈ SE , the restriction of the assignment φ(M) to the T -fixed
point pσ ∈ XT

E is completely determined by Bσ (M). Hence, the map φ factors

through M 
→ (〈Bσ (M)〉)σ∈SE
∈⊕σ∈SE

Z
(E

r ). Thus, the assignment is valuative
by Lemma 5.7. �

We conclude with a lemma that will be useful later for deducing results for arbi-
trary matroids from realizable matroids. Recall that an element e ∈E is a loop (resp.
coloop) in a matroid M if no basis of M contains e (resp. every basis of M contains
e).

Lemma 5.9 Let M be a matroid on E. Then there exist matroids M1, . . . ,M�, all
realizable over C, and integers a1, . . . , a�, such that 1P(M) =∑�

i=1 ai1P(Mi). If M

is loopless (resp. coloopless), then all Mi ’s can also be taken to be loopless (resp.
coloopless).

Proof [38, Theorem 5.4] states that the Z-span of the indicator functions of base poly-
topes of matroids admits a basis consisting of matroids known as Schubert matroids,
which are all realizable over C. In particular, one can write 1P(M) =∑ai1P(Mi) with
Mi being Schubert matroids.

Suppose now that M is loopless; the coloopless case is proved similarly. We first
claim that if we have polytopes P1, . . . ,P� and integers bi such that

∑
bi1Pi

= 0, and
all Pi lie in a half-space H+ bounded by a hyperplane H , then the sum is also zero if
we restrict to just the polytopes completely contained in H . Assuming the claim, for
j ∈ E take the hyperplane Hj = {xj = 0} and half-space H+

j = {xj ≥ 0} in R
E . For

all i we have P(Mi) ⊂ H+
j , and we have P(Mi) ⊂ Hj if and only if j is a loop in

Mi . Therefore, by considering each j ∈E in turn, we can remove all polytopes with
loops from the sum

∑
ai1P(Mi) without affecting the equation 1P(M) =∑ai1P(Mi),

and the result follows.
For the proof of the claim, we note that the set of all polytopes contained in H+,

which we denote as P , is intersection closed. [60, Theorem 1] states that a function f

on such a set P of polytopes factors through the map P 
→ 1P if it satisfies f (∅)= 0
and f (P ∪Q)+f (P ∩Q)= f (P )+f (Q) for any P,Q ∈P with P ∪Q ∈P . We
verify that the function h mapping P ∈P to 1P if P ⊂H and 0 otherwise satisfies
this relation as follows. If P ⊆Q or Q⊆ P , or if P ∩Q 
⊂H , or if P ∪Q⊂H , then
the relation is easily verified for h. But the condition for P and Q leaves no other
cases: Suppose otherwise. Then (P ∪Q) \H is convex and nonempty. The relatively
closed decomposition (P ∪Q)\ (P ∩Q)= (P \Q)∪ (Q\P) disconnects (P ∪Q)\
(P ∩Q), so the connectedness of (P ∪Q)\H implies that P \Q⊂H or Q\P ⊂H .
But then P ⊂ H or Q ⊂ H , so the convexity of P ∪Q together with P ∪Q 
⊂ H

necessitates that P ⊆Q or Q⊆ P , in contradiction to the assumption. �

Remark 5.10 Lemma 5.9 gives rise to the following recurring theme for matroid con-
structions motivated from geometry. Let f : Gr(r;E)→ A be a function from the
Grassmannian, i.e. the space of realizations of matroids of rank r , to an abelian group
A. Suppose f satisfies the property that
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(i) the value f (L) only depends on the matroid M that L ∈Gr(r;E) realizes.
If the function f , now considered as a function on the set of realizable matroids, ex-
tends to a function f̃ on the set of all (not necessarily realizable) matroids satisfying
(ii) the assignment M 
→ f̃ (M) is valuative,

then Lemma 5.9 implies that such an extension is unique. Many matroid constructions
motivated from the geometry of realizations of matroids are characterized by the two
properties (i) and (ii) above. These constructions include: tautological K and Chern
classes (Propositions 3.7 & 5.6), Bergman classes (Corollary 7.11), Chern-Schwartz-
MacPherson classes (Corollary 8.10), the combinatorial biprojective classes defined
in Definition 9.1 (Proposition 9.2), the K-class denoted y(M) for a matroid M in
[50] (Definition 10.8), and the assignment of [E] 
→ [EM ] in Proposition 3.13 (Propo-
sition 5.8).

5.3 Matroid duality and direct sum

For a matroid M of rank r with ground set E, the dual matroid M⊥ is the matroid of
rank |E| − r with ground set E whose bases are {E \B | B a basis of M}. If L⊆C

E

is a realization of M , then L⊥ = (CE/L)∨ ⊆ (CE)∨ � C
E is a realization of M⊥,

where the isomorphism (CE)∨ �C
E is induced by the standard basis of CE . Recall

from Sect. 2.6 the Cremona involution crem : XE →XE , induced by the map of tori
T/C∗ → T/C∗ mapping [t0 : · · · : tn] to [t−1

0 : · · · : t−1
n ].

Proposition 5.11 Let M be a matroid on E. Then, one has crem[SM ] = [Q∨M⊥] and
crem[QM ] = [S∨M⊥]. In particular, crem c(SM,u) = c(Q∨

M⊥ , u) and crem c(QM,u)

= c(S∨
M⊥ , u).

Proof For a permutation σ ∈ SE , by Remark 2.2 we have (crem[SM ])σ =∑
i∈Bσ (M) Ti . Because P(M⊥)=−P(M)+(1,1, . . . ,1), for any v0 > v1 > · · ·> vn,

the basis E \B of M⊥ which maximizes the pairing 〈eE\B, v0eσ(0) + · · · + vneσ(n)〉
corresponds to the basis B of M which minimizes 〈eB, v0eσ(0) + · · · + vneσ(n)〉. But
this was earlier shown to be a defining property of the reverse-lex-basis B = Bσ .
Hence [Q∨

M⊥]σ =
∑

i∈Bσ (M) Ti as well. The proof for crem[QM ] = [S∨M⊥] is simi-
lar. �

Let E = E1 � E2 be a disjoint union of nonempty subsets E1 and E2 of E. For
matroids M1 and M2 on E1 and E2, respectively, their direct sum M1 ⊕M2 is a
matroid whose base polytope is given by P(M1 ⊕M2) = P(M1)× P(M2), where
we have identified R

E = R
E1 ×R

E2 . A matroid M is connected if it is not a direct
sum of two matroids on nonempty ground sets, and is disconnected otherwise.

Proposition 5.12 Let M be a matroid on E. Then M can be uniquely written as a
direct sum M1 ⊕ · · · ⊕Mk of connected matroids Mi on Ei satisfying E =⊔k

i=1 Ei ,
called the connected components of M . The number k of connected components of
M satisfies dimP(M)= |E| − k.

Proof See [94, 4.2.9] and [48, Proposition 2.4]. �
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Let us establish an analogous direct sum behavior for the tautological K-classes
of matroids. We prepare by noting that, for a nonempty subset E′ ⊆ E, the pro-
jection map R

E/R1 → R
E′/R1 induces a map of fans �E → �E′ . If we write

E′ = {j0, . . . , jn′ } ⊆ E with j0 < · · · < jn′ , then the cone in �E corresponding to
a permutation σ ∈ SE maps to the cone in �E′ corresponding to the permutation
σE′ ∈SE′ defined by

σE′(jk)= σ(ik) where 0≤ i0 < · · ·< in′ ≤ n such that {σ(i0), . . . , σ (in′)} =E′.

In particular, considering XE′ as a T -variety via the projection map T = (C∗)E →
(C∗)E′ = T ′, we have a T -equivariant map of T -varieties XE → XE′ , and under
which the point pσ ∈XT

E corresponding to σ ∈SE maps to the point pσE′ ∈XT
E′ .

Proposition 5.13 Let M be a matroid on E with connected components M1, . . . ,Mk

on E1, . . . ,Ek ⊆ E. For each i = 1, . . . , k, let fi : XE → XEi
be the toric mor-

phism induced by the map of fans �E →�Ei
arising from the projection R

E/R1→
R

Ei /R1. Then, we have

[SM ] =
k∑

i=1

f ∗i [SMi
] and [QM ] =

k∑

i=1

f ∗i [QMi
] as elements in K0

T (XE).

Proof Since M = M1 ⊕ · · · ⊕ Mk , any basis B of M can be uniquely written
B = B1 � · · · � Bk where Bi is a basis of Mi for each i = 1, . . . , k. Thus, from
the description of the permutation σEi

above for each i = 1, . . . , k, it follows that
Bσ (M) =⊔k

i=1 BσEi
(Mi). We also have (f ∗i [SMi

])σ = [SMi
]σEi

because fi maps

the point pσ ∈ XT
E to pσEi

∈ XT
Ei

, and the desired equality for [SM ] follows. The
proof for [QM ] is similar. �

6 Beta invariants via tautological classes

In this section, we record an immediate corollary of Theorem A as Theorem 6.2,
which is an expression for the beta-invariants of matroids in terms of the tautological
Chern classes of matroids. We will use this specialization of Theorem A in the next
two sections to study certain Chow classes associated to matroids.

Definition 6.1 For a matroid M , denote by β(M) and β(M⊥) the coefficients of the
linear terms x and y, respectively, in the Tutte polynomial TM(x, y). The quantity
β(M) is called the beta invariant of the matroid M .

The notation β(M) and β(M⊥) is consistent with matroid duality since TM(x, y)

= TM⊥(y, x). Beta invariants of matroids were introduced and studied in [32]. We
express beta invariants in terms of tautological Chern classes of matroids as fol-
lows.
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Theorem 6.2 Let M be a matroid of rank r on ground set E. Then,
∫

XE

cr−1(S∨M)c|E|−r (QM)= β(M) and
∫

XE

cr(S∨M)c|E|−r−1(QM)= β(M⊥),

where we set by convention c−1(E)= 0 for a K-class [E].

Proof Note that Tutte polynomials have no constant terms, and that ck(S∨M)= 0 for
k > r and c�(QM)= 0 for � > |E|− r . Thus, by setting x = y = 0 in Theorem A, we
find

∑

k+�=n

(∫

XE

ck(S∨M)c�(QM)

)
zkw� = zrw|E|−r

(
β(M)

1

z
+ β(M⊥)

1

w

)
,

so we conclude the desired equalities. �

Remark 6.3 If M has a realization L, there are a number of known geometric man-
ifestations of the beta invariant. [103, Theorem 5.1] showed that β(M) equals the
number of points in the intersection of T ·L⊂Gr(r;E) with the Schubert subvariety
of Gr(r;E) corresponding to r-dimensional subspaces that form a flag with a generic
point-hyperplane pair. For an alternate proof of Theorem 6.2 using this geometry and
valuativity (Proposition 5.6), see the end of Appendix I.

In the discussion at the end of [103, §5], it is noted that the beta invariant arose
in [28, Theorem 28] as the top Chern class of the log-tangent sheaf on a certain
compactification of the projectivized hyperplane arrangement complement P(L) \⋃

P(Hi ) where Hi = {xi = 0} ∩L, which also appeared in [62, §2.2]. The top Chern
class of the log-tangent sheaf is known by the logarithmic Poincaré-Hopf theorem to
compute the Euler characteristic of P(L) \⋃P(Hi ), which is (−1)dimP(L)β(M) by
[92, Theorem 5.2]. These computations were motivated by a problem that involves
counting in a very-affine linear subvariety the number of critical points of a product
of powers of linear forms, first considered by Varchenko over the real numbers [107],
and established over the complex numbers in [93]. A generalization of these results
on very-affine linear subvarieties to those on arbitrary very-affine smooth subvarieties
is [68]. For us, this will manifest in the geometric constructions in Theorem 7.10 and
Theorem 8.8, where we show that c|E|−r (QM) is the Chow class of the “wonderful
compactification” WL of P(L) \⋃P(Hi ), and SL|WL

is a trivial extension of the
log-tangent sheaf of the compactification WL ⊃ (P(L) \⋃P(Hi )). See Remark 8.9.

Lastly, in an attempt to formulate a tropical Poincaré-Hopf formula, Rau in [96]
showed that a certain tropical intersection also computes β(M). We give a geometric
interpretation of this in Appendix II.

7 Bergman classes via tautological classes

In this section and the next, we use the special case of Theorem A (Theorem 6.2)
and the matroid minors decomposition property (Proposition 5.3) to express certain
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Chow classes associated to matroids in terms of the tautological Chern classes of ma-
troids. We recover along the way several known results about these Chow classes. The
Chow classes of interest will be phrased in terms of Minkowski weights. We review
Minkowski weights in §7.1, and then we consider the Bergman classes of matroids
in §7.2 and §7.3. In the next section, we consider the Chern-Schwartz-MacPherson
classes of matroids.

7.1 Minkowski weights

Let � be a polyhedral fan in R
m that is rational over the lattice Z

m. Let �(d) denote
the set of d-dimensional cones of the fan �. Recall that � is said to be unimodular
if for every cone τ in �, the primitive vectors of the rays of τ form a subset of a
Z-basis of Zm. The toric variety X� is smooth if and only if � is unimodular. When
� is unimodular and complete, the validity of the Poincaré duality for the Chow ring
A•(X�) of X� states that we have an isomorphism A•(X�)∼=Hom(Am−•(X�),Z)

given by sending

ξ ∈Am−d(X�) to the function Ad(X�)→ Z defined by [Z] 
→
∫

X�

ξ · [Z].

Because the Chow classes of torus-orbit-closures of a toric variety generate its Chow
ring, the function

∫
X�

ξ · (−) : Ad(X�)→ Z is determined by its values on the com-
plementary dimensional torus-orbit-closures [Zτ ] corresponding to cones τ ∈�(d).
Because the classes [Zτ ] are in general not linearly independent, an assignment
�(d)→ Z of integers to each [Zτ ] must satisfy certain “balancing conditions” to
define a map Ad(X�)→ Z. These observations lead to the notion of a Minkowski
weight.

Definition 7.1 A d-dimensional Minkowski weight on a unimodular fan � is a func-
tion � : �(d)→ Z such that the following balancing condition is satisfied for every
cone τ ′ ∈�(d − 1):

∑

τ!τ ′
�(τ)uτ ′\τ ∈ span(τ ′)

where the summation is over all cones τ ∈�(d) containing τ ′, and uτ ′\τ denotes the
primitive generator of the unique ray of τ that is not in τ ′. Write MWd(�) for the set
of d-dimensional Minkowski weights on �.

Theorem 7.2 [55, Theorem 3.1] Let � be a complete unimodular fan of dimension m,
and let X� be its toric variety. Then, for every 0≤ d ≤m, one has an isomorphism

Am−d(X�)
∼→MWd(�) defined by ξ 
→

(
τ 
→
∫

X

ξ · [Zτ ]
)

.

For a smooth complete toric variety X� , when a Chow class ξ ∈A•(X�) maps to
a Minkowski weight � ∈MW•(�) by the isomorphism in Theorem 7.2, we say that



A. Berget et al.

� and ξ are Poincaré duals of each other, which is notated by writing

ξ ∩�� =�.

See [86, Chap. 6] for a further treatment of tropical intersection theory.

7.2 Minkowski weights of tautological classes

We compute the Poincaré duals of the tautological Chern classes of a matroid in
Proposition 7.4. In the next subsection, we will use a special case of Proposition 7.4
concerning the top Chern classes to study the Bergman classes of matroids. We pre-
pare with the following lemma. Recall that we say that a matroid is a loop (resp.
coloop) if it has rank 0 (resp. rank 1) and its ground set has cardinality 1.

Lemma 7.3 For a matroid M of rank r with ground set E, we have

∫

XE

c(QM)=
{

1 if M is a loop, or is the rank 1 uniform matroid U1,E

0 otherwise.

∫

XE

c(S∨M)=
{

1 if M is a coloop, or is the corank 1 uniform matroid Un,E

0 otherwise.

Proof Let us prove the statement for QM ; the statement for S∨M is proved similarly.
First, because XE is n-dimensional and QM has rank n + 1 − r , we have that the
expression

∫
XE

c(QM)= ∫
XE

(1+ c1(QM)+· · ·+ cn+1−r (QM)) equals 0 unless r ≤
1. If r = 0, so that M =U0,E , then setting r = 0 in the second identity of Theorem 6.2
gives

∫

XE

c(QM)=
∫

XE

c|E|−1(QM)= β(M⊥)=
{

1 if |E| = 1

0 if |E| ≥ 2,

where for the last equality we note from the definition of Tutte polynomials that
TU0,E

(x, y)= y|E|. If r = 1, so that M =U0,E�
⊕U1,E\E�

for some subset ∅ ⊆E� �

E, then setting r = 1 in the first identity of Theorem 6.2 gives

∫

XE

c(QM)=
∫

XE

c|E|−1(QM)= β(M)=
{

1 if E� = ∅, i.e. M =U1,E

0 otherwise,

where for the last equality we note from the definition of Tutte polynomials that
TU0,E�

⊕U1,E\E�
(x, y)= y|E�|TU1,E\E�

(x, y)= y|E�|(x + y + · · · + y|E\E�|−1). �

Proposition 7.4 Let M be a matroid of rank r with ground set E, and write crkM =
|E| − r for its corank. Let j and k be nonnegative integers such that j + k = |E| − 1.
For every chain S : ∅� S1 � · · ·� Sk � E of k nonempty proper subsets of E, we
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have

∫

XE

cj (QM) · [ZS ] =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1

for i = 0, . . . , k, exactly crkM − j minors M|Si+1/Si

are loops and the rest are rank 1 uniform matroids

U1,Si+1\Si

0 otherwise.

∫

XE

cj (S∨M) · [ZS ] =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1

for i = 0, . . . , k, exactly r − j minors M|Si+1/Si

are coloops and the rest are corank 1 uniform matroids

U|Si+1\Si |−1,Si+1\Si

0 otherwise.

Proof We prove the result for QM , the result for S∨M can be proved nearly identi-
cally, or by invoking the duality property (Proposition 5.11). By the matroid minors
decomposition property (Proposition 5.3), with u a formal variable we have that

c(QM,u)|ZS =
k⊗

i=0

c(QM|Si+1/Si
, u) ∈

k⊗

i=0

A•(XSi+1\Si
)[u].

Lemma 7.3 implies that, for each i = 0, . . . , k, we have
∫
XSi+1\Si

c(QM|Si+1/Si
, u)=

u
crkM|Si+1/Si

−1 if the minor M|Si+1/Si is a loop, ucrkM|Si+1/Si for a rank 1 uniform ma-
troid, and 0 otherwise, which yields the desired statement since

∑k
i=0 crkM|Si+1/Si

=
crkM . �

7.3 Bergman classes of matroids and wonderful compactifications of hyperplane
arrangement complements

By considering the Minkowski weight for the top tautological Chern class c|E|−r (QM)

of a matroid M , we recover the notion of the Bergman class of a matroid and its rela-
tion to the geometry of the wonderful compactification of a hyperplane arrangement
complement.

Definition 7.5 For a matroid M with ground set E, a subset F ⊆ E is a flat of M

if rkM(F ∪ {e}) > rkM(F) for all e ∈ E \ F . The Bergman fan �M of a loopless
matroid M of rank r is a subfan of �E whose set of maximal cones consists of
Cone(eF1, . . . , eFr−1) for each maximal chain of nonempty proper flats ∅ � F1 �

· · ·� Fr−1 � E of M . The Bergman class �M of a matroid M of rank r with ground
set E is the function �M : �E(r − 1)→ Z defined by

Cone(eS1 , . . . , eSr−1) 
→
{

1 if M is loopless and Cone(eS1 , . . . , eSr−1) ∈�M

0 otherwise.
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The Bergman fan of a matroid was previously studied in [9, 48, 102, 104] as a trop-
ical linear space, and is a key object in the Hodge theory of matroids [1]. We caution
that in these works, the terminology “Bergman fan” of a matroid M sometimes refers
to a more coarsened fan structure on the support of �M than defined here. Here, we
show that �M is a Minkowski weight, and identify it with c|E|−r (QM) ∩��E

, the
Poincaré dual of the top Chern class of QM .

Theorem 7.6 Let M be a matroid of rank r with ground set E. For every chain
S : ∅� S1 � · · ·� Sr−1 � E of (r − 1) nonempty proper subsets of E, we have

∫

XE

c|E|−r (QM) · [ZS ] =�M(Cone(eS1 , . . . , eSr−1)).

In particular, the function �M is a Minkowski weight, and we have the equality of
Minkowski weights

c|E|−r (QM)∩��E
=�M.

Proof By Proposition 7.4, we have that
∫
XE

c|E|−r (QM) · [ZS ] equals 1 if all minors
M|Si+1/Si are rank 1 uniform matroids and equals 0 otherwise. Thus, we need to
show that the chain S : ∅ � S1 � · · · � Sr−1 � E satisfies M|Si+1/Si = U1,Si+1\Si

for all i = 0, . . . , r − 1 if and only if M is loopless and S is a maximal chain of
nonempty proper flats of M .

We first show that if M|Si+1/Si =U1,Si+1\Si
for all 1≤ i ≤ r − 1, then Si is a flat

for all 1 ≤ i ≤ r − 1. If a subset S � E is not a flat, then by definition there exists
e ∈E \S such that rkM(S∪{e})= rkM(S), and hence the element e is a loop in M/S.
If S is a flat of corank 1 in M , then M/S is a matroid of rank 1 with no loops, and
hence is the matroid U1,E\S . Moreover, note that if S ⊆E is a flat of M , then the flats
of M|S are the flats of M contained in S. Hence, by backwards induction on i starting
with i = r − 1, we conclude that M|Si+1/Si = U1,Si+1\Si

for i = 1, . . . , r − 1 if and
only if Si is a flat of corank 1 in M|Si+1, and hence a flat in M , for all i = 1, . . . , r−1.
Lastly, if S1 is a flat of M , then it contains the loops of M , so that M|S1 is loopless if
and only if M is loopless. �

The fact that �M is a Minkowski weight recovers the computation from [71,
Proposition 4.3] that �M satisfies the balancing condition of Definition 7.1. Also, in
Remark III.1, we show that a set of Chern roots of QM is given by {α − αFi

}i=r,...,n

for certain modular filters Fi . In this light, Theorem 7.6 states that the Minkowski
weight of the product

∏n
i=r (α−αFi

) equals the Bergman class �M . In [69, Remark
31], the same statement is deduced via a tropical intersection formula in [3].

Remark 7.7 By a similar computation, one can recover the computation of the
Minkowski weight for the “truncated Bergman fan” �M,[d1,d2] from [69, 77], which
in our notation is equal to the Minkowski weight αr−1−d2βd1−1c|E|−r (QM)∩��E

by
Theorem 7.6. Indeed, along the lines of Proposition 7.4, we have by Proposition 5.3
and Corollary 5.4 that

αiβj c(QM)|ZS = βjc(QM|S1 , u)⊗
k−1⊗

i=1

c(QM|Si+1/Si
, u)⊗ αic(QM/Sk

, u),
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and one can similarly apply Theorem A to each term of the tensor product, noting
that for any flat F , the expression |μ(∅,F )| in [69, 77] is equal to TM|F (1,0).

For M a realizable matroid, we now show how our expression of �M as
c|E|−r (QM) ∩ ��E

recovers the relation between the class �M and the geometry
of wonderful compactifications of hyperplane arrangement complements introduced
in [35].

Definition 7.8 Let L⊆ C
E be a realization of a matroid M , and let PL⊂ P

n be the
projectivization. The wonderful compactification WL associated to the realization
L is the closure of PL∩ (T /C∗) in XE .2

Remark 7.9 For i ∈E, let Hi be the coordinate hyperplane of CE . A realization L⊆
C

E of a matroid defines a projective hyperplane arrangement {PHi ⊂ PL}i∈E on
PL, where Hi = L ∩Hi . In other words, the set PL ∩ (T /C∗) is the complement of
the projective hyperplane arrangement. [35, Theorem 4.2] states that the wonderful
compactification WL is the compactification of PL∩(T /C∗) whose boundary DWL

=
WL \ (PL ∩ (T /C∗)) is a union of smooth irreducible divisors with simple normal
crossing.

The following theorem relates the wonderful compactification to the tautological
quotient bundle QL of a realization L of a matroid.

Theorem 7.10 Let L ⊆ C
E be a subspace of dimension r , and for v ∈ C

E , let sv
be the global section of the tautological quotient bundle QL obtained as the image
under C

E
inv →QL of the constant v ∈ C

E section of the bundle C
E
inv. Then, for any

a ∈ (C∗)E we have

Wa−1L = the vanishing loci {p ∈XE | sa(p)= 0} of the global section sa of QL.

In particular, since QL is globally generated by C
E
inv →QL, for any a ∈ (C∗)E we

have

[Wa−1L] = c|E|−r (QL) as elements in A•(XE).

Proof We prove the theorem for a= 1= (1,1, . . . ,1), since the general case follows
by T -equivariance. By the short exact sequence 0→ SL →C

E
inv →QL→ 0, for any

p ∈ XE we have s1(p) = 0 precisely when 1 belongs to the fiber SL|p of SL at p.
Recall that for t , the point in the dense open torus T/C∗ corresponding to a point
t ∈ T , the fiber SL|t is by definition t−1L.

2Our definition here may look different from the one in [35]. First, the wonderful compactification as de-
fined here is the “maximal building set” wonderful compactification, whereas [35] more generally studies
wonderful compactifications from arbitrary maximal building sets. Second, the wonderful compactification
is originally constructed via blow-ups. From the fact that XE can be constructed as a series of blow-ups
from P

n, one can deduce the equivalence between the description of WL as a blow-up and the description
here as a closure in XE . See for example [71, Sect. 6] for an exposition of this equivalence.
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We first treat the case where L is contained in a coordinate hyperplane {xi = 0}, i.e.
the corresponding matroid has a loop. In this case, by construction we have WL = ∅.
Also, the fiber of SL over t in the dense open torus T/C∗ is always contained in
{xi = 0}. Since this is a closed condition, the same true is for every fiber of SL→XE .
Since 1 /∈ {xi = 0}, this means 1 is not contained in any fiber of SL, even on the
boundary of XE . That is, the section s1 is nowhere vanishing on XE .

We now treat with the case where L is not contained in a coordinate hyperplane.
On the dense open torus T/C∗ we have

s1(t)= 0 ⇐⇒ 1 ∈ SL|t = t−1L ⇐⇒ t ∈ L ⇐⇒ t ∈ PL.

Thus, the vanishing locus of the section s1 on the dense open torus T/C∗ is PL ∩
(T /C∗). Since WL is the closure in XE of PL∩ (T /C∗), we are done once we show
that the vanishing loci of s1 is irreducible

To show irreducibility, we consider the map π : SL →C
E
inv =XE ×C

E
inv →C

E
inv,

which is dominant since L is not contained in a coordinate hyperplane. Note that
for a ∈ C

E , the fiber π−1(a)= {(x,a) ∈XE ×C
E
inv : a ∈ SL|x} is isomorphic to the

vanishing loci of the section sa. The affine bundle SL is irreducible, and since a
general fiber of any dominant map of two varieties is pure-dimensional, we have that
a general fiber of π is irreducible if a general fiber of the restriction of π to the
open subset SL|T/C∗ is irreducible. By T -equivariance, the previous conclusion that
{s1 = 0}∩(T /C∗)= PL∩(T /C∗) thus implies that a general fiber of π is irreducible.
Again by T -equivariance, the fiber π−1(1) is a general fiber and hence irreducible,
as desired. �

Combining Theorem 7.6 with Theorem 7.10, we obtain the following properties
of the Bergman class of a matroid.

Corollary 7.11 Let M be a matroid with ground set E. Then,
(i) If L ⊆ C

E is a realization of M , then the Chow class [WL] ∈ A•(XE) of the
wonderful compactification is the Poincaré dual of �M , and in particular is
independent of the realization.

(ii) The assignment M 
→�M is valuative.

Part (i) recovers [78, Proposition 4.2]. Part (ii) follows by applying Proposition 5.6
to Theorem 7.6. Lemma 5.9 implies that the two properties in Corollary 7.11 charac-
terize the assignment M 
→�M .

Remark 7.12 For a realization L ⊆ C
E , we defined SL to be the vector bundle on

XE such that the fiber over t ∈ T/C∗ is the subspace t−1L⊆ C
E . If we defined SL

such that the fiber at t is tL ⊆ C
E instead, the proof of Theorem 7.10 implies that

the vanishing loci of the section s1 on the open torus T/C∗ is not the linear space
PL∩ (T /C∗), but instead its Cremona image crem(PL∩ (T /C∗)). In particular, such
alternate definitions of SL and QL result in c|E|−r (QM)∩��E

= crem�M .
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8 Chern-Schwartz-MacPherson classes via tautological classes

By considering the Poincaré duals of products of tautological Chern classes, we re-
cover the notion of Chern-Schwartz-MacPherson (CSM) classes of a matroid studied
in [84], and their relation to the geometry of hyperplane arrangement complements.

8.1 Minkowski weights of products of Chern classes

We compute the Poincaré duals of any product ci(S∨M)cj (QM) of tautological Chern
classes of a matroid M . We will use this to express the CSM classes of matroids in
terms of the tautological Chern classes.

Proposition 8.1 Let M be a matroid with ground set E, and write rkM and crkM for
its rank and corank, respectively. For a chain S : ∅� S1 � · · ·� Sk � E of nonempty
proper subsets of E, we have

∫

XE

c(S∨M,z)c(QM,w) · [ZS ]

= zrkM wcrkM

k∏

i=0

(
β(M|Si+1/Si)

1

z
+ β((M|Si+1/Si)

⊥)
1

w

)
.

Proof By the matroid minor decomposition property Proposition 5.2 we have
∫

XE

c(S∨M,z)c(QM,w) · [ZS ] =
∫

ZS

(
c(S∨M,z)c(QM,w)|ZS

)

=
k∏

i=0

∫

XSi+1\Si

c(SM|Si+1/Si
, z)c(QM|Si+1/Si

,w).

By Theorem 6.2, for a matroid M ′ on a ground set E′ we have
∫

XE′
c(S∨M ′ , z)c(QM ′ ,w)= zrkM ′wcrkM ′

(
β(M ′)1

z
+ β(M ′⊥)

1

w

)
.

Applying this with M ′ =M|Si+1/Si for each i = 0, . . . , k, the result follows. �

8.2 CSM classes of matroids and hyperplane arrangement complements

The following definition of CSM classes of a matroid was introduced in [84, Defini-
tion 5].

Definition 8.2 Let M be a matroid of rank r on ground set E. For 0 ≤ k ≤ r − 1,
define the k-dimensional CSM class of M to be the function csmk(M) : �E(k)→ Z

defined by

Cone(eS1 , . . . , eSk
)
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→
{

(−1)r−1−k
∏k

i=0 β(M|Si+1/Si) if Si is a flat of M for all 0≤ i ≤ k

0 otherwise

for every chain ∅� S1 � · · ·� Sk � E of k nonempty proper subsets of E.

Remark 8.3 One may alternately define the function csmk(M) : �E(k)→ Z to be

Cone(eS1 , . . . , eSk
) 
→ (−1)r−1−k

k∏

i=0

β(M|Si+1/Si)

for the following reason. If a matroid M has a loop, say e ∈E, then M =U0,{e} ⊕M \
{e}, so that β(M)= 0 because TM(x, y) is divisible by y = TU0,{e}(x, y). Now, argu-
ing the same way as in the proof of Theorem 7.6, we have that the minors M|Si+1/Si

are loopless for all i = 1, . . . , k if and only if the subsets Si are flats of M for all
i = 1, . . . , k, and S0 = ∅ is a flat of M if and only if M is loopless.

We express the CSM classes of matroids in terms of products of tautological Chern
classes of M as follows.

Theorem 8.4 Let M be a matroid of rank r with ground set E. Then, for every k =
0,1, . . . , r−1, and for every chain S : ∅� S1 � · · ·� Sk � E of k nonempty proper
subsets of E, we have

∫

XE

cr−1−k(SM)c|E|−r (QM) · [ZS ] = (−1)r−1−k
k∏

i=0

β(M|Si+1/Si).

In particular, for every k = 0,1, . . . , r − 1, the function csmk(M) is a Minkowski
weight, and we have the equality of Minkowski weights

cr−1−k(SM)c|E|−r (QM)∩��E
= csmk(M).

Proof Since cr−1−k(S∨M)= (−1)r−1−kcr−1−k(SM), we show that

∫

XE

cr−1−k(S∨M)c|E|−r (QM) · [ZS ] =
k∏

i=0

β(M|Si+1/Si).

Since we are considering the (|E| − r)-th Chern class of QM , we first extract the
w|E|−r = wcrkM coefficient from Proposition 8.1. Because no terms involving a 1

w

can thus contribute, the coefficient of wcrkM in the expression in Proposition 8.1 is

zrkM

k∏

i=0

β(Si+1/Si)
1

z
= zr−k−1

k∏

i=0

β(Si+1/Si),

so that
∫
XE

cr−1−k(S∨M)c|E|−r (QM) · [ZS ] =
∏k

i=0 β(M|Si+1/Si) as desired. �
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We note that setting k = r − 1 recovers Theorem 7.6. The fact that csmk(M) are
Minkowski weights recovers the computation [84, Theorem 2.3] that the functions
csmk(M) satisfy the balancing condition of Definition 7.1. Setting x = y = 0 in The-
orem 4.8 and applying it to Theorem 8.4, one recovers [84, Proposition 5.2], which
states that CSM classes of a matroid M on E satisfies a deletion-contraction relation

f∗ csmk(M)=
{

0 if i ∈E is a loop or a coloop

csmk(M \ i)− csmk(M/i) otherwise

for all k, where f : XE →XE\i is the map in Definition 4.2.
For M a realizable matroid, we now show how our expression of csmk(M) as

cr−1−k(SM)c|E|−r (QM) ∩��E
recovers the relation between csmk(M) and the ge-

ometry of Chern-Schwartz-MacPherson (CSM) classes of hyperplane arrangement
complements. We do this by first reviewing how CSM classes relate to log-tangent
sheaves, and then by relating log-tangent sheaves to the tautological subbundles of
realizations of matroids.

CSM classes, introduced in [87, 100], are generalizations of characteristic classes
of smooth and complete algebraic varieties. See [5] for a survey and [6] for a con-
struction. For a constructible subset Z of a complete complex algebraic variety
X, its CSM class is an element csm(Z) ∈ A•(X) that equals the total Chern class
[Z] ∩ c(TZ) of its tangent bundle TZ when Z is a smooth complete variety. We con-
sider CSM classes of hyperplane arrangement complements.

Definition 8.5 For a realization L ⊆ C
E of a loopless matroid M of rank r (i.e. an

r-dimensional subspace not contained in a coordinate hyperplane), let C(L)= PL ∩
(T /C∗) be the hyperplane arrangement complement. We decompose its CSM class
csm(C(L)) ∈A•(XE) as

csm(C(L))=
r−1∑

k=0

csmk(C(L)),

where csmk(C(L)) is the graded piece lying in Ak(XE) ∼= An−k(XE). For a real-
ization L ⊆ C

E of a matroid M containing loops, the intersection PL ∩ (T /C∗) is
necessarily empty, and hence we define csm(C(L)) to be 0 ∈A•(XE).

Recall from Remark 7.9 that the wonderful compactification WL is the com-
pactification of PL ∩ (T /C∗) with the simple normal crossing boundary DWL

=
WL \ (PL ∩ (T /C∗)). CSM classes of realizable matroids are related to log tangent
sheaves from the following fact.

Proposition 8.6 Assume that L ⊂ C
E is not contained in a coordinate hyperplane.

The CSM class csm(C(L)) is equal to the Chern class c(TWL
(− logDWL

)) ∈A•(WL)

pushed forward to A•(XE).

Proof The CSM class of C(L) inside of WL is given by c(TWL
(− logDWL

)) ∈
A•(WL) as it is the complement of a simple normal crossing divisor in a smooth va-
riety [4, Theorem 1]. Since CSM classes behave compatibly with pushforward along
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proper maps, csm(C(L)) ∈ A•(XE) is given by the Chern classes of the log tangent
sheaf TWL

(− logDWL
) pushed forward under A•(WL)→A•(XE). �

Remark 8.7 For D a divisor in a variety X, local sections of TX(− logD) should be
viewed as vector fields that are tangent to D. We will only consider the case when D

is a simple normal crossing divisor and X is smooth. In this case, the intuition above
is formalized in a short exact sequence

0→ TX(− logD)→ TX →
⊕

ODi
(Di)→ 0,

where Di are the components of D. See [4, Sect. 2] or [101, Sect. 3].

The following theorem relates the log tangent sheaf to tautological bundles.

Theorem 8.8 For L⊆ C
E a dimension r subspace of CE not contained in a coordi-

nate hyperplane, we have a short exact sequence

0→OWL
→ SL|WL

→ TWL
(− logDWL

)→ 0,

of sheaves on the wonderful compactification WL. As a consequence, for any L⊂CE

and each k = 0, . . . , r − 1, we have

csmk(C(L))= cr−1−k(SL)c|E|−r (QL) as elements in A•(XE).

Proof If L is contained in a coordinate hyperplane then its matroid must have at
least one loop. It follows from Proposition 7.4 that c|E|−r (QL) = 0 and hence
csmk(C(L)) = cr−1−k(SL)c|E|−r (QL) = 0 for all 0 ≤ k ≤ r − 1, in agreement with
Definition 8.5.

For the rest of the argument we assume that L is not contained in a coordinate
hyperplane. In this case, it is sufficient to prove the first claim of the theorem, since
the second is an immediate consequence.

To begin, we claim there is a short exact sequence

0→ TWL
(− logDWL

)→ TXE
(− logDXE

)|WL
→NWL/XE

→ 0.

The components DWL,S of DWL
are in bijection with partial intersections of the hy-

perplanes Hi = L∩{xi = 0}, which are the nonempty proper flats S ⊂E = {0, . . . , n}
of the matroid M . The components DXE,S of DXE

are similarly indexed by all
nonempty proper subsets S ⊂E.

Consider the following diagram, where the dashed arrows are maps that we need
to show exist. Here the left two vertical columns are the defining short exact sequence
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for log-tangent sheaves.

0 0 0

0 TWL
(− logDWL

) TXE
(− logDXE

)|WL
NWL/XE

0

0 TWL
TXE

|WL
NWL/XE

0

0
⊕

S proper
flat of M

ODWL,S
(DWL,S)

⊕

∅�S�{0,...,n}
ODXE,S

(DXE,S)|WL
0 0

0 0 0

Following [71, Proof of Theorem 6.3(1)], each divisor DXE,S for S a proper sub-
set of E intersects WM if and only if S is a flat of M (a maximal collection of
indices such that ∩i∈SHi intersects in a fixed subspace), and in this case DXE,S ∩
WL =DWL,S scheme-theoretically. Thus,

⊕
S flat of M ODWL,S

(DWL,S) is isomorphic
to
⊕
∅�S�{0,...,n}ODXE,S

(DXE,S)|WL
. This then implies the top map exists, and by

the nine-lemma the top row is exact.
Next, the log-tangent sheaf TXE

(− logDXE
) is trivial since XE is a smooth com-

plete toric variety, and fits into the short exact sequence

0→C→
n⊕

i=0

Cti
∂

∂ti
→ TXE

(− logDXE
)→ 0,

where the first inclusion takes 1 
→∑ ti
∂
∂ti

.
Pulling back the inclusion TWL

(− logDWL
) ↪→ TXE

(− logDXE
)|WL

under the
surjective mapping

⊕n
i=0 Cti

∂
∂ti
→ TXE

(− logDXE
) restricted to WL, we get some

subbundle F ⊂⊕n
i=0 C|WL

ti
∂
∂ti

. This yields the following diagram.

0 C|WL
F TWL

(− logDWL
) 0

0 C|WL

⊕n
i=0 C|WL

ti
∂
∂ti

TXE
(− logDXE

)|WL
0

Under the identification3 ⊕n
i=0 Cti

∂
∂ti
∼= C

n+1
inv with ti

∂
∂ti

→ ei , we need to check F

agrees with SL|WL
.

To check this, it suffices to restrict to WL ∩ T . Fix a point t ∈ WL ∩ T . In co-
ordinates, t is specified by a point in (C∗)n+1 up to the diagonal scaling under
C
∗. As a subbundle of C

n+1
inv , the fiber of SL|WL∩T over t is t−1L. The fiber of

3This identification does not respect the natural T -equivariant structure, which is to act trivially on the left
hand side.
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F over t is all v = (v0, . . . , vn) such that
∑n

i=0 viti
∂
∂ti

lies in the tangent space

to t at t ∈ L ∩ (C×)n+1 ⊂ C
n+1. This is equivalently described as the set of all

v = (v0, . . . , vn) ∈ C
n+1 such that (t0v0, . . . , tnvn) ∈ L ⊂ C

n+1, which is t−1L as
well.

Since F agrees with SL|WL
, the top row of the commutative diagram gives us our

desired short exact sequence. �

Remark 8.9 Theorem 8.8 implies cr−1(SL)|WL
= cr−1(TWL

(− logDWL
)) and

Theorem 7.10 implies cr−1(SL)|WL
= (−1)r−1cr−1(S∨L)c|E|−r (QM). A logarithmic

version of the Poincaré-Hopf theorem [101, Theorem 4.1] implies that
cr−1(TWL

(− logDWL
)) equals the topological Euler characteristic of the projective

hyperplane arrangement corresponding to L. The topological Euler characteristic is
equal to (−1)r−1β(M) by [92, Theorem 5.2]. This yields an alternative proof of The-
orem 6.2 for realizable matroids, which can be extended to all matroids via valuativity
(Proposition 5.6 and Lemma 5.9) by arguing similarly as in the end of Appendix I.

Combining Theorem 8.4 with Theorem 8.8, we obtain the following properties of
the CSM classes of a matroid.

Corollary 8.10 Let M be a matroid or rank r with ground set E. Then, for each
k = 0, . . . , r − 1

(i) The CSM class csmk(C(L)) of the hyperplane arrangement complement C(L) is
the Poincaré dual of csmk(M) for any realization L⊆C

E of M .
(ii) The assignment M 
→ csmk(M) is valuative.

Part (i) recovers [84, Theorem 3.1]. Part (ii), which follows from applying Propo-
sition 5.6 to Theorem 8.4, recovers [84, Theorem 4.1]. For each k = 0, . . . , r − 1,
Lemma 5.9 implies that the two properties in Corollary 8.10 characterize the assign-
ment M 
→ csmk(M).

9 Positivity and log-concavity

When a matroid M has a realization L ⊂ C
E , the vector bundles S∨L and QL are

globally generated and hence nef, so that their relative O(1) classes satisfy positivity
and log-concavity properties listed in [83, §1.6]. In this section, we show that these
properties persist for the K-classes [S∨M ] and [QM ] for an arbitrary (not necessarily
realizable) matroid M . In particular, we prove Theorem B, which states that the uni-
fying Tutte formula tM(x, y, z,w) of Theorem A satisfies a log-concavity property.

We will proceed in three steps. In §9.1, we define the Chow class [P(SM) ×XE

P(Q∨M)] on XE × Pn × Pn which equals the Chow class of the biprojectivation
P(SL) ×XE

P(Q∨L) when L is a realization of M . In §9.2, we show that the class
[P(SM)×XE

P(Q∨M)] is a pushforward of the Poincaré dual of a Minkowski weight
supported on a “Lefschetz fan” in the sense of [13, Definition 1.5]. In §9.3 and §9.4,
we derive positivity and log-concavity properties via the tropical Hodge theory of
Lefschetz fans developed in [13, §5]. Our approach allows us to avoid the intricate
computations with the bipermutohedron carried out in [13, §2 & §4]; see Remark 9.9.
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9.1 Bi-projectivizations of tautological classes

For a vector bundle E on a variety X, we denote by P(E)= ProjX Sym•(E∨)= (E \
(X×{0}))/C∗ its projectivization. Let Pn

inv = P(CE
inv). For a realization L⊆C

E of a
matroid M , one has inclusions P(SL)⊆XE × P

n
inv and P(Q∨L)⊆XE × (Pn

inv)
∨, and

hence we can form the bi-projective bundle

P(Q∨L)×XE
P(SL)⊂XE × (Pn

inv)
∨ × P

n
inv.

We now define a combinatorial abstraction of the Chow class of the bi-projectivization
P(Q∨L) ×XE

P(SL) for arbitrary matroids. Let us denote the following elements in
A1(XE × (Pn

inv)
∨ × P

n
inv) by

δ and ε = the pullbacks of the hyperplane classes of (Pn
inv)

∨ and P
n
inv, respectively.

Let μ : XE×(Pn
inv)

∨×P
n
inv →XE be the projection map, and for a class ξ ∈A•(XE),

we often write ξ also for the pullback μ∗ξ when we trust that no confusion will arise.

Definition 9.1 For matroids M1 and M2 of ranks r1 and r2 on the common ground
set E, we define a Chow class [P(Q∨M1

)×XE
P(SM2)] ∈A•(XE × (Pn

inv)
∨ ×P

n
inv) by

[P(Q∨M1
)×XE

P(SM2)] =
r1∑

k=0

n+1−r2∑

�=0

ck(S∨M1
)c�(QM2)δ

r1−kεn+1−r2−�.

The Chow class defined in Definition 9.1 has the following characterizing proper-
ties.

Proposition 9.2 Let notations be as in the above definition. The class [P(Q∨M1
)×XE

P(SM2)] satisfies and is determined by the following two properties.
(i) If L1 and L2 ⊆ C

E are realizations of M1 and M2, respectively, then
[P(Q∨L1

)×XE
P(SL2)] = [P(Q∨M1

)×XE
P(SM2)] as Chow classes in A•(XE ×

(Pn
inv)

∨ × P
n
inv), and

(ii) the assignment (M1,M2) 
→ [P(Q∨M1
)×XE

P(SM2)] is valuative in each factor
M1 and M2.

Proof The property (i) is immediate by the formula for the Chow class of the pro-
jectivization of a subbundle [44, Proposition 9.13], noting that S∨L1

= (CE
inv)

∨/(Q∨L1
)

and QL2 =C
E
inv/SL2 . The property (ii) follows from Proposition 5.6. That these two

properties characterize [P(Q∨M1
)×XE

P(SM2)] follows from Lemma 5.9. �

The following proposition relates mixed intersections of certain nef divisors with
[P(Q∨M1

)×XE
P(SM2)] to the mixed intersections appearing in Theorem A.

Proposition 9.3 Let M1 and M2 be matroids of rank r1 and r2 on the common ground
set E. Then, the pushfoward map μ∗ : A•(XE × (Pn

inv)
∨ × P

n
inv)→A•(XE) satisfies

for all nonnegative integers k and �

μ∗(δn−r1+kεr2−1+�[P(Q∨M1
)×XE

P(SM2)])= ck(S∨M1
)c�(QM2).
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In particular, for i + j + k + �= n we have
∫

XE×(Pn
inv)

∨×Pn
inv

αiβj δn−r1+kεr2−1+�[P(Q∨M1
)×XE

P(SM2)]

=
∫

XE

αiβj ck(S∨M1
)c�(QM2).

Proof As each δ and ε is a hyperplane class pullback from a projective space P
n,

for any integers i, j ≥ 0 we have μ∗(δiεj ) = 1 if i = j = n, and 0 otherwise. We
conclude by the definition of [P(Q∨M1

)×XE
P(SM2)] and the push-pull formula. �

Remark 9.4 We note at this point that we can conclude Theorem B when a ma-
troid M of rank r has a realization L ⊆ C

E as follows. The classes α,β, δ, ε on
XAE

× (Pn
inv)

∨×P
n
inv are nef divisors, and hence restrict to nef divisors on the variety

P(Q∨L)×XE
P(SL). By Proposition 9.3 and Theorem A, we have

∑

i+j+k+�=n

(∫

P(Q∨
L)×XE

P(SL)

αiβj δkε�

)

xiyj zkw�

= 1

x + y
(y + z)r (x +w)n+1−rTM(

x + y

y + z
,

x + y

x +w
).

One concludes the desired log-concavity property by the classical Khovanskii-
Teissier inequality for intersection multiplicities of nef divisors (see [65, 105] or [83,
Corollary 1.6.3 (i)]).

In the next few subsections, we will show Theorem B for arbitrary matroids by
relating the intersection in Proposition 9.3 with an equivalent intersection on a Lef-
schetz fan as defined in [13]. The log-concavity will then follow from the validity of
mixed Hodge-Riemann relations on the Lefschetz fan.

We conclude here with an observation that allows us to assume matroids to be
loopless or coloopless under certain contexts. For a matroid M , let Mcoloop→loop be
M with all coloops replaced by loops, and Mloop→coloop be M with all loops replaced
by coloops.

Proposition 9.5 Let M1 and M2 be matroids of rank r1 and r2 on the common ground
set E. Then,

[P(Q∨M1
)×XE

P(SM2)] = [P(Q∨
M

coloop→loop
1

)×XE
P(S

M
loop→coloop
2

)]

as elements in A•(XE × (Pn
inv)

∨ × P
n
inv).

Proof From the definition of [P(Q∨M1
)×XE

P(SM2)], it suffices to show for any ma-
troid M that

c(SMloop→coloop )= c(SM), and c(QMloop→coloop )= c(QM).
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We only prove c(SMloop→coloop ) = c(SM), as c(QMloop→coloop ) = c(QM) is proved
similarly. Let E� ⊆ E be the (possibly empty) set of loops in M . Then, we have
M =M|(E \E�)⊕U0,E�

and Mloop→coloop =M|(E \E�)⊕U|E�|,E�
. Hence, since

S0,E�
= 0 and S|E�|,E�

= [CE�

inv], Proposition 5.13 implies that [SMloop→coloop ] equals

the sum of [SM ] and a trivial bundle (the pullback of [CE�

inv]). Thus, their Chern classes
coincide. �

9.2 Minkowski weight of a birational model of the biprojectivization

Let M1 and M2 be matroids on the common ground set E. The goal of this subsection
is to express the Chow class [P(Q∨M1

)×XE
P(SM2)] as a pushforward of a Minkowski

weight that has certain “Lefschetz properties” we’ll exploit in the next subsection.
Let �′ be a pure d-dimensional subfan of an m-dimensional complete unimodular

fan �. We say that �′ is a balanced fan if the function

� : �(d)→ Z defined by �(τ)=
{

1 τ ⊆ τ ′ for some τ ′ ∈�′(d)

0 otherwise

is a Minkowski weight on �, in which case we say that � ∈ MWd(�) is the
constant-1 Minkowski weight on �′. We write [�′] ∈ Am−d(X�) for the Poincaré
dual of �.

Example 9.6 The Bergman class �M is the constant-1 Minkowski weight on the
Bergman fan �M of a loopless matroid M (see for example Theorem 7.6). More
generally, the Minkowski weights of ck(S∨M) and c�(QM) are constant-1 Minkowski
weights (Proposition 7.4).

Theorem 9.7 Consider XE × (Pn
inv)

∨ × P
n
inv as a toric variety with dense open

torus (T /C∗)3. Then, there exists a smooth projective toric variety X� associated
to a unimodular fan � in (RE/R1)3, together with a birational toric morphism
φ̃ : X� → XE × (Pn

inv)
∨ × P

n
inv, such that for M1 a coloopless matroid and M2 a

loopless matroid we have
(1) the product of fans �E ×�M⊥

1
×�M2 is a coarsening of a subfan �E,M⊥

1 ,M2
⊂

�, and
(2) under the pushfoward map φ̃∗ : A•(X�)→A•(XE × (Pn

inv)
∨ × P

n
inv) we have

φ̃∗[�E,M⊥
1 ,M2

] = [P(Q∨M1
)×XE

P(SM2)].

We prepare the proof by stating some facts from tropical intersection theory. For
a d-dimensional very-affine subvariety Y in a torus (C∗)m, the tropicalization of Y ,
denoted trop(Y ), is a pure d-dimensional polyhedral complex in R

m, along with Z-
valued weight function w on the set of its d-dimensional polyhedral cells. The weight
w has the property that, for every complete unimodular fan � in R

m containing a
subfan whose support equals trop(Y ), the assignment

�Y : �(d)→ Z defined by



A. Berget et al.

τ 
→
{

w(C) if there exists a polyhedral cell C in trop(Y ) containing τ

0 otherwise

is a Minkowski weight on �. One such unimodular fan � can be constructed from
the Gröbner fan of Y , which is a fan in R

m, not necessarily unimodular, that con-
tains a subfan whose support equals trop(Y ). See [86, Ch. 3] for an introduction to
tropicalizations and Gröbner fans. The tropicalization of a product of very-affine sub-
varieties is the product of each tropicalization. We will need the following two facts
about tropicalizations from the theory of tropical compactifications.

Lemma 9.8
(a) Let L⊂ C

E be a realization of a loopless matroid M . Then, the tropicalization
of PL ∩ (T /C∗) is a polyhedral complex whose support equals the support of
the Bergman fan �M , along with the weight function w that is constantly 1.
Moreover, the Bergman fan refines a subfan of the Gröbner fan of PL∩ (T /C∗).

(b) Let Y ⊆ (C∗)m be a very-affine subvariety, and � a complete unimodular fan
in R

m that refines the Gröbner fan of Y and contains a subfan whose support
equals trop(Y ). Then, the Chow class [Y ] ∈ A•(X�) of the closure of Y in the
toric variety X� is equal to the Poincaré dual of the Minkowski weight �Y

defined by trop(Y ).

Proof The first part of (a) was first observed in [104, §9.3]; see [86, Theorem 4.1.11]
for a proof. The second part that �M refines the Gröbner fan is [86, Exercise 4.7.(7)],
which was implicitly stated in [9, Theorem 1]. The statement (b) follows from com-
bining [75, Proposition 9.4] with [61, Theorem 14.9], or from combining [86, Theo-
rem 6.4.17] with [86, Theorem 6.7.7]. �

We are now ready to prove Theorem 9.7.

Proof of Theorem 9.7 First, we clarify how we are treating XE × (Pn
inv)

∨ × P
n
inv as a

toric variety. The standard basis of CE induces an isomorphism C
E � (CE)∨, and

by forgetting the T -action on P
n
inv and (Pn

inv)
∨, we identify XE × (Pn

inv)
∨ × P

n
inv =

XE × P
n × P

n, where the latter is a product of three toric varieties, each with open
dense torus (T /C∗).

We now specify the map φ̃ first on the torus (T /C∗)3. Define φtrop : (Zn+1/Z1)3 →
(Zn+1/Z1)3 by φ(u0, u1, u2)= (u0, u0 + u1,−u0 + u2). This induces an invertible
map of tori φ : (T /C∗)3 → (T /C∗)3 given by φ(t0, t1, t2)= (t0, t0t1, t

−1
0 t2). Let � be

a unimodular fan in (RE/R1)3 that sufficiently refines the fan �3
E =�E ×�E ×�E

such that φtrop induces a map of fans �→�E×�n×�n, where �n is the fan of the
toric variety P

n. Such a fan � can be constructed by noting that a collection of normal
fans of polytopes admit a common refinement [31, Proposition 6.2.13.(b)] and by ap-
plying the toric resolution of singularities [31, Theorem 11.1.9]. Then, the invertible
map φ of tori extends to a birational toric morphism φ̃ : X� →XE × P

n × P
n.

We now verify that � and φ̃ satisfies the desired properties. The property (1) is
immediate from the construction. Indeed, �E ×�M⊥

1
×�M2 is a subfan of �3

E , and
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� refines �3
E , we can set �M,M⊥

1 ,M2
to be the subfan of � whose support equals the

support of �E ×�M⊥
1
×�M2 .

For the property (2), we first claim that both [�E,M⊥
1 ,M2

] and [P(Q∨M1
) ×XE

P(SM2)] are valuative separately in coloopless matroids M1 and loopless ma-
troids M2. For [�E,M⊥

1 ,M2
], by considering the corresponding constant-1 Minkowski

weight on �, the desired valuativity is equivalent to the valuativity of the indica-
tor function for the support of the fan �E ×�M⊥

1
×�M2 . Corollary 7.11.(ii) implies

that the assignment M 
→ (indicator function for the support of �M) is valuative, and
similarly for the assignment M 
→ (indicator function for the support of �M⊥) since
M 
→ 1P(M⊥) = 1−P(M)+1 is valuative. Thus, we conclude that [�′

E,M⊥
1 ,M2

] is valua-

tive separately in coloopless matroids M1 and loopless matroids M2. The valuativity
for [P(Q∨M1

) ×XE
P(SM2)] follows from its definition and Proposition 5.6. Apply-

ing Lemma 5.9 to these valuative properties, we conclude that it suffices to show
φ̃∗[�′

E,M⊥
1 ,M2

] = [P(Q∨M1
)×XE

P(SM2)] assuming that M1 and M2 both have real-

izations.
Now, let L1 ⊆C

E and L2 ⊆C
E be realizations of M1 and M2, respectively. Recall

that under CE � (CE)∨, the subspace L⊥1 = (CE/L1)
∨ ⊆ (CE)∨ �C

E realizes M⊥
1 .

Let YL1,L2 be the intersection of XE×PL⊥1 ×PL2 ⊆XE×P
n×P

n =XE×(Pn
inv)

∨×
P

n
inv with the open dense torus, namely,

YL1,L2 = (T /C∗)× (PL⊥1 ∩ T/C∗)× (PL2 ∩ T/C∗).

Note that YL1,L2 is nonempty because M⊥
1 and M2 are assumed to be loopless.

The very-affine subvariety YL1,L2 is an “untwisting” of P(Q∨L1
) ×XE

P(SL2) on

the open dense torus (T /C∗)3 in the sense that φ maps YL1,L2 isomorphically
onto (P(Q∨L1

) ×XE
P(SL2)) ∩ (T /C∗)3. Indeed, for any t0 ∈ T/C∗, the fibers over

{t0} × (T /C∗)2 are

(YL1,L2){t0}×(T /C∗)2 ={t0} × (PL⊥1 ∩ T/C∗)× (PL2 ∩ T/C∗) and

(P(Q∨L1
)×XE

P(SL2)){t0}×(T /C∗)2 ={t0} × (t0PL⊥1 ∩ T/C∗)× (t−1
0 PL2 ∩ T/C∗),

and φ was given by φ(t0, t1, t2)= (t0, t0t1, t
−1
0 t2). Thus, denoting YL1,L2 for the clo-

sure of YL1,L2 in X� , we have that φ̃∗[YL1,L2 ] = [P(Q∨L1
)×XE

P(SL2)]. It only re-

mains to show that [YL1,L2] = [�E,M⊥
1 ,M2

]. Lemma 9.8.(a) implies that trop(YL1,L2)

is a polyhedral complex whose support equals the support of �E × �M⊥
1
× �M2 ,

and the weight function is constantly 1. Then, since Lemma 9.8.(b) implies that the
Chow class [YL1,L2 ] ∈ A•(X�) is Poincaré dual to the Minkowski weight on � de-
fined by the tropicalization trop(YL1,L2), we conclude that [YL1,L2] = [�E,M⊥

1 ,M2
],

as desired. �

Remark 9.9 The fan �E,M⊥
1 ,M2

, serving as our combinatorial model of a biprojec-
tive bundle, is valuative separately in M1 and M2, allowing us to reduce to the re-
alizable case. However, �E,M⊥,M is not valuative in M . Similarly, the “conormal
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fan” �M,M⊥ , whose support coincides with �M × �M⊥ , is not valuative in M . In
both cases, the final degree computation yields a valuative answer, which for us gave
tM(x, y, z,w) and for [13] gave TM(x,0), despite the fans not being valuative. This
prevents one from automatically extending the final degree computation from the
realizable case to all matroids.

However, in both cases, the valuativity of the final expression can be explained by
instead working with the degrees αiβj ck(S∨M)c�(QM). Then, the valuativity follows
from Proposition 5.6. In contrast to our equivariant methods, valuativity seems less
accessible using non-equivariant methods, as evidenced by the intricate computations
with the bipermutohedron in [13, §2 and §4] required to generalize the realizable case
done in [70].

9.3 Log-concavity for the Tutte polynomial

In this subsection, we combine Proposition 9.3 and Theorem 9.7 with properties of
“Lefschetz fans” established in [13, §5] to prove Theorem B, reproduced below. Re-
call that the coefficients of a homogeneous polynomial f ∈ R[x0, . . . , xN ] of degree
d form a log-concave unbroken array if, for any 0≤ i < j ≤N and a monomial xm

of degree d ′ ≤ d , the coefficients of {xk
i xd−d ′−k

j xm}0≤k≤d−d ′ in f form a nonnegative
log-concave sequence with no internal zeros.

Theorem B For a matroid M of rank r with ground set E, the coefficients of the
polynomial

tM(x, y, z,w)= (x + y)−1(y + z)r (x +w)|E|−rTM

(x + y

y + z
,

x + y

x +w

)

form a log-concave unbroken array.

We prepare by stating the tools we need from the tropical Hodge theory developed
in [13, §5]. A Lefschetz fan is a pure-dimensional unimodular fan �, not necessarily
complete, that is a balanced and satisfies certain Lefschetz properties [13, Defini-
tion 1.5]. In our case, the properties of a Lefschetz fan we need are collected in the
following proposition.

Lemma 9.10
(a) [13, Theorem 1.6] If � is a Lefschetz fan, then any unimodular fan whose sup-

port equals that of � is a Lefschetz fan.
(b) [13, Lemma 5.26] A product of Lefschetz fans is a Lefschetz fan.
(c) [1, Theorem 8.9] The Bergman fan of a loopless matroid is a Lefschetz fan.
(d) [13, Theorem 5.28] Let � be an m-dimensional projective unimodular fan,

and let �′ be a d-dimensional subfan that is a Lefschetz fan, which as a bal-
anced fan defines the Chow class [�′] ∈ Am−d(X�). Then, for nef divisors
D1,D2, . . . ,Dk ∈ A1(X�) on the projective toric variety X� , the sequence
(a0, . . . , ad−(k−2)) defined by

ai =
∫

X�

Di
1D

d−(k−2)−i
2 D3 · · ·Dk · [�′]
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is a nonnegative sequence that is log-concave with no internal zeros.4

We can now prove a strengthening of Theorem B.

Theorem 9.11 For matroids M1 and M2 on the common ground set E, the coefficients
of the polynomial

∑

i+j+k+�=n

(∫

XE

αiβj ck(S∨M1
)c�(QM2)

)
xiyj zkw� (�)

form a log-concave unbroken array.

Proof By Proposition 9.3, the polynomial (�) is equal to

∑

i+j+k+�=n

(∫

XE×(Pn
inv)

∨×Pn
inv

αiβj δn−r1+kεr2−1+�[P(Q∨M1
)×XE

P(SM2)]
)
xiyj zkw�.

In this expression, by Proposition 9.5 we may assume that M1 is coloopless and M2
is loopless. Then, by Theorem 9.7 and the push-pull formula we have that the above
equals

∑

i+j+k+�=n

(∫

X�

φ̃∗αiφ̃∗βj φ̃∗δk+crkM1−1φ̃∗ε�+rkM2−1[�E,M⊥
1 ,M2

]
)

xiyj zkw�.

That the coefficients of this polynomial form a log-concave unbroken array is now
a result of Theorem 9.7 and Lemma 9.10 as follows. Because �E , �M⊥

1
, and �M2

are Lefschetz fans (Lemma 9.10.(c)), so is their product (Lemma 9.10.(b)). Since
the product �E ×�M⊥

1
×�M2 and the fan �E,M⊥

1 ,M2
have the same support (The-

orem 9.7), the fan �E,M⊥
1 ,M2

is also a Lefschetz fan (Lemma 9.10.(a)). Because the

divisors φ̃∗α, φ̃∗β, φ̃∗δ, φ̃∗ε are nef divisors on X� , being pullbacks of nef divisors,
that the coefficients of the polynomial form a log-concave unbroken array follows
from Lemma 9.10.(d). �

Proof of Theorem B Set M1 =M2 =M in Theorem 9.11, and apply Theorem A. �

9.4 Denormalized Lorentzian polynomials

Let us note a strengthening of Theorem 9.11 that we will only need in §11 when we
consider flag matroids. The theorem is strengthened in two ways.

First, we use the language of Lorentzian polynomials developed in [17]. For a
homogeneous degree d polynomial f =∑m∈ZN≥0

amxm ∈ R[x1, . . . , xN ], its nor-

malization is N(f )=∑m∈ZN≥0
am

xm

m! where m! =m1! · · ·mN !. The polynomial f is

4[13, Theorem 5.28] does not state no internal zeros, but its proof implies that the sequence
(a0, . . . , ad−k−2) is a limit of log-concave positive sequences. A limit of such sequences is a log-concave
sequence with no internal zeros; see [67, Lemma 34] for a proof.
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said to be the denormalization of N(f ). The polynomial f is a strictly Lorentzian
polynomial if every monomial of degree d has positive coefficient in f and ev-
ery (d − 2)-th coordinate partial derivative of f is a quadric form with signature
(+,−,−, . . . ,−). It is a Lorentzian polynomial if f is a limit of strictly Lorentzian
polynomials. [17, Example 2.26] combined with [17, Theorem 2.10] implies that the
coefficients of a denormalized Lorentzian polynomial form a log-concave unbroken
array. A minor modification of the proof of [17, Theorem 4.6] applied to the mixed
Hodge-Riemann relations for Lefschetz fans [13, Definition 5.6.(2)] implies the fol-
lowing strengthening of Lemma 9.10.(d).

Lemma 9.12 Let � be a m-dimensional projective unimodular fan, and let �′ be a
d-dimensional subfan that is a Lefschetz fan, which as a balanced fan defines the
Chow class [�′] ∈Am−d(X�). Then, for nef divisors D1,D2, . . . ,DN ∈A1(X�) on
the projective toric variety X� , the polynomial f ∈R[x1, . . . , xN ] defined by

f =
∑

i1+···+iN=d

(∫

X�

D
i1
1 · · ·DiN

N · [�′]
)

x
i1
1 · · ·xiN

N

is a denormalization of a Lorentzian polynomial.

Second, we note that one can define multi-projectivization analogues of the defi-
nition of the biprojectivization class [P(Q∨M1

)×XE
P(SM2)] for any number of Q∨Mi

’s
and SMj

’s. Proofs of the multi-projectivization analogues of Proposition 9.3, Propo-
sition 9.5, and Theorem 9.7 are essentially identical to the proofs given for the bipro-
jectivization case here. As a result, we obtain the following.

Theorem 9.13 Let M1, . . . ,Mm and M ′
1, . . . ,M

′
m′ be matroids with the common

ground set E. Then, the polynomial defined by

∑(∫
αiβj ck1(S∨M1

) · · · ckm(S∨Mm
)c�1(QM ′

1
) · · · c�m′ (QM ′

m′
)

)
xiyj z

k1
1 · · · zkm

m w
�1
1

· · ·w�m′
m′

is a denormalization of a Lorentzian polynomial, where
∫ = ∫

XE×((Pn
inv)

∨)m×(Pn
inv)

m′

and the sum is over all i + j + k1 + · · · + km + �1 + · · · + �m′ = n.

Proof Similarly as in the proof of Theorem 9.11, the multi-projectivization analogues
of Proposition 9.3, Proposition 9.5, and Theorem 9.7 expresses the polynomial as
a sum over intersection numbers of nef divisors multiplied to the Chow class of a
Lefschetz fan �E,M⊥

1 ,...,M⊥
m ,M ′

1,...,M
′
m′

. Then, one concludes by applying Lemma 9.12.

�

10 A K-theory to Chow theory bridge

In this section, we develop a method special to permutohedral varieties that allows us
to translate K-theoretic computations to Chow-theoretic computations, as stated in
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Theorem D. We apply this method to the tautological K-classes of matroids to bridge
the K-theoretic and the Chow-theoretic approach to studying matroid invariants. Our
method is a replacement, not a derivative, of the classical Hirzebruch-Riemann-Roch
theorem, although the statement looks similar. As before, let E = {0,1, . . . , n}.

10.1 A Hirzebruch-Riemann-Roch-type formula

Recall that �̃E denotes the normal fan in R
E of the permutohedron, whose quotient

fan in R
E/R1 is the fan �E of the permutohedral variety XE . To state our GHRR-

type formula for the permutohedral variety XE , we recall from Theorem 2.1 that we
had the identifications KT

0 (XE)� PLaur(�̃E) and A•T (XE)� PPoly(�̃E) where

PLaur(�̃E)= the ring of piecewise Laurent polynomials in variables T0, . . . , Tn

on the fan �̃E ,

PPoly(�̃E)= the ring of piecewise polynomials in variables t0, . . . , tn

on the fan �̃E .

Let χT : K0
T (XE)→K0

T (pt) be the T -equivariant pushforward map of K-rings (i.e.

the T -equivariant sheaf Euler characteristic), and let
∫ T : A•T (XE)→ A•−n

T (pt) be
the T -equivariant pushfoward map of Chow rings (i.e. the T -equivariant degree map).
We relate these two pushforward maps as follows.

Theorem 10.1 Denote by A•(XE)[∏(1+ ti )
−1] the ring obtained from A•T (XE) by

adjoining the inverse of the polynomial (1 + t0)(1 + t1) · · · (1 + tn). Then, the map
ζ T
XE
: KT

0 (XE)→A•T (XE)[∏(1+ ti )
−1] defined by sending

f (T0, . . . , Tn) 
→ f (t0 + 1, . . . , tn + 1)

for f a piecewise Laurent polynomial on �̃E

is a ring isomorphism, which descends to a ring isomorphism ζXE
: K0(XE) →

A•(XE). Moreover, the following diagrams commute

KT
0 (XE) A•T (XE)[∏(1+ ti )

−1] K0(XE) A•(XE)

KT
0 (pt) A•T (pt)[∏(1+ ti )

−1] Z Z.

ζ T
XE

χT
∫ T

(cT (S∨Un,E
)·−)

ζXE

χ
∫
((1+α+···+αn)·−)

ζ T
pt

In particular, denoting by degα : A•(XE)→ Z the map ξ 
→ ∫
XE

(1+α+· · ·+αn) ·ξ ,

we have for a K-class [E] ∈K0(XE) that

χXE
([E])= degα(ζXE

[E]).

For the proof of the commutativity of the diagrams, we will need the Atiyah-Bott
localization formulas for K-theory and Chow, which we specialize to permutohedral
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varieties using the identification of the torus action on the tangent spaces to the torus-
fixed points of XE at the end of §2.3.

Theorem 10.2 Let XE be the permutohedral variety.
(a) [91, 4.7] The T -equivariant Euler characteristic χT satisfies

χT ([E])=
∑

σ∈SE

[E]σ(
1− Tσ(1)

Tσ(0)

)
· · ·
(

1− Tσ(n)

Tσ(n−1)

) ∈K0
T (pt)= Z[T ±0 , . . . , T ±n ].

(b) [42, Corollary 1] The T -equivariant degree map
∫ T satisfies

∫ T

(ξ)=
∑

σ∈SE

ξσ

(tσ (0) − tσ (1)) . . . (tσ (n−1) − tσ (n))
∈A•T (pt)= Z[t0, . . . , tn].

To obtain the non-equivariant Euler characteristic χ([E]) (resp. the non-equiva-
riant degree

∫
ξ ), one evaluates the respective sum in Theorem 10.2 at T0 = · · ·Tn = 1

(resp. t0 = · · · = tn = 0) after simplifying the expression to a Laurent polynomial
(resp. a polynomial). Implicit in the theorem is that such simplification always occurs,
and that in the case of

∫ T , if the sum is a rational function of degree less than 0, then
the sum simplifies to zero.

Proof of Theorem 10.1 That ζ T
XE

is a ring isomorphism is clear once we show that the

map is well-defined. Let σ and σ ′ be any maximal cones in �̃E sharing a codimension
1 face. The linear span of the face is {x ∈ R

E | xi = xj } for some i 
= j ∈ E. By
definition, an element f ∈ PLaur(�̃E) � KT

0 (XE) satisfies fσ ≡ fσ ′ mod (Ti −
Tj ). Since (ti + 1)− (tj + 1) = ti − tj , its image ζ T

XE
(f ) also satisfies ζ T

XE
(f )σ ≡

ζ T
XE

(f )σ ′ mod (ti − tj ), and hence is a well-defined element in PPoly(XE)[∏(1+
ti )
−1] �A•T (XE)[∏(1+ ti )

−1].
We now show that the isomorphism ζ T

XE
descends to an isomorphism of the non-

equivariant rings. We first recall from Theorem 2.1 that the kernels of the surjections
to the non-equivariant rings are

IK=ker(K0
T (XE) � K0(XE))= the ideal generated by f (T0, . . . , Tn)−f (1, . . . ,1)

for f a global Laurent polynomial,

IA=ker(A•T (XE) � A•(XE))= the ideal generated by f (t0, . . . , tn)− f (0, . . . ,0)

for f a global polynomial.
(1)

Since the image of the global polynomial
∏

i∈E(1 + ti ) ∈ PPoly(�E) under
A•T (XE) � A•T (XE)/IA � A•(XE) is 1, and in particular invertible, the universal
property of localization naturally induces a map A•T (XE)[∏(1+ ti )

−1] → A•(XE).
As localization commutes with quotient, we have A•T (XE)[∏(1 + ti )

−1]/I ′A =
A•(XE), where I ′A is the ideal IA[∏(1+ ti )

−1]. We need to show that ζ T
XE

(IK)= I ′A.
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Given a generator of I ′A, say f (t0, . . . , tn)− f (0, . . .0) where f ∈ Z[t0, . . . , tn] is a
polynomial, we have

(ζ T
XE

)−1(f (t0, . . . , tn)− f (0, . . .0))= f (T0 − 1, . . . , Tn − 1)− f (0, . . . ,0) ∈ IK

since f (T0 − 1, . . . , Tn − 1) is a Laurent polynomial evaluating to f (0, . . . ,0) when
T0 = · · ·Tn = 1. Thus, we have (ζ T

XE
)−1(I ′A)⊂ IK . Conversely, given a generator of

IK , say f (T0, . . . , Tn) − f (1, . . . ,1) where f ∈ Z[T ±0 , . . . , T ±n ] is a Laurent poly-
nomial, we can write f (T0, . . . , Tn)= (

∏
i∈E T −1

i )mg(T0, . . . , Tn) for a polynomial
g(T0, . . . , Tn), so that

ζ T
XE

(f (t0, . . . , tn)− f (1, . . . ,1))

= (
∏

i∈E(1+ ti )
−1)m(g(t0 + 1, . . . , tn + 1)− g(1, . . . ,1)) ∈ I ′A.

Since
∏

i∈E(1+ ti )
−1 is a unit and g(t0 + 1, . . . , tn + 1)− g(1, . . . ,1) is a genera-

tor of I ′A, we have ζ T
XE

(IK) = I ′A. We conclude that ζ T
XE

(IK) = I ′A, and hence that

the isomorphism ζ T
XE

descends to an isomorphism of the respective quotients by the

ideals, yielding ζXE
: K0(XE)→A•(XE).

Finally, we now show that the two diagrams commute. Let f ∈ PLaur(�̃E) �
KT

0 (XE). Using Theorem 10.2.(a), we compute that

(ζ T
pt ◦ χT )(f )= ζ T

pt

⎛

⎝
∑

σ∈SE

fσ (T0, . . . , Tn)

(1− Tσ(1)

Tσ(0)
) · · · (1− Tσ(n)

Tσ(n−1)
)

⎞

⎠

=
∑

σ∈SE

fσ (t0 + 1, . . . , tn + 1)
∏n−1

i=0 (1− 1+tσ (i+1)

1+tσ (i)
)

.

Note that for any permutation σ ∈SE , we have

∏n−1
i=0 (tσ (i) − tσ (i+1))
∏n−1

i=0 (1− 1+tσ (i+1)

1+tσ (i)
)
=

n−1∏

i=0

(1+ tσ (i))= cT (S∨Un,E
)σ ,

where the last equality follows from [S∨Un,E
]σ =∑n−1

i=0 Tσ(i). We thus compute further
that

∑

σ∈SE

fσ (t0 + 1, . . . , tn + 1)
∏n−1

i=0 (1− 1+tσ (i+1)

1+tσ (i)
)
=
∑

σ∈SE

fσ (t0 + 1, . . . , tn + 1)cT (S∨Un,E
)σ

∏n−1
i=0 (tσ (i) − tσ (i+1))

=
∑

σ∈SE

(ζ T
XE

f )σ · cT (S∨Un,E
)σ

∏n−1
i=0 (tσ (i) − tσ (i+1))

,

and by Theorem 10.2.(b) we have

∑

σ∈SE

(ζ T
XE

f )σ · cT (S∨Un,E
)σ

∏n−1
i=0 (tσ (i) − tσ (i+1))

=
∫ T

cT (S∨Un,E
) · ζ T

XE
(f ),
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showing that the left diagram of the theorem commutes. The commutativity of the
right diagram follows since non-equivariantly c(S∨Un,E

) = 1 + α + α2 + · · · + αn ∈
A•(XE), as noted in Example 3.10. �

Remark 10.3 For a smooth projective variety X, the Hirzebruch-Riemann-Roch
(HRR) theorem states that there exists an isomorphism ch called the Chern character
map

ch : K0(X)⊗Q
∼→A•(X)⊗Q,

and that there exists a Chow class Td(X) ∈A•(X)Q called the Todd class of X such
that the diagram

K0(X)⊗Q A•(X)⊗Q

Z Z

ch
∼

χ
∫
X(Td(X)·−)

commutes, where χ denotes the Euler characteristic. See [44, Chap. 14] for an ac-
count of this. We note that for the permutohedral variety XE , the map ζXE

in Theo-
rem 10.1 is different from ch, and the class 1+ α + · · · + αn ∈ A•(XE) is not equal
to the Todd class of XE . While the HRR theorem is a standard tool for translating
between K-theory computations and Chow ring computations, sufficiently explicit
descriptions of Todd classes, even in the case of permutohedral varieties, are often
not available. See [27] for a study of Todd classes of permutohedral varieties in low
dimensions.

The map ζXE
of Theorem 10.1 behaves particularly well for a family of K-classes

defined as follows.

Definition 10.4 We say that a T -equivariant K-class [E] ∈ K0
T (XE) has simple

Chern roots if for each permutation σ there is a sequence of non-negative integers
mσ = (mσ,0, . . . ,mσ,n) ∈ Z

E≥0 such that

[E]σ =mσ ·T=
n∑

i=1

mσ,iTi ∈ Z[T ±0 , . . . , T ±n ].

For instance, for any matroid M the K-classes [S∨M ] and [Q∨M ] have simple Chern
roots. One can verify that the property of having simple Chern roots is closed under
virtual extensions, subbundles, and quotients of T -equivariant K-classes, but we will
not need this fact. We now show how ζXE

behaves for K-classes with simple Chern
roots.

Proposition 10.5 Let [E] ∈K0
T (XE) have simple Chern roots. Then, with u a formal

variable, we have
∑

i≥0

ζXE
([∧i E])ui = (u+ 1)rk(E)c(E, u

u+1 ), and
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∑

i≥0

ζXE
([∧i E∨])ui = (u+ 1)rk(E)c(E)−1c(E, 1

u+1 ).

Equivalently, we have
∑

i≥0

ζXE
([∧rk(E)−i E])ui = (u+ 1)rk(E)c(E, 1

u+1 ), and

∑

i≥0

ζXE
([∧rk(E)−i E∨])ui = (u+ 1)rk(E)c(E)−1c(E, u

u+1 ).

Proof We prove more strongly the T -equivariant versions of the statements in terms
of the isomorphism ζ T

XE
: K0

T (XE)
∼→A•T (XE)[∏(1+ ti )

−1]. It follows from the def-
inition that, for each permutation σ ∈SE , there is a multi-subset Iσ of E with size
|Iσ | = rk(E) such that [E]σ =∑i∈Iσ

Ti and [E∨]σ =∑i∈Iσ
T −1

i . We now compute

the exterior powers and the Chern classes as in §2.5. We have
(∑

i≥0[
∧i E]ui

)
σ
=

∏
i∈Iσ

(1+ uTi) and likewise
(∑

i≥0[
∧i E∨]ui

)
σ
=∏i∈Iσ

(1+ uT −1
i ) for every per-

mutation σ ∈SE , and thus
(
ζ T
XE

∑

i≥0

([∧i E])ui
)

σ
=
∏

i∈Iσ

(1+ u(1+ ti ))= (u+ 1)|Iσ |∏

i∈Iσ

(1+ ti
u

u+1 )

= (u+ 1)rk(E)cT (E, u
u+1 )σ ,

and

(
ζ T
XE

∑

i≥0

([∧i E∨])ui
)

σ
=
∏

i∈Iσ

(1+ u(1+ ti )
−1)= (u+ 1)|Iσ |

∏
i∈Iσ

(1+ ti )

∏

i∈Iσ

(1+ ti
1

u+1 )

= (u+ 1)rk(E)cT (E)−1
σ cT(E, 1

u+1 )σ ,

as desired. �

We note the following characterizing property of the isomorphism ζE of Theo-
rem 10.1.

Corollary 10.6 The ring isomorphism ζXE
: K(XE) → A•(XE) is the unique ring

homomorphism such that for any realization L⊆C
E of a matroid, the K-class [OWL

]
of the structure sheaf of the wonderful compactification is sent to the Chow class
[WL].
Proof That WL is the vanishing loci of a section OXE

→QL (Theorem 7.10) implies
that we have the Koszul resolution

0→ detQ∨L → ·· ·→∧2 Q∨L →Q∨L →OXE
→OWL

→ 0,

and hence [OWL
] = ∑i≥0(−1)i[∧i Q∨L]. Applying Proposition 10.5 then yields

ζXE
([OWL

])= [WL]. That this property characterizes ζXE
follows from [63, Propo-

sitions 2.32 and 5.13], which showed that Bergman classes of realizable loopless
matroids, in fact those of loopless Schubert matroids, span A•(XE). �
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Remark 10.7 Let P ⊂ R
E≥0 be a generalized permutohedron (defined in §2.7) that is

contained in the nonnegative orthant. Such P defines a T -equivariant K-class [EP ]
with simple Chern roots by

[EP ]σ =mσ ·T for σ ∈SE

where mσ is the vertex of P maximizing the pairing 〈−, v0eσ(0) + · · · + vneσ(n)〉
for any v0 > · · · > vn. Theorem 2.1.(a) implies that [EP ] is a well-defined element
of K0

T (XE) because each edge of such P is parallel to ei − ej for some i 
= j ∈ E,
since the normal fan of P coarsens �̃E . For example, if M is a matroid we have
[S∨M ] = [EP(M)]. This suggests that many results in this section may generalize from
matroids to generalized permutohedra contained in the nonnegative orthant, often
called discrete polymatroids. A particular family of discrete polymatroids known as
flag matroids are studied in §11.

10.2 Fink-Speyer’s K-theoretic interpretation of Tutte polynomials

The authors of [50] expressed the Tutte polynomial of a matroid via the K-theory of
the Grassmannian. To state their theorem, we need the following definition.

Definition 10.8 For a matroid M of rank r , let y(M) ∈K0(Gr(r;E)) be the K-class
determined by the following two properties:

(i) If L⊆C
E is a realization of M , then y(M)= [OT ·L], the K-class of the struc-

ture sheaf of the torus-orbit-closure in the Grassmannian, and
(ii) the assignment M 
→ y(M) is valuative.

The class y(M) is well-defined because (i) for a realization L⊆ C
E of a matroid

M the K-class [OT ·L] only depends on the matroid M , and (ii) the assignment for
realizable matroids M 
→ [OT ·L] is valuative. For a proof see [103, Proposition A.5]
and the remark following it. Our definition of y(M) here agrees with the definition
of y(M) given via the T -equivariant K-theory of the Grassmannian in [50] because
both satisfy the defining properties (i) and (ii) above.

Fink and Speyer established the following K-theoretic interpretation of Tutte poly-
nomials in [50, Theorem 5.2]. Here, we show that applying the HRR-type formula
(Theorem 10.1) to our unifying Tutte formula Theorem A recovers this result. Recall
the notation that S and Q are the tautological subbundle and the quotient bundle,
respectively, on the Grassmannian Gr(r;E).

Theorem 10.9 Let M be a matroid with ground set E, and TM(u, v) its Tutte polyno-
mial. Then,

TM(u, v)=
r∑

i=0

|E|−r∑

j=0

χGr(r;E)

(
y(M)[detS∨][∧i S][∧j Q∨])(u− 1)i(v − 1)j .

We prepare the proof with a lemma, which allows one to translate certain Euler
characteristic computations on Grassmannians to those on permutohedral varieties.
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Lemma 10.10 Let M be a matroid of rank r with ground set E, and let [E] ∈
K0

T (Gr(r;E)). Then, for the class [EM ] ∈ K0
T (XE) defined in Proposition 3.13, we

have an equality of non-equivariant Euler characteristics

χGr(r;E)

(
y(M)[E])= χXE

([EM ]
)
.

Proof For a fixed [E] ∈ K0
T (Gr(r;E)), we note that the assignment [E] 
→ [EM ] is

valuative by Proposition 5.8. Since M 
→ y(M) is also valuative, by Lemma 5.9 it
suffices to verify the desired equality for M with a realization L⊆C

E . The projection
formula yields

χGr(r;E)

(
y(M)[E])= χGr(r;E)

(
OT ·L · [E]

)= χT ·L
([E]|T ·L

)
.

As the normal fan of the base polytope P(M) coarsens the fan �E , the induced map
of toric varieties ψ : XE → XP(M) � T ·L satisfies ψ∗ψ∗[OT ·L] = [OT ·L] by [31,
Theorem 9.2.5], so using the projection formula and Proposition 3.13 yields

χT ·L
([E]|T ·L

)= χXE

(
ϕ∗L[E]

)= χXE

(
cremϕ∗L[E]

)= χXE

([EM ]
)

as desired. �

Proof of Theorem 10.9 By Lemma 10.10, we have

r∑

i=0

|E|−r∑

j=0

χGr(r;E)

(
y(M)[detS∨][∧i S][∧j Q∨]

)
(u− 1)i(v− 1)j =

r∑

i=0

|E|−r∑

j=0

χXE

(
[detS∨M ][

∧iSM ][∧jQ∨M ]
)
(u− 1)i(v − 1)j ,

which by Theorem 10.1 equals

degα

(∑

i,j

ζXE

([detS∨M ][
∧iSM ][∧jQ∨M ]

)
(u− 1)i(v − 1)j

)
,

where we recall the notation that degα(−) = ∫
XE

(1+ α + · · · + αn) · (−). We now
claim that

∑

i,j

ζXE
([detS∨M ][

∧iSM ][∧jQ∨M ])(u− 1)i(v − 1)j

= urv|E|−rc(S∨M,u−1)c(Q∨M,1− v−1).

Noting [detS∨M ][
∧i SM ] = [∧r−i S∨M ], we write

∑

i,j

[detS∨M ][
∧i SM ][∧j QM ](u− 1)i(v − 1)j
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=
(∑

i

[∧r−i S∨M ](u− 1)i
)(∑

j

[∧i Q∨M ](v − 1)j
)
.

Because ζXE
is a ring homomorphism, and S∨M,Q∨M have simple Chern roots, apply-

ing Proposition 10.5 thus verifies our claim. Now, specializing the equality for the
polynomial tM(x, y, z,w) in Theorem A at x = 1 and y = 0, we obtain

degα(ck(S∨M,z)c�(QM,w))=
∑

i+k+�=n

(∫

XE

αick(S∨M)c�(QM)
)
zkw�

= zr (1+w)|E|−rTM( 1
z
, 1

1+w
).

Setting u= z−1 and v = (1+w)−1 in this final formula then yields

urv|E|−r degα(c(S∨M,u−1)c(Q∨M,1− v−1))= TM(u, v),

and we thus conclude the desired formula for TM(u, v). �

10.3 Cameron-Fink’s lattice-point-counting interpretation of Tutte polynomials

Let M be a matroid with ground set E. By using the relationship between toric geom-
etry and Ehrhart-style lattice point counting [31, Ch. 9], and by recalling the fact that
[O(D−P(M))] = [detS∨M ] from Example 3.11, we have an equality of polynomials in
Q[t, u]
χXE

(O(tα + uβ)[detS∨M ])= the number of lattice points inside −P(M)+ t�+u∇
= the number of lattice points inside P(M)+ t∇ + u�,

where �= Conv(ei | i ∈ E) and ∇ =−� are the standard simplex and the negative
standard simplex in R

E , respectively. The authors of [25] denoted this polynomial
QM(t,u). With � : Q[t, u] → Q[x, y] defined as the invertible linear map sending(
t
i

)(
u
j

) 
→ xiyj for all i, j ≥ 0, [25, Theorem 3.2] expressed the Tutte polynomial of
M in terms of the polynomial Q′

M(x, y) ∈Q[x, y] defined by

Q′
M(x + 1, y + 1)=�

(
QM(t,u)

)
.

We show that applying our HRR-type formula (Theorem 10.1) to Theorem A recov-
ers [25, Theorem 3.2]. Combined with Theorem 10.9, which was also obtained by
applying Theorem 10.1 to Theorem A, this answers a conjecture of Cameron and
Fink (see the discussion after [25, Theorem 3.4]) on the relationship between their
expression for the Tutte polynomial of M and the K-theoretic computations in [50].

Theorem 10.11 Let M be a matroid of rank r with ground set E, and Q′
M(x, y) ∈

Q[x, y] be the polynomial as defined above. Then we have

Q′
M(x + 1, y + 1)= (x + y + 1)−1(y + 1)r (x + 1)|E|−rTM

(x + y + 1

y + 1
,
x + y + 1

x + 1

)
.
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Equivalently, letting tM be the polynomial in Theorem A, we have Q′
M(x+1, y+1)=

tM(x + 1, y,1,0).

Proof Recall from Example 3.10 that [O(α)] = [QUn,E
] and [O(β)] = [S∨U1,E

]. Set-
ting u = 0 in the last two lines of Proposition 10.5, one has that if [E] has simple
Chern roots, then ζXE

([detE]) = c(E) and ζXE
([detE∨]) = c(E)−1. In particular,

since S∨M has simple Chern roots, we have that ζXE
([detS∨M ]) = c(S∨M), and since

Q∨Un,E
and S∨U1,E

have rank 1 (so taking det makes no change) and have simple Chern
roots, we have that

ζXE
([O(α)])= c(Q∨Un,E

)−1 = (1− α)−1 and

ζXE
([O(β)])= c(S∨U1,E

)= (1+ β).

Theorem 10.1 thus implies that

QM(t,u)= χ(O(tα + uβ)[detS∨M ])

= degα((1− α)−t (β + 1)uc(S∨M))=
∫

XE

(1− α)−t−1(1+ β)uc(S∨M).

Before applying the linear map � : Q[t, u] →Q[x, y], we note the following obser-
vations. First, we have (1− α)−t−1 = (1+ α+ α2 + · · · )t+1 =∑i≥0 αi

(
t+i
i

)
. More-

over, for each i ≥ 0, the Vandermonde identity
∑i

k=0

(
i

i−k

)(
t
k

) = (t+i
i

)
implies that

�
((

t+i
i

)) = (x + 1)i . Lastly, we have (1 + β)u =∑j≥0 βj
(
u
j

)
. Thus, we conclude

that

Q′
M(x + 1, y + 1)=�(QM(t, u))=�

(∫

XE

(1− α)−t−1(1+ β)uc(S∨M)

)

=
∫

XE

(∑

i≥0

αi(x + 1)i
)(∑

j≥0

βjyj
)
c(S∨M)

= tM(x + 1, y,1,0)

where the last equality follows from Theorem A. �

10.4 Ehrhart and volume polynomials of generalized permutohedra

It was noted in [95, Theorem 11.3] that the formula for the number of lattice points
of a generalized permutohedra P is obtained from the formula [95, Theorem 9.3] for
the volume of the Minkowski sum P +� by “replacing powers with raised powers.”
Let us explain here how this phenomenon is another consequence of our Theorem D.

For a nonempty subset S ⊆ E, let �S = Conv(ei | i ∈ S)⊂ R
E be the S-standard

simplex, which defines a divisor class [D�S
] ∈ A1(XE) as denoted in §2.7. It is

known that the set of divisor classes {[D�S
] | ∅� S ⊆E} form a basis of A1(XE); see
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for instance [14, §3.3]. In other words, for any generalized permutohedron P ⊂ R
E ,

there exist integers yS for ∅� S ⊆E such that

[DP ] = (yE − 1)[D�E
] +
∑

∅�S�E

yS[D�S
].

We will soon see the convenience of using (yE − 1) instead of yE for the coefficient
of [D�E

]. Since χ(O(DP )) = (the number of lattice points inside P ), we wish to
compute

χ
(
O(D�E

)⊗(yE−1) ⊗
⊗

∅�S�E

O(D�S
)⊗yS

)
.

To do so, let us define a matroid HS for each nonempty subset S ⊆ E by
HS = U|S|−1,S ⊕ U|E\S|,E\S . Since HS has corank 1, similar computations as in
Example 3.10 shows that [QHS

] = [O(D�S
)]. Then, by Proposition 10.5 we have

ζXE
([O(D�S

)])= c(Q∨HS
)−1 = (1− [D�S

])−1. Thus, applying Theorem 10.1 yields

χ
(
O(DP )

)= degα

(
(1− [D�E

])−yE+1
∏

∅�S�E

(1− [D�S
])−yS

)

=
∫

XE

(1− [D�E
])−yE

∏

∅�S�E

(1− [D�S
])−yS

=
∫

XE

∏

∅�S⊆E

(1− [D�S
])−yS

where for the second to last equality we noted α = [D�E
] so that (1+α+· · ·+αn)=

(1−[D�E
])−1. Let us define a map �̂ , related to but different from the previous map

� , by

�̂ : Q[yS | ∅� S ⊆E]→Q[ŷS | ∅� S ⊆E]

where
∏

S

(
yS + iS − 1

iS

)

→
∏

S

ŷ
iS
S .

Since
(−y

i

) = (−1)i
(
y+i−1

i

)
, the map �̂ is related to � by �̂ = � ◦ neg where

neg : Q[yS | ∅ � S ⊆ E] → Q[yS | ∅ � S ⊆ E] is the involution defined by∏
S

(
yS

iS

) 
→∏S(−1)iS
(−yS

iS

)
. Now, for a nilpotent ring element D, one has an identity

(1−D)−y =∑i≥0(−1)i
(−y

i

)
Di as polynomials in y. Thus, we have that

�̂

⎛

⎝
∫

XE

∏

∅�S⊆E

(1− [D�S
])−yS

⎞

⎠=
∫

XE

∏

∅�S⊆E

(∑

i≥0

[D�S
]i ŷi

S

)
.
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Let V = ∫
XE

∏
∅�S⊆E

(∑
i≥0[D�S

]i ŷi
S

)
∈ Q[ŷS | ∅ � S ⊆ E] be the polynomial

above. The normalization (as defined in §9.4) of the polynomial V is

N(V )=
∫

XE

∏

∅�S⊆E

(∑

i≥0

[D�S
]i ŷ

i
S

i!
)
= 1

n!
∫

XE

( ∑

∅�S⊆E

ŷS[D�S
]
)n

,

which is the Euclidean volume of the polytope P +�E when one sets ŷS = yS for
all S ⊆ E. A formula for N(V ) is given in [95, Theorem 9.3]. See [14, Theorem
5.2.4] for a generalization and a proof via matroid theory. The operation of “replac-
ing powers with raising powers” defined in [95] sends ŷa/a! to

(
y+a−1

a

)
, which is

the composition �̂−1 ◦ N−1. Thus, we have recovered [95, Theorem 11.3], which
stated that applying the operation of “replacing powers with raising powers” to the
Euclidean volume polynomial N(V ) gives the polynomial that measures the number
of lattice points of P .

10.5 Speyer’s g-polynomial of a matroid

Speyer defined the g-polynomial of a (loopless and coloopless) C-realizable ma-
troid in [103, §3] via the K-theory of Grassmannians, and used the invariant to give
bounds on the complexity of matroid polytope subdivisions. The g-polynomial of an
arbitrary (loopless and coloopless) matroid was later defined in [50, Remark 6.4], and
it remains open whether the positivity property of the g-polynomial for C-realizable
matroids persists for arbitrary matroids.

We give a Chow-theoretic formula for the g-polynomial. Our formula below
proves [84, Conjecture 1] (and corrects for the missing global sign depending on
the number of connected components).

Theorem 10.12 Let M be a loopless and coloopless matroid of rank r on ground set
E. Let comp(M) be the number of connected components of M . Then we have

gM(s)= (−1)comp(M)
∑

i≥0

degα

(
c(Q∨M)cr−i (S∨M)c|E|−r (QM)

)
(−s)i .

Proof [50, Theorem 6.5] states that (−1)comp(M)gM(−s)=HM(s) where

HM(x + y − xy)=
r∑

i=0

|E|−r∑

j=0

χGr(r;E)

(
y(M)[∧iS][∧jQ∨]

)
(x − 1)i(y − 1)j .

Combining Lemma 10.10, Theorem 10.1, and Proposition 10.5 yields

r∑

i=0

|E|−r∑

j=0

χGr(r;E)

(
y(M)[∧iS][∧jQ∨]

)
(x − 1)i(y − 1)j =

r∑

i=0

|E|−r∑

j=0

degα

(
c(Q∨M)ci(S∨M)cj (Q∨M)

)
xr−iy|E|−r−j (y − 1)j . (2)



A. Berget et al.

Here we have used that c(Q∨M) = c(S∨M)−1, which follows from [S∨M ] + [Q∨M ] =
[CE].

Now, note that the coefficient of si in the polynomial HM(s) is the same as the
coefficient of xi in HM(x+y−xy). To get the coefficient of xi in the right-hand-side
of (2), we set y = 0 and obtain the coefficient of xi to be

(−1)|E|−r degα

(
c(Q∨M)cr−i (S∨M)c|E|−r (Q∨M)

)

= degα

(
c(Q∨M)cr−i (S∨M)c|E|−r (QM)

)
.

The desired formula for gM(s) follows. �

A similar formula holds for the generalization of the g-polynomial of a matroid to
that of a matroid morphism (see [39, §7.1]), but we don’t include the details here.

11 Flag matroids

Flag matroids generalize matroids, just as partial flag varieties generalize Grassman-
nians. Tutte polynomials of matroids were generalized to those of flag matroids via
the K-theory of partial flag varieties in [26] and [39]. In this section, use the tools
developed from our framework of tautological K-classes of matroids to give a Chow-
theoretic formula for such generalizations of Tutte polynomials. As a result, we an-
swer [39, Conjecture 7.7], and establish a log-concavity property for characteristic
polynomials of flag matroids, positively answering [26, Conjecture 9.4].

11.1 Flag matroids

We review flag matroids, and extend few results in Sect. 10.2 about the K-theory of
Grassmannians to that of partial flag varieties. We omit the proofs as they only require
minor changes from proofs of analogous statements for matroids.

Definition 11.1 A flag matroid of rank r = (r1, . . . , rk) is a sequence M =
(M1, . . . ,Mk) of matroids of ranks r on a common ground set E such that for all
i = 1, . . . , k − 1, any flat of Mi is a flat of Mi+1. A realization of a flag matroid M

is a flag L : L1 ⊆ · · · ⊆ Lk ⊆ C
E of linear subspaces such that Li is a realization of

Mi for all i = 1, . . . , k.

More generally, replacing partial flag varieties by generalized flag varieties of ar-
bitrary finite Coxeter type gives rise to Coxeter matroids, introduced in [56, 57]. See
[16] for a treatment. Flag matroids are the Coxeter matroids of type A in this frame-
work. When the flag matroid has only two constituents (M1,M2), it is often called
a morphism of matroids, denoted M1 � M2. See [46] and references therein for a
slightly more general definition of morphism of matroids.

The relation between matroids and the K-theory of Grassmannians generalize in
the following way. See [26] for a survey with proofs. For a sequence of nonnegative
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integers r : 0≤ r1 ≤ · · · ≤ rk ≤ |E|, let Fl(r;E) be the partial flag variety consisting
of flags of linear subspaces of the respective dimensions in C

E . The torus T acts
on Fl(r;E) via its standard action on C

E . For a realization L ∈ Fl(r;E) of a flag
matroid M , we have that the torus-orbit-closure T ·L is isomorphic to XP(M), where
P(M) is the base polytope of the flag matroid M = (M1, . . . ,Mk) defined as the
Minkowski sum

∑k
i=1 P(Mi) of the base polytopes of its constituent matroids. One

has a commuting diagram

XE XP(M) � T ·L ∏k
i=1 XP(Mi) �

∏k
i=1 T ·Li

Fl(r;E)
∏k

i=1 Gr(ri;E).

ϕL ∏
i πi

Thus, for a class [E (i)] ∈ K0
T (Gr(ri;E)), the class [E (i)

Mi
] ∈ K0

T (XE) defined via

Proposition 3.13 coincides with the class crem(ϕL ◦ πi)
∗[E (i)]. The notion of val-

uativity generalizes to flag matroids. See [47] for an in-depth study of valuativity for
Coxeter matroids in general, and see [19] for a study of subdivisions of base poly-
topes of flag matroids.

Similar to the class y(M) of a matroid M in Definition 10.8, one can also define a
K-class y(M) in K0(Fl(r;E)) of a flag matroid M by the following two determining
properties: (i) If L is a realization of M then y(M)= [OT ·L], and (ii) the assignment
M 
→ y(M) is valuative. Its well-definedness follows from [26, Equation (8.7)] and
[39, Remark 2.11]. See [26, Definition 8.19] for a definition via the T -equivariant K-
theory of Fl(r;E). The class y(M) satisfies the following analogue of Lemma 10.10,
whose proof is similar.5

Lemma 11.2 Let [E (i)] be a class in K0
T (Gr(ri;E)) for each i = 1, . . . , k, and

let [E (i)
Mi
] ∈ K0

T (XE) be as defined in Proposition 3.13. For a flag matroid M =
(M1, . . . ,Mk) on E with ranks r , we have

χFl(r;E)

(
y(M) ·

k∏

i=1

π∗i [E (i)]
)
= χXE

( k∏

i=1

[E (i)
Mi
]
)
.

11.2 Flag-geometric Tutte polynomials of flag matroids

Generalizing the K-theoretic interpretation of Tutte polynomials of matroids in [50],
the authors of [26] and [39] defined the flag-geometric Tutte polynomials of flag
matroids. We give a Chow-theoretic formula for the flag-geometric Tutte polynomial
of a matroid. Recall the shorthand that degα(ξ)= ∫

XE
(1+ α + · · · + αn) · ξ .

5One subtlety is that Lemma 5.9 does not generalize easily to flag matroids, but this is remedied by [47,
Corollary 3.16]. Alternatively, one can prove both this lemma and the original one (Lemma 10.10) by using
the Atiyah-Bott localization formula (Theorem 10.2.(a)) combined with a generalized form [73, Theorem
2.3] of Brion’s formula [20].
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Theorem 11.3 Let M = (M1, . . . ,Mk) be a flag matroid on ground set E with rank
sequence (r1, . . . , rk). Then, the flag-geometric Tutte polynomial KTM (x, y) of M ,
as defined in [26, Definition 8.23], satisfies

KTM (x, y)

=
rk∑

i=0

|E|−r1∑

j=0

degα

(
c(S∨M1

) · · · c(S∨Mk−1
)ci(S∨Mk

)cj (QM1)
)
xrk−iy|E|−r1−j (1− y)j

In particular, the flag-geometric characteristic polynomial of M , defined in [26, §9]
as

KχM (q) := (−1)r1+···+rkKTM (1− q,0),

satisfies

(−1)r1+···+rkKχM (q)

=
rk∑

i=0

degα

(
c(S∨M1

) · · · c(S∨Mk−1
)ci(S∨Mk

)c|E|−r1(QM1)
)
(1− q)rk−i ,

and its coefficients have alternating signs.

Proof By [39, §6.1], the flag-geometric Tutte polynomial KTM (x, y) is given by

KTM (u+ 1, v+ 1)=
∑

i,j

χF l(r;E)

(
y(M)[detS∨1 ] · · · [detS∨k ][

∧iSk][∧jQ∨1 ]
)
uivj ,

where S� and Q� denotes the tautological bundles on Gr(r�;E) pulled back to
F l(r;E) for �= 1, . . . , k. By Lemma 11.2, this equals

∑

i,j

χXE

(
[detS∨M1

] · · · [detS∨Mk
][∧i SMk

][∧j Q∨M1
]
)
uivj .

Noting that [detS∨Mk
][∧i SMk

] = [∧rk(S∨Mk
)−i S∨Mk

], combining Theorem 10.1 and
Proposition 10.5 yields the desired equalities for KTM and KχM . Because KTM (1+
q,0) has all nonnegative coefficients by Theorem 9.13, that the coefficients of
KχM (q) have alternating signs follows. �

We now resolve [26, Conjecture 9.4], which stated that the flag-geometric charac-
teristic polynomial of M form a log-concave sequence.

Corollary 11.4 For a flag matroid M = (M1, . . . ,Mk), the (unsigned) coefficients of
KχM (q) form a log-concave sequence with no internal zeros.

Proof As coefficients of KTM (1− q,0) have alternating signs, we show the stronger
statement that the coefficients of KTM(q,0) are log-concave with no internal zeros
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(see [34] where this reduction is proved in the context of showing that h-vector log
concavity implies f -vector log concavity). By Theorem 11.3, the homogenization of
KTM (q,0) by an additional variable p is written as

rk∑

i=0

(∫

XE

c(S∨Un,E
)c(S∨M1

) · · · c(S∨Mk−1
)ci(S∨Mk

)c|E|−r1(QM1)
)
piqrk−i , (3)

since c(S∨Un,E
) = 1+ α + · · · + αn from Example 3.10. This homogeneous polyno-

mial is obtained by setting q0 = · · · = qk−1 = q in ( ∂
∂u

|E|−r1
f )|u=0 where f is the

polynomial

rk∑

i=0

(∫

XE

c(S∨Un,E
, q0)c(S∨M1

, q1) · · · c(S∨Mk−1
, qk−1)c(S∨Mk

,p)c(QM1, u)
)
.

Theorem 9.13 implies that f above is a denormalized Lorentzian polynomial. As tak-
ing partials and evaluating at zero preserves Lorentzian polynomials ([17, Theorem
2.25] and [17, Theorem 2.10]), and since setting variables equal to each other pre-
serves denormalized Lorentzian polynomials [18, Lemma 4.8], we conclude that the
polynomial in (3) is a denormalized Lorentzian polynomial. We thereby conclude that
its coefficients form a log-concave nonnegative sequence with no internal zeros. �

We also resolve [39, Conjecture 7.7].

Corollary 11.5 Let M be a loopless matroid of rank r on E = {0,1, . . . , n}, so that
one has U1,E � M . Then we have

KTU1,E,M(x,0)= xr .

Proof By Theorem 11.3, we have

KTU1,E,M(x,0)=
r∑

i=0

degα

(
c(S∨U1,E

)ci(S∨M)cn(Q∨U1,E
)
)
xr−i (−1)n

since all other terms from j 
= |E|− 1= n vanish as we set y = 0 in KTU1,E,M(x, y).
Moreover, since the dimension of XE is n, the only term that survives is from i = 0.
Noting that cn(Q∨U1,E

) = (−α)n from Example 3.10, we have KTU1,E,M(x,0) = xr

as desired. �

11.3 Las Vergnas Tutte polynomials of morphisms of matroids

We now turn to Las Vergnas’ Tutte polynomials of morphisms of matroids, which is
different from the flag-geometric Tutte polynomials. See [39] for a geometric origin
of the difference between the two generalizations. Las Vergnas introduced the fol-
lowing generalization of the Tutte polynomial to morphisms of matroids in [80]. See
[81] for a survey of its properties.
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Definition 11.6 Let M1 and M2 be matroids of rank r1 and r2 (respectively) on
ground set E such that M1 � M2. The Las Vergnas Tutte polynomial of (M1,M2)

is a polynomial in three variables x, y, z defined by

LV TM1,M2(x, y, z)

:=
∑

A⊆E

(x − 1)r1−rkM1 (A)(y − 1)|A|−rkM2 (A)zr2−r1−rkM2 (A)+rkM1 (A)).

To express LV TM1,M2 Chow-theoretically, it is convenient to have the following
notation. Let S∨M1,M2

be a K-class on XE whose equivariant K-class [S∨M1,M2
]T is

defined by

[S∨M1,M2
]Tσ =

∑

i∈Bσ (M2)\Bσ (M1)

Ti = [S∨M2
]σ − [S∨M1

]σ .

When (M1,M2) has a realization (L1,L2), it is equal to the pullback ϕ∗(L1,L2)
(S2/

S1)
∨, where S2/S1 is the quotient of the two tautological subbundles on F l(r1, r2;E).

Theorem 11.7 Let M1 and M2 be matroids of rank r1 and r2 (respectively) on ground
set E such that M1 � M2. The Las Vergnas Tutte polynomial of the matroid mor-
phism M1 � M2 satisfies

LV TM1,M2(x, y, z)=
r1∑

i=0

|E|−r2∑

j=0

r2−r1∑

k=0

degα

(
ci(S∨M1

)cj (Q∨M2
)ck(S∨M1,M2

)
)
xr1−iy|E|−r2−j (y − 1)j

× (z+ 1)r2−r1−k.

Proof The partial flag variety F l(r1, r2;E) has tautological subbundles S1 and S2
with ranks r1 and r2 (respectively), and corresponding quotient bundles Q1 and Q2.
We also have the short exact sequence 0→ S1 → S2 → S2/S1 → 0. It was shown in
[39, Theorem 5.3] that

LV TM1,M2(u+ 1, v+ 1,w)

=
∑

i,j,k

χF l(r1,r2;E)

(
y(M)[detS∨2 ][

∧iS1][∧jQ∨2 ][
∧k

(S2/S1)]
)
uivjwk,

where M = (M1,M2) denotes the two-step flag matroid. Now, applying Lemma 11.2
while noting that detS∨2 � detS∨1 ⊗ det(S2/S1)

∨, gives

LV TM1,M2(u+ 1, v+ 1,w)

=
∑

i,j,k

χXAE

(
[∧r1−iS∨M1

][∧jQ∨M2
][∧r2−r1−kS∨M1,M2

]
)
uivjwk.
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Applying Proposition 10.5 then yields

LV TM1,M2(u+ 1, v+ 1,w)=
(u+1)r1(v+1)|E|−r2(w+1)r2−r1 degα

(
c(S∨M1

, 1
u+1 )c(Q∨M2

, v
v+1 )c(S∨M1,M2

, 1
w+1 )
)
.

Substituting u= x − 1, v = y − 1, and w = z then yields the desired equality. �

We remark that, despite this Chow-theoretic formula, [39, Conjecture 7.10] con-
cerning the log-concavity of a specialization of the Las Vergnas Tutte polynomial
remains open, since S∨M1,M2

is in general not the K-class of a nef vector bundle even
when (M1,M2) has a realization.

Appendix I: Alternate proof of Theorem A via convolution formulas

We give another proof for Theorem A, different from the proof in §4, by using the
base polytope properties of the tautological classes established in §5. Instead of estab-
lishing a deletion-contraction relation, we establish a recursive convolution formula
for αiβj ck(S∨M)c�(QM), and show that it agrees with a new Tutte polynomial con-
volution formula whose proof was communicated to us by Alex Fink. As before, let
E = {0,1, . . . , n}, and XE the n-dimensional permutohedral variety. Important for us
will be the following well-known formula, called the corank-nullity formula, for the
Tutte polynomial of a matroid M of rank r

TM(x, y)=
∑

S⊆E

(x − 1)r−rkM(S)(y − 1)|S|−rkM(S).

Theorem A For a matroid M of rank r with ground set E, denote

tM(x, y, z,w)= (x + y)−1(y + z)r (x +w)|E|−rTM(
x + y

y + z
,

x + y

x +w
),

where TM is the Tutte polynomial of M . Then, we have

∑

i+j+k+�=n

(∫

XE

αiβj ck(S∨M)c�(QM)
)
xiyj zkw� = tM(x, y, z,w).

For a matroid M , note that tM(x, y, z,w) is a polynomial since the Tutte polyno-
mial TM always has no constant term. Let us denote

t̃M(x, y, z,w)=
∑

i+j+k+�=n

(∫

XE

αiβj ck(S∨M)c�(QM)
)
xiyj zkw�.

We prove t̃M(x, y, z,w) = tM(x, y, z,w) in two steps. First, by using the matroid
minor decomposition properties, we show that t̃M(x, y, z,w) and tM(x, y, z,w) sat-
isfy an identical recursive relation, which reduces the proof of Theorem A to the case
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where x = y = 0. This case is precisely the content of Theorem 6.2, which we will
give an alternate proof for using a computation in [103, Theorem 5.1], together with
the valuativity and duality properties of tautological Chern classes of matroids.

We start with a recursive relation for t̃M(x, y, z,w).

Lemma I.1 Let M be a matroid with ground set E, and fix any element e ∈ E. Then,
one has

t̃M(x, y, z,w)= t̃M(0, y, z,w)+ x
∑

e∈S�E

t̃M|S(0, y, z,w) t̃M/S(x,0, z,w), and

t̃M(x, y, z,w)= t̃M(x,0, z,w)+ y
∑

S 
�e
∅�S�E

t̃M|S(0, y, z,w) t̃M/S(x,0, z,w).

Proof Let us show the first statement (the second statement is proved similarly). Re-
call from Remark 2.4 that α =∑e∈S�E[ZS], where ZS is the torus-invariant divisor
of XE corresponding to the ray Cone(eS) of the fan �E , and recall the notation that
c(E, u)=∑i≥0 ci(E)ui denotes the Chern polynomial of a K-class [E] with formal
variable u. For any integers i ≥ 1 and j ≥ 0, we first compute that
∫

XE

αiβj c(S∨M,z)c(QM,w)=
∫

XE

∑

e∈S�E

[ZS]αi−1βj c(S∨M,z)c(QM,w)

=
∑

e∈S�E

∫

ZS

(
αi−1βjc(S∨M,z)c(QM,w)

)|ZS
.

Moreover, since ZS � XS ×XE\S and A•(ZS)� A•(XS)⊗A•(XE\S) by Proposi-
tion 5.2, applying the matroid minors decomposition formula (Proposition 5.3 and
Corollary 5.4) yields that

∑

e∈S�E

∫

ZS

(
αi−1βj c(S∨M,z)c(QM,w)

)|ZS

=
∑

e∈S�E

∫

XS×XE\S

((
1⊗ αi−1

E\S
)(

β
j
S ⊗ 1

)(
c(S∨M|S, z)⊗ c(S∨M/S, z)

)

× (c(QM|S,w)⊗ c(QM/S,w)
))

=
∑

e∈S�E

∫

XS

(
β

j
Sc(S∨M|S, z)c(QM|S,w)

) ·
∫

XE\S

(
αi−1

E\Sc(S∨M/S, z)c(QM/S,w)
)
.

Thus, by rewriting t̃M(x, y, z,w) as

t̃M(x, y, z,w)

=
∫

XE

(
(1+ αx + · · · + αnxn) · (1+ βy + · · · + βnyn) · c(S∨M,z) · c(QM,w)

)
,
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we conclude that

t̃M(x, y, z,w)= t̃M(0, y, z,w)+ x
∑

e∈S�E

t̃M|S(0, y, z,w) t̃M/S(x,0, z,w),

as desired. �

We now show that the polynomial tM(x, y, z,w) obeys the same recursive relation.

Lemma I.2 Let M be a matroid with ground set E, and fix an element e ∈ E. Then
one has

tM(x, y, z,w)= tM(0, y, z,w)+ x
∑

e∈S�E

tM|S(0, y, z,w)tM/S(x,0, z,w), and

tM(x, y, z,w)= tM(x,0, z,w)+ y
∑

e/∈S∅�S�E

tM|S(0, y, z,w)tM/S(x,0, z,w).

From here to the end of this subsection, we include ∅ and E in summations unless
otherwise stated, and allow a matroid M to have an empty ground set, in which case
we write M = ∅ for the unique matroid on the ground set ∅ whose set of bases is {∅}.
By convention, we set T∅(x, y)= 1.

To prove the lemma, we first borrow some notation from [40]. For two functions
f and g from the set of matroids with ground sets contained in E to a common ring,
we define f ∗ g by

(f ∗ g)(M)=
∑

∅⊆A⊆E

f (M|A)g(M/A).

Then, one can verify that ∗ is associative by computing that

(f0 ∗ . . . ∗ fk)(M)=
∑

∅⊆A1⊆···⊆Ak⊆E

f1(M|A1)f2(M|A2/A1) . . . fk(M/Ak).

The function ν such that ν(∅)= 1 and ν(M)= 0 for M 
= ∅ acts as the identity for ∗,
as one easily checks

ν ∗ f = f ∗ ν = f for any f .

We define N(a,b)(M) = arkM bcrkM , where rkM and crkM denotes the rank and
corank of M , respectively. This function satisfies

N(a,b)(∅)= 1 and N(a,b)(M)=N(a,b)(M|A)N(a,b)(M/A)

for all ∅ ⊆A⊆E. We note the following convolution formula. (The first part appears
in [40, Sect. 5 Equation (3)] and the second part appears in [40, Proposition 3.6, proof
of Theorem 5.10]).
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Lemma I.3 We have

(N(a,b) ∗N(c,d))(M)= arkM dcrkM TM(1+ c

a
,1+ b

d
),

and in particular, denoting N(a,b) =N(−a,−b), we have

N(a,b) ∗N(a,b) =N(a,b) ∗N(a,b) = ν.

Proof For the first part, both sides are simultaneously homogenous in a, c of de-
gree rkM and in b, d of degree crkM , so it suffices to show the equality when
a = d = 1. We have N(1,b)(M|A) = b|A|−rkM(A) and N(c,1)(M/A) = crkM−rkM(A),
so by the corank-nullity formula for the Tutte polynomial and then the definition of
the convolution ∗, we have

TM(1+ c,1+ b)=
∑

∅⊆A⊆E

crkM−rkM(A)b|A|−rkM(A) = (N(1,b) ∗N(c,1))(M)

as desired. The second part follows since TM(0,0) = 0 if M 
= ∅ and T∅(0,0) =
1. �

Proof of Lemma I.2 Write

gM(x, y, z,w)= (x + y)tM(x, y, z,w)= (y + z)r (x +w)|E|−rTM(
x + y

y + z
,

x + y

x +w
),

so that we have to show

y

x + y
gM(x, y, z,w)=

∑

e∈B

gM|B(0, y, z,w)gM/B(x,0, z,w), and (4)

x

x + y
gM(x, y, z,w)=

∑

e/∈B

gM|B(0, y, z,w)gM/B(x,0, z,w). (5)

Here, we used our convention for this subsection that summations include the ∅ and
E cases unless stated otherwise. Now, define the functions

N0 =N(−y−z,−y+w), N1 =N(−z,w), N2 =N(x−z,x+w).

Then we can directly check from the N(a,b) ∗N(c,d) formula that

gM(x, y, z,w)= (N0 ∗N2)(M), gM(0, y, z,w)= (N0 ∗N1)(M),

gM(x,0, z,w)= (N1 ∗N2)(M).

Therefore,

gM(x, y, z,w)= (N0 ∗N2)(M)= ((N0 ∗N1) ∗ (N1 ∗N2))(M)

=
∑

B

gM|B(0, y, z,w)gM/B(x,0, z,w),
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which is the sum of (4) and (5). Hence to conclude, we only need to verify (4). To
simplify notation, for subsets X ⊆ Y ⊆E we will write X/Y for M|X/Y , which also
equals (M/Y)|X. We compute

∑

e∈B

gB(0, y, z,w)gM/B(x,0, z,w)

=
∑

e∈B

∑

A⊆B⊆C

N0(A)N1(B/A)N1(C/B)N2(M/C)

=
∑

A⊆A∪e⊆B⊆C

N0(A)N1((A∪ e)/A)N1(B/(A∪ e))N1(C/B)N2(M/C)

=
∑

A⊆A∪e⊆C

N0(A)N1((A∪ e)/A)(N1 ∗N1)(C/(A∪ e))N2(M/C)

=
∑

A

N0(A)N1((A∪ e)/A)N2(M/(A∪ e)).

When i ∈ A we have N1((A ∪ i)/A) = 1, and when i /∈ A then (A ∪ i)/A is a one
element rank 1 matroid. For a 1 element matroid L we have N1(L)=− x

x+y
N0(L)+

y
x+y

N2(L) since we can check

N1(U0,1)=w =− x

x + y
(y −w)+ y

x + y
(x +w)

=− x

x + y
N0(U0,1)+ y

x + y
N2(U0,1)

N1(U1,1)=−z=− x

x + y
(y + z)+ y

x + y
(x − z)

=− x

x + y
N0(U1,1)+ y

x + y
N2(U1,1).

Therefore, we continue our computation as
∑

A

N0(A)N1((A∪ e)/A)N2(M/(A∪ e))

=
∑

e∈A

N0(A)N2(M/A)− x

x + y

∑

e/∈A

N0(A∪ e)N2(M/(A∪ i))

+ y

x + y

∑

e/∈A

N0(A)N2(M/A)

= y

x + y

∑

e∈A

N0(A)N2(M/A)+ y

x + y

∑

e/∈A

N0(A)N2(M/A)

= y

x + y
(N0 ∗N2)(M)= y

x + y
gM(x, y, z,w).

We have thus verified (4). �
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Proof of Theorem A When the ground set E has cardinality 1, the left-hand-side
t̃M(x, y, z,w) equals 1, and the right-hand-side tM(x, y, z,w) is also 1 because
TU1,{0}(u, v) = u and TU0,{0}(u, v) = v. Let us now induct on the cardinality of E.
Let M be a matroid on E, and assume that the desired equality holds for all matroids
on ground sets with cardinality less than |E|.

Since t̃M(x, y, z,w) and tM(x, y, z,w) satisfy the same recursive relation given
in Lemma I.1 and Lemma I.2, the induction hypothesis implies that it suffices to
show t̃M(0, y, z,w) = tM(0, y, z,w) and t̃M(x,0, z,w) = tM(x,0, z,w). Applying
the recursive relation and the induction hypothesis again, we find that it suffices to
show t̃M(0,0, z,w)= tM(0,0, z,w). Noting that Tutte polynomials have no constant
terms, we compute that tM(0,0, z,w) = zrw|E|−r (β(M) 1

z
+ β(M⊥) 1

w
). We have

thus reduced the proof to showing Theorem 6.2, reproduced below, for which we
give an alternate proof. �

Theorem 6.2 Let M be a matroid of rank r on ground set E. Then,
∫

XE

cr−1(S∨M)c|E|−r (QM)= β(M) and
∫

XE

cr(S∨M)c|E|−r−1(QM)= β(M⊥),

where we set by convention c−1(E)= 0 for a K-class [E].

In §6, we had derived Theorem 6.2 as an immediate consequence of Theorem A.
Here, we give another proof that does not rely on Theorem A, but uses a geometric
computation in [103, Theorem 5.1] and valuativity.

Alternate proof of Theorem 6.2 via geometry and valuativity Noting that Cremona in-
volution is an isomorphism, one has from the matroid duality property (Proposi-
tion 5.11) that

∫

XE

cr(S∨M)c|E|−r−1(QM)=
∫

XE

crem
(
cr(S∨M)c|E|−r−1(QM)

)

=
∫

XE

cr(QM⊥)c|E|−r−1(S∨M⊥).

Hence, the second equality in the theorem follows from the first, so we prove the first
equality only.

When M has rank 0, the Tutte polynomial TM(x, y) has no x terms, so the
claimed equality is satisfied. Suppose now r ≥ 1. If |E| = 1, so that M = U1,{0},
then
∫
XE

c0(S∨M)c0(Q) = 1, whereas β(M) = 1 since TU1,{0}(x, y) = x. Hence, we
now suppose |E| ≥ 2.

Because the assignment M 
→ cr−1(S∨M)c|E|−r (QM) is valuative by Proposi-
tion 5.6, and the assignment M 
→ β(M) is also valuative [11, Corollary 5.7],
Lemma 5.9 implies that it suffices to show the equality

∫
XE

cr−1(S∨M)c|E|−r (QM)=
β(M) for all matroids M that are realizable over C. So, let L ⊆ CE be a realiza-
tion of a matroid M of rank r ≥ 1 with |E| ≥ 2. For H ⊂ C

E a generic hyperplane
and �⊂H a generic line in H , denote by �(�,H) the Schubert variety in Gr(r;E)
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consisting of L ∈ Gr(r;E) such that �⊆ L⊆H . In [103, Theorem 5.1] it is shown
that

∫

Gr(r;E)

[T ·L] · [�(�,H)] = β(M).

Note that the Chow class [�(�,H)] is equal to cr−1(S∨)c|E|−r (Q), where S and
Q are the tautological sub and quotient bundles of Gr(r;E), respectively (see for
instance [44, §5.6.2]). Writing ϕL : XE → T ·L ⊂ Gr(r;E) for the map as defined
in §3.1, we have by the functoriality of Chern classes that

∫

XE

cr−1(S∨L)c|E|−r (QL)=
∫

XE

cremϕ∗L[�(�,H)].

We now break into two cases. First, suppose the matroid M is disconnected, say M =
M1⊕M2 for matroids M1 and M2 on nonempty ground sets. Then, Proposition 5.12
states that dimP(M) < n, so that dimT ·L < n. Thus, we have ϕ∗L[�(�,H)] = 0,
as the pullback of the n-codimensional class [�(�,H)] to T ·L is already 0 by di-
mensional reason. We also have β(M)= 0 since TM(x, y)= TM1(x, y)TM2(x, y) and
both TM1 and TM2 have no constant terms. Now, suppose M is connected, in which
case Proposition 5.12 states that dimP(M)= dimT ·L= n, so that ϕL is birational
onto its image. Then, the push-pull formula implies that

∫

XE

cremϕ∗L[�(�,H)] =
∫

Gr(r;E)

(ϕL∗[XE]) · [�(�,H)]

=
∫

Gr(r;E)

[T ·L] · [�(�,H)] = β(M).

Thus, we have the desired equality in both cases. �

Appendix II: The tropical logarithmic Poincaré-Hopf theorem:
representable case

A reformulation of the Poincaré-Hopf theorem states that the (topological) Euler
characteristic χ(X) of a compact manifold is equal to the self-intersection number
of its diagonal diag(X) in X × X. In an attempt to create a tropical analogue, Rau
computed the self-intersection number of the diagonal of the Bergman class of a ma-
troid [96].

Theorem II.1 ([96, Theorem 1.1]) Let M be a loopless matroid of rank r , and let
diag(�M) be the Minkowski weight of constant weight 1 on the diagonal copy of �M

inside �M × �M . Then, as a tropical subcycle of �M × �M , its self-intersection
number is given by

deg(diag(�M)2)= (−1)r−1β(M).
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In [96, Remark 1.7], the author expresses a desire for a classical counterpart to
Theorem II.1. The goal in this section is to provide such a classical counterpart. We
give a geometric proof of Theorem II.1 in the representable case, using the intuition
gained from tautological bundles on matroids and reducing to a logarithmic version
of the Poincaré Hopf theorem.

Proof of Theorem II.1 when M is representable Let L⊆C
E be a realization of the ma-

troid M . The first step is to translate the tropical self-intersection deg(diag(�M)2)

into a Chow-theoretic intersection. To do this, we recall that the tropical intersection
diag(�M)2 is computed by expressing the diagonal Minkowski weight [diag(�M)]
as the intersection of the Minkowski weight [�M ×�M ] with r − 1 piecewise linear
functions. This is summarized in [96, Sect. 2] and uses [51, Proposition 3.10].

Next, the tropical intersection of a weighted fan with a piecewise linear function
[3, Definition 3.4] mirrors the intersection of the corresponding Minkowski weight
with a divisor on a toric variety ([76, Lemma 2.5] or [69, Theorem 27]). Thus, to
compute the intersection diag(�M)2, we start with diag(WL) ⊂WL ×WL ⊂ XE ×
XE and perform three steps:

(1) Refine the fan �2
E of XE ×XE to �̃ so that the piecewise linear functions used

in [96, Proposition 2.6] are linear on each cone of the fan �̃.

(2) Take the proper transform of diag(WM) and WL ×WL in X�̃ to get ˜diag(WL)

and ˜WL ×WL.
(3) Evaluate

∫
W̃L×WL

[ ˜diag(WL)]2 in Chow theory.

We know the final answer is independent of the choice of sufficiently refined �̃ by
the equivalence with the tropical intersection number, and this will also be implied
by the proof below.

At this point, we will translate our question into the self-intersection of a section
within the projectivization of a tautological bundle. Let φ be the map

φ : X�̃ ��� XE × P
n

given on the open torus T × T by (x, y) 
→ (x, x−1y). Similarly, let

φtrop : (Zn+1/Z1)× (Zn+1/Z1)→ (Zn+1/Z1)× (Zn+1/Z1)

(u, v) 
→ (u,−u+ v).

We can and will choose �̃ so that it contains the fan obtained by φ−1
trop applied to the

fan of XE ×Pn. This means φ is now a regular map X�̃

φ−→XE ×Pn. We now claim
to have the following diagram where the vertical arrows are all birational morphisms

˜diag(WL) ˜WL ×WL X�̃

WL × {1} P(SL)|WL
XE × P

n

φ
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The two things to check are that ˜diag(WL) and ˜WL ×WL map birationally onto
WL × {1} and P(SL)|WL

respectively. This is possible because it suffices to check

that this is true when restricted to the open torus φ|T×T as ˜diag(WL) and ˜WL ×WL

are irreducible. To see that ( ˜WL ×WL)∩ (T × T ) maps into P(SL)|WL
, we need our

convention that the fiber of P(SL)→XE over t ∈ T is t−1
P(L)⊂ P

n.
To proceed, we need to know that the pullback of the Chow class [WL × {1}]

agrees with the Chow class of the proper transform, or equivalently that

[ ˜diag(WL)] = φ∗[WL × {1}]. (6)

To prove (6), one first notes that the wonderful compactification WL intersects the
torus orbits of the permutohedral toric variety XE properly [71, Theorem 6.3]. This
implies WL × {1} intersects the torus orbits of XE × P

n properly. Finally, applying
the dimension count in Lemma II.2 below yields (6). Alternatively, it also is possible
to deduce (6) from Lemma 9.8.

Applying (6) to the problem at hand, we obtain
∫

W̃L×WL

[ ˜diag(WL)]2 =
∫

W̃L×WL

φ∗[WL × {1}]2 =
∫

P(SL)|WL

φ∗φ∗([WL × {1}]2)=
∫

P(SL)|WL

[WL × {1}]2.

At this point, one can use the formula for the class of [WL × {1}] as the projectiviza-
tion of a subbundle [44, Proposition 9.13] and finish by a computation.

Instead of doing the computation, we will present a geometric proof, connecting
the self intersection with the log-tangent sheaf and finally reducing to a logarithmic
version of the Poincaré-Hopf theorem. To make this connection, we will need to show
that

N(WL×{1})/(P(SL)|WL
) = TWL

(− logDWL
). (7)

To compute the normal bundle of WL × {1} in P(SL)|WL
, we will express WL × {1}

as the zero locus of a section of a vector bundle on P(SL)|WL
. The locus WL× {1} ⊂

P(SL)|WL
can be described as the locus in P(SL)|WL

, where the universal line is
parallel to 1. This is equivalently the zero locus of the map

OP(SL)|WL
(−1)→ π∗SL|WL

/(OP(SL)|WL
· 1).

The target π∗SL|WL
/(OP(SL)|WL

· 1) is given taking the quotient of the inclusion of

the constant section O|WL
· 1 = O|WL

· (1, . . . ,1) in SL|WL
⊂ On+1

WL
, and pulling

back by the projection π : P(SL)|WL
→ WL. We have already taken the quotient

SL|WL
/(OWL

· 1) in Theorem 8.8 and identified it as TWL
(− logDWL

).
Thus, WL × {1} ⊂ P(SL)|WL

is the zero locus of the map

OP(SL)|WL
(−1)→ π∗TWL

(− logDWL
),

or equivalently the zero locus of a section of π∗TWL
(− logDWL

)⊗OP(SL)|WL
(1).
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The restriction of a vector bundle to the zero locus of a section vanishing in
proper codimension is the normal bundle of that section [44, Proposition-Definition
6.15]. Thus, the restriction of the vector bundle π∗TWL

(− logDWL
)⊗OP(SL)|WL

(1)

to WL × {1} is the normal bundle N(WL×{1})/(P(SL)|WL
). To perform the restriction,

OP(SL)|WL
(1) restricts to the trivial bundle as the universal line is constant along

WL × {1} and π∗TWL
(− logDWL

) restricts to TWL
(− logDWL

) as WL × {1} maps
isomorphically to WL under π . Therefore, π∗TWL

(− logDWL
) ⊗ OP(SL)|WL

(1) re-
stricted to WL × {1} is TWL

(− logDWL
), concluding our proof of (7).

Finally,

∫

P(SL)|WL

[WL × {1}]2 = ctop(N(WL×{1})/P(SL))

by [82], and by (7),

ctop(N(WL×{1})/P(SL))= ctop(TWL
(− logDWL

)).

The top Chern class ctop(TWL
(− logDWL

)) is cr−1(SL|WL
) by Theorem 8.8 and∫

XE
cr−1(SL|WL

) = ∫
XE

cr−1(SL)c|E|−r (QM) is equal to (−1)r−1β(M) by Theo-
rem 6.2. �

We chose to conclude ctop(TWL
(− logDWL

)) = (−1)r−1β(M) using the frame-
work given in this paper to be self-contained. However, there is a more classical
approach to get the same result given in Remark 8.9, which uses a logarithmic ver-
sion of the Poincaré Hopf theorem to relate the Chern class to the topological Euler
characteristic of the hyperplane arrangement complement WL\DWL

.
Lemma II.2 below was used in the proof of Theorem II.1 in the representable

case as a substitute for Lemma 9.8, giving a geometric proof independent of tropical
methods.

Lemma II.2 Let Y ⊂ T be an irreducible subvariety of a torus. Let X� be a smooth
toric variety compactifying T and Y be the closure of Y in X� . Suppose Y intersects
each torus orbit in X� properly. Then, the following statement holds:

Let �̃ be a unimodular fan refining �, and π : X̃→X be the corresponding map
of toric varieties. Then, π−1(Y ) is equal to the closure π−1(Y ) in X�̃ . In partic-

ular, π∗[Y ] = [π−1(Y )] in A•(π−1(Y )) = A•(π−1(Y )), which implies equality in
A•(X�̃).

Proof We clearly have π−1(Y ) ⊃ π−1(Y ). To show the reverse inclusion, we
first show dim(π−1(Y\Y)) < dim(Y ). To do this, we will show for all positive-
dimensional cones σ in � and the corresponding torus orbit Oσ , we must have
dim(π−1(Oσ ∩ Y )) < dim(Y ).

By the assumption that Y intersects each torus orbit of X� properly, dim(Oσ ∩
Y ) ≤ dim(Y ) − dim(σ ), where either equality holds or the intersection Oσ ∩ Y is
empty, in which case the dimension is understood to be −∞. By [66, Proposition
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2.14], the fibers over Oσ under π : X̃ → X have dimension at most dim(σ ) − 1.
Therefore,

dim(π−1(Oσ ∩ Y ))≤ dim(Oσ ∩ Y)+ dim(σ )− 1 < dim(Y ).

To finish, we first note that every irreducible component of π−1(Y ) has dimen-
sion at least dim(Y ) [44, Theorem 0.2], as π−1(Y ) can be expressed as the inter-
section between the graph of π and X�̃ × Y inside the smooth variety X�̃ × X� .
Next, π−1(Y ) = π−1(Y ) �⋃σ π−1(Oσ ∩ Y), where the union is over all positive-
dimensional cones σ in �. Since we have just shown that π−1(Oσ ∩ Y) < dim(Y ),
π−1(Y ) must be irreducible. Since π−1(Y ) is an irreducible variety containing
π−1(Y ) and their dimensions agree, π−1(Y )= π−1(Y ).

To deduce π∗[Y ] = [π−1(Y )], we note that π∗[Y ] is a well-defined class in
A•(π−1(Y ))=A•(π−1(Y )) by construction of the cap product using [53, Definition
8.1.2], so it must be the fundamental class [π−1(Y )]. �

Appendix III: Global Chern roots

In this section we show that one can decompose tautological K-classes of matroids
as sums of classes of line bundles. The construction of these decompositions are
analogous to considering successive quotients in filtrations of tautological bundles
of Grassmannians, and likewise are not canonical. Moreover, they are not directly
applicable for proving positivity statements because the line bundle summands are
generally not nef. However, they relate the tautological K-classes of matroids to cer-
tain constructions in previous works [45, 51, 69]. Also, they are useful in computer
computations, for instance in Macaulay2 [59], which has been helpful for the devel-
opment of this paper.

Let M be a matroid of rank r on E. Fix a sequence M = (M0, . . . ,Mn+1) consist-
ing of matroids Mi of rank i on E such that Mr =M and Bσ (Mi)⊂ Bσ (Mi+1) for
all permutations σ ∈SE and i = 0, . . . , n. Such a sequence M is known as a “full
flag matroid that lifts M” [16, Ch. 1]. One such M is the “full Higgs lift” of M which
is obtained by defining

the set of bases of Mi =
{
S ∈ (E

i

) ∣∣
∣ S contains or is contained in a basis of M

}

for all 0≤ i ≤ n+ 1. For each 0≤ i ≤ n, we express the differences [SMi+1 ] − [SMi
]

and [QMi
] − [QMi+1 ] as K-classes of line bundles as follows. As denoted in §2.7, let

O(DP ) be the T -equivariant line bundle of XE corresponding to a lattice polytope
P ⊂R

E whose normal fan coarsens �̃E . For a matroid N with ground set E, we then
have by the discussion in §2.7 that

[O(D−P(N))]σ =
∏

i∈Bσ (N)

Ti and [O(DP(N⊥))]σ =
∏

i /∈Bσ (N)

T −1
i .
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Thus, since Bσ (Mi)⊂ Bσ (Mi+1) for all 0≤ i ≤ n and permutations σ , we have that

[SMi+1 ] − [SMi
] = [O(D−P(Mi+1))

∨ ⊗O(D−P(Mi))] and

[QMi
] − [QMi+1 ] = [O(DP(Mi

⊥))⊗O(DP(Mi+1
⊥))

∨].
In particular, since M0 = U0,E and Mn+1 = Un+1,E so that [SM0 ] = [QMn+1] = 0,
we have that

[SM ] =
r−1∑

i=0

[O(D−P(Mi+1))
∨ ⊗O(D−P(Mi))] and

[QM ] =
|E|−1∑

j=r

[O(DP(Mj
⊥))⊗O(DP(Mj+1

⊥))
∨] as elements in K0

T (XE).

(8)

One might hope that this decomposition implied positivity properties of [S∨M ]
and [QM ]. However, for example for [S∨M ], the line bundles O(D−P(Mi+1)) ⊗
O(D−P(Mi))

∨ is nef if and only if P(Mi) is a weak Minkowski summand of P(Mi+1)

— see [12, §2.2 & §2.4] for a proof. This however seldom occurs: When a matroid
M is connected after removing its loops and coloops, the only weak Minkowski sum-
mand of P(M) is itself [90]. Hence, although the bundles S∨L and QL are globally
generated and hence nef if L is a realization of M , it is unclear how to establish from
the Chern roots listed here that the positivity property of S∨L and QL as nef vector
bundles persist for arbitrary (not necessarily realizable) matroids.

Remark III.1 Let zS ∈ A1(XE) denote the divisor class of the torus-invariant divisor
ZS ⊂XE corresponding to a nonempty proper subset S of E, and denote zE =−α ∈
A1(XE). Combining Remark 2.4 with a well-known description for the Chow ring of
a smooth complete toric variety (see for instance [52, Ch. 5]), one has that the Chow
ring of the permutohedral variety has a presentation

A•(XE)= Z[zS | ∅� S ⊆E]
〈zSzS′ | S � S′ and S � S′〉 + 〈∑i∈S⊆E zS | i ∈E〉 .

Note that in this presentation, one has
∑
∅�S⊆E zS = β because it follows from the

end of Remark 2.4 that α + β =∑∅�S�E zS . For a matroid N of rank r on E, the

translate P ′ = −P(N)+ re0 of its base polytope lies in the lattice 1⊥. The support
function hP(N)(x) = maxm∈P(M)〈m, x〉 of the base polytope satisfies hP(N)(eS) =
rkM(S) for any subset S ⊆E, and hence the support function hP ′ of the translate P ′
satisfies hP ′(eS) = rkN(S) − r if 0 ∈ S and hP ′(eS) = rkN(S) otherwise. Thus, by
the discussion in §2.7 and the fact that α =∑0∈S�E zS (Remark 2.4), one has

∑

∅�S⊆E

rkN(S)zS = [D−P(N)] = [DP(N⊥)] as elements in A1(XE),

where the last equality follows from the fact that P(N⊥) and −P(N) are translates
P(N⊥)=−P(N)+ 1 of each other. In particular, one can restate the decomposition
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of [SM ] and [QM ] into sums of line bundles in Equation (8) by stating that a possible
collection of Chern roots for [SM ] and [QM ] is given by

Chern roots of [SM ] =
{ ∑

∅�S⊆E

(− rkMi+1(S)+ rkMi
(S)
)
zS

}

i=0,...,r−1
and

Chern roots of [QM ] =
{ ∑

∅�S⊆E

(− rkMi+1(S)+ rkMi
(S)
)
zS

}

i=r,...,n
.

The “modular filter” of two consecutive matroids Mi and Mi+1 in the sequence M
is defined as the collection Fi = {S ⊆E | rkMi+1(S)− rkMi

(S)= 1}. Writing αFi
=∑

S∈Fi∅�S�E

zS , we have that the elements α − αFi
for various i give a collection of

Chern roots for [SM ] and [QM ]. These elements α−αFi
appeared previously in [69,

Remark 31] and [51], and the interpretation of them as Chern roots of a K-class first
appeared in [45, Remark 7.2.6]. The elements α − αFi

when Fi are principal filters
were studied in [14] to give a generalization of a volume formula for generalized
polyhedra [95, Corollary 9.4] and a simplified proof for the portion of the Hodge
theory of matroids in [1] relevant to log-concavity.
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