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ABsTRACT. In this text we introduce and analyze families of symmetric functions arising as
partition functions for colored fermionic vertex models associated with the quantized affine Lie
superalgebra Uy (5A[(1|n)) We establish various combinatorial results for these vertex models and
symmetric functions, which include the following.

(1)
(2)

®3)

We apply the fusion procedure to the fundamental R-matrix for Uy (;[(1|n)) to obtain an
explicit family of vertex weights satisfying the Yang—Baxter equation.

We define families of symmetric functions as partition functions for colored, fermionic vertex
models under these fused weights. We further establish several combinatorial properties for
these symmetric functions, such as branching rules and Cauchy identities.

We show that the Lascoux—Leclerc-Thibon (LLT) polynomials arise as special cases of these
symmetric functions. This enables us to show both old and new properties about the LLT
polynomials, including Cauchy identities, contour integral formulas, stability properties,
and branching rules under a certain family of plethystic transformations.

A different special case of our symmetric functions gives rise to a new family of polynomials
called factorial LLT polynomials. We show they generalize the LLT polynomials, while also
satisfying a vanishing condition reminiscent of that satisfied by the factorial Schur functions.
By considering our vertex model on a cylinder, we obtain fermionic partition function for-
mulas for both the symmetric and nonsymmetric Macdonald polynomials.

We prove combinatorial formulas for the coefficients of the LLT polynomials when expanded
in the modified Hall-Littlewood basis, as partition functions for a U, (57(2|n)) vertex model.
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CHAPTER 1

Introduction

The study of exactly solvable, or integrable, lattice models is a vast domain that originated
at the interface between statistical and quantum mechanics well over 50 years ago; a classical
introduction to the subject is Baxter’s book [5]. Over the years it has sprouted multiple branches,
some of which have since developed into full-fledged domains of research; a prominent example is the
representation theory of quantum groups. A more recent, and so far less studied, branch connects
integrable lattice models with the theory of symmetric functions. Earlier works in this direction
include those of Kirillov—Reshetikhin [45], Fomin—Kirillov [28, 29|, Lascoux—Leclerc-Thibon [61],
Gleizer—Postnikov [33], Tsilevich [84], Lascoux [59], Zinn-Justin [90], Brubaker—-Bump-Friedberg
[19], and Korff [52].

The theory of symmetric functions studies remarkable families of symmetric and associated
nonsymmetric polynomials with origins in diverse areas, such as the theory of finite groups, multi-
variate statistics, representation theory of Lie and p-adic groups, harmonic analysis on Riemannian
homogeneous spaces, probability theory, mathematical physics, algebraic geometry, and enumera-
tive combinatorics. Macdonald’s treatise [66] provides a comprehensive introdution to this subject.
Perhaps the most well-known families of symmetric and nonsymmetric functions also bear the name
of Macdonald, and their special cases include other celebrated families of functions such as Schur,
Jack, Hall-Littlewood, and ¢-Whittaker functions.

Although symmetric functions come from very different backgrounds, their structural properties
show remarkable uniformity. They typically include elements such as:

e branching rules, which are combinatorial recipes for decomposing a polynomial of a family
into similar polynomials with fewer variables;

e summation identities, including (skew) Cauchy and Pieri formulas;

e combinatorial procedures for computing structure constants, namely, the coefficients aris-
ing from decomposing products of functions in a family on a basis of similar functions;

e combinatorial understanding of transition matrices between different families of functions.

The theory of integrable vertex models has been shown to provide a convenient framework for
simultaneously accessing each of the above features, for various families of functions.

e Branching rules for these functions typically follow directly from their representations as
partition functions for a suitable lattice model under appropriate boundary data.!

e Summation identities of Cauchy and Pieri type were proved in many instances by applying
the Yang-Baxter commutation relations underlying the solvable lattice model. For earlier
examples, we refer to the works of Bump-McNamara—Nakasuji [20], Motegi-Sakai [74,
73|, Borodin [8], Wheeler-Zinn-Justin [86], and Borodin—Petrov [11].

IAn exception exists in the case of the general Macdonald polynomials. Partition function formulas for them
were provided by Cantini-de Gier—Wheeler [21] and Borodin—Wheeler [13], which do not appear to directly relate
to the corresponding branching rules.



e A lattice model approach to find structure constants was developed by Gleizer—Postnikov
[33], Zinn-Justin [89, 88, 87, 91|, Wheeler—Zinn-Justin [87, 88|, and Knutson—Zinn-
Justin [50]. It turns out to be closely related to the celebrated puzzle representation for
the classical Littlewood—Richardson coefficients that goes back to Knutson-Tao [47, 48|
and Knutson-Tao-Woodward [49].

e The Kostka—Foulkes transition matrix between the Schur and Hall-Littlewood symmetric
functions was the subject of one of the earliest works [45] relating symmetric functions
and integrable vertex models. Moreover, the Yang—Baxter elements in the Hecke algebra
[61] were central in the approach developed by Lascoux for transitioning between bases
of (non)symmetric functions; see [60] and references therein.

In addition to providing a new path to understanding previously known families of symmetric
and nonsymmetric functions, integrable vertex models turned out to be useful for defining novel
families that often have many of the desirable properties satisfied by the classical ones. Examples
include the spin Hall-Littlewood functions and spin g-Whittaker polynomials. Their symmetric ver-
sions were introduced and analyzed in [8, 11, 14|, and further studied by Garbali-de Gier—Wheeler
[31] and Muccicioni—Petrov [75]; their nonsymmetric versions were introduced and analyzed by
Borodin-Wheeler in [12].

The development of the theory of spin Hall-Littlewood functions and g-Whittaker polynomials
was based on a thorough investigation of partition functions on semi-infinite strips built from vertex
weights associated with the quantum affine algebra U, (;[(nJr 1)) The rank n = 1 case corresponded
to symmetric functions, and the higher rank n > 1 case to nonsymmetric ones. It was essential to
consider not only weights coming from the fundamental R-matrix for U, (E,A[(n + 1)), but also those
obtained by its fusion in both directions.?

The goal of the present work is to develop a general theory for symmetric functions associated
with the quantum affine deformation of the general linear Lie superalgebra U, (g[(m|n)), with m = 1.
The choice m = 1 was dictated by the fact that it is the case most different from the one related to
U, (f/,\[(n—k 1)) In the latter case, the vertex models were bosonic, meaning that there is no constraint
on the number of arrows that can exist along a given edge; in the former, they will be fermionic,
meaning that there is an exclusion rule preventing arrows of the same color from occupying the
same edge. Another reason for restricting to the case m = 1 is that, in this setting, basic Cauchy
summation identities involve only symmetric functions for any choice of the rank n, while for m > 1
these identities must also incorporate nonsymmetric ones.® In this text, we will primarily focus on
the n > 1 setting; the somewhat different n = 1 story will be treated separately in [1].

Understanding the relationship between the bosonic and fermionic theories has been a key
motivation for us. At first glance, they appear quite different; for example, the basic objects in the
rank 1 bosonic and fermionic situations are the Hall-Littlewood [8, 86] and big Schur symmetric
functions [87], respectively. In fact, the nontrivial interplay between these two families of functions
is observed throughout Chapter IIT of Macdonald’s book [66]. We were able to observe a few further
hidden points of contact as well. One is a surprising fact that cylindrical partition functions of the
type considered in [13] yield symmetric and nonsymmetric Macdonald polynomials for both bosonic
and fermionic vertex weights. Another is a color merging result, stating that partition functions

’In representation theoretic terms, this means specializing the universal R-matrix to the tensor product of
symmetric powers of the fundamental representation and further analytically continuing in the exponents of those
powers.

3Tt should be noted, however, that some of our results involve vertex models with m > 1; more details will be
given below.



for fermionic vertex models can be obtained by partially anti-symmetrizing partition functions for
certain bosonic vertex models of a higher rank.

The present work enjoys multiple connections with the recents works of Brubaker-Buciumas—
Bump-Gustafsson [18, 16, 17], where vertex models related to U, (g[(m|n)) also played a central
role and some of the same symmetric functions appeared, such as the Lascoux—Leclerc-Thibon
(LLT) polynomials of [62]. While most of our results appear to be different from those proved
there, we are hopeful that the relationship between these two directions will become stronger with
time.

The development of the theory of spin Hall-Littlewood and g-Whittaker polynomials, as well as
various other recent works in the subject, came hand-in-hand with a development of their probabilis-
tic applications; for example, an interested reader might consult the lecture notes of Borodin—Petrov
[10] in the rank 1 case and the paper of Borodin—-Gorin—Wheeler [9] in the higher rank case. In
the present work we shy away from the probabilistic direction, but the forthcoming paper [1] will
include a substantial probabilistic component in the rank n = 1.

Let us now briefly describe our main results.

1. Fused weights: We start by applying the fusion procedure to the fundamental R-matrix of
Bazhanov-Shadrikov [6] for the quantum affine superalgebra U, (f/y\[(m|n)) This yields an explicit
family of vertex weights satisfying the Yang—Baxter equation, which are in general given by a (sort
of elaborate) sum. Under various specializations of their parameters, we show that these weights
simplify considerably, factoring completely.

2. Symmetric functions: We define families of symmetric rational functions Fj and? Gy Rt
partition functions under certain boundary data for the lattice models associated with the m =1
cases of the above (otherwise fully general) fused U, (sI(m|n)) vertex weights. These skew functions
are indexed by n-tuples of signatures A = ()\(1)7 A2 )\(")) and p = (,u(l), ,u(2), . ,,u(”)), and
they depend on four sets of parameters (x,r;y,s). We further establish several combinatorial
properties for these functions. These include branching rules, which are direct consequences of the
definition of the underlying lattice model; Cauchy identities, which are proven through Yang-Baxter
commutation relations, together with a fully factorized expression for the partition function of our
vertex model under domain-wall boundary data; and contour integral formulas, which are shown
through a reduction to the bosonic U, (ﬁA[(n + 1)) case of [12], using a color merging result.

3. LLT polynomials: We next analyze how these functions specialize under various degenera-
tions of their parameter sets. In certain cases when only one (among four) of these sets remains
generic, we show that our symmetric functions specialize to skew LLT polynomials Ly /,,(x).

These polynomials can be viewed as g-deformations of products of skew Schur functions s /,,(x),
in that for ¢ = 1 we have £x/,(x) = [[j_; 85t/ (x). They were originally introduced in [62] as
plethystic images of Schur functions under g-deformed power sum operators; by setting ¢ to roots of
unity, such images are useful for analyzing how compositions of GL,,(C)-representations decompose
into irreducible ones [23, 41|. However, since then, they have been found to be ubiquitous in
algebra. Within algebraic combinatorics, they satisfy branching rules and Cauchy identities [57]; are
generalizations of modified® Hall-Littlewood polynomials [62] and (after plethysm) certain classes
of quasi-symmetric chromatic polynomials [22, 39]; and arise as coefficients of modified Macdonald
polynomials when expanded in powers of ¢ [37]. Within enumerative algebraic geometry, they arise

4We also introduce a third family Hy,,,, which will play a more subsidiary role in this text.
5Here, the term “modified” refers to the plethystic image under the map sending the sum X = >"°°, x; of formal
variables (arguments for a symmetric function) to (1 — ¢) ' X.
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in the analysis of certain flag varieties [62, 81, 83, 35] and of the Frobenius series for the space of
diagonal harmonics [38, 64, 36, 22]. Within representation theory, they appear in the Fock space
representation for U, (g[(n)) (62, 63, 58] and exhibit relations with the Kazhdan—Lusztig theory
for affine Hecke algebras [63, 35].

Our interpretation of the LLT polynomials as partition functions for an integrable lattice model
enables us to prove old and new combinatorial properties about them. These include branching
rules under a family of plethystic substitutions; both standard and dual Cauchy identities (originally
due to Lam [57]); their specializations to modified Hall-Littlewood polynomials (originally due to
Lascoux—Leclerc—Thibon [62]); and contour integral formulas for them in terms of nonsymmetric
Hall-Littlewood polynomials (originally implicitly due to Grojnowski-Haiman [35]).

Let us mention that the recent work of Corteel-Gitlin-Keating-Meza [25], which was pursued
independently of ours, also provides a solvable lattice model for the LLT polynomials® that coincides
with one of ours. They further use this vertex model to establish LLT Cauchy identities and
degenerations to modified Hall-Littlewood polynomials.

4. Factorial LLT polynomials: By instead letting all but two of their parameter sets remain
generic, our functions become inhomogeneous generalizations of the LLT polynomials that we call
factorial LLT polynomials. Our reason for this terminology is that we show these polynomials
possess a certain vanishing property, similar to those satisfied by factorial Schur and interpolation
Macdonald polynomials. Vanishing properties of this type have proven to be central in the theory
of (non)symmetric functions, as in many cases they fully characterize the underlying function; see
the survey [76] of Okounkov. Although the factorial LLT polynomials are not fully characterized
(but might “partially” be; see Question 1.4.6 below) by their vanishing property for general n, they
are when n = 1, in which case we show that they in fact coincide with the factorial Schur functions.

5. Macdonald polynomials: By taking our U, (;[(1|n)) vertex model on a cylinder and suitably
specializing parameters, we obtain partition function formulas for both the nonsymmetric and
symmetric Macdonald polynomials. The nonsymmetric formula differs from the one provided in
[13], as the latter was bosonic (and therefore involved an infinite sum), while ours here is fermionic
(and therefore only involves a finite sum). Comparing this lattice model interpretation for the
symmetric Macdonald polynomials with that for the LLT polynomials, we deduce a new proof of an
expression (originally due to Haglund—Haiman—Loehr [37]) for the modified Macdonald polynomials
as a linear combination of LLT ones.

6. Transition coefficients: We provide a combinatorial procedure for determining the tran-
sition coefficients of both modified Macdonald and LLT polynomials in the basis of modified
Hall-Littlewood polynomials.” These coefficients are expressed through partition functions for
a suitably specialized fused U, (5/1\[(2\71)) vertex model under certain boundary data; it bears close
similarities with the puzzle interpretation for other families of expansion coefficients studied in
[47, 49, 33, 89, 87, 88, 50, 91|. Let us mention that not all weights for this lattice model are
nonnegative as polynomials in the underlying parameters ¢ and ¢, and they cannot be, since the
expansion of modified Macdonald or LLT polynomials in the modified Hall-Littlewood basis can in-
volve negative coefficients. By combining our results with known statements for the Kostka—-Foulkes
transition matrix between Schur and Hall-Littlewood functions, we deduce a (not manifestly non-
negative) lattice model representation for the expansion coefficients of the modified Macdonald and
LLT polynomials in the Schur basis.

6The same vertex model was also proposed by Curran—Yost-Wolff-Zhang-Zhang [27], where the Yang—Baxter
equation was confirmed for n < 3 but left open for n > 3.
"This also yields the transition coefficients between the (standard) Macdonald and Hall-Littlewood bases.
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Over the past two decades, an extensive literature has developed surrounding the decomposition
of LLT and modified Macdonald polynomials into the basis of Schur functions, as the resulting
coefficients admit interpretations as fundamental invariants from algebraic geometry [40, 83| and
representation theory [62, 63, 35]. Examples of such works include those of Leclerc—Thibon [63],
Haiman [40], Grojnowski-Haiman [35], Assaf [3, 4], Blasiak [7], Alexandersson-Uhlin [2|, and
Foster [30]; however, the combinatorial procedures there seem to be of a different nature from ours,
and it is not transparent to us how to match them. The transition coefficients between the modified
Macdonald and modified Hall-Littlewood bases have also been considered recently in the work of
Mellit [68], who interpreted them through conjugacy classes of nilpotent matrices over a finite field
with specified Jordan form. However, enumerating over such classes is intricate, and so turning his
interpretation into an explicit combinatorial algorithm for determining these coefficients seems to
be difficult.

Having outlined our results, let us proceed to describe them in more detail. Throughout this
text, we fix a complex number ¢ € C.

1.1. Fused Weights

The vertex models we consider in this text will be ensembles of directed up-right paths on
subdomains of the square lattice; each path in this ensemble will be labeled by a color, which is
an index in {1,2,...n}. Every vertex in the domain has some number of colored paths entering
and exiting it and, depending on this local path configuration (or arrow configuration), the vertex
is assigned a weight. The total ensemble weight is then given by the product of the weights of its
vertices.

The arrow configuration at a vertex v € Z? will be indexed by an ordered sequence of four
elements (A,B;C,D) in Z%,. Here, A = (A;, Aa,..., A;) counts the number of paths of colors
1,2,...,n vertically entering through v, respectively. In the same way, B, C, and D count the
colored paths horizontally entering, vertically exiting, and horizontally exiting v, respectively. Thus,
one can view A, B, C, and D as the states of the south, west, north, and east edges adjacent to v,
respectively.

In addition to depending on an arrow configuration (A, B; C, D), the weight of a vertex v € Z?2
will also be governed by several complex parameters. The first among them consist in two pairs
of rapidity parameters (z;r) and (y; s), which are associated with the row and column intersecting
to form v, respectively; these rapidities (z;7) and (y;s) may vary across the domain but remain
constant along rows or columns, respectively. The last is a quantization parameter ¢, which cannot
vary and is fixed throughout the model. This produces five governing parameters, but the vertex
weight will in fact only depend on x and y through their quotient z = 5, which is sometimes referred
to as a spectral parameter.

We will diagrammatically depict vertex weights by

Wx/?l?q(Av B; C, D | T, 3) = (;E; r)

11



sometimes omitting the labels (A, B; C,D), (x;r), and (y;s) from the diagram when convenient.
We will also often omit the dependence of the quantization parameter ¢ from W, by writing
W.(A,B;C,D | r,5) = W,,y,(A,B;C,D | r,5) (where we recall the spectral parameter z = %)
Our first series of results concerns the derivation of an explicit family vertex weights that satisify
the Yang—Baxter equation (Theorem 1.1.2 below); they are provided by the following definition.
In what follows, for any vector X = (X1, Xa,..., X)) € RF we set |X| = Zle X;; we recall the

q-Pochhammer symbol (u;q)x = H?zl(l — ¢’~lu); and we set
(1.1.1)
(T, U) = Z T,U;, for T = (T1,Ts,...,T}) € R and U = (U}, Uy, ..., U;) € R,

1<i<j<k

Definition 1.1.1 (Definition 5.1.1 below). If at least one of A,B,C,D is not in {0,1}", then
set W,(A,B;C,D | r,s) = 0. Otherwise define V. = (V},V5,...,V,) € 7% by setting V; =
min{A;, B;,C;, D;} for each j € [1,n], and denote |X| = z for each X € {A, B,C,D,V}. Then set

1—v,.—

2, 2.
WZ(A, B; C, D | r, S) — (_1)vZd—b,r2c—2aSqugp(D—V,C)—Hp(V,A)—(w+cu (q ; 22’, Q)U (’/‘2, Q)d
(q7s*r=221q)v (1% )y

min{b—v,c—v}

3 (a775*1 22 q)e—p(°1*2 715 @) p(23 Q) b—p—v
p:O (822’ Q)C+d*p77j
% (q—v,,,—2z)p Z qap(B—D—P,P)7

P

where the last sum sum is over all n-tuples P = (P, Py, ..., P,) € {0,1}" such that |P| = p and
P, < min{B; — V;,C; — V;} for each i € [1,n].

X latB=CtD

Let us mention three points concerning these vertex weights. The first is that they are nonzero
only if A + B = C + D, a constraint we refer to by arrow conservation. This essentially forces any
colored arrow entering a vertex to also exit it, thereby enabling the interpretation of our vertex
models as ensembles of colored paths. The second is that they are nonzero only if A;B,C,D €
{0,1}"™. We refer this to as fermionicity, as it imposes an exclusion rule that prevents two distinct
paths of the same color from passing along the same edge of the lattice.

The third concerns their origin. At r = s = ¢~/ they arise as entries for the universal R-matrix
of the quantum affine superalgebra U, (;[(1|n)) under its defining (or fundamental) representation,
whose explicit form dates back to [6]. In the more general case when r = ¢ /2 and s = ¢~ M/? are
nonnegative integer powers of ¢~/2, we obtain them through the fusion procedure originating in
the work [53] of Kulish-Reshetikhin—Sklyanin. In particular, in this case our W weights are entries
of the above mentioned universal R-matrix, under the product of an L-fold and M-fold symmetric
tensor power of the fundamental representation. These entries then happen to be rational functions
inr = ¢ /2 and s = ¢~ ™/2, enabling us to extend their definition to arbitrary r, s € C by analytic
continuation. For this reason, we refer to the weights W,(A,B; C,D | r, s) from Definition 1.1.1 as
fused weights.

We implement this procedure in detail in Chapter 2, Chapter 3, Chapter 4, and Chapter 5
below. However, our exposition there will be less representation theoretic than what was described
above. As has been done in several recent works [26, 11, 12, 32, 9] discussing fusion, we will
instead proceed though an equivalent combinatorial (diagrammatic) framework to derive the fused

12



weights. This fusion will in fact be applied on the quantum superalgebra U, (;[(m|n)) for arbitrary
m > 1, with these more general fused weights given by Theorem 4.3.2 below. We only specialize to
the case m = 1 in Chapter 5 when analytically continuing these weights in L and M (athough this
can also be done for any m > 1).

As a consequence of this framework, we establish the following Yang-Baxter equation for our
fused weights.

THEOREM 1.1.2 (Proposition 5.1.4 below). For any x,y, z,7,s,t € C and11,J1,K;,15,J3, K3 €
{0,1}™, we have

Z Wa sy (X, I3 10, Jo | 7y 8)Wo o (Ko, Jo; Koy I3 | 7, )Wy 2 (Ko, I K3, I3 | s, 1)
13,32, K2
= Z Wy/z(KlaIl;K2712 | Svt)Wa:/z(K27J1;K3aJ2 | T t)Ww/y(IQaJQ;IB’aJl} | T75)7
13,32, K>

where both sums are over all Is,J9, Ky € {0,1}™. Diagrammatically,

K; K3
I J
(‘T; T) J1 12, g - (I;T) - ) ~J2 I3
S, =
102 b— 21 »
MY 1 [ -
(y;s) 71 J;Ti) (y:8) =g "L T,
K,
(z:1) (z:1)

where states along solid edges are fized and those along dashed edges are summed over.

Although the fused weights given by Definition 1.1.1 might appear a bit unpleasant, the fact
that they are governed by four parameters (g, z, r, s) makes them remarkably general. In particular,
we show they factor completely under various specializations, including n = 1 (Example 8.1.1), r =
q~'/? (Example 8.1.2), and a series of at least ten other degenerations (detailed in Section 8.2 and
Section 8.3 below) that are depicted in Figure 1.1. In that chart, for any X = (X1, Xa,...,X;) €
R™ and any 1 < j < k < m we write X[ = Zf:j X;. We also write X > Y for any Y =
(11,Ys,...,Y,,) e R™if X; > Y; for each j.

Let us mention that directly establishing the Yang—Baxter equation for most of these degener-
ated weights (without realizing them as special cases of our general fused W ones) does not appear
to be an immediate task. For example, this was done in Appendix A of [25] for the specializa-
tions z%¢q?™C*tP)1, _; depicted on the bottom-right of Figure 1.1, through an elaborate series of
combinatorial reductions.

1.2. Symmetric Functions

The symmetric functions we consider in this text will be obtained from vertex models under
the fused weights from Definition 1.1.1, on a semi-infinite strip with certain boundary data. To
explain this further, we require some additional notation. In what follows, we fix n > 1 and denote
the n-tuples eg = (0,0,...,0) € {0,1}" and e;;,,) = (1,1,...,1) € {0,1}". We also define the
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z=s"2

W.(A,B;C,D | 7,5)| Divide by (s)*
s—0
T (r%q)a

CEd(7,’,2)cfafvqu(D—V,C)+zp(V,A)-%—(g) —dv+v

x H (1 =7 2g Botrm=Dus-n)

(2 q)s

m=sE j:Bj—D;=1
2(b—c) ;p(B—C.,C) 1 —2.2\d ,¢(D,C—B)
s q B>C (r=2s*)%q lcsB 2. .
5% 0)e(z 0o L %0)a(r?s% g)e s stq*"(D’c)le:o
(s22;)b (% @)eta—b P erd
z = 57271
s — 00 s—0 s—0

RV
(—1)b_cz_')(2;q)b—cqw(B’c_B)lB>c‘ ‘Z_d(z;q)c—bq“’(D’c_B)lc>B‘ Q“’(D’CJrD)i( “) 1,—
(u§ (I)c+d

z=ay ! z=ay ! u=mxy !
Divide by y° Divide by y¢ Divide by (—y)~¢
Yy — 00 y—0 Yy — 00

d_o(D,C+D)

FIGURE 1.1. Depicted above are some fully factored cases of the fused weights
W.(A,B;C,D | r,s).

normalization Wz of the fused weights W, from Definition 1.1.1 by

= (s%2;9)n

(1.2.1) W.(A,B;C,D | r,s) = — W.(A,B;C,D | r,s).
52" (2;q)n

Then the W, and W, weights always satisfy (see Example 5.1.2 and (5.1.5) below)
(1.2.2) W.(ep, eo;€0,€0 | 7,8) = 1; W, (60,9[1,n];eo,e[1,n] | r, s) =1.

A signature A = (A1, Ay ..., A¢) € Zéo is a finite (possibly empty) non-increasing sequence of
nonnegative integers. Its size is |A| = Z§:1 Aj and its length is £ = ¢()\). Let Sign, denote the
set of all signatures of length ¢; let 0° € Sign, denote the signature of length ¢ whose entries are
all equal to 0; and let @ € Sign, denote the empty signature, that is, the unique one of length 0.

Further define Sign = (J,2, Sign,, and for any A € Sign, set
(1.2.3) TN =M +L A+ Ll—1,... N +1) €2y,

whose entries are all distinct since A is non-increasing. For example, T(0M) = (M, M —1,...,1).
Let SeqSign, denote the set of sequences of n signatures A = (AN, A .. A™) and, for

any M > 0 let SeqSign,, ,; C SeqSign,, denote the set of those sequences such that £ ()\(j )) =M

for each j € [1,n]. Further define the size of the sequence A by [A| = >0, |A@)|. For example,
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let OM = o(Min) ¢ SeqSign,, ., denote the (size 0) sequence whose n signatures are all equal to
0M € Sign,,, and let & = &, € SeqSign,,., denote the (size 0) sequence of n empty signatures.

For any A € SeqSign,,, we introduce the following infinite sequence S(A) = (S1(A),S2(A),...)
of elements in {0,1}". For each j > 1, define S; = S;(X) = (S1,5,52,5,...,5n,;) € {0,1}" by setting
Sij = ljegam) for every i € [1,n]. For example, §(&) = (eo, €, . . .); moreover, the first M entries
of §(0M) are all €[1,n), and the remaining ones are all eyp. In general, we will use these sequences
8(A) to index boundary data for the vertex models associated with our symmetric functions.

Now fix an integer N > 1; finite sequences of complex numbers x = (z1,22,...,2y) and r =
(r1,72,...,7N); and infinite sequences of complex numbers y = (y1,y2,...) and s = (s1, s2,...). We
will define functions G/, (x;r | y;s) and Fy,,(x;r | y;s) diagrammatically as partition functions
for certain vertex models, that is, the sum of the total weights of all path ensembles with given
boundary data; see Definition 7.1.1 below for an equivalent algebraic definition. In what follows,
we fix an integer M > 0.

For any signature sequences A, u € SeqSign,,.,, define G5/, (x; T | y;s) as the partition function
for the vertex model

S1(A) S2(A) S3(A)

(1.2.4) Gau(Xir | yis) = | @0 bemdobomdenctocdeadon w oir) | N

g8 TT ......

Si(p) S2(n) Ss(w)

where the vertex weights are given by the W of Definition 1.1.1. The model here resides on a semi-
infinite strip consisting of N rows. The rapidity pair in the i-th column is given by (y;; s;), and that
in the j-th row by (z;;7;); the quantization parameter is ¢. No paths enter or exit through the left
or right boundaries of the strip, but they enter along the bottom boundary as indexed by 8(u) and
exit along the top boundary as indexed by 8(A). All but finitely many vertices in this model have
arrow configuration (eg, €o; €, €p), which has weight 1 under W by (1.2.2); therefore, the partition
function for this model is well-defined. We abbreviate Gx(x;r | y;8) = Gy /om (X;T | ¥;8).

Next, for any signature sequences A € SeqSign,,.,;, vy and p € SeqSign,, s, define Fy/,(x;1 |
y;s) as the partition function for the vertex model

(1.25)  Fy/u(xir | y;s) =




whose vertex weights are given by the W of (1.2.1). The parameters and boundary data for the
vertex model here are the same as that for G/, above, except for two differences. First, the
boundary data along the top and bottom boundaries are interchanged, that is, arrows enter along
the bottom boundary as indexed by 8(A) and they exit along the top one as indexed by S8(u). The
second is that all horizontal edges in the strip sufficiently far to the right® are occupied by paths
of all n colors. In this way, all but finitely many vertices in this model have arrow configuration
(9079[1,n];eo7e[1,n])7 which has weight 1 under w by (1.2.2); therefore, the partition function for
this model is also well-defined. We abbreviate Fx(x;r | y;s) = F /(X1 | y;8).

Let us begin with an example for one of these functions. When (X, ) = (0V, @), Fy/p(x;r |
y;s) becomes a partition function with domain-wall boundary data, given by

E=r-cqmcep---
-

Fov(x;1 | y;8) =

[ P e

Domain-wall partition functions of this general qualitative type have been studied extensively
in the mathematical physics literature since the works of Korepin [51], Izergin [42], and Izergin—
Coker—Korepin [43]. Such analyses have gained popularity over the past several decades, especially
due to their connections with algebraic combinatorics, initially observed by Kuperberg [56] in the
context of alternating sign matrices. In many cases, domain-wall partition functions are given
explicitly by a determinant. We show the specific domain-wall partition function Fyn(x;r | y;s)
depicted above in fact admits the following fully factored form, which will be useful for establishing
the Cauchy identity between F' and G, given by Theorem 1.2.4 below.

Proposition 1.2.1 (Proposition 7.3.2 below). We have

n
—N) 2 -1 N—j+1) —j
Fox(xix | yss) = [[ 07 Vndn0m M 0ag 0y in g,
j=1
(1.2.6) N N
x H (Tzzxi_lzjv Qn (s} iV ij HH xjyz g
1<i<j<N i=1j=1

Let us mention that the above result was established as equation (42) in the work of Kulish—
Ryasichenko [54] in the case n = 1, in which setting the above vertex model for Fyn becomes a
free-fermionic six-vertex model. For n > 1, Proposition 1.2.1 is, to the best of our knowledge, new.

We now proceed to more general properties of the F' and G functions; the first concerns their
symmetry. The following proposition shows that G/, (x;r | y;s) is symmetric under joint permu-
tations of x and r. It also shows that Fj/,(x;r | y;s) is “almost symmetric,” in that it multiplies

8In various previous works [8, 11, 14, 12|, analogous functions were defined through vertex models in which
all paths enter at the left boundary (instead of exit at the right one). We will also consider functions, denoted by
Hy/, in Definition 7.1.1 below, defined by such boundary data in this text, but they will play less of a prominent
role. Our reason for focusing on the F) /,, functions here is that they seem to pair better with the G/, ones for
proving Cauchy identities. Still, under certain limits, we show that these F' and H functions essentially coincide; see
Proposition 10.4.1 below.
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by an explicit factor under any such joint permutation. In the below, G denotes the symmetric
group on N elements, and we set o(Z) = (%(1), Go(2)s - - ,iJ(N)) for any permutation ¢ € Sy and
sequence Z = (i1,42,...,iN).

Proposition 1.2.2 (Proposition 7.2.2 below). For any o € Gy,
G)\/u(o(x);a(r) | y;s) = Ga/u(xsr | y;s);

n
(r2x; T; Y (722,

FA/M(U(X);U(I') | y;s) = Fy/u(xr|y;s) H J 1 5 1] .
1<i<j<N (Tng xjaq)n 5%

a(i)>o(j)

We next have the following branching rules for F' and G.
Proposition 1.2.3 (Proposition 1.2.3 below). Suppose N = K + L, and denote X' = (z1,...,Zk),

X" = (41, Tx4L), ¥ = (11,...,7K), and v = (T4, ., y1). For any A, p € Sign,,

D Ganr | yis)Guu(Xsr | yis) = Gajulxit | yss),
vESeqSign,,. r
Moreover, for any A € Sign,,.p; y and p € Sign,,. 5/,
> Fxu (X1 | yi8)Fy (X0 | yis) = Faju(xir | y;s).
vESeqSign,, pry 1

We further show the following Cauchy type identity between F and G. It is in fact a special
case of a more general skew Cauchy identity between the functions F, and Gy, but we will not
state the latter here and instead refer to Theorem 7.3.1 below for its precise formulation.

THEOREM 1.2.4 (Theorem 7.3.3 below). Assume that there exists an integer K > 1 such that

sup max e |s2et2-en R On (s 5 0)a_ (Wit 0

: Sk 2 —1
1<i<M  a,be|o, u m ) .
k>K 1<;<N (Zb)e[(ﬁ)) ( jyk; 7Q)n(5k Jyk aQ) (sszyk aQ)b

<1

Then,

tyujw ; n
S Raur|yis)Ga(wit | y;s) = Fox(wr | y;) HH;RJ Dn

A€SeqSign,,. n i=1j=1 "1 7Q)n
with Fon (u;r | y;8) given by (1.2.6).

Let us conclude by mentioning that we also establish a contour integral representation for G
as Theorem 11.4.2 (and also for the more general skew function G/, as Proposition 11.3.1 and
Corollary 11.3.2) below. Although we will not precisely state the fully general version of this result
in this introduction, we will provide its degeneration to the LLT case as Corollary 1.3.6 below.

1.3. LLT Polynomials

We next consider specializations for our symmetric functions Fy/,,(x;r | y;s) and Gy, (x;1 |
y;s) under some of the limit degenerations depicted in Figure 1.1. In particular, here we will be
mainly focused on the bottom-right degeneration (with weight z%¢#(P-C+P)1,_4) shown there. In
what follows, we fix a set of complex numbers x = (21, 22,...,ZN).
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Define? Gy, (x;00 | 0;0) and Fy/,(x;00 | 0;0) as partition functions for the vertex models
shown in (1.2.4) and (1.2.5), respectively, but where for each j € [1, N] we replace the original
W, jy: and W, weights in the j-th row of the model with the degenerated ones defined by

W.(A,B;C,D |r,s) z;‘lQW(D’C+D)11;:01A+B:C+D;
WZ(AW B7 Ca D | r, 8) — x;‘linqw(D)CH»D)i(g) 11):01A+B:C+D7

respectively. The below theorem then indicates that these specialized functions are given (up to
global multiplicative factors) by the Lascoux-Leclerc-Thibon (LLT) polynomials Ly, (x;q) orig-
inally introduced in [62]; we refer to Section 9.1 and Section 9.2 below for the detailed definition
of these polynomials. In what follows, for any sequence of signatures A = ()\(1), DS )\(")) €
SeqSign,,, set

(13.1) =7 Y Y Y e

1<i<j<n a€T; beT;

where we have abbreviated T, = T(A®)) for each index k € [1,n] (recall T from (1.2.3)).

THEOREM 1.3.1 (Parts 1 and 2 of Theorem 9.3.2 below). The following statements hold.
(1) For any sequences of signatures X, pu € SeqSign,,. 5/,

Gaju(x;00 [ 0;0) = "N VW Ly (x5 q).
(2) For any sequences of signatures A € Sign,, \,, y and p € SeqSign,,. 5/,

N
Fa/u(x;00 | 0;0) = g+ G2 GE) 2Ly L (kY g) Hxn(j_M_N)'

J
j=1

In addition to using the bottom-right limiting weights shown in Figure 1.1 to degenerate our
symmetric functions to the LLT polynomials, it is also possible to use the bottom-middle and
bottom-left ones depicted there. We refer to parts 3 and 4 of Theorem 9.3.2 below for the specific
statements of these results.

The vertex model interpretation given by Theorem 1.3.1 is well-suited for establishing various
properties about the LLT polynomials. We provide four here; the first, second, and fourth are
known from [57, 62, 35|, respectively, and the third appears to be new.

The first is a pair of Cauchy identities, originally shown as Theorem 35 and Proposition 36
of [57]. In what follows, for any signature sequence A = ()\(1),)\(2), .. .,)\(”)) € Sign,,, we define
AN = ()\’(1), N@ )\’(")) € Sign,, by setting each \'U) to be the dual of A(®~7) (that is, obtained
from the latter by transposing its Young diagram, as shown on the top of Figure 10.6 below).

Corollary 1.3.2 (Corollary 9.4.1 and Corollary 9.4.2 below). Fiz sequences of complex numbers
X = (21,22,...,2n) and y = (Y1,Y2,-..,ym). If |¢| < 1 and |zj|,|y;| < 1 for each i € [1,M] and
j €[1,N], then

M N
(1.3.2) Z La(x;9)La(y; ¢ HH TiYis On s

A€SeqSign,,, v

90ur reason for the notation Ga/u(x;00 | 0;0) (and Fy,p,(x;00 | 050)) is that this function is obtained from
the original G/, (x;r | v;s) (and Fx/p(x;r | ¥;s), respectively) by, after suitably normalizing, first sending each
parameter in s to 0, and then sending each one in r and y to co and 0, respectively. See (8.4.3) (and (8.4.4)) below.
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and

M N
(1.3.3) > LxaLalyia ) = [T TI(=a""22959)n-
i=15=1

A€SeqSign,,;

The standard Cauchy identity (1.3.2) essentially follows directly from Theorem 1.2.4 and The-
orem 1.3.1. The dual Cauchy identity (1.3.3) is shown'? also using Theorem 1.2.4 and the second
part of Theorem 1.3.1 expressing an LLT polynomial as a degeneration of a F' function; however,
we further require part 3 of Theorem 9.3.2 below that expresses a dual LLT polynomial £y (x;q 1)
as a degeneration of a G function (under the bottom-middle limit depicted in Figure 1.1).

The second result is a stability property, originally shown as Theorem 6.6 of [62], stating that
if each signature in A only contains one part, then the LLT polynomial £x(x;¢q) is a modified
Hall-Littlewood polynomial Q) (x); we refer to the beginning of Section 9.6 for a definition of the
latter.

Proposition 1.3.3 (Proposition 9.6.1 below). Fiz a signature X = (A1, Aa,...,\,) € Sign,,, and
define \9) = (An—j+1) € Signy, for each j € [1,n]. Letting A = ()\(1),)\(2), . .,)\(")) € SeqSign,,.;,
we have Lx(x;¢) = Q4 (x).

The use of the vertex model interpretation for the LLT polynomials (Theorem 1.3.1) in estab-
lishing this stability property is that there also exists a vertex model, due to Garbali-Wheeler [32],
for the modified Hall-Littlewood polynomials. The vertex weights for the latter model are quite
similar to those of the former, enabling a comparison between the two that verifies Proposition 1.3.3.

Let us mention that Theorem 3.4 of the recent work [25] (pursued independently from ours) also
establishes the first part of Theorem 1.3.1. Using this, Corollary 6.13 of [25] proves the standard
Cauchy identity (1.3.2), and Proposition 5.1 of [25] proves the stability property Proposition 1.3.3.

Our third result provides a vertex model for the LLT polynomials under a certain family of
plethysms. We will provide more detailed definitions in Section 9.5 below but, briefly, one views the
skew LLT polynomial £y /,,(x;q) as an element in the ring of symmetric functions in x. Defining
the formal sum X = Y _ x, for any variable u one lets £/, [(1 — u)X]| denote the image of
Lx/u(x; q) under the plethystic substitution X + (1 —u)X.

Now let Gz, (x;7 | 0;0) denote the partition function for the vertex model shown in (1.2.4),
but where for each j € [1, N] we replace the original weight W, /,. in the j-th row of the model by
the degenerated ones depicted in the top-right of Figure 1.1, namely,

Wz (A7 Bv Ca D | T, S) = x?(ir2)cfaqutp(va,C)Jrap(V,A)Jr(g)7dv+v1A+B:C+D

2.
% (T‘ 7q)d H (1 _ T_2q_B[J+1y7L]_D[1,j*1]).
J:Bj—=D;=1

Then, we have the following result.
Proposition 1.3.4 (Proposition 9.5.4 below). For any variable r, we have the plethystic identity

Lx/u [(1 — 7“_2)X] = qd’(”)_w(}‘)g)\/“(x;r | 0;0).

10As discussed in [57], it is alternatively possible to derive the dual Cauchy identity directly from the standard
one by applying to it the involutory automorphism w on the ring of symmetric functions that interchanges complete
and elementary symmetric functions.
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By combining Proposition 1.3.4 with Proposition 1.2.3, one can obtain explicit branching rules
for the LLT polynomials under the plethystic substitutions X — (1 — u)X. Let us mention that
the skew LLT polynomials under such plethysms have been considered before in the algebraic
combinatorics literature. For example, in certain cases when u = ¢ (that is, r = g 2), it was
shown by Carlsson—Mellit [22] that they coincide with chromatic quasisymmetric functions, as
introduced by Shareshian-Wachs [82, 81], associated with the incomparability graph of a unit
interval order.

The fourth result provides a contour integral formula for skew LLT polynomials in terms of
nonsymmetric Hall-Littlewood polynomials. To state it, we must introduce some additional nota-
tion. For any sequence of positive integers p = (f1, ft2, ..., ln) € Z%, and sequence of complex

numbers x = (21, Z2,...,%y,), let f(Q)(x | 0) and g(q)(x | 0) denote certain normalizations of the
nonsymmetric HallfLittlewood polynomials, given more precisely in Definition 11.1.3 below. More-
over, for any A € SeqSign,, s, let T(XA) denote the set of sequences k = (K1, k2, .., Knnr) € A
such that k() = (m(i,l)Mﬂ,/{(i,l)MH, .. .,mM) is a permutation of ‘I()\(i)) (where we recall
from (1.2.3)), for each i € [1,n]. For any x € T(A), we also set

invy(k) = Z inv (m(i)), where inv (H(i)) = Z Lo iynrsy >FG yarsk
i=1 1<i<k<M

Then we have the following theorem, which provides a relationship between the skew LLT poly-

nomials £y,,, and the nonsymmetric Hall-Littlewood polynomials £, (@ @

implicitly shown as equation (34) of [35].

and g,’. It was originally

THEOREM 1.3.5 (Corollary 11.5.3 below). Fiz A, pu € SeqSign,,.\s and x = (21, 22,...,7n) C C.
Letting £ = T(X) denote the unique element of YT (X) such that 1nV,\( ) =0, we have

1 - inv, (v
L) = gt e o fTOWT 0 T g0 0

veT(n)
(134) s u nM N nM du
g — We 7
x )
H g lu; —uy HHl—uxjHui
1<i<j<nM 15=1 i=1
where u = (uy,uz,...,unn) C C, and each w; is integrated along a positively oriented, closed

contour ['; satisfying the following two properties. First, each I'; contains 0 and does not contain
q*’C Y for all integers k € [1,nM — 1] and j € [1,M]. Second, the {T;} are mutually non-
mtersectmg, and T';_1 is contained in both T'; and q~'T; for each i € [2,nM].

Let us briefly indicate the relation between Theorem 1.3.5 and the results of [35]; we refer to
Remark 11.5.4 below for a more detailed explanation. By (11.5.4) below, (1.3.4) can be reformulated
as

(1.3.5) Coeﬂ[ﬁ)\/“,s‘g} = ¥ =YX Coeff | s¢ Z (fl)in"“(”)gu;g,@ ,
veT(p)

for any signature 6. Here, we recall the Schur functions s\ and have abbreviated Lx/,, = Lx/.(X;q)

and g, = g,(?) (x| 0). Moreover, for any (non)symmetric function F and basis {h,} for the space of

(non)symmetric functions, we have also let Coeff[F'; hy] denote the coefficient of hy in the expansion
of F over {h,}. The equality (1.3.5) was originally established as equation (34) of [35], which was
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central in their proof of nonnegativity for the expansion of the LLT polynomials in the Schur basis.
Indeed, the coefficients in this expansion are given by the left side of (1.3.5), and those on the
right side can be equated with matrix entries for the action of a certain operator on a submodule
of the affine Hecke algebra. It is shown in [35] that this operator admits an algebro-geometric
interpretation that can be used to establish nonnegativity for its matrix entries.

In the case when g = 0| the anti-symmetrizing sum of g(q) on the right side of (1.3.4) can be
evaluated explicitly, giving rise to the following corollary.

Corollary 1.3.6 (Corollary 11.5.5 below). Adopting the notation of Theorem 1.5.5, we have

5)/2=v(N)
q( Uj uz
Lx(x;q) = T f j{ 1T L H 1T (qunikss —uwnrksy)

1<z<j<n1% k=0 1<i<j<M
nM N nM
_ 1 du;
><fgg>(ul|o)||||71 1=,
— UL Us;
i=1j=1 v =1 T

where each u; is integrated along T';.

Under the condtion when all parts of any A\(?) are less by at least M —1 than all parts of any A7)
for i < j, the nonsymmetric Hall-Littlewood function appearing in the integral from Corollary 1.3.6
factors completely. This gives rise to the following simplified formulas for certain LLT polynomials.
Corollary 1.3.7 (Corollary 11.5.6 below). Adopting the notation of Theorem 1.3.5; assume that
)\()—i—M )\(3) whenever 1 <i < j <n and k, k' € [1,M]. Then,

q(2) Ui — Ui
s fef T BT T =)

La(x;q) =

1<z<]<n1v1 k=0 1<z<J<JVI
(1) nM
—A; —M-1 d
Sie TT1T = T o
M — j+1 1— ’Uql‘j 4 79
i=1j=1 1=1j5=1 =1

where each u; s integrated along I';.

By applying a residue expansion of integral in Corollary 1.3.7, it might be possible to obtain
a symmetrization formula for LLT polynomials satisfying the ordering constraint described there.
However, we will not pursue this here.

1.4. Factorial LLT Polynomials

In Section 1.3 we explained how considering the degenerations of the F' and G functions under
the bottom-right limit depicted in Figure 1.1 gave rise to the LLT polynomials. Here we consider
the degenerations of these functions under the limit depicted directly above it, namely, with weight
q? P CHD) ()4 (y; q);ldl,,:o. We will in fact be concerned with the F' function, which requires a
normalization of this weight as in (1.2.1). In what follows, we fix a finite set of complex numbers
x = (21, xa,...,2y) and an infinite set of complex numbers y = (y1, 92, .. .).

Define Fy,,(x;00 | y;0) as the partition functions for the vertex model shown in (1.2.5), but

where for each i > 1 and j € [1, N] we replace the original W;,] /y: Weight at the vertex (i, j) € z%,
with the degenerated one given by

—1
— _ _ _(n €T, n :
W.(A,B;C,D | r,s)— (ijyi 1)d ”q‘p(D’ch) (2)7( J:]iLl 1 @n 1,—0la+B=C+D.
(Y, 3 Q) etd
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Observe from the second part of Theorem 1.3.1 that, upon letting each of the y; tend to oo, this
function Fx(x;00 | y;0) degenerates to an LLT polynomial. Although Fy,,(x;00 | y;0) is not a
polynomial in x and y, a mild modification of it is. More specifically, denoting z°¢ = (2§, 25,...)
for any real number e and (possibly infinite) sequence z = (21, 29, ...) (and recalling the sequence
8(A) = (S1(A),S2(A),...) from Section 1.2), the function

N 0o
~ — — n(j— nN—->% _|Sg
Falx |y) = Falx o0 |y 50) [T a0 Lo >0 B

j=1 i=1

is quickly verified to be a polynomial in (x,y) of total degree |A|. We refer to Fx(x | y) as a
factorial LLT polynomial, since we will show that it satisfies a vanishing property reminiscent of
the one satisfied by factorial Schur (and interpolation Macdonald) polynomials.

These vanishing points for this LLT factorial polynomial will take the form {z; = q”‘"ﬂ'_lymj}
for some integers m; > 1 and k; € [0,n — 1]. It will be convenient to express such specializations
through marked sequences, which are pairs (m,x) of integer sets of the same length, such the
entries my > my > --- > my of m are decreasing and positive, and such that each entry of k =
(K1,K2,...,kKe) is in [0,n —1]. In what follows, we will often only refer to m as the marked sequence
and view k as its marking, in that each entry m; € m is marked by the corresponding entry x; € x.

To state the vanishing property, we require the notion of a splitting for a marked sequence.

Definition 1.4.1 (Definition 12.1.1 below). Let m = (my, mo,..., my) denote a marked sequence
with marking k = (K1, K2,...,k¢). A splitting of (m, k) is a family 9 = (m(l),m@), ... ,m(”)) of
decreasing subsequences of Z~ ¢, such that the following two properties holds.

(1) For any i € [1,n], every entry m € m¥) is equal to m;, for some j = j(m) € [1,£].

(2) For any j € [1,4], there exist at least n — k; distinct indices i € [1,n] such that m; € m(.

Moreover, given two signatures m = (my,mo, ..., my) € Sign, and n = (ny,ng,...,n;) € Sign,,
we write m A4 n if there exists an integer j > 0 such that my_; > nj_;, where we set m; = oo =n;
if ¢ < 0. The vanishing property is then provided by the following theorem.

THEOREM 1.4.2 (Theorem 12.1.2 and Remark 12.1.3 below). Fiz a marked sequence (m, k)
of length £ < N and some XA = (/\(1),/\(2),...,/\(")) € SeqSign,, y. Denoting () = ‘Z()\(i)) for
each i, assume for any splitting I = (m(l),m@), e ,m(”)) of (m,k) that there exists an index
h = h(M) € [L,n] such that W % mMW . If x; = ¢"=" Ly, holds for each j € [1,€], then
Fa(x|y)=0.

The proof of this theorem in Chapter 12 below makes use of the vertex model interpretation for
Fx(x;00 | y;0) by showing that, under the vanishing condition described in Theorem 1.4.2, there
are no path ensembles with nonzero weight that contribute to this partition function. Based on our
computer data, we were unable to find (for generic ¢ and A) any additional vanishing points for
Fa(x | y) of the form {x; = ¢~ Ym; } that are not listed in Theorem 1.4.2.

In general, it seems unlikely that the vanishing condition of Theorem 1.4.2 admits an efficient
description in terms of the individual coordinates {m;} and {[;}. Already in the case N =n =/{ =2,
such a description is quite intricate; see Lemma 12.1.7 below for the precise statement. However, it
is still possible to explicitly list a subset of these coordinates, as indicated by the example below.

Example 1.4.3 (Example 12.1.6 below). For x = 0¢, Theorem 1.4.2 implies Fx(x | y) = 0 when
x; = q”flym]_ for each j € [1, /], if there exists some k € [1, N] with maxje ) [%L)_k > my_j.
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In the case n = 1, we can in fact explicitly list all vanishing points prescribed by Theorem 1.4.2.

Example 1.4.4 (Example 12.1.4 below). Assume n = 1, and abbreviate A = A(Y) and [ = (1) =
(I, 12, ..., Ix). Then Theorem 1.4.2 implies F(x | y) = 0 when z; = ym, for each j € [, 4], if there
exists some k € [1,n] with [y_j > my_p.

One of the remarkable uses of vanishing properties is that in many cases they fully characterize
the underlying (non)symmetric function, a fact originally observed by Sahi [78, 79| in the context
of interpolation Macdonald polynomials. This phenomenon is useful for us as well. Indeed, the
n = 1 case given by Example 1.4.4 of the vanishing property for the factorial LLT polynomials
Fa(x | y) happens to coincide with that satisfied for the factorial Schur polynomials sy(x | y)
(whose definition we recall as (12.1.2) below). The latter vanishing condition is known [79] to fully
characterize the factorial Schur polynomials (among those of total degree || that are symmetric in
x), and so we deduce the following corollary equating them with the factorial LLT polynomials at
n=1.

Corollary 1.4.5 (Remark 12.1.5 and Proposition 10.4.1 below). If n =1, Fa(x | y) = sa(x | y).

Let us mention that Corollary 1.4.5 was also established as the ¢ = 0 case of Theorem 1 in [20].
The vanishing condition of Theorem 1.4.2 unfortunately does not fully characterize the factorial
LLT polynomials Fx for n > 2. Indeed, denoting o(X) = (A AE@) A for any
o € 6,, a marked sequence (m, k) satisfies the vanishing condition described in Theorem 12.1.2
with respect to A if and only if it does with respect to any o(X). Thus, the {fg()\)(x | y)} over
o € G, all satisfy the same vanishing condition but typically do not coincide up to a global factor.!!
Still, one can ask whether this failure of characterization is exhaustive, in the following sense.

Question 1.4.6. Let P(x;y) denote a polynomial of total degree |A|, which is symmetric in x. If
P(x;y) =0 for any (x;y) satisfying the conditions of Theorem 1.4.2, then do there exist constants

{as}oes, C Csuch that P(x;y) = ce. @oFon) (x| y)?

We have not yet found a proof or counterexample to this statement.

1.5. Macdonald Polynomials

We next provide fermionic vertex model representations for the nonsymmetric and integral
Macdonald polynomials, to which end we first require some notation. A partition is a finite, non-
increasing sequence A = (A1, A2, ..., \¢) € Z% of positive integers. A (positive) composition is a
sequence p = (u1, fi2, ..., ) € Z5, of positive integers (without any constraint on its ordering),
and a nonnegative composition is a composition in which some of its entries may equal 0. For any
(positive or nonnegative) composition y, there exists a unique signature, denoted by u™, obtained
from p by permuting its entries into non-increasing order; pt is a partition if u is a positive
composition. Moreover, for any i € [1,n] let e; € {0,1}" denote the n-tuple whose i-th coordinate
is 1 and whose remaining coordinates are 0. Further let e ;) € {0,1}" denote the n-tuple whose
first 4 elements are 1 and whose remaining ones are 0.

For any sequence x = (x1,%2,..., %), nonnegative composition p, and partition A, let f,(x)
denote the nonsymmetric Macdonald polynomial and Jy(x) denote the integral Macdonald polyno-
mial, recalled in Section 13.1 and Section 15.1 below, respectively. Both of these functions depend
on two parameters ¢q,t € C, which are fixed throughout this section. Let us clarify that it will be

HA similar extensive, but non-characterizing, vanishing condition also holds for a different family of polynomials
studied by Sahi-Salmasian—Serganova in [80].
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the Macdonald parameter ¢ (and not ¢) that will correspond to the quantization parameter for our
vertex models.

Next, we require the vertex weights for our model, which are obtained as the 7 = ¢~/ special-
izations of the top-right limiting weights depicted in Figure 1.1. In this case, it is quickly verified
(see Example 8.1.2 below) that arrow configurations admitting more than one arrow along a hori-
zontal edge are assigned weight 0. Thus, any arrow configuration with nonzero weight must be of
the form (A, ep; C,eq) for some b,d € [0,n], and so we will abbreviate them by (A, b; C,d).

These limiting vertex weights, which we denote by L,(A,b;C,d) = L, (A, b;C,d) are then
given diagrammatically by

1<i<n 1<i<j<n A; =0 A; =1
A A7 Af Al Af” A A
ili H i ’—’j J |1| il T”T il T”T i
A A A A A A A
(A,0;A,0) | (A0;A7 i) | (A i;AF,0) [(A G AL J) [ (A5 AST )| (A GA0) | (A A0
1 tAurLn (1 — 1) 1 tAuttn (1 —t) 0 tAln g Al g

where arrow configurations not of the above form are assigned weight 0, and we have denoted

(1.5.1) A=A +te; A7 =A —ej; A,?'j_ =A+e —e;.

Let us mention that almost all of the L, vertex weights shown above coincide with those given
by equation (3.7) of [13], which were used to provide bosonic partition function formulas for the
nonsymmetric Macdonald polynomials. The one exceptional weight is the rightmost one (namely,
L.(A,i;Aq) for A; = 1), which differs from its counterpart in [13]. This contrasting vertex weight
encapsulates the difference between the bosonic model used in [13] and the fermionic one we will
use here to access the Macdonald polynomials; it will account for the finiteness of our partition
function formulas here, and it will also enable us to compare these formulas with the LLT ones
given by Theorem 1.3.1.

Next, for any nonnegative composition p of length n, we introduce the following infinite se-
quence'? J(p) = (Io(p),Ii(p),...) of elements in {0,1}". For each j > 0, define I; = L;(u) =
(Inj,12,,..., 1) so that I ; = 1,,—; for every k € [1,n]. For any i € [1,n] and j > 0, we further
define the twist parameters

Vi (1) = qliz:—jt’n,j(lt)lm>j’

where the exponents 7; ; (1) are given by

Vi) = —#{k <ipp > i+ #k >0 5 < < it

12At certain points in this text (particularly when we consider only positive compositions), we might start the
indexing for J(u) at 1 instead of 0, but we will make a point about such changes in convention whenever they arise.
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We also define the normalization constant

n pi—1

1
QIL(Q7t) = H H 1 — qri—itaii(W+17

=1 j=0

where the exponents «; j(1t) are given by

ij(p) =#{k <iipp=pi}+F#k#Fij <pp <pi}+#k >0 =}

Under this notation, we have the following partition function formula for the nonsymmetric
Macdonald polynomials, expressed diagrammatically.

THEOREM 1.5.1 (Theorem 13.3.2 below). Denoting N = max;cpi o) i and v;; = v ;(u), we
have

Mo +Ip My +1; Mo+1o <o+ My +1Iy
Tn kemmeleeaa R
' ' ' ' '
. | | | | |
. 1 1 1 1 1
N e e e e
(1.5.2) . M, - ' ; ; ; ;
fu(x) =Qu(q, 1) E HHUi,j 7 X 2 ' ' : ;
M i1 =1 T2f——>p = =gy mmn 0
21 _1,..T..;0

MO M] M2 Tt MN

under the vertex weights Ly, (A, b; C,d) in row j. Here the sum is over all length N sequences M =
(Mo, My,...,Mp) of elements in {0,1}", with M; = (M ;,Maj,..., M, ;), such that I(un) +
My, € {0,1}™ for each k > 0. Here, we have abbreviated Ij, = Ij.(u) for each k > 0.

Up to the overall factor of Q,(g,t), one may interpret the right side of (1.5.2) as the partition
function for our vertex model (under the L, weights) on the cylinder obtained by identifying the
top and bottom boundaries of the strip Z-g x [1,n]. The sum over M allows our paths the option
of “wrapping” around the cylinder at most once in each column; whenever a path of color i does
this in column j, it contributes the twist parameter v; ; to the partition function.

The next theorem states that the integral, symmetric Macdonald polynomials admit similar
partition function formulas, but with slightly different boundary data. Here, a composition v =
(v1,v2,...,1p) is anti-dominant if 1y < vp < -+ < 1.

THEOREM 1.5.2 (Theorem 15.1.2 below). Fiz an integer p € [1,n] and an anti-dominant,
positive composition v = (v1,Va,...,Vp) of length p. Denoting N = max;c[i n) Vi and'3 Wi =

L3Since v is anti-dominant, the exponents +; ; under this specialization are all equal to 0.
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_ L Vi—] .
v ;(v) = ¢ 71,,>,;, we have

e M;+I; Mo+I, -+ My+Iy
T Qmmmm= .....]....H...j
L} L} L} L}
] ] ] ]
| | | |
1 1 1 1
e .

n N ' E ' 1
BT ASES D) | SR R SO

................... 0
M ==l : ==
[ [ [
[ [ [

1 Om ........ Femmmhemaal()

€[1,p] M; M, My

under the vertex weights Ly, (A, b; C,d) in row j. Here the sum is over all length N sequences M =
(M1,Ms,...,My) of elements in {0,1}", with M; = (M j, Maj,..., My, ), such that I;(v) +
My, € {0,1}™ for each k > 1. Here, we have abbreviated I = I, (v) for each k > 1.

As before, to the right of the first column, one may interpret the vertex model (1.5.3) as
existing on a cylinder. However, the first column behaves differently; paths of colors {1,2,...,p}
vertically enter through it, and none vertically exit through it. In particular, no paths of colors in
{p+1,p+2,...,n} exist in this model.

By comparing the vertex model representations Theorem 1.3.1 and Theorem 1.5.2 for the LLT
and Macdonald polynomials, respectively, we deduce the following expression for the modified
Macdonald polynomials Jy(x) (recalled in Section 15.1 below) as linear combinations of skew LLT
ones. It was originally established as Theorem 2.2, equation (23), and Proposition 3.4 of [37]. In
the below, we recall 8§ from Section 1.2.

Corollary 1.5.3 (Corollary 15.1.4 below). Let v denote an anti-dominant composition of length
p < n. For eachi € [1,n] and j > 1, define

wig = i (v) = ¢ I,

where v, = 0 for k > n, and the exponents f3; ;(v) are given by

Bua) = 5 (#{k <im > jy—po+i).

For any infinite sequence X = (K1,Ka,...) of elements in {0,1}", define pu(X) € SeqSign,, so that
$(u(X)) =K. Then,

" n oo M,
(1.5.4) J+(x) = Z EM(M0+JO(V))/u(Mp)(X; q) H H Uy g 7,
M

i=1j=1

where the sum is over all infinite sequences M = (M1, May,...) of elements in {0,1}", with M; =
(My,j,Ms,...,M,;), such that Ij(v) + My € {0,1}" for each k > 1. Here, we have denoted
MO = (e(),Ml, MQ, . .),‘ jo(l/) = (eo,Il(I/>712(l/), ‘e ),‘ and Mp = (e[lm],Ml, MQ, e )
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Here, the reason for introducing the signature sequence p(X) is to account for the different
indexing of the boundary data for the LLT and Macdonald vertex models; the former implements
the shift T from (1.2.3) (using 8), and the latter does not (using J). Let us further mention that
the sum on the right side of (1.5.4) is in fact finite, since u; ; = 0 for j > v,,.

1.6. Transition Coefficients

Here we provide vertex model interpretations for the transition coefficients from both the LLT
and modified Macdonald polynomials to the modified Hall-Littlewood basis of symmetric functions.
In what follows, we fix Macdonald parameters ¢,¢ € C, and we recall that the LLT, modified
Macdonald, and modified Hall-Littlewood polynomials are denoted by Ly, (x;q), Jy/u(x), and
Q)\(x), respectively. Then, for a signature A € Sign and signature sequences X\, u € SeqSign,, 5/,
the above mentioned transition coefficients are implicitly defined by

(1.6.1) "N WLy ) =D K @QLx): X)) =) K. 1)Q (%),

where we recall ¢ from (1.3.1), and both sums are over all partitions v. Our reason for introducing
the powers of ¢ on the left side of (1.6.1) is to ensure that the transition coefficients ff\/u(q) are

polynomials in ¢ (instead of in only ¢'/2).

In this section we provide combinatorial formulas for these coefficients f¥ I and g as partition
functions for vertex models under certain weights. In order to state this result, we introduce two
new types of vertex weights. Here, we depict these vertices as tiles instead of as the intersection
between two lines; this will enable us to more visibly distinguish the two families of weights by
shading the tiles under the second family and not shading them under the first.

Definition 1.6.1 (Definition 16.1.1 below). Fix nonnegative integers a,b,¢,d > 0 and n-tuples
A B,C,D € {0,1}". Define V = (V4,...,V,) € {0,1}" with V; = min{A;, B;,C;, D;} for each
€ [1,n]. We introduce the lattice weights
(¢, ©)
b—|B|—a+1.

(1) VIge (¢:9)o- 1B (¢

(¢:4)o-| (¢;q)c “Lipj<olpi<oTaso=se

(b, B) (»,D) —

(1.6.2)

(a, A)

0— By, —Dyy i
X 1a+B=C+D H (1 —q Li+1,n] =15 1]),
j:ijDjzl

where the exponent x = x(a, b,¢,0; A, B, C,D) is given by

X = <D 2|D|> + (c; 1) = (c+|C])o+|V[(d—|D|+1) + ¢(D,C) + ¢(V,D — B).
Observe that there are two quadruples we consider here. The first is the quadruple (A, B; C, D)
of elements in {0,1}", which satisfies A + B = C + D. We once again view A, B, C, and D as
indexing the up-right directed fermionic paths passing through the south, west, north, and east
boundaries of a tile, respectively. The second is the quadruple (a, b; ¢, ) of integers, which instead
satisfies a +0 = b 4 ¢. In this way, we may view a, b, ¢, and 0 as counting the numbers of directed
down-right paths of the same bosonic color that pass through the bottom, left, top, and right
boundaries of a tile, respectively. We provide depictions of these vertices in Example 1.6.6 below.
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We will require a further set of weights, which are distinguished from those in (1.6.2) by means
of shading.

Definition 1.6.2 (Definition 16.1.2 below). Fix nonnegative integers a,b,¢,® > 0 and n-tuples
A, B,C,D € {0,1}" with coordinates indexed by [1,n]. We define the weights

(c,C)
(1.6.3) (0. 1) @.0) = LliBj=o<11D|<o<1lato—bt+cla+B—c4+D - W(a,b,¢,0; A, B,C,D),
(a,A)

where (recalling A}, A, AZ'-;_ from (1.5.1)) the final function appearing in (1.6.3) is given by

3

(1.6.4)
W(a,b,c,0;A,B,C,D) =
gAl if (6,B)=(0,e9), (¢,C)=(a,A), (9,D)=(0,ep),
1, if (b,B)=1(0,e0), (¢,C)=(a+1,A), (9,D)=(1,ep),

(1 - in)qA[iJrl'n]? if (bv B) = (ano)a (Ca C) = (Cl + la A;)v (D7D) = (L ei)?
(1—=g%)gtuernly,20, if (0,B)= (L&), (;,C)=(a,Af7), (0,D)=(1,e)),

14,0, if (bvB) = (1,61'), (C,C) = (Cl, Aj)’ (DvD) = (1,60),

(=1)Aigtun, it (b,B)=(1,e), (¢,C)=(a,A), (0,D)=(1,e),

where we assume that ¢ < j whenever ¢ and j both appear. In all cases of (a,b,¢,0; A, B, C,D) not
listed in (1.6.4), we set W(a, b,c,0; A, B, C,D) =0.

Now we can state the following partition function formula for the coefficients f¥ /n from (1.6.1).

THEOREM 1.6.3 (Theorem 16.1.3 below). Fix integers M > 0 and m € [1,n]; signature se-
quences A, pu € SeqSign,,.\s; and a partition v € Sign,,,, such that |X| — |u| = |v|. Fir any integer

K> max{ max ‘I()\(i)),l/l + 1},

i€[1,n]
and write v = (U1, V2, -+, Um) for the signature obtained by complementing v in a (K —1) x m box;
its parts are given by v; = K — vy, j41 — 1, for each j € [1,m]. Denote T(0) = (ni,n2,...,0y,) so,

for each j € [1,m],

(165) nj:17j+mfj+1:K7Vm_j+1+mfj.
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The coefficients (1.6.1) are given by the partition function

(0,81(N) ... ... (0,Sx(N))
(m, eo) (0,e0)
(_1)|17‘ (07 eO) (1730)
1.6.6 4 =
L66) Sl = g g am
(01 eo) (07 eO)
(0,e0) (1,e0)
(0,81(w)) .. ... (0,Sk ()

consisting of ny + 1 rows, where the i-th row of the lattice (counted from the top to bottom, starting
at i =0) takes the form

(0,e0) (1,e0) i€ T(ﬂ)a
(167) (0,ep) (0, eq) 1 ¢ 3:(’7)3 1 7£ Ov

The constant b, (q) appearing in (1.6.6) is given by b,(q) = [1i=,(¢; D () -

Since Corollary 1.5.3 provides an expansion for J, » over the skew LLT polynomials, we deduce
as a quick consequence of Theorem 1.6.3 the following combinatorial formula for the coeflicients g%
from (1.6.1).

Corollary 1.6.4 (Corollary 16.2.1 below). Fiz integers p,m € [1,n]; an anti-dominant (positive)
composition X of length p; a partition v of length m; and an integer K > max{\,,11 +1}. For any
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integers t € [1,p] and j > 1, set w; j =q A=y, >j. Then, the coefficient g5 (q,t) is given by
(1.6.8)

(0,60) (0,M1+I1) (O,MK-i-IK)
(m,eo) (0,e0)
(_1)|I7‘ r K M (O,e()) (1760)
g)\+(q7 ) bl,(t)(t t) ZH sz,j R
P M =1 =1
(0,90) (0,60)
(0,e0) (1,e0)
(0,e(1,5)) (0,M) (0, M)

where the rows of the partition function (1.6.8) are specified by (1.6.5) and (1.6.7), using the same
weights as in (1.6.2) and (1.6.3) but with the q there replaced by t here. The sum is over all
sequences M = (M, Ma, ..., Mg) of elements in {0,1}", with M; = (M j, M j,..., M, ;), such
that M, = 0 for i > p and I(\) + My, € {0,1}" for each k € [1,K]. Here, we abbreviated
I, =1;(\) for each k, and we recall b, (t) from Theorem 1.6.5.

Remark 1.6.5. Letting Q@ (x;t) and Jy(x; q,t) denote the Hall-Littlewood and integral Macdonald
polynomials, respectively, we have

(1.6.9) (x;,1) Z 95(a,1)Qu(x;t),

which follows from applying the plethystic substitution X — (1 — ¢)X in the second statement of
(1.6.1), where X = . Thus, Corollary 1.6.4 equivalently yields a combinatorial formula for
the expansion coefficients of the (standard) Macdonald polynomials in the Hall-Littlewood basis.

Let us briefly explain how Theorem 16.1.3 and Corollary 1.6.4 can be used to obtain (not man-
ifestly nonnegative) combinatorial formulas for the expansion coefficients of the LLT and modified
Macdonald polynomials in the Schur basis s A(x) defined implicitly by

Lx/u(x;9) ZKA/u su(x Ia(x;q,t ZKA q,t)sx(x

We have by (6.8.4(i)) of [66] that

IA(xq,9) = ex(@)sa(x), where cx(q)= ] (1—¢"07),
(i,9)EX
and hy(i,7) denotes the hook length of cell (7,7) in A. Thus, setting ¢ =t in (1.6.9) gives

(%) = ex(@) ") (4, 9)Qu(x;9)-

v
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By Proposition 1.2 of [44], it follows that
Q) =D bu(g)eala) g5 (q, 9)su ().

Inserting this into (1.6.1) then yields
(1.6.10)

KY,(@) =Y bu(@)eo(@) 05 (@ ) (@) EX(a.t) =Y bu(q)cala) ™ g5 (0, )g3(a 1)
0 0

Since f§ /(@) and d5(q,t) are given by Theorem 1.6.3 and Corollary 1.6.4, respectively, this provides
explicit combinatorial formulas for the coefficients K, (q) and KX (g, t). It was conjectured in [62]
that KK/“(q) € Zxolg]; this was later proved in [35], although the proof there did not yield any
combinatorial expression for the coeflicients. As stated, we emphasize that the formulas (1.6.10) are
not manifestly positive, since ff\ / N(q) and gf\ can have negative coefficients. It is natural to hope
that, with ff\/u (q) and ¢%(q) in (1.6.10) both known explicitly, one might by suitable manipulation
obtain a positive rule for K}”‘/H(q) and K¥(q,t), but this is outside the scope of the present work.

We conclude with an example for Theorem 1.6.3. In what follows, we draw bosonic paths in
the color blue. Unlike in previous diagrams, to simplify the figures, we depict paths as sometimes
making diagonal steps, which are equivalent to making one step up or down and one step right. Let
us mention that additional examples are provided in Section 16.3 below, which were generated by
a Mathematica implementation of (1.6.6); the code is available from the authors upon request.

Example 1.6.6 (Example 16.3.3 below). Let n =2, M =2, A = ()\(1),/\(2)), and p = (,u(l),,u@))
with A = (3,1), A\®) = (2,2), u = (2,0), and u® = (1,1). Let v = (2,1,1) and choose K = 5,
so that 7 = (3,3,2) and T(¥) = (6,5,3). Given that |[p| =8, m = 3, and b,(q) = (1 — ¢)*(1 — ¢?),
we have
(-1)l7l 1

(61 @@ (- 080~ @P0 @)

The formula (1.6.6) provides five non-vanishing lattice configurations, indicated below with their
weights, where we have multiplied by the overall factor (1.6.11). Here, red is color 1 and green is
color 2.




q(1—q) l1—q
1+q 1+q
3 2 1— _
We therefore find that fy,,(¢) = q(1 — ) — il vl q(qu) + }T_g =1-¢*>—-¢>
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CHAPTER 2

U,(sl(m|n)) Vertex Model

In this chapter we introduce and provide notation for the U, (;[(m|n)) vertex model that will
serve as the basis for the fused model we will derive in this text. We further establish a “color
merging” property for it, indicating how a U, (s[(m’|n’)) model can be obtained from a U, (sl(m|n))
one, if m >m/ and n > n'.

2.1. Fundamental R-Matrix

The vertex weights for the model analyzed in this text will arise from applying the fusion
procedure to the R-matrix associated with the fundamental representation of U, (s?[(m|n)) In this
section we recall this R-matrix and the Yang—Baxter equation it satisfies. Throughout, we fix two
integers m > 1 and n > 0 such that m +n > 2.

Let a,b denote two indices and let V, ~ C™*™ ~ V}, denote two (m + n)-dimensional complex
vector spaces, spanned by basis vectors |0),]1),...,|m +n — 1). For any complex number z € C,
define the fundamental R-matriz Rap(z) = Rap(2) € End(V, ® V3,) by setting

(2.1.1)
m—1 o m+n—1 ..
Ra(2) = Y Ru(i,ii, )ES) @ (Y + 3" R.(j,ji 4. ))EY? © EYY

=0 j=m

+ Y Ry HEDE” + N R.(,i4,)EY @ BYY
oi<j<m+n—1 oi<g<m+n—1

+ > RGBS @ BT+ Y R.(jisi ) ESD @ B
oi<js<m+n—1 o<i<j<m+n—1

Here, for any integers i,j € [0,m + n — 1] and index k € {a,b}, E,(jj) € End(Vy) denotes the
(m+n) x (m +n) matrix whose entries are all equal to 0, except for its (¢, j)-entry, which is equal
to 1; stated alternatively, it satisfies

EXjy =iy, and EWi"y =0, for cach i’ #i.

The R-matrix entries R, (i1, j1;i2,j2) = R (i1,71;%2,j2) in (2.1.1) are defined by setting

L q(1—2) o 1—=2

R.(j,4,5,1) = ———;  R.(i,j;1,j) = ;

1—gqz 1—gqz

(2.1.2) X i-a
. —q R z\1l—q

RZ IR2X2) = ; RZ IWEWE: = 0

VXAN) g (1,73 J,%) e
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FIGURE 2.1. The possible colored arrow configurations, and their vertex weights,

are depicted above.

for0<i<j<m+n—1;

(2.1.3)  R.(i,i;i,i) =1, forie [0,m—1]; 1Z__qqz’

R.(j,5:4,7) = for j € [m,m+n—1].
We also set R, (i1, j1;12,j2) = 0 for any (i1, j1;i2, j2) not of the above form. These R-matrix entries
were originally introduced under a different parameterization as equation (14) of [6], but they
appear essentially as above in Section 5.1 of [87].

Remark 2.1.1. The R, (i1, j1;%2,j2) do not depend on n unless i1 = j; = is = jo > m, namely,

RU™™ iy, j13i2, jo) = RO (i, j13 42, j2), unless i1 = j1 =iz = j2 € [m,m+n —1].

We interpret these entries R, (i1, j1; 12, j2) as vertex weights as follows. A wvertex v is a transverse
intersection between two oriented curves, typically (after a rotation, if necessary) a horizontal line
¢1 directed east and a vertical line /5 directed north. Associated with each of these two curves is a
rapidity parameter, which is a complex number. Denoting that for ¢; by x € C and that for ¢5 by
y € C, the spectral parameter of v is the ratio 2.

Each of the four segments, also called arrows, of ¢; and /5 adjacent to v is assigned a color,
which is a label in {0,1,...,m +n — 1}. Let ¢; and j; denote the colors of the vertical and
horizontal segments entering v, respectively; similarly, let i and jo denote the colors of the vertical
and horizontal arrows exiting v, respectively. Then, i1, j1,2,j2 € {0,1,...,m+n—1}. We further
assume that {i1,j1} = {i2,j2} as multi-sets, so that the same number of arrows of any given color
enters v as exits v; this is known as arrow conservation. We refer to the quadruple (i1, j1;2,j2)
as the arrow configuration at v, and we view R, (i1, j1;12,j2) as the weight of a vertex with arrow
configuration (i1, j1; 42, j2) and spectral parameter z. The possible arrow configurations are depicted
in Figure 2.1. Under this convention, at most one arrow can occupy any edge; we will later remove
this condition through fusion in Chapter 3 below.

Observe from (2.1.3) that vertices adjacent to four arrows of the same color i have different
weights depending on whether ¢ € [0, — 1] or i € [m, m+n — 1]. Throughout this text, we refer to
colors in the interval [0, m — 1] as bosonic and to the remaining colors (in the interval [m, m+n—1])
as fermionic. This terminology will in a sense be later justified by Corollary 3.2.3 below, which
implies that fermionic colors satisfy a certain exclusion property (which does not hold for bosonic
colors).
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The following proposition indicates that the R-matrix Rgp(z) from (2.1.1) satisfies the Yang—
Baxter equation. It was originally due to [6], but it can also be verified directly from the explicit
forms (2.1.2) and (2.1.3) for its entries.

Proposition 2.1.2 ([6, Section 3]). Let Vi, Va, and V3 denote three (m + n)-dimensional complex
vector spaces, and let x,y,z € C denote complex numbers. As operators on Vi ® Vo ® V3, we have

e (22 (2) = o2 2 2.
where R;; acts as the identity on Vi, for k & {i,j}.

For fixed indices i1, j1, k1,143, j3, k3 € [0,m + n — 1], comparing the entries in (2.1.4) in the
(i1, 71, k1)-th row and (is, Js, k3)-column, we deduce that

Z Ry (i, s i, jo) Rz je (K1, G2; ke, 3) Ry (K2, i2; k3, 03)
i2,j2,k2

= Z Rz/y(khil; k27i2)Rz/w(k2aj1; kBan)Ry/w(i27j2;i3aj3)7

12,52,k

(2.1.5)

where on both sides i, ja, ko are each ranged over all indices in [0, m + n — 1]. The diagrammatic
interpretation of this formulation of the Yang—Baxter equation is then given by

ks ks
. ) i3 1
T ~ 1 iy > T > _jy i3
s I [N
R 1 ks —_ ka1 >
. PR i 2T
Yy i J2 Np——mo> Y ——f 2 J3
kq k1
z z

where on either side of the equation is a family of vertices, and we view the weight of each family
as the product of the weights of its constituent vertices. Along the solid edges the colors are fixed,
and along the dashed ones they are summed over.

2.2. Domains, Boundary Data, and Partition Functions

In this section we introduce notation for vertex models on the general domains we consider.
In what follows, we view any vertex v € Z? as a two-dimensional vector, so that vertices may be
added or subtracted to form elements of Z2.

An east-south path is an ordered sequence of vertices p = (v1,v2,...,vx) C Z? such that
Vit1 — V; € {(17 0), (0, —1)} for each ¢ € [1,k — 1]. We call k the length of p and refer to any pair of
consecutive vertices (v;, v;11) as an edge of p; this edge is horizontal if v;11 —v; = (1,0) and vertical
if v;41 —v; = (0,—1). Given two east-south paths p = (vi,va,...,v) and p’ = (v}, v5,...,v}) of
the same length, we write p’ > p (or equivalently p < p’) if v] —v; € Zio for each i € [0, k], that
is, if each v} is northeast of v;. In this case, if we further have vy = v and vy = v}, (namely, if
p and p’ share the same starting and ending points), then let D(p,p’) C Z? denote the domain
bounded by p and p’. More specifically, it consists of those vertices u € Z? for which there exists
some 4 € [1, k] such that u — v, v; —u € Z%,. A domain of the form D(p, p’), for some east-south
paths p < p’, is an east-south domain. We refer to the left side of Figure 2.2 for an example.
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FIGURE 2.2. Shown to the left is an east-south domain with some boundary data,
and shown to the right is a path ensemble on it.

Given an east-south domain D C Z?, we call any v € Z2? \ D a boundary vertex of D if there
exists some u € D that is adjacent to v through an edge of Z?; in this case, the edge connecting
(v,u) is a boundary edge. This edge is incoming if u—v € {(1,0), (0, 1)} and otherwise outgoing
ifu—wve {(—1, 0), (0, —1)}. Similarly, a boundary vertex v € Z2 \ D is incoming or outgoing if it
belongs to an incoming or outgoing boundary edge, respectively.

Any east-south domain D(p, p’), whose paths p and p’ are both of length k, has k+ 1 incoming
and outgoing boundary vertices, and thus k£ + 1 incoming and outgoing boundary edges. We index
these incoming (and outgoing) boundary edges by {1,2,...,k + 1} from northwest to southeast,
that is, so that the incoming boundary vertex in the i-th incoming edge is weakly northwest of that
in the j-th one if and only if ¢ < j (and similarly for outgoing edges).

We next consider vertex models on an east-south domain D = D(p,p’) C Z2. A path ensemble
on D is a consistent assignment of an arrow configution (a(v), b(v); c(v),d(v)) to each vertex v € D;
the consistency here means that for any u,v € D we have b(u) = d(v) if v — v = (1,0) and
a(u) = ¢(v) if u—v = (0,1). The arrow conservation condition {a(v),b(v)} = {c(v),d(v)} implies
that any path ensemble may be viewed as a collection of (possibly crossing) colored paths. Each
such path emanates from and exits through a boundary vertex of D, and no two paths share an
edge; this last condition will later be removed in Section 5.1 below through fusion. We refer to the
right side of Figure 2.2 for a depiction.

Boundary data for a path ensemble prescribes the colors of its incoming and outgoing paths.
More specifically, for any sequences of indices € = (e, ea,...,ex+1) and § = (f1, fa,..., fk+1) In
[0, m+n—1], a path ensemble has boundary data (€;F) if the following holds. For each i € [1,k+1],
an arrow of color e; enters through the i-th incoming edge of D and an arrow of color f; exits through
the i-th outgoing edge of D; see the left side of Figure 2.2. We sometimes refer to € as entrance
data on D and to § as exit data.
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Given a set of spectral parameters! z = (z(v))v . for each vertex of D, the following definition

provides notation for the partition function (sum of weights of all path ensembles) of a vertex model
on D with boundary data (&;F), under the weights R, (a,b;c,d) from (2.1.2) and (2.1.3).

Definition 2.2.1. Let D C Z? denote an east-south domain. Fix boundary data (&;) on D, and
a set of complex numbers z = (z(v))veD. Define the partition function

Zl()mm)(@;% | Z) — Z H Rz(v) (G(U)7 b(v); C('U)a d(’l})),

veED

where the sum is over all path ensembles on D with boundary data (&; ).

2.3. Color Merging

In this section we describe a way of merging colors of a U, (;[(m|n)) vertex model, analogous
to the “colorblind projection” results from Section 2.3 of [12]. In particular, we show that certain
signed sums of partition functions of such a vertex model is equal to the partition function for
this model with several of its colors identified (as in Figure 2.3 below), thereby reducing its rank
m+n—1.

To explain this in more detail, we first require some notation. An interval partition of an integer
set I = {a,a+1,...,b} C Z>y is a collection of mutually disjoint integer intervals J = (Jo, J1, ..., Jo)
such that Ui:o Jr = I; here, the intervals in J are ordered so that any j; € J; is less than any

Jrk € Jx whenever ¢ < k. Given an interval partition J = (Jo, J1,..., J¢) of I, we define the function
0y : I — [0, ¢] by setting 65(j) = k for each j € J; and k € [0,/]. In what follows, we will typically
view I = {0,1,...,m+mn—1} as the set of colors in our model and 6 as a prescription for “merging”
them, so that all colors in any Jj are identified and renamed to color k.

We further require a certain inversion count. To define it, for any sequence J = (i1, 19, ..., k)
of indices in [0,m + n — 1] and integer interval J C [0, m + n — 1], we set
(2.3.1) inv(3;J) = Y Liesliesli,i,-

1<h<j<k

Observe for example that if J = {0,1,...,m +n — 1} then inv(J; J) = inv(J), which denotes the
number of pairs of indices (h, j) € [1, k]? such that h < j and 5 > i;.

Now we have the below proposition, which essentially states the following for any interval
partition J of [0, m + n — 1] separating [0, m — 1] (bosonic colors) from [m,m + n — 1] (fermionic
ones). Consider a U, (;[(m\n)) vertex model partition function, “symmetrize” it over all choices
consistent with J of colors for its bosonic exiting arrows, and “anti-symmetrize” it over all choices
consistent with J of colors for its fermionic entering arrows. This yields the partition function for
the vertex model obtained from the original one by merging its colors as prescribed by 6y.

In what follows, we recall the partition function Zg";")(e;g | z) from Definition 2.2.1, and for
any function f :7Z — Z and sequence J = (iy,1s,...,1x) we denote f(J) = (f(il), flia),. .., f(zk))
We will establish this proposition in Section 2.4 below.

1Recall from Section 2.1 that the spectral parameter z = z(4,j) at any vertex (i,7) € D is set to be the ratio
x?lyi, where z; and y; are rapidity parameters associated with row j and column i of the model, respectively.
Although this constraint is central to the integrability of the underlying model, we will omit it in Definition 2.2.1 in
order to ease notation (but later restore it in contexts where we directly require it, such as in Definition 3.1.1 below).
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Proposition 2.3.1. Fiz integers m > m’ > 1, n > n’ > 0, and k > 1; an east-south domain
D = D(p,p’) with boundary paths p and p’ of length k; and a set of complex numbers z = (z(v))
Let J = (Jo, J1,. .y Jm/enr—1) denote an interval partition of {0,1,...,m +n — 1} such that

veD’

- m/+n’—1
(2.3.2) U Jr=40,1,...,m —1}; U Jy={m,m+1,...,m+n—1}
— k:m/
For any fized sequences of indices € = (e1,ea,...,ex1) and § = (f1, fo, ..., frt+1), with entries in

[0,m 4+ n — 1], constituting entrance and exit data on D, respectively, we have
m/+n'—1 . .,
(2.3.3) SN Zg(EF e [ (—)mE TGS = 200 (95(€):05(3) | ).
&5 i=m/
2y Eug1) and § = (f1, fo, ..., for1) with

Here, the sum is over all sequences of indices ,é
5) = 01(F); é; = e; whenever e; € [0,m — 1];

= (&
entries in [0,m +n — 1] such that 0y(&) = GJ( ); O5(
and f; = f; whenever f; € [m,m+n —1].

For n = n’ = 0, Proposition 2.3.1 essentially states that symmetrizing a U, (g[(m)) vertex
model partition function over its exit data (in a way consistent with J) in effect merges colors in
the model, as prescribed by fy; this statement appeared as Proposition 4.11 of [9] (when all but
one interval in J had length 1). The necessity of anti-symmetrizing the entering fermionic colors
for this model appears to be a new effect present for n > n’ > 0.

Now let us consider certain special cases of Proposition 2.3.1, first when m’ +n' = m + n and
second (in a certain scenario of) when m’ +n’ = m +n — 1 and |D| = 1. They will facilitate the
proof of Proposition 2.3.1 when |D| = 1, before proceeding to fully general domains.

Example 2.3.2. Suppose that m’ +n’ = m +n. Then, m = m’ and n = n’, which implies that
each interval in J is a singleton. Thus 605(¢) = ¢ for each i € [0,m + n — 1], and so the left side
of (2.3.3) is supported on the term (&,§) = (&, §). Since inv(€;.J;) = 0 = inv(§; J;) for each
i€ [0,m +n’ —1] (by (2.3.1), since each J; is a singleton), this implies that both sides of (2.3.3)
are equal Zg”;”)(cz; 5 | ), thereby verifying Proposition 2.3.1 in this case.

Lemma 2.3.3. Suppose that D = {v} consists of a single vertex (so k = 1), and that m’ +n’ =
m+n—1. Further assume that there exists an index h € [0, m+mn— 1] with e, ea, f1, fo € {h,h+1}
and
(2.3.4)

Ji={i}, forie[l,h—1]; I ={h,h+1}; Ji={i+1}, forieh+1l,m+n—1].

Then Proposition 2.3.1 holds.

PROOF. Since [D| = 1, the set z = (z(v)) consists of a single element, which we abbreviate
z = z(v). Then, for any entrance data & = (¢1,6) and exit data § = (f1, f2) on v, we have
Zg'“")(é;é' | 2) = R.(éa,¢1; f1, f2). Moreover, since 65(¢;) = 05(e;) and 65(fi) = 65(f;) for each
i € {1,2}, we have 0y(e;) = h = 05(f;) for each i. In particular, the right side of (2.3.3) is equal to
Rgm/m/)(h,h; h,h). Furthermore, by (2.3.2), J separates [0, m — 1] from [m,m + n — 1], so (2.3.4)
implies that A # m — 1. We will analyze the cases h < m — 1 and h > m separately.

Let us first suppose h < m — 1, in which case (m n') = (m — 1,n). Then, on the left
side of (2.3.3) we have ¢; = ¢; for each i (since ¢; < h+1 < m — 1), and we sum over each
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FIGURE 2.3. Shown above is the diagrammatic interpretation for (2.3.6) when
h <m — 1, and shown below is that for (2.3.8) when h > m.

fi € {h,h + 1} (since 05(f;) = 6y(f;) = h). Also, as mentioned above, the right side of (2.3.3) is
S”';"')(h, h;h,h) = 1, where the equality holds by the first statement of (2.1.3) (as h <m — 1 =
m'). Additionally inv(€;J;) = 0 = inv(§; J;) for each i € [m/,m’ +n/ — 1], since each entry of &
and § is h or h + 1, and neither is contained in J; for ¢ > m’ (as J; C [m,m +n — 1] if i > m/).
Hence, to show (2.3.3) for h < m — 1 we must verify

(2.3.5) > RUM(ey,en; fi, fo) = RV (hohih,h) = 1.
f17f26{h1h+1}

This follows by using (2.1.2) and (2.1.3) to check the four cases for (e1,e2) (equal to either (h,h),
(h+1,h+1), (h,h+1), or (h+ 1,h)) individually. Indeed, for h < m — 2 these definitions imply
RU™™ (hyhyhyh) =1=RU™™ (h+ 1L,h+ 1;h+ 1,k +1);

(2.3.6) RU™™ (b, h+1;h, b+ 1) + RU™™ (b, h + 1;h 4+ 1,h) = 1;
RU™™(h 41,k hyh +1) + R™™ (h+ 1,hyh + 1,h) = 1;

see the top of Figure 2.3 for a depiction. This confirms (2.3.5) and thus the lemma for h < m — 1.

So, let us suppose instead that h > m, in which case (m’,n’) = (m,n — 1). Then, on the left
side of (2.3.3) we have f; = f; for each ¢ (since f; > h > m), and we sum over each é; € {h,h + 1}.
Also, as mentioned above, the right side of (2.3.3) is R,(zmm)(h, h;h,h) = f__qqz, where the equality
follows from the second statement of (2.1.3). Additionally, inv(€;.J;) = 0 = inv(§; J;) for i # h,
but since now h € [m/,m’ +n' — 1] we must take into account the facts that inv(&; J,) = 1g e,
and inv(§; Jn) = 1p54,-

Hence, to show (2.3.3) for h > m we must verify

(2:3.7) S ()t e a R @, s i, fo) = BRIV (b ) = =L
é17é2€{h7h+1} qz
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As in the case h < m — 1, this follows by using (2.1.2) and (2.1.3) to check the four cases for (f1, f2)
individually. Indeed, for h > m these definitions imply

RU™™) (hyhs by h) = =L — ROV (h 41, b+ b+ 1, b+ 1);

1—gqz
(2.3.8) R (h+1,hyhyh +1) — RO ) (h b+ 1;h, b+ 1) = - a.
gz
RO (b b+ 1;h 4 1,h) — RS (h+ 1, h;h+1,h) = f_‘qqz;
see the bottom of Figure 2.3. This confirms (2.3.7) and thus the lemma when h > m. O

We can now deduce the following corollary verifying Proposition 2.3.1 when |D| = 1.
Corollary 2.3.4. If |D| =1, then Proposition 2.3.1 holds.

PROOF. Since |D| = 1, we have k = 1. Thus, arrow conservation implies that any summand
supported by the left side of (2.3.3) must satisfy {é1,é2} = { i, fg} as unordered multi-sets. Since
é; = e; whenever ¢; € [0, m—1] and fl = f; whenever f; € [m, m+mn—1], these unordered multi-sets
are determined by (&,F). So, let {&1,&} = {a,b} = {f1, fo}, where a and b are fixed by (&,73)
(and, in particular, are not summed over on the left side of (2.3.3)).

Now recall from the explicit forms (2.1.2) and (2.1.3) of the weights R, (4,7;4,j') that they
only depend on whether i, j,4’, j* are bosonic (lie in [0, m — 1]) or fermionic (lie in [m, m +n — 1)),
and on the relative ordering of (¢, j;4’, j'). Thus, we may assume in what follows that a € {b—1,b},
that is, a and b either coincide or are consecutive. Since no color other than a or b gives rise to a
nonzero contribution to either side of (2.3.3), we may further assume that each J; is a singleton,
except for possibly at most one, which would be given by J; = {a,b}.

This reduces to the case when m’ +n’ = m + n if either a = b or a,b reside in different J;,
or when m’ +n' =m +n —1if a # b reside in the same J;. The former scenario was verified as
Example 2.3.2, and the latter was addressed by Lemma 2.3.3. ]

2.4. Proof of Proposition 2.3.1

In this section we establish Proposition 2.3.1, which will follow from Corollary 2.3.4, together
with induction on |D].

PROOF OF PROPOSITION 2.3.1. We induct on |D|. If |D| = 1, then the lemma is verified by
Corollary 2.3.4. So, let us assume in what follows that it holds whenever |D| < r for some integer
r > 1, and we will show it also holds whenever |D| = r.

To that end, fix an east-south domain D = D(p,p’) C Z? with |D| = r. Then, there exists
an east-south domain D = D(p,p’) C D obtained from D by removing one vertex v € p on its
southwest boundary; in particular D| = |D| - 1.

First suppose that p # p’, in which case we may choose v ¢ pNp’. Then, the northeast
boundary p’ of D is p’; the southwest boundary p of D is obtained from p by replacing its corner
at v, which is formed by a vertical edge followed by a horizontal one, with a corner formed by a
horizontal edge followed by a vertical one. Let v be the K-th vertex in p, for some index K € [1, k].
So, under entrance data € = (ey,es,...,ext1), arrows of colors ex and ex iy horizontally and
vertically enter through v, respectively. We refer to Figure 2.4 for a depiction, where there K = 9.
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FIGURE 2.4. Shown to the left and right are the domains D = D(p,p’) and
D = D(p,p’), respectively, used in the proof of Proposition 2.3.1 if p # p’.

Letting z = (Z(U))veﬁ =z\{z(v)}, we have
m+n—1 m+n—1

(2.4.1)  zZUmm (& = 3 > 20 ((ex fx)i CroBrean) | 2(0) 29 (& | 2),

ex=0 (’K+1 =0

for any sequences ¢ and § of indices in [0,m + n — 1]; here, ¢ is obtained from & by replacing

(€x; €k 1) with (€x,€x41), so that € = (&1,...,€x—1,€K, €K 41, €K 42, Chy1). §
Now we will essentially perform a signed sum of the right side of (2.4.1) over & and §. To

that end, recall that € = (ey,e9,...,ex+1) and §F = (fl,fg,...,fk+1) and set ¢ = (ex,exy1).

Further fix pairs ¢ = (€, €x+1) of indices in [0,m + n — 1], and define ¢ = (€1,€2,...,€k41) from
€ by replacing ¢ with ¢, so that € = (eq,...,ex_1,€K,CK11,CK12,---,€k+1). Lhen, Corollary 2.3.4
yields
m’'+n'—1 ) 5 A .,
(2.4.2) ZZZE%") 67)2(v) [ (—pm @I @I = 28 (9(e);03(2) | 2(v)),
i=m/'

where we sum over all ¢ = (8x,¢x11) and ¢ = (€x, €x11) such that 05(¢) = Oy(e); 05(¢) = O5(e);
&; = e; whenever e; € [0,m — 1]; and &; = €; whenver €; € [m,m +n — 1].
Moreover, since |D| = |D| — 1 =r — 1, (2.3.3) applies and gives

m'+n'—1
(43) 33z (&F 1) [ (e TEI = 2 (6,(@):0:3) | 7).
¢ @_ i=m'

where we sum over all ¢ = (61,€2,...,¢541) and § = (f1, f2,..., fus1) such that GJ(EE) = QJ(@);
05(F) = 01(3); & = & whenever ¢; € [O m — 1]; and f; = f; whenever f; € [m,m +n — 1].
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We next combine (2.4.2) and (2.4.3). To that end, set &; = ¢; for each i ¢ {K, K + 1}, so
¢ =(81,...,6K-1,€K,€K+1,CK+2,---,C6k+1) (as above), and for each i € [m/,m’ +n' — 1] observe
inv(€; J;) + inv(3; J;) — inv(S, J;) = inv(€; J;) + inv(& J;) — inv(e, J;) = inv(E, J;),
where the first equality follows from the fact that €; = €; whenever €; € [m,m +n — 1] and the
second follows from (2.3.1). This together with (2.4.2) and (2.4.3) yields, for a fixed choice of

9(3) = (G(é\K)76(é\K+1))a that

m'+n'—1 . )
(2.4.4) ZZZ DA R )2 @S E) [ (e
¢ i =m

= 27 (03(): 05 @) | 2(0)) 28" (03(€); 0:(3) | 7).

Here, we sum over all ¢ and § such that HJ( ) = 05(€); 93(@) = 05(F); & = e; whenever e; €

[0, m—1]; and fz fi whenever f; € [m, m+n—1]. We further sum over all indices €x and €x 41 in

[0, m + n — 1] such that 05(¢x) = O5(ex) and O5(€x+1) = O5(€x+1). To combine (2.4.2) and (2.4.3)

in this way, we have used the fact that the following hold for any index ¢ € {K, K 4+ 1}. The color

€; is summed over in (2.4.2) if and only if it is fixed in (2.4.3) (as both hold if €; € [0,m — 1]), and

that it is fixed in (2.4.2) if and only if it is summed over in (2.4.3) (both hold if €; € [m,m+n—1]).
Summing (2.4.4) over all choices of 6(¢) = (65(€x), 05(€x41)) then yields

m+n—1m+n—1 . m'4n’—1 . ) .
Sy S s e s 2@ 1) T e
(2.4.5) ¢ § ex=0 Ex41=0 i

=3 S 2O 0:@) | 20) 25 (0:@):05(3) 17),

05(€x) O3(Ex+1)

where on the left side ¢ and § are summed as previously, and on the right side 0y(ek) and Oy(ex+1)
are both summed over [0,m’ +n’ — 1]. Then (2.3.3) follows from applying (2.4.1) on both sides of
(2.4.5), thereby verifying the proposition if p # p’.

Hence, let us instead assume that p = p’, in which case D = p = p’. Let v denote the common
ending vertex of p and p’; define the domain D = D\ {v} = p\ {v}; and set zZ =z \ {z(v)}. Then,
any entrance data € = (é1,82,...,6x+1) and exit data = (fl, fg, el fk+1) on D fix the colors of
three among the four arrows adjacent to v; the fourth is then determined by arrow conservation.
This gives rise to entrance data ¢’ = (e}, e} ;) and exit data § = (fy, fi,,) on v, which satisfies
(Chg1> fryr) = (ért1, fra1). It also satisfies either e, = €y if the last edge of p is vertical, or
f,’C = fk if the last edge of p is horizontal. Let us assume in what follows that the former scenario
e, = ek holds, for the proof in the latter is entlrely analogous Then (63 {UE) induces entrance

data € = (e1,€2,...,€;) and exit data S (fl, fg, ceey fk) on D, which are in particular given by
¢ = (é1,¢€2,... ,ék_l, fk) and § = (fl, fo, .., fk) Under this notation, we have
(2.4.6) 25N &S | 2) = 205" (51 | 2(0) 227 (&F | ).

We refer to Figure 2.5 for a depiction.

As previously for (2.4.1), we will essentially perform a signed sum of the right side of (2.4.6)
over ¢ and §. To that end, observe (using the same reasoning as that 1mplemented in the derivation
of (2.4.6)) that the boundary data (&;J) on D determines entrance data ¢’ = (e, e} ;) and exit
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FIGURE 2.5. Shown to the left and right are the domains D and 5, respectively,
used in the proof of Proposition 2.3.1 if p = p’.

data §" = ( ’/f/’f’/el“‘i) on v satisfying e} = ex and (e}, fily1) = (ek-Jrl?kaC\l). OAnci againl\this
fixes entrace data € = (€1,€2,...,€;) = (e1,€2,...,ex_1, fi/) and exit data § = (f1, fo,..., fu) =
(f1, f2y.--, fr) on D. Then, Corollary 2.3.4 yields

2 4. 7 ZZZEZL}YL) f/ | Z(’U)) H (71)inv(e',Ji)finv(fn,Ji) — ZE'ZS n )(0J(€//);9J(f”) | Z(U)),
o §! =m

where we sum over all ¢/ = (e, e} ,,) and §' = (f;, fiy,) such that 05(e’) = Oy(e”); O5(f) = 01(5");
e} = el whenever e/ € [0,m — 1]; and f! = f! whenever f/ € [m,m +n —1].
Moreover, since |D| = |D| — 1 =r — 1, (2.3.3) applies and gives

m'+n’—1 _ N .
(2.4.8) Zzz(ﬁm;n)(e;s | E) H (_1)1nv(@,J¢)71nv(37Ji) _ Z%m in )(QJ( ¢); 93( )| z)
¢ 3 i=m’
where we sum over all &€ = (e1,€2,...,€) and 3 = (fl,fg,,fk) such that 93(@) = HJ(@);
05(F) = 05(F); €; = €; whenever ¢; € [0,m — 1]; and fl fZ whenever fl [m,m +n—1].

We now combine (2.4.7) and (2.4.8). To that end, recall the correspondence between ¢ and
(€,¢), and between § and (S, §), described above (2.4.6). We claim for each ¢ € [0,m' +n' — 1]
that, whenever (¢, §) and (€, §) satisfy arrow conservation on v and on D, respectively, we have

(2.4.9) inv(€,J;) — inv(é; J;) —inv(e’; J;) = inv(§, J;) — inv(g’; J;) —inv(f; J;).

To verify (2.4.9), fix some i € [0,m' +n' — 1]. We may assume (for notational convenience) that

each element of QE C% e/ S S,f is in J;, for otherwise any elements not in J; contained in at least
one of these sets can be removed without effecting either side of (2.4.9). Then, since ¢; = ¢; for
each i € [1,k — 1] and (e}, €} ,1) = (€, €rt1), (2.3.1) imples that the left side of (2.4.9) is equal to

k—1
(2.4.10) inv(€, J;) — inv(€; J;) —inv(es Ji) = Y (Le,se, + Loser,, — Lesa,)-

i=1
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Similarly, since f; = f; for each i € [1,k] and (i fig1) = (€, frs1), the right side of (2.4.9) equals

k
(2.4.11) inv(§, Ji) — v (F; L) — v (3 1) =Y 15z —1e g
i=1

Next, arrow conservation for (¢/,§) implies (¢}, e} 1) € {(fi. fri1)s (frors fo)}s 80 (€, Ert1) is
either (e, ka) or (ka, €r). Moreover, arrow conservation for (é, %) yields {é1,€a,...,8k_1,€k} =
{f1,f2,--., fx} as (unordered) multi-sets. From this, it is directly verified that the right sides
of (2.4.10) and (2.4.11) are equal in both cases (€, €r4+1) € {(gk,f]g+1), (fk+17gk)}7 establishing
(2.4.9).

Now, observe that inv(g,J;) = inv(§,J;) holds for each i € [m/,m’' + n’ — 1], since J; C
[m,m +n — 1] and each f; = f; whenever f; € [m,m +n — 1]. For the same reason, we also have
for each i € [m/,m' +n' — 1] that inv(§;J;) = inv(F; J;) and inv(f'; J;) = inv(f’; J;). Combining
these three equalities with (2.4.9) yields for each i € [m/,m' +n’ — 1] that

inv(@; Ji) — mV({s", D+ inv(e’s J;) — inv(f; J;) = inv(€, J;) — inv(F, Ji),

whenever (¢, ') and (€, §) satisfy arrow conservation. This, (2.4.7), and (2.4.8) then together yield
(2.4.12)

Z Z Z Z Zg)rin) f/ I Z(U))Zgrl;n)(é§§ | Z) H (71)inv(é,Ji)7inv(S’,Ji)

= zgz,"} ™) (03("): 05(7) | 2(0)) 28 (65(€):65(3) 1 2) = 257" (65(€): 65(3) | =),

where to deduce the last equality we applied (2.4.6). Here, (¢/,f') and (€,3) are summed as in
(2.4.7) and (2.4.8), respectively, with the additional constraint that €, = f,. As in the derivation
of (2.4.4), here we have used the fact that the index €j, = f; common to (2.4.7) and (2.4.8) is fixed
in one if and only if it is summed over in the other.

Due to the correpsondences between & and (€,¢') and between § and (F,§), we may instead
sum the left side of (2.4.12) over (€, §). This gives

m'+n'—1 .
A :}n n) f | Z( ))Zam,n)<é’ § | fi) (_1)inv(€7Ji)7inv(S,Ji)
(2.4.13) ZZ v P il_';[n/

= 207 (05(€); 05(3) | =),

where we sum over all ¢ and § such that 05(€) = 05(€); 05(F) = 65(F); & = e; whenever ¢; €
[0,m —1]; and f; = f; whenever f; € [m,m +n — 1]. We now deduce (2.3.3) from applying (2.4.6)
n (2.4.13); this establishes the proposition if p = p’. O
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CHAPTER 3

Fusion of Weights

The vertex weights provided in Chapter 2 are nonzero only if each edge incident to the vertex
accommodates at most one colored arrow. We now proceed to remove this condition by applying
the fusion procedure, which originated in [53], to these weights by suitably concatenating rows of
vertices whose spectral parameters are in a certain geometric progression.

3.1. Specialized Rectangular Partition Functions

In this section we provide notation for, and establish properties of, certain rectangular partition
functions that will be relevant for the fusion procedure. To that end, we begin with the following
partition function, which is the special case of Definition 2.2.1 when the domain D there is a M x L
rectangle.

Definition 3.1.1. Fix integers L, M > 1 and sequences of complex numbers x = (z1,22,...,27,)
and y = (y1,¥y2,-..,ym). For any sequences A = (a1,as9,...,an), B = (b1,be,...,b1), € =
(c1,¢2,...,¢p), and © = (dy,ds,...,dr) of indices in [0, m + n — 1], define Z(A,B;€,D | x,y) =
Z(mim) (1, 98: €, D | x,y) by setting

M L
(3.1.1) Z(A,B;¢,D | x,y) = ZH H Ryi/xj (vi,jaui,j;'Ui,jJrlauiJrl,j)a

i=1j=1

where the sum is over all sequences (u; ;) and (v; ;) of indices in [0,m +n — 1] such that v, 1 = ay,
ULk = bk, V141 = Ci, and upr41,x = di, for each k.

If there exist x,y € C such that x = (z,qx,...,¢" '2) and y = (¢ 1y, ¢™2y,...,y), then
we further denote Z, ,(2,B; €, D) = Z{mm (9, B¢, D) = Z(A,B: €, D | x,y).
For any ordered set 3 = (21, 29, ..., 2k), let ? = (2k, 2k—1,-..,21) denote the reverse ordering

of 3. Then, (3.1.1) denotes the partition function as in Definition 2.2.1 for the vertex model on the
rectangular domain [1, M| x [1, L], whose entrance and exit data are given by % U2l and CU %,
respectively. Here, we view z; and yi as the rapidities in the k-th row (from the bottom) and the
k-th column (from the left) of this model, respectively, so that the spectral parameter z(i,j) at
(i,7) € [1, M] x [1, L] is given by x;lyl We refer to the left side of Figure 3.1 for a depiction.

Remark 3.1.2. For any ordered sequence 7 = (t1,t2,...,tx) and indices 1 < ¢ < j < K, define
the restriction Tj; jj = (ti,tit1,...,t;). Then observe from the definition (3.1.1) for Z that, for any
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FIGURE 3.1. To the left is a diagrammatic interpretation for Z, , (2, B; €, ®) and
to the right is a depiction of a vertex for R, ,(A,B; C, D).

integer h > 0, we have

(3.1.2)

Z(A,B;¢,9 | x,y) = Zz(ﬂ,%[l,h];l@u,h] | (1,00, Y) Z (3, Bing1,00: € Dpnr, 1] | Xppg1,00,Y)s
3

Z(A,B;€,9 | x,y) = ZZ(Ql[Lh],%; Cn I %Y n) Z @100, 35 € Dingrn] | X Yinga,n)s

J
where J = (i1,42,...,ip) and J = (j1,J2,...,71) range over all sequences of indices in [0, m +
n — 1]. Indeed, in the former equality of (3.1.2), J is interpreted as the ordered set of colors
(V1 141, V2, 0415 - - -, UM pt1) (from (3.1.1)) of vertical arrows intersecting the line y = h + %; a

similar interpretation holds for J in the latter statement of (3.1.2).

Next, for any index set Z = (iy, 42, .. .,%¢) and real number k € R, let m(Z) denote the number
of indices j € [1,£] such that i; = k. Furthermore, for any sequence I = (Io, I1,...,Ix) € Zl;gl, let
M(T) denote the family of sequences Z = (iy,i2,...,4y) with elements in {0,1,...,k} such that

I; = m;(Z) for each j € [0, k] (where we recall |I| = Z?:o I;).

The fused weights to be considered below will be closely related to the following linear com-
binations of rectangular partition functions. Here we adopt the convention that symbols of the
form X = (z1,%2,...,2x) denote ordered sequences of indices (colors) in [0,m + n — 1], as above,
and those of the form X = (Xo, X1,..., Xmin—1) € Z;ngr” (in Chapter 5 and afterwards we will
start the indexing at 1 instead of at 0) denote nonnegative compositions. The two will typically be
related by stipulating X; = m;(X) for each index j € [0,m + n — 1], that is, X € M(X).

In the below, we recall for any sequence X = (z1,2,...,7,) € R’ that inv(X) denotes the
number of index pairs (i, j) € [1,£]? such that i < j and z; > ;.

Definition 3.1.3. Adopt the notation of Definition 3.1.1, and let A = (A, A1,..., Amin-1) €
Z;Sr" and B = (By,B1,...,Bnin-1) € Z;Sr” denote sequences of nonnegative integers such that
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|A| = M and |B| = L. Define

Z,,ABED) = Y gv@in® g o 5ie D),

A€ M(A)
BeM(B)

The following lemma provides a g-exchangeability property for these weights Z, , (A, B; €, D),
stating that they multiply by (explicit) powers of ¢ upon permuting € and ®, assuming that
max{Ay, B} < 1 for each h € [m,m +n —1].

Lemma 3.1.4. Adopt the notation of Definition 3.1.3, and assume that max{Ap, Bp} < 1 for each
index h € [m,m +n — 1]. For any permutations € = (¢}, ch,...,ch) and ©' = (dy,dh,...,d}) of

¢ and D, respectively, we have
(313) q inv(C)finv(g)vay (A, B; Qt, @) =q" inv(c/>7inv<5,)2z7y(A, B; Qt/, @l)

PROOF. Since the symmetric group &, is generated by the transpositions {s;}ic[1,,—1] inter-
changing (i,i + 1), it suffices to establish (3.1.3) assuming that either (¢/,D') = (sx(€),D) or
(¢/,9") = (€,5,(D)) for some k. Let us assume that the former holds, as the proof in the latter
case is entirely analogous (by replacing our use of the top diagram in Figure 3.2 below with the
bottom one there). Thus, we must show that

(3.1.4) Z,,(A,B;€,D) = gl z (A B; ¢, D).

We will in fact establish (3.1.4) under the more general hypothesis that only imposes A, < 1 for
each h € [m,m +n — 1] (while allowing By, > 2 for h € [m,m +n — 1]).

Let us reduce (3.1.4) to the case M = 2. Assuming (3.1.4) holds for M = 2 (and arbitrary
L > 1), Definition 3.1.3 and repeated application of the second identity in (3.1.2) gives for arbitrary
M > 2 that

Z,ABED) = Y @y o B¢, D)

A€ M(A)
BeM(B)

Z Z qinV(m)+iDV(%) Zx,qM_k"'ly (m[l,k}—l]a %7 c[1,}2}—1]531)

AeM(A) J1,32
BEM(B)

X Zg gt =1y (W15 313 Ceo 15 32) Zay (Aer2,00), 325 €2, 75 D)

Z Z qinv(Ql)—an(%)-‘rSgn(ck—ck+1)Zw)qM_k+1y(Ql[l,kilb%;Q[lykil]’sl)

AEM(A) J1,32
BeM(B)

X Zx,qM*""*ly (Q’[[k',k-i-l] ,J15 81 (Qt[k,k-‘rl]) ) 32) Zz,y (m[k+2,M] ,J2; Qt[k+2,M]7 D)
= ¢ Z, (A, Bisi(€), D),

where J;,J2 are summed over {0,1,...,m + n — 1}, This verifies the M > 2 case of (3.1.4)
assuming that the M = 2 case holds. So, we may assume in what follows that M = 2 and thus
that & = 1, in which case 2 = (a1, a2) and € = (¢, ¢2).
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FIGURE 3.2. Shown on the top is a diagrammatic interpretation for (3.1.6); shown
on the bottom is its rotated analog.

To that end, recalling the definition of Z from Definition 3.1.3, it suffices to show that

(3.1.5)
q =2 Zy o ((ar, a2), B; (c1, €2), D) + g 2>1 Zy o, (a2, a1), B; (c1, ¢2), D)

= ngIl(01—02) (q1a1>a2 Za:,y ((ah a2)7 %7 (023 Cl), 9) + q1a2>al Za:,y ((a/27 a/l)y %7 (027 Cl), @)),

which would impy (3.1.4) upon multiplying both sides by qinv(g) and summing over B € M(B).
Since (3.1.5) holds if ¢; = ¢2, we will assume in what follows that ¢y # ¢z, in which case (3.1.5)

will follow from a suitable application of the Yang—Baxter equation. Indeed, applying (2.1.5) L

times, we deduce for any fixed ordered pair of indices (i1,i2) constituting a permutation of 2 that

Z Ry (i, i2; k1, k) Zg oy (K1, k), B; (c1, ¢2), D)

(3.1.6) ks

= Z Zy ((i2,11), B; (ka, k1), D) Ry(k1, k2; c1, c2),
k1,k2

where both sums range over all k1, ks € [0, m+n—1]; we refer to the top of Figure 3.2 for a depiction.
By arrow conservation, any summand on either the left or right side is nonzero only if (ki, k2) is a
permutation of 2 or €, respectively. So, we may instead sum over (k1,k2) € {(a1,az), (az,a1)} on
the left side of (3.1.6) and (k1,k2) € {(c1,c2), (c2,c1)} on the right side of (3.1.6).
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Now, if a1 # as, then by the explicit form (given by (2.1.1), (2.1.2), and (2.1.3)) for Ru(2),
we have R,(i,7;1',7") = ¢*>' (¢ + 1)~ if i’ # j" and {i,j} = {i’,j'}. So, (3.1.6) implies upon
multiplying both sides by ¢ + 1 that

qter>e2 Z, (a1, a2), B; (c1,¢2),D) + ¢**2>*1 Zy (a2, a1), B (c1, ¢2), D)

= gler>e2 (Zm,y((i%il)v B; (c1,02),D) + Zoy((i2, 1), B; (02701)’5‘3)>7
and, by similar reasoning, we find that
glor>az ZLy((al, as),B; (ce, c1), ’D) + qlaz>a Zgw((ag, a1),*B; (e, c1), ’D)

_ gl (Zﬂy((ig,il),%; (1,62),D) + Zay (i, 1), B; (02761)7©)).

Then, (3.1.5) follows from comparing (3.1.7) and (3.1.8), since sgn(c; — c2) = Leyse, — Lleyse -

If instead a; = as, then letting a1 = a = as, we must have that a < m (since Ay < 1 holds for
each h € [m,m +n — 1]). Then, spin conservation implies that the left side of (3.1.6) is supported
on the term (k1,k2) = (a,a) and so, using the facts that R,(a,a;a,a) =1 for a € [0,m — 1] and
Ry(k1,ka;c1,c2) = (g + 1) Lgter>e2, (3.1.6) yields

Zy((a,a),B; (c1,¢2), D)

=g+ 1) 7% (Zey ((0,0), B3 (e1,€2), D) + Zsy ((0,0), B: (c2,1), D) ).
By similar reasoning,
Zy((a,a),B; (c2,c1), D)

= (q+ 1) tgtee>er (nyy((a, a),B; (c1, 02),9) + nyy((a, a),B; (ca, cl),Q)).

Then, (3.1.9) and (3.1.10) together imply (3.1.5) again since sgn(c; — ¢2) = 1e;ses — Legse -
This addresses the case (¢/,D') = (5k(€),®); as mentioned above, we omit the proof in the
alternative case (¢/,9') = (€,5,(D)). O

(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)

We next have the following lemma indicating a sort of exclusion principle for arrows of color
i € [m,m + n — 1], in that if the west and south boundaries of any vertex model corresponding to
Z,,y each admit at most one arrow of any color i € [m, m+n — 1], then the same holds for its east
and north boundaries.

Lemma 3.1.5. Assumen > 1; fixxz,y € C; and let A,B,C,D € Zgar” denote nonnegative integer
sequences with coordinates indexed by [0,m +n — 1], such that |A| = M = |C| and |B| = L = |D|.
Assume that max{A;, B;} < 1 for each i € [m,m + n — 1] but that max{C;,D;} > 2 for some
i € [mym+mn —1]. Then, for any sequences of indices € = (c1,¢2,...,cpr) € M(C) and ©® =
(dv,da,...,dr) € M(D), we have that Z, ,(A,B;C,9) = 0.

PrOOF. It suffices to show that Z, ,(A,B;€,®) = 0 if there exists some h € [m,m +n — 1]
such that either C, > 2 or Dy, > 2. Since the two cases are entirely analogous, let us assume in
what follows that C; > 2. By Lemma 3.1.4, we may further assume that ¢; = h = ¢y and, by
following the first part of the proof of Lemma 3.1.4 (in particular, by using the second relation in
(3.1.2)), we may assume that M = 2. To that end, letting A =e,, +e,, € Z’;Srn for some indices
ay,as € [0,m+ n — 1], it suffices to show that

(3.1.11) glar>az Zm,y((al,ag)7 B; (h, h),@) + glez>m Z$7y((a2, ay),B; (h, h),ZD) =0.
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This will follow from an application of the Yang—Baxter equation similar to the one used to
show Lemma 3.1.4. To that end, we may first assume that a; # as since otherwise we would either
have a; = h = as, meaning A, = 2 or B;, > 2 (by arrow conservation); both contradict the fact
that max{Ap, By} < 1, and so a1 # az. Next, as in (3.1.6), L applications of (2.1.5) (again, see the
top diagram in Figure 3.2) implies for any fixed permutation (i1,42) of (a1, as) that

(3112) Z Rq(ilv iQ; kla kQ)Zryy((kh kQ)a sB; (hv h)7 @) = Zx,y((i% il)a %; (ha h)? Q)Rq(h7 h; ha h)>
k1,k2

where the sum ranges over all pairs of indices (k1, k2) € {(al, az), (az, al)}. Here, on the right side,
we have used the fact that Rq(k1, ko; h, h) is nonzero only if k1 = h = ks, by arrow conservation.
By the explicit form (given by (2.1.1), (2.1.2), and (2.1.3)) for R (2), we have R,(i,5;4',j') =
q'v>i'(g+1)"Vif i’ # j/ and {i,j} = {i’, j'}, and also that R,(h,h;h,h) =0 for h € [m,m+n—1].
So, (3.1.11) follows from multiplying both sides of (3.1.12) by ¢+1, thereby implying the lemma. O

3.2. Fused Weights and the Yang—Baxter Equation

In this section we define the fused weights for the U, (;[(m|n)) vertex model and show they
satisfy the Yang-Baxter equation. To that end, we begin with the following definition for these
weights.

Definition 3.2.1. Fix L, M € Z>; and, for each index X € {4, B,C, D}, fix an (m + n)-tuple
X = (Xo,X1,..., Xingn-1) € Z;”SL” such that |[A| = M = |C| and |B| = L = |D|. Letting
¢ =(c1,c,...,cp) € M(C) and © = (dy,ds,...,d) € M(D) denote the unique sequences such
that ¢ <o <~ <epyand dy > do > -+ - > dy, define the fused weight
m+n—1

Rey(A,B;C,D) =R{"™(A,B;C,D) = Z,,(A,B;¢,D)- [] @ao (@D
i=0 A/ A

/-\
=2
—
oy
S
=2
&

where we recall that the right side is given by Definition 3.1.3.

Remark 3.2.2. Fix nonnegative integer sequences A, B, C,D € Z’;&r”*l such that |A| = M = |C|;
|IB| = L = |D|; and max{Ap, Br} < 1 for each h € [m,m + n — 1]. Further fix index sequences
¢ e M(C) and © € M(D). By Lemma 3.1.4, we have

5 " @ e (@)
3.2.1 Z,y(A,B;€,D) = ¢™(OFHEOIR, (A, B;C,D)- Lt D
(3:21) o ) o ) g) (a:9) 4, (4 9) B,
Thus, summing over all € € M(C) and © € M(D), and further using the fact that for any
X = (X0, X1,. .., Xmin-1) € ZZ" " we have

inv (%:9)
Z q (xX) _ 1X|

m4+n—1 ’
XeM(X) Hi:o (;9)x,
we deduce
min—1. . m+n—1,
Ruy(A,BiC,D) = iz _(60)a iy (0], Y Z.,(AB;CD)
(qaq)l\/[ (q,q)L CEM(C)
DeM(D)

Thus, in the case n = 0, the fused weights described in Definition 3.2.1 coincide with those given
by Definition 8.3 (see also equation (8.3)) of [9].
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Similar to in Section 2.1 for the case L =1 = M, we view the quantity R, ,(A,B;C, D) as the
weight of a vertex v whose row and column rapidities are given by = and y, respectively, with arrow
configuration (A,B;C,D). The latter point now means that, for each i € [0,m +n — 1], A; and
B; arrows of color i vertically and horizontally enter v, respectively; similarly, C; and D, arrows
of color i vertically and horizontally exit v, respectively. Unlike in Section 2.1, the case L, M > 1
allows multiple arrows to exist along vertical and horizontal edges adjacent to v; we refer to the
right side of Figure 3.1 for a depiction.

The following corollary, which follows directly from Lemma 3.1.5, shows that the weights R, ,
impose an exclusion restriction on colors i € [m,m + n — 1] along any edge.

Corollary 3.2.3. Assumen > 1; fix x,y € C; and let A,B,C,D € Zgj" denote nonnegative
integer sequences with coordinates indexed by [0, m +n — 1]. Assume that max{A;, B;} < 1 for each

i€ [m,m+n—1]. Then, R, ,(A,B;C,D) =0 unless max{C;, D;} <1 for each i € [m,m—+n—1].
PRrROOF. This follows from Lemma 3.1.5 and Definition 3.2.1. O

In what follows we will typically consider vertex models whose boundary data admits at most
one arrow of any color ¢ € [m, m+n— 1] along any edge entering the domain. Then, Corollary 3.2.3
shows that this exclusion property is retained along interior or exiting boundary edges of the domain.

The following proposition now states that the fused R, weights satisfy the Yang-Baxter
equation.

Proposition 3.2.4. Fix L, M,N € Z3; andz,y,z € C. FizI1,J1,K;,I5,J3, K3 € Z;”g“" such that
I =L=|I3, |J1] = M = |J3|, and |K1| = N = |K3|. If X}, <1 for any indices h € [m,m+n—1]
and X = (Xo, X1, .-+, Xmyn-1) € {I1,J1, K1}, then

Z Ray(I1,J13:10,J2) Ry - (K1, J2; Ko, J3) Ry - (Ko, In; K3, Is)

(3.22)

= Y Ry.(Ki, I Ky I)R, o (Ko, J15Ks, Jo) Ry (T, T2 1, J5),
12,72, K2
where both sums are over all Iy,J9, K5 € Z;”S'" with Ia| = L, |J2| = M, and |Kz2| = N. Diagram-
matically,

where states along the solid edges are fized and those along dashed edges are summed over.

ProoF. It will be useful here to introduce a gauge transformation ﬁmj(A,B; C,D) of the
Raz.y(A,B; C,D) fused weights, given as follows. Recalling the notation of Definition 3.2.1, we set

m+n—1 . i
(3.2.3) Ruy(A,B;C,D) = R, ,(A,B:C,D)- [] (4 9)e (@ D)o,

=0



Then, to establish (3.2.2), it suffices to show

> Ray@, 31315, 32) Ry o (Ki, J2: Ko, J3)R,, - (Ko, In; K, Is)

(3.24) T

= > Ry.(KiI;; Ky )R, o (Ko, J15 K3, J2)Ra (T2, J2: 15, J5),
12,72, K>

where the sum is as in (3.2.2).

To that end, by LM N applications of (2.1.5), we obtain for any fixed 3, € M(Ip,), Jn, € M(Jp),
and &), € M(Ky},), for h € {1,3}, that

5" Zay (51,3105 92,32) Za (R, 32 82, 35) Zy - (R, T 83, 0s)
J2,J2,R2

= Z Zy,z (ﬁlvjl;ﬁ%32)Zm,z(ﬁ2a31;RBvﬁQ)Zm,y(%n?%%733)7
J2,32,82

(3.2.5)

where the sum is over all sequences Jy,Jo2, &2 of indices in [0, m + n — 1]; diagrammatically,

kiii) kgii) ky) kéii)
J\% ) it iy Y i 3 L
q e - qx B N
2 @ ® JIORINC \/7;3)
(1) 2L . o2 N B2
x K — F T N
J1 LN 1{2) o g® | Y /1(3)
HO)J X /ﬁ—+—H — HON | 1'(2) NN
3 A N I I ¢ty —F-+--— X .(3)
a*y (1) PO N C) (0, (2) AN + N\Us
A NN INEL @ Zok b2 ¢
p © e oy @ NG
Y Lil) N ! y21_)L7L777f1777 /
L Y kakm QIO M
qz  z qz  z
N N

To deduce (3.2.4) from (3.2.5), we will repeatedly first g-symmetrize the inputs of the Z-weights,
thereby turning them into the Z weights of Definition 3.1.3. Then, we will use the g-exchangeability
property given by Lemma 3.1.4 (together with Definition 3.2.1 and (3.2.3)) to turn the Z-weights
into the R weights, which will give rise to (3.2.4).

. e
To that end, multiplying both sides by q”“’(g)ﬂ“"(‘J 1), summing over J; € M(I;) and J; €
M(J;), and using Definition 3.1.3 then gives
(3.2.6)
S Zay (1,30 55,32) Zo 2 (81, 303 Ro, 33) Zy 2 (R, T3 Ra, Is)

J2,32,82

i inv(5 Pl ~ ~ ~ ~
= Z qmv(?l)-i_mv(dI)Zx,y(Jh\Jl;JQaJQ)Zz,z (ﬁ17d2;ﬁ2,d3)zy,z(ﬁ2,~12;ﬁ3,J3)
J1,31,32,32,82

. . <
=S OGN (R, T4 R, 3) Za s (R, 313 R, 32) oy (52323 T3, 35),
J1,31,72,32,R2
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where we always sum over X;, € M(X},), for any indices X € {I, J, K} and h € {1,3}. Multiplying
both sides by ¢™(%1); summing over & € M(K); and using Definition 3.1.3 again then gives

ST 2, (10,3055, 30) Ze s (81,303 Ra, 38) 2y (82, 03 R, Js)

R1,72,J2,8
(3.2.7) T

e . N N “— .

= Z QIHV(J1)Zy,z(K1aIl;~R2aJQ)ZQE,Z(-R27\51;ﬁ37\j2)Zw,y(J2;J2;?3733)-
J1,92;32,82

By Lemma 3.1.5, we may restrict the sum on the left side of (3.2.7) over (Jz,J2) such that, for

each index h € [m, m+n — 1], we have that max {my,(J2), mx(J2)} < 1. Similarly, we may restrict

the sum on the right side of (3.2.7) over (J2,82) such that max {my,(J2), mn(R2)} < 1 for each

he€[m,m+n-—1].

Now, fix nonnegative integer sequences A,B,C,D € Z’;g'"_l such that |[A|] = M = |C|;
|IB| = L = |D|; and max{Ap, Br} < 1 for each h € [m,m + n — 1]. Further fix index sequences
¢ e M(C) and ® € M(D). By Equation (3.2.1) and (3.2.3), we have
(3.2.8) 2, (A, B; €, D) = g™ (@O+(D)R (A B.C,D) -mﬁ_lw

- Py S S R b (@@a(@a)s

Repeated application of (3.2.8) in (3.2.7), and also decomposing each sum over an index set
Xy in (3.2.7) as a sum over the associated nonnegative composition Xo € Zm+" and one over
X5 € M(Xy), then gives

Z ﬁw,y(ILJl; I, J2)
I5,J2,K>

> Z qmv (81)+inv( ?2 +1nv(d2 x,z(ﬁl732;ﬁ2733) o, (QQ,JQ,RS,JS)
R1,72,32,R2

Z Ry (K1, 1Ii; Ko, I)
12,J2, K2

. e e
X Z QIHV(RZHHW(J2)+IIIV(J1)Zm,z(ﬁ2731;§3752)Zm,y( 2,32;?3,33),
J1,92,32,82

(3.2.9)

where the sums over Xy range in Z"”“” and those over Xo range in M(Xs), for each X € {I, J, K};
here, we have also used Corollary 3.2.3 to sum over all X (instead of only those satisfying whose
h-th components are bounded above by 1 for each h € [m,m +n — 1]).

For fixed Xy, for X € {I,J, K} and h € {1,2,3} (whose i-th component is bounded above by
1 for each i € [m, m +n — 1]), Lemma 3.1.5, Corollary 3.2.3, Definition 3.2.1, and (3.2.8) together
yield for fixed I, Jo, Ko € {0,1}™ that

S g G (YD) 7 (R, Tai e, 3s) Zy.e (82, Tai Ry, Ts)
R1,72,32,R2

. <=
= > ™02, (K, T2 82,33) Zy (Ko, To; Rs, Ts)
(3210) J2,R2

= z qmv(&)ﬂnv(i)ﬂnv( VIR, 2 (Ki, J2; Ko, I3) Z, - (Ra, Ta; 83, J3)
J2,82

. . < . < ~ ~
= ) FV(I IR (K, Jo; Ko, J3) Ry (Ko, In; K3, I3).
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By similar reasoning,
. . . = . <
S TG 7, (R, 315 Ra, 32) Zay (92, 323 95, 3s)
(3211) J1,72,32,82
. R N e ~
= ¢ EIHNOIR, L (Ka, 313 Ks, J2) Ry (I, T2 15, J3).
Now (3.2.4), and thus the proposition, follows from inserting (3.2.10) and (3.2.11) into (3.2.9). O



CHAPTER 4

Evaluation of the Fused Weights

Observe that the fused weights R, were defined in Definition 3.2.1 as (linear combinations
of) certain rectangular partition functions with specialized rapidity parameters. In this chapter we
provide a closed form for these quantities, given as Theorem 4.3.2 below.

4.1. The U, (s?[(m)) Fused Weights

In this section we recall from [15] explicit forms for the fused weights of the U, (g[(m))—vertex

model, thereby providing exact expressions for the weights R(m "(A,B; C,D) from Definition 3.2.1
if n = 0. To that end, following Theorem C.1.1 of [12], for any x,y € C and m-tuples A =
(A1, A2, oo, A) € 28 and po= (p1, p2, - - -, im) € ZZ, of nonnegative integers, let

(4.1.1) B\ i) = N s T IPTIEY (Z) o /\/\)H

RN A Q)M—Ai ’

where we have recalled ¢ from (1.1.1).
The following proposition that was essentially originally established as equation (7.8) of [15],
but appears in its below form as Theorem 8.5 of [9], provides an explicit form for the fused weights

R{™ (A, B;C,D) if n = 0.

Proposition 4.1.1 (|9, Theorem 8.5|). Assume n = 0. Fiz integers L,M > 1 and z,y € C;

set z = 7. Let A,B,C,D € ZY, be such that [A| = M = [C| and |B| = L = |D|; set
(X0, X1, s Xm_1) and X = (X1,X2,..., Xm_1), for each X € {A,B,C,D}. Then,

R(%O (A,B;C,D) =w, (A, B;C,D), where w, 4(A,B;C,D) —wg(by )(A B; C,D) is given by

wzy(A,B;C,D) = ZID\*IB\q\A\L*ID\N11A+B=C_~_D

(4.1.2) X Z P(C—-P,C+D-P;¢" Mz ¢ M2)®P,B; ¢ L2t ¢,
P
where P = (P1,...,Ppn_1) € Zg&l is summed over (m — 1)-tuples of nonnegative integers such that

P, < min{B,;,C;}, for each i € [1,m — 1].

Let us provide an example for these weights in the case L = 1, which will later be useful for
us. In what follows, we recall for any set of real numbers (Xg, X1,...,X;) € R! and indices
0 S ) g] < ¢ that X[i,j] = Z?@:i Xk.

Example 4.1.2. Assume L = 1, and abbreviate R, ,(A,b;C,d) = Rm,y(A7eb;C7ed), for any
A,C e 2%, and b,d € {0,1,...,m —1}. Then, Proposition 4.1.1 (see also equation (B.4.1) of [12])
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becomes
(x — gMy)ghirm-y
r—qMy

(1 _ qu)qA[k:+1,m—1]x .

)

Raﬁ,y(AajaAv.]): 7 R:C,y(A7.]aA+ej_ekak):

z—qMy

(1—g%)ghurimy
z—qMy

forany 0 < j <k < M—1,and R, 4(A,b;C,d) =0 for any (A, b; C,d) not of the above form.

Rw,y(A7k§A+ek _ejvj) =

)

4.2. Special Cases of the Fused Weights

In this section we evaluate the fused weights Rgﬁm) (A,B;C,D) for general n > 0 under two
special cases. The first assumes that A, B, C,D do not share any fermionic colors, in which case
the weight is given by (4.1.2), as in the n = 0 situation; the second assumes that L = 1, in which
case the weight is given by a modification of those in Example 4.1.2.

Lemma 4.2.1. Fix x,y € C and integers L,M > 1. Let A,B,C,D ¢ Z’;&r”, whose coordinates
are indezed by [0,m +n — 1]; assume they satisfy |A| = M = |C| and |B| = L = |D|. If there does
not exist any index h € [m, m+n—1| such that max{Ay, By,Cp,Dp} > 1, then Ry 4,(A,B,C,D) =
wa,y(A, B, C,D), where we recall the weight wy , from (4.1.2).

PrOOF. Recall from Definition 3.1.1 the partition function ZJ(ETZ;"). By Definition 3.1.3, Defi-
nition 3.2.1, and Proposition 4.1.1, it suffices to show Zg(gfry”") (2A,8;¢,9) = Z§g+n;0)(2l,§3;€,©),
for any A € M(A), B € M(B), € € M(C), and ® € M(D). To that end, observe since there
does not exist any h € [m,m + n — 1] such that Ay, By, Ch, Dy, > 1, there does not exist any
arrow configuration (v; j,u; j; Vi j+1,Ui+1,;) on the right side of (3.1.1) in the expansion of ZJ(C?;;”)
that is of the form (h, h;h,h) for some h € [m,m +n — 1]. Thus, by Remark 2.1.1, we have that
Rgm;")(vi7j,ui,j;vi7j+1,ui+1,j) = Rgm+n;0) (vi,j,ui7j;vi7j+1,ui+17j) for any such vertex weight ap-
pearing there. Inserting this fact into (3.1.1) then yields Zg(ctzm) (2A,8;¢,9) = Zg(cfern;O)(Ql, B; ¢, D),
which as mentioned above implies the lemma. O

Now let us evaluate the fused weights R, ,(A,B;C,D) in the case L = 1. Letting B = e, and
D = e, for some indices b, d € [0, m+n—1], this is done by Lemma 4.2.1 unless b = d € [m, m+n—1]
and A, = Cp = 1. This remaining situation is addressed through the following lemma.

Lemma 4.2.2. Fiz x,y € C and an integer M > 1. Let A € Z;“S‘" satisfy |A| = M, and
denote A = (Ag, A1,..., Amin—1); assume that A; < 1 for each index i € [m,m +n —1]. If
h € [m,m+n— 1] is such that A, =1, then

: — gAnttmin-y Y "I
Ray(Aen; A, ep) =g-itmt ”m~
PROOF. Let A = (ay,as,...,apn) € M(A) denote the sequence of indices in [0, m +mn — 1] such

that apy = h and a; < ag < --- < ap—1. Then Definition 3.2.1, Definition 3.1.3, and Lemma 3.1.4
together imply that

(4.2.1) Ray(AeniArey) =q ™ N @z (b h).
A e M(A)

Expanding Z, , (', h; 2, h) as on the right side of (3.1.1), and then using arrow conservation, the
fact that a; # h for any j < M, and induction on M —i, we deduce that each nonzero vertex weight
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FIGURE 4.1. Shown above is a diagrammatic interpretation for (4.2.3).

R, (vi1,ui1;vi2,uit1,1) there is associated with the arrow configuration (a;, h;a;, h); we refer to
Figure 4.1 for a depiction. Thus, only the 2’ = 2f summand on the right side of (4.2.1) is nonzero,
which yields

(4.2.2) Raey(Asen;Asen) = Z, (A, h; A h).
Further let 2 = (a1, as, . ..,ay—1) denote the (M — 1)-tuple obtained by removing the last entry of
2(. Using the fact that the rightmost arrow configuration (vas,1,%n,1; Va2, Uar+1,1) in the expansion
of Zy (2, h; A, h) given by the right side of (3.1.1) is (h, h; h, h) (since aps = h), we find that
(4.2.3) Z (U, 12, 1) = Zip 4y (A, 1A, R) Ry (B By By ).

Letting Ac ZZJ" be such that 2A € M(A), we have that h ¢ 2 since A, =1 and ap = h.

Thus, arrow conservation again implies that, in the expansion of Zz,y(gl, h;ﬁ, h) as on the right
side of (3.1.1), each arrow configuration (v;1,u;1;v;2,%i+1,1) is of the form (a;, h;a;, h). Thus,
similarly to in (4.2.2), we find by Definition 3.2.1, Definition 3.1.3, and Lemma 3.1.4 (and also the
fact that inv (’Qvl) = 0) that

Zoay @A R) = 3 @™ Z, 0 (W 1A R) = Ra gy (A, en: A ep).

WEM(A)
Inserting this into (4.2.3) and using the identity (from (2.1.3)) that R, /,(h,h;h, h) = % yields
(424) Ra:,y(Avh;Aa h) = R%Qy(‘g’eh;l&’eh)y — qx'
r—qy

Now observe, upon denoting A = (;10, gl, ceey gm_m_l), we have that /~1h = 0. Thus,
Lemma 4.2.1, Proposition 4.1.1, and Example 4.1.2 together imply that
XX A T —qy A T —qy
Rz A, h; A’ h — qA[h+1.m+n—1] =q [h+1,m+n—1] .
7qy( ) (E—ny x_q]VIy
Inserting this into (4.2.4) then yields the lemma. O

4.3. General Fused Weights

In this section we evaluate the general fused weights R, ,(A,B; C,D) through Theorem 4.3.2
below. This was done in Lemma 4.2.1 assuming that A, B, C, D do not share any fermionic colors.
If instead these four sequences share a fermionic color h € [m,m+n — 1], then the following lemma
provides a recursion for the weight R, (A, B; C,D) that proceeds by removing a shared fermionic
color h from B and D.



Proposition 4.3.1. Fizz,y € C and L,M € Z>;. Let A,B,C,D € Z;”J", whose coordinates are
indezed by [0,m + n — 1]; suppose they satisfy |A| = M = |C| and |B| = L = |D|. Assume that
max{A;, B;} <1 for each index i € [m, m+n —1] and that there exists an index h € [m, m+n —1]
such that Ap, = By, = Cy, = Dy, = 1. Letting X=X- ey, for each X € {B, D}, we have

y—qla

. — gAh+1men—
Rl’,y(Ava CaD) = gty qL_laj _ ny

R.y(A,B;C,D).
ProOF. By Definition 3.1.3, Lemma 3.1.4, and Definition 3.2.1, we have for any fixed € €
M(C) and ©® € M(D) that

(4.3.1)
m+n—1

—inv —inv(€ q;9)A;\4:4)B; § inv inv
Rx’y(A,B;C,D) =4q (S) © H HE))B : q )+ (g)Za:,y(m7%7€7©)
i—0 q;9)c;\4;49)D; ASM(A)
BeM(B)

For each X € {B, D}, let X = (x1,22,...,21) and X = (z1,22,...,21—1). Then, we have by the
definition of Z, , (in particular, the first statement of (3.1.2)) that

Zoy(,B;€,D) =D Zp (U, B33,9") Zyr-14,, (3, b1 €, dr),
J

where the sum is over all sequences J = (i1,143,...,4p) of indices in [0, m +n — 1]. Inserting this
into (4.3.1) yields
(4.3.2)
" g @)e (@ a)p
R.,(A,B;C,D)- My H)C T 4/ Di
! 11) (@ 0)a, (30,
m+n—1

=q inv(%)—inv(@) Z Z Z qinv(Q()-i-inv(%)

AeM(A) br=0 BreM(B-ey,)

XY Zay (A, B9,9) Zyr-14,(3,br; €, dL)
J

) ) m4+n—1
g inv(D)—inv(€) ST PN Zn, (3,6 € dy)
br,=0 3
. v ~ ~
> Z Z qlnv(ﬂ)erv(‘B )Zz,y (2[7 %/; 3, @/)
AEM(A) B'eM(B—ey, )
m+n—1
=q inv(%)—inv(ﬁ) Z qB[o,bL—l]
br,=0
XY Zyrrgy (3,615 €,dL) 20y (A B —e,,;3,D),
3

b
where in the last equalities we used the identity inv (%’ ) = inv(%) — Bjo,p,—1) and applied Defini-

tion 3.1.3.



Now, let us suppose that © € M(D) is such that d;, = h. Since max{A;, B;} < 1 for each
j € [m,m+n — 1], we have by Lemma 3.1.5 that Zw,y(A7B - ebL;ﬁ,BD’) = 0 unless I, < 1, where
I=(_IlyhLi,....,I;n4n-1) € Z;”Sr" is such that 3 € M(I). Furthermore, since d;, = h and h € €
(as Cp, = 1), we have by arrow conservation that Z;z-1,,(3,br;€,dr) = 0 unless I, =2 — 1, —p.
Thus, for both of these quantities to be nonzero, we must have that by, = h, and so B — e, = B.
Again by arrow conservation, this implies that I = C for Z, ,(3J,b1;€,dr) = Z; (3, h; €, h) to be
nonzero. Inserting these facts into (4.3.2), we deduce that
" (@ )e(a9)
Ray(A,B;C,D)- RVASIAN LR VAR
ol ) 11 (@:0)4,(6:9) B,
— By =inv(D)—inv(€) > Zyoa,,(3,0€ 02, (A, B;3,9)
JeM(C)
(433) _ qB[Oyh,l]—inv(§)+inv(§)R (A f)) C ]5) . mﬁ_l ((]; Q)Ci (Q§ Q)Dz‘
meemT it (@ad)a(aa)s
« Z qinv(J)finv(G) Zqulac,y (j, h; €, h)
JeM(C)
m—+n—1

Blon_1)~D = oD (¢:9)ci (43 9) D,
= g~ 101 0,h=11R, , AB;C, DR,z (C,eh;C,eh) . —_— .

o JRopra 1}) (4:9) 4. (4 9) B,
Here, in the second equality we applied Lemma 3.1.4 and Definition 3.2.1, together with the facts
that B, = 1 = Dy, and that the h-th coordinates of B and D are equal to 0. In the last, we applied

%
those two statements, Definition 3.1.3, and the identity inv(®D) = inv (D') + Djg 1) (as d, = h).
By Lemma 4.2.2, we have that
L

y—qz
4.34 Roi-1, ,(C,epn; Crep) = qc[h""l*m‘*'"_l]i.
(4.3.4) - ) Py T

Since arrow conservation and the fact that B, = 1 = D), together imply that R, ,(A,B;C,D) =
0="TRay (A, B; C,D) unless

At 1,man—1 — Bio,n—1 = Apps1,man—1 + Bistman—1 — L+ 1
= Clhsrt,min—1] t Diprman—1) — L+ 1= Chy1min-1) — Dpo,n-1)>

the proposition follows from inserting (4.3.4) into (4.3.3). O

Repeated application of Proposition 4.3.1 reduces a general fused weight R, ,(A,B;C,D) to
one satisfying the conditions of Lemma 4.2.1; this gives rise to the following theorem.

THEOREM 4.3.2. Fix x,y € C and integers L, M > 1. Let A,B,C,D € Zggr", with coordinates
indezed by [0, m +n— 1], satisfy |A| = M = |C|, |B| = L = |D|; suppose that max{A;, B;} <1 for
each index j € [m,m +n — 1].

(1) If max{C;, D;} > 2 for some index j € [m,m +n — 1], then R, ,(A,B;C,D) = 0.
(2) Otherwise, define V.= Vo, Vi,...,Vinin—1) € {0,1}F" by setting V; = 0 fori € [0,m—1]
and V; = min{A;, B;,C;, D;} for j € [m,m+n —1]; let v = |V|; and recall wg(E,Ly;M) from
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(4.1.2). Then, denoting z = ¢, we have

L—v+1 .
Ruy(A,B; C,D) = (—1)7qEnvu=1 Attt =M (((]‘IL_M_UZ?;

x w7 M(AB-V;C,D-V).
PROOF. The first statement of the theorem follows from Corollary 3.2.3, so it remains to

establish the latter. To that end, observe by applying Proposition 4.3.1 v times (once for each
h € V|, in increasing order) that

(4.3.5)
A P e
R:L‘,y(A, B; 07 D) - Rm7y(A7 B - V, 07 D - V)qzh:vh,zl (ht+1,m+n—1] H qL—j—lx — ny
j=0
(1) AR A B veD V) [ L
=(-1)"q 2y(A,B—-V:C,D — )Hl—qL——M—J—lz

J=0

By Lemma 4.2.1, we have that R, ,(A, B — V;C,D — V) =, "™ (A, B~ V;C,D - V), since
min{A;, B; —V;,C;,D; —V;} =0 for each j € [m,m+n — 1]. Inserting this into (4.3.5) yields the
theorem. 0
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CHAPTER 5
The U, (s?[(l]n)) Specialization

In this chapter we give analytic continuations for the m = 1 specializations of the fused weights
Ri’f;j") from Definition 3.2.1 and provide a color merging result for them.

5.1. The U, (;[(1|n)) Weights and Analytic Continuation

In this section we consider the m = 1 specializations of the fused weights R, , from Defini-
tion 3.2.1; this corresponds to the case when one arrow color is bosonic and the remaining ones are
all fermionic. The following definition provides a family of vertex weights W, which we will show as
Proposition 5.1.3 below are analytic continuations (in ¢ %% and ¢ M/ 2) of these specialized fused
Ra.y(A,B; C,D) weights if each fermionic color appears at most once in A and B.

In what follows, we recall the function ¢ from (1.1.1).

Definition 5.1.1. Fix an integer n > 1; complex numbers 7, s,z € C; and n-tuples A,B,C,D €
Z%,. For each index X € {A, B,C, D}, denote X = (X1, Xz,...,X,) and set |X| = z. Further
define V.= (V1,V3,..., V) € ZY, by setting V; = min{A;, Bj,C;, D;} for each j € [1,n], and
let |[V|]=v. fA+B=C+D and A,B,C,D € {0,1}", then define W,(A,B;C,D | r,s) =
wili™(A,B;C,D | r,s)

(5.1.1)

1—v,.—

2,. 2.
W, (A, B;C,D | r S) _ (_1)1}deb,r,2572aS2dq<p(D7V,C)+Lp(V,A)7¢w+c7j (q 2T 22, Q)U (T27 q)d
(q70s*r=22;9)0 (r%5q)

min{b—v,c—v} _ _ _
_ (¢ 220)c—p(@"7%2 715 @)p (2 Qp—p—v (227
(822; Q)C-i-d—p—v

x 3 #(B-D-PP)
P

where the last sum sum is over all n-tuples P = (P, P,,..., P,) € {0,1}" such that |P| = p and
P; < min{B,; — V;,C; — V;} for each i € [1,n]. Otherwise, set W,(A,B;C,D | r,s) = 0.

p=0

Let us provide several examples of these W, weights that will be useful for us later.

Example 5.1.2. Recall the notation eg = (0,0,...,0) € Z" and ey ,,) = (1,1,...,1) € Z". For
any r, s,z € C, we have that

7 (2 Q)n
Wz(e07e0;e0ae0 | Ty 5) =1 Wz(e07e[1,n];907e[1,n] | 7”,8) = (82(2’(](]));
(5.1.2) ) s (r2z*1'q)n o
W, n)» n); n)» n ) = - R PO
(O11,m, €pumgs eit,mps €y | 758) = (57r752)" T s
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Indeed, each of the three weights in (5.1.2) are of the form W.(A,B;C,D | r,s), with C =V
(where, as in Definition 5.1.1, V denotes the n-tuple obtained by taking the entrywise minimum
of A, B, C, and D). Thus, the sum over P on the right side of (5.1.1) is supported on the single
term P = ep, from which one quickly deduces (5.1.2). Through similar reasoning, generalizing the
first two statements of (5.1.2), we have for any B € {0,1}" with |B| = b that

52 (z;q)
(SQZ;CI)b '

For any r,s,z € C and n-tuples A,B,C,D € Z%,, we define a normalization of the weight
W.(A,B;C,D | r,s) from Definition 5.1.1, given by

(5.1.3) W.(eo,Bieg,B | r,s5) =

ot (32Z§Q)n
1.4 W.(A,B;C,D = =
(5 ) Z( I | T7S) Szn(ZQQ)n

Observe in particular by the second statement of (5.1.2) that

W.(A,B;C,D | rs).

o~

(5.1.5) W, (eo,e[lyn];eo,e[lyn] | 7, s) =1.

Similarly to in Section 2.1, we interpret W,(A,B; C,D | r,s) (or WZ(A, B;C,D | r,s), depend-
ing on the context) as a vertex weight in the following way. As there, a vertex v is the intersection
between two directed transverse curves ¢; (typically oriented east) and ¢5 (typically oriented north),
but now associated with each curve is an ordered pair of rapidity parameters. Let the one associated
with ¢; be (x;r) and that associated with ¢5 be (y;s). The spectral parameter associated with the
vertex v is then given by the ratio' .

Each of the four edges (segments of the curves ¢; and ¢3) adjacent to v may accommodate arrows
of colorsin {1,2,...,n}. Let A;, B;, C;, and D; denote the numbers of arrows of any color i € [1, n]
that vertically enter, horizontally enter, vertically exit, and horizontally exit v, respectively. As in
Definition 5.1.1, define X = (X1, Xo,...,X,,) for each index X € {4, B,C, D}. We will assume in
what follows that A,B,C,D € {0,1}", so that each edge accommodates at most one arrow of any
given color (that is, all colors are fermionic). We will additionally impose A + B = C 4+ D, which
is a form of arrow conservation. The quadruple (A, B; C,D) is the (fused) arrow configuration at
v, and we interpret W, ,,(A,B;C,D | r,s) (or /V[Zg/y(A, B;C,D | r,s)) as the weight of this vertex
v. We diagrammatically depict such vertices as on the left side of Figure 5.1.

Observe that, unlike in Chapter 2, in Definition 5.1.1 we do not impose either |A| = |C| or
|B| = |D|, and we do not count arrows of the originally bosonic color 0 (which we might view as
“empty”). Still, as the following proposition indicates, if r and s are negative half-integer powers of
q, then the W, weights can be matched with the R, weights from Definition 3.2.1 under a change
of variables.

Proposition 5.1.3. Fiz integers n > 1 and L,M > 1. Let A;B,C,D € Z’;}l and, for each
index X € {A,B,C,D}, set X = (Xo,X1,...,X,) and X = (X1, Xs,...,X,). If A,B € {0,1}",
|A| = M =|C|, and |B| = L = |D|, then

R{SV(A,B;C,D) =W,/ (A,B,C,D | ¢ "/ ¢ M2,
where the Wx/y weights are given by Definition 5.1.1.

LObserve that this is slightly different from in Section 2.1, where the spectral parameter was instead given by

8 e
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FIGURE 5.1. A fused vertex is shown to the left. The diagrammatic interpretation
of the Yang—Baxter equation for the W, weights is depicted to the right.

PROOF. If either A + B # C + D, C ¢ {0,1}", or D ¢ {0,1}", then Theorem 4.3.2 implies
that R, (A, B;C,D) = 0, and so Definition 5.1.1 implies R, ,(A,B;C,D) = W, ,,(A,B; C,D).
Hence, let us assume in what follows that A + B = C + D and that C,D € {0,1}". Define
V = (Vo,Vi,..., V) € {0,1}" ! by setting Vy = 0 and V; = min{A;, B;, C;, D} for each j € [1,n];
we also let V = (Vi,Va,...,V,) € {0,1}" and, for each index X € {A, B,C,D,V}, we set |X| = .

Then, recalling the definition of w, , from (4.1.2) and setting z = %, we find that

(5.1.6)
wmvM (A B —V,C,D - V)

min{b—v,c—v}

_ Zd—bqa(L—v)—(d—v)M Z (¢

p=0

L—M-—v —L

20)e—p(0" 5 Q-0 (V27 @) p (25 Qp—v—p
(@M29) etd—v—p ("L q)p—0

x g(L=v)(P=c) ,p Z qw(f)—vyé—f’)ﬂp(l?—v—f’,lv’)’

P

where P = (P, P,,...,P,) € {0,1}" is summed over all n-tuples such that |[P| = p and P; <
min{B; — V;,C;} = min{B; — V;,C; — V;} for each ¢ € [1,n] (and the last equality holds since
Vi #0only if A, = B; = C; = D; = 1). Here, we have used the fact that all factors of the form
(6:9).—v.(G D)5, (695 _v,_p, and (901D, —vi— P (69 D, v, (¢ D, p, are equal to 1. Indeed,
these follow from the facts that B; — V;,C; + D; — V; € {0,1}; the first holds since A;, B;,C;, D; €
{0,1} and the latter holds since C; + D; > 2 implies A;, = B, =C; =D; =V, =1 (as A; + B; =
C; + D; and A;, B;,C;, D; € {O, 1})
Inserting (5.1.6) into Theorem 4.3.2 yields

L—v+1,.
. _ b ga(L=0)=(d=0)M (_1y0 S nevy -1 s —Mo (2000
Ray(A,B;C, D) = 27 7¢I (1) g =y T (M2 q)a
min{b—v,c—v} VR _ _ _
y (" M2 @)e—p(@" " @a—w (6" 27 0)p(2Qb—v—p
(M2 @)etd—v—p (@ Qoo

p=0

x ¢(L=v)(p=c) ,p Z qsa(15—\v’7(3)+<ﬂ(1§’»—15—FV’VT:’)7

P
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where we have also used the bilinearity of the function ¢ from (1.1.1). Further using the facts that
Y ohivi—1 Alhgim) = ©(V,A) and that ¢* = r=2 and ¢™ = 572, we deduce that

. d—b,.—2a 2d v _o(V,A)—av (qlivri2z; q)v

Rx,y(A7B,C,D) =z T S (—1) q m

min{b—v,c}

S (%7225 0)e—p(0°1% @) a—v (¢°7%2 715 9)p(25 @) p—p—v
(225 q) e+ d—v—p (¢71%q)b—v

x p2e=2pgv(c=p) ,p Z q90(15—\7,é)+s@(13—15—f’,15))

p=0

P

which yields the proposition in view of (5.1.1). |

The following proposition states that these W, weights satisfy the Yang—Baxter equation; we
refer to the right side of Figure 5.1 for a depiction.

Proposition 5.1.4. Fiz an integer n > 1 and z,y,z,7r,s,t € C. For any I,,J,,Kq,15,J3, K3 €
{0,1}", we have that

(5.1.7)
Z Wa (@, J13 10, Jo | 7, 85) W, ) (K, Jos Ko, I3 | 7, )W, (Ko, Ip; K, I3 | s, 1)
I5,J2,K>

= Z Wy/z(K17II;K27IQ | 87t)Wz/z(K27J1;K3uJ2 | T, t)Wz/y(I%JZ;ISaJ?) | T,S),
I3,J2,K>2

where both sums are over all I, Jo, Ko € {0,1}™.

PROOF. Observe by the explicit form (5.1.1) for W that, for fixed I,J;,K1,1I5,J3, K3 € {0,1}"
and nonzero x,y, z € C, both sides of (5.1.7) are rational functions in r, s, and ¢. Thus, it suffices
to verify (5.1.7) assuming that there exist integers L, M, N > [I|3+|J3| 4 |K3| such that r = ¢~ %/
s=¢q M/2 and t = ¢~ V/2. We may further assume that I; +J; +K; = Is+J3+Kjs, for otherwise
both sides of (5.1.7) are equal to 0, by arrow conservation.

Define I},J7, K}, 15,35, K5 € Zggl by setting I), = (L — |Ih|,Ih), = (M — \Jh|,Jh), and
K), = (N — |[Ky|,K}), for each h € {1,2,3}. Then, Proposition 3.2.4 implies that

> Ray (T, 35515, IRy - (K, I Kb, I5)R,, - (Kb, Ty; Kb, 1))
15,75, K5

= Z Ry,z(Kll’Ill;K/271,2)R$,Z(K/2’ ,1;Kg’)aJé)Rway(I%J?;Ii’nJii)v
1,,J4, K/,

(5.1.8)

where both sums are over all Iy, J5, K}, € Z;gl such that [I5| = L, |J5| = M, and |Kj5| = N. Since
I;,J,,K; € {0,1}™, the first statement of Theorem 4.3.2 implies that we may instead sum both sides
of (5.1.8) over those I, J5, K/, satisfying the above conditions and also that i;,j;, K; e {0,1}™,
where X = (X1, Xo,..., X,,) for any X = (Xo, X1,...,X,) € Zggl. Then, since :v[/h =1, j/h =Jy,
and K;L = K}, for each index h € {1, 3}, Proposition 5.1.3 and (5.1.8) together imply (5.1.7). O
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E;

FIGURE 5.2. Shown above is an east-south domain with boundary data.

5.2. Fused Color Merging

In this section we establish a generalization to the fused setting of the color merging procedure,
given by Proposition 2.3.1 in the case of fundamental weights. Throughout, we recall from Sec-
tion 2.2 the notions of east-south paths and domains. We will once again consider vertex models on
these domains, but with the difference that they will now be fused, in that paths may share edges.

To describe this in more detail, we first introduce the fused versions of the notation from
Section 2.2. To that end, let D = D(p,p’) C Z? denote an east-south domain, whose boundary
paths p and p’ are of length k. A (fused) path ensemble on D is a consistent assignment of a (fused)
arrow configuration® (A(v),B(v); C(v),D(v)) to each vertex v € D; the consistency here means
B(u) =D(v) if u—v = (1,0) and A(u) = C(v) if u—v = (0,1). Arrow conservation A+B = C+D
implies that any path ensemble may be viewed as a collection of colored paths, which may cross or
share edges; the condition A, B, C,D € {0,1}" indicates that two paths of the same color cannot
share edges (but paths of different colors can).

For any (k+1)-tuples € = (Eq,Ez,...,E4q1) and F = (F1,Fa,...,Fr41) of elements in {0,1}™,
a path ensemble has boundary data (&;F) if the following holds for each ¢ € [1,k+1] and h € [1,n].
An arrow of color h enters through the i-th incoming edge in D if and only if the h-th coordinate of
E; is 1, and one exits through its i-th outgoing edge if and only if the h-th coordinate of F; is 1. We
refer to € as entrance data on D and F as exit data. For example, if red, blue, green, and orange
are colors 1, 2, 3, and 4, respectively, then Eg = (1,1,0,0) and F5 = (0,1,1,1) in Figure 5.2.

The following definition provides notation for the partition functions of a vertex model with
given boundary data, under the fused weights W, from Definition 5.1.1.

Definition 5.2.1. Let D C Z? denote an east-south domain. For any boundary data (€;JF) on D
and any sets of complex numbers z = (z(v))vep, r= (r(v))vep, and s = (s(v))vep, define

Wy e sz rs) =Y [] Wew (A(), B(v); C(v), D(v) | (v), 5(v)),
veED

2Throughout the remainder of this text, nearly all arrow configurations and path ensembles will be fused, so we
will typically not mention this explicitly in what follows.
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where the sum is over all (fused) path ensembles on D with boundary data (€;F). We further set
Wémm)(& F|z|r,s) =0 if there exists some E; € £ or F; € F not in {0,1}".

To state the color merging result, we further require an inversion count, similar to (2.3.1)
in the fundamental case. For any k-tuple J = (I,Is,...,I;) of elements in {0,1}", with I; =
(Ihj, I, .-, In,j) € {0,1}™ for each j € [1,k], and any integer interval J C [1,n], define

(5.2.1) inv(J; J) = Z Z locsLpes Iy nla ;-
1<h<j<k 1<a<bsn
Observe if J = {1,2,...,n}, then inv(3;J) = 37, <}, ;< ¢(I;, In), where ¢ is given by (1.1.1).
Next, recall the notion of interval partitions from Section 2.3, and fix one J = (Jy, Jo, ..., Jy)
of {1,2,...,n}. Define the function Jy : Z%;, — Zéo by setting

V(1) = ( DI Y In Y Ih>, for any I = (I, Is,...,1I,) € {0,1}".
heJy heJz heJ,
Similar to the function 6 defined in Section 2.3, ¥/; identifies all colors in any J; and renames them to
color i. For any sequence J = (I, Iy, ..., Ix) of elements in ZY, let 9(J) = (V1) 9(Xz), ..., 0(Ix)).
We now have the following theorem providing color merging for the fused U, (5AI(1|n)) model.
Observe here that since the number of bosonic colors is m = 1, we do not symmetrize over the exit
data for the model, as we did in Proposition 2.3.1 for general m.

THEOREM 5.2.2. Fiz integersn > n' 2 1, and k > 1; an east-south domain D = D(p,p’) with
boundary paths p and p’ of length k; and sets of complex numbers z = (z(v))vep, r= (r(v))vep,
and s = (s(v))veD. Let J = (J1, Ja, ..., Jn) denote an interval partition of {1,...,n}, and let &€ =
(E1,Eo,...,Ep1q) and F = (F1,Fa,... , Firy1) denote sequences of elements in {0,1}™ constituting
entrance and exit data on D, respectively; assume that 93(E;) € {0, 1}”, for each i. Then,

(5.2.2) ZWZ()L”)(E;? |z|r,s) H(_l)inV(S;Ji)—inV(g:§Ji) — ng )(ﬁj(g);ﬁj(?) |z | r,s),

& i=1

n

where the sum is over all sequences & = (By, By, ..., Ery1) of elements in {0,1}™ such that 93(&) =
Iy(€).

PRrROOF. Throughout this proof, we will assume that |D| = 1 since, given this, the proof in
the general case follows from an induction very similar to the one implemented in Section 2.4
(alternatively, one can use the same method as applied in the proof of the Yang-Baxter equation in
Proposition 3.2.4).

Then letting D = {v}, the sets z, r, and s each consist of one element, abbreviated by z = z(v),
r = r(v), and s = s(v), respectively. Hence, recalling & = (E1,E3) and F = (F1,F5), we have for
any entrance data & = (E1,Ey) on D that ng)(é;? | z | r,s) = WZ(1§”)(E27E1;F1;F2 | 7, 8)
and WS (95(8);95(F) | z | v,8) = W) (95(Ba), 93(E1); 93(Fy),95(Fs) | r,5). The explicit
form (5.1.1) for W implies, for any fixed boundary data (&;F) on v, that both sides of (5.2.2) are
rational in r and s. Thus it suffices to verify (5.2.2) assuming r = g /2 and s = ¢~ M/2, for some
integers L, M > n.

Next, we use Proposition 5.1.3 to express both sides of (5.2.2) in terms of the weights R, 1 from
Definition 3.2.1. To do this, let J' = (Jy, J1,. .., Jnr) denote the interval partition of {0,1,...,n}
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obtained by appending the singleton Jy = {0} to J. As in the proof of Proposition 5.1.4, define

- /27E1,E27F’17F’ Zﬁgl, with entries indexed by [0,n + 1], by setting X' = (L — |X|,X)
for each index X € {FE),F),F,} and X' = (M — |X][,X) for each X € {Es, Ey, F1}. Then,
Proposition 5.1.3 implies

W (B, Ey; Fy, Fa | 7, 5) = R(l ”)(E27E1,F’1,F2)
Wz(m/;n/) (ﬁJ(Eg),'ﬁJ(El); 19.]](F1),'19J(F2) I T, 8) 'R,(l n )(ﬂJ, (E/Q), ﬁJ/(E/l), ﬁj/ (F/l)’ ’l9J(F/2))

Moreover, recall the rectangular partition function Zg(cfZ’n)(Ql,%; ¢, D) from Definition 3.1.1, and
observe by Definition 3.1.3, Lemma 3.1.4, and Definition 3.2.1 that

R (A, B; C, D) _mﬁ_l (:9)c.:(4:9)ps
Ty AT o (@aa (g 9)s,
_ mV(S) inv(€) Z Z 1nv(‘2l)+inv(§)z§;}?;n)(m7%;€7©)7
ACM(A) BEM(B)

(5.2.3)

for any fixed complex numbers z,y € C; integer sequences A,B € {0,1}""! and C,D € Z’;gl, with
coordinates indexed by [0,n]; € € M(C); and ® € M(D). Hence, to establish (5.2.2) we must
show that?

n

>/ : <V—/ n), % - G B .
Z Z Z qmv(€2)+1nv(€1)Z§71i )(6/2, /1; 3/17 32 H 1nV(S,Ji)—1nv(?,J¢)
& & ¢

i=1

_ Z Z qlnv @”)erv (év’)Z(l n )( QEH // /21)7

@/I @”

(5.2.4)

where we sum & as in (5.2.2); &, over M(El) &, over M(Ez) ¢! over M(Jy(E})); and ¢
over M(ﬂj/(E’z)). Here, §) € M(F’), 5 € M(Fy), 3/ € M(ﬂJ/(Fl)), and §} € M(ﬂJ/(F’Q))
are fixed by the condition inv(X) = 0 for each X € {§, %’2, 7 %’2’} Recalling the function 0y
from Section 2.3, this ensures that 6y (F:) = F7 for each i € {1,2}, since X’ € M(X') implies
0y (X') € M(9y(X")) for any sequence X’ of indices in [0, n] and any X € Z;gl.

To establish (5.2.4), we will apply Proposition 2.3.1, using the fact that the Z, ; on both sides of
(5.2.4) are partition functions (as in Definition 2.2.1) for a fundamental U, (f?[(l In)) six-vertex model
on the rectangular domain D’ = [1, M]x [1, L] C Z*. To implement this, let us fix ¢/ € M (Jy (E}))
and €§ € M (9 (Ej)). Then the m = 1 case of Proposition 2.3.1 yields
(5.25) ZZ“ (&, €08, §) [L(-1)m €@ = 700 (e, e 81, ),

i=1

v

where & = (&), ) is summed over all sequences of indices in [0, 7] such that 0y (&) = & for each
i € {1,2}, and we have set §' = (F,T%5) (which satisfies 0y (F') = §”, as mentioned above).

3Fix an index X € {E), E}, F|,Fy}; let X = ()“(O,)“(l,...,)? ); and let Y = (Yo, Y1,...,Y,) = 9y (X). Then,
it is quickly verified since ¥ (X) =9y (X) =Y € {0, 1}" that [T (g; q) = H?;O(q, q)y;- In passing from
(5.2.3) to (5.2.4), factors of this type were canceled on both sides.
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We next match the powers of —1 and ¢ in (5.2.4) and (5.2.5), to which end we claim for any
€ [1,n/] that
(5.2.6)
. o 4 Y v
inv(€)) = inv(€4); inv (€)) =inv (&); inv(E;J;) = inv(E';J;);  inv(F; ;) = inv(F'; J;).

-
Given (5.2.6), (5.2.4) follows by multiplying (5.2.5) by g (&) +inv(€]) qinv(e;’)+in\’(§?) and sum-
ming both sides over each ¢/ € M (U (E})). Indeed, the left side of (5.2.4) is summed over
€ = (By, Ey) and & with each 95(E;) = 93(E;) (equivalently, 0y (E,) = 9y (E})) and & € M(LE,).
Since X’ € M(X') implies 0y (X') € M(Jy(X')) for any X’ and X', this is equivalent to first
summing over each €, with 0y (€)= €/ for fixed ¢/ € M (9 (E;)) and then over each such €.

Now let us establish (5.2.6). To that end, observe since each &, € M(E;) and Y(Ey) = 9(E,) €
{0,1}" that |€, N .J;| < 1 for each i € [1,n/]. Thus, applying 05 to €, does not change the relative
ordering of its nonzero elements, which yields inv(&,) = inv (ejl(éé)) = inv(€})). This verifies the
first statement of (5.2.6); the proof of the second is entirely analogous and therefore omitted.

To confirm the third, observe for any i € [1,n'] that

inv(é’; Ji) = inV(ulﬁ Ji) + inv(éfé; Ji) + Z Z Lasolacs loey,

ac be e,
= E E 1a>b1a€Jz' 1b€Ji = E E 1a>b1aEJ¢1b€J¢: = inv(g; Jl)
ac®) be &) a€€y bedy

Here, to deduce first equality, we used (2.3.1); for the second, we used the fact that each inv(éﬁl; Ji) =
0 (again since |é’h N J;| < 1); for the third, we used the fact that each é’h N.J; = €, N.J; and for
the fourth we used (5.2.1) and the fact that each &, € M(Ey). This confirms the third equality
in (5.2.6); the proof of the fourth is omitted since it is very similar. This establishes (5.2.6), thus
implying (5.2.4) and hence the theorem. a
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CHAPTER 6
Transfer Operators

In this chapter we use the W, (and /WZ) weights from Definition 5.1.1 (and (5.1.4)) to define
the actions of certain operators on a vector space; this will be used later in Chapter 7 to define and
analyze properties of certain families of (symmetric) functions.

6.1. Single-Row and Double-Row Partition Functions

In this section we provide properties for partition functions of vertex models under the W, or
W. weights (from Definition 5.1.1 and (5.1.4), respectively) on domains consisting of one or two
rows. This will later be useful in Section 6.2 to define certain operator actions on vector spaces.
To that end, we begin with the following definition for the single-row partition functions.

Definition 6.1.1. Fix an integer M > 1; complex numbers z,r € C; and finite sequences y =
(y1,92,---,ynm) and s = (81, 82,...,85) of complex numbers. For any elements B € {0,1}" and
D € {0,1}", and sequences A = (A1, Aq, ..., Ap) C {0,1}" and € = (Cy,Ca,...,Cys) € {0,1}",
define the single-row partition functions

M
Wy (A, B;CD | ry8) =Y [ [ Wayy, (Ai, i Ci, Jiga | 7, 9);
(6.1.1) a i;
/WI;Y(‘AaB;e7D | T, S) = ZH/W\z/yi(AiaJi;CiyJi-&-l | T, S)a
g 1=1

where both sums are over all sequences J = (J1,J2,...,Jar41) C {0,1}" such that J; = B and
Jar+1 = D; by arrow conservation, both of these sums are supported on at most one term.
These quantities can also be defined when M = oo, in which case we set

Way (A, B;€,D | r,8) = > [ Wayy, (A, 355 Ci, Jiga | 7, 80);
(6.1.2) ¢
Wm;y(‘A>B;eaD I T, S) = ZHWz/yi(Ai7Ji;CiaJi+l | T, Si)7

g i=1

where, in both equations § = (J1,J2,...) is summed over all infinite sequences in {0, 1}"™ such that
J1 = B and J; = D for sufficiently large i; as above, arrow conservation implies that both sums
on the right sides of (6.1.2) are supported on at most one term. In this M = co case, we must
further assume that parameters x, r, y, and s are chosen so the infinite products on the right sides
of (6.1.2) converge.
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FIGURE 6.1. Shown to the left is a diagrammatic interpretation for (6.1.1); shown
to the right is one for (6.1.3).

Observe that W, and Ww;y are partition functions under the weights W, and Wz, respectively,
for the vertex model with M vertices in a row depicted on the left side of Figure 6.1. More explicitly,
the boundary data for this vertex model is given as follows. The vertical entrance data (meaning the
colors of the incoming vertical arrows) from west to east along this row is given by (A1, Ag,..., A );
the horizontal entrance data is given by B; the vertical exit data by (Cy,Ca,...,Cy); and the
horizontal exit data by D.

It will also be useful to define partition functions for two rows, one on top the other. This is
given by the following definition.

Definition 6.1.2. Let M, y, s, A, and € be as in Definition 6.1.1 (with M possibly infinite).
Further let x = (21, 22) and r = (r1,7r2) denote pairs of complex numbers. Then, for any sequences
B = (By,B2) € {0,1}" and D = (D;,D5) C {0,1}", define the double-row partition functions®

Wiy (A, B; €D | 1,8) = > Wi, (A, B1;K; Dy | 11,8)Wa, v (K, Bg; €, Dy | 13,8);
NS

6.1.3) _ _
Wiy (A, B; €D | 1,8) = > Wi, (A, B1; KDy | 11,8)Wa, y (K, Bg; €, Dy | 13,8).
x
Here X = (K1, Ko, ..., Kjs) is summed over all sequences of elements in {0, 1}", which we assume

to satisfy K; = eg for sufficiently large i if M = oo, and we recall the single-row partition functions
W,y from (6.1.1).

Observe that Wy,, and /V[Z(;y are partition functions under the weights W, and /WZ, respectively,
for the vertex model with 2M vertices, arranged in two rows with M vertices each, as depicted on
the right side of Figure 6.1. More precisely, the vertical entrance data for this model is given by
(A1,As, ..., Ayy); the horizontal entrance data (from south to north) is given by (B, Ba); the
vertical exit data is given by (Cy, Ca,...,Cys); and the horizontal exit data is given by (D1, Ds).

The following lemma is a quick consequence of the Yang—Baxter equation.

LObserve that the orderings B = (B1, B2) and D = (D1, D2) are the reverse of what they were in Section 5.2 (see
Figure 5.2). The reason for this discrepancy is that our rapidity parameters (which were not relevant in Section 5.2)
will be indexed from bottom to top, so we would like to make the ordering of B and D consistent with this.
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Lemma 6.1.3. Fiz a finite integer M > 1 and sequences of complex numbers x = (x1,z2);
r = (r,r2); ¥y = (y1,92,---,ym); and s = (81,82,...,8nm). For any {0,1}™-sequences A =
(A1, Ay, ..., Ay ); B=(B1,Bs); € =(Cy,Cs,...,Cu); and D = (Dy,Ds), we have

Z ng/wl (BlvBQ;IvJ | TQarl)W(zg,wl);y(‘A7 (JvI)aea (D27D1) | (T27T1)7S)

(6 1 4) I,Je{0,1}™
— Z Wiar,ea)iy (A, (B1,B2); €, (L) | (r1,72),8) Wy, j0y (1, J; D1, Dy | 72, 71).
1,Je{o0,1}n
Diagrammatically,

Cy Co C3 C, C, Cs
D, B,
(22,72) \B2 I ===, =="5 (w2,72) (o S PO | D,
PRGN [ [ [ ' 1 S
L} L} L} L} 1 ] :
~~~ [ [ [ [ [ [ ‘,'
(z1,m1) 7B, LI Tl Nl (T1,7)) =—k = = = ke = = = I D,
B,
Ay A, A, As

(1, -51) (Y2,52)  (y3,83) (y1,81)  (y2,82) (y3,83)
—
M M

PRrROOF. This follows from M applications of the Yang—Baxter equation Proposition 5.1.4. [

6.2. Transfer Operators and Commutation Relations

The functions we will consider in this text are expressible in terms of actions of certain operators
on vector spaces. In this section we define these operators and provide some relations they satisfy.
Throughout this section, we fix an integer n > 1 and infinite sequences of complex numbers y =
(y1,9y2,...) and s = (81, 82,...).

Let V = V,.s denote the infinte-dimensional vector space spanned by basis vectors of the form
|A), where A = (A1, Ag,...) ranges over all finitary sequences of elements in {0, 1}", namely, those
that satisfy A; = e = (0,0,...,0) for all but finitely many j. Similarly, let V* = V7 o denote the
space spanned by finitary dual vectors, namely, those of the form (€| over all finitary sequences
of elements € = (Cy,Ca,...) in {0,1}™. We impose an inner product on V* x V by first setting
(C|A) = 14—¢, for any finitary A and C, and then extending to all of V* x V by bilinearity.

Now, for any complex numbers z,r € C and sequences B,D € {0,1}" we define transfer
operators Tg,p = Tep(z;7) : V= V and 'I/]\'B;D = -ﬁ-B;D(JC;T) :V — V by first setting, for any
finitary sequence A,

(6.2.1) TepM) =D Wey(A B Drs)e);  Tepld) =Y Wiy(4BieD|rs)e),
¢ ¢

where both sums are over all finitary sequences C, and then extending their actions to all of V by
linearity. Here, we recall the M = oo single-row partition functions W, and Wz;y from (6.1.2)
and assume the parameters x,r,y,s are chosen such that the infinite products there converge.

By (6.2.1), we find for any finitary sequences A and € that

(6.2.2)
Wey(A,B;C,D | r,s) = <(§"'|TBDx1"|A> xy(ABGDM’S <(?|'|TBD1:7“’A>
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and so Tg.,p and 'IATB;D admit dual actions on V* given by

6.2.3) (€lTeip = > Way(AB:C.D | rs)(Al;  (€Tp = ZWW(A, B;C,D | rs)(Al
A A
Now, Lemma 6.1.3 will imply certain commutation relations between the operators Tg,p and
Tg,p that will be useful for us. To explain them, for any z,r € C, we define the operators

(6.2.4) B(z;r) = ﬁeo;e[l,n] (x;7); Clz;7) = Tey, 1003 D(z;r) = Teyie, (x;7),

where we recall that eg = (0,0,...,0) and e[y ,; = (1,1,...,1).

Observe that these operators are well-defined for any choices of parameters (x;r;y;s). Indeed,
if D = e( then, since A and € are finitary, all but finitely many terms in the product appearing
on the left side of the first equation of (6.1.2) are of the form W, (eq,ep;€p,€0 | r,5) = 1; so the
product defining the W weight there converges, implying that € and ID are well-defined. A similar
statement holds for the W weights when D = e ,,), implying that IB is also well-defined.

The following two results, which are both consequences of (limits of) Lemma 6.1.3, provide
commutation relations for these IB, C, and ID operators.

Lemma 6.2.1. Fiz ©1,22,71,72 € C and 'y = (y1,92,...) C C and s = (s1,82,...) C C. Then, as
operators on YV, we have that

2 no 9
B(z1;71)B(xe;72) = <Téx2> ET2$1$2 1 On - B(xo;12)B(x1;71);

ryTy r2xy 2o q)n

6.2.5 22\ " 7“2 i )

(029 Car;m1)Cw572) = < 2 1) rizy r2:0) ~C(z2;m2)Clz157m1);
riT2 (r2x1x2 aq)n

D(z1;71)ID(x2;7r2) = ID(z2;r2)ID(21;71).
PROOF. First observe for any By, By, D1, Dy € {0,1}™ and finitary A and € that
(6.2.6)
(€|TB,p, (22;72) Ty, (z1:71) [A) = Y (€|TB,p, (22;72) | K) (K| Te, D, (21571)]A)
x

= Wi,y (K, B2; €, Dy | 12,8)Wa, oy (A, B1; K, Dy | 11, 5)
®
= W(xl,xg);y (Av (Bla B2)7 ea (Dla D2) | (rla 7"2), 5)7

where in the second statement we applied (6.2.2) and in the last we applied (6.1.3). Similarly, we
have that

(627) <(‘3|-|/'|\—}32;D2 (:)32; 7“2)1/]\—}31;])1 ({E1; 7"1)’A> = W(ml,mQ);y (.A, (Bl, B2); C, (Dla D2) | (r17 7“2), S)'

Given these facts, (6.2.5) will follow from specializations of (6.1.4). In particular, let us apply
Lemma 6.1.3 with the (By,Bs2) and (D1, Ds2) there both equal to (eg, e). By arrow conservation,
the sums on both sides of (6.1.4) are supported on the (I,J) = (eg, e9) term. Since W, (e, eq; €p, € |
r,s) =1 by (5.1.2), this yields for any integer M > 1 that
Wias a1)ivpan (Aas (€0, €0); €y (€0, €0) | (12, 71),811,017)

(6.2.8)
= W(xl,zg);y[l,M] (*A[LM]7 (e07 eO); e[l,M]a (e07 eO) | (rla 7"2), S[I,M])7
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for any finitary A and C, where we have set Xj; pp = (X1,Xs,..., X)) for any sequence X =
(X1,Xa3,...). Taking the limit as M tends to oo on both sides of (6.2.8) yields

W(xg,:rl);y (‘A7 (e07 eO); ea (e07 eO) | (r2a Tl)a S) = W(:cl,zg);y (‘Aa (e07 eO); ev (eOv eO) | (Tlv T?)v S)a

which by (6.2.6) yields the third statement of (6.2.5).

To establish the first statement of (6.2.5), we apply the (B1,Bs) = (eg,€9) and (D1,D2) =
(e[lml,e[lm]) case of Lemma 6.1.3; multiply both sides of (6.1.4) by
ﬁ (32195 5@ (3way; s @)n

i1 S (@1 @)n 87 (@27 )n

and use (5.1.4) to deduce that
(6.2.9)

Z W(a:g,asl);y[LM] (‘Av (Ja I)7 ea (e[l,n]ae[l,n]) | (T27r1)7s[1,M])W12/11 (e07e0; LJ | 7‘277"1)
L,Je{o,1}n

= Z W(I1,$2)§y[1Y1\/1] (‘A’ (e07 e()); 67 (IDJ) | (7"1, 7“2), S[I,M])WIQ/QL'l (I7J7 €[1,n]5> €[1,n) | r2, 7"1).
LJe{0,1}n

By arrow conservation, the left side of (6.2.9) is supported on the term (I,J) = (eg, ep) and the
right side is supported on the term (I,J) = (e[1,n],€[1,5]). Using the expressions from (5.1.2) for the
weights W, (eo, eg;€p,€9 | 7, 8) and W, (e[l,n]ae[l,n];e[l,n]7e[1,n] | 7, s), it follows from (6.2.9) that

W(IQ,Il);Y[L]\/I] (fh (€0, €0); €, (e[l,n}ve[l,n]) | (T2,7’1),S[1,M])
(6.2.10)

—~ rixa \" (r3zias t;q)
= Wiz, ,a0); (Aa ) ; G, n)» n ) ) ) ! = 2 2R
(@1.22)vpan (A (€0,€0)3 €, (€(1,n)s €11,m) | (71, 72), 81,011 (rggcl e
Now the first statement of (6.2.5) follows from taking the limit of (6.2.10) as M tends to oo and
applying (6.2.7). The proof of the second statement in (6.2.5) is entirely analogous (obtained
from the (B1,Bz) = (e[1,n),€[1,n]) and (D1, D3) = (eg, eq) case of Lemma 6.1.3) and is therefore
omitted. g

Proposition 6.2.2. Fiz complex numbers u,w,r,t € C and sequences 'y = (y1,y2,...) and s =
(s1,82,...) of complex numbers. If there exists an integer K > 0 such that

2 —1. —1. 1,
(6211) sup max 32a+2b—2n (S]uy] aq)n(uyj 7q)a (wy] ,q)b

s>I¢ bl ? (uy; s On(Puy; 5 q)a (s2wy; 5 )y

<1,

then, as operators on V, we have

(tPuw™;q)n

(6.2.12) Blui )W t) = S o T

- ID(w; t)B(w;r).

PROOF. For any integer M > 1 (including M = o0); pairs x = (21, 22) and r = (ry,r2) of com-
plex numbers; and (finitary, if M = o) sequences A = (A1, Ag,...,Ap)and € = (Cy,Ca,...,Cyp)
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of elements in {0,1}", denote

(6.2.13)
Wx;y(‘A7 (BlaBZ);e7 (D17D2) I r, S ZWml y ‘A Blag< Dl | 1,8 ) T2, y(g< BQ,G D2 I T2,8S )a
x
W)/c;y(‘Aa (BlaBQ); C’, (D17D2) | I',S) = Zle;y('A7Bl;j<7Dl | T17S)W3¢2,y(9<7B2; G,Dz | T235)7
x
where X = (K1,Ko,...,Kj) is summed over all (finitary, if M = o0) sequences of elements in

{0,1}™. Then, analogous reasoning as applied in (6.2.6) yields for any finitary A and C that
<e|-|TBQ§D2 (IQ; r2)-|/.|\—B1§D1 (Il; 7’1)|A> = WX;y (‘A7 (B17 BQ); Ga (Dla D2) | r, S);
<G|TTB2;D2 (22;72)TB,;D, (w1;71)[A) = Wi;y(ﬂ, (B1,B5);C, (Dy,Dy) | 1,s).

Therefore, to establish (6.2.12) it suffices to show under (6.2.11) that for any finitary A and € we
have

W(/w,u);y( (0, €0); €, (eo, 1”])’ )S)

(t2 uw™~ q)

- T 2 (uw L q), (u w); y<A (€0,€0); C, (e[l,n]ve())‘(ra f);S>-

To that end, we apply the (B1,B2) = (eg,€e9) and (D1,D5) = (eo, e[lm]) case of Lemma 6.1.3;
multiply both sides of (6.1.4) by

(6.2.14)

t (82-ij S Q)n

j=1 J (’U,y] in,

)
use (5.1.4); and recall by arrow conservation that W, (eo,eo;I,J) | £,7) = 0 unless I = ey = J, in
which case it is equal to 1 by (5.1.2), to deduce for any integer M > 1 that

(6.2.15)
W(u,w);y[LM] (A[l,M]a (€0, €0); Cr1,m1s (e[l,npeo)‘(?’, t), S[l,M])

= Z W(/wﬂ,‘);y[l’M] (‘A[I,M]7(e07e0);e[1,M]a (Ia‘]) | (tvr)vS[I,M])Wu/w(lv‘];e07e[1,n] | T, t)a
I,Je{0,1}™
where we have set X1 3 = (X1, Xa, ..., X)) for any sequence X = (X, Xa,...).
We will show under (6.2.11) that the right side of (6.2.15) is asymptotically (in the limit as M
tends to co) supported on the term (I,J) = (eo, 9[1,n]), in the sense that

(6.2.16)
lim W(/wvu)%Y[l,M] ('A[I,M]a (eo7 eo); G[LM], (I, J) | (t, ’I“), S[LM]) = O, unless (I,J) = (eo, e[l,n])-

M—o0

Given (6.2.16), (6.2.14) (and therefore the lemma) follows from first inserting (6.2.16) into limit
of (6.2.15) as M tends to oo, and then using the explicit form (given by the second statement of
(5.1.2)) for W,y (e07e[1,n];e07e[1,n] | 7, t). Thus, it remains to establish (6.2.16).

To that end, first observe from (5.1.3) and (5.1.4) that, for any integer ¢ > 1 and sequence
B € {0,1}" with |B| = b,

s q)n(uyy i q)y

)

$2b—2n (Sluya

Ty (s, )

Wiy, (€0, Bseq, B | 7, sj) =
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(wy; 5 a)s
W, (€0, Bieg, B | 1,5;) = s20—ovd Db
wlvi e T (Stwy g

So, (6.2.11) implies the existence of some real number ¢ > 0 such that, for sufficiently large K,

(6.2.17) 38;12 A Wy, (€0, 330, | 7,5) Wy, (€0, Tieo, I t,55)| <1—e.
LI)#(eo.e[1,n])
We may also assume that K is sufficiently large so that A; = e = C; for j > K and so that
Z;il |A;| < K.
Inserting the definition (6.1.1) of the single-row partition functions W and W into the second
equation of (6.2.13) yields

(6.2.18)
’N

Wiy an (A1 (€0, €0); Cuagy, (LI) | (2,7); S[LM])‘

)

M
g ZZZ H ’Ww/ym(AmaIm;KmaIerl | tasm)wu/ym(KmaJm;CmaJerl | r, sm)
x 3

J m=1

where I = (I, 2,...,Ip41), d = (J1, T2, .., Tns41), and K = (K1, Ko, ..., K)/) are each summed
over all sequences of elements in {0,1}" such that In;j11 =1, Jpr41 = J, and I} = eg = J;. Since
A, =¢ = C,, for m > K, by arrow conservation any nonzero summand on the right side of
(6.2.18) must satisfy [Ln41] < [In| and [Jpq1| = I |. Thus, if (I, J) # (eo, e[1,,)), then (6.2.17)
implies that

(6.2.19)
M e
H ‘Ww/ym(Am>Im§KmaIm+1 | t, Sm)Wu/ym(KmaJm§ Cm7']m+1 | T, Sm)‘ < (1 - E)M_Kv
m=K+1

for any J, J, and X supported by the sum on the right side of (6.2.18).
Furthermore, arrow conservation implies that Z]M:1 IK;| < ij\il |A;| < nK for any X sup-

ported on the right side of (6.2.18), from which it follows that there are at most 2" (7%() < (2M)"E
choices of X for which the corresponding summand is nonzero. Given any fixed such X, arrow
conservation implies that there is at most one choice of J and J on which the right side of (6.2.18)

is supported. Inserting this and (6.2.19) into (6.2.18), and further denoting

== e Wy (0 30T, 0o | 00 Wagy, (0, 35505, 05 | 7, 50)
me|l,

)

where the second maximum is taken over Ij,I5, 17,15, J1,J2,J1,J5 € {0,1}" yields if (I,J) #
(eo,e[lm]) that

‘W(/wm);y[l,m (Ap1,a1: (€0, €0); Cpaaay, (LI) | (E,7); S[l,M])‘ <ER@M)"EQ - oMK,

This gives (6.2.16) by letting M tend to oo, which as mentioned above implies the lemma. ]

Commutation relations between the operators (1B, €) and (C, D) can also be derived as a result
of Lemma 6.1.3, but we will not state them here since we will not require them in full generality.
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6.3. Composition of ID Operators

In this section we establish the following result for composing the operators ID(x; ) from (6.2.4),
which will be useful for analyzing principal specializations of symmetric functions in Section 7.2
below.

Proposition 6.3.1. Fiz complex numbers x,r1,r2 € C and infinite sequences y = (y1,y2,...) and
s = (81, 82,...) of complex numbers. As operators on V, we have

(6.3.1) ID(ry 2a;79)D (71 ) = ID(2;7179).

Composition results similar to Proposition 6.3.1 also hold for the operators B and C from
(6.2.4), but we will not pursue this here.

We will deduce Proposition 6.3.1 essentially by interpreting both sides of (6.3.1) as special
cases of the rectangular partition functions given by Definition 3.1.1, and then applying the first
statement of the branching-type result (3.1.2) for the latter quantities. To that end, we require
the following partition function, which is for the vertex model consisting of horizontally adjacent
rectangles whose rapidity parameters are in a geometric progression (as in Definition 3.1.1).

Definition 6.3.2. Fix integers K,L > 1; a set of positive integers M = (My, Ms,..., Mk); a
complex number x € C; and a set of complex numbers y; g = (Y1, Y2, .- ., yK ). Foreachi € [1, K],

M; 2

define the sequence w¥ = (¢Mi=1y; ¢™i=2y; .. y;), and further let

x = (z,qz,...,q" 1), w=wDuw?Pu...uwk),

where the union is ordered, so y = (¢™ 1y, ¢ 2y, .. .oy1, o @K yre, dME 2y yK).

Additionally, let B = (b1,bs,...,br) and © = (dy,ds,...,d;) denote sequences of indices in
[0,n]. Also let A = (AW, AP A} and ¢ = (¢W,¢@, ..., ¢ where for each i € [1, K]
the A0 = (aﬁ“,aé“,...,a%?) and € = (cgi),cgi),...,cg\i[)i) are sequences of indices in [0, n].
Moreover define (where the unions below are again ordered)

A=A yA® y... YK, c=cOye®@y...eHE),
Then, recalling the notation of Definition 3.1.1, denote the partition function
Zrm (A, B;C,D | x;y[l’K]) =Z(A,B;¢,9 | x,w).

Observe under that Zp.m (.A, B;C,D | x, y[l,K]) is the partition function for the vertex model
obtained by horizontally juxtaposing the K rectangles corresponding to Z; ,, (Ql(i), B; ¢, D) from
Definition 3.1.1 (see the left side of Figure 3.1). We refer to Figure 6.2 for a depiction.

We now have the following lemma that expresses <C’|D(x; r)‘.A> as linear combinations of the

partition functions from Definition 6.3.2, if = ¢~%/2 and s; = ¢~ /2 for each i € [1, K] and some
integers L, M1, M, ..., Mg > 0.

Lemma 6.3.3. Let K,L,M,z,y[ k),X,W be as in Definition 6.5.2, and define the sequences of
indices B = (0,0,...,0) = D (where 0 appears with multiplicity L). Let A = (A1, Aq,...) and
C = (Cy,Cy,...) denote finitary sequences of elements in {0,1}"; assume that A; = ey = C;
for each i > K, and that |A;|,|C;| < M; for each i € [1,K]. Set A = (M; — |A;],A;) and
C, = (Mi - |Ci|,C,-) for each i € [1,K]|; fix sequences of indices € € M(C;); and let C =
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| | | | | | d
1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, >
MO m aV o) 2 @) ®) B 3)
3, 2 . . 2
"Y1 Y1 ay1 Y ay2 Y2 Y3 qys q°ys
L |
M,y M, M;

FIGURE 6.2. Shown above is a diagrammatic interpretation for Zp.n(A, B;C,D |
T Y[1,K])~

(Q(l), c®@ . .,Qf(K)). Ifr=q /2 and s; = ¢~ Mi/? for each i € [1, K], then we have

<‘A’|D(J?,7“)|e> — Z ZL;M(.A,%;C,D | T Y K] H ( inv(2A)—inv(e) H (17)7717(91“)))7

ADEM(A)) =0 (q,Q)mJ(Q( )

where A = (Ql(l)ﬂl@), . ,QI(K)), and each A is summed over M(A;)
PRrROOF. By (6.2.2) and (6.1.2), we have that

(6.3.2)

K
(AD(;r)€) =TT Wayy, (A0, 355Ci, i [rs0) = D0 [T Wy, (i 35 Ciy Jia | 75,
J =1 3 i=1

where in the second term J = (Jo, J1,. . .) is summed over all infinite sequences of elements in {0,1}"
such that Jo = ep = J; for sufficiently large ¢, and in the third § = (Jo,J1,...Jx+1) is summed
over all K-term sequences of elements in {0,1}" such that Jo = ey = Jx1. Here, the second
equality follows from the fact that W, ,,, (eo,eo;€0,€0 | 7, 5;) =1 and A; = C; = J; = eg fori > K
in the second term of (6.3.2) (where the latter holds by arrow conservation, since A; = ey = C;
for i > K and J; = e¢ for sufficiently large ). By arrow conservation, the right side of (6.3.2) is
supported on a single sequence, which we also call § = (Jo,J1,...,Jx+1).
Then, setting J; = (L —|Jil, Ji) € Z';gl and applying Proposition 5.1.3 gives

(6.3.3) (A|D(z;7)|€) = HR“” (A3 CLT L | rysi).
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By Definition 3.1.3, Lemma 3.1.4, and Definition 3.2.1 (see also (3.2.1)), for any 30+ € M(J},,)
we have that

. i)y DRI =€) NP =l GRS
Ra.y, (A;,J;, C/ J/+1 |7, s5:) = § : z : qmv(m< N)—inv(€@)+inv(F D) —inv(F G+D)
AD EM(AL) 3D eM(I))
oo & @)
X Zy (AP, 3D ) 5 (Z+1) (%
u I

Inserting this into (6.3.3) and using the fact that inv (J©) = 0 = inv (JE+Y) (as Jo = e = Tx11),
we deduce

(AID(z;m)€) = > S Zu (A0 305 6+
ADEM(A]) JHeM(I))

inv(2A®)—inv(e®) q q m; (AD)
(s I {0

=0 qqmj( (1))

(6.3.4)

Now, applying the second statement of (3.1.2) K — 1 times, for the h there in {Ml,Ml +
My, ..., 2K ! M;} (see Figure 6.2) gives

> HZ e (AD, 3O €D O | 5) = Zom (A, B5C,D | 25 y71k)
I em(I;)i=1

which upon insertion into (6.3.4) yields the lemma. O
Now we can establish Proposition 6.3.1.

PROOF OF PROPOSITION 6.3.1. For any finitary A = (A1, A,,...) and C = (Cq,Cq,...), it
suffices to show

(CID(z;r1rg)|A) = (CID(r{?@;r2)D(x;r1) |A).
Thus, since

(€[ID(ry 2a;ra)D(a;r1)[AY = > (C|D(ry ;) |H)(H|D(z; 71| A),

where we sum over all finitary H = (H;, Ha, . ..), it suffices to show

(6.3.5) (C|ID(z;r172)|A) = Z <G’|D(rf2m; r2) | FO(H|ID(w;71) | A),
K

Now let K > 0 be such that A; = ey = C; for j > K. It then follows by arrow conservation
that any finitary sequence H supported by the sum on the right side of (6.3.5) must also satisfy
H; = ¢ for j > K. Thus, from (6.2.4), (6.2.2), and Definition 6.1.1, together with the explicit
form Definition 5.1.1 of the W weights, both sides of (6.3.5) are rational functions in the variables
r1,T2,81,82,...,8K. S0, to establish (6.3.5), we may assume in what follows there exist integers
Ly, Lo, My, My, ..., My > 1 such that r; = ¢~%i/2 for each j € {1,2}; such that s; = g Mi/2 for
each j € {1,2,..., K}; and such that M; > |A,|,|C,| holds for each j € {1,2,...,K}.
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In this scenario, Lemma 6.3.3 applies. In particular, fix some finitary sequence H = (H;, Ho, .. .)
of elements in {0,1}" as above; set X = ( ;—|X|, X;) for each index X € {A,C, H}; and, letting
0/ = (0,0,...,0) € Z' for any 1nteger j=>1, set

B0 =0l =0®; B =02=0@;, B=0lT2=9

Then, since r, = ¢~ %/2 and ry = ¢~ %2/2, Lemma 6.3.3 gives
<e’|D(.%‘;7“17“2)’.A> = Z 21 +Ly;M (Aa%;C’:D | 30%)’[1,1(])
Ql(“GM(A/)
inv( Ql(’)) 1nv(€(7)) . (q’ q)mj(gl(“) .
>< )
H ( };[O (Q§Q)mj(¢<i>)
<€|ID(T1_2:c;r2)’f}-C> = Z Z1oM (’H,%;C,@ | quv’Cé}’[LK])
fomeM(Hf)
(6.3.6) n
inv( Y)< )) mv(C( %) mJ(f’( ))>
X ’
H ( E} mJ(G(l))
<TJ{|ID(x;r1)|A> = Z ZLl;M(Aa%;va | CU;}’[LK])
A eM(AY)
s (@ @y 11 (& Dy )
inv(A')—inv($H" mj
X q
11:[1< 1;[ qqu(fJ()))
In first and third statements of (6.3.6), we sum over all sets A = (AM AR AK)) with AW €

M(A;) for each j, and in the second we sum over all sets H = (ﬁ(l),ﬁ@), e ,ﬁ(K)) with $0) e
M(H)) for each j. Moreover, in the first and second statements of (6.3.6), we have fixed a set
C = (6(1),6(2),...,€(K)) with ¢U) e M(C;) for each j. Similarly, in the third statement of
(6.3.6), we have fixed H = (§1), 5@ ... H)) with H0U) € M(H)) for each j.

Next, the first statement of (3.1.2) (applied with the h there equal to L; here) gives

ZL1+L2;M(A,%;C,© | Ty, K ZZLI A B H,D | x; Y, K])

X ZL2;M (Ha $B’ Ca D | quiﬂ; y[l,K])a
which together with (6.3.6) implies (6.3.5) and thus the proposition. O
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CHAPTER 7

Functions and Identities

In this chapter we define the functions we will study in this text and establish symmetry,
branching, and skew Cauchy identities for them.

7.1. Symmetric Functions

In this section we define the symmetric functions we will study in this text as partition func-
tions for vertex models with certain boundary conditions. Throughout this section, we fix infinite
sequences y = (y1,Ya2,...) and s = (s1, S2,...) of complex numbers.

Recall the vector spaces V = V. and V* = V{ o from Section 6.2, which are spanned by basis
vectors of the form {|A)} and {(€|}, respectively, where A and € range over all infinite, finitary
sequences of elements in {0, 1}". Let us introduce relabelings for these bases of V and V* that will
be more convenient for defining the symmetric functions below.

To that end, recall the notions of signatures and signature sequences from Section 1.2, as well
as the shift operator ¥ from (1.2.3). In what follows, we will denote any signature A € Sign, by
A = (A1, A2, ..., A\¢) and any signature sequence A € SeqSign, by A = (AW, X . AM))  even
when not explicitly mentioned. For any A € SeqSign,,, further recall from Section 1.2 the infinite,
finitary sequence 8(A) = (S1(A),S2(A),...) of elements in {0,1}" defined as follows. For each
J=1,let S; = 8;(A) = (S1,5,52,,---,5.5) € {0,1}", where S; ; = 1oz @) for every i € [1,n].
Then 8 induces a bijection between SeqSign,, and finitary sequences of elements in {0,1}".

Denoting |A) = [S(A)) and (A| = (8(A)| for any A € SeqSign,,, these vectors constitute bases
of V and V*, respectively. Given this relabeling, we can define the following functions; in the below,
we recall the operators B, €, and ID from (6.2.4).

Definition 7.1.1. Fix integers N > 1 and M > 0; sequences of complex numbers x = (z1, Z2,...,TN)
and r = (r1,79,...,7y); and infinite sequences of complex numbers y = (y1,y2,...) and s =
(s1,82,...). For any A, u € SeqSign,, 5, define

Gaju(xsr | yis) = (A[D(zn;ry) - - D(z; )| 1)
We further abbreviate Gx(x;r | y;8) = Gxjom (X1 | y;8).

Moreover, for any A € Sign,,.,;; v and p € SeqSign,,.,, define

Faju(xir | yss) = (p|B(an;ry) - Blai;r) | A);

Hyju(xir | y;s) = (A|[Clansrn) - Clzism) ),
We further abbreviate Fx(x;r | y;s) = Fx/g(x;r | y;8) and Ha(x;1 | y,s) = Hy/g(x;r | y;5).
Remark 7.1.2. Although we will not pursue this here, one can define G ,,., F\ /., Hxyp for arbi-

trary sequences X, pu € Sign,, (without stipulations on the lengths of their signatures) similarly to
in Definition 7.1.1. All identities to be shown in Section 7.2 and Section 7.3 below will still hold in
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this more general setting. Under this convention, it is quickly verified that G5/, (x;r | y;s) = 0 for
any (x,y,r,s) unless K()\(j)) = E(u(j)) for each j € [1,n]. Similarly, if x = (21, 2,...,2x), then
Fau(x;1 | y;s) = 0= Hyj(x;1 | y;s) unless £(A9D) = ¢(u)) + N for each j € [1,n].

Let us describe diagrammatic interpretations of G/, Fix/u, and Hy,, as partition functions
for vertex models on the domain

(7.1.1) D=Dy=7Z-0x{1,2,...,N} C Z2%,.

The following definition provides notation for sets of path ensembles on Dy with certain types
of boundary data.

Definition 7.1.3. Fix M, N € Z>, with N > 1, and A, p € SeqSign,,.
If A, pu € SeqSign,, 5, then let Pa(A/p; N) denote the set of path ensembles on D satisfying
the following two properties; see the left side of Figure 7.1.

(1) For every c¢ € [1,n], one color ¢ arrow vertically enters D through (m,1) for each m €
‘I(M(C)).
(2) For every c¢ € [1,n], one color ¢ arrow vertically exits D through (I, N) for each [ € T(A()).

If X € SeqSign,,.5s, x and p € SeqSign,,.5/, then let Pr(A/p) denote’ the set of path ensembles
on D satisfying the following three properties for each ¢ € [1, n]; see the middle of Figure 7.1.

(1) For every c € [1,n], one color ¢ arrow vertically enters D through (I, 1) for each [ € T(A()).
(2) For every ¢ € [1,n], one color ¢ arrow vertically exits D through (m,N) for each m €
Q(u(c)).
(3) For every ¢ € [1,n], one color ¢ arrow horizontally exits D through (oo, j) for each j €
[1,N].2
If X € SeqSign,,. ;4 x and p € SeqSign,,. s, then let Py (A/p) denote the set of path ensembles
on D satisfying the following three properties; see the right side of Figure 7.1.

(1) For every ¢ € [1,n], one color ¢ arrow vertically enters D through (m,1) for each m €
g(M(C))_

(2) For every c € [1,n], one color ¢ arrow vertically exits D through (I, N) for each [ € T(A()).

(3) For every ¢ € [1,n], one color ¢ arrow horizontally enters D through (1,j) for each j €
[1, N].

Now, fix finite sequences of complex numbers x = (x1,x2,...,zy) and r = (r1,72,...,7N). We

define the weight (with respect to either the vertex weights W, from Definition 5.1.1 or Wz from
(5.1.4)) of any fused ensemble £ on D to be

WE|xirlyis)= [ Wa,p (AG.5),B(,5); Ci,5), D(i,j) | 5, 5:);
(7.1.2) “nep

WEIxrlyis) = [] Werw (AG5), B 1) Cl3). D) | 15, 50),
(i,J)€D

where (A(v),B(v); C(v),D(v)) denotes the arrow configuration under £ at any vertex v € D,
and we must assume that the above infinite products converge. Observe in particular that if £ €
Ba(A/p; N) or £ € Pr(A/p) for some A, p € SeqSign,,, then the product defining W (€) converges

LObserve here that N is fixed by X and p and is therefore not incorporated in the notation for Pp.
2This means that every edge connecting (4,7) to (¢ + 1, j) for sufficiently large ¢ contains an arrow of color c.
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S(A) | 8(p) S(A)

r— 1

A et dis LLELL

N T I
| (ya3 54) (Yas 84) (ya3 54)
8(w) 8(A) 8(m)

FIGURE 7.1. To the left, middle, and right are the vertex models P (A/u;3),
PBr(A/p), and Prg(A/p), respectively. On the left, we have A =
((4,2),(4,4),(5,2)) and p = ((1,0),(2,1),(0,0)), and on the middle and right
we have A = ((2, 2,1,0),(2,1,1,1),(1, 0,070)) and p = ((2), (4), (2)) Here, red is
color 1, blue is color 2, and green is color 3.

since (A(U),B(U);C(U),D(v)) = (e, €p;€p,€p) for all but finitely many v € D, and this arrow
configuration has weight 1 under W by (5.1.2). Similarly, if £ € Pr(A/p) for some A, pp € SeqSign,,,
then the product defining /V[7(5) converges since (A(v), B(v); C(v), D(v)) = (eo, €[1,n]; €0, 9[1,n]) for
all but finitely many v € D, and this arrow configuration has weight 1 under W by (5.1.5).

Then, under the above notation, we have that

(7.1.3)
Gau(xir|yss)= Y W(EIxr|ys)i Hapulxrlyis)= Y. W(E|xr|y;s);
£€Pa(A/miN) g€ (A/w)
Fxpulsr|yis)= Y W(E|xr|ys).
£€Br (M 1)

This indicates that G/, Fx/u, and Hy/,, can be interpreted as partition functions for the

vertex models P (A/p; N) (under the weight W), PBr(A/p) (under Wz), and Py (A/p) (under
W), respectively. In each of these vertex models, the rapidity pair for the i-th column from the left
is (yi; s;) and that for the j-th row from the bottom is (z;;7;); we refer to Figure 7.1 for depictions

in all three cases.

7.2. Symmetry, Branching, and Principal Specializations

In this section we establish branching identities, symmetry relations, and results concerning
principal specializations for the F, G, H functions from Definition 7.1.1. We begin with the former.

Proposition 7.2.1. Fizintegersn, K, L, M > 1; finite sequences of complex numbers x' = (x1,...,xx),
x" = (xgs1,. - Trap), ¥ = (r1,...,rx), and v’ = (rg41,...,7k+1); and infinite sequences of
complex numbers'y = (y1,y2,...) and s = (81, $2,...). Definex = x'UX" = (x1,29,...,2x41) and
r=r'"Ur" = (r;,ry,...,rx+1). For any n-tuples of signatures X, p € Sign,, s, we have

(7.2.1) > G | yis)Gh (X | yis) = Gaulxit | yis),
vESeqSign,,.
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Moreover, for any n-tuples of signatures A € Sign,,.nri 1, and p € Sign,,.,,, we have that

> Fxp (X' | yis)Fy ) u (X0 | yis) = Fxju(xir | y;s);

vESeqSign,, prq

S Hap (5" | yis)Hy u(x5r | yis) = Haju(xit | yss).

veSeqSign,, 4k

(7.2.2)

PROOF. By Definition 7.1.1, we have that
Gau(xir | y;s)
= <)\ | D(zk+1;7K+L) - ID(z1; r1)|u>
= Z <>\||D(.CCK+L;T’K+L)~"|D(IK+1;T’K+1)|I/><V||D(CCK;TK)"-|D(171;7’1)|[L>

vESeqSign,,

= Y G | yis)Gyu(Xr | yis),
vESeqSign,,

which establishes (7.2.1) (by using the last statement of Remark 7.1.2 to restrict the sum over
v € SeqSign,,.;s). The proof of (7.2.2) is entirely analogous and is therefore omitted. O

We next have the following proposition, which shows that G is symmetric in x and r. It also
shows that F' and H are not exactly symmetric in those variables, but are up to explicit factors;
this lack of exact symmetry is a consequence of the fact that W, (6[1,n] s €[1,n]5 €[1,n]s €] | 7 s) # 1.

Proposition 7.2.2. Fizintegersn, N > 1; finite sequences of complex numbers x = (x1,T2,...,TN)
and v = (r1,re,...,7N); and infinite sequences of complex numbers y = (y1,y2,...) and s =
(s1,82,...). For any n-tuples A, p € SeqSign,, of signatures and permutation o € &y, we have that

G)\/“_(O'(X);O'(I‘) | y;s) = Ga/p(xsr | y;s);

n
2z q)n [ r2a;
Fxju(o(x);0(r) | y;s) = Faju(x;r | y;s) — )
’ ' 1<z‘1<_]I<N (r2z; w;q)n \ T3

J
(7.2.3) o (i)>0(5)

(r2a; i) (3
Hxju(o(x);o(r) |yis) = Hau(xir lyis) [ =13 :
1<i<j<N (rizizy s n

o(i)>0 ()

PROOF. Since G/, (x;1 | y;8) = (A[D(zn;ry) -+ - D(z1;71)|p), the first statement of (7.2.3)
follows from the third statement of (6.2.5). So, it remains to establish the second and third ones
there; since their proofs are very similar, we only detail the former.

To that end, since Gy is generated by the transpositions {s;} for i € [1, N — 1] interchanging
(1,14 1), we may assume that o = s, for some k € [1, N — 1]. In this case, Definition 7.1.1 and the
first statement of (6.2.5) together yield

F/p(sk(x);86(r) | yis)

= <u||B(xN; rN) - B(xpto; rhr2) B(zr; i) B(zga1; rer1)B(zr—1;r6—1) - - - B(z1; r1)|)\>

_ <T§$k+1>n (7’1%+14’3kz1;i13‘ﬂ"
=12 2 —1 .

Tkt1%k (Tkxk xk‘-‘rva)n

<H’|B(JjN;’I‘N) R |B($1;7’1)‘)\>
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n
— Fy/u(x;r|y;s),
(2o T ) H ’

-1

- (rixkﬂ)n (T2+1$k$k+1?q)
7di+13'7k

which gives the second statement of (7.2.3). O

The following proposition indicates that, if each entry of r is a negative half-integer power

of ¢, then G, (x;r | y;s) may be recovered from a function of the form Gy, (w; qa ? | y;s),

where q=1/2 = (¢='/2,¢=/2,...,q~"/?). Here, w will be a union of principal specializations, that
is, geometric progressions of the form (z;, gz, ..., q% ~tx;).

Proposition 7.2.3. Fiz integers M > 0 and N > 1; finite sequences of complex numbers x =

(x1,29,...,xN) and v = (r1,72,...,7N); and infinite sequences of complex numbers s = (s, Sa,...)
and'y = (Y1,Y2,-..). Assume for each i € [1, N] that there exists an integer L; € Zs1 such that
ri = q /2, and define w = wDUwOU- - .UwN) | where w = (25, gz, ..., q% ' x;). Further set

q /2= (q_l/z, g2, q V%), where ¢~ Y/? appears with multiplicity N. Then, for any signature
sequences X\, i € SeqSign,,. s, we have that Gy, (x;r | y;8) = GA/H(W;q*l/2 | y;s).

PROOF. It suffices to establish the proposition for N = 1, as the result for general N follows
from this together with the branching relation (7.2.1). Thus, we may assume in what follows that

—L/2. L—1
b

x = (x); r=(r); r=gq w = (z,qz,...,¢" ),

for some complex numbers x,r € C and integer L € Z>;. Then, Definition 7.1.1 gives
(724) Ga/u(xr | yis) = (A[ID(z;7)|pm);
Gau(wia™ 2 | y;s) = (AIID(¢“ 2y g7 /2)D(¢" 2597 /2) - - D(w; g7 V/2) | ).

Moreover, Proposition 6.3.1 yields by induction on L that
D(¢" ;g7 2)D(g" a5 q72) - D(wq ) = D(w;q %) = D),
which together with with (7.2.4) implies the proposition. |

Results similar to Proposition 7.2.3 can also be derived for the functions Fl,,, and Hy/,, but
we will not pursue this here.

7.3. Cauchy Identities

In this section we establish various Cauchy identities for the F' and G functions. We begin with
the following proposition, which provides the most general skew-Cauchy identity.

THEOREM 7.3.1. Fiz integers L,M > 0 and N > 1; finite sequences u = (uy,us,...,un),
r = (r1,72,...,7n), W = (wy,wa,...,wp), and t = (t1,ta,...,ty) of complex numbers; and
infinite sequences ' y = (y1,y2,...) and s = (s1,S2,...) of complex numbers. Assume that there
exists an integer K > 1 such that

2 -1, -1, -1,
(731) sup max max 82a+2b72n(skujyk ;q)n(ujyk ;q)a (wiyk 7Q)b

; -1 2 -1 2 -1
LSISM a,belo, Ui Ui T
k> kIS adel0n] (g3 Dnlsiusye 5 Do (SRwivy 5 @)

<1




Then for any p € Sign,, . y and v € SeqSign,, ,, we have that

> Baulwr|yis)Gau(wit]y;s)

A€SeqSign,,, ;4 N

(7.3.2) St
_Hthn - ’. S Guelwit ]y e | is).

i=1j=1 "1 7q)n KESeqSign,,. .

PrROOF. By Definition 7.1.1, we have that

> Fap(uir|y;s)Gau(wit]y;s)

A€SeqSign,,, ;4 N

Z (v|B(un; ) -+ Blur; r1) | A)(A|ID(wars tar) - - D(wys )| )

AGchSignmLJrN
= (v|B(un;rn) - - Blur; ) D(wars tar) - - - D(wy; t)| ),

and by similar reasoning

Z GU/K,(W t | y;s ) [.L/K,(u r | y:s )

KESeqSign,,. 1,
= (v|ID(warstar) - - D(wyst)Blun;ry) - Blug;ri)| ).

These identities, together with M N applications of Proposition 6.2.2 (where the condition (6.2.11)
there is verified by (7.3.1)) yield the theorem. O

Let us mention that Hy,, does not appear to satisfy a Cauchy identity when paired with
either G/, or F/,; it instead would satisfy one when paired with a different function (which did
not appear in Definition 7.1.1 above) of the form (A|A(zn;7y)---A(z1;71)|p), where A(z;7r) =
'IAI'e[17n];e[1)n] (x;7) (and we recall the latter from (6.2.1)). However, we will not describe this type of
Cauchy identity in detail here, since we will not need it.

We will next derive from the general skew-Cauchy identity Theorem 7.3.1 a Cauchy identity, to
which end we first require the following proposition that provides a factored form for the function
Fon(x;1 | y;8). Its proof will appear in Section 7.4 below.

Proposition 7.3.2. Fix an integer N > 1; finite sequences of complex numbers x = (x1,T2,...,TN)
and v = (r1,72,...,7N); and infinite sequences of complex numbers' y = (y1,y2,...) and s =
(s1,82,-..). Recalling the signature sequence 0N = (0N, 0V,... ,0V) € Sign,,.n, we have

n

o e
Fox(xir | yis) = [ [ 07007 N 0y min 2 g,
j=1

N N
< I Gia zsn(sty v on [T T @i 5

1<i<j<N =11

We next have the following consequence of Theorem 7.3.1.
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THEOREM 7.3.3. Adopt the notation and assumptions of Theorem 7.8.1 with L = 0. Then,
> Fa(wr|y;s)Ga(wit|y;s)

A€SeqSign,,. v

n N N
n( —N-1) n(N j+1) —
(7.3.3) =11 up Ty % g HH“J«% g
i=1j=

Jj=1
M N -1
_ _ (t2ujw; 5 q)
< JI o wsn(siy v [T T1 T (J ~ )” .
1<i<j<N i=1j=1 b \UjW; 54q)n

PROOF. Applying Theorem 7.3.1 in the case when pu = 0V and v = @, it is quickly verified by
the first identity in (7.1.3) (for G/, ) that the right side of (7.3.2) is supported on k = &. This,
together with the fact that Gg,g(W;t | y;s) = 1 (since all signatures in & are empty) yields

M N 5
(t7ujw; ,q
> Fa(uir |y;s)Ga(wst | y;s) HHtQ,L 1% 8 pon(usr | yis).
A€SeqSign,,. x i=1j=1 " ’q)n
This, together with Proposition 7.3.2, implies the theorem. (]

7.4. Proof of Proposition 7.3.2
In this section we establish Proposition 7.3.2. To that end, we begin with the following lemma
indicating that, upon suitable normalization, Fyn~ (x;r | y;s) is a polynomial of specified degree in
xUJy.

Lemma 7.4.1. For any integers n, N > 1 and sequences of complex numbers r = (r1,7r2,...,7N)
and s = (s1, 82, ...), there exists a constant C = Cy.N(r,s) such that the following holds. For any
sequences of complex numbers x = (x1,%a,...,xn) andy = (y1,Y2,...), there exists a polynomial
P(x,y) of total degree nN(N — 1) in the variables x and 'y, with coefficients in C(q,r,s), such that
N N n-1 N
(7.4.1) Fon (%51 | y58 H H H —q¢"z;) = P(x,y) Ha:?
i=17j=1 k=0 Jj=1

PROOF. Since by (7.1.3) Fy~ (x; T | y;s) is the partition function for the vertex model R (0" /@)
(from Definition 7.1.3; see also the middle of Figure 7.1) on the domain Dy = Zso x [1,N],
under the weights W,(A,B;C,D) from Definition 5.1.1 and (5.1.4), it will be useful to ana-
lyze properties of these weights. In particular, let us show for any A,B,C,D € {0,1}" that
(2;9)nW.(A,B;C,D | 1, s) is a polynomial of degree at most n in z, with coefficients in C(q,r, s).
By (5.1.4), it sufﬁces to show that (s%z;¢),W.(A,B;C,D | r,s) is a polynomial of degree at most
nin z.

The polynomiality of this normalized weight follows from the definition (5.1.1) of W, since

(s*2;9)n (¢ "8°r°2%Q)e—p _ ;0 o
——————— € C(q, 9)z]; =(s“r"°2;@Q)e—p—ov € C(g,7, s
(Szz;q)c+d—p—v (q )[ ] (q7v82T72Z;q)v ( q) p— (q )[ ]
Here, the first inclusion follows from the fact that c+d —p—v < ¢+ d —v < n (since if C =
(C1,Cs,...,Cp) €{0,1}" and D = (D1, Ds, ..., D) € {0,1}™, then ¢+ d — v counts the number of
indices ¢ € [1,n] for which max{C;, D;} = 1), and the second follows from the fact that p < c—v (in
the sum on the right side of (5.1.1)). The fact that (s?z;¢),W.(A,B;C,D | r, s) is of degree at most
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n in z then follows from the fact that the degree (in z) of the numerator of any summand on the right
side of (5.1.1) is at most that of the denominator. This verifies that (z; q)nWZ(A, B;C,D|rs)is
a polynomial of degree at most n in z.

Now, observe that Fon (x;r | y;s) is the partition function for the vertex model Pr(0V /@)
on the domain [1, N] x [1, N], whose weight at any vertex (i,j) € Dy = Zso % [1, N] is given by
sz/yi (A,B; C,D | rj,si); here, we replaced the original domain Dy with [1, N] x [1, N], which
is permitted as the arrow configuration at each vertex (i,j) € Dy with ¢ > N under any path
ensemble in Pr(0V /D) is given by (eo,e[l,n];eo,e[l’n]), and Wz (eo, €[1,n]} €0, €[1,n] | T, si) =1 by

(5.1.5). Thus, the polynomiality of (z;¢),W.(A,B;C,D | r, s) implies that

N N
(7.42) Fov(xir | y;8) [ [T (xwi s @)n
i=1j=1

is a polynomial in the variables {z;y; 1}, whose degree in any individual z;y; !is at most n.
Multiplying by H;V:1 y;LN yields that the left side of (7.4.1) is a polynomial in x and y of total
degree at most nN2.

It therefore remains to show that the left side of (7.4.1) is a multiple of 7 for each j € [1, N].
To that end, observe from (5.1.1) and (5.1.4) that z/PI=IBl divides (z; q)nﬁ/\z(A,B; C,D|rs). Now
observe under each path ensemble £ € B (0V), with arrow configuration (A (v),B(v); C(v),D(v))
at any vertex v € Dy, that for any j € [1, N] we have Ef\il (ID[(7, ) — IB|(,)) = ’D(N,j)‘ -
|B(1,j)’ = n, since B(1,j) = eg and D(N, j) = e[y ). Hence, 27 divides the numerator of (7.4.2),
which upon multiplication by vazl y}‘N implies that it also divides the left side of (7.4.1).

Hence, this left side is a polynomial of degree nN? in x Uy and is a multiple of vazl z}. This

implies that there exists a polynomial P € C(q,r,s)[x,y] of degree n(N? — N) such that (7.4.1)
holds. O

We must next determine the polynomial P(x,y) in Lemma 7.4.1, which we do by specifying
sufficiently many of its zeroes. To that end, the following symmetry relation for Fon(x;r | y;s) in
y and s (similar to Proposition 7.2.2 for the (x,r) variables) will be useful.

Lemma 7.4.2. Fiz integersn, N > 1; finite sequences of complex numbers x = (x1,a,...,zy) and
r = (r1,7r2,...,7N); and infinite sequences of complex numbers'y = (y1,y2,...) ands = (s1, S2,...).
For any permutation o € Gy, we have

(2, i n [ s2y;\"
Fox (xir | o(y)io(s)) = Fox(xir | yis) [ 5=— n( sz.) .
1<i<j<N (siyi yjaQ)n Sjyz
a(i)>a(j)

PROOF. Since Sy is generated by the transpositions {s;} for ¢ € [1, N] interchanging (i,7+ 1),
we may assume that o = s for some k € [1, N — 1]. Then, by N applications of the Yang—Baxter
equation Proposition 5.1.4, we obtain

(7 4 3) Wyk/yk+1 (e[l,n]a €[1,n]5 ©[1,n]> ©[1,n] I Sk sk+1)FON (X; r I U(Y); J(S))
= Fon (x51 | y; S)W\yk/yk+1 (80790;90790 3k75k+1)~
Diagrammatically,
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e (onirn) = e e em e e
SO O S SO O S T
(952772)5"--5'---5'---.§ m— (xg,rz)i----i---.i....:Ei

(ks 8k) (Y15 Skt1)

T % T

(Yrs 8k) (Y15 k1)

where the partition functions on both sides are with respect to the WZ weights.
Next, by (5.1.2) and (5.1.4), we have

= ( Yk )"(Siyk_lykﬂ;q)n

W, e €[1.n]; €[1.n], € Sk, Sk = —
/e (Ol €01l el Ot | 3 9841) = | 7 — TR

N (5241 UrYpp1s Dn
Wy, Jyesnr (€05 €05 €0, €0 | Sky Sky1) = =
yk/yk+1( > =0 =0y ’ ) siil(ykykiﬁ On

which upon insertion into (7.4.3) yields

2 n(.2 -1

SEYk+1 (Sk YY1 4 )
FoN(x;rw(y);a(s)):('; *) YR Un g | ys),

Sk+1Yk (Skyk Yk+1;9)n

This yields the lemma for o = s;, which as mentioned above implies it in general. (]

The following corollary then determines Fyn (X;r | y¥;58), up to an overall constant independent
of x and y.

Corollary 7.4.3. For any integers n, N > 1 and sequences of complex numbersr = (r1,79,...,7N)
and s = (s1,52,...), there exists a constant C = Cy.n(r,s) such that the following holds. For any
sequences of complex numbers x = (x1,xa,...,2yx) andy = (y1,y2,...), we have that
n N N n-—1
FON(x;r|y;s):C’H:z:? H H — ¢"riay) (yi — ¢ sy, HHH —q"x;)”
j=1 1<i<j<N k=0 i=175=1 k=0

PROOF. Let op € &y denote the longest element, that is, it is defined so that og(j) = N—j+1
for each j € [1, N]. Then, Proposition 7.2.2 and Lemma 7.4.2 give

r2z; teiig riT
FON(X;I‘ | y;s) = Fy~ (o’o(x);go(r) | y:s ) | I ( 12 i 7{7 )n( ; z>
I<i<i<N (r]xix] 5 @) \TiT;
J<
X = 3 ) n
Fon ( ;r|y;s) FON(X;r|00(y);UO(s)) 121 7{. <S; ) .
1<i<j<N (Sjyiyj aQ)n Y
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Hence, since Lemma 7.4.1 implies that
N N n—1

(7.4.5) Fon(x;7 | y;8 H H H H —q*x;)

is a polynomial in x and y of total degree nN(N — 1), it follows from (7.4.4) that (7.4.5) is equal
to 0 if there exist 1 < i< j < N and k € [0,n — 1] such that either z; = ¢*r?z; or y; = ¢*s?y;.
This implies that

(7.4.6) 11 H i = d"rie) (v — 4" styy)

1<i<j<N k=0

divides (7.4.5). The corollary then follows since both (7.4.5) and (7.4.6) are of total degree nIN (N —1)
in x and y. ]

We next state the following lemma, which will be established in Section 7.5 below, that provides
an explicit form for the constant C),n(r,s) from Corollary 7.4.3.

Lemma 7.4.4. Adopting the notation of Corollary 7.4.3, we have
N
-N 2n —N—-1
H r "% 9.

Given the above, we can now qulckly establish Proposition 7.3.2.

PROOF OF PROPOSITION 7.3.2. By Corollary 7.4.3 and Lemma 7.4.4, we have

2 i—N-1
Foveir lyis = T [L(o - v — a2, Hs MmN g 2N (2, )
1< <N k=0
N N n-1
<ITIT 1L = dep)”
i=17j=1 k=0
This, together with the facts that
(7.4.7)
n—1 N
I Tl —d" iz (i — d*sty;) = (P ey @) (s7y; g @ [ ] ()" 75
1<i<j<N k=0 1<i<j<N j=1
N N n—1 N N N
HTIIITw = @"=) =TT TL L (=iw s 0o
i=15=1 k=0 j=1 i=1j=1
imply the proposition. |

7.5. Proof of Lemma 7.4.4

In this section we establish Lemma 7.4.4, which explicitly determines the constant Cy.n(r,s)
from Corollary 7.4.3. To do this, it essentially suffices to evaluate Fyn (x;r | y;s8) for any choice
of parameters (x, y) Recalling the interpretation (7.1.3) of Fyn (x;r | y;s) as a partition function
under the weights W%/y (A,B;C,D | rj,s;) (from (5.1.4)) for the vertex model Pr(0V /@) (from
Definition 7.1.3; see the middle of Figure 7.1), we will choose these parameters (x,y) in such a
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way that this partition function freezes, that is, it admits at most one path ensemble with nonzero
weight. The latter task will be facilitated through the following proposition, which provides a
vanishing condition for the weights W,(A,B; C,D | r,s) when r? = s%2.

Lemma 7.5.1. Fiz complex numbers s,r,z € C such that r? = s?z. For any A,B,C,D, € {0,1}",
we have that W,(A,B;C,D | r,s) =0=W,(A,B;C,D | r,s) unless A+ B=C+D and B > C.

PRrOOF. It suffices to show that the lemma holds for the weight W,(A,B; C,D | r,s), for then
(5.1.4) would imply that it also holds for WZ(A,B; C,D | r,s). We may assume in what follows
that A + B = C + D, for otherwise arrow conservation implies W, (A,B;C,D | r,s) = 0 for any
r,s,z € C. Then, setting 7> = s2z in Definition 5.1.1 gives

(7.5.1)
(A, B C,D | 1ys) = (~1)" 20022020 gD VO V) i
min{b—v,c—v} , _
(@5 %a)u (5721 0)a T (0" 9)e—p(a"5% @)p(2: @)p—p—o

(@9 (Pzah (522 @) c+d—p—v

% q*Pv572p Z qgo(BfoP,P)’
P

where the sum is over all n-tuples P = (P, P,,...,P,) € {0,1}" such that |P| = p and P; <
min{B; — V;,C; — V;}, for each i € [1,n].

Since ¢ —p > v, we have (¢7%;¢)e—p = ly=c—p(¢~";q)v. Thus, the sum over p on the right side
of (7.5.1) is supported on the term p = ¢ — v; since P; < C; —V; for each i € [1,n], this implies that
the sum over P there is supported on P = C — V. Since we must also have that P; < B; — V; for
each i € [1,n], this implies that W,(A,B;C,D | r,s) = 0 unless C; < B; for each ¢ € [1,n] (that
is, unless B > C). O

Remark 7.5.2. As Proposition 8.2.2 below, we will in fact derive a fully factored form for this
weight W, (A, B; C,D | r, s) under the specialization 72 = s2z, which will follow from the fact that
the sum on the right side of (7.5.1) is supported on a single term.

The following corollary then evaluates Fyn (x;r | y;s) when s?:cj = rjzyj for each j.
Corollary 7.5.3. Adopt the notation and assumptions of Corollary 7.4.3, and further assume for
each j € [1, N] that s?:vj = rjz.yj. Then,

N
H S?n(]—N)xn(N—]—l-l)r2n(]—N—1) 7jn(r2_.

Fon (%57 | y58) = j J Y; )
j=1
N N
< [ 0Fa ag00n(siy Mysia HH%% 'q

1<i<i<N i=1j=1

PROOF. Recall from (7.1.3) the interpretation of F/, as a partition function under the WZ
weights (from (5.1.4)) for the vertex model (0" /@) (defined in Definition 7.1.3 and depicted
in the middle of Figure 7.1). Thus, for any indices ¢ € [1,n] and j € [1, N], one path of color
¢ vertically enters the model through (j,1) and horizontally exits it through (N, 7); we refer to
Figure 7.2 for an example.
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FIGURE 7.2. Shown above is the frozen vertex model correpsonding to the Fgn
when s?xj = rjzyj from the proof of Corollary 7.5.3.

By Lemma 7.5.1, ij/yj (A,B;C,D | rj,s;) = 0 unless B > C. From this fact, it is quickly
verified by induction on N that this vertex model is frozen, that is, it admits only one path ensemble
with a nonzero weight; it is given by the one depicted in Figure 7.2, in which to the left of the
(N + 1)-st column each path alternates between moving one space north and one space east (and
after the (IV+41)-st column, all paths proceed east). More specifically, in this ensemble, vertices (i, j)
have arrow configuration (eg, eg;ep,€p) if 1 <14 < j < N; arrow configuration (e[lm], eo; €, e[lm])
if 1 < ¢ =7 < N, arrow configuration (e[lm],e[17n];e[17n],e[17n]) if 1 < j <t < N; and arrow
configuration (eg, e[ ,); €0, €[1,n)) if 1 < j < N < i. Hence,

(7.5.2)

N
Fov(x;1 | y;8) = H ij/yi (eoveo;emeo | Tj,Sz') H ij/yj (6[1,n]7eo;eo,e[1,n] | ijsj)
ISi<gSN j=1

X H ij/yi(e[l,n]ve[l,n];e[l,n]ae[l,n]|ijsi)a

1<j<i<N

where we have used the fact that W (e, €1, €0,€() | 7,5) = 1 (by (5.15)). By (5.1.2) and
(5.1.4), we have

W, (s22;9; "5 q)n

Wa, i(eoﬂeo;eanO |T'7Si):%;
xﬂ/y ’ s2 (x5 5 @)n

— ( x; >"(r§xj1yi;q)n

We, puc(tnt> et eivms et 175 90) = | S ) == 5=
JjIr jdi d)n

(7.5.3)

We further have by (5.1.1) that
82Z>n (r*;q)n
(

b4 z nls 3 ) n ) = g .
(7.5.4) W.(e[1,n], €03 €0, €[10] | 7, 5) (7“2 $22:q)n

Indeed, under this weight, the n-tuple C € {0,1}" from Definition 5.1.1 is equal to ey. So, the
sum over P on the right side of (5.1.1) is supported on P = e, from which (7.5.4) quickly follows.
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Applying (7.5.4), together with (5.1.4), yields

— (e €p;€p, e |’I‘ 8)4 <xj >n (7]2'§Q)n
W i /Y ,n]» €0, €0, n js91) — —
11/31 o o o rjzyi (:L'jyi 1;Q)n

Inserting this, together with (7.5.2), into (7.5.3) yields

N
T 200y V=40, 20 =N =) i 2

Fon(x;1 | y;8) = i . y; 7" (5 @
j=1
N N
2, 1 )1
< I lzuti@)a(rie yssa HH (x5, 0)n
1<i<j<N i=1j=1
5 ) ).2n( )
-N (N—j+1) 2 —1) —4 2
=[[s" PNZIED 2N 2, ),
j=1
N N
< ] Ol wgs sty y o [ [T @iv 000t
1<i<j<N i=1j=1
where to deduce the second equality we used the fact that sfa:jyfl = r%x;lxj and r?m;lyj =
s?2y; 'y; (as s?z; = r?y;). This implies the corollary. O

Now we can quickly establish Lemma 7.4.4.

PROOF OF LEMMA 7.4.4. This follows from Corollary 7.5.3 and the fact that

N
2n(j—N) n(N—j+1) 2n(j—N—1) —j
Hsjn(J )l,;}( J )Tj”(] )yj ]n(T?;q)n
j=1
N N
< I ezt v [T T (@i e
1i<jEN i=1j=1
N
-N 2 N-1
H ) 20— )( ]’q)
Jj=1
n — N N n-1
H H v — " riw) (i — " su) [T T T (wi — ¢" )~
=1  1<i<j<N k=0 i=1j=1 k=0
where we applied (7.4.7). O
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CHAPTER 8

Degenerations

Although the weights W, from Definition 5.1.1 might at first glance appear a bit unpleasant,
the fact that they are governed by four parameters (r, s, z, ¢) makes them quite general. We will see
in this chapter how imposing certain relations among these parameters drastically simplifies the W,
weights, enabling them to factor completely. We will furthermore analyze the symmetric functions
resulting from such simplifications and the Cauchy identities they satisfy.

8.1. Restricting Horizontal Arrows

In this section we explain two degenerations of the W, weights from Definition 5.1.1 that are
obtained by restricting the parameters so that at most one arrow is permitted along any horizontal
edge. Throughout this section, we adopt the notation of Definition 5.1.1.

The first way of doing this is to set n = 1, as in the following example.

Example 8.1.1. Suppose n = 1, so that W,(A,B;C,D | r,s) # 0 only if A,B,C,D € {eg,e1}.
Abbreviating W (i, 5;4',j') = W, (ei,ej;ei/,ej/ | 7, 5) for any 4,7,4',j € {0,1} we have by (5.1.1)
that

1—s%r2z s2z(r=2 —1)
1% . =1: W(1.0:1 _ . W(1.0:0.1) = .
(0707 07 0) ) ( aOa 70) 1_ 822 ) ( 707 Oa ) 1_ 822 )
s2(r=2z—1) s2(1—2) 1—s?
Wi, 1;1,1) = ———; wi,1;,0,1) = ————=; wWi0,1;1,0) = ———
( ) ) ) ) 1—82Z ) ( ) Y ) ) 1—822 Y ( Y 3 ) ) 1—822’

and W,(A,B;C,D | r,s) = 0 otherwise. This recovers the vertex weights for a generalized free-
fermionic six-vertex model studied in [72]. We refer to Figure 8.1 for a depiction.

The second way of doing this is to set = ¢—'/2; this corresponds to the situation when L = 1
in Section 3.1, which again implies that any horizontal edge can be occupied by at most one arrow.

Example 8.1.2. Suppose 7 = ¢~ /2. In this case, W,(A,B;C,D | r,s) # 0 only if A,C € {0,1}"
and B,D € {eg,e1,...,e,}, so let us assume this to be the case below. For any i,j € [0,n],
abbreviate W (A, 4;C,j) =W, (A,ei; C,e;|r, s) and, as in (1.2.2) of [12], set

(8.1.1) A=A te; A=A —ej; AZ'-;_ =A+e —e;.

Then, it follows as a direct consequence of (5.1.1) that for each A € {0,1}" and i € [1,n], we have
(letting |A| = a)

1 — %52 2 -1 1 — @52
WA 0:A,0) =1, D wiaiarne = 20

1 — 25 ) W(A,0;A; i) = qA[’i‘Fl,n]

1— 52z



(0,0;0,0) | (1,1;1,1) | (1,0;1,0) | (0,1;0,1) | (1,0;0,1) | (0,1;1,0)

S2(r2z—1)| 1—s%"2%2 s2(1—2) |s%2(r—2-1) 1—s2

1—s22 1—s22 1—s22 1—s22 1—s22

FIGURE 8.1. The n =1 cases of the W, weights, and their arrow configurations,
are depicted above.

1<1<n 1<i<j<n A;=0 A;=1
At Al Al

ij Ji

1|
ﬂ

»>
Z

i JlJ H il

A A A A A
(A,0:;A,0) | (A,0;A7,4) | (A i;AF,0) [ (A AS7,5) | (A G AT i) | (A ALi) | (AisAL)

ji

s*(g—1)

qA[LH.n]‘
1—s2z 1—s2z

1—q%%z ]322((1 -1 1—q%s?
1—s22 1-s22 1—s22

FIGURE 8.2. The r = q~'/2 cases of the W, weights, and their arrow configura-
tions, are depicted above.
Moreover, for any 1 < i < j < n, we have

2
At o Ay S 2@ 1)
W(A,Z,Aij ,j) = g+ ]1_78227

5°(¢—1)

W(A,j; AL, i) = g+ :
(A, J; i)=4q P

Ji
Additionally,
2 2
A = A S A2 A = A S @E D)
W(A7Z,A,Z)—q ['+"]1_7822, lfAi—O, W(A,'L,A,'L)—q li+1, ]ﬁ7 lfAZ—l
We further have W,(A,b;C,d | r,s) = 0if (A, b; C, d) is not of the above form, with A, C € {0,1}".
We refer to Figure 8.2 for a depiction.

Remark 8.1.3. All vertex weights W (A, i;B, j) in Figure 8.2, except for the rightmost one there
(correpsonding to when ¢ = j and A; = 1), coincide with the L.,s(A,i;B, j) weights from equation
(2.5.1) of [12] (see also equation (B.4.7) there) for the U, (si(n + 1))-vertex model. This can be
viewed as a consequence of Lemma 4.2.1, stating that the U, (sl(m|n)) weights R{™ (A, B; C, D)
coincide with the U, (ﬁA[(m +n)) ones if (A, B, C,D) share no fermionic colors.
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2. Additional Simplifications

In this section we provide four additional special choices of the parameters (r, s, z) under which
the sums from (5.1.1) describing the weights W,(A,B;C,D | r,s) again simplify into factored
products, but which now permit multiple arrows to exist along horizontal edges. Throughout this
section, we adopt the notation of Definition 5.1.1.

Before detailing these degenerations, we begin with the following lemma that will be useful in
their derivations. In what follows, we recall the function ¢ from (1.1.1).

Lemma 8.2.1. Fiz X|Y € {0,1}", whose coordinates are both indexed by [1,n], and define Z =
(Z1,Z2,...,Zy,) € {0,1}™ by setting Z; = min{X,;,Y;} for each i € [1,n]. Then,

(8.2.1) P(X,Y) + (Y, X) = [X|[Y] - |Z].
In particular, recalling that ep ,,) = (1,1,...,1) € {0,1}", we have
(8.2.2) o(X,eqn)) + ¢l X) = (n—1)[X].

PROOF. Observe that (8.2.2) follows from the Y = e[; ;) case of (8.2.1) (since then Z = X and
Y| = n), so it suffices to establish the latter. To that end, observe from the definition (1.1.1) of ¢
that

PXY)+o(Y.X)= Y XiVi+ > XY,

1<i<jsn 1<j<isn
=ZYJ—<ZX1-> ZY X| - X;) = |X|[Y] - ZXY X|Y| - |Z],
j=1 i#j j=1

where in the last equality we used the fact that Z; = min{X;,Y;} = X,Y; for each j € [1,n] (as
X;,Y; €{0,1}). O

Now, the following three propositions address simplifications of W, under certain relations
between the three parameters (r,s,z) € C. The source of these simplifications comes from the
three factors (¢ "s*r22;q)c—ps (23 @Q)p—p—v, and (¢'7r722;¢),(¢"r*271; q),, appearing on the right
side of (5.1.1). If s27722 =1, z = 1, or 7?2~ = 1, then the first, second, or third of these quantities
will be supported on a single value of p, respectively,’ thereby giving rise to a factored form for W.,.

We begin with the s?7~2z = 1 specialization, which is similar to the g-Hahn type specialization
originally explained in Proposition 6.7 of [8] and Proposition 6.11 of [11] for the U, (s?[(Q)) vertex

model, and later in Proposition 7 of [55] for the more general U, (s’,\[(n)) vertex model.

Proposition 8.2.2. For any s,z € C, we have?

o) (B 5% 0)e(2 Q)b—c
(8.2.3) W.(A,B;C,D | sz'/2,5) = s2(b=0)g#(B C’C)((S)Qz(_q):blA+B—c+D1B>c~
PROOF. We may assume in what follows that A + B = C + D, for otherwise both sides of
(8.2.3) are equal to 0 by arrow conservation. We may further assume by Lemma 7.5.1 that B > C.

IFor the first quantity (¢~ Vs%r~2

2In the below, and throughout this text, quantities such as z

;q)c—p, this follows from the fact that we additionally have ¢ — v > p.

1/2 will not depend on the choice for the root of z.
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Inserting r = s2'/2 into (5.1.1), we have that
(8.2.4)
W, (A, B; C, D | 521/2; S) _ (71)vZchdfafb520+2d72aqtp(D7V,C)+<p(V,A)7av+cv

(¢ 7s72%59)0 (5%239)a

(@9 (Pzah

> q—pvs—Qp Z qw(B—D—P,P)7
P

min{b—v,c—v} ( v

i) e—p(0°5% Q)p(2 Qp—p—v
(822; Q)c+d7p7v

X

where the sum is over all n-tuples P = (P, P,,...,P,) € {0,1}" such that |P| = p and P, <
min{B; — V;,C; — V;}, for each i € [1,n]. As indicated at the end of the proof of Lemma 7.5.1, the
sum on the right side of (8.2.4) is supported on the term P = C — V. Inserting this into (8.2.4),
and using the fact that a + b = ¢ + d, yields

%% (A B:C.D | SZ1/2' S) _ (_l)v82b—2c+2vqgo(D—V,C)-&-c,a(V,A)_m)_:,_U? (ql_”s‘z; q)v
z ) ) ) b -

(s%2;)b
X (q"8%; Q)e—v(2 Q)p—cq? B P CTVCV),

Using the identities A + B = C + D and

(q17v572;q)v _ (—1)1)(]_(;)5’2”(52; Do,
it follows that
W.(A,B;C,D | 52'/%5) = SQb_QCqW(D—V,C)-‘rW(V,A)—av+v2M
(8.2.5) o
x (52; Q)v(quz; Q)c—vq“"(V*AvaV)f(;’)'

Next, by the bilinearity of ¢, we have that

(8.2.6)
D=V, C)+¢(V,A)+p(V-A,C-V)=¢p(D-A,C)+¢(V,A) —¢(V,V) + p(A,V)

=¢o(B-C,C)+av—v— (;),

where in the second statement we have used the facts that A+B = C+D, that ¢(V,V) = (’2)), and
that (A, V) + ¢o(V,A) = av — v (where the last statement holds by Lemma 8.2.1, since V < A).
Now the proposition follows from inserting (8.2.6) into (8.2.5) and using the identities v? =

2(5) + v and (s%;9)0(¢"s* @)e—v = (5% Q) O
Next we consider the case z = 1.

Proposition 8.2.3. For any r,s € C, we have

(7’7252; Q)e—b ©(D,C—B)

o 47 1aB=c+Dlc:B.

(8%1Q) c+d—b - -
PROOF. We may again assume in what follows that A + B = C + D, for otherwise arrow

conservation implies W,(A,B; C,D | r,s) = 0 for any r, s,z € C. Then setting z =1 in (5.1.1), we

find that the factor (z;¢)p—p—v» = 1p=p—o on the right side there implies that the sum is supported

on the term P = B — V. In particular, since we must have P; < min{B; — V;, C; — V;}, this implies

(8.2.7) Wi(A,B;C,D | r,s) = (r252)%(r2;q)q
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that W1(A,B;C,D | r,s) = 0 unless C > B. Thus, we will assume in in what follows that C > B,
for otherwise both sides of (8.2.7) are equal to 0.
Then inserting z = 1 into (5.1.1) (and using that it is supported on P = B — V) yields

1—v,.—

2. 2.
Wi (A, B:; C,D | r S) — (_1)1;,r2c—2a82dq<p(D—V,C)+<p(V,A)—av—i—m; ((q . ; 27(]))11 E?"z, q;d
q 7S q)u (T75q)y
(¢8> 1% @) ero—b(0"7% Qb0 (g r2)pvgP(V-DB-V).

X
(8% @)ctd—b
Using the identities
1—v,.—2. V2. 1—v,.—2.
(q r vQ)v(q r ,Q)bfv _ (q T ,Q)v _ (71)1,7‘,21,(1,(;)
(%) (%) ’

(q_USQT_2§Q)c+U—b - (7”_2 2.

8 7q '_b?
(g7s%r=2;q), Je

it follows that

Wi(A,B;C,D |r,5) = TZc—Qa—QbSquga(D—V,C)+<,a(V,A)+go(V—D,B—V)—av—bv+cv+v2—(g)
(8.2.8) % (Tz;q)d(rﬂsz;@c—b.
(5% @)etrd—b
Next, by the bilinearity of ¢, we find that

¢(D—-V,C)+¢(V,A)+p(V-D,B-V)
(8.2.9) =pD,C-B)+¢(V,A+B -C)+¢(D,V) —¢(V,V)
=¢(D,C-B)+¢(V,D)+¢([D,V) - ¢(V,V),

where in the last equality we used the fact that A+B = C+D. Since V < D, Lemma 8.2.1 implies
that ¢(V,D) + ¢(D, V) = |D||V| — |V| = dv — v. Inserting this and the fact that ¢(V,V) = ()
into (8.2.9) yields

(D -V, C)+p(V,A)+p(V-D,B-V)=¢p(D,C-B)+dv—v— (;)
The proposition then follows from inserting this into (8.2.8) and applying the identities a+b = c¢+d
and v? = 2(3) + v. O
Now we address the specialization 72271 = 1.

Proposition 8.2.4. For any s,z € C, we have
5% 0)e(2:9)a
W.(A,B;C,D | 22 s) = stqW(D’C)(J#IA+B:C+D1v:0.
(8225 qQ)ctd

PrOOF. As in the proofs of Proposition 8.2.2 and Proposition 8.2.3, we may assume that
A + B = C + D. Then, setting 7 = 2'/2 in (5.1.1) yields
1—v

W.(A,B;C,D | Z1/2’5) _ (71)vZc+d7a7bs2dq<p(D7V,C)+Lp(V,A)7av+cv (¢ / 2§CI)U (2:q)a
(@7v5% 9w (2,9)p
min{b—v,c—v}

X

(¢75% @)e—p("; @)p (2 Do—p—v g qup(BfoP,P)’

(32z; Q)c+d—p—v

p=0 P
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where the last sum sum is over all n-tuples P = (Py, P, ..., P,) € {0,1}" such that |P| = p and
P; < min{B; — V;,C; — V;} for each i € [1,n]. Since (¢'7V;¢), = 1,—o and since a + b = c+d (as
A + B =C+ D), it follows that
) min{b,c} - o v. .
W.(ABIC.D | /2 5) = s2ige0) 0y s 0yl D0y
(2 @b (5223 @)crd—p

x 3 g#(B-D-P.P)
P

As 1,-0(¢"; @)p = 1y=01lp=0, it follows that the above sum is supported on the term P = eq, from
which we deduce the proposition. |

p=0

A fourth simplification arises in the limiting regime when (s, z) tends to (0,00) in such a way
that x = sz is fixed. Ensuring the existence of this limit will require normalizing the weight by a
factor of (—s)~.

Proposition 8.2.5. For any fized x € C, we have

2,
lim(—s)isz/s(A B:C.D | r 8) _ md(_,,j)cfafvqap(D—V,C)+ap(V,A)+(g)—dv+vm
5*)0 ) 3 9 9 (/]"2; q)b

X 1A+B=C+D H (1 — r72qu[J+11n]*D[1J*U).
j:ijDjzl

(8.2.10)

PROOF. As in the proof of Proposition 8.2.2, we may assume in what follows that A + B =
C + D. Then, replacing the z in Definition 5.1.1 with s~ !z yields
(8.2.11)

1—v,.—2.,-1,..
()1, /o(A, By C,D | 1,5) = (—1)"Hsbd=by2e-2ageD-V.C) (V. A) avten (L T8 i)

(q7vsr=2x;q),

min{b—v,c—v}

" (r%q)a ) (g sr2;q)c—p(q°r?sz™ 15 q)p
(72; Q)b p=0 (S(E; Q)c+d7p7v
> (q_UT‘_2S_1£L')p(S_1£E; Q)bfpfv Z qtp(B—D—P,P)7

P
where the sum is over all n-tuples P = (P, P,,...,P,) € {0,1}" such that |P| = p and P, <
min{B; — V;,C; — V;} for each i € [1,n]. Next, observe that
lim (—s)* ('~ 25~ q)y = ¢~ B)r 20,
s—0
lim sb—p—v(s—lx; q)b,p,,u _ q(bfzz)fv)(_1)b—p—vxb—p—11)
s—0
which upon insertion into (8.2.11) gives
(8.2.12)

lim(fs)dWI/s(A, B; C, D | r S) _ (71)v+b+dmdr2072a72vq¢(D7V,C)+<p(V,A)7av+cv7(;)
s—0

min{b—v,c—v}

(_T72)pq(b—g—v),pv Z qw(BfoRP).
p=0 P
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By the bilinearity of ¢ and the fact that ¢(X,X) = (3) whenever |X| = z, we have

(b§”> - <;)+<p(BDP,P)
—9B-P-V,B-P-V)—¢(V.V)+¢B-D-P,P)

:@(BfPaB7P)7¢(B*Pav)7¢(V3B7P)+§D(B*Pap)790(D3P)
~(3) ~#P.B) - - p— Do - 4(D.P)

where in the last equality we also applied Lemma 8.2.1 (with the fact that P < B — V). Upon
insertion into (8.2.12) and using the fact that a + b = ¢ + d, this yields

: d d(_,.2 D—V.C)4o(V.A)+ () —dvto (75 Q)d
lim (—s)"“W,,s(A,B;C,D | r,s) = 2°(—r yeamvg#l C)+e(V,A)+(3) —dvto \T 5 D)d

s=0 (r%:q)
(8213) min{b—v,c—v}
Y (Y PRI DP),
p=0 P

Next, observe again by the bilinearity of ¢ and Lemma 8.2.1, applied with the (X,Y) there
equal to (P, V) here, gives

o(P,B)+¢(D,P)=¢(P,B-V)+ oD -V,P)+¢P,V)+p(V,P)
= (p(PaB _V) +(p(D _V7P) +p1},
where we have further used the fact that the Z in Lemma 8.2.1 is equal to ey here since P < B—V.

Inserting this into (8.2.13) then gives

d d 2 D-V,C V,A)+(8)—d (TQ;Q)d
lim (—5) "W, o(A, B; C,D | 7, 5) = a(—r?)e 707 vg#(P=V Q1 elV.A)+(3) v L1

50 (r%:q)p
(8214) min{b—v,c—v}
Z (_q—UT—Q)panp(P,V—B)-&-Lp(V—D,P).
p=0 P

Now observe for any w € C and X,Y,Z € {0,1}" (whose coordinates are indexed by [1,n]) that

(8.2.15) Z wPlg=e®X)—o(Y.P) _ H (14 g~ Xorm=Yini-uy),
Pc{0,1}" §:Z;=1
P<Z

which holds since (1.1.1) implies (P, X) = Z?:Pj:l Xij+1,m and (Y, P) = Zj:szl Yiij-1-
Applying (8.2.14), together with the

(w,X,Y,Z2)=(—¢ v >B-V,D-V,min{B-V,C-V})

case of (8.2.15) (where min{B — V,C — V} € {0,1}" denotes the entrywise minimum of B — 'V
and C — V) yields

2
< \—d . _ d(_ 2\c—a—v_p(D=V,C)+o(V,A)+(3)—dvtv (r%q)a
lim (—5)""Wao (A, B; C,D | 7,5) = 2%(=17)"" "¢ 2 "

X H (1 — T*QQ*BIHLn]*D[LJfl]),
jmin{B,—V;.C;~V;}=1
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where we have used the fact that Vj; j_1) + Vjj41,,) = [V| = V; = v holds for any j € [0,n] with
B; —V; =1 (as B;,V; € {0,1}). Now the lemma follows from this, together with the fact that
min{B; — V;,C; — V;} = 1 holds if and only if (B;,C},V;) = (1,1,0), which in turn holds if and
only if B — D; =1 (as Aj +B; =C;+ D; and Aj,Bj,Cj,Dj S {0, 1}) (Il

Remark 8.2.6. It is quickly verified that the right side of (8.2.10) is a polynomial in r~2, as the
potential denominator in the term (r%;q); ' (r%; ¢)q there can be shown to be canceled by (part of)
the product Hj:Bj_D]:l (1 — r*2q*3[j+1,n]*D[1,j—ﬂ),

8.3. Limit Degenerations

In this section we consider the special cases of the W, weights given by Proposition 8.2.2, Propo-
sition 8.2.3, and Proposition 8.2.4, and consider their limits as some of the parameters (r, s, z) tend
to 0 or oco. Although there are in principle many possible choices for these limit degenerations,
we only consider two in each case; the first (given by Corollary 8.3.1, Corollary 8.3.3, and Corol-
lary 8.3.5 below) applies the limit as one parameter tends to 0 or co, and the second (given by
Corollary 8.3.2, Corollary 8.3.4, and Corollary 8.3.6 below) applies it as two do. We will later
see as Theorem 9.3.2 below that, under the latter three double limits, the F,G, H functions from
Definition 7.1.1 degenerate to the Lascoux—Leclerc—Thibon (LLT) polynomials. Throughout this
section we again adopt the notation of Definition 5.1.1.

We begin by degenerating Proposition 8.2.2, first when s tends to co and then when z tends to
0.

Corollary 8.3.1. For any fixed z € C, we have

lim W.(A,B,C,D | sz"/%s) = (—1)"¢?BCB) 702 ¢)y_.1asB_ciplB>C-

§—00

PRrROOF. Since for any fixed z € C we have that

and, by the bilinearity of ¢,

¢B-C.0 ¢ (5) - (4) = 9B~ C.C)+4(C.C) ~ ¢(B.B) = ¢(B.C - B)

the corollary follows from Proposition 8.2.2. O

Corollary 8.3.2. For any fixred x € C, we have

(8.3.1)
i yb<shl§o Wa,y(A,B;C,D | le/Q;Syl/Q)) = (-1)"2"¢*BS" B, 5 _ciplBsC.

PrOOF. This follows by setting (s, z) to (syl/z, g) in Corollary 8.3.1 and letting y tend to
0. ]

Next we degenerate Proposition 8.2.3, first when (r,s) = (sz'/2, sy'/?) and s tends to 0, and
then when y tends to 0.

Corollary 8.3.3. For any fized r € C, we have

ii_{% Wi(A,B;C,D | sz'/? sy’/?) = 27 (27 y; ¢)e—pq? P B 1a1B_ciplosB-
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PROOF. This follows by setting (r,s) to (sz'/2, sy'/?) in Proposition 8.2.3 and letting s tend
to 0. (|

Corollary 8.3.4. For any fized z € C, we have
(8.3.2) ?}13% y? ( 11_% Wi(A,B;C,D | sz'/?, Syl/z)) =2 4?PC B, g cipless.

PRrOOF. This follows by letting y tend to 0 in Corollary 8.3.3. O

Now we degenerate Proposition 8.2.4, first when s tends to 0 and then when y tends to 0.
Corollary 8.3.5. For any fixed z € C, we have
lim sT2W.(A,B;C,D | 2% 5) = ¢*P9)(2;¢)4la1B-c1D om0
S—»

PRrOOF. This follows by letting s tend to 0 in Proposition 8.2.4. O

Corollary 8.3.6. For any fized x € C, we have

(8.3.3) lim(—y)d(lims_QdWm/y(A,B;C,D | (xy—1)1/2,5)> = 29q?PCD) 14 B ciploo.

y—0 s—0

Proor. This follows by setting z = % in Corollary 8.3.5, letting y tend to 0, the fact that

lim (—y) 2y q)a = 2q(3) = 29g# D),
y—0

and the bilinearity of . |

Remark 8.3.7. It is quickly verified that one obtains the same results as in Corollary 8.3.2, Corol-
lary 8.3.4, and Corollary 8.3.6 by taking the double limits of (5.1.1) in y and s simultaneously,
assuming s?y ! tends to oo in Corollary 8.3.2 or that it tends to 0 in Corollary 8.3.4 and Corol-
lary 8.3.6.

Before proceeding, it will be useful to provide one further degeneration of the fused weights
W.(A,B;C,D | r,s) from Definition 5.1.1. It corresponds to the limit of the weight from from
Proposition 8.2.4 as s? tends to 0 and z tends oo simultaneously, so that s?z remains fixed; this
weight will be useful in Section 10.4 and Chapter 12 below.

Corollary 8.3.8. For any fixed z € C, we have
lim W (A B: C Dl —-1_1/2 ) ¢(D,C+D) (_Z)d 1 1
1m z/s , b U, s "z yS) = ’ -~ = v=0-
oo Als? q Z Q)ora A+B=Cc+Dlv=0
PRrOOF. By Proposition 8.2.4, we have that
s%19)c(s*21q)a
(25 @)etd

W) (ABiC,D | 5212 5) = s2qeP0) 1a+B=c+plizo.

Letting s tend to 0, using the fact that

d

lin% st(s_Qz;q)d — (_Z)dq(2) _ (_Z)dqap(D,D)’
S—>
and applying the bilinearity of ¢, we deduce the corollary. 0

103



8.4. Limiting Weights and Degenerated Functions

In this section we introduce notation for the weights and functions degenerated according to
the limits considered in Section 8.3. In view of Corollary 8.3.1, Corollary 8.3.2, Corollary 8.3.4,
Corollary 8.3.6, Corollary 8.3.8, and Proposition 8.2.5, we define the following limiting weights.

Definition 8.4.1. If A + B = C + D, then set

Wiy (A,B;C,D | 00,00) = (—=1)" a7y (ay ™1 q)p—cq? B Plpsc;

W.(A,B;C,D | 00, 00) = ( )b S (B’C_B)lB2C;
W.(A,B;C,D | 0,0) = #(D,C— B>1
W.(A,B;C,D | 00,0) = z%* (D C+D)y,_

C>B;

8.4.1 dy—d
( ) Wa:y(A B;C,D | 00,0) = qtﬁ(D C+D)(:£y)qy)_,_dlA+B_C+D1U_0;
2.
Wo(AB;C.D | r) = a(—p2)e=0 gDV COrp(V A () v [0
(r%59)p
X 1A+B—C4+D H (1 _ T*QQ*BUH,M*D[l,.f—u)7
j:Bj—D;=1
and
Wm;y(AaBE C,D | o0,00) = (Dbcnxnbyb”mqw(}g C-BI+(; )1B>C;

saz  HABCD 0000 = (1) e bR O g

WI(A,B; C,D | o0,0) = xdfnq“"(D’chD)*(g)lv:O,

—2) My ay i g

(Y= @)etd

Wiew(A,B;C,D | 00,0) = QW(D’(HD)*(;)( 1a+B=c+plu—0,

Otherwise, set all of these quantities to 0.

Observe that the definitions (8.4.1) and (8.4.2) are consistent with (5.1.4). We did not introduce
WI(A,B; C,D | 0,0), since it is ill-defined as W, (eo,e[lﬁn];eo,e[lyn] | 0,0) = 0 (we also did not
introduce W\x(A, B;C,D | r) since we will not use it).

The next definition provides the corresponding limit degenerations for the functions G /,,
Fx/u, and Hy,, from Definition 7.1.1. There are various additional degenerations (using all possible
weights from Definition 8.4.1) that could be defined and considered, but here we only introduce the
ones we will use in this text. In what follows, for any complex number ¢t € C and (possibly infinite)
sequence z = (21, 29, ..., 2k) C C, we define the sequence tz = (tz1,tz9,...,tz;) C C.

Definition 8.4.2. Fix integers M > 0 and N > 1; a complex number r € C; a finite sequence
x = (x1,29,...,2y) of complex numbers; and an infinite sequence y = (y1,y2,...) of complex
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numbers. For any sequences of n signatures A, p € SeqSign,,.», set
(8.4.3)
Ga/u(x;00 | y;00) = hm GA/ (x; sxt/? | v; sy1/2)

Ga/p(0; | 030) = lim ylH =X (113(1) Gy (W, y - 55X 2 | (... )3 sy 2,y 2, -)));

y—0 s—0

g)\/u(x; r | 0; O) = l%(_s)lul_p\lG/\/M(x; (7", r.. ) | (57 Sy )5 (57 Sy ))

Gx/u(x;00 ] 0;0) = lim (— y) A= “(hm s2lml= 2p“G)\/ (x;y “12x12 | (y, ),(s,s,))),

Moreover, for any sequences of n signatures A € SeqSign,,.,; v and p € SeqSign,, ,, set
(8.4.4)
Hasu(xi00 | y500) = lim Hy (x5 5x'/2 | y;syt/?);

Hoypu(x;00 | 00500) = lim yl”l IXn (M) = (M)
y—00

(ng H)\/p.(x S 2X I (y7ya)731/2(yvya))>v

Fa/ulx;00]0;0) = lim(—y)'“"')"‘*‘"(g)_”(M;N)
y—0

X ( lim 82(‘/\‘_‘H‘_n( )+n(M+N))FA/H- (X; y_1/2X1/2 | (ya Y- )7 (Sa Sy ))>,

s—0

Faju(x300 | y;0) = lig%F,\/“(X; (s My )2 s oy DYA L) | 8%y (s,s,---))-

Remark 8.4.3. Let us briefly account for the powers of y (and s) appearing in the limits on the

right sides of (8.4.3) and (8.4.4), taking H . (x; 00 | 00;00) as an example. As indicated in (7.1.3),
Hy/u(x;r | y;8) is the partition function under the weights W, (A, B; C,D | r,s) for the vertex
model Py (A/p) from Definition 7.1.3. By Corollary 8.3.2, the weights W,.(A,B; C,D | oo, o0) are
obtained as the limit of y‘bWx/y(A,B;C,D | sz'/2,sy'/?) as s and y tend to oo; in particular,
a factor of y~? is required as a normalization in these weights. Thus, in view of (7.1.3) (and

recalling the notation around there), a normalization of y~¢/1) s required in the definition of

Hon/pu(x; 00 | 005 00), where £(A/p) is the common value over all £ € By (A/pu) of

EX/m= ) \B(@J’)IZEH:( DTS m)

(i,7)€D c=1 \[eT(A() meT ()

n M+N M
:Z< S W EMAN—i+1) =Y uc)—l—M—z—i-l))

i=1 i=1

M+N+1 M+1
= () el - a

where (A(v),B(v); C(v),D(v)) denotes the arrow configuration at any vertex v € D under €. This
indeed recovers the normalizing factor of y on the right side of the second equation of (8.4.4); similar
statements hold for the remaining limits in Definition 8.4.2.
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Remark 8.4.4. Observe that the degenerated functions from Definition 8.4.2 are partition func-
tions for vertex models under the limiting weights from Definition 8.4.1. Indeed, let us extend
the definitions of the weights W (€ | x;r | y;s) and W(é’ | x;r | y;8) from (7.1.2) to when
x,y,r,s € {0,000}, so that for example

ngOO|OO OO H VVQ;1 (@7])’0(27])7D(l7])|OO,OO),
(i,5)€D

for any path ensemble £ on D (recall (7.1.1)), where (A(v),B(v); C(v),D(v)) denotes the arrow
configuration at any vertex v € D under £. Then, (7.1.3) continues to hold for x,r,s,y € {0, 00}.

8.5. Degenerations of Cauchy Identities

In this section we analyze the special cases of the Cauchy identity Theorem 7.3.3 under the
degenerations considered in Section 8.2 and Section 8.3. Throughout this section, we fix inte-
gers N, M > 1; finite sequences of complex numbers u = (uj,uz,...,un), r = (r1,72,...,7N),
w = (wy,wa,...,wy), and t = (t1,ta,...,¢a); and infinite sequences of complex numbers y =
(y1,vy2,...) and s = (81, 82,...).

There are in principle numerous such degenerations that can be analyzed, but let us only
restrict our attention to two, corresponding to the sums over X of Fx(u;o0 | 0;0)Gx(w; 00 | 0;0)
and Fx(u;o00 | 0;0)GA(0; w | 0;0). We will later see that these correspond to the Cauchy identity
and the dual Cauchy identity for the LLT polynomials, respectively.

Corollary 8.5.1. If

(8.5.1) max  max |q(g)+(g)7(g)uq_"wb| <1
1<i<M  a,be[0,n)] J g ’
ISISN (a,0)#(n,0)

then
(8.5.2)

M
S Awioc | 0;0)Ga(wioo | 0:0) = ¢ G ]

X€SeqSign,,, v i=1j=1 j=1

PRrROOF. Fix s,y € C, and denote the infinite sequences s = (s,s,...) and y = (y,y,...).
Applying Theorem 7.3.3, we obtain

Z (_y—l 2)\>\\+n( )FA( —1/2,1/2 ly; s)( y_ls2)_‘>“G>\(w;y_1/2w1/2 ly; S)
A€SeqSign,,. n

N N
(8.5.3) :(*Zflsz)"(g)nsz nk=N) (g H wiy~ b )i NHH y" ujy L)
k=1 Jj=1 =1 7= 1 7Q)
1 Vi T —N N y" (U@
= 16500 [TV (wiy ™5 a)i7 HH Yy 0

21_]1 3 7Q7L

£
Il
—
Il
_

J
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assuming there exists an integer K > 1 and a real number € > 0 such that

2a+2b—2n -1.2\n—a B: B |y 1/2 1/2,
PR B Ry P g T oo Bieo, B LR, )
LGN (a,b)#(n,0)
_ _ 1/2
X max’ 2) bWwi/y(eo,B;eo,B |y 1/2wi/ ;s)|

(8.5.4) |B|=b

s7u,y
= sup max  max atb-n (5714 :
k> K 1<ISM  a,be[0,n] (ujy—
LGN (a,5) £(n,0)

L) (uiy i a)e (wiyT )
s O)n(82uy7 1 q)a (S2wiy=t )

<1l-—g¢g,

where the additional factors of (—y~1s%)"~% and (—y~'s?)~" arise due to the correpsonding gauge
factors on the left side of (8.5.3), and we have used (5.1.3) and (5.1.4) in the first equality in (8.5.4).

In particular, since limy_o(—y)*(zy L q)r = = q( ) for any x € C and k € Zx, (8.5.1) implies the
existence of a constant § = §(¢) > 0 such that (8.5.4) holds whenever |s|, |yl, |s?y~!| < 4.

Now let us show that the left side of (8.5.3) converges uniformly over s,y € C with |s| < |y| < J
(so that we may take the limit there as s and y to 0). To that end, observe under (8.5.4) that

(—y_l 2)\>\\+n( )FA( —1/2,1/2 |y s)( y 182)—\)\\GA(W;y—1/2W1/2 | y;s)’

(8.5.5) 20N
< C<A|; N> (1- 8)2|)\|72nN27

for any A € SeqSign,,.;y and some constant C' > 0 independent of A. Indeed, any path ensemble
€ € Pa(A/D; N) (from Definition 7.1.3; see the left side of Figure 7.1), has at least |A| — nN?
vertices with arrow configuration of the form (eg, B;eg; B) for some B € {0,1}™ with |B| > 0, as
there exist at most nIN? vertices at which any of the nN paths in the ensemble can go up. Similarly,
any path ensemble £ € Pr(A/D) (from Definition 7.1.3; see the middle of Figure 7.1) has at least
|A| —nN? vertices with arrow configuration of the form (eq, B; e, B) with |B| < n. Moreover, there

are at most (WX,FN) choices for any of the nN paths in £ € Pa(A/D; N) UPBr(A/D), which gives

|Ba(A/2; N)Br(A/2)| < (p‘lij)%N. Thus, (8.5.5) follows from first applying (8.5.4) (which

holds for |s| < |y| < §) to bound the contribution of weights to the right of the K-th column in any
such vertex model (where K is from (8.5.4)), and using the constant C' to account for the products
of weights in the leftmost K columns.

This implies that the sum on the left side of (8.5.3) converges uniformly for |s| < |y| < § (and
fixed n, N > 1). So, first letting s tend to 0 and then letting y tend to 0 in (8.5.3), it follows that

Z Fx(u;00 | 0;0)Ga (w300 | 050)
A€SeqSign,,,
(8.5.6)

N N (wjyiq
i TT - 0-~ T] 2e
: = 1] 1 7Q)n
Thus, since
®57)  m ()" (wy 0 = e e ia)e = (a0 e g,
we deduce (8.5.2) from (8.5.6). O
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Corollary 8.5.2. We have that

N M N
Y D) FE (500 [ 0:0)Ga (0581 0:0) = ¢~ V) [T T[T (0 5507 Y
j=1 i=1j=1

A€SeqSign,,. x

PROOF. Fix a complex number y € C, and denote the infinite sequence s = (s, s,...). Applying
Theorem 7.3.3, we obtain

Z (_1>\>\\(_8—2)7|>\|7 n(y )FA( ~1,41/2 | g2 52)(32)_|>‘|G>‘(s2;st1/2 | 52;52)
A€SeqSign,,. x
(8.5.8) R ™ N (b
= (=5 n<2)(=94;‘1)n2 H s 2ug;q)) NHH m,
Jj=1 i=17=1
where here we do not require the convergence condition since the sum on the left side of (8.5.8)
is finite, as there are only finitely many A € Sign,, y so that Ga(s?;5t1/2 | s%;8%) # 0. Indeed,
to verify the latter point, observe by induction on N that if there exists some index pair (i,5) €
[1,n] x [1, N] such that )\;i) > n(N + 1), then any path ensemble in the vertex model P (A/p; N)
(from Definition 7.1.3; see also the left side of Figure 7.1) describing Gy must contain a vertex
of arrow configuration (A,B;C,D) with B; > C; (where B = (B1,Bs,...,B,) € {0,1}" and
C=(C1,Cy,...,Cp) € {0,1}™). By Proposition 8.2.3, the weight under W; of such a vertex is 0,
and so G (s%; st/? | s%;s%) = 0 for all but finitely many X.
Now by Corollary 8.3.4, Corollary 8.3.6, Remark 8.3.7, Definition 8.4.1, and Definition 8.4.2,
we deduce

lim (—s~2) "3 By (w57 Tul/? | 8%;8%) = Fa(u; 00 | 00);

5—0
51%(32)4*'@(3;30/2 | s2;8%) = Ga(0;t | 0;0).
This, letting s tend to 0 in (8.5.8), and the facts that
lim 5" (5™ u;50)n = (—u)"d®: (fgi @ = a3 (—tiuy)m (1 u; i s
then together imply the corollary. ]
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CHAPTER 9

Degeneration to the LLT Polynomials

In this chapter we explain through Theorem 9.3.2 below (whose proof will appear in Chapter 10)
how some of the degenerations of the G, F', and H functions from Definition 8.4.2 can be matched
with the Lascoux—Leclerc-Thibon polynomials originally introduced in [62].

9.1. The LLT Polynomials

In this section we recall the definitions of the Lascoux—Leclerc—-Thibon (LLT) polynomials
introduced in [62]. Although these polynomials are typically indexed by partitions, here we will
index them by signatures A = (A1, A2,..., A\yn) € Sign,, iy, where n, N > 1 are integers that will be
fixed throughout this section. Any such signature A is associated with the partition obtained by
removing the zero entries of A\, under which correpsondence the notions below will coincide with
the ones from [62]. In particular, it is quickly verified that the definitions in this section will only
depend on the nonzero entries of A (and not on the number of its entries equal to 0).

Let us begin with some notation. Given two signatures A € Sign, and p € Sign,,, we say u C A if
m < £ and p; < A; for each i € [1,m]. Moreover, for any sequences of n signatures A, u € SeqSign,,,
we say p C X if u C A for each i € [I,n]. If 4 C A, we call \/u a skew-shape; the size of this
skew-shape is |A/p| = |A| = |p| = 0. Similarly, if g C A, we call A/p a sequence of skew-shapes;
its size is |A/u| = |A| — || = 0. Similarly to our convention for sequence of signatures, we will
denote any sequence A/u of n skew-shapes by A/p = ()\(1)/,u(1),)\(2)//4(2)7 . .,)\(”)/,u(")), unless
mentioned otherwise. Any signature ) is associated with the skew-shape A\/@, and any sequence A
of signatures is associated with the sequence of skew-shapes A\/Q.

We depict any signature A = (A1, Mg, ..., A¢) through its Young diagram Y(\), which is a left-
justified collection of || boxes arranged in ¢(\) = ¢ rows, whose i-th row from the top contains
A; boxes. The condition g C X is then equivalent to imposing that Y(u) is contained inside Y(A),
where these Young diagrams are translated so that their top-left corners coincide. The Young
diagram Y(A\/u) for the skew-shape A\/u is then given by Y(A) \ Y(u), obtained by removing the
Young diagram of p from that of \; we refer to the left side of Figure 9.1 for a depiction, where
there dotted part is Y(u) and the solid part is Y(A/p).

A skew-shape \/u is connected if its Young diagram is edge-connected, that is, for any two
boxes b,b" € Y(A/u) there exists a sequence of boxes by = b, by,...,by =V € Y(A/p) such that b;
and b; 1 share an edge for each ¢ € [0,k — 1]. A ribbon is then a connected skew-shape that does
not contain any 2 X 2 block of boxes, and an n-ribbon is a ribbon of size n; we refer to the left side
of Figure 9.1 for a tiling of a skew-shape by 3-ribbons. The height ht(\/u) of an n-ribbon \/p is
the number of rows it spans; following equation (15) of [62], the spin sp(A\/u) of A/u is defined by

_ ht(A/p) — 1

(9.1.1) sp(\/w) L
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FIGURE 9.1. To the left is a 3-ribbon tableau for the skew shape A/u, where
A= (8,7,7,4,3,2,2) and pu = (8,6,2,2); to the right is the associated sequence of
colored Maya diagrams. Here, red is color 1, blue is color 2, and green is color 3.

A horizontal n-ribbon strip is a (not necessarily connected) skew-shape A\/u that can be tiled
by n-ribbons, each of whose top-right boxes is adjacent to the upper boundary of A/u. The spin
sp(A/p) of this horizontal n-ribbon strip is given by the sum of the spins of the n-ribbons composing
it.

An n-ribbon tableau for a skew-shape A/p is a sequence of signatures T = (y(o), v V(k))
such that p = v C v C ... C v®) = X and v® /(=1 is a horizontal n-ribbon strip for each
index i € [1,k]. We associate such a tableau T" with the function T : Y(A/u) — [1,k] defined by,
for any box b € Y(\/p), setting T(b) = i where i is such that b € Y (v /v(~); see the left side
of Figure 9.1 for a depiction. The spin sp(7') of T is then given by the sum of the spins of the
horizontal n-ribbon strips composing it, namely,

sp(T) = Zsp<l/(7ﬁ)/y(i—1)).
i=1
For example, the spin of the 3-ribbon tableaux shown on the left side of Figure 9.1 is 3.
For any (possibly infinite) sequence of complex numbers x = (1, x2,...,2ZN); skew-shape \/u;
and n-ribbon tableau T for A/u, define the monomial

1/n
beY(\/p)

where we set x7 = 0 if N is less than the number of horizontal n-ribbon strips composing T
Observe that xT indeed defines a monomial since, for any index i, the number of boxes b € Y(\/u)
such that T'(b) = i is [V /v(=D| which is a multiple of n (where this multiple is given by the
number of n-ribbons composing v /p(:=1)),

Now, for any complex number ¢ € C and finite sequence x = (z1,%2,...,2x) of complex
numbers, we can define the following polynomials, which originated (up to an overall factor of ¢) in
equation (26) of [62]. For any signatures A, p1 € Sign, the Lascouz—Leclerc—Thibon (LLT) polynomial

£5),(x) = £37),(x:q) is defined by setting
(9.1.2) L) = aOx",
T
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where T is summed over all n-ribbon tableaux for A/u. Observe in particular that these functions
are homogeneous of degree n=*(|A\| — |u|) in x. The fact that they are symmetric in x is not
immediate from the definition (9.1.2) but is known from Theorem 6.1 of [62], and it will also follow
as a consequence of (9.3.3) below (and Proposition 7.2.2).

Remark 9.1.1. The LLT polynomials E&T;)ﬂ satisfy a branching relation (similar to Proposi-

tion 7.2.1) in the following sense. If x = (z1, 22, ...,2x+nm) C C, and we denote x' = (z1, 22, ..., 2x) C
Cand X" = (xg41,ZK42,---sTr+m) C C, then
(9.1.3) ) )= > Ll L) (%),

vESign,

for any sufficiently large integer ¢. Indeed, this follows from decomposing the ribbon tableau 7" for
A/p on the right side of (9.1.2) into a union of ribbon tableaux (7”,T"), where T" and T" consist
of those boxes in T" with entries in the intervals [1, K| and [K + 1, K + M], respectively. Then, the
v €Y on the right side of (9.1.3) is the partition such that 7" and 7" are ribbon tableaux for v/u
and \/v, respectively.

9.2. n-Quotients and Colored Maya Diagrams

The LLT polynomials defined in (9.1.2) are indexed by skew-shapes A/u, while our functions
from Definition 7.1.1 are indexed by sequences of n skew-shapes A/u. The correspondence between
these two different indexings is given by setting A/u to be the n-quotient of A/u. In this section
we recall this procedure in detail, as this will in any case be useful for degenerating our functions
to the LLT polynomials. Throughout this section, we again fix an integer n > 1.

Recall from (1.2.3) that, for any A € Sign,, we set T(A) = (A1 + £, A +£—1,..., A +1) € Z4,
which is sometimes referred to as the Maya diagram for A. We visually represent this Maya diagram
T(N) through a particle configuration on the positive integer lattice Zs where a site i € Z~ is
occupied by a particle, depicted by an arrow?, if and only if i € T(\). We further color this Maya
diagram by associating with each arrow ¢ € T(\) the (unique) index ¢(i) € {1,2,...,n} such that n
divides ¢ — ¢(1); this yields a colored Maya diagram (more specifically, an n-colored Maya diagram).
The right side of Figure 9.1 depicts 3-colored Maya diagrams associated with all signatures in the
3-ribbon tableau (8,6,2,2,0,0,0) C (8,6,2,2,2,1,0) C (8,6,5,4,3,1,0) C (8,7,7,4,3,2,2).

Any Maya diagram T(\) gives rise to a sequence of n Maya diagrams (T(l),T(Q), .. .,’7'(”))
by setting 5 € T if and only if n(j — 1) +i € T, for any indices i € [1,n] and j € Zo. In
this way, one might view 7)) as the restriction to color i of the Maya diagram T()\). Since ¥
induces a bijection between signatures and subsets of Z~, there exists a sequence of n signatures
A= ()\(1),)\(2), .. .,)\(”)) € SeqSign,, such that 7 = ‘I()\(i)) for each i € [1,n]; the sequence A
is called the n-quotient of A\. The n-quotient of a skew shape A/ is then given by the sequence
of skew shapes A\/pu = (A(l)/u(l),)\(Q)/u(2), .. .,)\(")/u(”)) where X and p are the n-quotients of
A and p, respectively. The n-quotient for the skew shape A/p from Figure 9.1, which is given
by ((3, 1)/(1,0),(2)/(0),(1,1,0,0)/(1, 1,0,0)), is depicted in Figure 9.2. Under this notation, we
alternatively write the LLT polynomials from (9.1.2) by

(9.2.1) Lajn(x) = Laju(x:q) = L), (%),

1Typically, these are depicted by beads, but here we use arrows to emphasize the similarity with vertex models.
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FIGURE 9.2. To the top is the 3-quotient for A/, where A = (8,7,7,4,3,2,2) and
w=(8,6,2,2). To the bottom are the Maya diagrams for the 3-quotients of A and

L.

Now let us introduce some (nonstandard) terminology on how the notions from Section 9.1
(such as ribbons, horizontal ribbon strips, and ribbon tableaux) can be interpreted in terms of
Maya diagrams. To that end, let U = (uq,us,...,ux) € Z’;O denote a Maya diagram. An n-jump
of U is a Maya diagram T = (t1,to,...,t5) € ZE for which there exist indices i,j € [1,k] such
that u; +n =t; and U \ {u;} = T \ {t;}. Stated alternatively, 7 is obtained from I/ by having the
particle at site u; “jump” to the right by n spaces, so we call u; the jumper of this n-jump. The
quantity Hul +1,u; +n—1]NU| then denotes the number of particles that the jumper jumps over.

For signatures A, 1 € Signy, it is quickly verified that T(\) is an n-jump of T(u) if and only if
A/p is an n-ribbon. In this case, the number of particles jumped over is ht(A/p) — 1 = 2sp(A/p),
where we recall from Section 9.1 that ht(A/u) denotes the height of the ribbon A/u and sp(\/u)
denotes its spin given by (9.1.1). We refer to the bottom of the right side of Figure 9.1 for an
example, where T(V(l)) = (1,3,5,6,7,12,15) is a 3-jump of ‘I(V(O)) = (1,2,3,6,7,12,15); the
jumper there is 2, and it jumps over one particle at site 3.

Next, we say that 7 is obtained by a series of n-jumps from U if there exists a sequence
U="To,Ti,...,Tm = T of Maya diagrams such that 7; is an n-jump of 7;_; for each i € [1,m)].
Such a series is called nonconflicting if, denoting the jumper from 7;_; to 7; by j;—1 € T;—1 for
each i € [1,m], we have jo < j1 < -+ < jm—1. It is quickly verified that \/u is a horizontal
n-ribbon strip if and only if () can be obtained by a nonconflicting series of n-jumps from T(u).
In this case, such a nonconflicting series must be unique, and 2sp(A\/u) denotes the total number
of particles jumped over in this series.

Thus, n-ribbon tableaux T' of A/u are in bijection with sequences (7o, 71,...,7m) of Maya
diagrams such that To = T(u), T = T(A), and T; can be obtained by a nonconflicting series of n-
jumps from T;_; for each i € [1,m]. In this case, 2sp(T') gives the total number of particles jumped
over in this sequence of nonconflicting series of n-jumps. For example, the left side of Figure 9.1
depicts a 3-ribbon tableau, with each ‘Z(l/(i)) obtained by a non-conflicting series of n-jumps from

‘I(V(i_l)>; the total number of particles jumped over there is 6.
For a more detailed exposition on some of these notions (under slightly different notation), we
refer to Section 2 and Section 3 of [85].
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9.3. Correspondences With LLT Polynomials

In this section we state Theorem 9.3.2 below, which indicates how some of the various spe-
cializations of the F, G, and H functions introduced in Definition 8.4.2 degenerate to the LLT
polynomials given by (9.1.2) (or, equivalently, (9.2.1)). In what follows, for any sequence of signa-
tures A € SeqSign,,, set

(9.3.1) TEEED DD D) D

1<i<j<n a€T; beET;

where we have abbreviated Ty = T(/\(k)) for each index k € [1,n].

Example 9.3.1. For any integer N > 0, we have

(9.3.2) ;Z::n—z zN:a—l):;G)(];]).

a=1

Moreover, for any skew-shape A\/pu, let \'/u' denote its dual, whose Young diagram Y(\' /') is
obtained by reflecting Y(A/u) across the diagonal line = + y = 0 (where the top-left corner of the
top-left box in Y(\/u) is located at (0,0)); see the top of Figure 10.6 below for a depiction.? In
addition, if A/p denotes the n-quotient of \/ju, then we let X’'/u’ denote that of its dual® N /u’.

Further recall for any signature sequence A = ()\(1), DY )\(")) € SeqSign,, that its reverse
ordering is denoted by <X = ()\(”), An=D )\(1)) € SeqSign,,. We may view the latter as obtained
from the former by reversing its colors (that is, interchanging colors ¢ and n—i+1 for each ¢ € [1,n]).

We can now state the following theorem, which describes four ways of obtaining the LLT
polynomials from the degenerated functions F, G, and H from Definition 8.4.2.

THEOREM 9.3.2. For any fized integers N > 1 and M > 0, and set x = (x1,22,...,2N) of
complex numbers, the following statements hold.

(1) For any sequences of signatures X, p € SeqSign,,.,,, we have
(9.3.3) Gx/u(x;00]0;0) = q”’(A)_w(“)Ek/u(x; q).
(2) For any sequences of signatures X € Sign,,.\s 4 n and p € SeqSign,,.\,, we have

N
_ MY (n M+N\(n . — n _
(934)  Faju(xioo | 0;0) = gt —vNH(E) G2 (NG 2y (ki g) T 20N,

j=1
(8) For any sequences of signatures A, pu € SeqSign,,.,s, we have
(9.3.5) QA/H(O;X | 0;0) = qw(k)—w(u)ﬁ/\,/u, (q(n—l)/QX—l;q—l).
(4) For any sequences of signatures X € SeqSign,,.\s, y and p € SeqSign,,.,, we have
(9.3.6)

N
Hajua(x; 00 | 00;00) = V(M@ (1)) 2 L m(x H e,

2In principle, there is an ambiguity in the numbers of entries equal to zero in X’ and p’. However, we will ignore
this point, since (as mentioned in the beginning of Section 9.1) (7 (x; ¢) does not depend on these numbers.

3Let us clarify that, under this notation, the i-th component A(*) of A’ happens to not be the dual of A(¥).
Instead, it is that of (=% (and similarly for ).
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Remark 9.3.3. The skew-shapes \/u whose n-quotients are of the form A/pu € SeqSign,,.,,, for
some M > 1, are those for which A and z both have an empty n-core.* To allow for more general \/p,
one must permit the signatures in A (and p) to have different lengths. The framework introduced
above allows this with very minor modifications (see Remark 7.1.2), under which (9.3.3) and (9.3.5)
continue to hold as written, and the exponents of ¢ and the z; on the right side of (9.3.4) become
slightly different. However, to ease notation, we will not pursue this generalization here in detail.

In addition to the curiosity that the LLT polynomials can be recovered from the F, G, and
H functions in numerous ways,” the four parts of Theorem 9.3.2 will have their own uses and
interpretations. More specifically, we will see as Corollary 9.4.1 below that (9.3.3) and (9.3.4)
together imply that pairing G (y; oo | 0;0) and Fx(x;00 | 0;0) recovers the Cauchy identity for the
LLT polynomials. Similarly, by Corollary 9.4.2 below, (9.3.5) and (9.3.4) together imply pairing
Ga(0;y | 0;0) and Fx(x;00 | 0;0) recovers the dual LLT Cauchy identity. We will further show in
Chapter 12 below that the degeneration of Hy,, given by the fourth part (9.3.6) of Theorem 9.3.2
admits a deformation that satisfies a vanishing property similar to those defining various families
of interpolation polynomials.

Using the branching property Proposition 7.2.1, we can quickly reduce Theorem 9.3.2 to the
following proposition, which verifies it in the case when N = 1; we will establish the latter result
in Chapter 10 below.

Proposition 9.3.4. If N =1, then Theorem 9.3.2 holds.

PROOF OF THEOREM 9.3.2 ASSUMING PROPOSITION 9.3.4. All four parts of Theorem 9.3.2
will follow from the facts that the Gx,u, Fx/u, or Ha/, functions satisfy the same branching
relation as do the Ly, ones. We will only describe this in detail for the first two statements of
Theorem 9.3.2 (assuming their counterparts in Proposition 9.3.4); the proofs of the remaining two
statements there are entirely analogous and are therefore omitted.

We begin by verifying (9.3.3), assuming it holds when N = 1. To that end, observe by Re-
mark 9.1.1 and (9.2.1) that if x = x’ Ux” then we have the branching relation

(9.3.7) Lax) = > LapE)Lyu).

vESeqSign,,. \

Thus, since the same branching relation holds for Gy, (x; oo | 0;0) by Proposition 7.2.1 and (8.4.3),
and since Proposition 9.3.4 implies that Gy /,,(xs; 00 | 0;0) = L/, () for each i € [1, N], we deduce
Theorem 9.3.2 in general by induction on N.

The verification of (9.3.4) is largely similar, except that we must first introduce a normalized
variant of Fy,,(2; 00 | 0;0) as suggested by (9.3.4) and then verify that its branching coincides with
the one indicated by (9.3.7). More specifically, for any sequences of n signatures A € SeqSign,,.,;
and p € SeqSign,,.,, define

M+N

(938)  Faju(xioo | 0;0) = "N =vu+(BG)2=GIGE2E ) (x 00 | 050) [T 2f MY,

=

7j=1

4The n-core of a signature A € Sign is a signature x € Sign of minimal size such that A\/k admits an n-ribbon
tableau. This signature x is unique, up to its number of entries equal to 0.

5The list of degenerations in Theorem 9.3.2 from these functions to the LLT polynomials is likely not at all
exhaustive, but we will not pursue further ones here.
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We must show fk/u(x; o0 | 0;0) = Lx/,(x), assuming this holds when N = 1. As in the proof of
(9.3.3), to do this it will suffice by induction to show that they satisfy the same branching property.
To that end, fix integers K,L > 1 such that N = K + L. Let x' = (21,22,...,2x) and

x" = (xg+1,TK12,---,TKx+L), S0 that x = x’ Ux"”. Then, we find that
~ M+N M N 5
Fayu(x;00 | 0;0) = ¢#X -0+ ()/2=(5) G2 TT oMY
j=1

X Z Faju(x'500 ] 0;0)F, /(x5 00| 0;0)

u€SeqSign,L.M+L

n(M+N— ])H n(j—M— N)H ?SK

X Z ]-'A/,,(X oo | 0;0) ,,/H(x”;oo|0;0)

veSeqSign,, pryp,

Z ]-:,\/,,(x';oo | O;O)]?,,/”(X”;oo | 0;0),

veESeqSign,,

u{é]z

where in the first equality we used the definition (9.3.8) for F and its branching (which follows
from Proposition 7.2.1 and (8.4.4)); in the second we used (9.3.8) again; and in the third we used
the fact that N = K + L.

By Remark 9.1.1, L/, (x) satisfies the same branching identity, given by (9.3.7). Since by
Proposition 9.3.4 we have f}\/u(x; 00 | 0;0) = Lx/u(x) when N = 1, it follows by induction on N
that this equality holds in general. O

9.4. Cauchy Identities for LLT Polynomials

In this section we establish, as consequences of Theorem 9.3.2 and the results from Section 8.5,
two identities for the LLT polynomials that were first derived in [57]. The first is a Cauchy identity
for the LLT polynomials and the second is a dual Cauchy identity.

Corollary 9.4.1 ([57, Theorem 35|). Fiz integers N, M > 1 and sequences of complex numbers
X = (z1,22,...,2n) and y = (y1,%2, ..., Ym). If |g| <1 and |z;|, |y;| < 1 for each i € [1, M] and
j € [1,N], then

M N
> ,cA(x)ﬁA(y):_HH 739534

A€SeqSign,,. x
PRrROOF. Applying Corollary 8.5.1, with the (u, w) there equal to (¢* ~"x 1,
that
(9.4.1)
N
Y FAaldx 00 1 0:0)Ga(ys o0 | 050) = ¢ G TT 2l Y T T (@ ayyssa )0t

A€SeqSign,,. x5 j=1 i=1j=1

y) here, we deduce



where (8.5.1) holds since the bounds |¢| < 1 and (5) — (5) + (n — 1)(n — a) > 0 for a < n give

a by _(n _ _ _
e, e [o© OG0 armol < ma o)l <1
1<G<N (a,b)#(n,0) 1<j<N

Since (9.3.3) and (9.3.4) imply that G (y; 00 | 0;0) = ¢*M =¥ £, (y) and

(9.4.2) Falg'"x Y00 [ 0;0) = g *M-()(5) /22 (%) anm DV=i)gn(N=9),
Jj=1

the corollary follows from (9.4.1), (9.3.2), and the fact that (¢""1z;¢7 1), = (2;q)n, for any z €
C. O

Corollary 9.4.2 (|57, Proposition 36]). Fiz integers N, M > 1 and sequences of complex numbers
x = (21,22,...,2N5) and 'y = (y1,Y2, ..., Ynm). Then,

(—¢" V2255 )

=
=

Y. Laxgla(yigh) =

A€SeqSign,,, v i

15=1
ProOOF. Applying Corollary 8.5.2, with the (u,t) there equal to (¢'~"x~1, —¢(»=1/2y=1) here,
we deduce that

Y. CDPFE@ X 00 | 0;00G4 (0 —¢ P2y [ 0:0)
)\ESeqSignn;N
(9.4.3)

N
N— C1h—
n( —3) H (n— 1)/2mjyi;q 1)n1.

u'::]z
u":]:

Since (9.3.5) and the homogeneity of the LLT polynomials £ together imply that
N N
(=1)MGA(0; =g D2y =1 0;0) = (=) gV O £y (—yig7h) = ¢PV VO Ly (yig 7Y,
the corollary follows from (9.4.3), (9.4.2), and (9.3.2). O

9.5. Plethystic Substitution of LLT Polynomials

In this section we explain how the Gy, ((z1,22,...,2n),7 | 0;0) functions from (8.4.3) can
be interpreted as images of the LLT polynomials under a certain plethystic substitution. In what
follows, we fix an infinite set of variables x = (x1,%2,...); let A(x) denote the ring of symmetric
functions in x; and set x[; n) = (21,22, ...,2x) for any integer N > 1.

As defined in (8.4.3), the Gy/,, are functions of finitely many variables and are therefore not
directly elements of A(x). However, the following lemma shows that the sequence of functions
{Gx/u(xp1,n7,7300,0) } 1 satisfies the compatibility condition that makes it an inverse system in

A(x).

Lemma 9.5.1. Fiz integers M > 0 and N > 1; signature sequences X\, € SeqSign,,.»s; and a
complex number r € C. For any integer N > 1, the function Gy (xp,np;7 | 0;0) from (8.4.3) is
a symmetric, homogeneous polynomial in X1 n) of degree |A| — |p|. Moreover if tyy1 = 0, then
G/ (X, 84157 1 050) = Gy (X157 1 0 0)

116



PrOOF. The symmetry of Gy, (%1, n);7 | 0,0) follows from Proposition 7.2.2. To verify that
it is homogenous and of degree |A| — |pl, recall from (7.1.3) and Remark 8.4.4 that Gy, (xp,n7; 7 |
0;0) is the partition function under the weights W,(A,B;C,D | r) (from (8.4.1)) for the vertex
model Pa(A/p; N) (from Definition 7.1.3; see also the left side of Figure 7.1) on the domain
DN = Zso x {1,2,...,N}. The explicit form (8.4.1) for these weights implies that they only
depend on z through a factor of z/P!. Since for each path ensemble £ € Pg(A/w; N), under which
the arrow configuration at any vertex v € Dy is denoted by (A(v),B(v); C(v),D(v)), we have
Y veDy ID(v)| = |A| = |pl, it follows that G/ (x1,n);7 | 0;0) is a homogeneous polynomial in
x[1,n] of degree |A| — |p|. This verifies the first statement of the lemma.

Next let us verify the second statement of the lemma. Once again, Gy, (X[LN_H];T’ | 0; O) is
the partition function under the weights W,(A,B;C,D | r) for PBo(A/p; N 4+ 1) on the domain
DNi1 = Zso x {1,2,...,N + 1}. Since spectral parameter xy,1 for this top row in this model
is equal to 0, and since (8.4.1) implies that Wy(A,B;C,D | 7) = 0 unless |D| = 0, the arrow
configurations (A(v)7 B(v); C(v), D(v)) under any path ensemble supported by this vertex model
must satisfy D(v) = ep whenever v € Z~o x {N + 1}. In particular, paths in any such ensemble
cannot move to the right in this top row, meaning that for any v € Z<g x { N+1} we must have that
(A(v), B(v); C(v), D(v)) is of the form (A, eg; A, eg), for some A € {0,1}". By the last statement
of (8.4.1), W,(A,ep; A,eq | r) =1 for any A, meaning that the weight of the topmost row of any
ensemble & supported by G/, (X[l’NH]; r| 0; 0) is equal to 1.

Hence, we can omit this row from model, deducing from Remark 8.4.4 that

Gayp (X, n41):7 | 0;0) = Z W(E | x;7 | 00,0)
EePa(A/pmN+1)
= Z W(E | %57 | 00,0) = Gx/p (x1,3757 | 050),
EePa(A/u;N)

and thereby establishing the lemma. ]

Definition 9.5.2. For any r € C and A, pu € SeqSign,,, let Gy/,(x;7 | 0;0) € A(x) denote the
element of A(x) associated with the inverse system of symmetric, degree |A| — |p| polynomials

{gk/u(x?r | 050)}N>1'

Remark 9.5.3. Observe from the explicit forms (8.4.1) of the W weights (or, alternatively, as a
consequence of Remark 8.3.7) that, for any A, B, C,D € {0,1}", we have

lim W,(A,B;C,D | r) =W,(A,B;C,D | o0,0).
r—00
Thus, (7.1.3) and Remark 8.4.4 together imply for any A, u € SeqSign,, that
(9.5.1) Jim Gy (%57 0;0) = Gayp(x;00 | 0;0).
This, together with (9.3.3), implies that we may view LLT polynomial Ly, (x) as an element of
A(x).

Next, we briefly recall the notion of plethystic substituion. Letting py(x) € A(x) denote the
power sum pi(x) = Y o, aF for each integer k > 1, the ring A(x) is freely generated as an algebra
by the {py(x)}. For any symmetric function f € A(x) and formal sum of monomials A =377, a;,
define the plethysm f[A] to be the image of f(x) under the substitution py(x) = Y0, a¥. Let us

i=1"
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mention that, under this notation, we will view additional parameters such as ¢ and r below as
variables. In particular, if for instance B = (1 — r~2) A, then

o0 o0 oo
pr|B] = Zaf - ZT‘Qkaf = Z(l —r 2k,
i=1 i=1 i=1

Now we can state the following consequence of Theorem 9.3.2 that expresses the function
Gx/u(x;7 | 0;0) € A(x) from Definition 9.5.2 as a certain plethystic substitution of the LLT
polynomial £y, (x) € A(x) from (9.1.2) (and (9.2.1)). In what follows, we recall the function )
from (9.3.1).

Proposition 9.5.4. Fiz an integer M > 0 and signature sequences X, i € SeqSign,,.\,; further let
r and q denote variables. Defining the formal sum X = Y2, x;, we have the plethystic identity

(95.2) Lasul(1=r7)X] = ¢" 07 NGy (x5 | 0;0).

PROOF. For the purposes of this proof, define the symmetric function Yy, (x) € A(x) by
setting

(9.5.3) Ya/u(®) = Gayu(xiq /21 0;0).
We will establish the plethystic identity
(9.5.4) Yau[(l=7"2)(1—q)7'X] = Gajpu(x;7 | 0;0).

Let us first show the proposition assuming (9.5.4). To that end, observe by specializing r = oo
in (9.5.4), and applying (9.5.1) and (9.3.3), yields

Va/u[(l— @)1 X] = Gaju(x;00 | 0,0) = g? =¥ Ly (X).

Applying this with X replaced by (1 —r~2)X, together with (9.5.4), implies (9.5.2).

So, it remains to verify (9.5.4). To that end, observe that from the explicit form (8.4.1)
of the weights W, (A,B;C,D | r) that they are rational functions of r. Hence, by (7.1.3) and
Remark 8.4.4, the coefficients of G /,,(x;7 | 0;0) when expanded in the monomial basis of A(x) are
also rational functions of r. Hence, it suffices to show that (9.5.4) holds for infinitely many values
of r. In particular, we may assume that r = ¢~ /2 for some integer L > 1.

In this case, (1 —r " 2)(1—¢)" ' =(1-¢")(1-¢) ! = Zf;ol ¢’. In particular, the plethysm
mapping X to (1 — r72)(1 — ¢)~1X is realized by replacing the variable sequence x with w =
w) Uw® U-.., where we have denoted the principal specialization w(/) = (xj,q%j, ..., qL_lacj)
for each j > 1. Thus, in view of the definition (9.5.3) of Y/, it suffices to show that

Gr/u(W; a2 1 0;0) = Gajpu(x507 /%] 0;0).

If there exists some integer N > 0 such that x; = 0 for j > N, then this follows from Proposi-
tion 7.2.3, from which we deduce the general case by letting N tend to co. O

Remark 9.5.5. Plethysms of the LLT polynomials have been considered and studied previously
in the algebraic combinatorics literature. In particular, in the case when each skew-shape A(*) / (@
in the sequence A/p has size 1, the functions Yy, (x) from (9.5.3) coincide with chromatic qua-
sisymmetric functions [81, 82] associated with the incomparability graph of a unit interval order;
see Remark 3.6 of [22] and Section 5.4 of [39].
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9.6. Stability

In this section we explain how Theorem 9.3.2 can be used to recover a stability property for the
LLT polynomials, which was originally established in [62]. This property essentially states that the
LLT polynomial Lgﬁ\) (x) from (9.1.3) becomes independent of n once n > £(A), at which point it
coincides with a modified Hall-Littlewood polynomial. To define the latter, for any partition A =
(A1, A2, ..., Apr) and sequence of complex variables x = (21, x2,...,2y) (possibly with N = c0),
recall the Hall-Littlewood function @Qx(x) = Qx(x;¢q) from Section 3.2 of [66]. Then, (following,
for instance, Definition 1.1 of [44]) set the modified Hall-Littlewood polynomial Q' (x) to be

qu%=QA<LJ¢x>.
j=0

Equivalently, it is given by the plethystic substitution Q) [X] = Qx [(1 —q) X ], where X denotes
the formal sum X = 7, z;.
Under this notation, we can state the following stability result, first shown in [62].

Proposition 9.6.1 ([62, Theorem 6.6]). Fiz integers N > 1 and n > M > 1; a set of complex
numbers x = (x1,%a,...,2N); and a partition X = (A1, Aa,...,Ap) of length M. Define the

signature A= (M, Ag,...,Ap) € Sign, such that \; = nX; for each i € [1,M] and X =0 for
i€ [M+1,n]. Then, Eg\")(x) = Q\(x).

Remark 9.6.2. Through similar methods, one can also establish variants of Proposition 9.6.1 for
the more general functions G/, (x;r | y;s) from Definition 7.1.1 (and not only their degenerations

as LLT polnomials). Here, the stable limits will instead be fully fused analogs of the U, (;[(2))
vertex model partition functions Gy, introduced in Definition 4.3 of [11]. For the sake of brevity,
we will not pursue this further here.

To establish Proposition 9.6.1, we require notation for partition functions similar to those given
in Definition 5.2.1 (see Figure 5.2), under the weights W,(A,B; C,D | 00,0) from (8.4.1); in what
follows, we recall the notions of fused path ensembles, east-south domains,® and boundary data
from Section 5.2. Let D C Z? denote some east-south domain, and fix some boundary data (&; )
on D. Letting z = (z(v))v ¢p denote a set of complex numbers, define the partition function

Wp(&F | 2]0,0) =Y [[ Wew (A(v), B(v); C(v),D(v) | 00,0),
veED
where the sum is over all ensembles on D with boundary data (&; ).

Certain entrance and exit data on the east-south domain Dy = Zs x {1,2,...,N} C Zéo will
be of particular use to us. First, any entrance data &€ = (E1,E,,...) on Dy such that E; = eq
for k > N corresponds to prohibiting paths from entering Dy along its bottom boundary {y = 1}.
Second, for any (not necessarily non-increasing) sequence A = (Aq,Aa,..., ) € Z[>0 of positive
integers of length ¢ < n, define the sequence” J(A) = (I;(A),I2(}),...) of elements in {0,1}", such
that the j-th entry of Ix(\) € {0,1}" equals 1y,—p, for each j € [1,/] and k > 0 (and this entry
equals 0 for each j € [(+1,n]). In this way, J(\) prescribes exit data on Dy, under which one arrow
of color j vertically exits through (A;, N), for each j € [1,¢]. In particular, any path ensemble with

6He]re, we will allow our east-south domains to be infinite, in which scenario all results and notation from
Section 5.2 continue to apply.
"The indexing here, which starts at 1, is slightly different from that in Section 1.5, which started at 0.
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FIGURE 9.3. To the left is a path ensemble on D3 with boundary data (&;J())),
where A = (3,5,5,2) and E; = ey for ¢ > 3. In the middle is a path ensemble
counted by Gx, for A = ((3),(5), (5),(2), (0)), whose leftmost column is depicted
to the right. Here red, blue, green, orange, and yellow are colors 1, 2, 3, 4, and 5,
respectively.

such exit data has at most one path of any given color; observe that this notation does not specify
the order in which the colored paths enter through the left boundary of Dy. We refer to the left
side of Figure 9.3 for a depiction of an ensemble under such entrance and exit data.

Now we have the following lemma expressing the LLT polynomial E(Xn) (x) as linear combinations

of the partition functions Wp(&;F | z | 00,0), for (£;F) of the above form. In the below, we set
inv(€) = inv (&;[1,n]), where we recall the latter from (5.2.1).

Lemma 9.6.3. Adopt the notation of Proposition 9.6.1, and define the variable set z = (z(v))
so that z(v) = 2(i,§) = x; for each v = (i,j) € Dn. Then,

N
409 = T Wi (6909 1050 [T o 32
& j=1

vEDN

where we sum over all entrance data & = (E1,Eq,...) on Dy, with B, = ey for k> N.

PROOF. Observe that the n-quotient A = (X<1>,X<2>, . ,X(”)) of X is given by setting A(®) =
(An—is1) € Sign, for each i € [n — M +1,n] and A& = (0) for i € [1,n — M]. Indeed, recalling T
from (1.2.3), we have

’E(X) =mA+n,nh+n—1,...nAy+n—M+1n—Mn—M-—1,...,1).

Hence the content in Section 9.2 implies for each i € [n — M + 1,n] that ‘I(X(i)) = (Ap—ig1 + 1),
meaning A = (A,_;4+1), and for each i € [1,n — M] that ‘I(X(i)) = (1), meaning A = (0).

Since Ay = Ay = -+ = Ay, it follows from (9.3.1) that 1(X) = ©(0') = 0, meaning by (9.3.3)
that Gx(x;00 | 0;0) = L5(x) = E(X") (x). Therefore, it suffices to show that

(9.6.1) Gx(x:00 [ 0;0) = Y g™ EWp (£;9(N) | 2] 00,0) Hq Dal®sl
&
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where we sum over all entrance data € = (Eq,Es,...) on Dy such that E; = e for k > N.

To that end, observe from (7.1.3) and Remark 8.4.4 that G5 (x; oo | 0;0) is the partition function
under the W, (A,B;C,D | 00,0) weights for the vertex model B (A/F; N) from Definition 7.1.3
(see also the middle of Figure 9.3). Thus the second statement of (3.1.2) (or, diagrammatically, by
separating out the leftmost column of the model, as on the middle and right of Figure 9.3) gives

(9.6.2) G5 (x; 00 | 0;0) ZWDN (&:9(N) | 2 | 00,0)Cn (%)

where we sum over all entrance data & = (El, Eo,...) on Dy such that E; = e for k > N. Here,
(n(&;x) is defined to be the partition function on the column Dy y = {1} x{1,2,..., N} C Z* under
the weight W,, (A(v),B(v); C(v),D(v)) at any v = (1,5) € Dy n, with the following boundary
conditions. Its entrance data is (eo, €g,...,€q, e[Ln]) (where ey appears with multiplicity N), and
its exit data is (Eg,E1,Es,...,Ey), where Eg € {0,1}" is defined so that Zio E; = e ). We
refer to the right side of Figure 9.3 for a depiction.

Thus, by (9.6.2), to establish (9.6.1) we must Verify that

(9.6.3) (v (E;x) = ™) H PSRRI
Jj=1

To that end, observe by arrow conservation that there is a single path ensemble supported by
(n(&;x), for any fixed sequence & = (E1, Eo,...) of elements in {0,1}". Denote its arrow config-
uration at any vertex v € Dy by (A(v),B(v); C(v),D(v)), which must satisfy B(1,j) = eo and
D(1,j) = En_j41 for each j € [1, N] (see the right side of Figure 9.3). Then, by the explicit form
(8.4.1) for the W,(A,B;C,D | c0,0) weights and the equality o(Ex_j+1, En_j11) = (‘EN5j+1|)
(recall ¢ from (1.1.1)) we obtain

7)s€0;C(1, ), En_jt1 | 00,0)

\EN 7+1| IEN— J+1') (BN j41,C(11)) — ginv(e) H (Evgiel), \EN i1l

H::]z H::]

j=1
Here, we have used the fact that

N N N—j

Y e(Brv—jn, C1L, ) = Z<P<ENJ+1a > E¢> = Y ¢(E;,E)=inv(e),

j=1 j=1 i=0 1<i<j<N
where the first equality follows from arrow conservation; the second from the bilinearity of ¢ and
the fact that p(E;, Eg) = 0 for ¢ > 0, which holds since each color vertically exiting the leftmost
column is less than each color horizontally exiting it (as A®) = (0) if and only if i € [1,n — M]);
and the third from the definition of inv (see (5.2.1)). This yields (9.6.3) and thus the lemma. O

By Lemma 9.6.3, the LLT polynomial E(Xn)(x) is given by a linear combination of partition
functions for (fermionic) colored vertex models. To proceed, we first recall from [32] an expression
for the modified Hall-Littlewood polynomial @ (x) through (bosonic) uncolored vertex models
(see Proposition 9.6.4 below). Then we will provide a color merging result, similar to (but slightly
different from) Theorem 5.2.2; that equates linear combinations of colored vertex model partition
functions with uncolored vertex model partition functions (see Lemma 9.6.6 below).
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FIGURE 9.4. Shown to the left is an east-south domain with uncolored boundary
data, and shown to the right is an uncolored vertex with (a,b;¢,d) = (3,4;5,2).

To that end, we require some additional notation. For any nonnegative integers a, b, c,d € Zx
and complex number z € C, define (similarly to in equation (59) of [32])

(9.6.4)

Z/[z (av b; ) d) = l'dq(g) Mla%»b:ﬁ»d; u; (av b; ) d) = mbq(g) Mla#»b:@r(b
(¢:9)a(a; @) (¢:9)a(q; @)

Once again, U, and Y. can be interpreted diagrammatically, now as uncolored vertex weights.
As previously, a vertex v is the intersection between two transverse curves ¢; and #5, and associated
with each vertex is a spectral parameter z. Each of the four edges adjacent to v may accommodate
any nonnegative number of uncolored arrows, that is, arrows are not assigned any color (equivalently,
we may view all arrows to be of the same, unlabeled color). Let a, b, ¢, and d denote the numbers of
arrows that vertically enter, horizontally enter, vertically exit, and horizontally exit v respectively.®
We will assume that a +b = ¢+ d, which is a form of arrow conservation. The quadruple (a,b; ¢, d)
is the uncolored arrow configuration at v, and we interpret U, (a,b;c,d) (or Ul(a,b;c,d)) as the
associated vertex weight. Such vertices are bosonic, since we allow multiple arrows (of the same,
unlabeled color) to exist along edges; we refer to the right side of Figure 9.4 for a depiction.

A (bosonic) uncolored path ensemble on a domain D C Z? is a consistent assignment of a arrow
configuration (a(v), b(v); c(v),d(v)) to each vertex v € D, meaning that b(u) = d(v) if u—v = (1,0)
and a(u) = ¢(v) if u —v = (0,1). Arrow conservation a + b = ¢+ d implies that any path ensemble
may be viewed as a collection of colored paths, which may share edges but do not cross.

Now fix an east-south domain D C Z? whose boundary paths are both of length k (possibly
infinite). For any (k + 1)-tuples E = (ey,ea,...,ex41) and F = (f1, fa,..., fr+1) of nonnnegative
integers, an uncolored path ensemble has uncolored boundary data (E;F) if, for each i € [1,k + 1],
e; arrows enter through the i-th incoming edge in D and f; arrows exit through its i-th outgoing
edge. We refer to E as uncolored entrance data on D and F as exit data. For example, E =
(2,0,1,2,0,2,1,3,2,2,1,0) and F = (0,2,1,1,3,1,1,1,0,2,2,2) on the left side of Figure 9.4.

8Unlike as for the colored arrow configurations in Section 2.1, the entries of an uncolored arrow configuration
(a, b; ¢, d) denote the numbers of arrows entering or exiting the vertex (and do not index the colors of the arrows).
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Next let us consider partition functions for uncolored path ensembles. Fix some east-south
domain D C Z?; some uncolored boundary data (E;F) on D; and a set of complex numbers z =
(z(v))vep. For each index X € {U,U'}, define the uncolored partition function

Xp(EsF|2) =Y [ Ao (av), b(v); c(v),d(v)),
vED
where the sum is over all uncolored path ensembles with boundary data (E;F).

Again, certain uncolored entrance and exit data on Dy C 2220 will be of particular use to us.
First, any uncolored entrance data E = (eq,es,...) on Dy with e, = 0 for & > N corresponds to
prohibiting paths from entering Dy along its bottom boundary. Second, for any signature A € Sign,
define the sequence I(A) = (m1(X), ma(A),...) of nonnegative integers, which is obtained from the
colored exit data J(A) by ignoring the colors of all arrows (viewing them as uncolored). In particular,
m(A) denotes the multiplicity of k in A, for each integer k > 1.

Under this notation, we can recall from [32] the expression for modified Hall-Littlewood poly-
nomials through such uncolored partition functions under the above boundary data.

Proposition 9.6.4 ([32, Equation (66)]). Fiz integers N,M > 1; a partition A € Sign,,; and a
sequence of compler numbers x = (x1,22,...,xnN). Defining the variable set z = (z(v))DN so that
z(v) = 2(i,7) = x; for each v = (i,j) € Dy, we have

N

(9.6.5) Q) =Y Up (BN | %) = > tp, (BN | %) [TalHa s
E E

i=1
where both sums are over all uncolored entrance data E = (e, ea,...) on Dy, withex, =0 fork > N.

Remark 9.6.5. The first statement of (9.6.5) is what was established in and below equation (66)
of [32] (after rotating the vertex model there by 180 degrees). The second follows from the first,
together with the gauge transformation U, (a, b; ¢, d) = xb*dq(g)_(g)uz(a, b; ¢, d) relating the weights
U, and U, from (9.6.4).

We next state the below color merging result, which essentially states the following. Consider
a colored vertex model partition function, and g-symmetrize its entrance data € over all “colorings”
of some fixed uncolored entrance data E. This yields the partition function for the uncolored vertex
model obtained from the original one by ignoring all of its arrow colors.

Lemma 9.6.6. Fir an integer k > 1; an east-south domain D C 7Z? whose boundary paths
are both length k; and a set of compler numbers z = (z(v))vep. Further fix a sequence of

elements § = (Fl,Fg,...7Fk) in {0,1}™ constituting (colored) exit data on D, and sequences
E=(e,e9,...,er) € Z’;O and F = (f1, fo,..., fx) € Z’;O constituting uncolored entrance and exit

data on D, respectively; assume that |F;| = f; for each i € [1,k] and that Zle F; <ep . Then,
(96.6) DO (&5 | 2 | 00,0) = Up(EF | 2),

€
where the sum is over all sequences € = (E1,Eq, ..., Ey) of elements in {0,1}" such that |E;| = e;
for each i € [1,k].

PROOF (OUTLINE). We only establish the lemma when D = {v} consists of a single vertex, as
the general case follows from this one similarly to as in the proof of Proposition 2.3.1 in Section 2.4.
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So, let us abbreviate z = z(v); we may also assume that e; + es = f1 + f2, as otherwise both sides
of (9.6.6) are equal to 0 by arrow conservation.

In this case, &k = 2, and so the sum in (9.6.6) is over all pairs & = (E1,E2) of elements in
{0,1}™ such that |E;| = e;, for each ¢ € {1,2}. Moreover, by (5.2.1), we have inv(€) = ¢(Eq, E;)
and inv(F) = ¢(F2,F1). So, since Wp(E;F | z | 00,0) = W, (Eq,E1;F1,Fy | 00,0) and Up(E;F |
z) = U, (ez, e1; f1, f2) it suffices by (9.6.4) to show that

Zqw(EQ’El)_W(FQ’Fl)Wz(EzaEl;Fth | 00,0) = U.(ea,e1; f1, fo) = q(f;)zszq;q)iel_m,
8 (43 Der (45 @)
where we sum over all pairs £ = (Eq, Eg) with |E;| = ¢;, for each i € {1,2}. Recalling from (8.4.1)
that W, (E1,Eq;F1,Fy | 00,0) = q(h)‘L“’(Fz Fu)2f2 we must therefore verify

(9.6.7) Z 2B _ (G %erte

(@ @er (@5 Des

where we sum over all pairs & = (E1, Ey) with |E;| = e; for each i € {1,2} and E; + E; = F; + Fy
(which may be imposed by arrow conservation).

To that end, let E; = (E;1,E;2,...,Er,) for each i € {1,2}; since F = (F1,F3) is fixed, the
condition E; + Ey = F; + F3 < e, (which was imposed by the statement of the lemma) fixes
the indices j € [1,n] for which we have Ey j + E3 ; = 0 or E1; + E5; = 1. Indices j for which
Ei; + FEy; =0 impose Ey ; = Ez; = 0 and do not contribute to the exponent q“"(EQ’El) on the
left side of (9.6.7). Thus, we may remove such indices from consideration, thereby assuming that
n = ey + ez. Then, (9.6.7) is equivalent to

(9.6.8) I | B R L EL

By By men ) 1<) <k<n (¢ Der (6 D)es
|Eq|=e1
|Ez|=e2

Observe in this sum that E; is fixed by E; and that Eq ;Es ; = 1 holds if and only if (Es ;, E2 k) =
(1,0) or, equivalently, E5 ; > Fs ). Thus, (9.6.8) follows from the interpretation of the g-binomial
coefficient (¢; @) e, +e, (¢; q);l (¢; )2, as the generating series for inversions of {0, 1}¢1+¢2 strings with
e1 zeroes and es ones. O

Now we can establish Proposition 9.6.1.

PROOF OF PROPOSITION 9.6.1. In what follows, we adopt the notation of Lemma 9.6.3. That
lemma and the fact that inv (J(/\)) = 0 for any partition A, together imply

E(n) quv(g Wpy (8 IJN) | z | oo, O Hq zlj\]? Iﬁ_l
(9.6.9) N
_ Z H q(eéj)a?f\]}_jﬂ quv(a)—inv(J(A))WpN (g;j()\) | z | oo,O).
E j=1 &

Here, the sum in the second term is over all sequences & = (Ej,Eo,...) of elements in {0,1}"
such that Ex = ey for kK > N; the first sum in the third term is over all integer sequences E =
(e1,e2,...) such that e, = 0 for kK > N; and the second sum in the third term is over all sequences
&€ = (E1,Eq,...) of elements in {0,1}" such that |E;| = e; for each ¢ > 1.
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Applying (9.6.6) in (9.6.9), we deduce
N
£ (x) = Upy (BN | 2) [T oD,
E j=1

which together with Proposition 9.6.4 yields the proposition.






CHAPTER 10

Proof of Proposition 9.3.4

In this chapter we establish Proposition 9.3.4 (that is, the N =1 case of Theorem 9.3.2). This
consists in four parts, given by the corresponding parts of Theorem 9.3.2. We establish the first,
second, third, and fourth in Section 10.1, Section 10.2, Section 10.3, and Section 10.4, respectively.
Throughout this section, we adopt the notation of Theorem 9.3.2 and set z; = .

10.1. LLT Polynomials From Gy, (x;00 | 0;0)

In this section we establish the first part of Proposition 9.3.4, given by the N = 1 case of (9.3.3).
To that end, recall from (7.1.3) and Remark 8.4.4 that Gy,,(x;00 | 0;0) is the partition function
under the W, (A,B;C,D | 00,0) weights (from (8.4.1)) for the vertex model Pa(A/p;1) (from
Definition 7.1.3; see also the left side of Figure 7.1) on the domain D = Dy = Z+ x {1}. Since
this domain has one row, Pe(A/p; 1) only consists in a single path ensemble, which we denote by
E(A/p). For each j > 1, let (A(j),B(j); C(j),D(j)) denote the arrow configuration at the vertex
(4,1) € D under E(A/p); we refer to the left side of Figure 10.1 for an example in the case when
A=((3,1),(2,2),(3,0)) and p = ((1,0), (2,0), (2,0)).

Let us now “decompress” £(A/p) to form a pair of colored Maya diagrams (T(A),T(w)), as
follows. We first split each vertex (j,1) of £(A/u) into the interval {nj —n+1,nj—n+2,...,nj}
consisting of n integers. Then, if an arrow of color ¢ € [1, n| enters through (j,1), we set (j—1)n+c €
% (p); similarly, if an arrow of color ¢ exits through (j,1), we set (j —1)n+c € T(A\). Observe from
the content in Section 9.2 that A, u € Sign,,,, are characterized by the property that A/p is the n-
quotient of A\/u. We refer to Figure 10.1 for an example, where A/ = (9,8,7,5,2,2)/(6,6,3,0,0,0).

Next we establish the following two lemmas expressing sp(A/p) and ¥(A/u) through E(A/p).

| i mmirairaias
|

Lo AQ

A Ccy €@ cB cHw cpH) c) C2) CB3) CH) C()
)

A2  AB)  AM) A A1) A(2) A(3) A(4) A(5)

FiGure 10.1. To the left is a vertex model for a 3-tuple of skew-shapes. To the
right is its decompression into a pair of colored Maya diagrams.
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Lemma 10.1.1. If \/p is a horizontal n-ribbon strip, then (recalling ¢ from (1.1.1)) we have that

sp(\p) = - (D), DG) + 5 3 (#(DG). CH)) + 9(AG), BG)) ).

Jj=1 Jj=1

PRrROOF. Recall from Section 9.2 that, if A\/p is a horizontal n-ribbon strip, then sp(A/u)
equals half of the total number of particles jumped over in the nonconflicting series of n-jumps
To,T1, ..., Tm that transforms the Maya diagram T(u) = 7o into T(A) = T,,. Observe that the
paths in £(A/u) correpsond to the jump trajectories for particles in this nonconflicting series, in
the sense that a horizontal arrow of color ¢ € [1,n] vertically enters and horizontally exits through
a vertex (7,1) in this model if and only if a particle at site n(j — 1) + ¢ eventually jumps in this
nonconflicting series.

Now, let us classify the ways in which a particle at some site J € 7; can jump over one at
another site K € 7; into three types; in what follows we let J =n(j —1) +a and K =n(k—1)+b,
so that k € {j,j + 1} (since all jumps are of size n, that is, J < K < J+n) witha < bif k =j
and a > b if k = j 4+ 1. This jump is of type 1 if it satisfies K € T, = () and k = j; of type
2 if it satisfies K € 7o = T(u) and k = j + 1; and of type 3 if it satisfies neither of these two
conditions. For instance, on the right side of Figure 10.1, a jump of the first type comes from the
pair (J, K) = (1, 3); a jump of the second type comes from (J, K) = (5,7); and a jump of the third
type comes from (J, K) = (2,4).

For fixed j,k > 1, jumps of type 1 are in bijection with pairs of arrows at (j,1) in E(A/p),
of distinct colors a and b, satisfying the following three conditions. First, a < b (since j = k);
second, the arrow of color a exits (j,1) horizontally (since it corresponds to the jumper at site
J = n(j—1)4a); and, third, the arrow of color b exits (7, 1) vertically (since K = n(k—1)+b € T(X)).
Recalling the definition of ¢ from (1.1.1), the number of such pairs is given by ¢(D(j), C(j)). By
similar reasoning, jumps of type 2 are in bijection with pairs of arrows at (k, 1), of distinct colors
a and b, such that a > b (since k = j + 1); the arrow of color a enters (k, 1) horizontally (since the
destination of the jumper at site J =n(j — 1) + a is n(k — 1) + a); and the arrow of color b enters
(k,1) vertically (since K =n(k — 1) + b € T(u)). Thus, there are ¢(A(k),B(k)) such pairs.

Next, we claim that the number of jumps of the third type is twice the number of unordered
pairs (that is, subsets of size 2) of horizontal arrows in £(A/p) passing from (j,1) to (j + 1,1) of
distinct colors a and b. Indeed, recalling that J = n(j —1)+a and K = n(k—1)+b, let us consider
the cases k € {j,j+1} individually. If £ = j, then we must have K ¢ T(\) for the jump to not be of
type 1. Thus, the particle at site K must eventually jump horizontally in the nonconflicting series
To, T1,- -, Tm, meaning that an arrow of color b must horizontally exit (j,1) in £(A/pu). Then, we
associate this jump with the unordered pair {a,b} of arrows horizontally exiting (j,1) (the arrow
of color a must horizontally exit this vertex during the jump). If instead k¥ = j + 1, then we must
have K ¢ T(u) for the jump to not be of type 2. Thus, the particle at site K must have jumped
from site K —n at some previous point in the nonconflicting series Ty, 71, ..., Tm, meaning that an
arrow of color b must horizontally enter (k,1) = (j+1,1) in E(A/p). Then, we again associate this
jump with the unordered pair {a, b} of arrows horizontally entering (j + 1,1) (the arrow of color a
must horizontally enter this vertex during the jump). This establishes the claim, so the number of
jumps of the third type is given by 2(|D£j)|) = 2<p(D(j)).
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Ko Ko+1 Ko Ko+1

FIGURE 10.2. Shown above are the single-row path ensembles £(A/p) and E(v /)
used in the proof of Lemma 10.1.2.

Summing over these three types, we deduce that the total number of jumps in the nonconflicting
series 71,73, ..., Tm is given by

o0

>~ (2¢(D(). DG)) + (D). C)) + ¢ (AG). B()) )-

Jj=1

This implies the lemma, since 2sp(\/u) is the total number of these jumps. O

Lemma 10.1.2. Recalling ¥ from (9.3.1), we have that
> (#(DG).C()) — ¢(AG). BG)) ).

Jj=1

N | =

(10.L.1) YN) — b(h) =

PrROOF. We induct on [A| — |u|. If |A| = |p| then A = p, so B(j) = eg = D(j) for each j > 1,
which implies that both sides of (10.1.1) equal 0. Thus, let us assume in what follows that (10.1.1)
holds whenever |A| — |p| < m for some integer m > 0, and we will show it also holds whenever
A= |l = m.

To that end, fix A\, € SeqSign,, such that |A| — || = m and g C A. Then, there exists a
sequence v € SeqSign,, such that |v| — |u| = m —1 and p C v C A. In particular, there exist
indices h € [1,n] and k € [1, M] such that 1\ = A\ for all (i,5) # (h, k) and v” = A" —1. In

what follows, we set Ko = vi") + M —k+1 € T(vM), so that Ko +1 =AY + M —k+1 € T(AM).

Now let us compare the single-row path ensembles £(A/p) and E(v/u) on Zso x {1}. We may
interpret £(v/u) as the ensemble obtained by moving the output of the color h arrow vertically
exiting through (Ko + 1,1) in £(A/p) to the left by one space to (Kp,1); see Figure 10.2 for a
depiction, where there Ky = 2 and the output (Ko + 1, 1) for the color 2 (blue) arrow is shifted to
(Ko, 1). In this way, E(A/p) and E(v/p) coincide everywhere in all colors except for the h-th color,
and and they also coincide in the h-th color at all vertices except for (Ko, 1) and (Ko + 1,1).

To make the latter point more precise, recall for each j > 1 that (A(j),B(j); C(j),D(j)) de-
notes the arrow configuration at (j,1) under £(A/p). Similarly let (A'(j),B'(j); C'(j),D’(j)) de-
note the arrow configuration at (j,1) under £(v/u). For each index X € {A, B,C, D, A’, B’,C", D'},
set X(j) = (X1(§), X2(4), ..., Xn(j)) € {0,1}". Then, it is quickly verified that X;(j) = X/(j)

?

for any integers i € [1,n] and j > 1 and index X € {A,B,C,D}, unless i = h and (X,j) €
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{(C,Ky), (D, Ky),(B,Ko+1),(C, Ko +1)}. In those exceptional cases, we have that
Crn(Ko+1)=1 ZC;L(KO); Ch(Ky) :OZC;L(KO-FD;

(10.1.2) Di(Ko) =1=By(Ko+1);  D,(Ko)=0=B,(Ko+1).

Now, observe that

1

(10.1.3) Y(A) =) = 5(0[h+1,n](K0) — Cpip—1)(Ko + 1)),

since any contribution to 1(A) not in ¥ (v) in the right side of (9.3.1) comes from some pair

(Ko+1,Kp) € ‘Z()\(h)) x T(AD) for some j € [h+ 1,n], and any contribution to 1(v) not in 1(X)

comes from some pair (Ko + 1, Ko) € T(v™) x T(vW) = T(AD) x T(vM) for some i € [1,h —1].
Moreover, applying (10.1.1) for the (A, ) there equal to (v, ) here, we deduce that

0) = 0w = 3 3 (+(D'6).C()) - #(A(). B'(7))
=33 (+(PG). C() - o(A0).BG))
+ %(D[l,h—l] (Ko) = Clhgr,n) (Ko) — Dy -1 (Ko + 1) + Ap -1y (Ko + 1)),

where in the last equality we used the matching between £(A/p) and E(v/pu) at all vertices and
indices except those indicated in (10.1.2), together with the facts that

¢(D'(Ko), C'(Ko)) = ¢(D(Ko), C(Ko)) + D p—1)(Ko) — Cas1,n) (Ko);
¢(D'(Ko +1),C' (Ko + 1)) = o(D(Kq + 1), C(Ko + 1)) — Dy p—1(Ko + 1);
¢(A/(Ko), B'(Ko)) = ¢(A(Ko), B(Ko));

¢(A'(Ko+1),B'(Ko +1)) = ¢(A(Ko +1),B(Ko +1)) — Ap p1)(Ko + 1),

which follow from (10.1.2) and the explicit form (1.1.1) for ¢. Combining this with the identities
D(Ko) = B(K, + 1) and A(K() +1)+B(Ko+1) = C(Ko + 1) + D(Ko + 1) gives

o0

1 1
Y(v) —Y(p) = 5 Z (so(D(j), C(j)) - W(A(j)»B(j))) + 5(0[1,h—1] (Ko +1) = Clugim] (KO))7
j=1
which, together with (10.1.3), yields (10.1.1) and thus the lemma. O

We can now establish the first part of Proposition 9.3.4.

PROOF OF PART 1 OF PROPOSITION 9.3.4. Let us first assume that A/u is not a horizontal
n-ribbon strip. Then, any series of n-jumps transforming T(x) into T(X) must be conflicting,
meaning that in any such series there exists a jumper at some site J > 1 such that its destination
J+rn € T(u) (where r > 1 is some integer); stated alternatively, the destination of this jumper is
occupied in T(p). Letting J +rn = n(k — 1) + h for some integers k > 2 and h € [1, n], this means
that horizontal and vertical arrows of color h both enter and exit through the vertex (k, 1) in the
path ensemble £(A/u), that is, Ap(k) = Bp(k) = Cr(k) = Dp(k) = 1.

Due to the factor of 1,—¢ in the expression (8.4.1) for W,(A,B;C,D | o0,0), it follows that
the weight of £(A/p) is 0, and so Gy, (2,00 | 0;0) = 0. Similarly, from the definition (9.1.2) (and
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(9.2.1)) for L/, we also find that Ly, (x) = 0 if A/p is not a ribbon strip, thereby verifying the
proposition in this case.
So, let us assume that A/p is a horizontal ribbon strip. Then, (9.1.2) implies that

(10.1.4) Laju(a) = £§) (@) = g/ N=luD/n — qo3/i) A=l

Additionally, since Gy, (x,00;0;0) is the weight of £(A/u) under W.(A,B;C,D | o0,0), the
explicit form from (the fourth statement of) (8.4.1) for this weight yields

Ga/u(300 0;0) = [ Wa (A(), B(4); C(4), D(j) | 00,0) = [ #/PWIgrP@-COI+PGD.
ol ok
Using Lemma 10.1.1, Lemma 10.1.2, and the fact that Z] LDG)| = Al = |pl, it follows that
Ga/p(z300 | 0;0) = PN TN =0 () pI A= [m]

which together with (10.1.4) implies the first part of the proposition. O

10.2. LLT Polynomials From Fj ,(x; o0 | 0;0)

In this section, we establish the second part of Proposition 9.3.4, namely, the N = 1 case of
(9.3.4). To that end, as in Section 10.1, recall from (7.1.3) and Remark 8.4.4 that Fy,,(x; 00 | 0;0)

is the partition function under the Ww(A,B;C,D | 00,0) weights from (8.4.2) for the vertex
model Pr(A/p) (from Definition 7.1.3 and depicted in the middle of Figure 7.1) on the domain
D = Dy = Zso x {1}. Since this domain has one row, Pp(A/p) only consists in a single path
ensemble, which we denote by £(A/p). For each j > 1, let (11(]),]/5\‘(]),6(]),]5(])) denote the
arrow configuration at the vertex (j,1) € D under £(A/p). In particular, there exists a minimal
integer Lo > 1 such that (A(K),B(K);G(K),]S(K)) = (eo,e[l’n];eo,e[l’n]) for all K > Lg; it is
given by

(10.2.1) Lo = max (maxi(””)) + 1.

i€[1,n]

See the left side of Figure 10.3 for an example when X = ((1,0), (2,0), (2,0)) and p = ((1), (2), (0)).
Recall that M denotes the length of each signature in p and M + 1 denotes that of each one in
A. To show the N = 1 case of (9.3.4), we will compare £(X/p) with £(p/X), for some sequences

ﬁ)o\ € SeqSign,,. 41, where we recall the path ensemble £ from Section 10.1. In particular, to
define these sequences, set
AP =2D 11, forall j e [1,M +1J;

A0 =Lo-M-1, and @ =) +1, forallje[2,M +1],

(10.2.2)

for each ¢ € [1,n]. Stated alternatively, A€ SeqSign,, .y is defined by forming each S(S\(i))
through shifting every entry in ¥ ()\(i)) to the right by one space, and p € SeqSign,, 5,4 is defined
by forming each T(fi")) through first shifting every entry in T(u(") to the right by one space, and
then appending Lo. Observe that defining (9 in thls way indeed gives rise to a valid signature
(w1th non-increasing entrles) since ﬂgi) =Lo—M— /\(Z +12 M(Z) +1= ( ). For each iz

let (A(j),B(j); C(j),D(j /) denote the arrow Conﬁguratlon at (j,1) € D under E(M/)\). We refer
to the middle of Figure 10.3 for a depiction.
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FIGURE 10.3. Shown above are the single-row path ensembles é\()\/u)7 S(ﬁ/)\),
and £(N/f).

Observe in particular that the path ensembles £(A/p) with £ (m/ A) nearly coincide, except for
two differences. First, all vertices in the latter are shifted to the right by one with respect to the
former. Second, arrows of all colors exit horizontally through (Lo — 1,1) (and through all vertices
east of it) in é\()\/u), while arrows of all colors exit vertically through (Lg, 1) in S(ﬁ/)\)

For this reason, the partition function of E(A/u), under the weights Wm (A,B;C,D | o0,0),
will coincide with that of E(ﬁ/)\), under the weights W, (A,B; C,D | 00, 0), up to a factor coming
from the relation (5.1.4) between W, and W,. As shown in Section 10.1, partition functions of the
latter type give rise to a factor of ¢*P(#/ X). Since the LLT polynomial Ly, involves a power of
¢*/B) | we must express these spins (in the exponents) through one another other.

To that end, we have the following lemma, where in the below A € Sign, /441y and p € Sign,,
are defined so that their n-quotients are A and p, respectively, and similarly 5\, RS Sign,,ar41) are

defined so that their n-quotients are A and 1, respectively.

Lemma 10.2.1. If \/u is a horizontal n-ribbon strip, then

~ % n
59 (1/3) =590 /1) + (1= 1)l = 13 = ) + (20 = 30) (3 ).
PROOF. Recall from (10.2.2) that the sequence A € SeqSign,,.ps41 was defined from A by
increasing every entry of each of its signatures by one. Let us define pi € SeqSign,, 5/, from p in a
similar way, but where we also append a zero to each of its signatures so that they all have length
M +1 (as in A). More specifically, for each ¢ € [1, n], we set

(10.2.3) Y =pl 41, foreach j € [1,M], and 4f),, =0.

Equivalently, it is defined by forming each S([l(j)) through first shifting every entry in S(p(j)) to
the right two spaces, and then appending 1. We refer to the right side of Figure 10.3 for a depiction.
Let fi € Sign,,(p741) denote the signature whose n-quotient is [.

Since p C X, we have that o C A So, as D = Zx¢ X {1} has one only row, there is a unique
path ensemble E(A/f) on D in the set P (A/f;1) from Definition 7.1.3. For each j > 1, let
(A(]),B(]),C(]),D(])) denote the arrow configuration at the vertex (j,1) € D under E(A/f);
see the right side of Figure 10.3 for a depiction. In what follows, the coordinates of any element
X € {0,1}™ will be indexed by [1, n].
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FIGURE 10.4. Shown to the left, middle, and right are the Young diagrams for
skew-shapes A/u, A\/fi, and i/ f from Figure 10.3, respectively, where here n = 3.

Let us show that

(1024)  sp(\p) + @ — sp (W) = sp (3/4) + (n — (Al - [idl) + (M = Lo +1) (";)

from which the lemma would follow since (10.2.2) and (10.2.3) imply
A=A+ (M +1)n; ] = |p| + Mn.

To establish the first relation in (10.2.4), observe by (10.2.2) and (10.2.3) that A is obtained
from A by increasing each entry by n, and [ is obtained from p by first increasing each entry by
n and then appending n entries equal to zero; see the left and middle parts of Figure 10.4 for
depictions. Thus, the skew-shape )\/ [t is obtained from A/ by adding an n x n block of boxes.
Since this block is tiled by n ribbons of shape 1 x n, each of which has height n — 1, we deduce
sp(M 1) — sp(A/p) = @ This verifies the first statement of (10.2.4), so it suffices to establish
the latter. ) ) )

To that end, we induct! on |A| — |f], as in the proof of Lemma 10.1.2. If |A| = |f], then \ = j,
and it suffices to show that

(10.2.5) sp (/f2) = (Lo — M —1) (Z)

To do this, we claim that g € Sign /41y, is obtained from /i by adding a 1 x n ribbon in each
of the leftmost n(LO - M - 1) columns of its Young diagram; see the right side of Figure 10.4 for a
depiction. Since each such ribbon has height n — 1, we would then deduce sp(i/) = wn(Lo -
M — 1), which implies (10.2.5).

To confirm the claim, we must show that
(10.2.6)

;= n(Lo — M — 1), for each j € [1,n]; i = fli—n, foreachi € [n+1, Mn+n].
The fact that g is the n-quotient of f yields for any j € [1,n] that the j-th largest element in
() = Uiy (nTE) o+ 1) s

fij+ (M+1Dn—j+1=nmaxT(a¥) —j+1=nLo—j+1,
Here, we will ignore the relationship (10.2.2) between A and A, as the former is not present in the second

equality of (10.2.4). In doing so, we will establish a more general statement by allowing some entries of signatures
in X to be zero, which is in principle not permitted by (10.2.2).
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FIGURE 10.5. Shown above are the path ensembles E(X/f), E(D/f), E(ﬁ/)\),
and £(p/v).

where we have also used the fact that (10.2.2) implies max T (a()) = ﬁﬁ” + M +1 = Ly for each
i. This establishes the first statement of (10.2.6). Further observe by (10.2.2) and (10.2.3) that
MEZ) = ,u;i) +1= ﬁ;lzl for each j € [2, M 4 1], which quickly implies that each entry in pi (after
removing the n largest ones equal to Ly — M — 1) appears in g with the same multiplicity. This
implies the second statement of (10.2.6), thereby establishing (10.2.5) and hence the |)\\ = |p1| case
of (10.2.4).

Thus, let us assume in what follows that (10.2.4) holds whenever |)\| |ft| < m for some integer
m > 0, and we will show it also holds whenever |A| — |fz| = m. So, fix A € SeqSign,,. 541 such that
|)\| — |t =m and g C AC . Then, as in the proof of Lemma 10.1.2, there exists a sequence
v € SeqSign,,. s, such that [0 — || =m — T and o C v C A. In particular, there exist indices
h e [1,n] and k € [1,M] such that " = A" for all (i,5) # (h,k) and 7" = A —1. In what
follows, we set Ky = (h) + M —k+2 63( (h)) so that Ko+ 1 = )\(h) +M—k+2 6‘3:( )

Now let us compare the single-row path ensembles in (£ (A1), E (1///1)) and in (E(f1/N), E(/v))
on D;. We may interpret (/1) as the ensemble obtained by moving the output of the color h ar-
row vertically exiting through (Ko+1,1) in £(A/f) to the left by one space to (Ko, 1). Similarly, we
may interpret £ (ﬁ / l°/) as the ensemble obtained by moving the input of the color h arrow vertically
entering through (Kp+1,1) in E(ﬁ/)\) to the left by one space to (K, 1). We refer to Figure 10.5
for depictions in both cases, where there Ky = 1. In this way, the ensembles in (E(A/u), E(w/p))
and in (£(p/ )\) (B/©)) coincide everywhere in all colors except for the h-th color, and and they
also coincide in the h-th color at all vertices except for (Ko, 1) and (Ko + 1,1).

To make this more precise, recall that (A(j),B(j),C(j),D(j)) and (A(j)7]§(j);(~3(j),f)(j))
are the arrow configurations at any (j,1) € Dy under £(A/f1) and & (/ )\), respectively. For each
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j = 1, further let (Al(j),ﬁ/(j) ( ), D (j)) and (.&I(j),ﬁ/(j);é/(j),ﬁ/(j)) denote the arrow
configurations at (j,1) € D; under £(¢/f) and 5(;1,/1/) respectively. See Figure 10.5 for depictions.

Then, it is quickly verified that X;(j) = X/(j) for any integers ¢ € [1,n] and j > 1 and index
X € {A,B,C,D}, unless i = h and (X,j) € { C,Ko), (D, Ko), (B, Ko +1),(C,Ko + 1)}. Tt is
further quickly verified that X;(j) = X/(j) for any ¢ € [1,n], j > 1, and X € {E,E,é,ﬁ}, unless
i=hand (X,7) € {(A, Ko), (D, Ko), (A, Ko+1), (B, Ko+1)}. In those exceptional cases, we have

Ch(Ko+1)=1=C}(Ky); Ch(Ko) =0=Ch(Ko+1);

(10.2.7) . ) : Q
and
(10.2.8) Ap(Ko +1) = 1= A} (Ko);  Ap(Ko) = 0= A}, (Ko + 1);

Dp(Ko) =0 = Bp(Ko + 1); D} (Ko) =1=B}(Ko +1).

We again refer to Figure 10.5 for a depiction.
In particular, (10.2.7) and the bilinearity (and definition (1.1.1)) of ¢ together imply that

p(D(Io), D(Ko)) = (D (Ko), D' (Ko)) + ¢(D(Ko), en) + ¢ (en, D(Ko));
o(A(Ko+ 1), B(Ko +1)) = p(A (Ko + 1), B (Ko + 1)) (A Ko+1),e5);

o (D(Ko), C(Ko)) = ¢(D'(Ko), €' (Ko)) — 0(D(Ko), en) + p(en, C(Ko));
p(D(Ko +1), C(Ko + 1)) = (D' (Ko + 1), € (Ko + )) <D Ko+1).en).

So, by Lemma 10.1.1 we have

10.2.9
| c) Tt 1 . Pt
(Vi) = D ¢(DG).DG)) + 5D #(AG),BG)) + 5 3 #(DG),CH))
;0__1 / / 1J_L(J / o/ j_LO ! /
=D eDU).DG) + 5D e(AG).BG)+5 Y ¢(D().CH))
j=1 Jj=2 Jj=1

e 1 o . 1 . .
= sp(9/ji) + 59 (A(Ko + 1) + D(Ko) + D(Ko + 1), en) + 5 (en, C(Ko) + 2D(Kp)).
By similar reasoning, again using Lemma 10.1.1, (10.2.8), and the blinearity of ¢, we deduce

 (7/A) = s (/) + go(en BIKo + 1) ~ B(Ko) — 2D(Ko) ~ C(Ko))
(10.2.10)

_ %@(A(Ko +1) +2D(Ko), en).

Subtracting (10.2.9) from (10.2.10) then yields

1
790(eh7 Z),

p (/A) — sp(\ i) = sp (/) — sp (/1) — 5 o(¥en) — 5
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where
Y = A(Ko + 1) 4+ 2D(Kg) + A(Kq + 1) + D(K) + D(Ko + 1);
Z = B(Ky) + 2D(Ky) + C(Ko) + C(Ko) + 2D(Ko) — B(Kp + 1).

Now, let us simplify Y and Z. To do so, observe from (10.2.2) and (10.2.3) (see also Figure 10.3)
that

(10.2.12)  A(j) = C(j), foreachj>1; C(j)=A(j+1), foreach1<j< Lo— 1.
By spin conservation we also have that
(10.2.13)

(10.2.11)

o o

B(j +1) =D(j) (A(i) — C(i)), for each j > 1;

I
'M‘*

=1

B(j +1) = D(j)

j

(A(i) = C(i)) =Y (C(i) —A(i+1)), foreach 1<j<Lo—1,

1 1=1

where in the last equality we used (10.2.12). In particular, (10.2.12) and (10.2.13) together imply
D(Ko) + D(Ko) = A(1) = A(Ko+1);  D(Ko+ 1)+ D(Ko) = A(1) — C(Ko + 1);

~ o

A(Ko+1)=C(Ko+ 1),

I
'M“*

K2

which upon insertion into (10.2.11) yields Y = 2A(1) = 2e(y,n) (Where the last equality follows from

the fact that ﬁg\?ﬂ = 0 for each i € [1,n], by (10.2.3)). Similarly, (10.2.12) and (10.2.13) together
imply

B(Ko +1) = D(Ko); B(Ko) +D(Ko) = A(1) — C(Kp); D(Ko) +D(K,) = A(1) — C(Ko),

which upon insertion into (10.2.11) yields Z = 2&(1) = 2e[1 p)-
Thus, Y = 2e[; ,) = Z, and so by the X = e, case of (8.2.2) we have that ¢(Y,ep)+p(en, Z) =
2n — 2. Inserting this into (10.2.10) gives

sp (fi/X) —sp(\/jr) = sp (i/0) —sp(i7/jz) —n + 1

:(n—l)(ﬂ—ﬂ|)+(M—Lo+1)<Z> R

o

where in the last equality we applied the (A = © case of) the second statement in (10.2.4). Recalling
that |A| = || + 1, it follows that

-~ ,° o o o o n
sp (1/3) = sp(/i) = (n = (il = ) + (4 = Lo+ 1) (3 ).
which establishes the second statement of (10.2.4) and therefore the lemma. ]

Now we can establish the second part of Proposition 9.3.4.

PROOF OF PART 2 OF PROPOSITION 9.3.4. Let us first assume that A/u is not a horizontal
n-ribbon strip. In this case, recall the signature sequence f1 € SeqSign,, 5, defined in (10.2.3),
which is the n-quotient of some /i € Sign 1y, Since A is obtained from A by increasing every
entry in each of its signatures by one, and since £ is obtained from g in the same way (and by then
appending a zero to each signature), it follows that )\/ {1 is also not a horizontal n-strip.
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Now, recall from the proof of (10.2.5) that g € Sign(pr41y, is obtained by appending a 1 x n
ribbon in each of the leftmost n(Lo - M- 1) columns in the Young diagram of ;. In particular, 1
is the signature with maximal size such that zi; < n(LO - M — 1) and i/ {1 is a horizontal n-ribbon
strip. Consequently, its Maya diagram ¥ (i) is obtained from ¥(j1) by having each particle in (/)
perform n-jumps until colliding with another particle in T(j1); stated alternatively, each particle
i € T(1) jumps to site i + j;n, where j; € Zxq is such that i +n,i + 2n,...,i+ jin ¢ T(i) but
either i + (j; + 1)n € (i) or i + (j; + 1)n > nLg. This characterization quickly implies that /v
is a horizontal n-ribbon strip for some signature v € Sign,, ;1) with 4 C v C & only if v/ji is.
Hence, since )\/ [ is not a horizontal n-ribbon strip, it follows that 1/ )\ is not one as well.

Therefore, as explained in the proof of the first part of Proposition 9.3.4 in Section 10.1, there
exists a vertex (j,1) € Dy and a color h € [1,n] such that horizontal and vertical arrows of color h
both enter and exit through (7, 1) in the path ensemble & (ﬁ / )\) It follows that the same statement
at (j —1,1) € D holds in E(A/u), since the latter is obtained from E(ﬁ/)\) by first shifting each
vertex to the left by one space and then modifying the horizontally and vertically exiting arrows at
only the vertex (Lo — 1,1) € Dy. Hence, Ap(j — 1) = Bp(j —1) = Cu(j —1) = Du(j — 1) = 1.

Due to the factor of 1,—¢ in the expression (8.4.2) for WZ(A,B; C,D | 0,0), it follows that
the weight of g()\/u) is 0, and so Fy/,(z;00 | 0;0) = 0. Similarly, from the definition (9.1.2) (and
(9.2.1)) for Ly, we also find that Ly, (x) = 0 if A/u is not a ribbon strip, thereby verifying the
proposition in this case.

So, let us assume that A/pu is a horizontal n-strip. Then the definition of Fy,(2;00 | 0;0)
as the partition function, under the W, (A,B;C,D | 0,0) weights, for the path ensemble &(X/p)
(together with the explicit forms (8.4.2) for these weights) gives

(10.2.14)
- L(] 1
Fayu(;00 | 050) H . (A7), B(j):€(). D) = ] « D ()| ~ng#(D(7).0()+DUN~(3)
i e

where here we have used the fact that (A(j)7 ]§(j); 6(]’), f)(j)) = (eo, €[1,n]; €0, €[1, n]) forj > Log—1
and the weight under W, of this arrow configuration is equal to 1 by (5.1.5) and (8.4.2).
Now, observe since B(1) = ep and B(j) = e[y ) for j > Lo that
L

ZO (n—~1BG)|) +n= i (n-BG))

Jj=2 Jj=

(X T

i=1 \leT(A®)  meT(u®)

—Z(Mff A+ M —j+2) f: +M]+1)>

j=1

3

and so, since f)(j) = ]§( + 1) for each j > 1, we have
Lo—1

Z (n— |ﬁ(2)|) = |A| = [p| +nM.

Jj=1
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Inserting this into (10.2.14) then yields

Lo

Fojulrs 00 | 0;0) = gltd==ndt [ g#(BG-1.CG-+DG-1)~(3)
(10.2.15) =
Lo—1 R R R
— gl T eP6-D.86-14DG-10)=(3),
j=2

where in the second equality we used the identity ga(ﬁ(Lo —1),C(Lo — 1) + D(Lo — 1) = (5),
which holds since f)(LO —1) = e, and (AJ(LO —1) =ep.

Now, since (10.2.2) implies for any indices X € {A, B,C, D} and j € [2, Lo — 1] that )/i(] -1)=
5(( j), we deduce

(10.2.16)
Lo—1

> <s0(13(j1) C(j—1)+D(j - 1) ())i J)+D(j ))+(2L0)<Z),

j=2

where we have additionally used the facts that D(1) = ey = ﬁ(LO). Moreover, Lemma 10.1.1,
Lemma 10.1.2, and Lemma 10.2.1 together yield

(10.2.17)
LO -

> ¢(D(5), C(j) + D)) = sp(fi/A) + V(i) = p(A)

j=1
n ~ o
=sp(A ) + (n = 1)(lul = A =n) + (Lo = M) { ,, | + (1) — &(N).
2
Inserting (10.2.16) and (10.2.17) into (10.2.15), we obtain
(10.2.18) Fayu(zi00 ] 0;0) = x*nM(qlfnxfl)|>\|*\HIqSP(A/#Hw(ﬁ)—¢(5\)—1Vf(§')'

Next, the definition (9.3.1) of ¢ implies by (10.2.2) that
(10.2.19) A = e 0@ - = ()

where the latter holds since the summands (a,b) on the right side of (9.3.1) contributing to w(ﬁ,)
but not ¥ (u) arise when a = Lp, and 1 <i<j<nandbde€ S(u(j)) are arbitrary. Inserting these

into (10.2.18) yields
Faypl; 00 | 0;0) = qsp(A/un(u)fM(;‘)/sz(A)wan(qlfnxfl)lz\lflul
_ qwm)—wm—M(;)/Qx—nMEA/H(ql—nx—l)’
where the last equality follows from the definition (9.1.2) (and (9.2.1)) of Ly/,,. This establishes
the second part of the proposition. O

138



10.3. LLT Polynomials from Gy, (0;x | 0;0)

In this section we establish the third part of Proposition 9.3.4, namely, that (9.3.5) holds for
N = 1. This will follow from the first part of Proposition 9.3.4 (given by the N = 1 case of (9.3.3)),
after applying a reversal and complementation procedure for the Maya diagrams of A and u.

To that end, we recall the unique path ensemble E(A/u) € Pa(A/p; 1) from Section 10.1, and
the associated arrow configuration (A(j), B(j); C(j),D(j)) at any vertex (j,1) € Dy = Zsg x {1}.
Since (A(K),B(K); C(K),D(K)) = (e, eo; e, €) for sufficiently large K, there exists a maximal
integer L() > 0 for which (A(Lo), B(L()); C(L()), D(Lo)) 75 (907 €0, €y, e()>.

For any j € [1, Lo], define the elements A’(j), B'(j),C'(5),D’(j) € {0,1}" by

A'(j) = e~ A(Lo—j+1);  B'()=D(Lo—j+1)

10.3.1

( ) C'(j) = ei,n) ~CLo-j+1);  DG)=BEo-j+1),

and define A'(j) = B'(j) = C'(j) = D'(j) = eg for each j > Ly. Here, we have set X =

(Xn, Xn—1,...,X1) to be the order reversal of any X = (X1, Xs,...,X,) € {0,1}". Additionally

deﬁne V'(j) € {0,1}™ by setting V;(j) = min {A;(j), Bi(4), C.(j), Di(j)} for each i € [1,n]. Let
= ‘X ’ for each index X € {A,B,C,D,V}.

Then, since A(j)+B(j) = C(j) +D(j), (10.3.1) implies A’(5) +B'(j) = C'(j) +D’(j) for each
4 > 0. In particular, this arrow conservation implies the existence of a single-row path ensemble
E'(A/p) on Z=o x {1} whose arrow configuration at (7,1) is (A'(j),B’(j); C'(j),D’(j)). In this way,
E'(A/p) is obtained by first reversing the vertices and colors in £(A/u) and then complementing
all vertical arrows, that is, interchanging a particle of any color with its absence. We refer to the
middle of Figure 10.6 for a depiction.

As explained in Section 10.1, one may decompress the top and bottom boundaries of £'(A/u) to
form two colored Maya diagrams. By (10.3.1), the decompression of the top boundary is obtained by
first reversing T(\) and then complementing it (interchanging particles with empty sites); applying
the same reversal and complementation procedure to ¥(u) yields the bottom boundary of this
decompression. We refer to the bottom part of Figure 10.6 for a depiction. As such, it is quickly
verified (see, for example, (1.7) of [66]) that the top and bottom boundaries of this decompressed
vertex model are given by ¥()\’) and ¥(u’) (namely, the colored Maya diagrams for the duals of A
and p), respectively. Hence &'(A/u) = E(N /p’), the unique path ensemble in Pa(A'/p';1).

Now, by (7.1.3) and Remark 8.4.4, Gx/,,(0;2 | 0;0) is the partition function for £(A/u) under
the weights W,(A,B;C,D | 0,0). Hence, using the explicit form (8.4.1) for these weights, we
obtain

Ga/u(0;2 1 0;0) B(;); C(5),D(j) | 0,0)

() g#(B(),C ()~ B(j))]-C(j)>B(j)-

D
11

Then (10.3.1) and the fact that Z]Lil d(j) = 3252, d(j) = |A| — || together yield

Lo «—
Gaul0; | 0:0) = 2l =M T qw(ﬁ’u),eu.n]—c’<j>—15'<j>>1
j=1

€[ n]/c/(J)+S/(.7).
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FIGURE 10.6. Shown above are the Young diagrams for skew-shapes A/u and
X /u'; shown to the bottom are their colored Maya diagrams; and shown to the
middle are the single-row path ensembles £(A/p) and E'(A/u) = E(N'/u’). Here,
red is color 1, blue is color 2, and green is color 3.

Thus, since the definition (1.1.1) of ¢ implies

(10.3.2) o(X,Y) = (Y, X), forany X,Y € {0,1}",

we find that
Lo

(10.3.3) g)‘/”(o; x| 0;0) = Zl#l=IA H qsa(eu,n]—c (1))-D'(4),B (j))lv’(j):()a
j=1

where we have also used the fact that ey ,,) > <6(]) —1—6(]‘) holds if and only if v'(j) = 0, for any j
1. Indeed, since AL(3), Bi(4), Ci(5), Di(j) € {0,1}, this follows from the fact that C.(j)+ Di(j) <
holds for some i € [1,n] if and only if V/(j) = 0 does (using arrow conservation).

We now require the following lemma to analyze the power of ¢ on the right side of (10.3.3).

>
1
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Lemma 10.3.1. If X'/y' is a horizontal n-ribbon strip, then

DA — (X)) — (k) Zso ., B'(7)) =

2l — 1),

PRrROOF. First observe using (10.3.1), (10.3.2), and the definition (1.1.1) of ¢ that
(10.3.4)

Lo Lo
Y elenn:B'() =D (D) epn) = Z (n—1) ZD Z (n— z‘)(W} — |u]),
j=1 j=1 i=1 =1
where in the last equality we used the identity ijl Di( ) = Z] 1 Di( ’)\(z | - },u )| for any

€ [1,n]. Now, we claim that

P) ) +Zz—llwl |'\|+2<2><<A24)_(LO;M>>;
s () (1)

Let us show the lemma assuming (10.3.5). To that end, subtracting the two equalities in (10.3.5)
yields

(10.3.5)

B0 ) ) )+ DG (A 1] = "0 ).
and so subtracting i (n — 1)(|]A] — ’u( ) = (n—1)(|A] — |pl) yields
B~ D) 00+ 0+ 3060 - (150 9]) = 2 g ),

which implies the lemma by (10.3.4). Thus, it remains to establish (10.3.5); we will only verify the
first statement there, as the proof of the latter is entirely analogous.

To that end, we induct on \)\|, as in the proof of Lemma 10.1.2. Observe that if A = 0™ then
(9.3.2) imples that ¥(\) = %(;‘)( ) and Y»(X) = $(3) (L°2M), which verifies (10.3.5). Thus, let
us assume (10.3.5) holds whenever |A| < m for some integer m > 0, and we will show it holds for
Al =m

So, fix A € SeqSign,,.,; with |[A| = m. Then, there exists a sequence of n signatures v &
SeqSign,,.,, such that |v[ = m — 1 and the following holds. There exists integers h € [1,n] and
k € [1, M] such that VJ(-Z) = )\y) whenever (i, ) # (h, k) and V](Ch) = /\,(Ch) — 1. Stated alternatively, A
and v coincide in every entry of every component, except for in one entry which is smaller by one
in v than in A.

Letting Ko = v + M —k+1 € T(v™), so that Ko+ 1 = A" + M —k+1€ T(A®), we
have

n h—1
1 1
(10.3.6) YA =)+ B Z ey — 5 Z lg,t1ex(a®)-
i=h+1 i=1
Here, the first sum on the right side arises since each appearance of K in some S()\(i)) with ¢ > h
gives rise to the additional summand (a,b) = (Ko + 1, Ko) € T(A®) x T(A®) on the right side of
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the definition (9.3.1) of ¥(\) not present in the corresponding sum for ¢(v). Similarly, the second
sum arises since each appearance of Ky + 1 in some f(/\(i)) for ¢ < h gives rise to the additional
summand (a,b) = (Ko + 1, Ko) € T(v?) x T(v") = T(AD) x T(v™)) in the definition of ¥ (v)
not present in the correpsonding sum for ¢(A). By similar reasoning and also using the facts that
particles are complemented, colors are reversed, and positions are reversed in A’ and v’ with respect
to A’ and v/, respectively, we deduce that

1 n n—h
1/’()\’) - ¢(l//) —+ 5 Z ]‘Lo*KUE‘Z()\,(i)) - 5 Z 1L07K0+IET()\’(77))
(10.3.7) i=n—h+2 i=1
1 bl ;&
=)+ ) Z Licor1gz(a®) — 3 Z 1g,gz(a@)-
=1 i=h+1
Subtracting (10.3.7) from (10.3.6) yields
1 n
w()‘) - 7/}(>‘/) - 7/’(’/) + w(yl) = 5 Z (lKOEI(A(i)) + 1KD¢‘5(,\(7’,>))
i=h+1
h—1
1 n—1
) Z (g t1ezn®) + Ligrigznm)) = 5 (h—1),
i=1

which upon adding to (10.3.5) (with the A or p there equal to v here) gives

n

SO — e )+ 3G - )|+ h 1= _21)|"| + Ly ;(Z) ((]\;) - (LOQM))

i=1

This, together with the facts that [A(?| = [v()| + 1, and [A| = |[v|+ 1, imples the first statement
of (10.3.5) and thus the lemma. O

Now we can establish the third part of Proposition 9.3.4.

PRrROOF OF PART 3 OF PROPOSITION 9.3.4. Asindicated in the proof of the first part of Propo-
sition 9.3.4 from Section 10.1, if '/ is not a horizontal n-ribbon strip then there exists some integer
J € [1, Lo] such that v'(j) # 0. By (10.3.3), this implies that G/, (0;2 | 0;0) = 0; since the same
holds for Ly, (¢3~™/2271;¢g71), this verifies (9.3.5). So, let us assume below that X'/ is a
horizontal n-ribbon strip.

Applying arrow conservation and the fact that B’(j 4+ 1) = D’(j) for each j5 > 1 (and that
B'(1) = D(Lo) = B(Lo + 1) = eg), we deduce

P(C'())+D'(),B'(j) = Y ¢(A'(j) +B'(j), B'(j))

j=1

<.
Il
—_

(#(B'G)B'()) + 0(A'(G). B'()) )

<
Il
—_

bllﬁg “bnﬂg

(#(D'(). D)+ (A'(), B'(7)) )

<.
Il
—

I
2]

p(N/u) = (N)+v(n),
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where in the last equality we applied Lemma 10.1.1, and Lemma 10.1.2. Inserting this into (10.3.3)
(and using the bilinearity of ¢) yields

Gx(0;2 | 0;0) = qw(z\’)—w(u/)—sp(/\'/u’)xw—W H qw(eu,n]aB/(J’))
j=1
- qw(k)—w(u)—sp(h’/u/)(q(n—l)/QI—l)W—\m — qw(x)—w(mﬁ)‘,/“, (q(n—l)/%—l; ),
where in the second equality we applied Lemma 10.3.1 and in the last we used the definition (9.1.2)
(and (9.2.1)) of the LLT polynomial Ly /,,. This establishes the third part of Proposition 9.3.4. O

10.4. LLT Polynomials from Hy,(x;00 | o0;00)

In this section we establish the fourth part of Proposition 9.3.4, namely, that (9.3.6) holds for
N = 1. Similarly to in Section 10.3, this will follow from the second part of Theorem 9.3.2, by

expressing ”Hgfl/)ﬂ(m; 00 | 00;00) in terms of fil/j)(x; oo | 0;0); here, we write (%) to emphasize the
dependence of H on ¢ and F(1/9 to indicate that the parameter ¢ involved in the definition of F
is replaced by ¢~!. To implement this, we establish the following statement comparing the more
general functions H(q) (X300 | y300) and }'(I/Q)( Ix;00 | y;0) (from (8.4.4)). In the below, we
recall ¢ from (9.3.1).

Proposition 10.4.1. Fiz integers N > 1 and M > 0; sequences of complex numbers x =
(x1,22,...,2N) and'y = (Y1,Y2,-..); and a nonzero complex number ¢ € C. For any signature
sequences X € SeqSign,,. ;. n and p € SeqSign,, ,,, we have

(X; 00 | y7oo) = (—1)”(M;N)_n(l\;)qu(F)_Qw(i)—’_Q(M;N)(g)_2( )( )]:gjg( X o0 | y,O)

N n M+N
H H (Hy RISy H YDy myn— k)
i -1

(q)
%Aq/ m

Assuming Proposition 10.4.1, we can quickly establish the fourth part of Proposition 9.3.4.

PROOF OF 4 OF PROPOSITION 9.3.4 ASSUMING PROPOSITION 10.4.1. For any x € C, Defi-
nition 8.4.1 implies

W.(A,B;C,D | 00,0) = lim (—y)*""W,,(A,B;C,D | c0,0);

Y—00

(10.4.1)
W.(A,B;C,D | 00,00) = lim 5y *W,.,(A,B; C,D | 00, 00).
y%OO

Now, by Remark 8.4.4 and (7.1.3), Fasu(x;00 | y;0) and Fy/u(x;00 | 0;0) are partition
functions for the vertex model Pr(A/p) (recall Definition 7.1.3; see also the middle of Figure 7.1)
under the vertex weights W, 4(A,B;C,D | 00,0) and W,(A,B;C,D | 00,0), respectively. Thus,
defining y = (y,y, .. .), the first statement of (10.4.1) quickly 1mphes (51m11ar1y to in Remark 8.4.3)
that

(10.4.2) Fayu(x;00 | 0;0) = lim (—y)El=N+n(Z) (") 7y (00 | y30).

Y—>00

Similarly, Remark 8.4.4 and (7.1.3) together indicate that Hy,,(x;00 | y;00) and Hx . (x;00 |
00; 00) are partition functions for the vertex model Py (A/p) (recall Definition 7.1.3; see also the
right side of Figure 7.1) under the vertex weights W,.,(A,B;C,D | 00, 00) and W,(A,B;C,D |
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00,00), respectively. Thus, again letting y = (y,y,...), the second statement of (10.4.1) quickly
gives
(10.4.3) Haayp(x;00 | 00500) = lim yl"l Al (M) —n (M)

Yy—00

H)\/[L(X oo IY7 )

Applying the y = (y, v, .. .) case of Proposition 10.4.1, and letting y tend to oo, it follows from
(10.4.2) and (10.4.3) that

(10.4.4)

Hx (%500 | 005 00) = (_1)w—wqzwm—zw(im(%”)(';)—2(“5)(3);%;1;@%1,(; | o;o)jﬂlxjn.
By (9.3.4), we have that

f;;?_( 'x;00 ] 0;0) = qw(ﬁ)_w(ﬁH(M;rN)(3)/2—(1\24)( )/2/;(;/F . ﬂ ~M-N)

Together with (10.4.4) and the fact that (—1)|>‘|_|”|£§/ﬁ(x;q_1) = /ji/ﬁ(—x_l;q_l) (which
holds by the homogeneity of £), this implies (9.3.6). O

To establish Proposition 10.4.1, we require the following lemma stating a relation between
the weights W,.,(A,B;C,D | c0,00) and W\m;y(A,B;C,D | 00,0) from Definition 8.4.1, under
complementation of horizontal arrows and reversal of colors; we refer to Figure 10.7 for a depiction.
In what follows, we again write Wl(cq; to emphasize the dependence of W,., on ¢ and Wg(g;lgfq) to
indicate that its parameter ¢ is replaced by ¢~ '.

Lemma 10.4.2. For any A,B,C,D € {0,1}" and z,y,q € C, we have

(10.4.5)
— —
W;?;(C, e[l’n] — §; A,e[l,n] — B | (e o OO)
= (—1)°q?Aenm)=¢(AB)+¢(D,C)=¢(B,B)+¢(D,D) (41, ~1)b= dyp) }L/qlz ,(A,B;C,D | o0;0).

PROOF. Observe that if A +B # C+ D, then both sides of (10.4.5) are equal to 0. Moreover,
defining V. = (V1,V,,...,V,,) € {0,1}" by setting V; = min{A4;, B;,C;, D;} for each i € [1,n] and
letting v = |V] (as in (5.1.1)), (10.4.5) also holds if v # 0. Indeed, in this case, the right side
of (10.4.5) is equal to 0, by the 1,—¢ weight in the definition (8.4.1) of W 4(A,B;C,D | 0,0).
Furthermore, if v # 0, then there exists iy i € [1,n] for which V; = 1, in which case A =1= B,
and so A; + B; > 1. Thus, e[ ) — § A does not hold, and so the left side of (10.4.5) also equals
0, due to the 1g>¢ factor in the definition (8.4.1) of Wz,y(A,B, C,D | 00, 00).

So, let us assume in what follows that A + B = C + D and v = 0. Then, (8.4.2) gives

n—1,.,—1. —1
W(}L/JI) . A,B;C,D 0, 0) = _qn—lxy d— nq( ) »(D,C+D) (q Yy 5 q )n
(10.4.6)  ° tai |00, 0) =( ) (@ ay=5q VDars

= (=" Ly ) ng @O e DD () (gL gy
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n—1

where in the last equality we used the fact that (¢" 'z;¢7 1), (q z;q_l)lz1 = (z;q)n— for any

z € C and k € [0,n]. Moreover, (8.4.1) gives

b —
WO (C, e — B A e, — D | 00;00)
_ (_1)n—a—bxb—nyn b_p(e[1,n) §A+<§ e[1,n] (

By (10.3.2), the bilinearity of ¢, the fact that ap(e[lvn], e[1,n]) = (g), and the X = D case of (8.2.2),
we obtain

80(8[1,”]—%, K + % - e[1,n])
=¢(A+B—ep, €1, —B)
= ¢(B,epn)) +@(enn:B) —¢(A+B,B) +¢(A en ) —v(ennenn)
— (=10 (3) + (A en) - o(AB) - p(B,B).

Together with (10.4.7), this gives

(10.4.7)
y ) q)nfafb-

W(q)Ce[ln %Ael,7 B|oooo

:( l)n a— b b—n, n—b (n Do+e(Aen n)—¢(A,B)—p(B,B)—

y G 2y @)nacse
This, (10.4.6), and the fact that a + b = ¢ + d together imply the lemma. O

Remark 10.4.3. The type of “horizontal complementation symmetry” described by Lemma 10.4.2
does not appear to admit a transparent generalization to the most general fused weights given by
Definition 5.1.1. Indeed, if B < A, C,D then the weight W.(A,B;C,D | r,s) factors completely,
since the sum on the right side of (5.1.1) is supported on the p = 0 term (as then b — v = 0, since
V = B there). However, for generic choices of parameters, the weight W, (C, e;; ,j—B; A, ey, —D |
r, s) does not factor under the condition B < A, C,D.

Now we can establish Proposition 10.4.1.

PROOF OF PROPOSITION 10.4.1. Throughout this proof, let us assume for notational simplic-
ity that N = 1, as the proof for general N is entirely analogous (alternatively, given the N = 1
case, the proof for general N can be established using the branching identities (7.2.2), as in the
proof of Theorem 9.3.2 assuming Proposition 9.3.4 in Section 9.3).

Then, recall from (7.1.3) and Remark 8.4.4 that Hy/,,(x;00 | y;00) is the partition func-
tion under the W,.,(A,B;C,D | oo;00) weights (from (8.4.1)) for the vertex model P (A/p)
(from Definition 7.1.3) on the domain D = D; = Z- x {1}. Since this domain has one row,
P (A/p) only consists in a single path ensemble, which we denote by £*(A/u). For each j > 1, let
(A*(5),B*(4); C*(j),D*(j)) denote the arrow configuration at the vertex (j,1) € D under £*(A/p).
In particular, there exists a minimal integer Lo > 1 (given explicitly by (10.2.1)) such that we have
(A*(K),B*(K); C*(K),D*(K)) (eo,eo,eo,eo) for K > Ly; see the left side of Figure 10.7.

For any j > 1, define A(5),B(j),C(j),D(j) € {0,1}" by
(10.4.8)

AG)=C'()  BG)=enn-BGr  CH=R"(Gr DG =epn- D)

For each index X € {4, B,C, D}, let 2*(j) = |X*(j)| and Z = |5§|



FIiGURE 10.7. Shown to the left and right are examples of the single-row vertex
models £*(\/u) and 5( )\/u) respectively.

Then, since A*(j)+B*(j) = C*(j)+D"(j), (10.4. 8) implies cach A (j)+B(j) = C(j)+D(j). In
particular, this yields the existence of a path ensemble £ ( A/ /1,) whose arrow configuration at (j,1)
is (K(]), ﬁ(j); (’\E(j)7 ]3(])) It is quickly verified that this definition is consistent with the notation
from Section 10.2, namely, that g(i/%) is the unique element of P (y/ﬁ), see Figure 10.7.

Thus, ’H;/)u(x; oo | y;00) and fg;g( "~lg:00 | y;0) are partition functions, under the weights
W(q)(A,B;C,D | 00, 00) and W(}L/ql)xy(A,B;C,D | 00,0), for the path ensembles £*(A/u) and
()\ / ,u,), respectively. Therefore, Lemma 10.4.2 yields
(10.4.9)
Lo—1
H (w500 | ys00) = [] W(A*(5), B*(j); C*(4), D" (j) | o0, 0)
j—l
H (A(J) (1) +2(D(1),C(5))— (A (), B(5))+2(D(),D () —¢(B(),B())
x (" Lay; YPI=IDWOD (A(5), B(5); C(5), D(j) | o0, 0)
Lo—1
— Fl/a) —1)8) ge(A()e1,m)+0(D(1).C(1) ~o(A(5).B(5)
= Fa e o) [[ )R
% qw(ﬁmﬁ(j))—w(ﬁ(j),ﬁm)(qn—lmy]fl)w)—iu),

Now let us analyze the terms in the product appearing on the right side of (10.4.9). To that end,
observe that
Lo—1 Lo—1

(10.4.10) Z c(j) = nM; Z 0(AG),epm) = (M +1)p(ep,n,epn) = (M + 1)(7;),

j=1 j=1

where the first equality holds since g € SeqSign,,.,;, and the second holds since Zfi;l A(]) =
(M +1)eq ) (as A € SeqSign,,.pr,1). We also have that

Lo—1
(10.4.11) Z (w(f)(j), D(5)) —<p(]§(j),]§(j))) = ¢(B(Lo), B(Lo)) - ¢(B(1), B(1)) = (Z)
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where the first equality holds since each D(j) = B(j + 1), and the second holds as gp(f’)(l), ﬁ(l)) =
p(eo, e0) = 0 and (B(Lo), B(Lo)) = ¢(ef1n),ep,n) = (5). Moreover,

H (qn—lx)b(j)—d(j) _ (qn—lx)b(l)—b(Lo) _ q—Q(Z)x—n;
(10.4.12) =
Lo—1 n Lo—1 M M+1
d(J) b5 _ D(J) Bi(5) _ 1
= QL (f e T )

where we have denoted X(]) (Xl( ), X2(5), . )?n(j)), for each index X € {B,D}. The first
equality of the first statement in (10.4.12) holds since each d(j) = b(j+1); the second equality of the
first statement holds since 3(1) =0 and Z(LO) = n; the first equality of the second statement holds
since d(j) — b(j) = Zfi;l (ZA)Z (j) = Bi( 7)); and the second equality of the second statement holds
since D;(j) — Bi(j) = 1if and only if j € T(AM=*D) and j ¢ T(u~*1), and Di(j)—B;(j) = -1
holds if and only if j € T(p™~**Y) and j ¢ T(A—+D).

Together, (10.4.9), (10.4.10), (10.4.11), and (10.4.12) imply

H3, (w00 | yi00) = (~1)MgM Ba=n FD (" oo | yioo)

A/
Lo—1 n /M M+1
D(),C A(j),B
~ 1_[1 g?P0).CUN—P(A) (J))l_[1 (Hy N H NG k+1>
J i el
Thus, to establish the proposition it suffices to show that
Lo—1
o ~ = — n
(10.4.13) > (#(B).€0) - w(R0).B)) = 20() — 20K+ 24 (3.
j=1

To that end, it will be useful to produce an analog of the path ensemble S(ﬁ/ )\) from Sec-
tion 10.2, following (10.2.2). So recalling the notation <X = (i(l),i@), . .,i(”)) and i(i) =
(igi),iéﬂ, cee ig\/l) 1) (and similarly for <ﬁ and the ﬁ(i)), following (10.2.2) we define the se-

quences 5\7 B € SeqSign,,. \s 41 by setting
AD XD L forall j e [1, M+ 1;
i =Lo-M—-1, and A’ =% +1, forallje[2,M+1].
For any j > 1, let (A(]), B(j); C(j), ]5(])) denote the arrow configuration at the vertex (j,1) under
the path ensemble E(H/)\) € Po (ﬁ/)\, 1). We refer to Figure 10.3 for a depiction (where, in the
o~ ~
present context, the left path ensemble there is £( A/ u) instead of £ (/\/ w).

In particular, we have that A (j ) = A(] — 1) for each j > 2; that B(j+1)=D(j) = ﬁ(]) =
D(j — 1) for each j < Lo; and that A(K + 1) = B(K + 1) = D(K) = ey for each K > Ly. Thus,

Lo—1 o
> (#(DG).CH) - #(A6).BG))) = Y (£(DG).CG)) - ¢(AG).BG)) )

= 20() - 26(3) = 20() - 20(%) + 213 ).
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where in the second equality we applied Lemma 10.1.2 (with the A/p there equal to i/ A here) and
in the third we applied (10.2.19). This establishes (10.4.13) and thus the proposition. O
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CHAPTER 11

Contour Integral Formulas for G

In this chapter we establish contour integral formulas for the functions Gx(x;r | y;s). For
simplicity, we only implement this in the homogeneous regime when all y; = 1 and s; = s, although
more general results allowing for distinct {y;} and {s;} can be obtained similarly.

11.1. Nonsymmetric Functions and Integral Formulas

We will establish our contour integral formulas for Gx(x;r | y;s), with A € SeqSign,,./,
by using the color merging result Theorem 5.2.2 to compare the U, (;[(1\71)) symmetric partition
function G/, to certain U, (;[(1|nM)) nonsymmetric ones (which coincide with the U, (gl(nMJr 1))
nonsymmetric functions from [12]). Thus, we begin by recalling from [12] the definitions and
properties of these nonsymmetric functions. Throughout this section, we fix an integer n > 1
(which in later sections will be set to nM) and a complex number s € C.

There will be two nonsymmetric functions of interest to us here, which will be denoted by £
and gy. The first function £, will be defined as a certain transformation of the second one gy, and
the latter will be defined as the partition function for a particular U, (SA[(l\n)) vertex model.

The weights for this vertex model, denoted by M Z(}(}z)(A, B; C,D), will be given by a trans-
formation of the Wz(;lqm)(A, B;C,D | 7, s) from Definition 5.1.1. More specifically, for any complex
numbers z,q € C and elements A;B,C,D € {0,1}", set M(A,B;C,D) = M,(A,B;C,D) =
Mz(}q;z)(A7 B;C,D) to be!

(11.1.1) M(A,B;C,D) = (—s)tm=ow " (A, B;C,D | ¢"/2,57).

/z:1/q

In particular, these M weights are (up to a change of variables and an overall multiplicative fac-
tor) given by the r = ¢~'/2 cases of the W(A,B;C,D | r,s), so Example 8.1.2 implies that
M.(A,B;C,D) = 0 unless B,D € {egp,eq,...,e,}. Hence, in what follows, let us abbreviate
M, = (A, b;C,d) = M.(A,ey;C,ey) for any b,d € {0,1,...,n}. These weights are given more
explicitly through the following definition.

Definition 11.1.1. For any A,C € Z%, and b,d € {0,1,...,n}, set M(A,b;C,d) = 0 unless
A,C € {0,1}"™. Letting |A| = a and A;L,A;,Ajjf be as in (8.1.1) for each A € {0,1}" and
i €[1,n], set

(11.1.2)

M(A,0;A,0) _q =8z

1—q! 2(s* —q7)
1—sz '

; M(A,0;A; i) = ¢ Al ; M(A,i;Af,0) =

1-— sz 1— sz

IThese M weights are closely related to those given by equation (2.2.6) of [12]; see Remark 11.1.5 below.
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1<i<n 1<i<ji<s<n A; =0 A =1

A A7 Al Al Al A A
il i ’—’ Jli H il H il H i
A A A A A A A

(A,0;A,0) | (A0;A7,4) | (A,;;AF,0) | (A5 A7) | (A7 AL 4)| (A A | (A A)

ji

q *—sz —q! 2 _q° -1 -1 z—s —lg—
q —Alit1,n) l-q Z(S q ) q*-4[;+1.n1 s(a D q*A[IH.n] 2(q 1) q*A[wm] - —Afit1,n] q s—z

1—s2 1—sz 1—s2 1— sz 1-s2 1—sz 1—sz

F1GURE 11.1. The vertex weights M,, and their arrow configurations, are de-
picted above. Here red, blue, green, and orange denote the colors 1, 2, 3, and 4,
respectively.

Moreover, for any 1 < i < j < n, set

-1 _ 1 -1 _ 1
M(A,i;A;;_,j) = q_A[j+l,n]M; M(A,j AT~ i) = q—A[iH,n] M

1—sz P i 1— sz
Additionally set
(11.1.3)

M(A,i;A,i) = g At S , ifA;=0; M(A,i;Asd) = in[i“v"]u, if A; =

1—s2 1—s2
We further set M (A, b;C,d) =0 if (A, b; C,d) is not of the above form.

As before, we interpret M,(A,b;C,d) as the weight associated with a vertex v whose arrow
configuration is (A, ep; C,e4) and whose spectral parameter is z. We refer to Figure 11.1 for a
depiction of these weights; it is quickly verified that (11.1.1) holds for them.

It will additionally be useful to set notation for ensemble weights (as in (7.1.2)). So, let
x = (21,%2,...) and y = (y1,¥ys, .. .) denote (possibly infinite) sequences of complex numbers. For
any path ensemble £ on some finite domain D C Z2 ,, define the ensemble weight of £ with respect
to M by

(11.1.4) ME|x|y)= ] M, (AG5),B(,5); CG5),D(,5)),
(i,j)€D

where (A(v), B(v); C(v), D(v)) denotes the arrow configuration under £ at any vertex v € D.
Next, for K, N € Z>1, we introduce a family of path ensembles on the rectangular domain
Drn={1,2,...,K} x {1,2,... N}.

Definition 11.1.2. Fix an integer n > 1; let A = (A1, Ag,..., ) € Z2; denote a composition of
length n; and set L = L(\) = maxX;¢[1,, Aj. Let Qg(\) denote the set of path ensembles on Dy, ,,
with the following boundary data; we refer to the left side of Figure 11.2 for a depiction.

(1) For each ¢ € [1,n], one color ¢ arrow vertically enters Dy, ,, at (L — A +1,1).
(2) For each ¢ € [1,n], one color ¢ arrow horizontally exits Dy, ,, at (L, c).
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AR EEEE eSSy E oy 4 AR EEE s e sy EE o —— )
1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1
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1 1 1 1 1 1 1 1 1 1 1
] ] ] ] ] ] ] ] ] ] ]
bembhenbhandandand—3 2 bembanbemdemdand—3 ]
L} L} L} L} L} L} L} L} L} L} L} L}
] ] ] ] ] ] ] ] ] ] ] ]
T--L--T.--L--J--i—)l L--ﬁ--&--]--i—)]

3) (2.4) ) @) 1,2) )

FIGURE 11.2. Depicted to the left and right are the vertex models Qg()) and
Qr (), respectively, for A = (1,4,6,4) we have A = ((2, 0), (4, 3)) Here red, blue,
green, and orange are colors 1, 2, 3, and 4, respectively.

Now we can define the functions f 5 and gy. In what follows, for any sequence X = (x1, 9, ..., x¢)

we recall (f (x¢,z¢-1,...,21) denotes the reverse ordering of X. We further recall that if X € R¢
that inv(X) denotes the number of index pairs (i, ;) € [1, 4] such that i < j and z; > x;.

Definition 11.1.3. Fix an integer n > 1; a sequence of complex numbers x = (1,2, ..., Z,); and
(posmve) composition A = (A1, Ag, .. ., /\n) € 7% of length n. Further let y = (1,1,...). Define

g(x) = g7 (x | g) by setting

(11.1.5) gx) = S ME|x|y)

£€,(N)

Stated alternatively, it is the partition function for Q4(\) under the weights M, in the j-th row.
Further define £, (x) = fE\q) (x | s) from g by

o0

n —an - 71 — —
aL16) 10| s) = 5" gL (e ) [ (aalg — 1) L6 a Dmon
i=1

In addition to the fuctions £, and gy, an additional pair of (symmetric) functions given by the
below definition will be useful for us.

Definition 11.1.4. Fix an integer n > 1; a sequence of complex numbers x = (21, z2,...,2,); and
two (positive) compositions A = (A1, Ae,..., A\,) and g = (u1, po, . .., i4n) of length n. Deﬁne the
signature sequences

A= (()‘1 - 1)3 ()‘2 - 1)3 RS ()‘n - 1)) € SeqSignn;l;
n= ((,u1 =1, (2 —1), ..., (un — 1)) € SeqSign,, 1,

as well as the sequences of complex numbers

s7ix = (s ey, s ey, L 5T ey); y=(1,1,...);

71/2 *1/2’(1*1/27.'.,(]71/2); S:(S,S,...).

qa “=(q
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Then, define Gy, (x) = G(q (x| s) by

(11.1.7) Ca/u(x) = Gasu(s7ixq7 2 | yss),

and Gy, (x) = Gg\q/)ﬂ(x | s) by

9]
inv inv 1 m]
(11.1.8) Gy /p(x) = (— )\AI |1l g () = (A)G(A//g_ H (u)
j=0 7Yl]()\)

where we recall that m;(v) denote the multiplicity of j in v.

Remark 11.1.5. Let us briefly indicate the relation between the functions from Definition 11.1.3
and Definition 11.1.4 and some of those introduced in [12]. Here, we let A denote a composition of
length n and X denote the composition obtained from subtracting 1 from each entry of .

First, the gx(x) from Definition 11.1.4 coincides with the g5(x) given by Definition 3.4.6 of
[12]. To see this, first observe that since the vertex model Qg(X) from Definition 11.1.2 contains at
most one arrow of any color, the rightmost weight depicted in Figure 11.1 (with arrow configuration
(A,i; A7) for A; = 1) is irrelevant for evaluating the partition function (11.1.5) for gy; see also
Remark 8.1.3. Omitting this weight from consideration, the remaining ones from Definition 11.1.1
match with those given by equation (2.2.6) of [12] (after reflecting them into the y-axis). Thus, the
partition function expression for g5(x) given by equation (3.4.10) of [12] matches (after reflection
into the vertical line 2 = £F1) the expression (11.1.5) for gx(x).

Then, equation (1.4.1) of [12] implies that the f)(x) from Definition 11.1.4 coincides with the
f5(x) from Definition 3.4.3 of [12] (after taking into account the fact that the function inv there
is defined slightly differently from how it is here). One can further show that the Gy,,(x) from
Definition 11.1.4 coincides with the Gx/ﬁ(x) given by Definition 4.4.1 of [12]. Given the partition
function representation for G5 /ﬁ(x) from equation (4.4.2) of [12], the proof of this equality very

closely follows that of Proposition 5.6.1 of [12], so we will not provide it here.

Now, let us state the following integral formula for Gy,,, from [12], which will be useful for us
in what follows.

Proposition 11.1.6 ([12, Equation (9.5.2)]). Fiz an integer N > 1; compositions X and p of

length n; and a sequence of complex numbers x = (x1,a,...,xy). We have that
(11.1.9)
1 —ni U — qx dul
G (u™ J
Aulx) = (27i)n q—l % 7{ H u—qu HH UL—IJH
1<l<]§n i=1
where u = (uy,usg, ..., u,) C C, and each u; is integrated along a positively oriented, closed contour
vi satisfying the following two properties. First, each 7y; contains s and the x;, and does not contain
s~ Second, the {v;} are mutually non-intersecting, and ;11 contains both ~y; and qv; for each
€ll,n—1].

Let us mention two additional points. First, the value of the right side of (11.1.9) does not
depend on whether the contours -; contains 0 or co, as it can be verified that those points do not
constitute poles of the integrand. Second, whenever interpreting contour integrals such as those
on the right side of (11.1.9), we either assume that the underlying parameters enable the existence
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of such contours or view the integrals as sums of residues (that can be analytically continued to
regimes of parameters for which the contours no longer exist).

Although Proposition 11.1.6 provides an integral formula for Gy, it will be a bit more useful
for us to have one for G, /u- This is done through the following corollary, which will be stated with
the parameter n above replaced by m here (since we will eventually apply it for m = nN, where N
is the number of x variables in the function G/, (x;1 | y;s)).

Corollary 11.1.7. Fiz integers m, N > 1; compositions k and v of length m; a complex number

s € C; and a sequence of complex numbers x = (x1,x2,...,xn). We have that
m+1
~ 1 (-s ) kl=Ivlg T
G = —_—
/v (X) (2mi)m™ (g —1)m % fg,, H u; — qu;
1<i<j<m
(11.1.10)
1 —quizj duZ
I H R H
i=17=1 v i=1
where u = (U1, ug, ..., Un) C C, and each u; is integrated along a negatively oriented, closed contour

i satisfying the following properties. First, each y; contains s~' and the xj_l, and does not contain

s. Second, the {v;} are mutually non-intersecting, and ~y;_1 contains both ~; and q~'v; for each
€ [2,m].

PrOOF. Applying Proposition 11.1.6 with the integration variables u there replaced by U here,
and the parameters (x;, ¢, s, A, 4, n) there equal to (mg,l_H_l, g 1, st ?, ?, m) here, and also using
the facts that

—1,.-1

m N —
I = I o T = =
p— - ’ - ’

1L — gy 1L u; —qu, 111! 1—wx;
1<i<jsm 1<i<jsm i=1j=1 i=1j=1

we deduce that

A 1) = g o L )

d,
X H ul HHl—q’lZ,Jij ulila

1<i<j<m _qu‘i 1j=1 i=1
where each u; is integrated along ;. By (11.1.6), and using the facts that
o o () (T30
(57254 my () = (=572 g™ ("5 (820, 0
(11.1.11) s . e >, (m; (k) m
ij(ﬁ;):m; 1nv(/<)+1nv(/<;)+2( J2 >—<2>,
7=0 7=0
we therefore obtain
— — 1 m () —inv(k — — —
G%{i//(g(Y 1 | s 1) _ (27ri)m(_s) q(2) ( )fff(ﬁl/q)(ﬁ 1 | s 1)f5€q)(u 1 | S)

b 1 Uj — Uy N 1 — qux; T du;

Dm; (k) 1<ici<m



Again applying (11.1.6), it follows that

1 _ _ 1 —1y—m (M) +inv(v)—inv(k —
S (E s = Gy (1= a7 ) g g g e ] )
M ,q 55 @)m; (v) — U 1= quiz; @
1;[ % @y () 1<11<—][<m gl zl_[ljl_[l 1 —wim; 2 v

Then we deduce the corollary by first multiplying both sides by

Isl=1vl g (¥)- ()00(82 1>‘() Isl=1v14 )= N ()
( ) k|—|v| inv inv(% m;(K ( ) k|—|v] inv(k)—inv(v m] K
]1;[0 (5724 m; ) 1;[ Dy ()
where to deduce the equality we used (11.1.11), and then applying (11.1.8). |

11.2. Applications of Color Merging

In this section we provide two applications of the color merging result Theorem 5.2.2, which
will be useful for deriving contour integral representations for Gx. The first expresses G/, as an
anti-symmetrization over v of the functions G, /v together with Corollary 11.1.7, this will imply a
contour integral formula for G5 /,, involving an anti-symmetrization over v of the functions g,. The
second expresses this anti-symmetrization of g, as another partition function F,L.

To define the latter, we begin with the following vertex model Qr(A). It is similar to Qg (\) from
Definition 11.1.2, but with three differences. First, instead of consisting of n paths all of different
colors, the model Qg () consists of nM paths, with M paths of each color 1,2, ..., n. Second, along
the east edge of the domain, the colors of the horizontally exiting paths are (from bottom to top)
given by 1,...,1,2,...,2,...,n,...n, where each color appears with multiplicity M. Third, along
the bottom edge of the domain, the boundary data is indexed slightly differently, using the shifts
T()\(i)) from (1.2.3). In this way, the model Qr will be essentially obtained from Q, by merging all
colors in intervals of the form {(k — 1)M + 1,(k — 1)M +2,...,kM} to a single color k € [1,n].
We refer to Figure 11.2 for a depiction.

Definition 11.2.1. Fix an integer n > 1; let A € SeqSign,,.,; denote a signature sequence; and

set K = K(X) = maxe[1,,,) max T(A®), where we recall T from (1.2.3). Let Qr(X) denote the set
of path ensembles on Dk nnr = [1, K] x [1,nM] with the following boundary data; we refer to the
right side of Figure 11.2 for a depiction.

(1) For each ¢ € [1,n], one color ¢ arrow vertically enters Dy ,ar at (K — [+ 1,1), for all
[eT(A@).

(2) For each ¢ € [1,n] and j € [1, M], one color ¢ arrow vertically exits Dg na at (K, (c —
M + j).

Now let us define the partition function Fx. In what follows, we recall the M weights from
Definition 11.1.1 and (11.1.4).

Definition 11.2.2. Fix integers n,M > 1; a complex number s € C; two sequences of complex
numbers X = (21, %2,...,Znn) and y = (y1,%2,...); and a signature sequence A € SeqSign,,. ;-
Then, define Fx(x | y) by setting

Fa(x|y)= Y, ME|x|y).

£€Qr(N)



Stated alternatively, it is the partition function for the vertex model Qp(A) under the weights
My, sy, at any vertex (i,7). If y = (1,1,...), we abbreviate F(x) = F(x | y).

To proceed, we require a certain set of compositions T(X), which can be interpreted as those
compositions x satisfying the following property. The boundary data along the bottom edge for
the vertex model Q,(x) reduces to that of Qr(A) upon merging all colors in intervals of the form
{(k - 1OM+1,(k—1)M+2,..., k:M} and identifying them as color k.

Definition 11.2.3. For any integers n, M > 1 and signature sequence A € SeqSign,, s, let T(X)
denote the set of length nM compositions kK = (k1,Ka,...,knn) such that, for each ¢ € [1,n],
the length M composition £ = (K(_1)ar41, Ki—1)M42s- - -+ Kinr) 1S @ permutation of T(AD).
Moreover, for any x € T(A), set

n

inV)‘<l€) = Zinv (K(i)) = Z Z 1/{511)>I€§i)'

i=1 i=1 1<h<j<M

Now we can state the following anti-symmetrization identities.

Lemma 11.2.4. Fiz integers n, M, N > 1; a complex number s; a sequence of complex numbers
x = (21,Z2,...,TpN); two sequences of signatures A, pu € SeqSign,,.s; and any composition k €
Y(N). Setting q='/% = (¢=Y2,q7V/2,...,¢"V?) (of length nM ); y = (1,1,...); and s = (s,s,...),
we have

> (=1)eMG, ), (x) = (—1)™AGEy (s x g ] yss);
veT(p)

3 (—1)matg, (x) = (—1)n(3

veY(p)

(11.2.1)

where for the latter statement we assume N = M.

PROOF. The proofs of both statements of (11.2.1) will follow in an entirely analogous way from
Theorem 5.2.2; so, let us only establish the first one there.

We will deduce it as an application of Theorem 5.2.2, so let us first match the notation
here with that there; in what follows, we let K = max;c p) max‘I()\(i)). Then, observe that
Gx/u(s7'x;q712 | y;s) and G, (x) are both partition functions for vertex models on the rectan-
gle Dy =41,2,..., K} x {1,2,...,nN}, under the weights ij/s(A,B; C,D| q*1/2,s) in the
j-th row. However, the boundary data for these models are slightly different.

In particular, Definition 7.1.3 (see also the left side of Figure 7.1) implies that the model
describing G5/, has, for each ¢ € [1, 7], one color ¢ arrow vertically entering through (m, 1) for every
m e T(u(c)), and one color ¢ arrow vertically exiting through ([, nN) for every [ € T(/\(C)). Recalling
the notation introduced in Section 5.2, we denote this boundary data by (&;F) = (&(u); F(X)).
Similarly, (11.1.7) and Definition 7.1.3 together imply that the vertex model describing G, /v has,
for each ¢ € [1,nN], one color ¢ arrow vertically entering through (v.,1) and one color ¢ arrow
vertically exiting through (k.,nN). Denote this boundary data by (é(n), 5"(1/)) Thus, defining the
sequence of complex numbers z = (z(v))vED such that z(v) = s~'z; for any v = (i,5) € D, and
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also recalling the partition function W(m;n) &;F | z | r,s) from Definition 5.2.1, we have

Gaul(s'xir [ yis) = W™ (E(u): FN) |2 @ '/2s);
Gopu(x) = Wp " (EW): F(w) | 2| 712 s).

Now, recall the notions of interval partitions from Section 2.3 and the associated merging
prescription 95 from Section 5.2. Then, Definition 11.2.3 quickly implies that T (p) is equivalently
given by the set of compositions v such that (é(u)) = &(u), where J = (Jy,Ja,...,J,) is the
interval partition of {1,2,...,nM} defined by setting J; = {(i — 1)M + 1,(i — 1)M +2,...,iM}
for each i € [1,n]. Under this notation, we further have that inv,(v) = > | inv (é(y)7 Ji) (and
inva(k) =Y, inv (5"(/9), Ji)), where we recall the latter from (5.2.1).

Thus, Theorem 5.2.2 gives

> (TS (€ () (k) |2 | a2 s) = W ™ (E(): TN |2 | a2, s),

veY(pn)

which together with (11.2.2), implies the first statement of (11.2.1).
As mentioned above, the proof of the second is entirely analogous and is therefore omitted. How-

(11.2.2)

ever, let us briefly indicate the source of the factor (71)”(1\24) there. Observe from Definition 11.1.2
that the boundary data along the right edge of the vertex model Qg(v) is (from top to bottom, as
in Section 5.2; see Figure 5.2) in the reverse order nM,nM —1,...,1. Hence, its inversion count

under Definition 11.2.3 is equal to n(M

9 ), which accounts for this exponent of —1. |

11.3. Integral Formulas for G/,

In this section we establish two contour integral formulas for Gy, (x). The first is given as
follows.

Proposition 11.3.1. Fiz integers n, M, N > 1; signature sequences A, p € SeqSign,,.,s; a complex
number s € C; and sequences of complex numbers v = (r1,r9,...,ry) and X = (x1,Za,...,ZN).
Denote s = (s,8,...) andy = (1,1,...), and let K € T(X) denote the unique element of T(X) such
that invy (k) = 0. Then,

nJ\/I+1

(_5)|>‘|_|IJ4| q inv, (v
CarulsT | ¥i8) = >0 omr [y 1yemt > (1)metg,(u)
UGT ()
nM N 1—

S R 10 ] e

1<i<j<nM ]—q ti=1j=1

(11.3.1)

uzxg H duz
1-— suzmj ;
i=1

where u = (u1,ug,...,unp) C C, and each w; is integrated along a negatively oriented, closed
contour y; satisfying the following three properties. First, each ~y; contains s~ and q_ks_lxj_l for
all integers k € [1,nM — 1] and j € [1, M]. Second, each ~y; does not contain s. Third, the {v;} are
mutually non-intersecting, and ~;_1 contains both «y; and q~1~y; for each i € [2,nM].

PROOF. Since both sides of (11.3.1) are rational functions in r, it suffices to establish the
theorem assuming there exist integers Ly, Lo, ..., Ly > 1 such that r; = ¢~ /2 for each i.

Let us first assume that each L; = 1, that is, we have r = q~ /2 where have denoted q=1/2 =
(¢ Y2,q7'/2,..., ¢~ /?) (where ¢~ /? appears with multiplicity N). Applying Corollary 11.1.7 with
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the (x, k,v,m) there equal to (sx, k,v,nM) here for some fixed v € T(u); multiplying both sides
of the resulting (11.1.6) by (—1)™V#(*); summing over v € Y(u); and applying Lemma 11.2.4 gives

(11.3.2)

n]\l+1

_ —S |)‘|7“"'| q inv. (v
Galria 1) = IR A fe S (0

wj —u; N qSUu;T; "M g,
> g — We - 1] 0
H u; — qu; HH 1 — su;x; H u;

1<i<j<nM =1j= i=1
where each u; is integrated along 7;. This establishes (11.3.1) if r = q~ /2.

Now assume that each r; = ¢~ %¢/2 for some integers L, La,...,Ly > 1, and set w = w(!) U
w® U Uw™ | where w) = (2;,qx,,...,q" 'a;) for each i € [1, N]. By Proposition 7.2.3, we
have that Gy, (x;r | y;8) = Gx/u(w;q /2 | y;s), and so applying (11.3.2), with the x there
equal to w here, gives

(_S)I)\I_‘M‘ q nM+1 inv, (v)
Gayulwir | yis) = i ;f ]f > (g, (w)
VGT(H)
G — U nMNl—q sury T dug
Uy T U 7 J hated ]
% H ; HH 1—suz; 4 u;

1<i<j<nM J_q =1 =1

where again each u; is integrated along 7;. Since g% = r; 2 this confirms the theorem if each
r; = ¢ Li/2 for some L; € Z>1, which (as mentioned previously) establishes it in general. O

The nonsymmetric functions f, and g, appearing in the integrand on the right side of (11.3.1)
admit explicit (but elaborate) summation formulas, which are given by Theorem 1.5.5 of [12]. Thus
Proposition 11.3.1 provides an in principle fully explicit, although quite intricate, contour integral
representation for Gy /-

Part of this intricacy is contained in the sum over v € YT () on the right side of (11.3.1). Using
the second statement of (11.2.1), we can express this sum in terms of the partition function fu'

Corollary 11.3.2. Adopting the notation of Proposition 11.53.1, we have that
(11.3.3)

n]VI+1

)5 (—s)A-lmlg 1 uj —
GA//J,(X;I' | y;s) = ((271_)1)”1\4 (s )(q 1) nM f % - (u) H e —

Uu Us;
1<i<j<nM 7 qui
nM N
1-— ula:J dui
<Ml 2 :
— SU; X5 U
i=1j=1 Joog=1 "

where each u; is integrated along ;.

PRrROOF. This follows from inserting the second statement of (11.2.1) into Proposition 11.3.1.
O



11.4. Integral Formulas for G

One benefit of Corollary 11.3.2 over Proposition 11.3.1 is that, when p = 0", the following
proposition indicates that the function F, (x) factors completely. Its proof will appear in Section 11.6
below.

Proposition 11.4.1. For any integer N > 1 and set of complex numbers x = (z1,za,...,TN),
= 2N 1N 2. (2) = 1 O N
FON(X) = q_(2) (1 — q_ )n (S ;q)nz H H (q_ LL'N;C+J* — l'NkJri) H(l — S{L‘j)_ .

k=0 1<i<j<N j=1

Applying Proposition 11.4.1 in Corollary 11.3.2; we deduce the following, more concise, contour
integral representation for Gy.

THEOREM 11.4.2. Adopting the notation of Proposition 11.3.1, we have
(11.4.1)

M N 2 nM
(=) )W u ) & 1 —sr; uz; Y
Ga(x;r | y;s) = 1q (1 — su;)
(27i)nM }_[1]1_[1 1 — su;z; E 7
= nM du:
X H — — H H (quati+i — wntk+s) H u'la
1<i<j<nM qui = 01<i<j<M i=1
where each u; is integrated along ;.
PROOF. Since
g ) EM (1 — gmtym = g(3) (g — 1),
o n—1 n—1
I T @ 'wamess—waned) = [T TT (quaress — warees),
k=0 1<i<j<M k=0 1<i<j<M
this follows from inserting Proposition 11.4.1 into the g = 0™ case of Corollary 11.3.2. ]

The function f,(u~!) appearing on the right side of (11.4.1) can be simplified in the special
case when « is anti-dominant, meaning that x1 < kg < -+ < Kpar. In this case, it is shown in [12]
that £, (w) admits an factored form.

Lemma 11.4.3 ([12, Proposition 5.1.1]). Fiz an integer M > 1; a sequence of complex numbers

x = (z1,22,...,Z0n); a complex number s € C; and an anti-dominant composition k of length M.
We have
i M 1 z—s \" !
11.4.2 £ = . d :
( ) K(X) Jl;[l(s 7Q)m1(m)};[1 1— sz, (1—8%1)

This, together with Theorem 11.4.2, implies the following simpler expression for Gy under a
certain “ordering constraint” on .

THEOREM 11.4.4. Adopting the notation of Proposition 11.5.1, assume that /\ﬁi) +M-1< /\S\z[)
whenever 1 < 1 < 7 < n. For each integer k > 1, let my, (‘Z(A)) denote the number of indices
i € [1,n] such that k € T(AD). Then, we have

- (=)o ) T
Ga(x;r | y;s) = W(S ;qQ)n” H(S S m; (T(N)

Jj=1



n . .
A —j G20 —m—1
H H (1 — suinr—jt1) (wini—j41 — 8)

1=17=1
nM N 1— ule o Ul nM
A= 1l T I = mo [Tan
1-— suzxj Uj — qUs il
i=1j=1 1<i<j<nM k=0 1<i<j<M i=1

where each u; is integrated along ;.

PROOF. Let us first show that « is anti-dominant. To that end, observe since invy(x) = 0 that
the sequence k(9 = (n(i_l)M_,_l, K(i—1)M 425 - - - 5 /aiM) is non-decreasing for each i € [1,n]. Moreover,
since £ € T(X), each k(9 is a permutation of T(/\(i))7 which implies (as £ is non-decreasing) that

(11.4.3) Kii—1)M+k = )‘S\il)—k-o—l +k, for each i € [1,n] and k € [1, M].
Then, since )\gi) +M-1< )\5\]} holds if ¢ < j, we have for any 1 < i < j < n and k, k' € [1, M] that
K(i—1)M+k = /\5\?71%1 +h <Y+ M <Y +1<Af)L g1 HE S EGoy M-

This, together with the fact that each (9 is non-decreasing, implies that « is anti-dominant.
Thus, Lemma 11.4.3 applies and, together with (11.4.3), yields

o Ki—1
-1 H H uj \ -
fK,(u ) aq mj(K) UJ—S(’LLJ—S)

8

A LM —j

:H( :q) (SA))HH UM —j+1 <15uiM—j+1)7
) mJ :

i=1j— 1u2M j+1 — S UiM—j+1 — S

Upon insertion into Theorem 11.4.4, this gives the theorem. (]

11.5. Degenerations of the Integral Formulas

In this section we provide various degenerations of the integral formulas from Section 11.4. We
begin with the case when n = 1.

Corollary 11.5.1. Fiz integers N, M > 1; a signature X € Sign,,; a complex number s € C; and

sequences of complex numbers v = (r1,r9,...,rn) and x = (x1,22,...,2y). Denote A = (\) €
SeqSigny. ;s = (s,8,...); andy = (1,1,...). Then, we have that

(11.5.1)

(—s)IA 2y(M51) o Ay A, —M—1
Galxr | yss) = W(l — )L 7{]{}:[1(1 = sun—j41)" " (un—j41 — )77
M N oq_
]
X H Us — Uy HH 17% Hdul,
1<i<j<M i=175=1

where each u; is integrated along the contour -y; from Proposition 11.5.1.

Proor. This follows from the n = 1 case of Theorem 11.4.4 since H;;(Sz; q)mj(g(x)) =(1-
52)M  which holds since A has length M and since all entries in T()\) are mutually distinct. O
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Remark 11.5.2. One can use (11.5.1) to identify the n = 1 case of G5 with a generic supersym-
metric Schur function, but we will not pursue this here since this n = 1 scenario will be addressed
in substantially more detail in the forthcoming work [1].

Next, we consider the degenerations to the LLT case of Proposition 11.3.1, Theorem 11.4.2,
and Theorem 11.4.4. We begin with the former, in which case the result reduces to one originally
implicitly shown in [35]. In what follows, we recall the function 1 from (9.3.1).

Corollary 11.5.3 (|35, Equation (34)]). Adopting the notation of Proposition 11.5.1, we have

1 gV =) B N
Laju(x) = (2ri)nM (1 — g~ 1ynM % % H10) Z (—1)™= g (u | 0)
veYT(w)
(11.5.2) # .
T duZ
I 1 e
1<i<j<nM J i=1j=1 g oy Wi
where u = (uy,us,...,unn) C C, and each w; is integrated along a positively oriented, closed

contour I'; satisfying the following two properties. First, each I'; contains O and does not contain
cf’C Y for all integers k € [1,nM — 1] and j € [1,M]. Second, the {T;} are mutually non-
intersectmg, and T';_1 is contained in both T'; and q~'T; for each i € [2,nM].

PROOF. Define the infinite sequence y = (1,1,...). By (9.3.3), (9.5.1), and the last statement
of (8.4.3), we have

!N TWIL (%) = Gaypu(xs 00 | 050)
(11.5.3) = lim Gx/p(x;7 | 0;0)

= lim lim(—s)l’L'*‘)“G,\/“(s*lx; (r,ry .. ) | y; (3,3,...))).

r—00 ( s—0

We then deduce the corollary by inserting this into (11.3.1) (with the x there replaced by s~!x here
and the s there equal to 0 here), with the contours there reversed. ]

Remark 11.5.4. Let us briefly explain how Corollary 11.5.3 and equation (34) of [35] are equiv-
alent, for the latter is not directly stated as a contour integral. In what follows, we recall the
Schur polynomial sy(z) associated with any signature A and (possibly infinite) set of variables
z = (21, 22, ...). Moreover, for any (non)symmetric function F' in z and basis {h,} for the space of
(non)symmetric functions in z, we let Coeft[F'; hy] denote the coeflicient of hy in the expansion of

F over {h,}.
First observe by the Cauchy identity for Schur polynomials that
nM N
.Z H H 1—wux
6eSign i=1j=1

Upon insertion into (11 5.2), this gives

—%(X) q) 1 Uj — Uy
Larn(x) = ( (1—gq )M Z 27r1 (2ri)nM 10) H q tuj — u;

f€Sign 5 1<i<j<nM
nM du
_1)invu(¥) 4(q) i
<o) Y () o) T2
veY () i=1
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Consequently, for any 6 € Sign, we have

()= (N) oy
q B U; — U
COQH[LA/”(X);SQ(X)] = = o nM?{ j{ £(@) L10) H ﬁ
1<i<j<nM ¢
nM dus
<so) 3 () (| 0) T 24
VET () =1

Next, it follows from Theorem 9.4.1 of [12] that for any polynomial H € C(g)[u] we have

n JM

Coeff | H(u), g (u | 0)] = a _q(q_1 o HM% ij )£ (u=" | 0)

Uj — Ug dui
T B
S g u;

u
1<i<j<nM 7 qus ;5

from which we deduce that
(11.5.4) Coeff[Lx/u(x), so(x)] = qw(“)_w(A)Coeff[se(u) Z (=1)ve®gl@d(u | 0);g'D(u|0)].
veY(p)

Now, Theorem 5.9.4 of [12] indicates that g(q) (x| 0) is given, after a suitable normalization and
change of variables, by a nonsymmetric Hall-Littlewood polynomial (namely, the ¢ = 0 degenera-
tions of the nonsymmetric Macdonald polynomials introduced in [67]). Under this identification,
(11.5.4) coincides with equation (34) of [35].

We next have the following corollary of Theorem 11.4.2, which simplifies Corollary 11.5.3 in
the case when p = 0M.

Corollary 11.5.5. Adoptz'ng the notation of Proposition 11.3.1, we have

¥)/2-w(x)
g uj — U
£alx) = T@m)M 7{ f{ I o= H [T (qunsnss = wnrnes)

1<Z<j<TLM Al k=0 1<i<j<M
nM N n]\/[d )
0@ O [T = T
1 —wux ;
i=1j=1 iy 2y Wi

where each u; is integrated along the T'; from Corollary 11.5.3.

PROOF. This follows from inserting the p = 0V case of (11.5.3) into Theorem 11.4.2 (with the
x there replaced by s~1x here, and the s there set to 0 here), with the contours there reversed, and
Example 9.3.1. (|

Under the ordering constraint described by Theorem 11.4.4, this nonsymmetric Hall-Littlewood
function factors completely, giving rise to the following simplified integral formulas for certain LLT
polynomials.

Corollary 11.5.6. Adopting the notation of Proposition 11.3.1, assume that )\gi) +M—-1< /\S\zf)
whenever 1 <4 <j < n. Then, we have

3)/2—(X)
q U; — U;
La(x) = BT 7{ 7{ [ —- H [[  (quarnss —wnrnsy)

U;
1<i<j<nM Wy = qti = 01<i<j<M
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(4)
X HH 'LMA _7-‘,—11M 1HH 1 —wx, Hd’LLm
i=1

1=17=1 1=175=1

where each u; is integrated along the T'; from Corollary 11.5.3.

PROOF. This follows from inserting the p = 0™ case of (11.5.3) into Theorem 11.4.4 (with the
x there replaced by s~!x here, and the s there set to 0 here), with the contours there reversed, and
Example 9.3.1. ]

11.6. Proof of Proposition 11.4.1

In this section we establish Proposition 11.4.1, which provides an explicit form for Fon (x). To
that end, it will in fact be useful to analyze the more general quantity given by Fov(x | y) from
Definition 11.2.2. So, throughout, we fix integers n, N > 1 and sequences of complex numbers
x = (z1,29,...,2zn) and y = (y1,¥2,--.). N

We will establish the following proposition evaluating Fo~ (x | y), from which Proposition 11.4.1
directly follows.

Proposition 11.6.1. We have that

Fov(x |y) = ¢ V(1 — g 1)mN H H (¢ Nk — ovesi) (Wi — 4°5%y;)
k=0 1<i<j<N
N nN
x Hyz [T 11 = s2i)”
i=1 i=1j=1
PRrROOF OF PROPOSITION 11.4.1 ASSUMING PROPOSITION 11.6.1. This follows from setting
each y; equal to 1 in Proposition 11.6.1. ]

The proof of Proposition 11.6.1 will be similar to that of Proposition 7.3.2 in Section 7.4, by
(after suitable normalization) realizing Fon (X | y) as a polynomial that is characterized by a specific
set of zeroes guaranteed by the Yang-Baxter equation. To that end, we have the following lemma.

Lemma 11.6.2. There exists a constant C = Cp.n(8;q) such that

N nN
Fon (x|y) = CH H (TNE4j — qTNE4i) (Y -—qsyj H%HH (yi — swj)”
k=0 1<i<j<N =1 i=lj=1

PROOF (OUTLINE). Since this proof is similar to that of Corollary 7.4.3, we only outline it.
To that end, following Lemma 7.4.1, we first claim that
N nN

(11.6.1) Z(x | y) = Fon H H — sz5),

i=1j=1
is a polynomial in (x,y) of total degree at most nN2. To see this, observe from Definition 11.2.2
that Z(x | y) is the partition function for the model Q(0") from Definition 11.2.1, whose weight
at any vertex (4, ) in the domain D = Dy ,n = [1, N] x [1,nN] is given by
M, yL(A b;C,d) = (vi —sxj) m’;/yl(A b; C,d).

By Definition 11.1.1, these weights are always linear in (x,y), from which it follows that Z(x | y)
is a polynomial in (x,y) of total degree at most |D| = nN2.
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Next, we identify a divisibility property for the polynomial Z, which will follow from certain
exchange relations. To that end, recalling the transposition s; of (i,7 + 1), we have

g
For (x | y) = Fon (x | si(y H yi— 4 Sjyl“ for i € [1, N];
(1162) §=0 Yi+1 q 52 Yi
= = Ti+1 — 4T . oy
Fon (x| y) = Fon (5i(x) | y)i, for i € [1,nN] with ¢ ¢ {N,2N,...,nN}.
Ti — qTi+1

We omit the proof of (11.6.2), since its first and second statements follow from applications of the
Yang-Baxter equation very similar to the ones used to show (the s; = s case of) Lemma 7.4.2 and
(the ; = ¢~ /2 case of) Lemma 6.2.1, respectively.

Thus, by (11.6.2), (11.6.1), and the polynomiality of Z, we deduce that

n—1 n—1
H H (TNk+j = qTNK+i) H H (yi — ¢"s%y;) divides Z(x|y).

k=0 1<i<j<N k=0 1<i<j<N

We further claim for each i € [1, N] that y?* divides Z(x | y). To see this, observe that any path
ensemble £ € Qr(07V) satisfies the following property. For each i € [1, N], there exist n(i—1) arrows
horizontally entering the i-th column of £ and in arrows horizontally exiting it (see the left side of
Figure 11.3). Thus, this i-th column contains at least n distinct vertices whose arrow configurations
are of the form (A,0;A; ,4). Since (11.1.2) implies that y; divides the weight of this configuration
under ]T/[/I;yi, it follows that yP divides Z(x | y).

Hence, there exists a constant C' = Cy,.n(s; q) such that

n—1 N

Z(x|y)=C H I Gvwei—aenerd) [T T] i —ds%w) [T v
k=0 1<i<j<N k=0 1<i<j<N i=1

since both sides are of degree nIN2, and the right side divides the left. This, together with (11.6.1),

implies the lemma. O

Now we can establish Proposition 11.6.1.

PROOF OF PROPOSITION 11.6.1. In view of Lemma 11.6.2, it suffices to determine C,,.n(s; q).
To that end, as in the proof of Corollary 7.5.3, we will use a special choice for the parameters (x,y)
that freezes the partition function Fon (x | y), enabling us to evaluate it.

Let us set x; = ¢~ s for each j € [1,nN] and y; = 1 for each i € [1,n]. Under this specialization,
Lemma 11.6.2 yields

(11.6.3) Fon (x ly) = C(q—ls)n(g)(l _ q)n(g)(SQ;q)S}Y)(l _ q_182)_”N2_

To evaluate Fon directly under this specialization observe, since (zj,yi) = (¢ 's,1), that
(11.1.3) gives My, /y, s(A, h; A;h) = 0 whenever Ay, = 1. From this, it is quickly verified that there
is a unique path ensemble with nonzero weight in the vertex model Qz(0") from Definition 11.2.1.
It is the one depicted on the right side of Figure 11.3, where the path of color k entering the domain
D =Dy~ = [1,N] x [1,nN] at (j,1) proceeds as north until it reaches (j, kN — j + 1), and then
proceeds east until it exits D at (N, kN —j+1). In particular, under this ensemble, for any k € [1,n]
the arrow configuration at any vertex (i, kN —j +1) € D is (e[ n], 0;€[,n),0) if 1 <i < j < N;
(e[km], 0; €[k+1,n] k) if1<i=j< N;andis (e[k_,_l’n],k;e[k_‘_lyn],k) if1<j<i<N.

163



6 N 6 —
! ! !

5 L77J77—1—> 5 >
| | |
| | |

4 Fomat > 4 —
| | |
| | |

3 . Ly E——— 3
| | |
! ! !

2 R e e 2
o

1 TT - A 1
1 2 3 1 2 3

FIGURE 11.3. Shown to the left is the vertex model for Foum (x | y). Shown to
the right is the frozen path ensemble corresponding to this function when each

z;=q 'sand y; = 1.
This gives
n N N n N

Fon (x| y) = H HMs/q (e[t,n]> 0; €[kn) 0) H H M4 (€t n)s 05 €1, k)

(1164) k=11i=1 N k=1j=1
i—1
X H HMs/q(e[k+1,n]ak;e[k—i-l,n]a k) .
k=1i=1
By (11.1.2) and (11.1.3), we have for any k € [1,n] that
,717(]”7]“82 o L]*].
. _ k—m—1 . . _ k—mn—1 .
Ms/q (e[k,n]v an[k,n]v 0) =q 1—q7—152’ Ms/q (e[k,n]70,e[k+1,n]7k) =q ma
. k—m—1 8(1 B Q)
My, q(epes1,n), ki €ppr1n), k) =4 T—g sz

which by (11.6.4) gives

~ _(nF1\ A2 (N n(N+1 N _ _ N2

Fox (¢ | y) = ¢ (% () (g - 1" (F) (2 (1 - 1),
Comparing this with (11.6.3) yields

C =)V g -1y,

which implies the proposition upon insertion into Lemma 11.6.2. (I
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CHAPTER 12

Vanishing Properties

Since (9.3.6) implies that the polynomials Hx(x;00 | y;00) from Definition 8.4.2 degenerate
to the LLT ones as each y; tends to oo, we may view the Hx(x;00 | y;00) as inhomogeneous
deformations of the LLT polynomials. In this chapter we will show that these inhomogeneous
polynomials further satisfy a vanishing property, which appears similar to ones satisfied by the
families of factorial Schur or interpolation Macdonald polynomials [76, 79]. Thus, we may interpret
the H(x; 00 | y; 00) as! “factorial LLT polynomials.” In the case n = 1, the vanishing condition for
these polynomials coincides with that for the factorial Schur functions, which characterizes them
completely.

12.1. Zeroes of Hy/,

Let N > 1 denote an integer, and x = (x1,%2,...,2x) and y = (y1, ¥y, .. .) denote sequences
of complex numbers. In this section we will state a result, given by Theorem 12.1.2 below, that
provides a family of vanishing points for the functions Hy,,(x; 00 | y;00) from (8.4.4).

These vanishing points will take the form {z; = ¢"yy,} for some integers m; > 1 and
k; € [0,n —1]. It will be convenient to express such specializations through marked sequences,
which are pairs (m, k) of integer sets of the same length, such the entries m; > mgy > -+ > my of
m are decreasing and positive, and such that each entry of kK = (k1,k2,...,K¢) isin [0,n — 1]. In
what follows, we will often only refer to m as the marked sequence and view & as its marking, in
that each entry m; € m is marked by the corresponding entry ~; € .

To proceed, we require the notion of a splitting for a marked sequence.

Definition 12.1.1. Let m = (my, ms, ..., m;) denote a marked sequence with marking given by x =
(K1, Ka,...,ke). A splitting of m (more precisely, of (m, k)) is a sequence M = (nl(l),t’a(2)7 ... ,m(”))
of Maya diagrams (that is, decreasing subsets of Z~g) such that the following two properties holds.
(1) Every entry m € m(®) of any Maya diagram in 9 is equal to m;, for some j = j(m) € [1,£].
(2) For any j € [1,4], there exist at least n — k; distinct indices i € [1,7n] such that m; € m(.

Moreover, given two signatures m = (my, msy,...,my) € Sign, and n = (ny,ng,...,ng) € Signy,
we (nonstandardly) write m £ n if there exists an integer j > 0 such that m,_; > n;_;, where we
set m; = oo = n; if 4 < 0. This is equivalent to stipulating that the Young diagram for m not be
contained in that of n, if the two are superimposed to share the same bottom left corner.?

Now we can state the following vanishing result, which will be established in Section 12.3 below.
Here, we recall the function ¥ from (1.2.3).

In this chapter, we largely consider the Hy functions, instead of the F) ones from Section 1.4. However,
Remark 12.1.3 below indicates their equivalence.

20bserve that this superimposition is different from the one used in Chapter 9, where there two Young diagrams
were always superimposed to share their top left corners.
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THEOREM 12.1.2. Fiz integers N > £ > 1; a marked sequence (m, k), with coordinates indezed
by [1,€); and a signature sequence A € SeqSign,,.y. Denoting () = T(AD) for each i € [1,n],
assume for any splitting M = (m(l), m® ,m(”)) of (m, k) that there exists an index h = h(I) €
[1,n] such that () 4w If x = (x1,20,...,2x5) andy = (y1,42,...) are sequences of complex
numbers such that x; = q~ "y, for each j € [1,/], then Hx(x; 00 | y;00) = 0.

Remark 12.1.3. By Theorem 12.1.2 and Proposition 10.4.1, the function F,,(x;00 | y;0) from
(8.4.4) also satisfies a vanishing condition. In particular, adopting the notation and assumptions of
Theorem 12.1.2, but assuming instead that z; = q“f*”“ymj for each k € [1, /], we have Fx(x; 00 |
y;0) = 0. Thus, these Fy/,(x;00 | y;0) may also be viewed as factorial LLT functions. Moreover,
Theorem 7.3.3 can be used to show that they also satisfy a Cauchy identity, similarly to other
families of interpolation polynomials [70, 77].

The vanishing condition prescribed by Theorem 12.1.2 appears similar to ones satisfied by var-
ious families of symmetric functions, such as factorial Schur polynomials [34, 65] and interpolation
Macdonald polynomials [78, 79, 76]. Although H is not exactly symmetric in x, it is quickly
verified from Proposition 7.2.2 that (recalling S(A) from Section 7.1) its normalization

nN =322 1Sk(N)]

i

N
(12.1.1) Halx | y) = Ha(x 00 |y ho0 H

H’:]g

is a polynomial in x and y of total degree |A| that is symmetric in x. Due to the resemblance
between the vanishing properties for 7 and the factorial Schur polynomials, and the facts that the
former degenerate to the LLT polynomials (by (9.3.6)) and the latter to the Schur polynomials, one
might view the functions Hx(x | y) as “factorial variants” of LLT polynomials.

Before proceeding to the proof of Theorem 12.1.2; let us analyze several consequences of it;
throughout these examples, we adopt the notation of Theorem 12.1.2. We begin with the case
n=1.

Example 12.1.4. Suppose that n = 1, and abbreviate A\ = A1) and [ = (V) = (I3, 1,,...,[y). Then,
we must have x = 0°, so Definition 12.1.1 indicates that the unique splitting of m is 9t = (m). Thus,
recalling # from (12.1.1), Theorem 12.1.2 indicates that Hx(x | y) = 0 when z; = Ym, for each
j € [1,4], if there exists some k € [1,n] such that [y_g > m_y.

Remark 12.1.5. For any partition A = (A1, \a,...,Ax), Example 12.1.4 in fact enables us to
identify H(x | y) in the case n = 1 as a factorial Schur function s\(x | y). Introduced as equation
(6.4) of [65] and equation (4) of [34], the latter is defined by

Ai+N—i
(12.1.2) sa(x|y) = H (x; — l’j)_ldet [ H (x; — yk)] .
1<6,j<N

1<i<j<N k=1

Indeed, by Theorem 2.1 of [71], these functions vanish under the same specializations described
by Example 12.1.4. Moreover, by Theorem 3.1 of [79], sx(x | y) is (up to a constant factor)
is the unique symmetric polynomial in x of degree |A| satisfying this vanishing property Thus,
Ha(x | y) = (—1)Pls\(x|y), as it is quickly verified that the coefficient of [/, #}* in both equals

(-
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For general n and N, it appears that a complete coordinate-wise description (as in Exam-
ple 12.1.4) for the vanishing points described by Theorem 12.1.2 would be intricate to state. How-
ever, we can still identify some of these points, which are similar to those considered in Exam-
ple 12.1.4.

Example 12.1.6. Let us analyze when a marked sequence (m, k) satisfies the condition of Theo-
rem 12.1.2 if k = 0°. In this case, m admits the unique splitting 9 = (m,m,..., m) € SeqSign,,,
since each entry m; € m must appear in n — k; = n signatures of 9. In particular, (m, 0°) satisfies
the condition from Theorem 12.1.2 if and only if there exists an index h € [1,n] for which [(®) £ m.
Thus, Ha(x;00 | y;00) = 0 when x; = yn, for each j € [1,/], if there exists an index k € [1, V]

such that maxpe(1,n] [%L)_k > my_g.
The following lemma provides an explicit coordinate-wise description of the vanishing points

described in Theorem 12.1.2 in the simplest (N > 1) case® not provided by the examples above,
namely, N =2 =n.

Lemma 12.1.7. Adopt the notation of Theorem 12.1.2, and suppose N =n = { = 2. In each of
the following four cases, we have Hx(x;00 | y;00) = 0.
(1) We have that (x1,%2) = (Ym,, Ym,) and either

(12.1.3) max {[§1)7 [gQ)} >my, or max {[él), [gz)} > mo.

(2) We have that (z1,22) = (¢ Ym,, Ym,) and either
(12.1.4) min {19), [§2)} >my;, or max {[(21), [52)} > mo.

(3) We have that (z1,22) = (Ymy» ¢ *Ym,) and both
(12.1.5) [51) >my, oOr max {[51), [9)} > my.

and

(12.1.6) () > my,  or max{[?), [gl)} > my.

(4) We have that (z1,22) = (¢ Ym,>q Ym,) and either
(12.1.7) min {[52), [él)} >my, or min {[gl), [g2)} >my, or min {[gl), [gz)} > mo.

PROOF. The four parts of the lemma correpsond to the cases when x from Theorem 12.1.2 is
equal to (0,0), (1,0), (0,1), and (1,1), respectively. Let us analyze when m satisfies the vanishing
condition indicated there in each of these four cases separately.

The first scenario k = (0,0) was addressed by Example 12.1.6, in which case m satisfies the
vanishing condition if and only if (12.1.3) holds. By Theorem 12.1.2, this verifies the first part of
the lemma.

In the second scenario k = (1,0), a signature sequence It = (m(l), m(2)) is a splitting of m if and
only if m; € mMuUm® and my € mMNm®). Thus, we may assume that either Mt = ((m;, my), (m2))
or M = ((my), (my,mo)). In the former case, there exists some h € {1,2} with (W £ m® if and

1) [§2

only if either max {[g )} > my or [5” > m;. In the latter case, such an i exists if and only if

either max{[gl), [9} > my or ¥ > my. Thus, if & = (1,0), all splittings M of (m, x) satisfy the
condition from Theorem 12.1.2 if and only if (12.1.4) holds. This verifies the second of the lemma.

3We will also assume that £ = 2, from which the £ = 1 case can be recovered by setting m; = oo.
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In the third scenario k = (0, 1), a signature sequence 9t = (m(l), m(z)) is a splitting of m if and
only if m; € mMNm® and my € mMUm®). Thus, we may assume that either M = ((m;, my), (m1))
or M = ((my), (my,my)). In the former case, there exists h € {1,2} with [} x m(" if and only if
(12.1.5) holds; in the latter case, such an ¢ exists if and only if (12.1.6) holds. Thus, if k = (0,1),
all splittings 9 of (m, k) satisfy the condition from Theorem 12.1.2 if and only if both (12.1.5) and
(12.1.6) hold. This verifies the third part of the lemma.

In the fourth scenario k = (1, 1), a signature sequence M = (m(l),m@)) is a splitting of m if
and only if m™ Um® = {m;, my}. We may assume each m; appears in at most one signature of
M, so M = {((ml,mg), @), ((ml), (mg)), ((mg), (ml)), (@, (ml,mg))}. Ifom = ((ml,mg), @), then
there exists an h € {1,2} with [(® %4 m(® if and only if either [;” > my or [gl) > my. Similarly,
if M = (@, (ml,mg)), then such an ¢ exists if and only if either [(22) > my or [(12) > my. If instead
M = ((my), (m2)), then we must have [gl) > my or [g2) > my, and if M = ((mz), (m1)) then must
have [(21) > mgy or [ég) > my. Hence, if kK = (1,1), all splittings 9 of (m, k) satisfy the condition
from Theorem 12.1.2 if and only if (12.1.7) holds. This verifies the fourth part of the lemma. O

12.2. Blocking Vertices

In this section we introduce the notion of a blocking vertex with respect to a path ensemble,
which will be useful for the proof of Theorem 12.1.2. We will only require them here in the case
n = 1 (that is, when there is only one fermionic color), so throughout this section we will assume
this holds.

Then, any sequence of n = 1 skew-shapes A/p consists of a single skew-shape \/u. So, in
what follows, we identify A/p = \/pu; for instance, recalling Definition 7.1.3 we write Py (A/u) =
PBy(A/p) (and Py (A) = PBu(A/D)). Moreover, since n = 1, any arrow configuration (A, B; C, D)
is of the form (eq, ep; €., eq) for some a,b,c,d € {0,1}. Hence, we will also abbreviate (a,b; ¢, d) =
(eq,€p; €c,eq), as well as the weight W, (a, b; c,d) = W, (e, ep; €, €4 | 00,00) from (8.4.1), for any
a,b,c,d € {0,1}. Recalling Remark 8.4.4, we also abbreviate the weight of any path ensemble &
under W, (a,b;¢,d) by W(E | x|y) = W(E | x;00 | y;00).

Now recall from (7.1.3) and Remark 8.4.4 that, for any A, u € Sign,,, the quantity H,,,(x; 0o |
y; 00) is the partition function under the W, /, (a, b; ¢, d) weights for the vertex model Bz (A/p). Due
to the factor of (zy~';q)s_. present in these weights, if z = y then Wa/y(a, b;c,d) = 0 whenever
(b,c) = (1,0). In particular, if a path ensemble £ € P (A\/u) has nonzero weight W(€ | x | y) # 0,
and there exists some vertex (¢,j) with z; = y;, then the arrow configuration (a,b;c,d) at (4,5)
must satisfy (b, ¢) # (1,0). Thus, we introduce the following definition.

Definition 12.2.1. Let £ denote a path ensemble on some domain D C Z2>O; for each vertex
u € D, let (a(u),b(u);c(u),d(u)) denote the arrow configuration at u under £. We call any v € D
a blocking vertex with respect to € if (b(v), c(v)) # (1,0).

Observe in particular that any path in £ horizontally entering some blocking vertex v € D
must exit v vertically. In this sense, v “blocks” the horizontal trajectory of this path. We refer to
Figure 12.1 for a depiction, where the orange crosses at (2,1) and (4,3) are blocking with respect
to € but the green one at (5,4) is not.

In this section we establish the following proposition, which indicates how blocking vertices
may arrange themselves in a path ensemble € € Py (A/p).
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Proposition 12.2.2. Fiz a signature X = (A1, Aa, ..., An) € Signy, and denote [ = T(\) € Signy.
For any fized path ensemble £ € Py (N), there does not exist a set of K < N blocking vertices
(v1,v2,...,0K) C DNy = Zsox{1,2,..., N} with respect to £ satisfying the following two properties.
In the below we set v, = (i, jr) for each k € [1, K].

(1) Wehave 1l < j1 <jo< - <jg SN and 1< i3 <ig<- - <ig.

(2) We have ix < IN_K41-

Stated alternatively, Proposition 12.2.2 indicates that, for any vertex sequence (vi,va,...,vk)
satisfying its conditions and path ensemble £ € Py (A), there must exist some j € [1, K] for which

(b(vj),c(vj)) = (1,0).

PRrROOF OF PROPOSITION 12.2.2. In what follows, for any path ensemble £ on some domain
D, we denote the arrow configuration at any vertex v € D under £ by (ag(v), be(v); ce(v), de(v)).
Throughout this proof, we call any vertex set (v1,vs,...,vk) € Dy satisfying the two properties
listed in the propositon an increasing blocking vertex set with respect to £. We must show that no
path ensemble £ € Py (A) admits an increasing blocking vertex set.

To that end, we induct on N+ K > 2. If N+ K =2, then N =1 = K, so there is a unique path
ensemble £ € Py (A) consisting of one path that horizontally enters D, through the vertex (1,1) and
proceeds east until it reaches (I3, 1), where it vertically exits Dy. Thus, (be(i,1),ce(i,1)) = (1,0)
holds for each i € [0, ; — 1], and hence there does not exist a blocking vertex satisfying the second
condition in the proposition. In particular, no increasing blocking vertex set exists.

So, let us suppose that the proposition holds whenever N + K < m for some integer m > 3,
and we will show it also holds if N + K = m. Suppose to the contrary that there exists a path
ensemble £ € Py (\) that admits an increasing blocking vertex set V = (v, ve,...,vx) C Dy; for
each k € [1, K], set vy, = (ik, jr) € Dn.

Let £ denote the restriction of £ to the subdomain Dy_1 = Zsox{1,2,..., N—1} C Dy (that
is, to the bottommost N — 1 rows of Dy). Then, there exists a signature v € Sign,_; such that
& € Pu(v). Let T(v) =n = (ng,ng,...,ny_1) € Signy_;, which denote the z-coordinates of the
locations where paths in £’ vertically exit the row Zso x {N — 1}; see Figure 12.1 for a depiction.
Since these paths (in &) exit the row Zs¢ x {N} through the a-coordinates (Iy,ls,...,[ny_1), we
have the interlacing property

(12.2.1) L1 <nj <, for any index j € [1, N — 1],

which follows from the fact that no two paths may share an edge.

Now, let us show that £ admits an increasing blocking vertex set in each of the cases jx # N
and jxg = N separately. If jx # N, then we claim that the vertex set V = (v1,ve,...,vx) C Dy_1
is increasing blocking with respect to £'. Indeed, the fact that each of its vertices is blocking
with respect to £ follows from the fact that they are with respect to £. Moreover, the facts that
1<j1<jo< - <jg<N-land1l <1 <iy<---<ig follow from the facts that V is increasing
blocking with respect to £ and that jx # N. Additionally, the bound ix < ny_x follows from
the fact that ix < I[y_xy1 < ny_g, where the first inequality holds again since V is increasing
blocking with respect to £ and the second holds by (12.2.1). This confirms that the vertex set V is
increasing blocking with respect to & if jx # N, which contradicts the inductive hypothesis that
no path ensemble in Py (v) can admit such a set (since {(v) + K =N+ K —-1=m—1<m).

So, let us assume instead that jx = N, in which case we claim that the vertex set V' =
(v1,v2,...,vk—1) C Dn_1 is increasing blocking with respect to £’. Again, the facts that each
vertex v; € V' is blocking and that 1 < j1 <jo < - <jg 1S N—-land1<i3 <isg < - <ig_1
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FIGURE 12.1. Depicted above is an attempt for an increasing blocking vertex
set, given by the orange and green crosses. However, only the orange crosses are
blocking with respect to £; the green one is not.

follow from the fact that V is increasing blocking with respect to £. Thus, it remains to verify the
bound ix_1 < ny_g+1. To that end, since ix_1 < ig, it suffices to show that ix < ny_gi1.

Assume to the contrary that this is false, so ny_g41 < ix < [N—K+1, where the last inequality
holds since V is increasing blocking with respect to £. Since there exists a path in £ that enters
the row Zsg x {N} vertically through the vertex (ny_x1,N) and proceeds east until it reaches
(IN—k+1,N), we must have (be(i),ce(i)) = (1,0) for any i € (ny_x41,IN—K+1); see Figure 12.1,
where (N, K) = (4,3) and {(i1,j1), (i2, j2), (i3, 43) } = {(2,1),(4,3),(5,4)}. In particular, this holds
for i = ig, contradicting the fact that vg = (ix, N) is a blocking vertex with respect to &.

Hence, ix < ny_g4+1, so V' is increasing blocking with respect to £’. This again contradicts
the inductive hypothesis that no path ensemble in P (v) can admit such a set, thereby establishing
the proposition. O

12.3. Proof of Theorem 12.1.2
In this section we establish Theorem 12.1.2, which will largely follow from Proposition 12.2.2.

PROOF OF THEOREM 12.1.2. Throughout this proof, we abbreviate the vertex model Py (A) =
Py (A/D) from Definition 7.1.3; the vertex weights W,(A,B;C,D) = W,(A,B;C,D | oo, 0)
from (8.4.1); and the weight W(€ | x | y) = W(E | x;00 | y;00) of any path ensemble £ from
Remark 8.4.4. We moreover recall from Section 12.2 the n = 1 notation Py (\) = Py ((A) if
A = (A) € SeqSign,. Let us also assume throughout this proof that xny_j41 = ym, (instead of
Tj = ym,) for each j € [1,], which we may do since Proposition 7.2.2 implies that H is symmetric
in X up to a factor.

Now, assume to the contrary that Hx(x;00 | y;00) # 0. Since (7.1.3) and (8.4.4) together
imply that Ha(x;00 | y;00) is the partition function, under the weights W., for the vertex model
B (N), there must exist some path ensemble £ € Py (M) on Dy = Zso x {1,2,..., N} with
nonzero weight W(€ | x | y) # 0. Let (A(v), B(v); C(v), D(v)) denote the arrow configuration at
any vertex v € Dy under £, and set X(v) = (X1(v), X2(v),..., X, (v)) € {0,1}" for each index
X € {A,B,C, D).
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FIGURE 12.2. Shown to the left, middle, and right are examples of the path
ensembles £, EM | and £P), respectively, from the proof of Theorem 12.1.2.

For each i € [1,n], let £ € Py (/\(i)) denote the restriction to color i of £. Stated alternatively,
the arrow configuration at any vertex v € Dy under £ is given by (A4;(v), B;(v); C;(v), D;(v)). In
this way, each £ is a path ensemble with one fermionic color, and so the framework of Section 12.2
applies to it. We refer to Figure 12.2 for a depiction, where there red is color 1 and blue is color 2.

Under this notation, for each j € [1,¢], let Z; C [1,n| denote the set of colors ¢ € [1,n] for
which (mj, N — j 4+ 1) € Dy is a blocking vertex with respect to £@). We claim that |Z;| > n — x;.
Indeed, assume to the contrary that there exists a subset & C [1,n] of k; + 1 distinct colors
such that (m;, N — j + 1) € Dy is not a blocking vertex with respect to EW for each u € U;
so, By(m;,N —j+1) — Cy(m;,N — j +1) = 1 for each such u. Thus, abbreviating the arrow
configuration under £ at (m;, N —j+1) € Dy by

(A,B;C,D) = (A(m;, N —j+1),B(m;, N —j +1); C(m;, N — j + 1), D(m;, N — j + 1)),

we deduce either that |B| — |C| > k; + 1 or that B > C does not hold. Recalling that zy_;41 =
q~ " Ym,, it follows from the factor of

(TN—j11Ym,; D Bl-|c|1B>C = (¢ "; @) B|-|C|1B>C)
appearing in the vertex weight Wey .15y, (A, B; C,D | 00;00) (from the first statement of (8.4.1))
that this weight equals 0. This contradicts the fact that £ has nonzero weight W(€ | x | y) # 0
under W, thus verifying |Z;| > n — &;.
Next, for each i € [1,n], let V() denote the set of vertices of the form (m;,N —j+1) € Dy,
for some j € [1,£], that are blocking with respect to €. We order the vertices in V() by

VO = (o of o) = {(m, N =0 1), (o, N = 587+ 1), (myo, N =0 1) ],

so that jgi) > jg) > > j@, which since m is decreasing implies

i

Mmoo <M. < - <M.
41" 75" 350

7

Hence, the blocking vertex set V() = (vgi),véi), cee ,véf)) (with respect to S(i)) satisfies the first

property listed in Proposition 12.2.2, as does its truncation VI(? = (vgi),véi), . ,v&?), for any
K € [1,4;]. Thus, that proposition implies none of the V%) can satisfy the second property listed

there, meaning that m < [%)—K—s-l holds for each K € [1,4;]. So, letting
K
(1) — , )
mv = (mjy),mj;),. .. ,mjg(i)),
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we deduce that
(12.3.1) m® % (@ does not hold for any i € [1,n].

Now, observe that 9 = (m(l),m(z), ... ,m(")) is a splitting of (m, x). Indeed, it satisfies the
first condition listed in Definition 12.1.1, since each entry of every m(® is also an entry of m. It also
satisfies the second, since |Z;| > n — k; for each j € [1,/] implies that any m; is an element in at
least n — k; of the m(¥).

Thus, since the marked sequence (m, x) satisfies the condition of the theorem, there must exist
some h € [1,n] such that (") £ m{). This contradicts (12.3.1), and so Ha(x;00 | y;00) =0. O
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CHAPTER 13

Vertex Models for Nonsymmetric Macdonald Polynomials

In this chapter we provide an expression, given by Theorem 13.3.2 below, for nonsymmetric
Macdonald polynomais in terms of fermionic, colored vertex model partition functions. This result
is similar to Theorem 4.2 of [13] (which established an expression for these polynomials through
a bosonic partition function) and will be established in Chapter 14 below, largely following the
framework of [13]. Throughout this section, we fix complex numbers ¢,¢ € C.

13.1. Cherednik—Dunkl Operators and Nonsymmetric Polynomials

In what follows, we use the same conventions as in [13]| (which are in turn based on reversing
all indices in the notation of [69]) in defining the nonsymmetric Macdonald polynomials f,(x) =
fulz1,...,2,), for any composition p = (u1,po,...,tn) and sequence x = (x1,%2,...,2,) of
complex variables. We begin by recalling the definition of the Hecke algebra of type A,_1. It
is the algebra generated by the family of generators 77,75, ... T;,,_1, which satisfy the relations

(1311) (Tz — f,)(Tl + 1) =0, forie [1, n— 1], T%Ti-&-lTi = Ti-i—lnj—’i-i-la for i € [1,"’L — 2],
as well as the commutativity property
(13.1.2) [T;,T;] =0, for all 4,5 such that |i — j| > 1.

A well-known realization of this algebra is its polynomial representation. In this representation,
one identifies the abstract generator T; and its inverse with explicit Demazure—Lusztig operators on

C[x] = C[x1, 2, . .., x,], the ring of polynomials in n variables, by setting for each 1 <i<n—1
(13.1.3) Tyt — DM ey, Tl (1 - LT Ml g —si)) :
Ti — Ti41 Ti — Ti41

where, as previously, s; denotes the transposition operator on neighboring variables, namely
S h(xy, T, o xn) = h(Z1, 0 i1, T, Ty T2y - -+ Ty,

for any polynomial h € C[x]. Let us introduce a further operator w, defined by setting

(13.1.4) w-h(x1,. .., xn) = h(ze, T3, ..., Ty, qr1),

for any h € C[x]. Collectively, the operators T7,...,T,,_1,w give a polynomial representation of
the affine Hecke algebra of type A,_1. The Cherednik—Dunkl operators Y; generate an Abelian
subalgebra of the affine Hecke algebra. They are given for each 1 <1i < n by

(13.1.5) =TTy -w- T T,
and for each ,j € [1,n] satisfy the commutation relation

(13.1.6) Y;,Y;] =0.
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In view of their commutativity, one can seek to jointly diagonalize the operators (13.1.5). This brings
us to the definition of the nonsymmetric Macdonald polynomials; see Proposition 2.3 of [13]. In the
below, for any composition A = (A1, Ae,...,\,) and sequence of n variables x = (x1,%2,...,%n),

N .
we denote x* = [[;_, ).

Definition 13.1.1. Introduce the following two orders on length n compositions p = (pu1, ..., tin)
and v = (v1,...,vy,). The first is the dominance order, denoted <, and given by
J J
V< = V#pu, and ZméZm, for each j € [1,n].
i=1 i=1
The second order, denoted <, is given by

V= = (V+<,u+ or u+:ﬂ+7u<u>,

where AT is the unique partition that can be obtained by permuting the parts of a composition .

The nonsymmetric Macdonald polynomials f,(x) = fu(z1,22,...,2n) = fu(z1,22,...,2n;¢,t) are
the unique family of polynomials in C[x] satisfying the triangularity property
(13.1.7) fu(x) =x"+ Z Cuv(q, t)x", for some ¢, ,,(q,t) € Q(q, 1),
N
with the sum taken over all compositions v such that < <ﬁ7 as well as the eigenvalue equation
(13.1.8) Yi- fu(x) =vi(p;q,t) fu(x), for each i € [1,n],
with the eigenvalues on the right-hand side of (13.1.8) given by
(13.1.9) vi(p a,t) = @t IOV () = —#{ <ty > ey — BT >0 > )

Remark 13.1.2. In the current work, it will be convenient to make use of an alternative charac-
terization of the nonsymmetric Macdonald polynomials. Let C”[x] = CP[xy,...,2,] be the set of
all polynomials in x = (21,29, ...,2,) of total degree < D. Viewing the latter as a vector space,
we can write CP[x] = Span{x"},<p-

Introduce a generating series Y (w) = Y1 Y;w'™! of the operators (13.1.5), which can be
viewed as a linear operator Y (w) : CP[x] — CP[x]. The corresponding eigenvalues y(u; q,t; w) =
S yi(u; g, t)w' ™! are pairwise distinct for all || < D, with g, ¢, w living inside some open set in C.
The simplicity of the spectrum of Y (w) (this simplicity plays an important role in Cherednik’s theory
of double affine Hecke algebras, cf. [24, Theorem 8.2(i)|) uniquely determines each eigenvector f,(x),
with |u| < D, up to a multiplicative constant. One can therefore define f, as the unique polynomial
solution of the equations (13.1.8) such that f, € Cl#/[x] and Coeff[f,;x"] = 1, where Coeff[h; x"]
denotes the coefficient of x* in any h € C[x]. We will tacitly assume this definition in what follows.

13.2. Fermionic L-Matrix and Row Operators

Our subsequent partition functions will be constructed in terms of another object, which we
term the L-matriz. For any « € C, its entries L, (A, b; C, d) will be obtained from the specializations
of the weights W,.,(A,b; C,d | ¢~1/?, s) given in Example 8.1.2 (where here we sometimes emphasize
their dependence on ¢ in the subscript), by setting

(13.2.1) Ly(A,b;C,d) = lim (=) 10 W, 0 (A, b;Cod | 712, 5).
s—
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F1GURE 13.1. The L, weights, and their arrow configurations, are depicted above.
Here red, blue, green, and orange denote the colors 1, 2, 3, and 4, respectively.

Observe here that we have replaced the quantization parameter g used for the weights in previous
chapters with the Macdonald parameter ¢ here; this is because the symbol ¢ historically plays a
different role in the context of Macdonald polynomials. Further observe that these L, weights are
given by the 7 = ¢~ /2 cases of the W, (A, B; C,D | r) weights from (8.4.1) and are more explicitly
through the following definition.

Definition 13.2.1. For any A,C € Z%; and b,d € {0,1,...,n}, set L,(A,b;C,d) = 0 unless
A, C e{0,1}". Letting A;A;,A;;* be as in (8.1.1), for each A € {0,1}" and i € [1,n] set

L.(A,0;A,0)=1;  L,(A,0;A; i) =t +inig(l —t);

13.2.2
( ) Lo(A,i; AT, 0) = 1; Lo(A,i; Asi) = (—1)AitAun g,

Moreover, for any 1 < i < j < n, set
(13.2.3) Lo(A i A j) = thueimz(1 - t); Lo(A,j; A7 ,i) = 0.

We further set L,(A,B;C,D | r,s)=0if (A,B;C,D) is not of the above form.

As before, we interpret L, (A,b;C,d) as the weight associated with a vertex v whose arrow
configuration is (A, ep; C, e4). We refer to Figure 13.1 for a depiction of these weights; it is quickly
verified that (13.2.1) holds for them.

Remark 13.2.2. The weights from Definition 13.2.1 admit a simple dependence on the parameter
z. If d > 1, then L, (A,b;C,d) is a linear, homogeneous polynomial in z. If instead d = 0, then
L.(A,b;C,d) does not depend on x. Put another way, we obtain a factor of x every time a path
horizontally exits through a vertex.

Given these weights, we next define row transfer operators on a vector space, as in (the homo-
geneous specializations of) Section 6.1 and Section 6.2. To that end, we first require the associated
single row partition functions, which are the analogs of those appearing in Definition 6.1.1. In what
follows, we will typically index finitary sequences X = (Xp, Xy, ...) starting from 0 instead of from
1.



Definition 13.2.3. Fix a complex number z € C. For any finitary sequences A = (A, Aq,...)
and € = (Cp, Cy,...) of elements in {0,1}", and indices b, d € [0, n], define

(1324) L ‘A b e d ZHL 17]17 Z?ji+1)7
J =0

where the sum is over all sequences J = (jo, j1,...) of indices in [0, n] such that jo = b and j; = d
for sufficiently large ¢ (we assume that the infinite product on the right side of (13.2.4) converges).
By arrow conservation, the sum in (13.2.4) is supported on at most one term.

As in Definition 6.1.1, L, (A, b; €, d) is the partition function under the weights L, for the vertex
model on a row, whose vertical entrance data is given by (Ao, A1, ...); horizontal entrance data by
eyp; vertical exit data by (Cg, Cy, .. .); and horizontal exit data by ey4. See the left side of Figure 6.1
for the depiction of a similar row.

Next, we define row operators. As in Section 6.2, let V denote the infinite-dimensional vector
space spanned by basis vectors of the form |A), where A ranges over all finitary sequences of
elements in {0,1}". Similarly, let V* denote the space spanned all dual basis vectors of the form
(€|, over finitary €. We impose an inner product on V* x V determined by setting (C|A) = 14—¢
for any finitary A and €.

Definition 13.2.4. For any complex number 2 € C and index ¢ € [1,n], define the operators
Ci(z): V= Vand D(z) : V— V by, for any finitary sequence A, setting

Ci(x)|A) =Y La(A,i:€,0)[€);  D(x)lA) =Y La(A,0;C,0)€),
(& e

where both sums are over all finitary sequences € of elements in {0,1}". In view of the inner
product between V* and V, the operators C;(z) and D(w) admit dual actions on V* given by

(C|C;i(x ZL (A,3;€,0)(Al;  (CD(z ZL A,0;€,0) (Al

In particular, under C; one color i arrow horizontally enters the vertex model and none hori-
zontally exit, and under D no arrows horizontally enter or exit the vertex model.

By virtue of the (r = ¢~/ = s case of) Yang Baxter equation, Proposition 5.1.4, one can
now derive the following commutation relations of the row operators C; through the following
proposition. We omit its proof, which is very similar to that of Theorem 3.2.1 of [12] (see also the
proof of Proposition 6.2.2).

Proposition 13.2.5. For any complex numbers x,y € C, we have
(13.2.5) D(z)D(y) = D(y)D(z).

Moreover, for any integers 0 < i < j < n (where here we set Co(z) = D(2) for any z € C), we have

(13.26) @6 = 22 6w - S 6w

13.3. Partition Function Formula for f,(x)

In this section we provide an expression for f,(x) in terms of the C; operators from Defini-
tion 13.2.4. Before doing so, we require some definitions regarding the vector space V. For any
nonnegative composition A € Z%, of length p € [1,7n], define the sequence J(\) = (Lo(A),Ii(N),...)
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of elements in {0,1}" so that the k-th coordinate of I;(\) is given by 1, —;, for each k € [1,p] and
Jj=0.

Definition 13.3.1. Let p be a nonnegative composition of length n, and let its largest part be N =
max;e[1,n] Ki- Fix a linear operator X € End(V) and a set of indeterminates v = (v4,5), which we
will refer to as twist parameters below, where (i, j) ranges over all integer pairs (i,7) € [1,n] x [0, N].
Define the linear form

n N
(13.3.1) (X), = (X), (v) == > TT TT viy M0+ 3G X[ 20),

M i=15=0

where we sum over sequences M = (Mg, My, ...) of elements in {0,1}" such that M = eq for
k > N, and we have denoted M; = (M j, M ;,..., M, ;) € {0,1}" for each j > 0. Observe that
this sum is supported on only finitely many nonzero terms.

Now we can state the following theorem providing an expression for the nonsymmetric Mac-
donald polynomial fy(x) through the fermionic row operators C; from Definition 13.2.4; its proof
will appear in Section 13.4 and Chapter 14 below. Let us mention that a similar bosonic expression
for f) appeared as Theorem 4.2 of [13], and our results and proofs here are largely based on those
there. However, one subtantial difference between that result and the following one is that the
latter provides a finite summation identity for fy, while the one from [13] involved an infinite sum.

THEOREM 13.3.2. Fiz a nonnegative composition p of length n, set N = max;e[1 ) pti- Then,
fu(x) is given in terms of the linear form (13.3.1) by

(13.3.2) Fu(®) = Qu(q,){Ca(@n) -+ Ca(z1))

where fori € [1,n] and j € [1, N] the underlying parameters v; ; are chosen to be

w

(13.3.3) Vi = qltj_jtyj’j(li)lui>ja

with exponents ; ; (1) given by

(13.3.4) Vi () = —#{k <i:pe >t +#{k >0 5 <pe < pid

The normalization factor Q,(q,t) appearing on the right-hand side of (13.3.2) is given by

n pi—1
1
(1335) Q#(Qyt) = H H 1_ qll«z‘*jtai,j(ﬂ)"'l’
i=1 j=0
where we have defined
(13.3.6) o j(p) = #{k <itpe =} +#{k#iJ < <pid+#k >0 5=}

13.4. Proof of Theorem 13.3.2

In this section we establish Theorem 13.3.2, assuming the following two propositions. The first,
which we will establish in Section 14.4 below, is a cyclic relation that will essentially amount to
the eigenvalue equation (13.1.8) for f,. The second, which we will establish in Section 14.5 below,
fixes the normalization (13.1.7) for f,,. Here, we recall the exponents ~; ; and the quantity ©,(q,?)
from (13.3.4) and (13.3.5), respectively.
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Proposition 13.4.1. For any integer i € [1,n], we have
(Cilqzi)Cr(@n) - Cisa(@ir1)Cima(2im1) -+~ Ca(a1)),

= ¢" 170U (Cp (@) -+ Ciga (@i1)Cia (i) -+~ Ca (1) Ci(:)
where the twist parameters associated with the linear form (13.3.1) are given by (13.3.3)—(13.3.4).

(13.4.1)

w’

Proposition 13.4.2. We have
(13.4.2) Coeft {Q#(q, B{(Ca(n) -+ Cr(1)) x“] — 1,
where the twist parameters associated with the linear form (13.3.1) are given by (13.3.3)—(13.3.4).

Before proceeding to the proof of Theorem 13.3.2 (assuming the two results above), we first
modify (13.1.8) slightly, by transferring the string of Hecke generators T;_; - - - T} contained within
the Cherednik—Dunkl operator Y; to the right-hand side of the relation. One obtains

(13.4.3) w - T;_ll N T[l fu(x) = vi(ws g, t)Tf1 N Tf_ll - fu(x).

We wish to substitute the Ansatz (13.3.2) into (13.4.3), and check its validity. In order to do so,
we require the following auxiliary result.

Proposition 13.4.3. For any integersi € [1,n — 1] and 1 < j < k < n, we have

(13.4.4) T;l . Ck(sz)Cj(xz) = t_lcj(;viH)Ck(a:i).
PRrROOF. This follows by direct calculation, using the explicit form (13.1.3) of Ti_l. We compute
— 1 =1z Tiy1 — tw;
10 Culansn)Cio) = 17 (L2 i)y o) + 20 ) ) )
Tit1 — T Tit1 — T
= t_l(:j (l‘i+1)ck($i),
where the final equality follows from the exchange relation (13.2.6). d

Now we can establish Theorem 13.3.2, assuming Proposition 13.4.1 and Proposition 13.4.2.

PROOF OF THEOREM 13.3.2 ASSUMING PROPOSITION 13.4.1 AND PROPOSITION 13.4.2. By
Remark 13.1.2, it suffices to verify that our Ansatz (13.3.2) satisfies both the eigenvalue equation
(13.1.8) and the normalization constraint (13.4.2), with €,(g,t). The latter follows by Proposi-
tion 13.4.2, so it remains to establish (13.1.8) or, equivalently, (13.4.3).

To that end, let us examine the left-hand side of (13.4.3), assuming the substitution (13.3.2).
It becomes

= Qug, )" - w - (Ci(a)Crl@n—1) -~ Cig1 () Cima (zim1) - - Ca(1))

where to deduce the equality we used the linearity of the form (13.3.1), together with n — 4 appli-
cations of the identity (13.4.4) to transfer the operator C; towards the left of the operator product.
Finally we act explicitly with w, which by (13.1.4) yields

Qulg.t) - w -T2y T (Colwn) - Ca(an)),,

w

(134.5) Qu(g,t)-w T,y - T;7 - (Colan) - Cilm1)),,

= Qu(q, 0" - (Ci(q21)Ca(2n) - - Coyr(@is1)Cima () - Ca(22)) -
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Similarly, under the substitution (13.3.2), the right-hand side of (13.4.3) is given by
(13.4.6) 430, ) (g,1) - Ty -+ T - (Cula) -+ Cu(a)
="y (15 ¢, ), 1) - (Cou(@n) -+ Cir (Tig1) Comn () -+ - C1($2)Ci($1)>u~
where to deduce the equality we again used the linearity of the form (13.3.1), together with ¢ — 1
applications of (13.4.4) to send the operator C; towards the right of the operator product.
Matching the right-hand sides of (13.4.5) and (13.4.6), and applying s;_1 - - - 51 to both sides of
the resulting equation, we are left with the task of proving that

(Cilgzi)Cn(zn) -+ Civr(wir1)Cima(wim1) -+~ Cuan)),
= "2 i (15 ¢, ) (C(@n) -+ - Coga (@ig1) Comn (wimn) - - C1(331)Ci($i)>u-
Using the explicit form of the eigenvalue y;(u; ¢,t) from (13.1.9), together with the fact that
n—itni(p) = =7 <iipg > pd+#G >0 < pid = vio(w),
(13.4.7) follows from Proposition 13.4.1. This establishes (13.4.3) and therefore the theorem. [

(13.4.7)
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CHAPTER 14

Proof of Proposition 13.4.1 and Proposition 13.4.2

By the content in Section 13.4, to establish Theorem 13.3.2 it suffices to show the cyclic relation
Proposition 13.4.1 and the normalization condition Proposition 13.4.2. In this chapter we perform
these tasks, closely following the proofs of equation (4.14) and Section 4.10 of [13], respectively.

14.1. Column Operators and Diagrammatic Notation

Our main tool for proving Proposition 13.4.1 will be another class of objects called column
operators, constructed in terms of the following single-column partition functions.

Definition 14.1.1. Fix two sequences B = (b1,bs,...,b,) and © = (d1,da,...,d,) of indices in

[0, n], as well as two elements A, C € {0,1}". For any set of complex numbers x = (z1, 22, ...,Ty),
let
(14.1.1) Ly(A,B:C, D) = > [] La, (Ki, bi: Kit1, di),
K i=1
where we sum over all sequences X = (K1, Ko, ...,K, 1) of elements in {0,1}" such that K; = A

and K, 11 = C. By arrow conservation, the sum in (14.1.1) is supported on at most one term. We
also set Lx(A,B;C,D) = 0 if either A or C is not in {0, 1}".

In particular, Ly (A, B; C, D) denotes the partition function for a column with vertical entrance
data A; horizontal entrance data (b1,bs,...,b,); vertical exit data C; and horizontal exit data
(d1,da,...,d,). In what follows, instead of using the algebraic expressions (14.1.1) for partition
functions, it will often be convenient to express them diagrammatically, for example by

C

b, Tn d,
— Ky

(14.1.2) Lx(A,B;C,9) :=
b2 €2 dg
——— Ko
by 1 dy
A

where the indices in the diagram on the right side of (14.1.2) are as follows. The z; denote the spec-
tral parameters assigned to each vertex (represented by a face in (14.1.2)); the indices (b1, ba, ..., by)
along the left boundary denote the colors of the arrows horizontally entering the column; the in-
dices (dy,ds, . ..,d,) along the right boundary denote the colors of the arrows horizontally exiting
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the colum; the n-tuples A and C denote the boundary data for vertical arrows along the bottom
and top boundaries, respectively; and the n-tuples K; along the middle of the column denote the
collection of vertical arrows proceeding from vertex i — 1 to vertex 4.

Next, to define column operators, let W =2 C"*! be an (n + 1)-dimensional vector space with
basis {|0),]1),...,|n)}. The basis of the dual vector space W* will be written as {(0], (1],...,{(n|}
with (i|j) = 1,—;. We wish to consider an n-fold tensor product of W, denoted by

W = W1 X Wn = Span {® |Zk>k} = Span{ |j> }36[0,71]"’
0<iy in<n

P} S
X ERRRE A 2N

where we have set J = (i1, 42, ...,%,). We now define operators acting on W.

Definition 14.1.2. Fix sequences x = (z1,2,...,z,) and v = (v1,...,v,) of complex numbers,

and fix an element C € {0,1}"™. We introduce the column operator ¥, (C) = ¥y.x(C) € End(W),
defined by setting for any sequence ® = (dy,da, ..., d,) of indices in [0, n]

(14.1.3) T, (C) |®>=Z< > ﬁv,ﬁ“Lx(M,%;M+C,©)> B),

B \Me{0,1}" k=1

and then extending its action to all of W by linearity. The first sum in (14.1.3) is over all sequences
B = (by,ba,...,b,) of indices in [0,n], and the second over all elements M = (My, M, ..., M,) €

{0,1}™.

The reason for introducing the column operators (14.1.3) is that they offer an alternative
algebraic setup for operator products of the form (13.3.2), which will be convenient for studying
the cyclic relation (13.4.1). In particular, we note the following, where in the below we recall from
Section 13.3 the sequence (Io(A),I1(}),...) of elements in {0, 1}

Proposition 14.1.3. Fix a composition p of length n, and let N = max;c[y ) pi- Then, denoting
v = (v14,v2.,...,0n;) for j € [0, N], where the parameters v; ; are as in (13.3.3), we have

(1414) <Cn(fEn) s C1($1)> = <1, NN ,TL"I’V(O) (IO(,U*)) cee \I/v(N) (Ij(ﬂ)) |07 NN ,0>

PRrROOF. By the expression of the row operators from Definition 13.2.4 and the linear form
(13.3.1), we obtain the following partition function representation of (Cy(z1) -+ Cy(zy)) :

m

I
Mo + Io(p) My + In(p)
n N
M;
(14.15)  (Calzn)---Ci(a1)), = ST vy =
M i=1;4=0
2 T2 T2 0
1 1 1 0
MO MN
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where we sum over all sequences M = (Mo, My,...,My) of elements in {0,1}", with M, =
(Myj, My ,..., M, ) for each j € [0, N]. Under this diagrammatic notation, summation over all
possible states is implied at each internal lattice edge.

Now we read the partition function (14.1.5) column-by-column, starting from the rightmost

and working to the left. We distribute the product H?:l HN v over the columns by assigning

J=0 4,5
the factor H?:1 v%] to column j, and for each 0 < j < N we compute separately the sums over
M; = (Mi;,...,M, ;) (which only affects the boundary states of column j). Referring to the
definition (14.1.3) of W) (I;()), equation (14.1.4) is nothing more than the algebraic realization

of this column-by-column decomposition. ]

The partition function (14.1.5) is useful for visualizing the structure of (Cy(z1)...Cy (x"’)>u’
but it is still not in the most convenient form. In particular, we would like to blend the summation
over M into our graphical conventions. With that in mind, we set up the following notation.

Definition 14.1.4. Let ¥y (C) = U,.«(C) be a column operator as defined in (14.1.3). We shall
simplify the graphical representation of its components by for any B = (b1, bs,...,b,) and © =
(di1,ds,...,dy) writing

M+ C C
bn Tn dn bn Tn d’ﬂ
Ble.C)o= > J[a"x : : : =
Me{0,1}n k=1
by X2 dy by T2 ds

by T1 dy bi x1 d
M
where M = (My, Ma, ..., M,) € {0,1}", and the dependence on v is kept implicit in the object
appearing on the right-hand side. Observe here the double line along the top and bottom of the
column on the right side.

14.2. Explicit Computation of Column Operator Components

In this section we turn to the question of explicitly computing the matrix elements of the linear
operators (14.1.3). We begin with some auxiliary definitions for admissible vectors, color data, and
coordinates.

Definition 14.2.1. For any sequences B = (b1,bo,...,b,) and © = (dy,da,...,d,) of indices in
[0,7n], we say that the pair (B,D) is admissible if for each k € [1,n] we have

(14.2.1) 0 <mi(D) < mi(B) <1,
where m(8B) and my (D) denote the multiplicities of k in B and D, respectively.

Definition 14.2.2. Given an admissible pair of sequences (B,D), as in Definition 14.2.1, we
introduce two disjoint sets P C {1,...,n} and Q C {1,...,n}, where p € P if and only if m,,(B) =1
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and m,(®) = 0, while p € Q if and only if m,(B) = m,(D) = 1. We refer to (P, Q) as the color
data associated to (B,D).

Definition 14.2.3. Let B = (b1, bs,...,b,) and ® = (d;,ds,...,d,) be sequences such that the
pair (B,®) is admissible, as in Definition 14.2.1; also let (P, Q) be their associated color data, as
in Definition 14.2.2. Introduce another two vectors

(1422) I= (iP)PEPUQa j = (jP)PEQa
such that
(14.2.3) bi, =p, foreachpePUQ; d;, = p, foreachpe Q.

We shall call (Z,J) the coordinates of (B,D).

Example 14.2.4. In order to illustrate the above definitions, let us choose n = 5, and B =
(0,2,1,5,3),® = (2,0,0,0,5). These vectors clearly satisfy the requirements (14.2.1), and are thus
admissible. We find that m,(8) =1 and m,(®) = 0 for p € {1, 3}, while m,(B) = m,(®) =1 for
p € {2,5}. Hence, P = {1,3} and Q = {2,5} is the color data associated to (5,D). Finally, one
finds Z = (41,142, 13,45) = (3,2, 5,4) by reading the positions of {1,2,3,5} in B, and J = (jo, j5) =
(1,5) by reading the positions of {2,5} in D.

To illustrate how we will make use of such quantities, consider the following example of the
column (14.1.2) for n =5, A = (0,1,0,0,0), C = (1,1,1,0,0), and (*8,D) as above, given by

(1,1,1,0,0)

s 5

5 0
L(A,B;C,D) = 1—‘ 0

2 — 0
0 |—> 2
(0,1,0,0,0)
where we omit the spectral parameters x = (x1,22,...,25) in both the weight L = Ly and the

column diagram. In this picture, B and © label the colors (read from bottom to top) of the
arrows entering and exiting through the left and right boundaries of the column, respectively. The
admissibility of (28,D) translates into the fact that each color {1,2,...,5} appears at most once
on the left or right of the tower, with the requirement that all colors that appear on the right must
have also appeared on the left. Then P U Q gives the set of all colors entering via the left edges
of the tower, Q gives the set of all colors leaving via the right edges. Here red, blue, green, and
orange are colors 1, 2, 3, and 5 respectively.

Now the following proposition provides explicit forms for the matrix entries of column operators.

Proposition 14.2.5. Let B = (by,ba,...,b,), © = (dida, ..., jn) be sequences of indices in [0, n]
such that the pair (B, D) is admissible, as in Definition 14.2.1. Associate to it the color data (P, Q)
in the same way as in Definition 14.2.2. Let (Z,J) be the coordinates of (B,D), as in equations
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(14.2.2)—(14.2.3). Fixz sequences x = (21,%2,...,ZTn) and v = (v1,va,...,0,) of n complex numbers
such that v, =0 for allr € PU Q, and define the {0,1}" element

ep — E €p.

peEP
Under the above set of assumptions, we have
(14.2.4)
(B|Uyix (ep) |9 = [ Loy [T P T[] 25, JT (1 — vt/ T wp " ¢"@ (1 — 1),
p>¢ pEP peQ pEQ PEQ
pEPUQ ip:jp ip#jp

eQ
where we have defined the combinatorial exponents

fp) =#{L €Q: L <p}; g(p) =#{ € Q: L < p,ip < je};
h(p) = #{6€ Q: € <p,ji € (ip,jp) }

with the interval (ip, jp) appearing in h(p) to be interpreted in a cyclic sense; namely, for all integers
1< a,b<n we define

(14.2.5)

{a+1,...,b—1}, a <b,
(a,0) ;=< {a+1,....,n}U{l,...,0—1}, a>1b,
%] a=h.

)

Proor. We compute the components by calculating

(14.2.6) (B|Tyx(ep)| D)= Y H ™ L (M, B; M + ep, D),
Me{0,1}n k=1

where we set M = (M, Ms,...,M,) € {0,1}", and the Ly here is the weight of the column
(14.1.2) (with A = M and C = M +ep). We begin by remarking that this column has weight zero
if by, > d = 1 for any k € [1,n], due to the vanishing of the fifth weight in Figure 13.1 (namely,

L.(A,j; A]Z ,i) =0 for any 1 < ¢ < j < n). This gives rise to the product of indicator functions
present in (14.2.4). In the rest of the proof, we assume that the constraints imposed by these
indicators are always obeyed.

Noting that the vertex weights from Definition 13.2.1 are factorized across different colors, i.e.,

over the n components of A, we find that the n sums in (14.2.6), over My, My, ..., M, > 0, can be
computed independently of each other (once B and ® are fixed). This leads to the factorization

(14.2.7) <%|\PV;X (ep) |®> = H $p(vp) H Xp(vp) H Vp(vp),
pEP PEQ pEQ
Zp_ﬂp ip#.jp
where we have introduced the functions
(1428)  6(0) =t9P; () =5, (L — vt O g (0) = 2y, 0 h O (1~ p),

and for notational convenience we have omitted the dependence of these functions on x.

The quantities in (14.2.8) can be obtained by tracing paths of a fixed color; see Figure 14.1.
Pictorially, the first quantity ¢,(v) in (14.2.8) corresponds to a color p path that entered through
the left boundary of the column and then exited through its top. The second quantity x,(v) in
(14.2.8) corresponds to a color p path that entered through the left boundary, circled 0 or 1 times
over the column, and then exited on its right through the same row as where it entered. The third
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62 > fg
D P — P —— ‘

0 times 1 time

FIGURE 14.1. Left panel: a color p path enters via the left boundary, and exits
via the top. g(p) counts the number of colors ¢5 < p that exit through one of the
shaded right edges, which are situated strictly above the position where p entered.

Middle panel: a color p path enters via the left boundary, and circles 0 or 1
times around it before exiting via the right edge directly opposite its entry point.
f(p) counts the number of colors ¢; < p which enter from the left of the column
and leave anywhere on its right.

Right panel: a color p path of enters via the left boundary, and then exits via a
right edge in a different row to its starting point. h(p) counts the number of colors
{5 < p that exit through one of the shaded right edges, which are situated strictly
between the initial and final locations of path p (the dashed interval on the right
boundary).

quantity ¥, (v) in (14.2.8) corresponds to a color p path that entered through the left boundary of
the column, and then exited on its right but via a different row from the one where it entered (after
wrapping around the column, if required).

The result (14.2.4) now follows by inserting (14.2.8) into (14.2.7). O

14.3. Column Rotation

In this section we define a specific “rotation” operation which acts on the column operator
components. The key result will be the fact that, up to a simple overall factor depending on ¢ and
v = (v1,v2,...,0p), the components (14.2.4) remain invariant under this operation.

Proposition 14.3.1. Assuming the setup in Proposition 14.2.5, consider the effect of rotating the

edge states of the column, which is equivalent to sending (b1, ..., bp—1,bn) > (bn,b1,...,bn—1) and
(diy...,dpn—1,dp) = (dn,d1,...,dn—1) in (14.2.4), together with the corresponding cyclic shift of
the row parameters (z1,...,Tn—1,Zn) — (Tn,T1,...,Tn_1). We find that

<b1, .. ,bn| \I’V;x(ep) |d1, .. ,dn>

14.3.1
( ) <bn7b17~-~7bn—1|5n—1"'51'\I’v;x (977) |dnad17--~7dn—1>

= K/V;t(Iv j)a
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where the right-hand side is given by

(14.3.2) kvt (L, T) = H Lig=n—Llip=n H U;ip:nfljp:n_
(p£)EPXQ peEQ
p>¢

PROOF. We can explicitly compute the ratio on the left-hand side of (14.3.1) by using the
formula (14.2.4) for the column components. The main observation is that, under the proposed
rotation, almost all of the factors present in (14.2.4) remain invariant.

Let us recall that P U Q is the set of colors entering on the n left edges of the column, while Q
is the set of colors exiting via the n right edges of the column. The vector (i,)pepug records the
positions where colors traverse left edges, while (j,),eco records the positions where colors traverse
right edges.

First, we examine the term HpEQ:rjp in (14.2.4), where the product ranges over all colors
which exit via the right edges of the column. The required cyclic rotation of the exiting positions is
achieved by the replacement j, — j,+1 (mod n), which is clearly negated by the cyclic permutation
Sp—1 51, which sends ; = T;_1 (mod n)- Therefore this term cancels out in the ratio on the left-
hand side of (14.3.1).

Similarly, it is clear from their definition that both of the exponents f(p) and h(p) in (14.2.5)
remain unchanged under the rotation i, — i, + 1 (mod n) for p € PU Q and j, — j, + 1 (mod n)
for p € Q. This allows us to cancel all factors involving those exponents in the ratio (14.3.1), and
we then read

Lip>ip
<b17"'7bn|\I}V;x(e7’) |d1a"'7dn> _ HPGP tg(P) HPGQUP ’

_ 1 Wi n Y - G Lip>ip
<bn7b17 7bn 1|5n 1 51 v; (e”p)|d ad17 7d 1> Hpeptg(p) HpGva >

(14.3.3)

where we have defined i, = i, + 1 (mod n), j, = j, + 1 (mod n) and

(14.3.4) g(p) =#{ € Q: L <p,iy < e}

We are able to simplify the right-hand side of (14.3.3) yet further, by noticing that it is only in the
case i, = n for some p € PU Q, or j, = n for some p € Q, where we see a discrepancy between the
numerator and denominator. In those cases, one has i, = 1 or j, = 1, which can cause inequalities

of the form 4, > j; or iy < j, that previously held to now be violated. Analyzing these cases yields
the final result, given by

(b1,...,bn| Uyix(ep)|di, ..., dn)
<bn7b1a .. ~7bn71|5n71 cr 81 \Ilv;x (973) ‘dnvdlv c ~7dn71>

H 1, . —1, _ Lo=ip>jp—Llip<jp=n
trie=n ip=n H Up ,

(p,£)EPXQ peQ
p>L

where we can simplify the exponent in the second product by noting that 1,—; >; — 1i,<j,=n =
1ip:n - 1jp:n-

Remark 14.3.2. In the calculations that follow, it is more useful to recast the right-hand side of
(14.3.1) in terms of the color data P, Q and the entries b, d,, without making reference to the
coordinates of Definition 14.2.3. We find that

t#{pep:p>dn}1dn>1 (Ubn)lbneg

(1435) ,‘ﬁjv;t = t#{pEQ:bn,>p}1bn€7; . (,Udn)ldn>1 s
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with the same P and Q as in Definition 14.2.2.

14.4. Proof of Proposition 13.4.1

We are now ready to return to the proof of Proposition 13.4.1. Fix a composition u of length n,
and set N = max;e[1 5] i~ For each integer a € [1, N], further fix a sequence /@) = (k:ga), e k%a))
of indices in [0,n]. We introduce a function Z; obtained by concatenating N column operators, as

To(p) In (1)
P amiek® o Weqz g
(14.4.1) Z [ﬁ(l),ﬁ(”,...,ﬁ“\’)} _
1 T .k‘gl) k"iN>. T 0

where the indices in this picture are as follows. The colors of the arrows horizontally entering the
rows from bottom to top are 1,2,...,i— 1,94+ 1,i4+ 2,...,n,i. In what follows, we will label each
row according to the color of the arrow entering through its left edge; accordingly, the top row will
continue to be called the i-th row. For each b € [1,n], the internal arrow colors in the b-th row are
indexed from left to right by (k‘él), cee kéN)). These colors are fixed, not summed over.

We introduce a similar function Z,, given by

IO(M) e e IN(“)
n T 'kﬁl) k;Nh Tn 0
(14.4.2) 7|80, /@, 4] =
1 xq .kgl) ng). 1 0

where again the left arrow colors are ordered sequentially from bottom to top, with the exception
of state i; it is omitted from (1,...,n) and transferred to the bottom row. This time, the bottom
row is called the i-th row. As before, we assign the colors (k,gl), ceey k'éN)) to the internal arrows in
the b-th row, for each b € [1,n).

We note that Z; and Z, are equivalent under application of the rotation operation of Section 14.3
to each of the N + 1 columns that are present (up to the variable shift gx; — x; in the i-th row).
Z) and Z, also serve as refinements of the left and right-hand sides of (13.4.1), respectively. One
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sees that
(144.3)  (Ciqzi)Ca(@n) -+ Civa(wi41)Cir (i) -+ Calan), = 3. 28D, &P, .., &M,
(1444) <Cn(£L'n) ce Ci+1(xi+l)ci—l(1'i—l) s Cl(xl)Cl(xl»u = Z Zr |:.Q(1), .ﬁ@), [P ,R(N):| ;

where both sums are over all length n sequences {ﬁ(a)}a €1,N] of indices in [0, n].

Example 14.4.1. Let us give an explicit example of the correspondence between (14.4.3) and
(14.4.4), in the case n =5, i = 3 and p = (0,4,4,1,5). In this case we have

I(p)=e, ILi(p)=es,  I(p)=e=1I3(n), ILi(p)=er+es;,  Is(u)=es.
We extract a sample term from the sums (14.4.3) and (14.4.4) given by

el €4 €Q ey ext+e3 es el €4 €Q e extes es
M A M
qr3 3 0 T5 5 0
Ts 5 0 Ty 4 0
T4 4 0 T2 2 =i 0
T2 D i 0 1 ] =— 0
Ty ] =— I 0 r3 3 0

where the configuration on the left is one term in the sum (14.4.3), while the configuration on
the right is one term in the sum (14.4.4). The configuration on the right is obtained from the
configuration on the left by rotating each of the N + 1 columns; namely, by bumping each row
upwards by one step, and transferring the top row to the bottom of the lattice (and then dividing
the spectral parameter in the new bottommost row by ¢).

Proposition 14.4.2. For each integer a € [1, N], let 8@ = (kga), kéa), ceey k‘éa)) denote a sequence
of indices in [0,n], such that Z, [R(l),ﬁ@), ... ,R(N)] # 0. Then Z) [ﬁ(l),ﬁ(Q), .. ,ﬁ(N)] 18 also
non-vanishing, and we have

Z [R(l), ]2 ,R(N)}

14.4.5)
( Z. [ﬁ(1)7 8@ . ,ﬁ(m}

— q“it’”")(“),

where the underlying parameters v; ; are given by (13.3.3).

PROOF. The proof is based on N + 1 applications of (14.3.1) and (14.3.5), noting that any
of the N + 1 columns present in Zj differs from the corresponding column in Z. by the rotation
operation of Proposition 14.3.1. The ratio Z;/Z, will thus be of the form ¢?t® for some a,b € Z; let
us proceed to calculate these exponents.

For the purpose of calculating the right-hand side of (14.4.5), Proposition 14.3.1 tells us that it
is sufﬁc%e)nt to focus on the internal edge states of the i-th row; in particular we will be interested in
k;’

those which take non-zero values, since these contribute non-trivially to the right-hand side of
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(14.3.1). As we will not need to specify kl()j ) for b = i, we hereafter lighten the notation by writing
k:gj) =K, forall1<j<N. Wealsoset Ky =i and Ky41 =0.

By iterating (14.3.5) over the N+1 columns and assigning a factor of ¢ to each integer 1 < j < N
for which K; > 1,! we find that

N . 1k, . #{GGP'ZG>K‘ 1}11{' >1 N
Z v, j) K€% ¢t J it +12

(1446) 71 = H ( KJJ) T, 51 #{a€Qj:a<K }IKJ P ' quKj>1’

v g Wk ) Rt A e
where P;, Q; are the color data associated to the j-th column of Zj. Since P; is the set of colors
which exit column j via its top edge and Q; is the set of colors exiting via columns j +1,..., N,
we can write
(14.4.7) P;={a: pa =7}, Q;={a:p,>j}

The right-hand side of (14.4.6) becomes

yresee;  yla>Kimae=i—1lie
tq It

é B (vi0) e II_V[ (vK; .5

(1448) Zr - t#{a<ilﬂa>0}1i€7’o

P (ij,j_l)lKJv;l ’ t#{a<Kj5#a>j}1Kj€7’j
where we have used the fact that Ko = ¢ and Kyx41 = 0 to redistribute the factors in the product.
Now let us compute the j-th term in the product on the right-hand side of (14.4.8). It is clearly
sufficient to restrict our attention to j such that K; > 1, since for each j such that K; = 0 the
factors inside the product are all equal to 1; we tacitly assume K; > 1 in what follows. Invoking
(for the first time) the explicit form of the parameters (13.3.3), we find that
(UK‘ _)1Kjer q—ltWKj,j(M)*VKj,j—l(H)7 [ii; > i
(14.4.9) -l =

Tr.>1
(UKj,j—l) 7 —13= VK51 (1)

q ) pK; =7,

where the case px; < j never appears (it would mean that the color K; has traversed beyond
column pigc,, which is forbidden). From (13.3.4), we can write down the ¢ exponents appearing in
(14.4.9). In the case ug; > j (equivalent to K; € Q;), one has
Vics () — Vi 1) = #{a > Kj 1§ < po < py b —#{a > Kj 1 j — 1< po < p; }
:—#{G>Kjlj—1:ua}.
Similarly, for px; = j (equivalent to K; € P;), we find that
—YK;,5-1(0) = #la < Kt pa > pres} —#{a> K j— 1< pa < pigs }
=#{a<Kj:p,>jt—#{a>K;:j—1=pq}.

Using these facts in (14.4.9), we read

)1K.jer ti#{a>Kj:Ma:j71}7 Kj € Qj,

(14.4.10) (ory ) 7
(vK;,5-1)"" 97"

-1
t#la<Kjpa>it—#{a>K;pa=j—1} K; €P;.

e obtain a power of g for every horizontal step by a path in the i-th row of Z), due to the g-shifted argument
of Ci(¢qz;) and Remark 13.2.2.
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We can now see that in either case, the ¢ exponents cancel perfectly with the remaining factors in
the j-th term of the product (14.4.8), and hence

Nk e, #{a>Kjipa=j—1}1x 51
(IUKjJ) 7 7 t J —1x.>1
(vK, j—1) 5> K moiger, 0
J»
Returning to the expression (14.4.8), we have shown that

A (vi0)tico
7. {Fla<ip.>0ilier,’

(14.4.11)

which expresses the remarkable fact that the ratio Z,/Z, does not depend on any of the values of
the colors k:,gj ), not even those for which b = i. Finally, we check that

(’U' 0)1i€Qo Ui70 = q#it’Yi’O(#% { € Q07
(14'4'12) #{a<zi’:/m>0}lie7> =
t 0 t—#{a<ipa>0} _ q’“t%ﬁ“(“), i€ Py,
where in the latter case, we have noted that i € Py implies u; = 0. O

Now we can quickly establish Proposition 13.4.1.

PROOF OF PROPOSITION 13.4.1. Since we have a one-to-one pairing of each non-vanishing
term in the sum (14.4.3) with a corresponding term in (14.4.4), and we have also shown that the
two terms have the correct proportionality constant (14.4.5) irrespective of the values of the internal

states kéj ), (13.4.1) follows immediately. ]

14.5. Proof of Proposition 13.4.2

In this section we establish Proposition 13.4.2. To that end, we make the following claim.

Proposition 14.5.1. The quantity Coeff[(C,, () - - - Cl(x1)>#; x"] is generically non-vanishing and
is given by the weight of the unique lattice configuration of the form

M0+IO(M) MN+IN(M)

T A A
Ty T e 0

n N
(14.5.1) STTTTT vy x

M i=1j=0

T2 2 0

r1 1 0

Mo My

in which path i travels straight for u; consecutive horizontal steps, before turning and exiting at the
top of the p;-th column, for all 1 < i < n.



PRrROOF. In what follows let N = max;c[ ) pti- Let i be the largest integer such that p; = N
(there may be other integers j such that p; = N, and we assume that ¢ > j for all such j). Then
there is no other path which travels further, horizontally, than the path of color ¢ does in order to
reach its final destination in column N.

Given that we wish to calculate Coeff[(Cy,(zy) -+ Cy( xl > ;xH], we restrict our attention to

lattice configurations which give rise to a factor of zf'" =z We claim that the only possible way
in which this factor is obtained is when the path of color ¢ travels horizontally for IV consecutive
steps before turning into the N-th column. In other words, isolating the i-th row of the lattice,

Co C Cy
X i ki1e® koe® kn e 0
Ao A, Ax
and labelling its internal edges as kl,...,k:N as shown above, we claim that the only possible
contribution to x)¥ comes in the case k; = = kny = i. To prove this, we will assume that some
other lattice configuration exists that gives rise to the factor z¥, in which not all ki, ..., ky are
equal to 7, and show that we obtain a contradiction.
To begin, we note that all kq,..., kxy must be nonzero, or else we cannot recover the required

degree in z;. Assume that for some integer p; one has a lattice configuration in which k,, =14
and k,, 11 = j1, where i < j; (note that one cannot have ¢ > j; > 1, since the corresponding
vertex weight in Definition 13.2.1 vanishes). Now the path of color j; must turn out of the i-th row
somewhere before the N-th column, since by assumption ¢ is the largest color such that u; = N.
Let the column where this turning happens be labelled p;. Then we must have k,, = j; and
kp,+1 = j2, where j; < jo. We again find that the path of color j, must turn out of the i-th row
somewhere before the N-th column. One may now iterate this reasoning, ultimately arriving at the
contradiction that ky will be forced to assume a value greater than ¢, which is impossible.

We have thus proved the required statement about the path of color i, completely constraining
its motion to the i-th row, and it plays no role in configurations of the remaining rows. Then
let us define i = (fi1, ..., fin—1) = (U1, -y him1s fit1y-- -, fn), i-€., Wwe omit the i-th part from p.
One may now apply a similar reasoning to the largest integer j such that p; = max;eq n_1y i,
arriving at the same conclusion for the path of color j; namely, it is forced to take max;c(i ,,—1) fi
consecutive horizontal steps before turning into the p;-th column, where it terminates. By iterating
this argument over each of the colors, we arrive at the statement of the proposition. O

Now we can establish Proposition 13.4.2.

PROOF OF PROPOSITION 13.4.2. Let us compute the weight of the configuration shown in
(14.5.1). To do this, we use the formula (14.2.4) to calculate the weight of each of the columns in
(14.5.1), and multiply them together. Each of the columns that appear in the frozen configuration
(14.5.1) take a much simpler form than the generic column components (14.2.4); we denote the
weight of the j-th column by X;, and remark that it is a function only of the colors {a : u, = j}
which exit via its top and those {b : p, > j} which horizontally traverse it. We are able to write

N
(14.5.2) Coeff[<Cn(xn) a C1(JC1)>M; X”] = H X;(Pj; Qj),

=0

192



with P; and Q; as given by (14.4.7), and where we have defined the function
(14.5.3) X;(P:Q) = [ (1 —vp it/ W) = [] (1 — vy e tlet<ritt),
pPEQ peEQ

Rewriting the product (14.5.3) more explicitly, we have

N
Coeff{(cn(xn) - Cl(x1)>“;x“} = H H (1 — v, jt#lE<ig<peltl)

(14.5.4) J=0 =]

n pi—1

= H H (1- viyjt#{€<i:j<uz}+1).

i=1 j=0

To conclude our calculation, we recall the explicit form (13.3.3) of the parameters v; ;. They con-

tribute a factor of ¢7::(#) with ~; ; (1) given by (13.3.4), which can be combined with the ¢#{¢<#j<wue}

term appearing in (14.5.4). Collecting the exponents proceeds as follows:

#U<iij<pe}+7yigp) =#L<i:j<pe}—#k <i:pe>py+##{k>005 <pp < i}

=gk <i:j <pp <pif+H#E>005 < pe <)
=gk <iippe=p}t+#kFi < <p}+#E>0:5 =}
= Q4 (,LL),

with o, (1) given by (13.3.6). Putting everything together, we have shown that

n pi—1

(14.5.5) Coeff |:<Cn(xn) o Cy (xl)>#;x#} = };[1 };[O (1- qlii—jtai,j(#)+1) — mv

with Q,,(¢,t) given by (13.3.5). O
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CHAPTER 15

Vertex Models for Symmetric Macdonald Polynomials

In this chapter we describe a symmetrization procedure which yields the symmetric Macdonald
polynomials, in their integral form. Throughout this section we fix complex numbers ¢,t € C and
adopt the diagrammatic conventions introduced in Section 14.1.

15.1. Partition Function for Integral Macdonald Polynomials

In this section we first provide an expression for the integral, symmetric Macdonald polynomials
in terms of the D(z) operators from Definition 13.2.4, which implies a decomposition of these integral
Macdonald polynomials into sums of the Gy /,, functions from Definition 7.1.1. To define the former,
for any signature A = (A1, A2, ..., A¢) € Sign and sequence x = (21, Z2,...,2x) of complex numbers,
recall the Macdonald polynomial Py(x) = Py(x;q,t) from (6.4.7) of [66]. We further recall from
equation (6.8.3) of [66] the integral, symmetric Macdonald polynomial Jx(x) = Jx(x;q,t), defined
by setting

(15.1.1) Jn(x)

C)\((Lt)P)\(x)? where C)\((Lt) = H (1 - qa(b)tl(b)Jrl)a
beY (M)

and the product is over all boxes b in the Young diagram Y(\) for A. Here, a(b) and {(b) denote
the arm and leg lengths of b € Y(A), given by the number of boxes in Y(\) east and south of b,
respectively; see equation (6.6.14) of [66].

Now let us define the following polynomial, which we will eventually show to coincide with
the integral Macdonald polynomial, in terms of the D(z) operators. In what follows, we recall the
sequence J(v) = (Io(v),I1(v),...) of elements in {0,1}" from Section 13.3, for any composition v
of length at most n.

Definition 15.1.1. Fix an integer p € [1,n]; a sequence x = (x1, 23, ...,T,) of complex numbers;
and a (positive) composition v = (v1,vs,...,1,) of length p. Denoting v, = 0 for k£ > p and letting
N = max;e[y p) ¥, define the set of twist parameters w = (w; ;), where (i, j) ranges over all pairs
of integers (i,7) € [1,n] x [1, N], by setting

(15.1.2) w;; =q"" 1y,
Then, define

n N
(15.1.3) P.(x) = Z H H w%” <M +I(v)|D(2y) -+ - D(21)|M + (e[1 ) €0, €0, - - )>,
M i=1j=1
where we sum over all sequences M = (Mg, My, ...) of elements in {0,1}" such that My = e, for
k =0 and each k > N; we also set M; = (M j, Msj,..., M, ;) € {0,1}" for each j € [1, N], and
erp = (17,0"7P) € {0, 1}" to be the vector whose first p coordinates are equal to 1 and whose last
n — p coordinates are equal to 0.



In particular, P, (x) is diagrammatically given by the partition function

€eo M, +I; ... My + In
0 Zn . .. Tn 0
n N
(15.1.4) Pox) = [ITI w5
M i=1j=1
0 T2 - - To 0
0 T - . T 0
€[1,p] M, My
where we have abbreviated I; = I;(v) for each j > 1. Here, colors 1,2,...,p all enter at the base
of the leftmost column, and this column does not have cylindrical boundary conditions (while the

others do).

Now we can state the following theorem, equating the integral, symmetric Macdonald polyno-
mial Jy(x) with the partition function Py (x) from Definition 15.1.1. We will establish this result
in Section 15.3 below.

THEOREM 15.1.2. Fiz an integer p € [1,n]; a composition v = (v1,vs,...,vp) of length p that is
anti-dominant, namely, 1 <11 < vp < -+ < vp; and a set X = (1,2, ..., Ty,) of complex numbers.
Then, J,+(x) = P,(x), where we recall that v+ denotes the dominant ordering of v.

Remark 15.1.3. Observe by (13.2.1) that the (M + J(v)|D(zy,) - - - D(21)|[M + (e[1,5), €0, €0,---))
appearing in (15.1.3) are specializations of the functions G/, from! Definition 7.1.1, whose r and
s parameters are all equal to t~/2 and 0, respectively (and whose quantization parameter is equal
to t). In particular, Theorem 15.1.2 decomposes the integral Macdonald polynomial J,+(x) as a

linear combination of such functions.

Before proceeding to the proof of Theorem 15.1.2, let us explain how it can be used to recover
an expression from [37] for the modified Macdonald polynomials as a linear combination of skew
LLT polynomials. To define the former, for any partition A = (A, Aa,...,Apr) and sequence of

complex variables x = (z1,%2,...,2xN), let the modified Macdonald polynomial Jy(x) be

(15.1.5) Ja(x) = J,\< [j tjx>.
§=0

Equivalently, (see, for instance, equation (4) of [37]) it is given by the plethystic substitution
JAX] = Ji[(1 — t)7'X], where X denotes the formal sum X = Zfil x;. In the below, we recall
the sequence 8(A) of elements in {0,1}" for any X € {0,1}" from Section 7.1.

lHere, the constituent signatures in A € SeqSign,, and in p € SeqSign,, have different lengths (see Remark 7.1.2)
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Corollary 15.1.4 ([37, Theorem 2.2, Equation (23), and Proposition 3.4]). Fiz integers p,n, N > 1
with p < n; an anti-dominant composition v of length p; and a sequence of compler numbers
x = (x1,%2,...,xN). For each 1 <i<n and j > 1, define

i = wig(v) =g I,

where v, = 0 for k > p, and the exponents f; ;(v) are given by

Buglv) = 3 (#k < ime > ) —p+i).

For any infinite sequence X = (K1,Kao,...) of elements in {0,1}", define u(X) € SeqSign,, so that
$(u(X)) =K. Then,

J»IZ
(15.1.6) Zﬁ (90 ()+20) /(M) (X5 € HH“ 7

i=1j=1

where the sum is over all infinite sequences M = (My,Ma,...) of elements in {0,1}", with M; =
(M, Mo ,..., M, ;), such that I;(v) + My € {0,1}" for each k > 1. Here, we have denoted
MO = (eo,Ml, Mg, .. .),’ jo(V) = (eo,Il,IQ, ce ),‘ and Mp = (e[lyp],Ml, ].\/.[27 N )

PrOOF. By (15.1.3) and Theorem 15.1.2, we have for any sequence of complex variables y =
(y17y27 cee 7yK) that

ZHHwM“ Mo + 3o ()| D(yc) - - - D(y1)| M, ),

M i=1j5=1

where the sum is as in (15.1.6), and we have used the fact that w; ; = 0 for j > v,. Moreover, by
Definition 7.1.1, (13.2.1), Definition 13.2.3, Definition 13.2.4, and the last statement of (8.4.3) we
have

Gu(Mo+70()) /(M) (Y3 g 0;0) = (Mo + Jo(v)|D(yx) - - - D(y1) | M),

and so

n oo

_ M; ;
(15.1.7) T (¥) =Y Gurvtorso))/move,) via 2 10;0) [T T wiy -
M i=1 =1

Taking y = Uj.vzl{:cj,qmj, ...} in (15.1.7), and then appyling (15.1.5) and (the L; = oo limiting
case of ) Proposition 7.2.3, yields

(15.1.8) ZQ,L(MOJFJO(V))/M(M (x;00]0;0) H sz J”-

i=1j=1

By the first statement Theorem 9.3.2 (and recalling the function ¢ from (9.3.1)), it follows that

oo
11T o

Let us analyze the exponent of ¢ appearing on the right side of (15.1.9), assuming that M; ; = 0
whenever ¢ > p (which we may do, since w; ; = 0 whenever ¢ > p). Since v is anti-dominant, we

(15.1.9) jy+ (x) = Zqw(#(Mo-l-Jo(u)))—w(u(Mp))Lj (Mo+T0 (1)) /(M ) X;q)
M

n
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have from (9.3.1) that

l/h—l

@/J(H(j@(v)+M0 ): Z Z M1g+ Z ZM1J+ Z Z thsz7
1<i<h<n j=vp+1 1<h<z<n j=1 1<h<z<n 1<j<k
¢(H(Mp)):% Z Z Mp M+ 5 ZZ — )M j,
1<h<i<n 1<j<k i=1 j=1

meaning that
(15.1.10)

¢ (1T 0) + M) ) —v(p ;i

Since v is anti-dominant, there exists some k > ¢ with v, < j only if v; < j. This would imply
w; ; = 0, in which case the (4, j) summand on the right side of (15.1.9) only contributes if M; ; = 0.
Hence, we may assume in what follows that M; ; = 0 whenever there exists some k > ¢ with v}, < j;
inserting this into (15.1.10) yields

¢(N(30(V)+Mo))*¢ ;z”:i u(#{k<l v > j}— p+l>:zp:§:ﬂi,j,

i=1 j=1

i,j(#{h>i:llh<j}+#{h<i:yh>j}—p—|—i).

||M8

which yields the corollary upon insertion into (15.1.9), since u; j = qBi>J‘wi7j. (]

15.2. Identifying the Macdonald Polynomial

In this section we show that P, (x) coincides with a symmetric Macdonald polynomial, up to a
constant factor that we determine in Section 15.3 below. We first quickly show that it is symmetric
in x, through the following lemma.

Lemma 15.2.1. The polynomial P,(X) is symmetric in X = (T1,T2,...,%n).

PrOOF. By (15.1.3), P,(x) is given by an appropriate linear form acting on D(z1)...D(zy).
Since the D(x;) operators commute by (13.2.5), the symmetry is immediate. O

We next show that any P,(x) is in the span of all nonsymmetric Macdonald polynomials
fu(x) with pt = v+, To that end, we begin by providing an alternative expression for the latter
nonsymmetric polynomials involving both C; and D operators. This will be given by Corollary 15.2.3
below, to establish which we first show the following proposition that essentially “separates out”
the leftmost column from the remaining part of the C,(x,)---Ci(x1) type partition function for
this nonsymmetric polynomial f,, from Theorem 13.3.2. In what follows, we let i be a composition
formed by concatenating p non-zero parts and n — p zeros, namely,

(15.2.1) w=(v1,...,1p,0"P), with v; > 1, for all ¢ € [1, p].
Proposition 15.2.2. Let u = (p1,...,1tn) and v = (v1,...,vp) be two compositions related as in
(15.2.1), and denote the largest part of p by N = max;cp n) pi = MaxX;epy p) Vi Fiz a set v = (v; ;)
of complex numbers, where (i, j) ranges over all integer pairs (i,7) € [1,n]x [0, N], such that v; ; =0
for any (3,7) € [p+ 1,n] x [0, N]. Then, we have

P

i !/

(15.2.2)  (Cp(zn)--- Cl(m1)>u(v) = H(l — 3,0tz - (D(@y) -+ D(@ps1)Cp(y) - - C1(w1)>u(v),

i=1
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with the two linear forms are given by

n N n N
X)) =S TTTT vy e+ 3 Xy, (X)) (v) =S T T viy” O+ 30| X',

M i=1;=0 M i=1j5=1

where the first and second sums are over all sequences of {0,1}" elements M = (Mg, My,...,My)
and M = (My,May,...,My), respectively, setting M; = (M j,Ms ;,..., M, ;) € {0,1}" for each
j. Here, the primed states have the same definition as in Section 13.3, but with all tensor products
starting at j = 1.

PRrROOF. This is a consequence of expanding the partition function on the left hand side of
(15.2.2) with respect to its zeroth column. This column is pictured as

My + (0P, 1m7P)

p+ 1 Tp+1 dp+1

(15.2.3) ZHU%’O P T d,

M, k=1 : .
2 X2 d2
1 21 dy
Mo

where (di,da,...,d,) € {0,1,...,p}". One can see that there is only one possible choice of
(d1,ds,...,d,) which yields a non-vanishing result; namely, (di,ds,...,d,) = (1,...,p,0"P). In-

deed, in view of the vanishing of the fifth weight in Figure 13.1 (that is, Lx(A,j;A;T 1) =0
for 1 < i < j < n) we see that necessarily d,11 = --- = d,, = 0 in (15.2.3). This constrains

(dv,da,...,dp) to be a permutation of (1,2,...,p), and the only permutation which does not lead
to vertices of the form (A,j;A;T,i) for 1 <14 < j < misprecisely (di,ds,...,dp) =(1,2,...,p).

Using the third and last two weights in Figure 13.1, the weight of the column is then readily
computed as

p p
D TI(viot)Meoas = [T(1 = wiot)a,
i=1 i=1
where the left side is summed over all (M9, May,...,Mpo) € {0,1}. We now recognize this as
the formula on the right hand side of (15.2.2). O

Corollary 15.2.3. Let it = (p1,..., ) andv = (11, ... ,vp) be compositions which satisfy (15.2.1),
with v anti-dominant. The nonsymmetric Macdonald polynomial f,(x) is given by

P

(15.2.4) Fu0) = T~ twi o) - 2, (g, (D) -+ D) Cplay) - Cafarn))
=1

| (w)

where the parameters w = (w; ;) for (i,7) € [1,p] x [1, N] are chosen to be as in (15.1.2). The
normalization factor appearing on the right side of (15.2.4) is given by (13.3.5) and (13.3.6).
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PRrROOF. This follows from our previous formula (13.3.2), combined with (15.2.2), together with
the fact that the exponent 7; ; from (13.3.4) is equal to 0 since v anti-dominant. O

Now we can establish the following proposition, indicating that P, (x) is in the linear span of
certain nonsymmetric Macdonald polynomials.

Proposition 15.2.4. For each partition X = Ay > -+ = X\, = 0, let V\ = Spanc{ fu(x)},+=x-
For any anti-dominant composition v = (v1,...,V,) such that v; > 1 for each i € [1,p], we have
P.(x) € Vi, where k = (v,0"P) is the partition obtained by sorting parts into dominant order,
and then appending n — p zeros.

PRrROOF. The proof proceeds by expanding over the configurations of the leftmost column in
(15.1.4). Performing that expansion, we obtain

— o1
(15.2.5) Po(@r, . wn) = (1=t S8 O T2 - (Ca (@) -+ Cay (21)), (W),
D i=1
where © = (di,...,d,) is summed over all permutations of the vector (1,...,p,0"P); we have

%
let inv/(®D) denote? the number of pairs 1 < i < j < n such that 1 < d; < d;; and we have
set Co(z) = D(z). Indeed, the factor (1 — ¢)P [T\, :I:ildl"'>1 arise from to the factors of (1 — ¢)z in
the second and fourth weights in Figure 13.1, and the tin"'(g) factor arises as the product of the
41441, exponents in these weights.

Examining the right side of (15.2.5), we see that the ® = (1,...,p,0"P) term is known already;
up to overall multiplicative constants, that term is a nonsymmetric Macdonald polynomial, by
(15.2.4). Our aim is to show that all terms in the sum (15.2.5) are related to the leading one,
(di,...,dn) = (1,...,p,0""P) under the action of Hecke generators (13.1.3). To that end, we will
use that for any polynomial g € C[x] we have the identity

(15.2.6) Tt (xig(x)) =t Ty - g(x),

which follows from (13.1.3). Using the commutativity of the Hecke generator T[l with the multi-
plication by z;z;+1 (which follows from (13.1.3), since [s;, x;2;41] = 0) and the exchange relation
(13.4.4), we see that for 1 < d; < d;+1 we have

!/

Tfl . tinvl(g) H mzdk>l : <Cdn (z5) -+ Cqy (x1)>y(w)

k=1

. n 1 _
— 4inv (%) H xkdk>1Ti 1. <Cdn (xn) . Cd1 ($1)>;(W)
k=1
v’ (97) L ,
— ¢inv'( x, " <Cd;l (zp) - Ca, (131)>V(w),
k=1

where ©' = ( /1, ce ,d;l) = El(g) = (dl, ce ,difl, di+1, di, di+2, . 7dn) Similarly, using (15.2.6)
and (13.4.4) (in which we act on both sides by T;), we find that for d; > 1 and d;; = 0 there holds

20bserve that this is slightly different from the definition of inv(%), which would count distinct indices %, 7 with
d; =0 and d; > 0.
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1t ) T (Cay () - Cay () (W)

k=1
an 14, > 4
= () 1H T (Cay () Cayln) ()
v’ (97) o1y
_ v’ (D H B2Cy (00) - - Cy, (z1)>;(w),
where again ©' = (d},...,d}),) = s;(®). Letting u = (v,0"P), these two exchange relations and

Corollary 15.2.3 together yield

P, (x ) 1—t (Z T~ > H z"<D($n)'"D(xp+1)cp($p)'"C1($1)>L(W)

Uebn

1—tpt
QV()t H twio)” (ZT> (%),

ceS,

(15.2.7)

where we recall the w; ; from (15.1.2) and for any permutation o € &,, with reduced word form
o = s; - -5;, we have set T, = T;, ---T;, (which is well-defined by the last relation in (13.1.1)).
Here, the factor of t(8) follows from the fact that inv (S) = (2) it® =(1,2,...,p,0"P).

Now fu(x) € V., with & = (v,0"P). Moreover, it quickly follows from (13.1.1) and the
recursive properties of nonsymmetric Macdonald polynomials with respect to the Hecke generators
T, " (see Theorem 4.2 of [46]) that T, 'h € V, for any h € V, and o € &,,. This, together with

(3

(15.2.7), implies the theorem. O

Corollary 15.2.5. For any anti-dominant composition v = (v1,...,vp) such that v; > 1 for each
i€ [l,p|, let k= (vT,0"P). Up to an (at this stage) unspecified multiplicative constant, we have

Pu(x) = dy(q, 1) Pu(x; g, 1),

where Py (x;q,t) denotes a symmetric Macdonald polynomial.

ProoOF. This follows from the fact that, up to an overall multiplicative constant, the only
polynomial which satisfies the properties of Lemma 15.2.1 and Proposition 15.2.4 is P.(x;¢q,t). O

15.3. Identifying the Leading Coefficient

In this section we establish Theorem 15.1.2, which will follow from Corollary 15.2.5, together
with an analysis of the leading coefficient of P, (x).
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PRrOOF OF THEOREM 15.1.2. We must show that

€eo M, +I; ... My + In
p N
(15.3.1) T (x) =Y T T wis x
M i=1j=1
0 To To 0
0 pal xr1 0
€[1,p] M, My

where we abbreviate I; = I;(v) for each j > 1, and for each (7, j) € [1, p] x[1, N] the twist parameter
w; ; is given by w; j = 1,,5;¢" 7 (recall (15.1.2)).
As Proposition 15.2.4, we proved that (15.3.1) gives a symmetric Macdonald polynomial, mod-

i
. . . . . . v, VUp—i
ulo normalization. So, it remains to verify that the coefficient of the [[%_, z; = [[}_, ;"""

monomial is ¢+ (g,t) from (15.1.1), in order to verify the normalization.

Observe that any path ensemble in the above partition function contributing to the coefficient
of this monomial []?_; x”~""" cannot have any path take a horizontal step in some row k > p.
Otherwise, Remark 13.2.2 implies that such a step would contribute a factor of zj to the weight of
this ensemble, and so it cannot give rise to the monomial Hle aciyp"i“. In particular, in any such
path ensemble, each path exits the leftmost column of the model in one of the rows 1,2,...,p.
Given this, the procedure for analyzing the coefficient of []V_; x/7~"" closely parallels the
argument in Section 14.5. In particular, one can show (we omit the proof, since it is entirely
analogous to that of Proposition 14.5.1) that there is an almost unique configuration in the partition
function (15.3.1) which gives rise to the monomial [[}_, ;" "*'; these occur when the path of color
1 makes a right turn out of column zero into row p — i’ + 1 for some ¢’ with v;; = v;, and then
takes v; consecutive horizontal steps in that row, before making a vertical step into its destination
column. The “almost” part of the claim comes parts of equal size in v; if a part is repeated k times
in v, then there are k! possibilities for the corresponding colors to permute themselves in any way,
before making the right turn out of the zeroth column. We thus need to compute the weight of
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configurations of the form

e M, +I; ... Mpy + Iy
A
0 0
0 0
0 0
|
€[1,p] M, . c.. My

and perform the aforementioned summation over permutations of colors in the zeroth column, for
parts of repeated size.
Denoting the colors of the arrows exiting the leftmost column, from bottom to top, by © =

(di1,dsa,...,dy), we find that the weight of this column is given by (1 — t)ptin"/(g) [T5_, i, where
(as in the proof of Proposition 15.2.4) inv’ (5) denotes the number of pairs 1 < i < j < n such
that 1 < d; < d;. Indeed, the factor of (1 — ¢)? [[t_, z; arises from to the factors of (1 —¢)x in the

second weight in Figure 13.1, and the 0 (D) factor arises as the product of the tA@i+1. exponents
in these weights.

Moreover, consulting equation (14.2.4) for the column weights, the contribution to this config-
uration weight coming from the remaining N columns is equal to

p N
Hx;’p—iﬂfl . H H (1- wi7jt#{k<i:w€>j}+1)_
i=1

j=1liw;>j

In particular, this quantity is independent of ® satistying v4, > v4, > e > vg, and dy1 = dpyo =
++o=dn =0, such that va, ,, =Vag, ., = = Vi, , Where K; = 23;11 m;(v), for each i € [1, p|.

Taking the product of the contributions from the leftmost column and the remaining columns;
summing over 2 satisfying the three properties listed above; and using the fact that Zaeek tinvo) =

(1 —t)7%(t;t)x for any k > 0 yields that the coefficient of [[}_, #»~"** in P,(x) is equal to

p N

(15.3.2) 1Tt mu TT T (1 — wi gt e<ize=atn,

i=1 j=1iw;>j

Further observe that, for any partition A = (A1, Ag, ..., \,), we may write the quantity cx(q,t)
from (15.1.1) as

Ai—1 p
(1533) C)\(q,t) _ H (1 _ in—jt#{k>i:>\k>j}+1) . H(l _ t#{k<i:)\k:A7¢}+l)’

=1 j:1 1=1
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where the first product comes from analyzing all boxes in (15.1.1) which have positive arm length,
while the second product deals with all boxes that have arm length equal to zero. Now the theorem
follows from the fact that (15.3.2) and (15.3.3) coincide for A = v+. O
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CHAPTER 16

Expansion of LLT Polynomials in the Modified
Hall-Littlewood Basis

In this chapter we provide a combinatorial formula, as partition functions for a fused U, (5?[(2|n))
vertex model, for the expansion coefficients of the LLT polynomials in the modified Hall-Littlewood
basis. This result is given by Theorem 16.1.3, and its proof will appear in Chapter 17 below.
Throughout this chapter, we fix an integer n > 1. Moreover, for any (possibly infinite) set of
variables x = (21, 2, ..., k); complex number r € C; signature A € Sign,; and signature sequences
A, 1 € SeqSign,,, we recall the LLT polynomials Ly, (x) from (9.2.1) and (9.1.2); the (standard)
Hall-Littlewood polynomials @ (x) from Section 3.2 of [66]; the modified Hall-Littlewood poly-
nomials @ (x) from Section 9.6; and the functions Gy, (x;7 | 0;0) from (8.4.3). We additionally
recall the sequences $(X) = (S1(A), S2(A),...) and J(A) = (Io(A),I;(A),...) of elements in {0,1}"
from Section 7.1 and Section 13.3, respectively (assuming in the latter that £(\) < n).

16.1. Combinatorial Formula for Expansion Coefficients

As explained in Definition 9.5.2, the polynomials Gy, (x;00 | 0;0) and Ly, (x) (and, by
Proposition 9.6.1, also @) (x)) satisfy the compatibility condition of Lemma 9.5.1 that enables us
to view them as elements in the ring A(x) of symmetric functions in an infinite set of variables
x = (x1,%2,...). Since (by, for example, Chapter 3.2 of [66]) the (modified) Hall-Littlewood
functions form a basis of A(x), there exist coefficients f},,(¢) € C(q) such that

(16.1.1) Gasu(x;00 [ 0:0) = > 1%, (0@, (x),

with the sum taken over all partitions v. Recalling the function + from (9.3.1), (9.3.3) implies that
Ga/u(x;00 | 0;0) = gvN =YWL,y (x), and so (up to an explicit power of g) the fX,,.(q) provide
the expansion coeflicients of the LLT polynomials in the modified Hall-Littlewood basis.

The main result to be stated in this section is an explicit combinatorial formula for these
coefficients fi/#(q) for all A, u € SeqSign,, ), and partitions v; see Theorem 16.1.3 below. In order
to state our main formula, we introduce two types of vertex weights; their origin will become clear
in Chapter 17 below.

Definition 16.1.1. Fix nonnegative integers a,b,c,0 > 0 and n-tuples A,B,C,D € {0,1}".
Define V = (V4,...,V,) € {0,1}™ with V; = min{4,, B;, C;, D;} for each i € [1,n]. We introduce
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the lattice weights

(¢, C)
b—|B|—a+1.

(:9)v—B| (g ;
’ LI “1iBj<o1|pj<olato=bre

— (=1 c-HVIqX
o8 o = (1) (¢ 9)o—|D| (a:9)c

(16.1.2)

(a, A)
0—By; —Dyy i
X 1a+B=C+D H (1 —q Li+1,n = 1])’
j:ijDjzl

where the exponent x = x(a,b,¢,0; A, B, C,D) is given by

X = (a —2|D|> N <c;1) ~(c+]C)o+ V|0 — D] + 1) + ¢(D,C) + ¢(V.D — B).

Aside from the vanishing constraints imposed by the indicator functions in (16.1.2), these
vertex weights have additional vanishing properties that result from the g-Pochhammer function
(q[’_|B|_“+1; q). and the factor (1 — qD_BU“'"J_D[LJ’*U) present in the final product.

We will require a further set of weights, whose notation are distinguished from those in (16.1.2)
by means of shading.

Definition 16.1.2. As in Definition 16.1.1, let us fix nonnegative integers a, b, ¢, 0 > 0 and n-tuples
A B,C,D € {0,1}"™ with coordinates indexed by [1,n]. We define the weights

(¢, C)

(16.1.3) (o, ) @.0) = 1liBj=o<1lD|<o<1Llato=bt+cla+B=c4+D - W(a,b,¢,0;A,B,C,D),
(a,A)
where (recalling A, AL, A;’;_ from (8.1.1)) the final function appearing in (16.1.3) is given by
(16.1.4)
W(a,b,¢,0;A,B,C,D) =

q|A|v if (b7B) = (ano)a (C,C) = (avA)v (D7D) = (O,eo),
1, if (6,B)=1(0,e0), (¢,C)=(a+1,A), (9,D)=(1,e0),
(1 - in)qA[Hl’n]a if (b7B) = (anO)ﬂ (C,C) = (Cl+ 17Ai_)a (DaD) = (Lei)v

(1 - qu)qA[j+1’n]1Ai=0 if (haB) = (laei)z (C, C) = (aa A;;i)a (aaD) = (lzej>7

14,0, if (b,B)=(Le), (,C)=(a,Af), (2,D)=(1,ep),

(—1)AigAtm, if (6,B)=(1,e;), (¢,C)=(a,A), (0,D)=(1,e;),

where we assume that ¢ < j whenever ¢ and j both appear. In all cases of (a,b,¢,0; A, B, C,D) not
listed in (16.1.4), we set W (a,b,¢,9;A,B,C,D) =0.

Observe that there are two quadruples we consider in Definition 16.1.1 and Definition 16.1.2.
The first is the quadruple (A, B; C, D) of elements in {0, 1}", which is stipulated to satisfy A+B =
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C + D. We once again view A, B, C, and D as indexing the up-right directed fermionic paths
passing through the south, west, north, and east boundaries of a tile, respectively. The second is
the quadruple (a,b;¢,0) of integers, which is stipulated to satisfy a + 0 = b 4 ¢. In this way, we
may view a, b, ¢, and 0 as counting the numbers of directed down-right paths (that is, they proceed
in a different direction from the fermionic paths) of the same bosonic color that pass through the
bottom, left, top, and right boundaries of a tile, respectively. We provide depictions of these tiles
in Section 16.3 below.

Now we present the main result of this section, Theorem 16.1.3; its proof will appear in Chap-
ter 17 below.

THEOREM 16.1.3. Fliz integers M > 0 and m € [1,n]; signature sequences X, . € SeqSign,,. 5
and a partition v € Sign,,, such that |A| — |u| = |v|. Fiz any integer

m>’

K > max{ _H%?X]‘I()\(i)),w + 1},
e(l,n

and write U = (D1, D2, -+ , U for the signature obtained by complementing v in a (K —1) x m box;
its parts are given by v; = K — vy,_j11 — 1, for each j € [1,m]. Denote T(¥) = (ny,ng,...,0y,) so,
for each j € [1,m],

(1615) nj:Dj+m—j+1:K—Vm,j+1+m—j.

The coefficients (16.1.1) are given by the partition function

(0,81(N) . . 0,8k ()
(m, eo) (0,e0)
(—1)l7l (0,€0) (1,e0)
16.1.6 v =
( ) B0 b, ()G D)
(0, e0) (0,e0)
(0, e0) (1,e0)
(0,81(w)) S .. (0,Sk ()
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consisting of ny + 1 rows, where the i-th row of the lattice (counted from the top to bottom, starting
at i =0) takes the form

0, e0) (1,0) i€ T(v),
(16.1.7) (©,00) ©.00) i (D), i 40,
(m, eq) (0,e0) 1=0.

The constant b,(q) appearing in (16.1.6) is given by b,(q) = H;’;l(q; D (v) -

16.2. Expansion Coefficients for Modified Macdonald Polynomials

Fix complex numbers ¢,t € C; let x = (z1,22,...,2,) denote a (possibly infinite) set of
variables; and let A € Sign denote a signature. Recalling the modified Macdonald polynomial
Jy A(x;¢,t) from (15.1.5), we next provide combinatorial formulas for the coefficients g¥(g,t) in the
expansion

(16.2.1) g ) = gl(a.)Q,(x;t),

where @/, (x;t) denotes a modified Hall-Littlewood polynomial (with its parameter ¢ replaced by
t). Since Corollary 15.1.4 expands Jy over the LLT polynomials, this follows as a quick corollary
of Theorem 16.1.3.

Corollary 16.2.1. Fiz integers p,m € [1,n]; an anti-dominant composition A of length p; a parti-
tion v of length m; and an integer K > max{\p,v1 + 1}. For any integers i € [1,p] and j > 1, set
wi; = q " I1y,5;. Then, the coefficient g5+ (q,t) is given by

(16.2.2)
(O,GO) (07M1+11) (O,MK-i-IK)
(myeO) (0780)
_1)|17‘ p K o (0,90) (1,e0)
Yilg,t) = w; 7 X
g+ (g, 1) by () (6 )m EM:EE J
(0,e0) (0,e0)
(0,e0) (1,e0)
(0,9[14}]) (0,M;) A (0,Mkg)
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where the rows of the partition function (16.2.2) are specified by (16.1.5) and (16.1.7), using
the same weights as in Definition 16.1.1 and Definition 16.1.2 but with the q there replaced by
t here. The sum is over all sequences M = (M, Mas,...,Mg) of elements in {0,1}"™, with
M; = (My;,Ms,...,M,;), such that M;, = 0 for i > p and Iy(\) + My € {0,1}" for each
k € [1,K]. Here, we abbreviated I, = Iy () for each k, and we recalled b, (t) from Theorem 16.1.3.

PROOF. Together (8.4.1), (7.1.3), and Remark 8.4.4 imply the diagrammatic equality

eo S1A) ... ... Sk
ey Iy . o Ty €0
(16.2.3) Gx/u(x;00]0;0) =
€ {L‘z “ee . e ;[;2 €
[=N) xl PP . e 1’1 [T}
el1p] Si(p) ... R Sk ()

where the weights in the j-th row (from the bottom) are given by W, (A,B;C,D | 00,0) =

x‘leq‘F(D*C+D)1‘V‘:01A+Bzc+D. Combining this with (15.1.8) gives
€eg M, +I; .- Mg +Ix
» N
7 M, ;
IneGeigt) =3 T[] wiy” >
M i=1j=1
0 T2 e e To 0
0 X1 e e T 0
©[1,p] M; Mg

where the vertices in the j-row are again taken with respect to the weights W, (A, B; C,D | o0, 0).
This, together with (16.2.3) and Theorem 16.1.3, implies the corollary. |
16.3. Examples

Before moving on to the proof of Theorem 16.1.3, we present some explicit examples of the
combinatorial formula (16.1.6). Naively one would expect (16.1.6) to be a huge sum, but in practice
it consists of just a handful of non-zero lattice configurations, as the following examples indicate.
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All examples in this section were generated by a Mathematica implementation of (16.1.6); the code
is available from the authors upon request.

In what follows, we draw bosonic paths in the color blue. Unlike in previous diagrams, to
simplify the figures, we depict paths as sometimes making diagonal steps, which are equivalent to
making one step up or down and one step right.

Example 16.3.1. Let n = 1, M = 3, A = (A®), and p = (pV) with A® = (2,1,1) and
) = (0,0,0). Let v = (3,1) and choose K = 5, so that 7 = (3,1) and T(7) = (5,2). Given that
|7] =4, m =2, and b,(q) = (1 — q)?, we have

(—1)l7l 1
(16:31) b@ @D (- 0P~ )
The formula (16.1.6) provides two non-vanishing lattice configurations, indicated below with their
weights, where we have multiplied by the overall factor (16.3.1).

—¢? —a(1—q)
We therefore find that f,,(¢) = —¢* —¢(1 —q) = —¢.

Example 16.3.2. Let n = 1, M = 3, A = ()\(1))7 and p = (,u(l)) with A1) = (2,2,1) and
p) = (0,0,0). Let v = (3,2) and choose K = 5, so that 7 = (2,1) and T(7) = (4,2). Given that
|7] =3, m =2, and b,(q) = (1 — q)?, we have

(—1)¥ -1
(16:32) b@ (@D (- 0P~ )
The formula (16.1.6) provides three non-vanishing lattice configurations, indicated below with their
weights, where we have multiplied by the overall factor (16.3.2).

—¢*(1—q) *(1—-q) —q



We therefore find that f)\/ (@) =-*(1—-q) +¢*(1—q)—q=—q.

Example 16.3.3. Let n =2, M = 2, A = ()\(1),)\(2)), and pu = (u(l),u(Z)) with () = (3,1),
A2 =(2,2), uM = (2,0), and u® = (1,1). Let v = (2,1, 1) and choose K = 5, so that 7 = (3,3, 2)
and T(7) = (6,573). Given that |7| =8, m = 3, and b,(q) = (1 — q)*(1 — ¢*), we have

(-ne 1
bo(@)(@ Dm (1= a)3(1—¢*)?(1—¢%)
The formula (16.1.6) provides five non-vanishing lattice configurations, indicated below with their
weights, where we have multiplied by the overall factor (16.3.3).

(16.3.3)

N\ N\
N N\
q(1—q) 1—q
1+4+q 14q
We therefore find that f;\’/u(q) =q(1—-¢?) — ﬁsq — m + Q(11+qq) +1 1+q =1-¢* -

16.4. Pre-fused LLT and Hall-Littlewood Polynomials

Before beginning with the proof of Theorem 16.1.3, in this section we make a slight detour and
give an alternative definition of the coefficients [} / “(q), which will be useful in that proof. This
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is done via a “pre-fused! formulation” (16.1.1), which at the level of the participating symmetric
functions means applying the plethysm X — (1 — ¢)X to (16.1.1), where X = }° _ = (recall
Section 9.5 for our notation on plethysms). By Proposition 9.5.4, this converts Gy, (x;00 | 0;0)
into the pre-fused LLT function Gx,,(x;q~ /% | 0;0), and @), (x) into an ordinary Hall-Littlewood
function @, (x). This plethysm does not affect the value of f§ / . (@)

Lemma 16.4.1. Fiz an integer M > 0, and let x = (x1, 2, ...) denote an infinite set of variables.
For any X\, p € SeqSign,,.\, and partition v, we have that fK/u(Q) 1s equal to the coefficient of Q,
in the Hall-Littlewood expansion of a pre-fused LLT function Gy, (x; g% 0;0), Explicitly,

(16.4.1) Ga/u( 02 10:0) =) f5,(0)Qu (%),

with the sum taken over all partitions v.

Proor. This follows from applying the plethystic substitution X — (1 — ¢)X to both sides of
(16.1.1). Indeed, (9.5.2) and (9.3.3) together imply that this substitution maps Gy, (x;00 | 0;0)
to Gx/u(x; q~? | 0;0) and, by the definition (from Section 9.6) of the modified Hall-Littlewood
polynomials, it also maps @, (x) to Q,(x). |

This pre-fused formulation of the f§ n coefficients turns out to be valuable in the proof presented

in Chapter 17 below, as the pre-fused functions Gy, (x; ¢~ ? | 0;0) and Q,(x) have a simpler
algebraic structure than their fused counterparts. Indeed, (16.4.1) will be our starting point in the
proof of Theorem 16.1.3; one of its main advantages is that it allows us to write an integral formula
for the coefficients f} /”(q), provided by the following proposition and corollary.

Proposition 16.4.2. Let x = (x1,x2,...) denote an infinite set of variables, and let F € A(x) be
a symmetric function with the expansion F = )" ¢,(q)Q., over the Hall-Littlewood basis. Write

F(zy1,...,zN) for the symmetric polynomial obtained by setting x; = 0, for all i > N. For any
partition v = (v1,vs, -+ ,UN), we have
(16.4.2) c(q)—i#y{-~-7{F(x_l ) H S A me Yda;
L 1 - AN 1 s+ *¥N . 9
by(q) 2mi)N Jo c 1<i<jen BT

where the contour C' is a positively oriented circle centered on the origin, and where we assume that
qC' is contained in C (equivalently, |q| < 1). Here, we recall b,(q) = H;’;l(q; D (v)-

PrOOF. The Hall-Littlewood polynomials Py (see Chapter 3.2 of [66]) have the following
orthogonality property, valid for any A, v € Signy:

(16.4.3) oy ?{ ]{P,\ ) T unx”ﬁldwl—lxy

Tj — 4T

1<i<j<N i=1
The relation (16.4.3) can be deduced as a consequence of equation (3.2.15) of [66]. Indeed, the
latter states for any sequence of M > N complex numbers y = (y1,y2,...,yn) that
1 gt
(16.4.4)  Qu(y1,...,ym) = Coeff H (1 1) HH ( . — Bi%i ) Hm ,
1<icj<nN \* 9Tt i=1 ;=1 YT

LOur reason for this terminology is that the associated vertex models under this transformation will only be
partially fused, in that multiple arrows can exist along a vertical edge, but only one can exist along a horizontal edge.
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where the right hand side calls for the coefficient of Hivzl x; " in the Laurent series expansion
(about 1 = --- = xx = 0) of the indicated product, and where this Laurent series is computed

under the assumption that
lyjz; | < 1, for all i< N, 1<j<M,
<

<
<i<j<N.

1
lqziz; <1; forall 1<

Casting (16.4.4) in terms of integrals, it becomes

QV(yla"wyﬂf 27_[_1 % f;

where the contour C' is a positively oriented circle centered on the origin, such that ¢C' and
{y1,...,ynm} are contained in C. Finally, we use the Cauchy identity for Hall-Littlewood poly-
nomials (see equation (3.4.4) [66]) in the preceding integral, which yields

QV(ZJ17~- yJW 2 1 % %C Z P)\ xl ,...,x&l)Q/\(yl’...,yM)

A€Sign i

X H 27T Hx “du;,

1<icj<N I T

-1'1 HH qyj _1 H vi— ldl‘z,
Zi i=1

._qx
1<i<j<N i=175=1

and (16.4.3) follows from the fact that for A\ € Signy the polynomials Qx(y1,...,yn) are linearly
independent as elements in the ring of symmetric polynomials in the M > N variables (y1,...,ym)-

Now starting from the symmetric function identity F' = 3, cx(q)@x, we set z; = 0 for all
1 > N, which yields

(16.4.5) Fzy,...,an) = > e(@)Qa(x1,...,zn).
AN KN

First remprocatlng all variables in equation (16.4.5); then multiplying by Hl Lz -1 H1<i<j<N(xj —
z;)(x; — qz;) !, and next performing n integrations as in (16.4.3), the result (16.4.2) then follows,
recalling that Q) = bx(q)Py. O

Corollary 16.4.3. Fiz integers M > 0 and N > 1; signature sequences A, v € SeqSign,,.,;; and a
partition v. Recalling b,(q) from Proposition 16.4.2, the coefficient f)”\/“(q) is given by

11 e
(16.46) f/u(0) = - Gw .j{C...f;g)‘/u(X—l;r—l/Z 50 ] — Hm s

— qx;
1<i<j<N R

where we have denoted x = (x1,x2,...,xzN), and the contour C is a positively oriented circle
centered on the origin, and where we assume that qC is contained in C (equivalently, |q| < 1).

PRrROOF. This follows from Lemma 16.4.1 and Proposition 16.4.2. (|
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CHAPTER 17

Proof of Theorem 16.1.3

In this chapter we provide the proof of Theorem 16.1.3, which will proceed as follows. First, in
Section 17.1, we write down vertex weights w, that are slightly more general than the L, weights
from (13.2.1); see equations (17.1.1)—(17.1.2). At the level of the underlying quantized affine Lie

I~

algebras, the L, weights are based on U,(sl(1|n)), whereas the w, weights that we provide in

~

Section 17.1 are based on U, (sl(2|n)). This is the first time in our text that we make use of a model
of mixed boson-fermion nature for computational purposes. At a conceptual level, one may think
of the n fermionic species in (17.1.1)—(17.1.2) as the progenitors of a pre-fused LLT polynomial,
while the single bosonic family present in (17.1.1)—(17.1.2) is the forerunner of a Hall-Littlewood
polynomial; the model (17.1.1)—(17.1.2) thus provides us with the necessary algebraic framework
for studying expansions of the form (16.4.1).

Second, in Section 17.2, we construct a certain family of partition functions Z;“‘/”
weights of the model (17.1.1)—(17.1.2). The Yang-Baxter equation provides us with exchange
relations on the family Z ;\4 “ which, combined with an explicit initial condition, suffice to determine
the family uniquely; see Section 17.3. In Section 17.4 we solve these exchange relations and obtain
an integral formula for Z ;\4

The integral formula obtained in Section 17.4 bears obvious resemblance to the right hand side
of (16.4.6), and can in fact be brought identically to that form, via a certain limiting procedure; the
details of this procedure are the content of Section 17.6. Finally, one needs to examine what happens
to the partition function Z;f‘/ “ under the same limiting procedure; this involves some delicate

calculations at the level of the fully-fused U, (;[(2‘77,)) model, and is the subject of Section 17.7. The
final result of these computations is the combinatorial formula quoted in Theorem 16.1.3, which is
then matched with f, courtesy of (16.4.6); this completes the proof of Theorem 16.1.3.

we recall the sequence $(A) = (S1(X),S2(A),...) of elements in

using the

Here, for any A € SeqSign
{0,1}" from Section 7.1.

no

17.1. U, (sl(2|n)) Model

We begin with the following definition for the weights of the vertex model we will use here.

Definition 17.1.1. Fix two n-tuples of integers A = (Aj,As, ..., Apy1) € Zggl and C =
(C1,C4y...,Chy1) € Zggl such that Ay, By € {0,1} for each k£ € [2,n + 1] and A;,C; > 0.
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Further fix two integers b,d € [0,n + 1]. For any complex number x € C, define the vertex weights
C

A

where the values of w,(A,b; C,d) are tabulated below (recalling A, A7, A~ from (8.1.1)), as-
suming that 1 <i<j<n+1:

wz (A, 0; A, 0) wy (A, 05 A D)
=1 — x(_q)1i>2'AiqA[i+l,n+1]
(17.1.2)
= CC(l _ in)qA[i+1,n+1] =1,_1+ 1i>21Ai:0
wx(A,i;Ajj*,j) wg;(A,j;Ajf i)
= ;1;(1 — qu )qA[jJrl,nJrl] (1i=1 + 11221A¢=0) =0

with w, (A, b; C,d) = 0 for any (A, b; C,d) not listed above.

We once again view A, b, C, and d as indexing the colors of the paths vertically entering,
horizontally entering, vertically exiting, and horizontally exiting through a vertex, respectively.
Observe here that, since we impose Ay, Cy € {0,1} for each k € [2, n+1], the colors {2,3,...,n+1}
are all fermionic. However, since the integers A; and C; are permitted to be of unbounded size,
the color 1 is bosonic. Thus, the model (17.1.1)—(17.1.2) is of boson-fermion nature. In fact,
the wy (A, b; C,d) are special limits of the U, (5?[(2\71)) weights Rg;n)(A7B; C,D) introduced and
evaluated in Definition 3.2.1 and Theorem 4.3.2, respectively; we will see this more explicitly in
Section 17.7.2 below.

Remark 17.1.2. The w, (A, b; C, d) weights reduce to the L, (A, b; C, d) ones from Definition 13.2.1
by choosing A; = Cy = 0; restricting b, d to values in the set {2,...,n + 1}; shifting all color labels
downwards by one unit; and replacing ¢ with ¢. This can be verified directly, using the explicit
forms for the w, and L, weights. It can also be viewed as a consequence of the facts that these
w, and L, can both be obtained as the same limit of the R(™) and R(:™ fused weights (from
Definition 3.2.1), respectively, and that the former degenerate to the latter in the absence of any
color 1 arrows.

Next, similarly to as in Section 6.2, we will define a certain vector space and a family of operators
on it. To that end, let A(n) denote the set of all (n+1)-tuples (A1, Az,..., Ant1) € Z;ng such that
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Ay, € {0,1}, for each k € [2,n 4 1]. We associate with this a vector space U(n) (over C) as follows:
U(n) = Spanc{|A>}AEm(n),

and its dual
U(n)* = Spanc{(A|}Aem(n).

We introduce an inner product between U(n) and U(n)* by imposing that (C|A) = 1a=c.
Next, fix a nonnegative integer K and consider the (K + 1)-fold tensor products of such spaces,

UE =UX(n) :=Up(n) @ U1(n) @ - -- @ U (n);
(UFY =UX(n)* :=Up(n)* @ Uy (n)* @ - -- @ U (n)*,

where each U;(n) (and U;(n)*) denotes a copy of U(n) (and U(n)*, respectively). The inner product
between U(n) and U(n)* induces one between UX and (UX)*.
For a (K + 1)-tuple A = (Ao, Aq,...,Ak) of basis vectors in 2(n), denote the elements

JA) = |Ag) ® |[A1) ® - ® |Ak) € UK, (Al = (Ao ® (A1|® - ® (Ak| € (U)".

Then, UK and (UX)* are spanned by such vectors of the form |A) and (A, respectively.
We next define a family of transfer operators on UX and (UX)*, similarly to in Definition 13.2.3
and Definition 13.2.4.

Definition 17.1.3. Fix a complex number z € C; two (K + 1)-tuples A = (Ao, Aq,...,Ak) and
C = (Cy,Cyq,...,Cxk) of basis vectors in A(n); and two indices b, d € [0,n + 1]. Define

(A, b€, d) = Z]_[wr i»Jis Cis i),

where we sum over all sequences J = (jo,jl, ...,Jjx) of indices in [0,n + 1] such that jo = b and
Jrx+1 = d. By arrow conservation, this sum is supported on at most one term.

Next, for any index 0 € [1,n + 1], we introduce the transfer operator B;(x) : UK — UK by, for
any (K + 1)-tuple A = (Ag, A1,...,Ak) of basis vectors in 2(n), setting

B ()| A) =Y wa(A,0;€,i)[C),
(¢4

where we sum over all (K + 1)-tuples € = (Cyp, Cy,...,Cg) of basis vectors in 2(n). This induces
a dual action of B;(x) on (UX)*, defined by

(€8 (x waAOGz (Al

where now we sum over all (K + 1)-tuples A = (Ao, Aq,...,Ak) of basis vectors in 2(n).

The operators 9B;(x) can also be expressed in diagrammatic notation, as follows:

Co Ci Ck

(17.1.3) Bi(@)A)=> | o i |16

e
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Note that each face weight appearing on the right-hand side of (17.1.3) depends on the same
parameter, x. The quantity

Co Ci Cx

Ao A, Ax

is a one-row partition function in the model (17.1.2), and can be calculated by multiplying the
weights of each face from left to right, noting that the integer values j; prescribed to all internal
vertical edges are fixed by arrow conservation.

The following exchange relation for the transfer operators 98, (z) will be useful for us. For K = 0,
it can either be verified directly or deduced from the Yang—Baxter equation Proposition 3.2.4 for
the Rfln) weights (since the content of Section 17.7.2 below implies that the weights w, (17.1.2)
are limits of these fused weights). For K > 1, it then follows from K + 1 applications of the
Yang-Baxter equation. We omit further details of this proof, since it is very similar to that of
Lemma 6.1.3.

Proposition 17.1.4. Fiz complexr numbers x,y € C; an integer K > 0; and indices 0 < i < j <
n+ 1. The transfer operators (17.1.3) on UX satisfy the exchange relations

_(1-9y, ()t LT B
(17.1.4) Bi(z)B;(y) = —— Bi(y)B; () + y_qx%](y)%z( )-

17.2. U, (;[(2|n)) Partition Functions

In this section we define certain partition functions for the vertex model with weights w, from
Definition 17.1.1, which will be useful for combinatorially interpreting the integral appearing in
(16.4.6). To that end, we first require some notation.

Fix an integer M > 0 and signature sequences A, p € SeqSign,,. ;. Further let K be any integer
such that K > max;e[y,,,) max ‘I(A(i)). Additionally fix two integers m, N > 1 as well as a set A =
{a; <--- < am} C[1, N+m], and denote its complement by A = {a; < --- < an} = [1, N+m]\ A.
From these sets, for all 1 <7 < N + m we define

0, i=a;, je€l[l,m],
1, i=a;, jel[LN]
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We introduce a family' of partition functions Z;\“/H(xh ...y TN4m) in the model (17.1.1)—(17.1.2)
as follows:

(0,e0) (0,81 (N) ... (0,Sx(N))
0 TN+m TN+m bN+m(A)
(17.2.1) 23, (@1, TN ym) =
0 To e Ce ) bQ(A)
0 T e . T bl (A)
(N,e0) (0,S1(p)) ... (0,Sk(n))

where the boundary conditions prescribed to the leftmost column inject N bosonic arrows at the
base of the lattice; all other all columns have analogous boundary conditions to those used to define
the G5/, functions from Definition 7.1.3 (see also the left side of Figure 7.1), namely, they inject
fermionic arrows at the base and eject fermionic arrows at the top of the lattice. Note that exactly
N of the integers b;(A) for i € [1, N + m] are equal to 1; the remaining m are equal to 0. Hence
the number of bosonic arrows injected into the lattice (17.2.1) is equal to the number ejected from
it, and the partition function (17.2.1) is generically nonzero.

We may use the row operators (17.1.3) to write the partition function (17.2.1) algebraically as

(1722) Zf/#(l‘l, s ,J}N+m) = <Oa A‘%bN+m(.A)(x]\/'-ﬁ-m,) T %bl(A)(xl)’N, l'l'>7
with row operators given by

%O(m)7 1= Qj, j € [lam]v
By, ) () =

The vectors in (17.2.2) are defined as

(0 = (o[ 2@ (0.5, V0 W)= [Weo) o @

j=1

o,sj(u)> e UX(n).

17.3. Properties of Z;\“/“

The partition functions (17.2.1) satisfy two basic properties which are easily seen to characterize
them. We derive these properties in the following two propositions. In what follows, only the

1We use the word family in the sense of varying the set A C [1, N 4+ m] over all (N;rlm) possibilities.
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r = g~ '/? case of the function Gx/u(x;7 | 0;0) will be useful for us. So, to ease notation, we will

abbreviate in the remainder of this chapter

(17.3.1) Ga/u(X¥) = Gaju(xiq /% | 0;0).

As previously, we refer to Gy, (x) as a pre-fused LLT function.

Proposition 17.3.1. Fiz an integer M > 1 and signature sequences X\, € SeqSign,, ;. When
A={N+1,...,N +m}, we have
N

(1732) Zi]/\;‘rl’m’NJ’_m} (:Bla s 7$N+7n) = anN(Q7 Q)N H $f+1 : g)\/u(xN+17 LR zN-‘rm)a
j=1

where Gy, denotes a pre-fused LLT polynomial (17.3.1).
PRrROOF. In the case A={N +1,...,N +m}, (17.2.2) becomes
Z,{\J/V,L+1 """ N @, ) = <0a)\‘%0($N+m) ~Bo(rn41)Bi(zn) %1($1)‘N7u>.

Now consider the partition function

(0,e0) (0,81(m)) .- e (0,Sk (1))
TN 0 1
(17.3.3) : 0 1
Ty 0 1

(N,eo) (0,81(p)) ... . (0,Sk (1))

which consists of a unique configuration with weight ¢"™"(q;q)n vazl xf“. Indeed, the N
bosonic paths which enter via the base of the leftmost column turn right into each of the N rows,
and completely saturate all edges in those rows. This in turn forces all nM fermionic paths which
enter at the base of the remaining columns to propagate in vertical straight lines to the top of the
lattice. It is then clear that the partition function has a unique configuration and its weight is
readily computed from (17.1.1)-(17.1.2).

Matching each of the N rows in (17.3.3) with their algebraic equivalents (17.1.3), we obtain

N
Bi(wn)- "%1($1)‘N,N> ="M@ gn [[2f - ‘0,H>-

j=1

Thus, to establish (17.3.2), it suffices to verify

(1734) <0, )\}%0(1‘]\]+m) ce %0($N+1)

07/-'L> - g}\/u(xN+1a e 7'TN+m)-

To that end, recall the transfer operators D(z) from Definition 13.2.4 for the L, weights from
Definition 13.2.1. By Remark 17.1.2, Definition 17.1.3, Definition 13.2.3, and Definition 13.2.4, we
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have

(17.3.5) <o, A‘%O(xNer) - Bo(zn21)]0, u> = (A|D(@N4m) -+ D(@n 1) pe)-

Moreover, Definition 13.2.4, (13.2.1), the last statement of (8.4.3), and Definition 7.1.1 together
imply

(17.3.6) </\’D(xN+m) e D($N+1)’[,L> = Ga/u(TNy1s - TN m)-

Together, (17.3.5) and (17.3.6) establish (17.3.4) and thus the proposition. O

Proposition 17.3.2. Fiz a set A= {a; < - - < any} C [1, N+m] and an integer o € [1, N +m—1]
such that « € A and o+ 1 € A. Define the shifted set

Ala s a+1)={a1 < - <ag1 <a+1<ap < - <an}

where £ € [1,n] is the integer such that ap = o (necessarily apr1 > a+ 1, sincea +1 ¢ A). We
have the recursion relation

A _ Tat1 =GTa o (pAesat))) , (L @Tan o A@saty)
(17.3.7) ZA/,L T ol — a4 So (ZA/N ) + To — Ta+l ZA/N ’

where s, denotes the transposition of the variables (o, Ta+t1)-

PROOF. Recall the commutation relation (17.1.4). After choosing i = 0, j = 1, © = z,,
Y = Tat1, and rearranging, (17.1.4) becomes

T — Ty 1—q)x,

(173.8)  By(rest)Bo(wa) = T2 = Pagy 0y () + L DTatlon 0y (2.
Lo+l — Lo Lo — LTa+1

We use this relation in the algebraic formula (17.2.2) for Z;\“/H (z1,...,TN+m); it affects the operators

standing at positions a and « + 1 in the operator product, namely, B1(zq+1)Bo(z4). One sees
that the two terms on the right hand side of (17.3.8) correspond to the respective two terms on the
right hand side of (17.3.7), and the proof is completed. O

Remark 17.3.3. Proposition 17.3.2 allows us to incrementally increase the elements of the set
A which indexes Z;f‘/ o At the expense of generating two terms for each application of the rule
(17.3.7). At the end of this ordering procedure, one obtains a sum over partition functions of

{N+1,...,
the form ZA/”

Proposition 17.3.1 thus completely determine the family (17.2.2).2

N+m}; these are known explicitly by Proposition 17.3.1. Proposition 17.3.2 and

17.4. Evaluation of the Partition Function Z;\“/H

In this section we solve for Z;\“/u that satisfies the two defining relations (17.3.2) and (17.3.7).
Before we do so, it is convenient to define a version of the partition function (17.2.1) with recipro-
cated variables:

N+m
(17.4.1) Z3 @ angm) = [ oF 200 ey
i=1

’In fact, these propositions overdetermine the family (17.2.2), since there are multiple ways of performing the
ordering A — {N + 1,...,N +m}. The fact that all ways of doing this ordering lead to the same answer is a
consequence of the Yang—Baxter equation.
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In terms of these new conventions, (17.3.2) and (17.3.7) translate to

S{N+1,...N n _ _
(17'4-2) Z}{\/:L ' +m}(131, e 7$N+m) =q MN(Q;Q)N H($N+¢)K+1 ’ gx/u(leﬂa e 7IN{§-m)7
=1
and
A _ Ta—qTay1 > A(a—a+1) (1 -q)Ta  sA(a@—sat1)

(17.4.3) 2= s (Zfe7e ) + o I,
We may also write (17.4.3) as

17.4.4 74—, (ZA“H‘””), T, —q— e " 9Patlq gy

( ) Mp Alw 1 To — Ta+1 ( s )

where T,, denotes a Hecke algebra generator in its polynomial representation (which we recall from
Section 13.1). )
Now we can state the following contour integral formula for Z;\“/ w In the below, we recall the

pre-fused LLT polynomial Gy, from (17.3.1).

THEOREM 17.4.1. The partition function (17.2.1) is given by the following multiple integral
formula:

(17.4.5)
_ anN m - B N
Z8ns e vanem) = @y [ Lo oo f Guuters w11 =
i=1 © © 1<icj<m L1 T AW5
m N+m m K
w; — qT; w;* dw;
X .
HH Ww; — Ty Hwifxa.’
i=1j=a;+1 i=1 i

where C' is a positively oriented contour that surrounds all points in qC and in the set {0} U
{371, BRI 7xN+m}-

PrOOF. By Remark 17.3.3, it suffices to check that (17.4.5) satisfies the properties (17.4.2) and
(17.4.4).

Property (17.4.2). Setting a; = N + i for all ¢ € [1,m], formula (17.4.5) becomes

(17.4.6)
— anN m ) B T
Zf/u(-Tl,...,l'Ner):W(q;q)NHxNJri g}\/ll(wl ""7wm1) H ﬁ
i=1 C C 1cicycm Wi r
ﬁ Nﬁm Wi — 4% ﬁ wk dw;
X ? J . i 7 )
i=1j=N+i+1 Wi —&j o Wi — TN+

The integrals in (17.4.6) may now be performed sequentially, starting with the integral over w,,,
and working through to w;. We see that the integrand of (17.4.6) picks up a simple pole at
Wy, = TN4+m, and has no other singularity in that variable. Indeed, by virtue of the fact that C
is contained in ¢~ !C, the points ¢~ tw; for i € [1,m — 1] are not enclosed by the w,, integration

contour; furthermore, the integrand is non-singular at wy, = 0, since Gy, (w] Lo wb) s at most
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of degree K in w,,! (which can can be deduced directly from the vertex model interpretation for

Qk/u(wfl, w;l, ...,w,;1)). Evaluating the residue of the pole at w,, = &N im, we find that
A gmMN m—1 Kt
ZA/;L(mla S TNfm) = W(Q'q N H ngi - (@Ngm)

w; — Wy
% %gk/u O Ve 1a$N+m) H o — aw.
K2

W
1<i<j<m—1 qwy
m—1 N+m m—1

K
w; — Ty

i=1 j=N—tit1 =1 Wi T AENAm Wi T AN

After some cancellation of factors within the integrand, this simplifies to

anN m—1

Zf/u(ml,...,l'Ner) = (27‘_) (q q N H TN+ (.’L'Ner

-1 -1 wi — wj
o ottty T B
3

— QW
1<i<j<m—1 qwj

)K+1

m—1 N+m—1 m—1

<11 11 ﬁj?II@WW

W — TN4i
i=1 j=Npit1 b d g2y r T YN

We are left with an (m — 1)-fold integral that has the same structure as that which we started with.
Indeed, the w,,_1 variable develops a unique simple pole at wy,_1 = & N4m—1; this integration may
be explicitly performed, similarly to above. Iterating this procedure all the way down to w;, we
arrive at the desired result, (17.4.2).

Property (17.4.4). The proof of (17.4.4) makes use of the elementary identity

(17.4.7)
T ( Tatl > _Ta =0Tt _Ta (120 Tt __ Ta(W = Tas1)
w T

— Tot1 a—Tatl W—To Tatl —Ta W—Tap1 (W—2a)(W—Taq1)’

as well as the fact that
(17'4'8) T (f(l'm xa+1)g(xaa za-&-l)) = f(xav xa+1) ‘T (g(xm za-&-l))

for functions f(x4,Zq+1) which are symmetric in (24, Za+1). Choose o € [1, N + m — 1] such that
a€ Aand a+1 ¢ A. Further, fix £ € [1,m] such that o = « (and note that asy; > a+1). We act
on Zf/(s_}aﬂ) as given by (17.4.5), with the operator T,. Denoting a; = a; for each i € [1,m]\ {¢}
and ay = ag + 1 = a + 1, the product
R R w; — qT; 1
[e T TT 2t 1

i£l i=1j=a;+1 Ly i£l

is symmetric in (24, Za41); by virtue of (17.4.8), we therefore have

7 A(a—a+1
To (ZA/(HH " )(xlw-'axN-Q-m))

nMN
q _ _ W; — Wy
( Q7 NH'raq\% '”%CQA/H(wllw"?wml) H 7j

WwW; — qu;
Iy ¢ 1<icj<m 1T AW
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m N4+m

XH H wlz—x..Hwi—lﬂu.Ta( s >Hw o

Wy — X
i=1j=a;+1 J i#£L ¢ atl

Using the relation (17.4.7), we conclude that

> A(a—a+1
To (Z)\/( et )(.1'17...,3?N+m))

q - Wi — Wy
q q H«Ia, ‘Taf % g}\/“ ,...,wml) H I
G | — quj

i£l 1<i<j<m Wi
TN W — gy we — qa 1 1 5
X H H . . H Hw dw;
Dl WiT T WeT Tagr g Wi T T, wp — 24 e

anN . w; — w;
= (%i)m(q,q)Nmej{ 7{ Grju(wityowy) ] P———

bl W;
1<i<jsm

=1
m N+m ws m 1
i J K
X . d

H H w; —xj Hw — Za, Hw Wi

1=1j=a;+1 =1 i =1
where the final expression is recognized as ZA/”(xl, ooy TN4+m). This validates (17.4.4). O

17.5. Degree Counting
In this section we pause to determine the degree of Z;“‘/”, as a polynomial in (z1,...,ZN4m)-

Proposition 17.5.1. Z;\“/“ (T1,...,TN+m) 18 a homogeneous polynomial in (x1,...,TN+m) of de-

gree m(K + 1) — |A| + |p|, and is divisible by x,, for all i € [1,m)].

PRrROOF. Examining the weights (17.1.2), we see that vertices (or faces, which we use to dia-
grammatically represent them) whose right vertical edge is occupied by a path (of any color) receive
a weight of z; conversely, vertices in which this edge is unoccupied have degree zero in x. Working
out the degree of ZA/“(:cl, ..., TN4m) is then a matter of counting the total number of right ver-
tical edges which are occupied by a path; this number is invariant across all lattice configurations,
which immediately yields the homogeneity claim. The number of right vertical edges occupied by
fermionic colors {2,...,n+ 1} is equal to |A| — |p|. The number of right vertical edges occupied by
the bosonic color 1 is equal to N(K + 1). It follows that

deng/p,(xlv s 7$N+m) = |>“ - |/‘l’| + N(K + 1)7
and accordingly (by (17.4.1)),
deng/H(xl,...,xNer) =(N+m)(K4+1)— A+ |p|-NE+1) =m(K +1)—|Al+ |u|

For the divisibility claim, note that the effect of reciprocating all rapidities and multiplying the
partition function by va';m xZK 1 (this is exactly one z; factor for every vertex in row %, for all

€ [1, N +m]) is to reverse the above rule; namely, vertices in (17.1.2) with an empty right vertical
edge will receive a weight of x, while those with an occupied right edge have degree zero in x. As a
result, any row of the partition function Z ;\4/ " (z1,...,TN+m) that has an empty right vertical edge
will be divisible by the rapidity variable associated to that row; the rows which have this property

are precisely those encoded by A= {a; < -+ < am}- O
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17.6. Limiting Procedure

The integral formula (17.4.5) for Z;\“/u depends on a set of variables (z1,...,ZN4m), which up
to this point were indeterminates. We now provide a certain limiting procedure on (z1,...,ZN1m)
which transforms (17.4.5) to match directly with (16.4.6).

Let us define

m

(1761) 3§/N(x1’ e 7‘rN+m) = q_n]V[N(q; q)]i\ll Hx;il . 23\4/“(1'17 e axN+m)'
i=1

17.6.1. Sending z,,,...,%,, to 0. We begin by taking each of the variables z,,,...,%,,, in
(17.6.1) to zero; using (17.4.5), this limit is computed as

(17.6.2)
w; — ’lUj

1
1 DRI 1 A = —_— ... 71 71 —
willrgo hnl}o:’))‘/“(xl,...wzwm) (2ri)m ]{C jigAm(wl U T | I o —qu;

Lam . .
1<i<jsm
N+m w gz m
O Sl K-1
X e ST dw;.
I I = 1w e
=1 j=a;+1 =1
JF#Cit1,0m
17.6.2. Principal Specializations. For the remaining variables x; with b ¢ A, we make the
following choice. We let a; = 1, and write a,,+1 = N + m + 1 by agreement. We further assume
for each i € [1,m] that a;y1 —a; — 1 = Lg;, where L > 1 and g; > 0 are fixed integers. Then for
each i € [1,m] we set

(17.6.3) (:Caﬁ-l’ . 7:Ca13+1—1) = (ygl), . ,y(Ll)) U---u (yggi), . ,y](dg'i)>
with
(17.6.4) yU) = yqt=c,  forall je[l,g] and ¢ € [1,L].

This amounts to splitting the group of variables z;, for b € (a;, a;41) into g; bundles each of cardinal-
ity L, and principally specializing within the bundles. Note that we use the same indeterminate, y,
as base of every geometric progression. In the equations that follow, we denote change of variables
(17.6.3)—(17.6.4) by the symbol {. Applying the change of variables (17.6.3)—(17.6.4) to (17.6.2),
we obtain

T
. . A
I}lllgo-~-za1;g03A/“(x1, e 733N+m)]
1 j{ j{ 1 1 w; — Wj
- o Gap(wrt . wnh) Wi — Wy
(17.6.5) @ri)m Jo oM " 1<i1;[<m w; — qu;
we —ya"\ " 1
X H (C) Hwi}(—ldwi.
1<o<d<m N We ™Y i=1

Due to Proposition 17.5.1 and the fact that we divide by z,,,...,%q,, in the definition (17.6.1),
when (17.6.5) is viewed as a polynomial in y it must take the form

T
(17.6.6) lim --- lim 3§‘/M(x1,...,xN+m)} = ymEoREel o (@)

ZTqq —0 Ta,, —0
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where Cyg, . g,.3 is independent of y, but depends polynomially on q*.

.....

17.6.3. Sending ¢* — co. Using (17.6.5), we compute

;
)" ity igi LY | im -.- 1 A
(17.6.7)  (-y) ! Lhinooq 1 Llllrgo Inl;rgob’:,\/“(:vl, - ,wN+m)}
% % w; — W; 1 ki
Ga/p(wity o wh) H — 7 H 7Hw{<*1dwi.
27” 1<icjem V1T MY 1 Cdagm (we —y)o i=1
Now let us specify the nonnegative integers {gi,...,gm}. Fix a partition v = (v1,v9, -+ ,Um)
such that |v| = |A| — |p| and let o = (91,09, -+ ,U),) denote the partition obtained from v by
complementation in an m x (K — 1) box; namely, 7; = K — vy, ;41 — 1, for all i € [1,m]. We define
9i = U; — Uiqq, for all ¢ € [1,m], where D, 1 = —1 by agreement. This yields
m m m
Zlgz = Zl(ﬁz — 177;_;,_1) = lei +m=mK — |V‘ =mK — |>\| + |l1/|
i=1 i=1 i=1

Comparing (17.6.6) and (17.6.7), we see that the integral on the right hand side of (17.6.7) is
necessarily independent of y. Noting that the contour C' has been chosen such that 0 and y are
contained in C, we are at liberty to take y = 0 in the right hand side of (17.6.7):

T
(176.8) (—y)"Ziio lim g Lo [ lim - lim Osf/u<x1,...,xN+m>}

gL — o0 Tqq —0 Ta,,
1 1 Wi — Wy K—1;—2
= (it e ] ﬁH rdw;
1<i<j<m qwj
-1 _ w; — Wy v 1
= (wit, ... w,t) H 7J H T dwy,

P — qU;j

1<i<j<m qws ;

where we have used the fact that 3, ;.. ga = Vi — U1 =1 + 1.

17.6.4. Match With f;\’/“(q). After relabelling integration variables in (17.6.8) by replacing
w; With wy, ;41 for all i € [1,m], and recalling that Gy, is symmetric in its arguments, we obtain

i
(17.6.9) (—y)~ =1 lim ¢ L2itiio [ lim --- lim 3>\/N(x1,...,xN+m)}

qLHOO Tay —0 Tam —0
1 % ]{ . . Wi — Wi T i1
= . gk (w a"'awm) wi’l dw.
2ri)™ Jo - [\l 1<i1<_]-[<m wj — qw; ]-;[1
Matching with (16.4.6), we have proved that
(17.6.10)
t
)\ EI igi —-L 21 igi 3 . o A — v .
(-v) v fm ¢ ! Lilfgo xalirgOSA/u(wh e 7:vzv+m)} b (@) X /(@)

the expansion coefficients of (16.4.1) thus emerge as a direct limit of the partition function (17.2.1).
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17.7. Limiting Procedure Applied to Z;“‘/u

We begin with some preliminaries regarding vertex weights in Sections 17.7.1-17.7.4, before
turning to the explicit computation of the limits (17.6.10) applied to the the partition function
(17.6.1) in Sections 17.7.5-17.7.6.

The analysis in this section will make use of the (m,n) = (2,n) cases of the RE«WL") fused weights
introduced in Definition 3.2.1 and provided explicitly by Theorem 4.3.2. It will be convenient for us
to alter several aspects of the notation for these weights in this section. First, these fused weights
implicitly depend on two additional parameters (L, M); here, we will relabel them to (L, M), in
order to disambiguate them from the parameters used in previous sections of this chapter. Second,
the argument for Ré}?}j”) is a quadruple of (n + 2)-tuples A’,B’,C",D’ ¢ Z’;gg, with coordinates
indexed by [0,n + 1], such that |A’| = M = |C'| and |B’| = L = |D’|. Here, we omit the O-th
coordinate of these (n + 2)-tuples from consideration. In particular, denoting X' = (M — |X|7X)
for X € {A,C} and X' = (L — |X],X) for X € {B, D}, we write®

R./y(A,B;C,D) = RZM(A',B';C', D).
17.7.1. Doubly-Fused U, (5A[(2\n)) Model. Fix four (n+1)-tuples A,B,C,D € Zggl, with
coordinates indexed by [1,7n + 1], such that
Al,Bl,Cl7D1 >0, and maX{Aj,Bj,Cj,Dj} <1, for j € [2,n+1]

Construct the n-tuple V.= (V4,Va,...,V,41), where Vi = 0 and V; = min{A,, B;,C;, D;} for
j € [2,n+1], and write v = Z?jll V;. By Theorem 4.3.2, the doubly-fused U, (s[(2|n)) weights read

=1la+B=c+pliacmlicicmliBicLDI<L
) (—1)rgeva-m @Sy s B vie,D - V)
q (qL_M_vz;q)U z ) )~y .
Here, we used the fact that >, .y _; Appy1nr1 = @(V, A) and we recalled from (4.1.2) that
ngfv,M)(Av B-— V, C, D-— V) — Z|D\7\B|q|A|L7\D|M+vM7U\A\

(17.7.2) X Z‘I)(C —P,C+D -V -P;¢- "My M)
P

x ®(P,B—V;q "2t g7,

with the sum over all P = (P, P,,...,Py11) € Zg‘gl such that P, < min{C;, B; — V;} for all
i € [1,n + 1], with the function ® given by (4.1.1).

3Recall from Theorem 4.3.2 that these weights only depend on (z,y) through xy~!.
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Now fix complex numbers s,z € C. Inserting (17.7.2) into (17.7.1), analytically continuing in
¢, and setting ¢™™ = 52 and z = s~ gives

(17.7.3)
(—s)PIR,,s(A,B;C,D)
—1 L7v+1x.

_ _ _ S
:1A+B:C+D1|B\<L1|D\<L‘(_1)‘D|+vq¢(V’A)S‘B|$‘D| Bl (1AI-leh L) ( " 19)o
(s¢~7"2;q)

x Z "3 0) e Pi(4" 5 Dpi— (50" Dl (7 dpi-ipi— 1 e
q“72;q)|c|+D|—P|-v (¢*7%q)iB|—v
n+1
% q(Lfv)\P|+¢(D7V,CfP)+w(B7V7P,P) (¢ 9)ci+Di—vi—P, (9B~

(@ dei-p(GD)i-v, (0)p(¢0)B,—P,

17.7.2. Recovering the Model (17.1.1)—(17.1.2). We consider the limits of the weights
(17.7.3) as s tends to 0. Let us denote this limit by

s—0

R,(A,B;C,D) = lim <(s)|DRZ(A,B;C,D) ) :
gM—s—2, 2o /s

Inserting the limits

limy s (571 q" i)y = () g,
. _ _ _ _ _ IB|—|P|—v
il_I}(l)SlB‘ P (s 1$;Q)|B|—|P\—u:(*l’)‘B| Pl vq( 2 ),

into (17.7.3), we obtain

R.(A,B;C,D) =15 1—c+plpj<Llpl<rL - (—1)PITBIFoge(V.A IRl IAIICH =)

v—L.
Xq(L—v+1)u+() o(D— vc)( $4)|D|—v

(q aq)\B| v
(17.7.4) XZ 1)/PlgL=0)Plg=p(D=V.P)  (P75717) p(B-V-P.P)
n+1
(4 9)ci+pi-vi—p; (4:9)Bi-v;

(@ d)ci-p(Ga)D,-vi (G0) P (6D Bi—vi-P

Using the bilinearity of ¢, we deduce

(Lv+1)v+<;>+<|B;|P|>+¢(BVP,P)

=m0+ (P - eepy I - B 4 o8 - VP

Inserting this, together with the fact that

|P|2 n+1n+1 n+1 )
4 ZZPP - > ZP
i=1 j=1 1<i<j<n+1
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into (17.7.4), it becomes
R,(A,B:C,D) = 1a+5_cspLim<LLipjer - (—1)/PI B g2 (VA) 1Pl g(1A1-(C) L)

_L.
x q(L—|B|+1>“+(‘?‘)qw(D*V,@w

(qviL;q)|B\—v
(17.7.5) x 37 (=1)[PlgHPI+¢(B-DP)-|PI|B]
P
n+1 . .
< T (¢ Dcitpi-vi-r, (@ d)B-vi
Pl (¢:0)c,—p.(@:9)Di—v, (:0) P, (¢ Q) Bi—vi—P,

The sum on the right side of (17.7.5) factors, thereby yielding

R.(A,B;C,D) = 1a p-cipl|<ilp|<L - (~1)/PI-BIg#(V:A) 41Dl (AI-ICh (L)

v—L.
> qv(L—IB\+1)+(“§')q@(D_v,C) (" " 9)p|-v

(¢*~% @) Bj-v

17.7.6 ntl )
( ) % H Z (71)Piq(P"2+1)qPi(L*B[qt,n+1]*D[1‘7‘,—1])

i1=1 P;<min{C;,B;—V;}

(¢ 9)c,+D;,—vi—P; (:9) B,V
(¢ 9P (D) pi—v; (60 P (G ) B —vi-P,
Of the n 4 1 sums in (17.7.6), only the first one is non-trivial; the sums over (Ps,..., P,1+1) each

consist of either one or two nonzero summands. Explicitly computing those final n sums, we arrive
at the expression

(17.7.7)
R.(A,B;C,D) = 1a,p-ciplsj<LLjpj<L - (—1)PI= BI04 Dl g2(V-A)+(A-IC) (L)

v—L.
» qv(L—|B\+1)+(l‘§\)+w(D_v,c)(qL’w (1- qL_B[m,nH]_D[LH])
v—L.
(q vQ)\B|—v i€int1]
B;—D;=1
X Z (_1)P1q(P12+1)qP1(L—|B\) (Q§Q)Cl+D1_P1 (q;q)B1 .
Py<min{C1,B1} (6:9)cr—P (@0 Dy (4 0) P (60) B, — Py

Observe the similarity between these weights and those given by Proposition 8.2.5, in that they
both involve a product of terms of the form 1 — ug™Bu+1.m~Pui-1 for v either equal to g~ or 2.
Indeed, it can be shown that the former degenerate to the latter under the correspondence described
in Remark 17.1.2.

Proposition 17.7.1. When L = 1, the model (17.7.7) reduces to the model (17.1.1)-(17.1.2);
namely

R (A, ep; Ceq) L w, (A, b; C,d),

for all (n+ 1)-tuples A, C € Z’;O’l and integers b,d € [0,n + 1].
PrOOF. This follows from inserting L = 1 in (17.7.7). O
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17.7.3. Two Saturated Horizontal Edges. We now examine what happens to the formula
(17.7.7) when the states assigned to the horizontal edges of vertices, namely B and D, are almost
saturated by bosonic arrows (which have color index 1). More precisely, we fix integers a, b, ¢,0 > 0
and choose four (n + 1)-tuples of integers A= (a,A), B= (L—6,B3,...,Bnt1), C= (¢, C), and

D = (L —9,D), where for each X € {A, B,C, D} we write X = (X3, X3,...,Xnt1) € Z;‘Sl. Then,

n+1 n+1 n+1 n+1

(17.7.8) A|=> A, |B|=> B;, [Cl=)>Ci [D|=> D
=2 1=2 1=2 1=2

We continue to write V. = (0,Va,...,V,y1) with V; = min{A;, B;,C;,D;} for j € [2,n+ 1]. By
arrow conservation, we must have a — b = ¢ — 9. By the finite capacity L of the horizontal line, we
also necessarily have b > |B| and 0 > |D|.

For reasons that will become clear later, we let z = y~'¢~"*! in (17.7.7) and multiply our

weights by y"q(;). Since we have

2
=L(JA|+|B|-|C|-D|+a-b—c+02)+ (|C|+c¢—|A|—a— B[+ b+ 1)v

b—|B|+1 b—|B|+1
+|Da+< ||+>|D|D+< |+>+(D|D|+1)v,

<;>+(1—L)(L—D+|D|)+(|A|+a—|C|—c)(L—v)+v(b_B+l)+<L—b+|B>

2 2
if A+ B=C+D and a—b=c¢—0, and since we also have
the result of all of these choices is the following expression:

qu(;)Ry—lq—L+1 (A,ﬁ; 6,]5)

= 1a+B=c+Dla—b=c—21B|<sl|D|<0

% (_1)|D\—\B|—a+b+v a—\Dlqsa(V,A)Jr\DI—a+(“*“§"“)+(b—|D\+1)v

Y
v—L.
(17.7.9) % q(L—a)|c\+<p(D—v,c) (g _L’Q)L*DHDI*U (1 _ qafB[HlmH]fD[Q,i,ll)
(q 7Q)Lfb+\B|7v €2t
BifDizl
: 1 (%:9) (49
« Z(_l)pq(P2 )qp(bfug\) 4;9)c—o+L—p 4;4)L—b

= (@3 @) e—p(@: Do (4 D)p(G D-b—p

Our goal is to bring (17.7.9) into a form whereby all L dependence occurs in the combination g¢'.

Manipulating the g-Pochhammer and g-binomial functions in (17.7.9), we have

(" S Di—vspi—v (@50 Do

(" S ) i—b+Bl—0 (@0 Yoo p)’

(@ @Devrip _ [0 —g"70) (@@-e [T, (A —g™"7)

(@ Q) e—p(@: Q)0 (45 @) e—p ’ (¢ 0)p(6; Qb (¢ 0)p
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Making these substitutions in (17.7.9), we obtain
(17.7.10)
L ~ o~ o~ o~
qu(z)]Ry,lq,L+1 (A,B;C,D) = 1o B-csDla—t—c_oljp|<slp|<o(—1) DI~ BI-2+b+v,2-ID|
% qL(c+\C\)+w(V,A)+ID\fa+(”*“3'“)+(afID\+1)v70|C|+w(D7V7C)

(¢ qil)b—\B|

—1.4-1 H (1 — qafB[i+1,n+1]*D[2,1:_1])
(q 7 q )D*\D| i€2m41]
B;—D;=1
C _ - i— — i—b—
X Z(—1)Pq(p§1)qp(b—|13|>HE:{J(CJ L =) [T (gt — =" ]
p=0 (@) e—p @)y

and indeed our expression depends rationally on ¢-, with no other L dependence. Treating ¢“ as
an arbitrary complex parameter (by analytic continuation) we conclude, by computing the limit
L

q- — oo:

}gn |:q—L(C+|C‘)qu(;)Ry—1q7L+1 (K, ]§, 6, ﬁ>i|
qt—o0

D|—-|B|—-0+b o—|D
=lat+B=c+Dla—b=c—21B|<s]lDI<0 " (—1)IPI=IBI=otbtv, 2D
x (V) +DI=0+(* " ZH) 4+~ |D|+1)v—0|Cl+¢(D-V,C)

(17.7.11) (674 Doip|

90— Bli1.mi1]— Dz
X o Dom (1 — @ Brtrnin =D, 1])
’ =Dl jc2,n41]
B;—D;=1
41 c p+1 1
« (71)cq( 5 )*tb (71)Pq( 2 )qp(b*‘B|*a) ,
1; (@ @)e-p(@: @)y

where we have used the fact that for a — b = ¢ — 0 we have
c—p p

;(i—aﬂ-;(i—b—p) (C_Z+1>—0(c—p)+<p—|2—1) (b4 p)

1 1
:(c;— )—c0+p(0—b—c):<c+ )—co—pa.

2
The sum on the final line of (17.7.11) may now be computed explicitly, using the ¢g-binomial theorem:
¢ b—|B|—a+1.
$(—1)rg("E ) grto-1BI-) 1 _ (@ Brthg)e
= (43 Q) e—p(0:0)p (43 9)e

Using this in (17.7.11), together with the fact that

Eq_?q_iib‘g' _ (1) IBIo Dl () (¢ 1B (€ Doy
q 734 " )o—|D|

(¢:9)o—p|’
we arrive at our final expression
lim q_L(c—HCl)qu(;)Ry—quL+1(;&,ﬁ;é,]’j)}
q-—o0

= 1A+B:C+Dlu*b:C*01|B|<b1|D|<a . (_1)c+vya—|D\qx
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(6:0)o-1m (¢ IBI-o+1,

e ?)o—|D| (a3 9)c

q)‘ H (1 _ q0*3[1+1,n+1]*D[2,i71])
)
i€[2,n+1]
B;—D;=1

where the exponent x is given by

X =¢(V,A) + (° _2|D|) +0(0 — D] +1) + (c—;l) ~(c+|Co+¢(D - V,C).

17.7.4. One Saturated Horizontal Edge. Let us consider a further case of the formula
(17.7.7), when one horizontal edge state (D) is almost saturated by bosonic arrows, while the other
horizontal edge state (E) is empty. Specifically, we fix integers a,¢,0 > 0 and N > L, and choose
(n+ 1)-tuples A = (N —a,A), B=¢ej, C= (N —L—¢,C), D = (L —0,D), with the coordinates
of A,C,D € {0,1}" indexed by [2,n + 1].

In this case, given that B = ey, we have V = ey. By arrow conservation, we must have
a = ¢+ 0. By the finite capacity L of the horizontal line, we also necessarily have ? > [D|. As we

L+1 in (17.7.7) and multiply our weights by qu(g), which results

did previously, we let x = y~1¢~
in the following expression:

(17.7.12)
L ~ ~ ~
qu(z)Ry—lq—LH (A7 eg; C, D) = 1A:C+D]—a:c+a1|D\ga<—1)L_a+‘D|ya_|D‘
. —L.
y q(LJQFI)+L|C|+\D|—D—|C|D+tp(D,C) (Qa Q)N—u(q 7q)L70+|D| .
(¢ @) N-L—c(@ Qite—a

Once again, we wish to rearrange so that all L dependence occurs via ¢-. We do this making use of
the relations

_ (¢ %) (e (¢;9)
(q L;Q)L7a+\D| = m =4q (3 )(—1)L : m,
(4;9)N—a _ (@9n-a  (¢"°T59)e

(GON-L-(GDLo  (GDN-L (490
which when substituted into (17.7.12) produce the formula
(17.7.13)
L ~ ~ o~
qu(z)Ry,lq,L+l (A, e0;C,D) = 1a—cDlacciolipjcs - (—1)°Ply2~ID!

« gt|CI+IDI=0-|Clo+¢(D.C) ("5 9)s (G 9)N—a

(@P=;9)0_p| (G @) N—L—
L(cl+o) (BDN-a
(Q§Q)N7L7c

=la=c+plo=c+olD|<o " ¢

v L —o+i
_1yo-ID|,2-ID| [D|-o-[Clo+e(D,c) [liz1 (47 —a °)
x (1) Ply-IPlg v .
(@P1=2:9)o |
We conclude by taking the limit ¢- — oo:

: - (@) N-L- L ~ ~ ~ ~

(17.7.14) quéo q LﬂCHa)mqu(z)Ryﬂqﬁﬂ (A,B;C,D)
_ . (_1)/Dl,p=ID| /D]~ [Cld—(*}*)+¢(D,C) 1

=1la-cipla=crolpj<o - (1) 'y q ("2')+e Ol
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17.7.5. Partition Function Limits (1).

Proposition 17.7.2. Computing the same limits and change of variables as in (17.6.5), we have

)
(17.7.15) | lim --- lim 3§/u(x1,...,xN+m)] =

Zqq —0 Ta,, —0
(0,e0) (0,S1(N)) (0,Sx ()
gm {(0,80) (L,eo)
0 0
g2 {(O,EO) (L,eo)
MY (g q) " % 0 0
(0, e0) (L, eo)
91
(0, e0) (L, e0)
0 0
(N, e0) (0,51 (1)) .. . (0,Sk ()

where we use different vertex weights throughout the lattice, as indicated by different colorings/shadings:

C
o, 4 1s given by (17.1.1)~(17.1.2) with w, (A, b; C,d) — ilg}) 3:1b>0_1d>°+1wl/m(A7 b; C,d);

o o 15 given by (17.1.1)-(17.1.2);

* 5 D 18 given by qu(g) “Ry-14-141 (A,]NB; (NJ,]N)) as in (17.7.10);

C ~ ~ ~ ~
* 5 D D 18 giwen by qu(g) ‘Ry-14-2+1(A,B;C,D) as in (17.7.13).
A
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PROOF. Recall the definition (17.6.1) of :’)f/u(xl, .., ZN4+m). It may be rewritten as

m N+m
(17.7.16) 3@ rvem) ="M@ o [t T 5 2806 et
i=1 i=1
where the partition function Z;\“/“(xl_l, e >$E1+m) is given by (17.2.1). The ¢-dependent factors

within (17.7.16) match with those on the right hand side of (17.7.15), so we may neglect them in
the remainder of the proof.

Taking the limits as z4,,. .., Z4,, tend to 0 affects only the weights of rows a4, ..., an, within
Z:\“/ u We compute these limits by distributing the factor xﬁf across the weights of the leftmost
K vertices of row a;, prior to taking z,, to 0; we do this for each i € [1,m]. After performing
the limits the effective weights in row a; are given by (17.1.1)—(17.1.2) with w,(A,b;C,d)
lim, g (x1b>0’1d>0+1 w1/, (A, b; C, d)) for any vertex not in the rightmost column of the lattice,
and by (17.1.1)—(17.1.2) for the rightmost vertex within the row. The resulting rows as,...,am
ultimately become the shaded rows of (17.7.15).

Next we study the effect of specializing variables, as in (17.6.3)—(17.6.4), within 33‘}/“. Bearing in
mind that the alphabet (z1,...,2ZN4m) is reciprocated within Zf/u(xfl, e ,x;,ler), the change of
variables (17.6.4) instigates fusion (recall Chapter 3, in particular Definition 3.2.1, Definition 3.1.3,
and Definition 3.1.1) of the rows a; + 1,...,a;41 — 1 of the lattice, for all ¢ € [1,m]; these rows get
replaced by g; rows within the model (17.7.7). The parameter = appearing in (17.7.7) is replaced

by y~'q~L*!, which is the base of the geometric progression (17.6.4) modulo the aforementioned

reciprocation of variables. The weights (17.7.7) also need to be multiplied by y'-q(;), which is an
artifact of the factor ijH appearing in (17.7.16), once that factor is distributed over the K + 1
vertices within row j of Z;\“/ o for each j € (ai,a;+1). These considerations lead to the unshaded
rows of (17.7.15).

Finally, after performing fusion each of the unshaded rows in (17.7.15) has a right edge state
(L,ep); that is, it consists of L bosonic arrows and no fermionic arrows. It is therefore convenient
to work in terms of saturated left/right edge states as in Sections 17.7.3 and 17.7.4. O

17.7.6. Partition Function Limits (2).

Proposition 17.7.3. Computing the same limits and change of variables as in (17.6.7), we have

;
(17.7.17)  (—y)~ 219 Jim ¢t X9 | Qim - 1Tinni>0 3“;}/“(:51, e ZNtm) | =

qt— oo Tay —0 Tq
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(0,81 () .. .. (0,Sx(N)

gm { (L —m, eo) (L, eo)
1 0
92 { (L, e0) (L, eo)
—_1zl
Eq;lq))m - ' 0
(L,eo) (L,eo)
) (L,eo) (L,eo)
1 0
(0,51 (k) e e (0,8 (m))

where the vertices in (17.7.17) are the same as those used in Proposition 17.7.2, but with y = 1.

PRrOOF. We study the limit as ¢" tends to oo of the partition function (17.7.15). The first thing
to observe is the cancellation of the factors ¢="M¥ and (g¢; q);\,1 multiplying (17.7.15) with certain
terms in the weights of the vertices.

The factor ¢~"M¥ cancels perfectly with ¢"/©! present in (17.7.10) and (17.7.13). Indeed, the
factor ¢“€l contributes one power of b for every fermionic path which passes through the top of a

vertex or . This leads to nM powers of ¢- per unshaded row, and there are o9

such rows; the total contribution from the ¢-C! factors is thus q”M'LZ;'lzlgf = ¢"MN as claimed.

The factor (q;q)l_\,1 cancels perfectly with (¢;q)n—a(g; q)]_\,a,rc present in (17.7.13) and the factor
(J - 17 eO)

(1 — ¢’) arising from vertices | 1 in the leftmost column of (17.7.15). Indeed, in every

(jv eO)
configuration of the leftmost column, these factors must always telescope to yield (¢;¢)n, in view
of the top/bottom boundary conditions of this column.

After cancelling ¢“€! from (17.7.10), the renormalized weights are polynomials in ¢- of degree
¢. Similarly, after cancelling ¢~°!(¢; ¢) y_a(g; q);,lfl_fc from (17.7.13), the renormalized weights are
polynomial in ¢- of degree d. Since we wish to take the limit ¢~ — oo, we now examine which
lattice configurations contribute maximal degree in ¢".

The leftmost column can contribute at most degree m in ¢”; this occurs when a bosonic path
turns right into each of the m shaded rows of (17.7.15), leaving exactly m “vacancies” distributed
across the unshaded rows, and results from taking the top degree term of the renormalized weights
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(17.7.13) for every vertex in the column. If we choose the configuration with all m vacancies

occurring in the highest unshaded row, we obtain the following picture:

(0,e0) (0,S1(A) ... . (0,SK (X))
gm {(07 eo) > L —m (L,eo0)
g2 {(07 eo) ) L (L,e(])
(17.7.18) ol Lly 0
(07 eo) > ], (L,eo)
g1
(0,ep) > ], (L,eo)
0 —> 1 0
(N,eo) (0,S1(p)) ... .. (0, Sk (1))

It is straightforward to show that the remaining columns in (17.7.18) contribute degree .~ ig; —m
in ¢” (again, this results from taking the top degree term of the renormalized weights (17.7.10) for

every vertex in the lattice). Furthermore, it easy to show that any other configuration

of the leftmost column would lead to smaller overall degree in ¢g”. It follows that when taking
the limit ¢* — oo, only the configuration (17.7.18) needs to be considered, and it has degree
(i igi —m) +m =371 g in g".

Multiplying (17.7.15) by ¢ L2119 (—y)~ 2199 and letting ¢~ tend to oo, we thus obtain
(17.7.17). The factor of (—1)I”*™ is due to (—1)~ 219 that we multiply by, and the factor of
% is the result of computing the weight of the top vertex in the leftmost column of (17.7.18)
(all other vertices in the leftmost column of (17.7.18) can be considered to have weight 1, in view
of previously cancelled-off factors). ]

17.7.7. Final Matching. Given the analysis in the previous sections, we can now quickly
establish Theorem 16.1.3.

PROOF OF THEOREM 16.1.3. Comparing (17.6.10) and (17.7.17) now yields equation (16.1.6).
In producing the match we perform a complementation by L of bosonic states that live on left and
right edges of vertices; namely, such a state (L—b, B) in (17.7.17) gets replaced by (b, B) in (16.1.6).
We also implement an analogous complementation for labelling of left and right edges of shaded
tiles in going from (17.7.17) to (16.1.6) (namely, we replace an arrow configuration (A,b;C,d)
with (A,1—0;C,1 —d)). It is quickly verified under this complementation that the white tiles of
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Proposition 17.7.2 transform at y = 1 into the unshaded ones of Definition 16.1.1 and that both the
green and gray tiles of Proposition 17.7.2 transform into the shaded oned ones of Definition 16.1.2.

Shaded rows in (17.7.17) occur at row m—i—|—2§n:i g; for each i € [1, m], where rows are counted
top to bottom, starting at zero. This matches with the vector n in (16.1.6), since g; = 7; — ;41
and 7,11 = —1 together imply Z;nzl 9; =0 + L. O
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A(x); ring of symmetric functions in x, 116
Q,(q,t), 25, 177
D\, 52, y), 55
7,(C), 182
T(A), 20, 155
Oéi,j(/J,), 25, 177
A, p; typical signature sequences, 14, 81
0™ sequence of zero signatures, 15
AN /p'; dual, 113
N, 18
pu C A, 109
&; sequence of empty signatures, 15
|A/p|; size of A/, 109
|A]; size of A, 14
mi(), 174
Vi, g (:u“)a 247 177
A, ; typical signatures or partitions, 14, 81
0°; zero signature, 14
£(N\); length of X\, 14
ht(A/p); height of a ribbon, 109
N /iy dual, 113
N, 18
[A/p); size of A/p, 109
|A|; size of A, 14
<A 109
sp(A\/p); spin statistic, 109
J; empty signature, 14
AL (AL 81
T dominant ordering of u, 23
w, 173
wz (A, B;C,D), 55
¥, 18, 113
0y, 37
p, 12
vy, 66

A(n), 216

Index
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\A), 71, 217
AT AT AL

s 24,95
B(xz;r), 72

B, (x), 217

b;i(A), 219

b,(q), 29, 208

(€|, 71, 217
C(x;r), 72
Ci(x), 176
ex(g, t), 195

ID(;7), 72
D(x), 176

/), 127
€y, 13, 61
€e;, 23

6[171‘], 23
e{lyn], 13, 61

Fa/u(x;r | y;s), 15, 81
F)\(X;I‘ | y;S), 167 81
Faju(x;00 | 0;0), 18, 105
Faju(x;00 | y;0), 105
£9(x | s), 20, 151
Fx(x | y), 155
A(x), 155
£%),(0), 27, 205
fu(x); nonsymmetric Macdonald polynomial,
93, 174

Gx/u(x;r | y;s), 15, 81
G)\(X;I' | Y;S)a 157 81
Ga/u(0;x | 050), 105
Ga/u(x;00] 0;0), 18, 105
Ga/u(x;00 | y;00), 105



Gau(x;7 | 0;0), 19, 105
Ga/u(x), 220
Ga/p (%), 152
g (x| s), 20, 151
Gy/p(x), 152
g% (g, 1), 27, 208

Hy/u(x;1 | y;s), 81
Hx(x;r | y;s), 81
Hon/p(x;00 | 00;500), 105
Hoa/u(x;00 | y;00), 105

inv, 20, 46, 66, 120, 155
invy, 20, 155
I(w), 24, 119

Jx(x); integral Macdonald polynomial, 23,
195
Jx(x); modified Macdonald polynomial,
26, 196

La(A;b; €;d), 176

L.(A,b;C d) 24, 175
Ly(A,B;C,D), 181

Lx/u(x); LLT polynomial, 18, 111
£§1) (%), 110

( k); marked sequence, 22, 165
M.(A,B;C,D), 149

M(I); set of sequences with fixed
multiplicities, 46

my(Z); multiplicity of k in Z, 46

Py (x); symmetric Macdonald polynomial,
195
P.(x), 196
Br(A/p), 82
H(A/ ), 82

Q@ (x); Hall-Littlewood polynomial, 30, 119
Q' (x); modified Hall-Littlewood
polynomial, 19, 119
Qr(N), 154
Qg (N), 150

q; quantization parameter, 11

R.(2); fundamental R-matrix, 33
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RYY™(A,B;C,D), 5
Ruy(A,B;C,D), 5
R. (Ab .d), 5

SeqSign,,; set of sequences of n signatures, 14

SeqSign,,.»s; set of sequences of n
signatures of length M, 14

Sign; set of all signatures, 14
Sign,; set of length ¢ signatures, 14

S ; symmetric group, 17
o(2), 17

s;; transposition (7,7 + 1), 47

8(A), 15, 81

sx; Schur function, 20, 160

T;; generators of Hecke algebra, 173
Tg.p(x;r); transfer operator, 71

T, 14

TTB;D (z; r); normalized operator, 71

(u; q)r; g¢-Pochhammer symbol, 12
U(n), 217
UK (n)*, 217

V, V*; vector spaces, 71
v;,5(1); twist parameters, 24, 177

W(E | x;r | y;8); ensemble weight, 82
W.(A,B;C,D | r,s); fused weight, 12, 61
W(A,1;C,j), 95
W.(A,B;C,D | 0,0), 104
W.(A,B;C,D | 00,0), 104
W, (A,B;C,D | o0, 00), 104
W.(A,B;C,D | r), 104
Wey(A,B; C,D | 00,0), 104
(A, B; C,D | 00,00), 104
Wi (e F | z | x,s), 66

Wryy(\A B; G, D); single-row partition
function7 69
W(é’ | x;r | y;s); normalized ensemble
weight, 82
WZ(A, B;C,D | r, s); normalized fused
weight, 14, 62
W,(A,B;C,D | 00,0), 104
W,(A,B;C,D | 00,00), 104
Wiy (A, B; C,D | 00,0), 104
Wiy (A, B; C,D | 00,00), 104



o~

Wa.y (A, B; €, D); normalized single-row Y(A\); Young diagram of A, 109

partition function, 69 yi(w; g, t); eigenvalues of Cherednik—Dunkl

wy (A, b; C,d), 216 operators, 174
(z;7), (y; s); rapidity parameters, 11, 62 Z(A,B:;¢,D | x,y), 45
X[j,k]v 13) 95 Zf/”(xl,...,IN+m), 219
X, 46 725 (€5 | 2), 37

; reverse ordering of X, 45, 113, 139, 151 ZD 2A %f ¢ ’D’ 45
X>Y. 13 _;C,y( ) 3 &y )7

Z 5 Z;“‘/”(Jcl, ey TNAm), 222
Y;; Cherednik—Dunkl operators, 173 Z.4(A,B; €, D), 47
Y(A\/u); Young diagram of A\/u, 109 3f/u(l”1, ey TNym), 225
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