npj | quantum information

Article

Published in partnership with The University of New South Wales

3

https://doi.org/10.1038/s41534-024-00854-5

Group-theoretic error mitigation enabled
by classical shadows and symmetries
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Estimating expectation values is a key subroutine in quantum algorithms. Near-term implementations
face two major challenges: a limited number of samples required to leam a large collection of
observables, and the accumulation of errors in devices without quantum error correction. To address
these challenges simultaneously, we develop a quantum error-mitigation strategy called symmetry-
adjusted classical shadows, by adjusting classical-shadow tomography according to how symmetries
are corrupted by device errors. As a concrete example, we highlight global U(1) symmetry, which
manifests in fermions as particle number and in spins as total magnetization, and illustrate their group-
theoretic unification with respective classical-shadow protocols. We establish rigorous sampling
bounds under readout errors obeying minimal assumptions, and perform numerical experiments with
a more comprehensive model of gate-level errors derived from existing quantum processors. Our
results reveal symmetry-adjusted classical shadows as a low-cost strategy to mitigate errors from
noisy quantum experiments in the ubiquitous presence of symmetry.

Quantum computers are highly susceptible to errors at the hardware level,
posing a considerable challenge to realize meaningful applications in the so-
called noisy intermediate-scale quantum (NISQ) era'”. One particularly
promising and natural candidate for NISQ applications is the simulation of
quantum many-body physics and chemistry”™. In order to minimize the
accumulation of errors, such algorithms prioritize low-depth circuits, for
instance, variational quantum circuits”"". However, in order to exhibit
quantum advantage, these circuits must also be beyond the capabilities of
classical simulation' ™", resulting in noise levels that nonetheless corrupt the
calculations.

While quantum error correction is the long-term solution, current
state-of-the-art hardware is still a few orders of magnitude from achieving
scalable, fault-tolerant quantum computation'>>. In the meantime, there
have been considerable theoretical and experimental efforts probing the
beyond-dlassical potential of NISQ computers™*. Should such an appli-
cation be demonstrated, quantum error mitigation (QEM) is expected to
play a crucial role. Broadly speaking, QEM aims to approximately recover
the output of an ideal quantum computation, given only access to noisy
quantum devices and offline classical resources. We refer the reader to refs.
4748 for a review of prominent concepts and strategies in QEM.

A related but separate challenge for NISQ algorithms is the need to
learn many observablesin a rudimentary fashion, i.e,, by repeatedly running
and sampling from quantum circuits. The number of repetitions required
canbe immense, both tosuppress shot noise and to handle the measurement
of noncommuting observables**". One particularly promising approach is

that of classical shadows™’. In contrast to prior measurement
strategies' "™ *, classical shadows are remarkably simple to implement and
have been shown to exhibit optimal sample complexity in certain important
scenarios™™.

Classical shadows were developed primarily from the union of two
themes in quantum learning theory: linear-inversion estimators for state
tomography™™* (closed-form solutions that admit fast postprocessing and
rigorous guarantees) and the framework of shadow tomography™** (predict
only a subset of observables, not the entire density matrix). The result is a
simple but powerful protocol that accurately estimates a large collection of
observables from relatively few samples. In terms of quantum resources,
classical shadows only require the ability to measure in randomly selected
bases, making the protocol particularly amenable to NISQ constraints.
These desirable features have inspired a wide range of extensions and
applications, for example: entanglement detection’’, quantum Fisher
information bounds™®, learning quantum processes***, navigating varia-
tional landscapes™”, energy-gap estimation®, and applications to
fermions™”* and bosons’. For an overview of classical shadows and
randomized measurement strategies, see ref. 77.

Due to their experimental friendliness and versatile prediction power,
classical shadows naturally have been considered for QEM as well. For
example, refs. 78,79 used classical shadows to approximately project a noisy
quantum state toward a target subspace via classical postprocessing, the
subspaces being either the logical subspace of an error-correcting code™ and/
or the dominant eigenvector (purification) of the noisy mixed state” . These
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shadow-based ideas circumvent some of the difficulties of performing sub-
space projection, at the cost of an exponential sample complexity. Meanwhile,
ref. 83 intertwined classical shadows with other popular QEM strategies, with
a particular focus on probabilistic error cancellation™. They establish rigorous
estimators and performance guarantees, assuming an accurate character-
ization of the noisy quantum device. Finally, refs. 85,86 described modifica-
tions to the classical linear-inversion step in order to mitigate errors in the
randomized measurements. In particular, robust shadow estimation™
assumes no prior knowledge of the noise, instead implementing a separate
calibration experiment that learns the necessary noise features.

In this paper, we take this latter perspective™, with an eye on a more
comprehensive mitigation of errors beyond readout errors. We introduce a
QEM protocol, which we refer to as symmetry-adjusted classical shadows,
that takes advantage of known symmetries in the quantum system of
interest. For example, in simulations of chemistry, the number of electronsis
typically fixed. The corruption of such symmetries by noise informs us how
to undo the effects of that noise. Crucially, because randomized measure-
ments scramble the information, the other properties of the quantum sys-
tem are corrupted (and therefore can be mitigated) in the same manner.
Using these insights, symmetry-adjusted dlassical shadows appropriately
modifies the linear-inversion based on the symmetry information alone.

A notable advantage of our protocol is that we do not run any extraneous
calibration experiments. This has the added benefit of inherently accounting
for errors that occur throughout the full quantum circuit, rather than the
randomized measurements in isolation®™ . Also, the simplicity of the pro-
tocol allows for additional QEM techniques to be straightforwardly applied in
tandem. Finally, in contrast to other symmetry-based ideas™ ", our
approach goes beyond the concept of symmetry projection, instead utilizing a
unified group-theoretic understanding of dlassical shadows in conjunction
with symmetries. We expound on this distinction in the Supplementary
Discussion, wherein we review these prior symmetry-based QEM techniques.

This paper is structured as follows. In the Results section, we begin by
establishing preliminaries and background material. We then introduce our
main contribution, symmetry-adjusted classical shadows, and describe its
key application for mitigating local fermionic and qubit observables. We
follow by highlighting additional technical results: a modification to random
Pauli measurements required to tailor its irreps for use with common
symmetries, called subsystem-symmetrized Pauli shadows; an improved
design for compiling fermionic Gaussian unitaries with lower circuit depth
and fewer gates than prior art; and a symmetry adaptation to fermionic
classical shadows which reduces the quantum resources required, applicable
to fermionic systems with spin symmetry. Finally, we close the Results
section with a series of numerical experiments, demonstrating the effec-
tiveness of our error-mitigation protocol under realistic scenarios. This
indludes simulations of a noise model based on existing superconducting-
qubit platforms™. In the Discussion section, we summarize our findingsand
discuss future prospects. In the Methods section, we illustrate the general
theory of symmetry-adjusted classical shadows, and we provide further
technical details regarding the applications to fermion and qubit systems
with global U(1) symmetries. Details regarding the mathematical proofsand
numerical simulations are provided in the Supplementary Information, and
code for the latter is available at our open-source repository (https://github.
com/zhao-andrew/symmetry-adjusted-classical-shadows).

Results

Background

First, we provide a review of classical shadows™"* and robust shadow
estimation™ necessary to understand our technical results. Readers familiar
with this background material can skip to the subsection “Symmetry-
adjusted classical shadows,” after familiarizing themselves with the notation
that we establish below.

Notation and preliminaries. For any integer N>1, we define
[N]:={0, ...,N — 1} (note that we index starting from 0). We use i =
+/—1 for the imaginary unit.

Throughout this paper, we consider an n-qubit system with Hilbert
space H := (C*®". Its dimension is denoted by d = 2" unless otherwise
specified. We often work with the space of linear operators £(H) = C**¢
as a vector space, so it will be convenient to employ the Liouville repre-
sentation: for any operator A € L(H), its vectorization |A)) € C* in some
orthonormal operator basis {B,,...,Bza : tr(BlTBj} = ‘5.}} is defined by the
components {(B;|A)) := tr(BITA}. Under this representation, super-
operators are mapped to d” x d” matrices:any £ € L(L(?H)) can be specified
by its matrix elements £; := (B/|€|B;) = tr(B[£(B)). We let £ denote
both the superoperator and its matrix representation, and in a similar
fashion we sometimes write |A)) = A.

For systems of qubits, the normalized Pauli operators P(n)/+/d are a
convenient basis for £(H), where

P(n) = {I,X,Y,Z}*". (1

This choice is called the Pauli transfer matrix (PTM) representation. The
weight, or locality, of a Pauli operator P € P(n) is the number of its non-
trivial tensor factors, denoted by |P|. For each i € [n], we define W, € P(n)
which acts as W € {X, Y, Z} on the ith qubit and trivially on the rest of the
system.

For fermions in second quantization, a natural choice of basis is the set
of Majorana operators, defined as {T,,/ Vd : u C [2n]) where

FF = (—i}(lgl} H ylﬂ' (2}

ueH

The Hermitian generators {y, :y € [2n]} C L(H) obey the antic-
ommutation relation y,y, +y,y, = 24,1 (we will use I to denote any
identity operator whose dimension is clear from context). They are related

to the fermionic creation and annihilation operators a},, a, via

Vop =@y +al, Yy, = —ila, —a). (3)

By convention, the elements of g and the product in Eq. (2) are in strictly
ascending order. We call |u| the degree of T, or equivalently refer to them as
(|ul/2)-body operators whenever the degree is even. It is straightforward to
check that Majorana operators are isomorphic to Pauli operators, in par-
ticular satisfying the orthogonality relation ({T,|T,)) = d8,y.

For any unitary U € U(d), its corresponding channel is denoted by
U(-) :== U(-)U'. Forany |q}> eH, |q}» is the vectorization of |p)(¢]. Weuse
tildes to indicate objects affected by quantum noise, e.g., I{ denotes a noisy
implementation of thel{. Hats indicate statistical estimators, e.g., o denotes
an estimate for o = tr(Op). Asymptotic upper and lower bounds are
denoted by O(-) and Q)( - ) respectively, and f{x) = ©(g(x)) means that f{x) is
both O(g(x)) and Q(g(x)).

Classical shadows. We summarize the method of classical shadows as
formalized by Huang etal.”’, borrowing the PTM language of Chen etal.”
which will make the robust extension clear later. Our task is to estimate
the expectation values tr(O;p) = (O;|p)) of a collection of L observables
0,,...,0; € L(H),ideally using as few copies of p as possible. Classical
shadows is based on a simple measurement primitive: for each copy of p,
apply a unitary U randomly drawn from a distribution of unitaries and
measure in the computational basis. This produces a sample b € {0, 1}"
with probability ((b|L{|p)). One then inverts the unitary on the outcome
|b) in postprocessing, which amounts to storing a classical representation
of U'|b).

Theunitary distribution determines the efficiency of this protocol with
respect to the properties of interest. Throughout this paper, we assume that
the distribution is a finite group equipped with the uniform probability
distribution (it is straightforward to generalize to compact groups, using
their Haar measures). Specifically, let U: G — U(H) be a unitary
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representation of a group G. The measurement primitives averaged over all
random unitaries and measurement outcomes implement the quantum
channel

1
— t = 1
M= g]E.GUgMzU = IGIZugMZug: (4}
£eG
where
Mz=bz,lb))({bl (5)
e{0,1}

describes the effective process of computational-basis measurements. The
channel 24, is the random unitary acting on the target state p, while ! is its
classically computed inversion on the measurement outcomes |b)). Thus in
expectation we produce the state

Mip)) = uip). (6)

g~ Gb ~Ulp) ¢

If M is invertible (corresponding to informational completeness of
the measurement primitive), then applying M~ to Eq. (6) recovers
the state:

b)) =MMip) = E. .

M™!

MTUID). (7)
Theobjects |3, ) == MU "|b) are called the dassical shadows of | p), for
which they serve as unblas.e estimators. Hence by construction they can
predict expectation values,

(0p5) = (O}lp), ®

E
Z~G,b~ylp)

as well as nonlinear functions of p'. While M " is not a physical map (it is
not completely positive), it only appears as classical postprocessing. Such a
computation can be accomplished, for instance, by first deriving a dlosed-
form expression for M.

One systematic approach to deriving such an expression is through the
representation theory of G. First, note that the d-dimensional unitary Uis
promoted to a d’-dimensional representation /. Equation (4) reveals that
M is a twirl of M, by the group G under the action of /. Such objects are
well studied: assuming that the irreducible components of I{ have no
multiplicities, an application of Schur's lemma implies that™

AeRg

Note that the general expression with multiplicities can be found in
[ref. 85, Eq. (A6)]. Here, Rg is the set of labels A for the irreducible
representations (irreps) of G. The superoperators I, are orthogonal
projectors onto the irreducible subspaces V) C L(H). Choosing an
orthonormal basis {|B})) : j=1,...,dim V,} for each subspace, we
can write the projectors as

dim Vv,

=5 ) (o

The eigenvalues f of M can be computed using the orthogonality of pro-
jectors:

(10)

r(M,IT)

hi= tr(IT))

(1)

Note that tr(ITy) = dim V. From this diagonalization, we immediately
acquire an expression for the desired inverse:

=) A 12

&= (12)
If some f; = 0, then we may instead define MM~ as the pseudoinverse on the
subspaces where f; is nonvanishing. This implies that the measurement
primitive is informationally complete only within those subspaces.

To analyze the sample efficiency of this protocol, suppose we have
performed T experiments, yielding a collection of independent dlassical
shadows p,, ... :f’r where each |p,)) = M_'ZA‘;{ |bg)). From this data we
can construct estimates

T

o(1) == > (O)),

=1

(13)

which by linearity converge to tr(O;p). The single-shot variance of ; can be
bounded in terms of the so-called shadow norm:

- 2
(oM™ Ul|b)

Var[o]] < max E
states & g ~ G,b~U, |o))

(14)

= 110y

This variance controls the prediction error, rigorously established via
probability tail bounds. In particular, taking a number of samples

- o(“’_gf;/ Y max ||oj||§,m) (15)

1<js<

ensures that, with probability at least 1 — &, each estimate exhibits at most €
additive error:
16,(T) — (o) <e (16)

Note that for simplicity we employ the mean estimator throughout this
paper, which suffices whenever the ensemble is either local Cliffords or
matchgates and the observables are Pauli or Majorana operators [ref.,
Supplemental Material, Theorem 12]. In general, a median-of-means
estimator can guarantee the advertised sample complexity regardless of
ensemble.

Finally, we comment on the classical computation of .. In order to
evaluate Eq. (13), one may use Egs. (10) and (12) to express tﬂe £th-sample
estimate as

o=t (om)(aeam)- o

Thus it suffices to be able to efficiently compute the expansion coefficients
((O;|B}) = tr(O;B}) of the observable O in a basis of V), as well as the
matrrx daments {{BAIMHb)) (b|U (BA) UT|b). Note that this does not
require explicitly reprme:rmng the classical iadow M™ 'U;lb ; we only
need to determine the diagonal entry of the rotated operator Ug(B"} U; for
a given basis state |b).

Robust shadow estimation. We now summarize the robust shadow
estimation protocol by Chen et al.”; we note that refs. " describe
analogous ideas in the case of random single-qubit measurements. The
basic premise is the fact that Schur’s lemma applies to the twirl of any
channel, notjust M. Suppose that instead of 1/, the quantum computer
implements a noisy channel I/, which obeys the following assumptions:
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Assumptions 1. ([ref. **, Simplifying noise assumption Al]). The noise in
U, is gate independent, time stationary, and Markovian. Hence there exists
the decomposition U, = EU,, where £ is a completely positive, trace-
preserving map, independent of both the ideal unitary and the
experimental time.

They also assume the ability to prepare the state [0”) with sufficiently
high fidelity. Given these conditions, the noisy version of the shadow
channel implemented in experiment becomes

Z UIM U,

£EG

o
M= E UlMU, = (18)

Gl

which is now a twirl over the composite channel M ,E€. Although £ is
unknown, Schur’s lemma implies that the eigenbasis is preserved, as we now
have

M=3 fm, (19)
AeRg
where the eigenvalues depend on &,
7 (ML)
f A= tl‘(]:[i } (20}

Therefore if one knows f 1> thenone can perform the - coprect linear inversion
in the presence of noise, ie., by replacing f; ' with f, in Eq. (17).

Because £ depends on the details of the quantum hardware, it is not
possible to determine f, without an a priori accurate characterization of the
noise. Absent such information, a calibration protocol is proposed to
experimentally estimate the value of f,. This proceeds by performing the
classical shadows protocol on a fiducial state |0"), rather than the unknown
target state p. This enables the study of errors in the random circuits U,.
Because |0") is known exactly, one can compare its noiseless properties
against the noisy experimental data to determine a calibration factor.

Specifically, Chen et al.” construct an estimator NoiseEsts(A, g, b) for
each sample (Up, b) of the calibration experiment, which converges to f, in
expectation over g and b. Although they do not prescribe a generic
expression for NoiseEst; (instead considering particular choices of G), it is
straightforward to derive one following their ideas. Let Dy € V) be an
observable supported exclusively by a single irrep such that (0" D,|0") = 0.
Then we have

(DI MI0™) = £,(0"|D,0"). (21)
On the other hand, using the fact that
(DyIM[0") = ((D,:J cha o Ut1by o
- gNG‘b]gaxlw}(blUgDiUglb),
it follows that the random variable
b|U,D,U! b
NoiseEstg(A, g,b}:—{l sD1Ug ) (23)

(0" Dy 107)

obeys ]Eg,b [NOiSEEStG()‘:g: b}] =fi'

One can recover the definitions for NoiseEst; introduced by Chen
etal.” as follows. The global Clifford group Cl(n) has two irreps: the span of
the identity operator, V,, = span{l} (which is trivial), and its orthogonal
complement V, = V- (the set of all traceless operators). Choosing D, =

d|0")(0"] — I gives

d|(b|U|0"))* — 1

31 (24)

NoiseEstq, (1, U, b) =

where U € Cl(n).

On the other hand, the local Clifford group CI(1)®" has 2" irreps,
labeled by all subsets I C [#]. Each I indexes a subsystem of qubits, and each
subspace V; is the span of all #-qubit Pauli operators which act nontrivially
on exactly that subsystem. Defining

D, := HZI-,

iel

(25)
one obtains

i b|UD, Ut |b
NoiseEstqyer(I, U, b) = W

(26)
= [IbdCzC]1b)
iel

where now U = ®;e(iC;i € CI(1)®".

Any QEM strategy necessarily incurs a sampling overhead dependent
on the amount of noise’>”*. For global Clifford shadows, Chen et al.** show
that the sample complexity is augmented by a factor of O(F,(£) ) for
estimating observables with constant Hilbert-Schmidt norm, where
Fz(&)=27" be(o,1)" {(bIE|b) is the average Z-basis fidelity of £. Mean-
while for local rd shadows, they prove that product noise of the form
& = Qe satisfyingmin, 1 F7(£;) > 1 — &, exhibits an overhead factor
of €90 for estimating k-local qubit observables.

Symmetry-adjusted classical shadows

The primary contribution of this paper, symmetry-adjusted classical sha-
dows, is visualized in Fig. 1. We describeit in detail now. Considera classical
shadows protocol over G with target observables Oy, ..., O Without loss of
generality, let each O; € V) for some subset of irreps . € R’ C Rg;. Suppose
the experiment experiences an unknown noise channel £ obeying
Assumptions 1.

We show that, if p obeys symmetries which are “compatible” with the
irreps in R', then it is possible to construct an estimator which accurately
predicts the ideal, noiseless observables. By compatible, we mean that there
exist symmetry operators ) € V), for each A € R’ for which their ideal
expectation values

5 =t(§p) (27)
are known a priori. In general, there is no reason to expect that a physical
system has symmetries which exactly fit into the irreps of a dlassical-shadow
measurement scheme. However, given a symmetry operator §, it is always
possible to project it to V) using the superoperator projector I,
ie, S,\ = HA(S}.

Then, using noisy dassical shadows p(T) of size T, we construct error-
mitigated estimates as

tr(O;p
SEM(T) = _OAD) (28)
te(S,(T))/ s,
‘We find that the relevant noise characterization in this scenario is
. tr(EM,I1
Fy () i= miny p T2 (29)

tr(M,IT)) ’

which can be seen as a generalization of the noise fidelity F,(&) described in
the “Background” subsection. Here, F, 5/(£) only considers how the noise
channel acts within the irreducible subspaces of interest.
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(a) Noisy Quantum Computer (b)

Repeat T times for random ¢ ~ G

Classical Postprocessing

Noisy properties

6;(T) = tr(0;5(T)) | ™A Error-mitigated
propertigs
SEM T) — 05

Noisy symmetries |V 6;(T) §x(T)/ s

8\(T) = tx(Sx4(T))

(<) Symmetry Information
o 3
g 5 S t t
Vi % = ymmeS g oy;:era. ors Observables of interest
U, = o Yo O1,...,0
g Va %’- 5 1 1;: - VL
5 = Ideal symmetry values
=G :
§ 8y = <0ﬂ|UpTrepSAUprep|0n) WLOG, each O, e Wy
E.g., space of k-local operators E.g., fixed particle number E.g., k-body correlations

Fig. 1 | Schematic of the sy try-adjusted classical shadows protocol. a Given
an ideal unitaryZ{(-) = U(-)U', its noisy implementation is denoted by {. Assuming
the target state p = MP,,PUO"){O"D obeys certain symmetries S;, b we can construct
error-mitigated estimates using classical shadows produced by the noisy quantum
computer. (While we depict the preparation of a pure state here, our formalism is

equally valid if the target state is mixed.) In contrast to prior approaches that only
address the noise in I{,, our protocol additionally incorporates the errors within
U - € Our method is applicable whenever the symmetry is compatible with the
irreps V; of the group G describing the dassical shadows protocol.

As two key applications, we study how symmetry-adjusted classical
shadows perform in simulations of fermionic and qubit systems. For fer-
mions, we consider G corresponding to fermionic Gaussian unitaries (also
known as matchgate shadows’”). We establish the following performance
bound for fermionic systems with particle-number sym-

metry, N = ZPE["]a;aP.

Theorem 1. (Fermions with particle-number symmetry, informal). Let p
be an n-mode state with tr(Np) = # fermions. Under the noise model £
satisfying Assumptions 1 and assuming # = O(n), matchgate shadows of
size

T = O(n’log(n)e F 1, 4,(€) ) (30)
suffice to achieve prediction error
16,(T) — t(Op)| <& + A (31)

with high probability, where the observables O; can be taken as all one- and
two-body Majorana operators.

The dependence on system size n and prediction error ¢ matches
noiseless estimation with matchgate shadows™”". Meanwhile, the overhead
of error mitigation is O(F , z(€) ), analogous to prior related results™*".
The irreps R’ = {2, 4} correspond to the Majorana degree of the k-body
observables.

For qubit systems, we consider G essentially corresponding to the local
Clifford group (i.e., random Pauli measurements)*"*”. In order to make the
irreducible structure compatible with commonly encountered symmetries,
we introduce a technical modification that we call subsystem-symmetrized
Pauli shadows (see the subsection “Subsystem-symmetrized Pauli shadows”
for a summary). The symmetry we consider here is generated by the total
longitudinal magnetization, M = 3,4 Z;. For error-mitigated prediction of
local qubit observables, we have the following result.

Theorem 2. (Qubits with total magnetization symmetry, informal). Let p
be an n-qubit state with a fixed magnetization, tr(Mp) = m. Under the noise
model £ satisfying Assumptions 1 and assuming m = @(1), subsystem-

symmetrized Pauli shadows of size
T = O(nlog(m)e ™ Fz1(€) ™) (32)

suffices to achieve prediction error
16,T) — t(Op)| <& + O) (33)

with high probability, where the observables O; can be taken as all one- and
two-local Pauli operators.

Note that the irreps of subsystem-symmetrized Pauli shadows are
labeled by Pauli weight. The variance bound we advertise here is linear in n,
resulting from the extensive nature of the symmetry M. Specifically, we show
that when m=©(1), || M||3,40 = O(n) dominates the asymptotic com-
plexity over the k-local Pauli observables (for which our protocol exhibits
the usual || O; |54 = 3*). This is consistent with standard Pauli shadows,
wherein the shadow norm of arbitrary k-local observables scales at most
linearly with spectral norm and exponentially in k™,

Besides these two examples, we describe symmetry-adjusted classical
shadows for a more general dlass of groups G, and we establish accom-
panying bounds in Theorem 4 in the Methods section (proven in Supple-
mentary Note 1). This allows for applications to other systems and unitary
distributions. See “Theory of symmetry-adjusted classical shadows” in the
Methods section for the general theory, and subsections “Application to
fermionic (matchgate) shadows” and “Application to qubit (Pauli) sha-
dows” for the details regarding Theorems 1 and 2, respectively.

Because our protocol always runs the full noisy quantum circuit, it has
the potential to mitigate a wider range of errors than those covered by
Assumptions 1, albeit without the rigorous theoretical guarantees. This isa
significant feature of the method, as the preparation of p often dominates the
total circuit complexity (ie., Uy, in Fig. 1). We explore this broader
mitigation potential with a series of numerical experiments below, wherein
we simulate noisy Trotter circuits for systems of interacting fermions and
spin-1/2 particles, respectively.

Subsystem-symmetrized Pauli shadows
While random Pauli measurements are efficient for predicting local qubit
observables, the irreducible structure of the local Qlifford group CI(1)®" is
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difficult to reconcile with common symmetries under symmetry adjust-
ment, such as the U(1) symmetry generated by M = 3 _;(,1Z;. To remedy this
issue, we modify the protocol by what we call subsystem symmetrization:
define the group

CI(1)E, := Sym(n) xCI(1)®", (34)

which has the unitary representation U, ¢ = S,C where S, permutes the
qubits according to € Sym(n) and C € CI(1)®". The circuit for S, can be
obtained as a sequence of O(#®) nearest-neighbor SWAP gates in O(#)
depth via an odd-even decomposition of #”. The following theorem
summarizes its group-theoretic properties relevant to classical shadows.

Theorem 3. (Irreducible representations of the subsystem symmetrized
local Clifford group). The representation U : Cl(]} — U(L(H)),
defined by U, ,(p) = S,CpC'"S], decomposes into the n-reps

=span{P € P(n): |[P| =k}, 0<k<n. (35)

Under this group, the (noiseless) expressions for M and Var[d] coincide
with those of standard Pauli shadows.

This modification therefore reduces the number of irreps from 2" to
n +1, achieved by symmetrizing, for each k, over all k-qubit subsystems.
Meanwhile, the desirable estimation properties from standard Pauli sha-
dows are retained: for instance, the shadow norm obeys | P|3,4,,, = 3* for
k-local Pauli operators P.

The upshot is that the symmetry M is now compatible with this group,
thereby enabling results such as Theorem 2. We describe this construction
in “Application to qubit (Pauli) shadows” in the Methods section, with
technical proofs in Supplementary Note 2.

Spin-adapted matchgate shadows

Systems of spinful fermions often obey a spin symmetry, which allows for
compressed block-diagonal representations according to the spin sectors.
Such techniques are referred to as symmetry adaptation. We introduce such
an adaptation of the matchgate shadows protocol wherein the random
distribution is restricted to block-diagonal orthogonal transformations,

Q
(8

We call this protocadl spin-adapted matchgate shadows. This restricted
group remains informationally complete over operators which respect the
spin sectors, thus sufficing for learning properties in systems with this
symmetry. In fact, we show that the shadow norms for k-fermion operators
under the spin-adapted protocol scale identically as in the unadapted
setting. The main advantage of spin adaptation is that the block-diagonal
transformation Q = Q; @ Q, can be implemented as Uq, ® P{Ugq, ,where
P, = Z8"*is the parity operator on the spin-down sector and s = 8, et Q-
This tensor-product unitary requires roughly half the number of gates and
circuit depth compared to implementing a dense element of O(2n). We
prove the necessary details in Supplementary Note 3 and implement this
modified protocol in our numerical experiments wherever applicable.

0
Q ) € O(n) @ O(n). (36)
4

Improved circuit design for fermionic Gaussian unitaries

Fermionic Gaussian unitaries are a broad dlass of free-fermion rotations,
and they are ubiquitous primitives in algorithms for simulating (interacting)
fermions. In the context of classical shadows, they form the basis for ran-
domized measurements in matchgate shadows™”". Such unitaries can be
described by an orthogonal transformation Q € O(2n) of the Majorana

& Prior Jiang et al. design (via OpenFermion)
m Prior design (described here)
e Improved design (described here)
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Fig. 2 | Resource comparison of our improved fermionic Gaussian circuit design
versus prior designs. Our circuit costs (green) are compared against those of Jiang et
al.'” (blue), implemented in OpenFermion'”, and a naive scheme described in
Supplementary Note 4 (red). All circuits were optimized to a superconducting gate
set consisting of /iSWAP gates and single-qubit rotations. We compare both

a circuit depth and b gate count on random inputs Q € O(2n). Linear and quadratic
fits are made, demonstrating a roughly 3 x and 2 x savings, respectively.

operators,

uq(}’p) = UQ}’Iu UT = Z Qvlu Yu (37}
ve[2n]

for each y € [2n]. The quantum circuits implementing these transforma-

tions take O(n?) gates in () depth'®*'"”". While this scaling is necessary in

general by parameter counting, constant-factor savings can substantially

improve performance in practice, especially on noisy quantum computers.

To this end, we introduce a more efficient compilation scheme for
fermionic Gaussian unitaries, given an arbitrary Q € O(2#n). Our circuit
design improves the parallelization of gates compared to prior art'®'"'. The
key idea is to observe that two Majorana modes essentially correspond to
one qubit under the Jordan-Wigner transformation'”. Thus, the optimal
approach to compiling U, into single- and two-qubit gates involves
decomposing the matrix Q into elementary blocks of 4 x 4 transformations,
rather than the 2 x 2 Givens rotations utilized in prior designs.

The details of this scheme are described in Supplementary Note 4 and
implemented in code at our open-source repository (https://github.com/
zhao-andrew/symmetry-adjusted-classical-shadows). We make use of this
improved design in our numerical simulations. We demonstrate the
improvements in circuit size in Fig. 2, with respect to a gate set native to
superconducting platforms. From these results we numerically infer roughly
1/3 reduction in depth and 1/2 reduction in gate count over prior designs.

Numerical experiments
We now demonstrate the error-mitigation capabilities of symmetry-
adjusted classical shadows through numerical simulations. We focus on the
task of estimating one- and two-body observables in both fermion and qubit
systems which obey the global U(1) symmetries described in the Methods
section.

For each type of system, we first present results when the noise models
obey Assumptions 1 (readout errors). We demonstrate the successful
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mitigation at varying sample sizes, noise rates, and system sizes, confirming
the correctness of our theory.

Next, we investigate how symmetry adjustment performs under a more
comprehensive noise model based on superconducting-qubit platforms.
These simulations were performed using the Quantum Virtual Machine
(QVM) within the Cirq open-source software package”™' . It uses existing
hardware data on a native gate set (single-qubit rotations and two-qubit
+/iSWAP gates on a square lattice) to mimic the realistic performance of a
noisy quantum computer. We use the calibration data provided of Google’s
23-qubit Rainbow processor based on the Sycamore architecture, which was
used in quantum experiments simulating quantum chemistry and strongly
correlated materials™"*. The noise model consists of depolarizing channels,
two-qubit coherent errors, single-qubit idling noise, and readout errors.
Error rates vary across the chip; on the 2 x 4 grid that we simulated, the
average single- and two-qubit Pauli error rates are ~0.15% and ~1.5%,
respectively. A precise description of the noise model can be found in
Supplementary Note 6.

Throughout, we use the following conventions for figures. Noiseless
data (blue squares) correspond to simulations of an ideal quantum com-
puter, which experiences no noise channel and only exhibits the funda-
mental sampling error. Unmitigated data (black X’s) are simulations of
classical shadows on a noisy quantum computer, using standard post-
processing routines. The mitigated estimates (red diamonds) are instead
postprocessed as symmetry-adjusted classical shadows, as described in the
Methods section. In some experiments, we also compare against robust
shadow estimation® (RShadow, green crosses), which involves simulating
the calibration protocol on |0") under the same noise model. Finally, the true
values (teal curves) are the ground truth, against which we determine the
prediction error.

Uncertainty bars represent one standard deviation of the combined
sampling and postprocessing, computed by empirical bootstrapping'*. To
ease the computational load, we slightly modify the procedure by batching
samples; see Supplementary Note 6 for details.

Fermionic systems. Our first set of numerical experiments consider the
application to matchgate shadows to learn and mitigate noise in one- and
two-body fermionic observables. The symmetry we consider is fixed
particle number, tr(Np) = #. As we show in the Methods section, this
symmetry projects into the relevant irreps R' = {2, 4} of the matchgate
shadows as

S =ILMN) =32, (38)
peln]

=L =527, (39)
P<q

represented under the Jordan-Wigner transformation'” for simplicity.
Their ideal values are

s, =1w(S,p) =1~ g: (40)

1(n
Sy =tr(S4 ) =3\, n(n— ). (41)
Readout noise model (fermions). First, we consider the reconstruction
of the fermionic two-body reduced density matrix (2-RDM) from
matchgate shadows. The 2-RDM elements of a state p are given by

Dt = tr(ﬂ*ﬂ*ﬂ ﬂrp), p,q,7;s € [n]-

5 3q s (42)

In general, knowledge of the k-RDM allows one to calculate any k-body

observable of the system. By anticommutation relations, there are only
2

g unique matrix elements, corresponding to the indices p < gandr <s.
n
2
along those index pairs. Estimates 2D{?(T) = tr(ajal a,a,p(T)) are com-
puted from T matchgate-shadow samples. Here, our figure of merit for the
prediction error is the spectral-norm difference between the reconstructed
and the numerically exact 2-RDMs, € = || 2D—2D| ..

We demonstrate 2-RDM reconstruction on an ensemble of 20 random
Slater determinants (noninteracting-fermion states with fixed particle
number). An n-fermion Slater determinant is specified by the first # col-
umns of an # X # unitary matrix, so we generate the random states by
uniformly drawing elements of U(#). This # x n representation is then lifted
to the 2 x 2n fermionic Gaussian representation, which allows us to apply
the random matchgate transformations Q € B(2#) efficiently. This simu-
lates the action of p— UQPUE. The measurement is then simulated using
the algorithm of [ref. '", Sec. 5.1]. Finally, to simulate the readout noise we
implement the effective noise channel on the sampled bit strings offline.

While the 2-RDM of free-fermion states can be computed from the
1-RDM using WicK's theorem, we do not employ any such tricks here; we
use Slater determinants simply to facilitate fast classical simulation. We also
do not use any additional error-mitigation strategies, such as RDM posi-
tivity constraints'®, that could in principle be applied in tandem.

The results are presented in Fig. 3. We consider a small system size,
n=8 and n =2, and simulate three types of single-qubit noise channels
before readout: depolarizing, amplitude damping, and bit flip. The noise rate
p represents the probability of such an error occurring, independently on
each qubit (defined in Supplementary Note 6). In the top row, we show how
the prediction error varies with the total number of samples T. As expected,
the noiseless estimates (corresponding to p = 0) converge as ~T~', whichis
the standard shot-limited behavior. Then, setting p = 0.2, we see how the
unmitigated data experiences an error floor beyond which taking additional
samples does not improve the accuracy. On the other hand, the mitigated
results clearly bypass this error floor and recover the shot-noise scaling with
T, thus validating the theory of symmetry-adjusted classical shadows.
Compared to the noiseless simulations, our mitigated data exhibit a constant
factor increase in the sampling cost, corresponding to the O(F Ei,} overhead
of error mitigation, as it appears in Theorem 4.

For these experiments, we also compare to the performance of robust
shadow estimation (RShadow) by Chen et al.*, which requires simulating
the calibration procedure on [0"). For a fair comparison, we allocate
T/2 samples tothe calibration step and T/2 samples to the estimation step, so
that the total number of samples is the same. While Chen et al.* did not
originally consider matchgate shadows, from our generalization in Eq. (23)
we can construct NoiseEstgo,) by taking Dj=Sy, which obeys
{0"[S2]0") = — 1/2 and (0"|S4]0") = n(n — 1)/4. The single-shot estimator is
then

We thereforerepresent Das an ( g ) x ( ) Hermitian matrix, flattening

(b Uqo S, Ub|b)

43
(0715,10") “

NoiseEsty,,,,(2k, Q, b) =

As expected, RShadow behaves similarly to symmetry-adjusted classical
shadows in this scenario (wherein the noise obeys Assumptions 1).
However, even here we observe that our approach exhibits a constant-factor
advantage in the sampling cost. We attribute the performance of RShadow
to its calibration procedure, which our method avoids.

In the bottom row of Fig. 3, we simulate the same collection of random
Slater determinants, but now varying the noise rate p at a fixed shadow size
T = 10°. While the unmitigated errors quickly grow with increasing noise
rate as expected, the mitigated estimates remain under control. Note that the
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Fig. 3 | Estimation error of the fermionic 2-RDM reconstructed from matchgate
shadows. Error is quantified by the spectral-norm difference between the estimated
and true 2-RDM. We simulate the protocol on a collection of 20 random Slater
determinants on n =8 modes with 5 =2 fermions; faint dashes are results for

individual states, markers indicate the median error across the 20 states. a Scaling of
estimation error with the total number of samples T, fixing the noise rate to p = 0.2
for all noise models. b Scaling of the estimation error with the noise rate p, fixing the
total number of samples to T=10°.

mitigated errors still grow modestly because we have fixed the number of
samples; in order to achieve a constant prediction error, one would need to
grow T proportional to FZQ’ (which is p-dependent). Our key takeaway is
that the combination of both rows of plots indicates the ability to handle a
range of common noise channels at fairly high error rates. Indeed, the
growing errors seen in the bottom row can be suppressed by simply taking
more samples, which is precisely what the top row demonstrates.

Next, we consider the simulation of a 1D spinful Fermi-Hubbard chain
of L=n/2 sites (for a total of n fermionic modes/qubits). Under open
boundary conditions, the Hamiltonian for this model is

H=]+V, (44)
where
J=—t Z Z a],8i41 + hec., (45)
i€[I1] o&{T .4}
V=UD NN, (46)
el

are the hopping and interaction terms, respectively. The creation operators
aIa produce an electron at site i with spin ¢, and N;, = a;r'aal.‘a is the
associated occupation-number operator. We set units such that thehopping
strength is ¢ = 1.

For the target state, we use the ground state of the noninteracting term
J, which is also a Slater determinant. This allows us to use the same simu-
lation techniques as before to efficiently simulate up to 20 sites. The number
of electrons in each spin sector is #,= L/2, for a total of # =1+ #, = n/2
electrons. Thus the system is at half filling, which requires the use of ancilla
qubits to avoid division by zero (see the Methods section). In fact, we
simulate n = n + 2 qubits because we append an ancilla qubit to each spin
sector. This is because we furthermore employ spin-adapted matchgate
shadows, as described previously in the Results section. This modification
essentially treats each spin sector independently when performing the
randomized measurements, so each sector is at half filling,

The Fermi-Hubbard results are shown in Fig. 4. We consider the
estimation of energy per electron, (H)/n. We set the interaction strength to
U/t = 4 and the noise model to single-qubit bit-flip errors, with probabilities
p €1{0.01, 0.03, 0.05}. The energy per electron (top) and absolute estimation
error (bottom) are plotted as the system size grows, keeping the number of
samples fixed to T'= 2 x 10°. Again, these results serve to validate our theory,
this time highlighting the performance as the system size grows. This also

demonstrates the use of spin-adapted matchgate shadows and the successful

use of ancillas to avoid division by zero in “JFM.

QVM noise model (fermions). Now we turn to the gate-level noise model
simulated through the QVM™'”. This model strongly violates
Assumptions 1, reflecting the fact that the state-preparation circuit Uy,;p
is typically the dominant source of errors.

As our testbed fermionic system, we again consider the 1D spinful
Fermi-Hubbard chain with open boundary conditions and interaction
strength U/t=4. Rather than the static problem, here we simulate
Trotterized time evolution of the Hamiltonian. The number of Trotter
steps provides a systematic way to increase the circuit depth (and hence
the cumulative amount of noise) within the same model. Note that
because we are studying the behavior of error mitigation, the ground
truth of these simulations corresponds to the noiseless Trotter circuit
with a finite step size (i.e., we are not comparing to the exact, non-
Trotterized dynamics).

We closely follow the setup of the experiment performed in ref.*
(which was in fact performed on the Sycamore processor that our noise
model is based on), using code made available by the authors at ref.'”.
Because simulating the full noisy circuit is exponentially expensive, we
restrict to a four-site instance (n=2L = 8). The initial state is the ground
state in the #74, #j, = 1 sector of the noninteracting Hamiltonian

H0=}+Z Z El',a'Nl',a':

47
i€ll] oe{t,} #7)
where ] is the hopping term defined in Eq. (45) and we set the on-site
potentials to have a Gaussian form, ¢; , = —A,e#*+179"/" This generates
a Slater determinant whose charge density
Q= {Ni,f +N;y)- (48)
hasa Gaussian profile, centered around ¢ with width s and magnitude 1,. We
set the parameters to ¢ =L/2 4 1/2 = 2.5, s = 7/3, and A, = 48,. This initial
state is prepared by the appropriate single-particle basis rotations'*'*'* on
the state |1000) within each spin sector. Denote this unitary by U(Hy). The
system is then evolved by Trotterized dynamics according to H, with
Re{0,1,...,5} steps of size 6 = 0.2. Let Juyen (resp., Joaa) be the terms in Jwith
i even (resp., odd), and similarly for V., V4. One Trotter step is ordered as
— —ifdﬁre—ivddﬁr e—i‘lf’mﬁre— 1 e Ot

Uit (49)

npj Quantum Information | (2024)10:57



https://doi.org/10.1038/s41534-024-00854-5

Article

Bit-flip rate = 1%

Bit-flip rate = 3%

Bit-flip rate = 5%

0.0 | —— True value
£ T Noiseless
L _o0.2 1 ¥ Unmitigated

0.4 L i | T ¥ Mitigated

101HL
02k

1 Ex
] fwr
iid

(H}/n error
=

03k

PP ]
B
V) .
.l
i
I
P
el
T

4 8 12 16 20 4 8 12
Number of sites

Fig. 4 | Estimation of the energy per electron of a 1D spinful

Fermi-Hubbard model. We consider an interaction strength U/t =4 on

4 < L <20 sites, and we measure (H)/# using spin-adapted matchgate shadows with
T =2 x 10° samples. We simulate the protocol on the ground state of the non-
interacting component J of the Hamiltonian, Eq. (45), at half filling in each spin
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sector, which is a Slater determinant with 5, = L/2 electrons per sector. These
simulations involve n’ = 2L + 2 noisy qubits experiencing readout bit-flip errors
with probabilities 19, 3%, and 5%. The additional qubit per spin sector is prepared in
|0) to avoid division by zero (see the Methods section). Error bars denote one
standard error of the mean.

which is then compiled into the native gate set. The full state-preparation
circuit is then

Upnep(R) = Uree UHo) X, X (50)
where X, places a spin-g electron on the first site from the vacuum (ie.,
prepares |1000) in each spin sector). Note that R =0 corresponds to only
preparing the initial Slater determinant, which still has nontrivial circuit
depth. Further details on the construction of these circuits can be found in
refs. 35,107.

One final detail of ref. 35 that we follow is their method of qubit
assignment averaging (QAA). This technique is employed as a means of
ameliorating inhomogeneities in error rates across the quantum device.
QAA works by identifying a collection of different assignments for the
physical qubit labels and uniformly averaging over them (keepng the
Jordan-Wigner convention fixed). For example, one may vary qubit
assignments by selecting a different portion of the chip, or rotating/flipping
the layout. Here, we fix a 2 x 4 grid of qubits and perform QAA over four
different orderings of those eight qubits; see Supplementary Note 6 for the
specific assignments chosen.

For each target state U ., (R)|0"), we collect T= 9.6 x 10° spin-adapted
matchgate shadow samples. In Fig. 5, we plot the Trotterized time evolution
of charge density throughout the chain, as well as the charge spread

"=Z|i_(L_ 1)/2le;, (51)
ig[L]
which quantifies how the density spreads away from the center of the chain.
These quantities are only one-body observables, so as an exemplary two-
body observable we also estimate the energy per electron, (H)/#.

Because Assumptions 1 no longer hold, we no longer have the guar-
antees of Theorem 4 and we do not observe an arbitrary amount of error
mitigation. We see that as the circuit size grows, so too do the prediction
error and uncertainty. This behavior is a reflection of the noise assumptions
being increasingly violated. Nonetheless, our results still show a substantial
amount of noise reduction, and overall we maintain the qualitative features
of the dynamics compared to the unmitigated protocol. In Supplementary
Note 6, we provide a quantitative estimate of how much the QVM noise
model violates Assumptions 1. There we observe a fundamental error floor,
which is roughly an order of magnitude below the mitigated errors actually
achieved here, indicating the potential for further mitigation beyond what
we have presently demonstrated.

Qubit systems. Next, we study the application of symmetry-adjusted
classical shadows to subsystem-symmetrized Pauli shadows, to predict
one- and two-body qubit observables in the presence of noise. We con-
sider a fixed magnetization symmetry tr(Mp) = m, which, as we show in

the Methods section, projects into the relevant irreps R" = {1,2} as

S, =1L,(M) = ZZ.': (52)
i€[n)]
S, =T,M)=2)"77Z, (53)
i<j
The ideal symmetry values in this case are
5 =m, (54}
s, = m* — n. (55)

Readout noise model (qubits). For our first demonstration, we simulate
random matrix product states (MPS) with maximum bond dimension
x < n,lying in the m = 0 symmetry sector of M. We use the definition of a
random MPS from refs. "*'"". Numerically, we implement all MPS cal-
culations using the open-source software ITensor''?, which can guarantee
the correct symmetry sector using efficient tensor-network representa-
tions. Within such representations, it is straightforward to apply random
local Clifford gates and SWAP gates, and to sample measurements in the
computational basis.
Unlike fermions, qubits are not symmetrized, so their 2-RDMs

2
Dy = trpn\iipp (56)
are in general distinct between different two-qubit subsystems. Our

accuracy metric here is therefore the mean 2-RDM error over all pairs of
qubits:

1

€= mz ||2b.}(T)—2D.}||oo-

i<j (5 7]'
2

From subsystem-symmetrized Pauli shadows p(T) of size T, we reconstruct
the qubit 2-RDMs by estimating all one- and two-local Pauli expectation
values and forming the 4 x 4 matrices

*Dy(T) =% > tr(W.-W}ﬁ(T}) wew.

W.WeP(1)

(58)

The results are shown in Fig. 6. Similar to the conclusions drawn from
Fig. 3 for the fermionic case, we observe that our theory is validated in two
important parameters (number of samples and error rate). We note here
that this simple demonstration also validates our subsystem-symmetrized
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Fig. 5| Prediction of local properties in the four-site 1D Fermi- Hubbard model
undergoing Trotterized time evolution. The interaction strength is set to U/t=4
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i € [L]. b Charge spread . ¢ Energy per electron {H)/#. Error bars denote one
standard error of the mean.
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Fig. 6 | Average estimation error of the 2-RDM over all two-qubit subsystems,
reconstructed from (subsystem-symmetrized) Pauli shadows. Error is quantified
by the spectral-norm difference between the estimated and true 2-RDM for each

subsystem, taking the mean overall ( ;I ) subsystems. We simulate the protocolon a

collection of 20 random eight-qubit matrix product states, with maximum bond

dimension y < n and fixed Z magnetization, m = 0. Because m =0 implies s, =0, we
simulate a system of nine qubits with the ancilla prepared in |0). a Scaling of esti-
mation error with the total number of samples T, fixing the noise rate to p = 0.2 for all
noise models. b Scaling of the estimation error with the noise rate p, fixing the total
number of samples to T=10°.

Pauli shadows protocol and the use of ancillas in this scenario as well (recall
that the random states we study here have vanishing symmetry
value, m =s; =0).

Our next set of numerical experiments are performed on the ground
state of an antiferromagnetic XXZ Heisenberg chain with open boundary
conditions:

H=] Z (Xi‘xi+l +Y, Y, +AZ.'Z|'+|)'

ig[n—1]

(59)

Throughout, we set units such that J=1 and consider an anisotropy of
A = 1.5. This Hamiltonian commutes with the symmetry operator M, and in

particular the ground state obeys m = 0 (assuming the number of spins n is
even). We find the ground state via the density-matrix renormalization
group (DMRG) algorithm'”, represented as an MPS; therefore we can
employ the same classical simulation algorithms as before. Although m =0
implies a vanishing conserved quantity for the one-body subspace, s; = 0, we
do not employ the ancilla technique for these simulations because we will
only be interested in predicting strictly two-body observables (for which
s, =m" —n#0).

In Fig. 7 we show the mitigation of energy per spin (H)/n at different
system sizes and bit-flip rates on each qubit. For these experiments, the
number of samples taken is T'= 10°. Again, the results validate our theory for
Pauli-shadow symmetry adjustment over a range of noise rates and system
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exhibits an m = 0 net magnetization symmetry. The noise model is single-qubit bit
flip with probabilities p = 1%, 3%, and 5%. Error bars denote one standard error of

the mean.

sizes. In particular, although we require estimating the symmetry operator
M which has variance O(n) (as opposed to H/n, which has constant var-
iance), we see that in practice it suffices to take a number of samples constant
in system size. This may indicate that our analysis of the worst-case sam-
pling bounds for symmetry-adjusted dassical shadows may be overly pes-
simistic in typical settings.

QVM noise model (qubits). We now turn to simulations using the QVM
noise model, taking the same XXZ Heisenberg spin chain (A = 1.5 and
n =8) as our testbed system. Similar to our numerical experiments with
the Fermi-Hubbard model, we simulate Trotter circuits of the XXZ
model starting from a product state within the symmetry sector of 1 = 0.
Again, we will only be interested in strictly two-local observables so we do
not employ the ancilla trick here.

Our initial state is a Néel-ordered product state,
01010101) = [;,44X;/0"). Defining Heyenand Hoaqas the terms in H with
i even and odd, respectively, a single Trotter step is given by

—iH g8t e—iHmﬁr
7

Upper = € (60)

where we take the step size to be 8t = 02. Hence, the full state-preparation
circuit for R steps is

R
Uprep(R) = Utyor H Xj, (61)
jodd

which is then compiled into the native gate set. For each R, we collect

T=48x10° samples using subsystem-symmetrized Pauli shadows.

Because the initial state is a simple basis state, we only display results for

R e{1,..., 5} for these studies. In line with our Fermi-Hubbard simulations

on the QVM, we perform QAA here as well, averaging over twelve different

assignments of the same 2 x 4 qubits (see Supplementary Note 6 for details).
First, we consider the spin-spin correlations (§; - S;), where

e

S =

(62)

[S3
N

for all qubit pairs (4, j) throughout the chain. We plot the prediction errors of
these correlation functions in Fig. 8, with the unmitigated data in the first
row and mitigated data in the second row. We observe that, while the
shallower Trotter circuits are well handled by symmetry-adjusted classical
shadows, the mitigation power diminishes as the circuit grows deeper. To
examine this effect closer, we plot in the bottom two rows of Fig. 8 the
correlation functions between the first spin and the rest of the chain. We see
that the (S, - §,) errorsare particularly dominant due to the magnitude of its
true value. Although the absolute error is only marginally improved by

symmetry adjustment for some of these pairs, the qualitative behavior is
more faithfully recovered than in the unmitigated data (wherein the
increasing circuit noise washes out the antiferromagnetic correlations).

Next, we consider macroscopic observables in Fig. 9: the Néel order
parameter

(S) =5 3 1S, -,

ije[n]

(63)

and the energy per spin (H)/n. Again we see general trends similar to the
other QVM simulations: the mitigated results are in closer qualitative
agreement with the true values than the unmitigated data, at the cost of
larger uncertainty bars, and without arbitrary amounts of error suppression.
Symmetry adjustment consistently reduces the absolute error compared to
the unmitigated data, although we note that some of the energy estimates are
still a few standard deviations away from the true value. This is attributed to
the violation of Assumptions 1, and we leave it an open problem of how to
further ameliorate this property.

Discussion

In this paper, we have introduced symmetry-adjusted classical shadows, a
QEM protocol applicable to quantum systems with known symmetries. Our
approach builds on the highly successful classical-shadow tomography™,
modifying the classically computed linear-inversion step according to
symmetry information in the presence of noise. Because our strategy is
performed in postprocessing on the noisy measurement data, it allows for
straightforward combinations with other QEM strategies. As opposed to
prior related works™ ™, the main advantage of our approach isthe use of the
entire noisy circuit, thereby bypassing the need for calibration experiments
and accounting for errors in state preparation. Meanwhile, in contrast with
other symmetry-based strategies™ "™, we require no additional quantum
resources, utilize finer-grained symmetry information, and can easily take
advantage of a wider range of symmetries (e.g., particle number as opposed
to only parity conservation). We note that, while this work has focused on
local observables (linear functions of p), classical shadows can seamlessly be
used for nonlinear observable estimation as well”. Because symmetry
adjustment works at the level of the shadow channel inversion, our QEM
strategy applies within that context just as well.

Overall, our findings reveal that as a low-cost scheme, symmetry-
adjusted classical shadows by itself is already potent for practical error
mitigation. Qur analytical results guarantee the accuracy of prediction under
readout noise assumptions. Even when these assumptions are violated in
practice, we expect these results to still provide intuition regarding the
mitigation behavior. Indeed, this expectation is validated by our numerical
experiments with superconducting-qubit noise models on the Cirq
QVM™'"”, From these simulations, we have observed substantial quanti-
tative improvement when the cumulative circuit noise is sufficiently weak,
and qualitative improvements across all experiments performed.
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Fig. 8 | Prediction of spin-spin correlations between qubits in the XXZ chain
undergoing Trotterized time evolution. The anistropy in the modelis A= 1.5,and
we take a Trotter step size of 8t =0.2. The noise model is the superconducting-
hardware model implemented within the QVM. We take T=4.8 x 10° subsystem-
symmetrized Pauli shadows to estimate the observables. a Heatmaps of estimation

errors for (S;- §;), under unmitigated versus our symmetry-enabled mitigated
postprocessing. b Plots of the {8 - §;) correlation functions, to show further details of
that particular row of the heatmaps. Error bars denote one standard error of

the mean.
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Sig). b Energy per spin (H)/n.

Error bars denote one standard error of the mean.

Along the way, we have developed a number of ancillary results that
may also be of independent interest. Of note are (1) the subsystem-
symmetrized Pauli shadows, which uniformly symmetrizes the irreps of the
local Clifford group among subsystems; (2) an improved circuit compilation
scheme for fermionic Gaussian unitaries, which treats Majorana modes ona
more natural footing to improve two-qubit gate parallelization; and (3)
symmetry-adapted matchgate shadows, which uses block-diagonal trans-
formations within spin sectors to reduce the size of the random matchgate
circuits. We expect that these techniques will find broader applicability in
quantum simulation beyond the scope of this paper.

A number of pertinent open questions and future directions remain.
For simplicity of the protocol, and because of the examples that we focused
on, we restricted attention to multiplicity-free groups. However, tools to
generalize to nonmultiplicity-free groups already exist, and in the context of
character randomized benchmarking'* such an extension has been devel-
oped successfully'”. It would therefore be useful to extend our ideas

similarly, and investigate what effect (if any) multiplicities have on
symmetry-adjusted classical shadows.

Regarding the protocols considered, we have focused on local obser-
vable estimation in systems with global U(1) symmetry. However, it is worth
noting that the n-qubit Clifford group possesses only one nontrivial irrep,
making it essentially compatible with any symmetry. Because its shadow
norm is exponentially large for local observables, it is an unfavorable choice
for typical quantum simulation applications. One may wonder whether the
desirable universality of this irrep can nonetheless be harnessed, analogous to
how we constructed the subsystem-symmetrized Pauli shadows. A parti-
cularly interesting candidate for future studies would be the global SU(2)/
CI(1) control, introduced in ref. 116, which features both a group with high
amounts of symmetry and low sample complexity for local observable
estimation. Similarly, the single-fermion U(n) basis rotations used in ref. 72
would also be a promising option to study. Alternatively, one may consider
different classes of symmetries, such aslocal (rather than global) symmetries.
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One key advantage of symmetry adjustment is its flexibility,
allowing for easy integration with other error-mitigation strategies.
Investigating this interplay is a clear target for future work. Particularly
valuable would be other techniques to massage the circuit noise into
approximately satisfying Assumptions 1, for instance by randomized
compiling'”. From our usage of QAA™ in the numerical experiments,
we have already shown heuristically that the mere choice of qubit
assignments appears to have such an effect.

Indeed, the reliance on such assumptions for rigorous guarantees
may be viewed as a limitation of this work. While our numerical results
are encouraging, it behooves one to seek a more comprehensive error
analysis applicable to a wider range of noise models. For example, while
gate-dependent errors are particularly detrimental to our method,
they have been closely studied in the context of randomized
benchmarking"*"*". The tools developed therein may be valuable to
this setting as well. Establishing a better understanding here may also
inspire extensions to surpass the limitations of the current theory. We
leave such goals to future work.

Note added—Shortly after our manuscript appeared on the arXiv
preprint server, two related works'**'** subsequently appeared. The former
develops a calibration estimator equivalent to our Eq. (43), while the latter
analytically studies the effects of gate-dependent noise on Clifford shadow
protocols. The formulation and analyses of symmetry-adjusted classical
shadows remain original to our manuscript.

Methods

Theory of symmetry-adjusted classical shadows

Here we describe the theory behind the symmetry-adjusted classical sha-
dows estimator. This approach uses known symmetry information about
the ideal, noiseless state p that we wish to prepare (but are only able to
produce a noisy version of). In this section, we describe the idea for an
arbitrary multiplicity-free group G; in the subsequent subsections, we will
provide concrete applications to the efficient estimation of local fermionic
and qubit observables, respectively.

Suppose p is a quantum state obeying a known symmetry, corre-
sponding to a collection of operators S € V) for which the values
s1:= ((Salp)) are known a priori. For example, if the system has a symmetry
operator § which spans multiple irreps, then we can construct S, using the
projectors IIj:

15,) = LIS)- (64)
By construction, S, is an eigenoperator of both A and M:
MIS, ) = filS ),
5) = £i5) -

MIS) = filS,)-

If one is interested in only a subset R C R; of the irreps, then it suffices to
only know those symmetries S for which A € R

Because the ideal values of 5, and f) are already known, we can use the
estimated noisy expectation value of S, to build an estimate for f,. We start
with the standard postprocessing of classical shadows: applying M~ to the
measurement outcomes of the noisy quantum experiments produces, in
expectation, the effective state

by Eq. (65). In fact, this relation applies to any O € Vy:

(68)

{Olp) = Olp -

Hence while we use Eq. (67) to l,earnf,Jl from the symmetry S, this is in turn
applicable to all other operators within the same irrep. This leads to the
recovery of the ideal expectation values as

(Olp)

(OlP) = s mn/5

(69)

Having established the theory in expectation, we now analyze the
implementation in prachca Let T be the number of dassical-shadow
snapshots, |p, ) = M~ L{T Ibg)) for £=1, ..., T, obtained by sampling the
noisy quantum computer. Recall that these snapshots converge to p rather
than p. From their empirical average, AT) = (1/T) Y., p;» we can esti-
mate the lefthand side of Eq. (67) as

5(T) == (S,1p(T))- (70)
This in turn provides an estimate for}‘;,
A h“n (71)

This can be understood as a generalization of NoiseEsts(A, g b) from Eq.
(23), making the replacements D) — S, and [0")}{0"| — p. Indeed, one can
view the calibration state |0”) as obeying the symmetries given by its
stabilizer group.

Consider the estimation of observables O,, ..., O, with symmetry-
adjusted classcial shadows. If any observable is supported over multiple
irreps, then we can always decompose it as a linear combination of basis
elements across those irreps. Thus withoutloss of generality we suppose that
each O; € V) for some A € R'. From the same noisy dassical shadow p(T),
we also have estimates for their noisy expectation values:

E(O,1p(T)) = (O;lp;))- Then, following Eq. (69) we can directly construct
error-mmgatsed eshmators as

o,(T)
5(D/s,’

which converges to ({(Oj|p)) in the T — co limit (if Assumptions 1 hold).
Because E[X /Y] = E[X]/E[Y] (for nontrivial random variables X and Y),
Eq. (72) describes a biased estimator. In the following thaorem, we quantify
this bias by bounding the total prediction error of o:*(T). This in turn
bounds the number of symmetry-adjusted dasslml} shadow samples T
required.

oFM(T) =

(72)

Theorem 4. Fix accuracy and confidence parameters €,8 € (0,1). Let
0,,...,0; be a collection of observables, each supported on an irrep of
U:G— UL(H))as O;€ Vyford € R’ C Rg. Let §) € V) be a symmetry
operator foreach A € R',forwhich theideal values s; = tr(S, p) of the target
state p are known a priori. Suppose that each noisy unitary satisfies

— Assumptions 1, U, = EU,, and define the quantities
p))=MMp)= E_ Mullb), 66 Pt ¢~ % q
§~Go~sle) _HEMIT)
: : ~ : Fzp (&) == min— === (73)
which dearly differs from |p))) when M # M. Nonetheless, we can use this Jer tr(M,I1,) ’
noisy data to estimate the value of ((S,|p)), which is equal to
7 o ;== max {Var 0], Var [ﬂ] } 74
S,ar =f_si (67} 1<j<LAeR [ j] 5y ( }
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Then, a (noisy) classical shadow p(T) of size

log((L + IR'])/8)
T=0|-"—5""0 75
( FZ,R’(E}ZEZ ) 7)
can be used to construct error-mitigated estimates
~EM o tr(oj .b( T)]' 76
= s/ 7o
which obey
165(T) — (0;p)| < (10} o0 + D + Ol Oy llo€?) 77)

forall 1 <j< L, with success probability at least 1 — .

The proof of this statement is provided in Supplementary Note 1. Note
that || - || denotes the spectral (operator) norm. We phrase this result in
terms of variances, rather than the state-independent shadow norm, because
knowledge about p (namely, its symmetries) can potentially provide tighter
bounds. Note that the variance is with respect to the effective noisy state p,
which was defined in Eq. (66).

Let us make a few remarks on this result. First, although the symmetry
operators appear in the denominator of Eq. (72), they affect the sample
complexity as usual for classical shadows, albeit normalized by the value s of
the symmetry sector. Thus the division by §,(T") does not hinder our control
over the variance, except when s, = 0 (we furthermore show how to handle
such pathological cases in the application examples below). For typical
applications, the variance Var[3, /5,1< IS, /5, | 3,40 Will be comparable to
the baseline variance of estimation, Var[o;] < max; || O; (12 a0~ Addition-
ally, the number of irreps considered is typically |R'|<L (for instance, in the
concrete examples considered in this work, |R'| is a constant). Thus, we
expect that the inclusion of symmetry operators incurs negligible overheads
for most applications.

Instead, the primary overhead arises from the fact that error-mitigated
estimation necessarily comes at the cost of larger overall variances™*". The

quantity

min TEMIL)

Fzp(€) = min tr(MI1,)

(78)
characterizes an effective noise strength, and it can be seen as a general-
ization of the average Z-basis fidelity of £,

tEM,) 1T
O =7 O (e,

be{0,1}"

Fz(&) = (79)

which appears in prior works on noise-robust classical shadows™®. In
contrast to Fyz(£), the quantity Fzp(€) is a more fine-grained
characterization of the noise channel, averaged within the relevant
subspaces V). Similar to prior results®*’, the sampling overhead of our
error-mitigated estimates also depends inverse quadratically on this noise
fidelity.

Finally, the error bound we obtain is O(]| O |lo€) when € < 1. Note
that ||Oj]|l=1 for Pauli and Majorana operators Our result also
features error terms of order O(||0)]|» €?), which reflect the biased
nature of 6™(T) as a ratio of two random variables. Nonetheless, our
theorem establishes that this bias vanishes as &* ~1/7, so that for
sufficiently large T the prediction error is dominated by the standard
shot-noise scaling of € ~ 1/+/T.

Application to fermionic (matchgate) shadows

The first application of symmetry-adjusted classical shadows that we con-
sider is the estimation of local fermionic observables. This is achieved effi-
ciently by fermionic classical shadows®, wherein the group G corresponds

fermionic Gaussian unitaries (also referred to as matchgate shadows™). We
will consider a commonly encountered symmetry in fermionic systems:
fixed particle number. However, it will be dear how the general idea can
apply to other symmetries, such as spin.

Background on matchgate shadows. We begin with a review of
matchgate shadows. Let a,, a, be creation and annihilation operators for
a system of n fermionic modes, p€[n]. The associated Majorana
operators are

(80)

}’zp = ap + ﬁ;, yZP—H = —i(ﬁp - ﬁ;}

Under the Jordan-Wigner transformation'”, these are mapped to Pauli

operators as
2= (HZQ)XP’ Yap1 = (qu) Y,
9<p a<p

Recall from Eg. (2) that all &* basis operators are generated by taking arbi-
trary products:

(81)

r, = (—i}(’;}y'ul (82)
where g = (1, ..., ) € [2n]. By convention, we order y; < ++ < ,,,, Wecan
group all the m-degree Majorana indices by defining the set

Conm = {p S [21] : || = m}. (83)

Physical fermionic observables have even degree m =2k. An important
subset of such operators comprises those which are diagonal in the standard
basis, corresponding to the index set
Dok =1@p1;2p1 + 1,29, 29+ D i peCypl. (84)

Using Eq. (81), each 7 € D, 5 corresponds to the Pauli-Z operator I', =
Z, -+ Z, under the Jordan-Wigner mapping.

The group of fermionic Gaussian unitaries is the image of the homo-
morphism U: O(2n) — U(d) whose adjoint action obeys

Ut U= )_ Qur, Q&O0@n). (85)
vE[2n]

These unitaries are equivalent to (generalized) matchgate circuits'*

and constitute a class of classically simulatable circuits"*"*’. Fermionic

(matchgate) shadows then randomize over certain subgroups

G C O(2n) of these Gaussian unitaries. The measurement channel

takes the form

M= "fylly, (86)
k=0
where the eigenvalues are
2
Qe
and each irrep is the image of
Z T )X(Tal- (88)

Pecznzi

While U/ carries 2n 4 1 unique irreps (each labeled by a Majorana
degree m)'""*, only the n + 1 irreps A = 2k have nonvanishing £,**”.
Therefore M~ is formally the pseudoinverse restricted to those
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subspaces. Finally, the shadow norm of k-body Majorana operators is”

I Tulihadow =fax = O(nY)-

Variance expressions for arbitrary observables can be found in refs. """, For
the postprocessing of T shadows into estimates of all k-body Majorana
observables, we describe an algorithm in Supplementary Note 5 which runs
in time O(n*T).

‘We now comment on the choice of G C O(2n). Fermionic dassical
shadows were introduced in ref. 69, which initially considered the inter-
section of proper matchgate circuits [the special orthogonal group SO(2n)]
with n-qubit Clifford unitaries Cl(#). The result is the group of all 2n x 2n
signed permutation matrices with determinant 1, denoted by
B*(2n)c SO(2n). They also showed that its unsigned subgroup,
Alt(2n) C B*(2n), possesses the same irrep structure [ref. 69, Supplemental
Material, Theorem 11]. While the full, continuous group SO(2#) has not yet
been analyzed for classical shadows, it was studied for character randomized
benchmarking'* in [ref. ', Sec. VI], wherein they demonstrated the pre-
sence of multiplicities. These multiplicities can be avoided by enlarging to
the generalized matchgate group, i.e., all of O(2n) [ref. "*, Lemma 3]. Ref. 70
applied these generalized matchgates to fermionic classical shadows, and in
particular they prove that the Clifford intersection in this setting (now
yielding the subgroup B(2n) C O(2n) of signed permutation matrices with
either determinant +1) is a 3-design for O(2n). This implies that B(2n) is also
multiplicity-free.

Due to the variety of options, for the rest of this paper we assume
matchgate shadows under any G with the desired irreps. We note that ref. 71
introduced a smaller subset of B(2n) based on perfect matchings, which has
the same channel M and variances; however, its connection to repre-
sentation theory was not explored.

(89)

Utilizing particle-number symmetry. Suppose the ideal state we wish to
prepare lies in the #-particle sector of H. This is a U(1) symmetry gen-
erated by the fermion-number operator, N = Epe[n]a; a,. In particular,
powers of N obey

tr(N*p) =1, (90)
which provides us a collection of conserved quantities with which to per-
form symmetry adjustment. Recall from Eq. (88) that IT,,, projects onto the
irrep

©n

Then, projecting N* onto V. yields the symmetry operators Sy, and solving
the resulting linear system of equations recovers the ideal values for
Sap = tr(Syp). For ease of exposition we will consider only k = 1,2, but one
may generalize to higher k using these ideas.

Concretely, we start with the fact that a; a, = (I — T3 2p11))/25
and Tap,2p11)0 29, 2g+1) = L2p, 2p41,24,244+1) fOr p < g. Then, expand-
ing N and N’ into a linear combination of Majorana operators, one
finds

Viu = span{ly, : g € Cop n}-

1
S;=T,MN)=-5 > T, (92)
Dy,
1
Sy =T(N*) =~ > T, 93)

#ED,, .

Using Eq. (90) and the relations between S, and S, to Nand N° (for example,
N =nl/2+ S,), we arrive at:

s =tu(Sp) =n-3, (94)

s, =tr(S, )=%(:)—q(n—q}. (95)

For the sampling cost incurred by these symmetry operators, we argue
that the typical shadow norms of these symmetries are
Il Szk/sz,(”fhdﬂw = O(n*), which is the same as the base estimation. To see
this, consider a triangle inequality on the shadow norm:

1
I Soklsacon <5 D I allshadow

WEDy,

-y G/ ()

— O(nBR;‘Z}_

(96)

Thus || S, )34, = O(n*) and || 8,134, = O(n°). Next, we need to
examine how 5%, scales with system size. Assuming that s,, s, # 0 and that
the number of electrons is # = O(n), then from Egs. (94) and (95) we see
that s = @(n?) and s2 = @(n*). Thus

I 82/52 iagonw = O(n), ©7)

I Sa/sellhadony = OC?): (98)
Avoiding division by zero. One potential obstruction to symmetry
adjustment is when some s; = 0. This can occur whenever the particle
number takes a specific value:

5 =0if =1, (99)

nt. /n
>

Equation (99) occurs at half-filling, which is fairly common. On the other
hand, Eq. (100) occurs only when the number of modes n is a perfect square
and the number of particles ] is one of two specific values, so it is less likely to
occur. Nonetheless, there is a straightforward way to circumvent both
possibilities by introducing a single ancilla qubit.

To do so, append an additional fermion mode initialized in the
unoccupied state |0}, so that the ideal state is now the (1 + 1)-mode state
P’ = p ® |0){0]. Given that p has # particles on n modes, p’ is an #-particle
state on n + 1 modes. The new symmetry operators on the (n + 1)-mode
Hilbert space are

%=_% Z rp:

(101)
BEDniny2
s 1
4 =3 > L, (102)
BEDyn1y4
which have ideal values
, , n+1
s =tr(Syp) =n— o (103)
, N lfn+t1
s4=tr(84p)=5( 5 )—q(n+1—q}. (104)

It is straightforward to check that, if either condition Eq. (99) or Eq. (100)
holds, then s, and s}, are always nonzero for 7> 1.

Under the Jordan-Wigner mapping, this modification is easily
achieved by initializing a single ancilla qubit in |0). Recall that the terms in
the symmetries S,, S, are the diagonal operators I'(5,, 551.1)= 2, and [y, 5
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+1,2q,2q+1) = ZpZ 4 Notealso that the ancilla qubit is acted on only during the
random unitary Uy (where now Q has dimension 21 + 2) and otherwise
does not interact with the n system qubits.

Application to qubit (Pauli) shadows

Now we turn to the application for local observable estimation in systems of
spin-1/2 particles (qubits). Random Pauli measurements are efficient for
this task; however, for compatibility with the global U(1) symmetry con-
sidered in this work, we must slightly modify the protocol to accommodate
its irreps. We begin with a review of the standard Pauli shadows protocol,
followed by our modification.

Background on standard Pauli shadows. The local Clifford group
CI(1)®" is implemented by uniformly drawing a single-qubit Clifford gate
for each qubit independently. It has 2" irreducible representations, cor-

responding to all k-qubit subsystems IC[n], where
[l=ke{0,1,...,n}""". Twirling M by this group yields
M=3_f, (105)
1c[n]

where f;=3"" and II; projects onto the subspace of operators which act
nontrivially on precisely the subsystem I. The squared shadow norm for k-
local Pauli operators P is™

I Pl Gado = 3 (106)
A more general variance bound was derived in ref. 52: a simple loose bound
of their result can be stated as Var[8] < 3*R|| O||2,, where O is an arbitrary k-
local traceless observable and R is the number of terms in its Pauli
decomposition. However, they argue that a tighter expression, essentially
3*[|0|12,., is typically a good approximation to the variance.

Subsystem symmetrization of Pauli shadows. The irreps of CI(1)®"
are difficult to reconcile with commonly encountered symmetries. For
example, consider a conserved total magnetization M =3 ;c(,;Z;. In
terms of qubits, this is equivalent to the different Hamming-weight
sectors. Each term Z; lies in a different irrep I'= {i}, so M spans multiple
irreps rather than having a single conserved quantity per irrep.

To remedy this conflict, we introduce what we call subsystem-
symmetrized Pauli shadows, which randomizes over a group whose irreps
arelabeled only by the qubit locality k, rather than any specific subsystem I of
k qubits. (This is analogous to how the matchgate irreps depend only on
fermionic locality, due to the inherent antisymmetry of fermions.) We
formalize the group as follows.

Definition 5. The subsystem-symmetrized local Clifford group is defined
as CI(1)gn, := Sym(n) x QA(1)®", where Sym(n) is the symmetric group
and CI(1) is the single-qubit Clifford group. Its unitary action on H is given
by

U(rr,C) = srrC! (107}
where C= ®;eC: € CI(1)®" and 7 € Sym(n) is represented by a permu-
tation of the n qubits:

Salbo) -+ - 1by—1) = 1b1(0)) -+ [bgm1 )

forall b; € {0, 1}, i € [n].

The unitaries S, can be implemented with O(1?) gates and depth O(n),
for example by constructing a parallelized network of nearest-neighbor
SWAP gates according to an odd-even sorting algorithm™ applied to .
Representing m as an array of the permuted elements of [#], the sorting
algorithm returns a sequence of adjacent transpositions i <+ i 41 which
maps 7 to (0,1,...,n— 1). This sequence therefore implements 7" as

(108)

desired. Each such transposition then maps toa SWAP;;, gate to construct
the quantum circuit. For the postprocessing of T shadows into k-local Pauli
estimates, we review in Supplementary Note 5 the algorithm which runs in
time O(n*T).

We prove the relevant properties of subsystem-symmetrized Pauli
shadows in Supplementary Note 2, namely its irreps and the shadow norm
oflocal observables. We summarize the results here: each irrep is the space of
all k-local operators,

Vi = span(B;) where By := {P € P(n) : |P| = k}, (109)

for each k€ {0, 1, ..., n}. Hence the (noisy) measurement channel is

M=>"f, (110)
k=0
where f, = tr(M,£T1,)/ (3* ( ’;) ) and
1
M == > _IPXP. (111)

PeB,

When € is the identity channel, we recover f;, =37 Also in the absence of
noise, the variance formulas are exactly the same as in standard Pauli
shadows.

The canonical example we have considered in this paper is a U(1)
symmetry generated by a total magnetization M=3;c[,;Z; Suppose the
ideal state has a known value of m = tr(Mp) (equivalently, plives in a sector
of fixed Hamming weight (1 — m)/2). The symmetries projected into the
irreps of CI(1)§, are then

S, =IM=>_Z, (112)
el
S, = TL(M?) = 2;% (113)
i<y
whose ideal values are
sy =m, (114)
s, =m’ —n. (115)

Asin the fermionic setting, we encounter issues if s, or s, vanish (i.e, m=0
or m = *./n, respectively). In this case, we can perform the same ancilla
trick, appending a qubit in |0) and modifying the conserved quantities to

G =m+1, (116)
$=(m+1*—(n+1). (117)

The variances of the symmetry operators are
Vars, /s,] = O(n), (118)
Varls, /s,] = O(1), (119)

whenever the ideal state lives in a symmetry sector of constant m = ©(1).
We show this in Supplementary Note 2, along with general m-dependent
expressions. This n-dependent variance bound reflects the fact that the
symmetries are extensive properties. While local Pauli operators have
variances bounded by a constant, we point out that many local obser-
vables of interest are linear combinations of an extensive number of Pauli
terms. As such, their shadow norms typically grow with system size as
well (which can also be seen by the fact that the shadow norm scales with
operator norm).
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SUPPLEMENTARY NOTE 1

Error analysis. Here we provide the proof for Theorem 4 from the main text, restated below for convenience.

Theorem 4 (Restated from main text). Fix accuracy and confidence parameters €, € (0,1). Let Oq,...,0L be a
collection of observables, each supported on an irrep of i : G — U(L(H)) as O; € V) for A € R’ C R. Let S\ € V)
be a symmetry operator for each A € R/, for which the ideal values s) = tr(Sxp) of the target state p are known a

priori. Suppose that each noisy unitary satisfies Assumptions 1, Uy; = EU,, and define the quantities

. tr(gMzHA)
FZ,R’(E) — )]\:2-11?, tI'(MZH).) H (1)
o= 1gj21ﬂ§eﬁ* {Va:r[oj], Var [3).] } (2)
Then, a (noisy) classical shadow p(T') of size
_ o les(L+|R))/d) »
T= 0( o (€22 o (3)

can be used to construct error-mitigated estimates

AEM _ tx(0;5(T))
o) = ST o W
which obey
165M(T) — t2(05p)| < (I10;llo0 + D) + O(|0; [l €?) (5)

for all 1 < j < L, with success probability at least 1 — 4.



Proof. Let p1, ..., pr be the T noisy classical shadows. Construct the mean of these snapshots,

M) =53 b (6)

(It is straightforward to replace this by a median-of-means estimator if necessary.) In expectation we have E[p(T)] = p,
where the effective noisy state can be described as

p=M"(M(p)). (7)

Let O € V), with symmetry s, = tr(S\p) in the same irrep. Define estimates of the noisy expectation values using

p(T):

X = tx(OA(T)) ®)
¥ - tr(f—:ﬁ(T))- (©)

In expectation, these random variables obey E[X] = tr(Op) and E[Y] = tr(Sx5)/sx = f»/fr. Therefore as established

from the main text, we have

r(E[X],E[Y]) = % — tx(Op), (10)

where we have defined the function r(z,y) := z/y. From a finite number of samples, however, we can only construct
6"™M(T) == r(X,Y), which is generally a biased estimator since E[r(X,Y)] # r(E[X],E[Y]).

To quantify the estimation error, we employ Taylor’s remainder theorem: expanding r(z,y) to first order about a
point (zg,Y0), we have

7(z,y) = (o0, Yo) + 027(z0,Yo)(z — zo) + Iyr(zo, Y0)(y — o) + h1(z,y), (11)
where the remainder term is
1
hi(z,y) = 5 [027(a,b)(z — z0)” + Fyr(a,b)(y — yo)? + 20zyr(a, b)(z — z0)(y — yo)] (12)

for some points a € [min(z, Tg), max(z, zo)] and b € [min(y, yo), max(y, yo)]. The relevant partial derivatives of r(z, y)
are enumerated below:

Opr(z,y) = 1/y, (13)
Oyr(z,y) = —z/y?, (14)
d2r(z,y) =0, (15)
Ogyr(z,y) = —1/9, (16)
dyr(z,y) = 2z /y° (17)

Suppose T is large enough such that (with high probability) the estimation error of all noisy observables are
uniformly bounded by some € € (0,1):
(18)
E. (19)
This is achieved by standard classical shadow arguments, which we will elaborate on later. For now, assuming these

error bounds hold, we rearrange Eq. (11), set (z,y) = (X,Y) and (z0,%) = (E[X],E[Y]), and apply a triangle
inequality to obtain

o o 1 [ELX]|
Ir(XY) = r(BIXLEY| < o€+ Frvp

A

E+ +hi(X,Y)]. (20)




To proceed with this error bound, we make the following observations. First, note that

f)\ . tr(MzEH,\)
f)\ tI(MzHA)

which we will denote by . We assume that that noise channel £ is such that £, > 0, as otherwise the quantity
r(E[X], E[Y]) diverges. Next, because E[X]/E[Y] = tr(Op), we have the bound

E[Y] = € [0,1], (21)

E[X]
‘Eﬁ%wmu. (22)
Thus Eq. (20) becomes
Ir(X,Y) - r(E[X], E[Y])| < é%—r I g{\'°°~+ Iy (X, 7). (23)

We can bound the remainder term |h1(X,Y)| as follows. Applying a triangle inequality to Eq. (12) yields

= 5 al 1.
|hi(X,Y)| < Ue%rb—zez

] (24)

Taylor’s remainder theorem tells us that the value of a (resp., b) lies between X and E[X] (resp., Y and E[Y]), which
we know are at most € apart. We can therefore bound

la] < max{[E[X]|, | X}
< max{[E[X]|, |[E[X] + €], |E[X] — &}

_ (25)
< |[E[X]| +€
< &0l +&
Similarly for b, using the fact that E[Y] > 0,
|b| > min{|E[Y]|,|Y}
> min{E[Y], E[Y] + & [E[Y] — &} (26)

=min{y, [{x — €}

If € < £, then [b] > £, — € > 0 always holds. We will see later that this condition is always justified; for now, we will
just suppose that this lower bound on |b| holds. Then the remainder obeys

v v 1 QllOllo +€ | 2
b (X,Y)] < m)z( N +1)e. (27)

Combining Egs. (23) and (27), we arrive at

SEM(T) — tr 1 : 1 &[0l + & 2
FT) ~1(0p)| < 2 (10l + 1)+ gy (2= EE 1) (25)

In order to bound this error by O(||O||sc€) for some desired € € (0,1), we can choose € = {,¢, yielding

|6"M(T) — tr(Op)| < (Ol + 1)e+ ! IOlloo + € +1 )€ (29)
(1—¢)2 1—¢

Thus, by demanding € < 1 we ensure that the required technical condition € < £, is met. Now we need to verify
that the remainder term is bounded by O(||O||s€?), so that the O(]|O| o0€) term dominates asymptotically as € — 0.
Indeed, as long as € is bounded away from 1 then

g (=t 1) — ool (30
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Finally, we analyze the sample complexity required to achieve the error bound of Eq. (29). In Egs. (18) and (19)
we required that the number of samples T be such that the shot noise of X and Y are at most €. These random
variables correspond to the observables {Oj}le U {Sx/sr}rcr - Standard classical-shadows theory informs us that

- O(log(m R/ {Var[aj],m [_ ] }) a1

€2 1<i<L
AER'

suffices to accomplish this task (with probability at least 1 — §) [1]. Then, setting € = miny¢ pr £\ € ensures that € is
small enough for Eq. (29) to apply to all target observables. O

SUPPLEMENTARY NOTE 2

Subsystem-symmetrized Pauli shadows. Here we prove the properties of the subsystem-symmetrized Pauli
shadows introduced in the main text. In “Irreducible representations” we identify the irreps, and in “Variance of
symmetry operators” we bound the variance of observables under this protocol, particularly the symmetry operators

S} obtained from M = Eie[n] Z;.

Irreducible representations. Recall that the subsystem-symmetrized local Clifford group is the direct product

Cl(1)§y, = Sym(n) x CI(1)®", (32)
where m € Sym(n) acts on (C?)®" as
Sxlb) = |7~ (b)). (33)

For shorthand, we write w(b) for the n-bit string br(o) -+ *br(n—1)- It is clear that the adjoint representation U ¢
block diagonalizes into subspaces spanned by k-local Pauli operators:

Vi =span{P € P(n) : |P| =k}. (34)

This can be seen from the fact that neither single-qubit nor SWAP gates can change the operator locality; however,
SWAP gates can map between equally sized subsystems on which the operator nontrivially acts. What remains is to
show that each of these subspaces is irreducible.

First, we define the twirling map.

Definition 1. Let ¢ : G — U(V) be a unitary representation of a compact group G on a vector space V, and let
®: G — U(L(V)) be its adjoint action, i.e., ®4(-) = qﬁg(-)(ﬁ;. The t-fold twirl by ® is defined as

Tio = E &5, (35)

which is a linear map on L(V)®?.

Twirls have a number of convenient properties, mostly arising from the fact that @ is a group homomorphism. For
example, they are G-invariant from the left and right:

" oTro =T =Teo 0 BF° (36)
for all h € G. This furthermore implies that they are in fact projectors:
T'e =Tio- (37)

The study of twirls also allows us to determine the irreducible representations of a group. This can be seen by the
following well-known result for multiplicity-free groups, which for completeness we provide a self-contained proof of
at the end of this subsection.

Proposition 2. Let G, V, ¢, and ® be as in Definition 1. For any X € L(V), the 1-twirl of X by ® takes the form

Tie(X)= ) XTI 1y (38)

AERg tI(HA)

if and only if ¢ decomposes irreducibly as V = @ ,cp. Vx, where I\ is the orthogonal projector onto V.



Our strategy for determining the irreps of G = C](l)sym is therefore to directly compute 7; ¢, from which we can
infer the irreps from its block-diagonal structure. To use Proposition 2, we will take ¢ as the unitary channel U, so
that V = L(H) and ®(-) = U(-)U" (note that this is a superchannel). For technical reasons, it will be easier to first
compute T3y, from which the desired twirl 71 6 can be evaluated. The relation between these two twirls is given by
the following lemma.

Lemma 3. LetU : G — U(L(H)) be a unitary representation and ® : G — U(L(L(H))) its adjoint representation,
ie., ®g(A) = H;AHQ for any superoperator A. The 1-twirl by ® can be computed from the 2-twirl by U as

T1,0(A)(X) = tra[Tou(A) I ® X)), (39)
for all A € L(L(H)) and X € L(H). Here, the domain of Toy is understood with respect to the isomorphism
L(L(H)) = L(H)®?, given by

|A)(B| = A® B (40)
Proof. Write A =37, ic 14 Aij|Bi))(Bj|, where Ai; € C and {Bi};c[a) is an orthonormal operator basis. By a direct
calculation:
Ta(A)X) = E &,(4)(X)
= IEI u;Aug(X) = ]E u;A(UgXU;)

= E, uy - AU|B W(B; U XU
i,j€[d?]
=E > A UiB;U, tx(BIU,XU})
1j€[d2]

= E trgl > Ay(UIBU,) ® (UJB;UQX)]

JEld?]

—in| Y A,-jau(Bg@B;)(H@X)]

| i,5€[d?]

= tr Tz_.u( > AiJ’|Bi)>((BJ'|)(][®X)

i,j€[d?]
= tro[Tou(A)(I® X)]. (41)
O

Before we can compute T2y for the subsystem-symmetrized local Clifford group, we will need a small result about
the group orbit of a k-local Pauli operator P under the action of U. The orbit is defined as

G-P={Uy(P)| geG}. (42)

This will help us determine how the twirl acts on Pauli operators, which as an basis is used to compute the matrix
elements of Tz . To this end, we define an orthonormal basis of k-local Pauli operators,

By = {P € P(n)/Vd:|P| =k}, (43)
which contains |Bg| = 3%(}) elements.

Lemma 4. Let G = CI(1)&" . The orbit G - P of any P € By, is equal to +By, i.e., the set of all signed k-local Pauli

Sym
operators.

Proof. Let the nontrivial support of P be I C [n], |I| = k. For each (normalized) Pauli matrix acting on subsystem
I, its orbit by all single-qubit Clifford gates is +{X,Y, Z}/v/2. Meanwhile, the trivial factors 1//2 acting on [n] \ T
are invariant to any unitary transformation. Therefore C1(1)®™ - P is the set of all normalized Pauli operators acting
nontrivially only on the qubits in I (with both signs +1).

Then, conjugation by S for arbitrary m € Sym(n) permutes the k nontrivial factors of P among the n qubits. The
orbit over all permutations yields all possible “) supports. Taking the direct product of both these Clifford- and

¢
symmetric-group actions therefore yields all k-local Pauli operators, with prefactors £1. H



We are now ready to compute the 2-fold twirl by i{. We comment that the high-level proof structure of this lemma
is inspired by that of Ref. [2, Section IV A 1].

Lemma 5. Let U : G — U(L(H)) be the unitary representation of G = C1(1)2"
Its 2-fold twirl is the projector

defined by Uz o(p) = SxCpCTS}.

Sym?

T =3 SN, (44)

k=0

where |E£2})) € L(H)®? is defined as

=) = \/% 3" |P)|P). (45)

Proof. First, we will establish that for any two basis Pauli operators P # @, we have 7o y4|P))|@Q)) = 0. Thus we only
need to consider basis elements of L(H)®? of the form |P))|P)). Next, we will show that T3 y|P))|P)) = Tou|P'))|P"))

whenever |P| = |P’|. Finally, using these two properties we can derive Eq. (44).

Fix the basis of Pauli operators such that P, Q € | Jy<p<, Br- If P # Q, then there exists at least one qubit i € [n]
on which P and Q act as a different Pauli matrix. Hence there always exists some W € P(1) which anticommutes
with one and commutes with the other, e.g., W;|P)) = TfV,me = —P and W;|Q)) = Q. Note that W; is equal to
U(ew,) where e € Sym(n) is the identity permutation. Thus using the property that Tay o WE? = T u, we have

Toul PYQ) = T2uWP?|P)|Q))

— _TulP)IQ), (46)

implying that 75 |P))|Q)) = 0.

Now let P, P’ be k-local Pauli operators for any k. If they act nontrivially on different subsets I, I’ C [n] of qubits,
then let 7 € Sym(n) be a permutation that maps I to I’. Given this permutation, if they act as different Pauli
matrices on their new shared support I’, then furthermore let C; € Cl(1) for ¢ € I’ be Clifford gates that map each
one to the other. Writing C' = @,/ C ® [®("—F) | this transformation acts as Lf (r C)|P))|P)) = |P"})|P")), which

implies that

ToulP)|PY) = Toudd®%, |P)|P)

(47)
= TaulP")|P").

We are now ready to derive Eq. (44). As established by Eq. (46), we only need to expand the 2-fold twirl in the
basis of |P))|P)):

Tu= Y, (PI(PITulP)IP')P)PXP(P

P, P’Ep(n}

—Z Y (PIPITaulP')PYIP)IPYPI(P'I,

k=0 P,P'€B;.

(48)

where the second simplification is due to the fact that U, ¢y preserves Pauli locality, hence ((P [(P|ToulP")|IP') =0
whenever |P| # |P'|. Now we invoke Eq. (47), which implies that (P|{(P|Tou|P'))|P')) = ¢, for all P, P' € By (i.e.,

the matrix element does not depend on the particular choice of P, P'). Hence

Tu=3¢ Y IPIPY(PIP

k=0 PP*EBR.
=3 alzPNEP),
k=0

where we have rescaled ¢, = ¢},3%(}) to account for the normalization of |Ef})).



Finally, we show that all ¢ = 1 by proving that ?},M|Ef})} = |E§c2))). Expand the expression:

Y Uy|P) @Uy|P)). (50)

T2U|E(2) Z
|G| gec Vv |B PcB;

We first compute the average over the group for some fixed P. By Lemma 4, we know that the orbit G- P = {U,|P)) |
g € G} = £B;. Thus

S UlP) oUlP) =2 5 3 (#1P1)IQ). (51)

geG QeB;

where the factor of 2 is due to the fact that for each Q € By, both £Q € G - P, and the factor of |G|/|G - P| takes
care of double counting when summing over all elements of G. Noting that |G - P| = 2|Bg|, we can plug this result
into Eq. (50) to find that

1

TulS) = =7 > Y 1Q)IQ)
|Br | PeByi QeBy
3 Q)R (52)
|Bk QeB;
=),
as desired. D

We are now ready to prove the main result of this section: the irreps of CI(1 )Sym are labeled by the Pauli weights

k € {0,1,...,n}. The proof structure is as follows: from the expression for 73y from Lemma 5, we can compute 71 &
by using Lemma 3. Then by examining 7; &, we use Proposition 2 to infer the irreps.

Theorem 6. The representation U : CL(1)§ — U(L(H)), defined by Upr o (p) = SxCpCTS], decomposes into the

Sym
irreps
Vi = Spa‘n(Bk): ke {0: ..., n}' (53)
Proof. From Lemma 5, we have
Tou =3 15 WS, (54)
k=0

where |E§c2))) is defined in Eq. (45). Using Lemma 3, we compute T; (A) by evaluating 71/(.A) for arbitrary
superoperators A. Let us express .A in the Pauli basis:

A=Y 3 Y ArglPi@l (55)
k=0 PeB;, QeB;

Recall from Eq. (40) that in order to evaluate 73 3(.A), we need 72 4(Q ® P) for every P, Q. But because T2y projects

onto symmetrized basis elements P ® P, we only have to consider the case where P = Q:

ToulP ® P)) = |EP)(EP|P © P))

=150 = 3 (PIP)(PIP)
k P'eBy
_ (2)
=5, (56)

where |By| = 3%(}).



Inserting this result into Eq. (39) yields

Tr.0(A)(X) = try [Tou(A)(X ®11)] (57)
= try App 23 (x 11]
=t LZ_;P; B (X ®I)
= try PP——=
|)<Z—':JP§:C Vv |
x —— Y (PoP)Xal
|B| P'eBy,
Pe k'APP !
ZE ng 3 w(PX)P

P'eB;.

We make a number of observations here. First, note that ), 5 App = tr(Allg), where Iy = > p 5, [P)(P|. Also,
|Bg| = tr(I1;). Finally, the sum over P’ can be represented as

Y w(P'X)P'= > [P)(PIX)

PeB, PeB;, (58)
= x| X).

Because this holds for all X € £L(H), we can say that

Ti.e(A) = kZ=0 tﬁ&i;) I (59)

By Proposition 2, we know that the twirl has this expression if and only if the irreducible subspaces of U are
Vi = span(Byg). O

Finally, we close this subsection with the deferred proof of the well-known result Proposition 2, for completeness.

Proof (of Proposition 2). For the forward direction, suppose ¢ = € cp. #*) where each ¢ : G — U(V}) is irre-
ducible. (This is guaranteed by Maschke’s theorem, and generalizes to the Peter—Weyl theorem for compact groups [3].)
Because 71 ¢ (X) commutes with all ¢4, they are 51mu]taneous]y block diagonal, so T1,6(X) = @yc g, 71,600 (X) where

®XN () = ¢MN(-)¢M1. Because ¢V is irreducible, by Schur’s lemma 77 g (X) must be a multiple of the identity on
V.. Therefore

‘Tl_@(X) = @ CA(X)]IVA = Z C,\(X)H).. (60)

AERg AERg
From the orthogonality of projectors II\II,; = dx I, the scalar cy(X) is determined by
ex(X) tr(Ily) = tr(Ix 71,0 (X))
— T
= Q@G tr(qbgHA(ﬁgX) (61)
= E t.I'(HAX) = tr(H,\X).
g~G

For the reverse direction, suppose the twirl takes the form

Ti0(X) = @%EVM (62)

where we denote each block by 7; g (X). Again because 71 ¢(X) and ¢, commute, the matrix ¢, is block diagonal
in the subspaces V), for all g € G. We need to show that each block ¢(*) is irreducible.



9

Recall that ¢(*) is irreducible if the only subspaces W C V) for which qbg) (W) C W are W = {0} or W =V,.

Indeed, let W C V) be a subspace such that for any |v) € W and g € G, ¢§A)|U) € W. Suppose there exists a vector
|z) € V) that is orthogonal to W and set X = |z)(z|. Then

Tieo (lzKzDlv) = E ¢ ) (| (8§V)T|v) =0 (63)

because all (qﬁg))ﬂv) € W. However, from T; 1) (X) = e, (X)Iy, we see that also

_ (zl=)
Trs(lzel)ale) = S0 1) (69)
Supposing |z) # 0, we see that |v) = 0 is the only possible element of W to satisfy Egs. (63) and (64) simultaneously.
Hence W = {0}. Otherwise, |z} = 0 is the only element of V) orthogonal to W, implying that there is in fact no
nontrivial subspace orthogonal to W. Thus W = V), in this case. -

Variance of symmetry operators. In this section, we analyze the variance associated with the symmetry
operators,

Si_1 Z Z;, (65)
51 m i€[n]

Sa 2

g = m2 _HZZiZj' (66)

i<j

Because our error analysis of symmetry-adjusted classical shadows bootstraps from the variance of unmitigated esti-
mation, we only need to compute quantities related to the noiseless protocol. In this case, the subsystem-symmetrized
local Clifford group yields the same channel and variances as the standard local Clifford group because the random
permutations have no effect on the twirling on computational basis states.

Specifically, using the two- and three-fold twirls we can express

Mp)=tri| Y Tac(IB)Xb®*)(peT) (67)

be{0,1}»

Varg[o] =tr| > Tsc(|b)b|®®) (0@ M1 (0)%?)
be{0,1}"
—tr(0p)?, (68)

where the ¢-fold twirl by U : G — U(H) is defined as T; ¢ = EgucUy". These expressions are the same whether we
take G = Cl(l)?;‘m or CI(1)®", due to the following equivalence:

@t
> Tames (BXBF) = > E (C1stb)b|S-C)
be{0,1}n i Sym be{0,1}n (ﬂ',C)NC](l)é@y"m [ ]
= E (ch® E D Im(b)Xn(b)|® [C®
C~Cl1(1)®n wrSym(n) be{o1}n
- 1 (69)
= E chet LY (BBt C®E
N (GRSl
i be{0,1}n
= > Teame(IbXH®).
be{0,1}n

The third equality follows due to the fact that permutations are bijections, hence each 37, (g 13n [m(B){m(b)|®* is just
a reordering of the terms in } -, 1}n [b)Y(b|®E.
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As an immediate consequence, we see that the variance of observables under subsystem symmetrization are exactly
the same as with standard Pauli shadows. For the rest of this section, we will explicitly compute the variance of Sy
using known Haar-averaging formulas over the Clifford group [1, Egs. (S35) and (S36)]:

A+tr(A)T
flz): fry _ A+ tr(A)T
Um]gl(g UM |zXz|U(z|UAU|Z) . (70
o Bl Hee et U (U BoU ) (| U Co U |} = EELB0C0)T +2:zoco +CoBo -

for all unit vectors |z) € C? and Hermitian matrices A, By, Cp € C?*2, with tr By = trCy = 0. The extension to
Cl1(1)®" follows by linearity and statistical independence. We first apply these formulas to S; to compute its variance.
Writing C' = ;¢ Ci and |b) = @)y [bi), We have

E[ﬁflztr(p > E C“Ib)(bIC(bICM_l(Sl)CTIb)z)

befo1pn O
1

:tr(p > E CHUb)plC x 3> ) (b|OZiOT|b)(b|CZjCT|b))

C~Cl(1)8n
be{0,1}n @ ,j€[n]

_ 1 T 02
=0tr (p Z Z C,;N]Eclrl(l} ClbiXb;i|Ci(b:|C: Z:C [ |bs) ) (72)

i€[n] b;€{0,1}

+9x 2tr (pz > o E oy ClbaBIC: @ ClbiXbi|C3(bil CiZiC1bi) (511C3 25C |bj>)

i<j bs,b;€{0,1}

=0tr (p > g) +18tr (pz %%)

i [n] i<j
= 3n + tr(Sa2p).

Thus the variance is

s 1 . .
Vary | 2] = 2 (8% - Bl )

sl 8t (73)

1

(3n + tr(S2p) — tr(S1p)?).

T m?
If p is the ideal state with symmetries tr(S1p) = m and tr(S2p) = m? — n, then Var,[31/s1] = 2n/m?2. On the other
hand, if we make the noisy replacement p — p = M~1M(p), then we can obtain a bound

§1 _ ]. 2 2
Var;{g] = @(371 + Fz(m® —n) — (Fz1m)?) )
2n
<—+L
m

Next we compute the variance of estimating S;. Analogous to the calculation presented in Eq. (72), we expand
(B|CM~1(S3)CT|b)? and group terms based on the overlapping of indices:

(BICM™(S2)CT[b)* = (3% x 2)* Y > “(B|CZ:Z;C|b) (b|CZ Z,C" |b)

i<j k<l
@Ex| 3+ P+ 3
(i=k)<(5=1) (i:}_c)?j,,t k<(i=l)<j (75)

J#

+ Y+ D>+ Y (b|CZ:Z;C|b) (b|C Zr ZiCT |b).
i<(j=k)<l i,k<(j=l) i<jik<l
i#k k#iFELEF#jFL
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We now go through each summation and evaluate the expectations:

t f F1p 12 b2
_ Z > c,-_.cj]Emu) Cl[bi)Xbi|C: ® Cj b Xb;|C; (bs| C: ZiCi [bi)* (b5 |C; Z;C |bs)
{l—k)((j—!}b b;€{0,1}

(76)
_Z 32 = 32( )
E CTb: )\b:|C: @ CT b, )b;1C; @ C by )by |C:
_Z_ > S T i [ba)(bi| Cs ® Cb;Xbs|C; @ C/ [br )Xbr|Cy
(i=k)<j,l bi,b;,bre{0,1}
J#l
x (bi|CiZiCT [bi) (b;1C;2,C] Iby) (0| CLZiCf ) (77)
1Z; 2 2
=2) 333°-3: 2 4
i<j<l i<l
i i i
_Z _ > Ci__cjit,;FiNCl(l)C.:Ibe-)(biICe-®lebj)(b;|0j®Cklbk)(bk|0k
k<(i=l)<j bs,b; ,br.€{0,1}
x (bi|CiZiC] [bi) (b;1C; Z;C] [b;) (b |C ZkC [bi) (78)
1
=3 > 47,
k<i<j
i i i
_ Z > c.;,,c,-,c]jE:‘rumu)Ci |biXbi|Ci @ C7 |bsXbs|C; @ C/ [bu )b |Cy
i<(j=k)<l bs,b;j,b€{0,1}
x (bi|CiZiC] [bi) (510, Z,C] b)) (| CLZiCf ) (79)
1
=35 > Zii,
i<j<l
i i i
> > o CN,;F,ENCIU}C@ |bi Xbi|Ci ® C[b;Xb;]C;5 @ Clbr Xbk|Ch
1k((3 1) bs,bj,brc{0,1}
% (bi|Ci Z:Clbi) (b;1C;.Z;CF b;)? (b | Cr ZC L i) (80)
2
=5 > Zilx,
i<k<j
> XD . 01(1) C|bg)bg|Cy (bg|Cy ZC|bg) = | Z VAVAVAY/
i<j;k<l ge{i,j.k,l}bye{0,1} i<jik<l
k;éz;é: kAl k#FiFELEFjFL (81)
Y 22,744
i<j<k<l

Egs. (77) to (80) can be combined by relabeling the indices and recognizing that the resulting three-index summation
has 3(3) = (n — 2)(5) terms of the form Z,Z, (symmetric across the index pairs p,q € {i, j, k} with p # ¢). Hence
there are only (g) unique terms, all of which are repeated n — 2 times:

2 2
3—3 Z (ZiZj+Z§Zk+ZjZk) = 3—3(71—2)ZZ1ZJ (82)
i<j<k i<j
Combining these expressions, we obtain
E  CHo)b|CBICM1(S:)CHB)2 =36( " )1 +24(n—2) S Z:Z; + 24 VAVAVAYAR 83
2 J J

C~Cl(1)8"™
be{0,1}™ @ i<j i<j<k<l
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Due to the presence of the four-body term, we will need the conserved quantity associated with M*:

M* = (M?)? = (n]l + QZZ,;ZJ-)

i<j

(84)
=n’l4+4nY_Z:Z;+4) > ZiZ;Zv 2.

i<j i<j k<l

The four-index sum here can be grouped as we did in Eq. (75), and the conditions can be simplified as before. Along
with the fact that Z2 = I, a straightforward calculation reveals

NN 2:z;2:2, = (";’) 1+2(n—2)) ZiZ;+6 Y ZiZ;Zx2. (85)
i<j k<l i<j i<j<k<l
Plugging this into Eq. (84), combined with tr(M%p) = m* and tr(Syp) = m? — n, we arrive at
4_ 2 n 2
tr(Syp) =24tr| p Z Z;Z;ZyZy | =m* —n® —4 o)~ (6n — 8)(m* — n), (86)

i<j<k<l

where Sy = ILy(M*) =4, _. ;1 ZiZ;ZxZ,. Finally, applying this result to Egs. (83), we can compute the variance
with respect to an ideal state lying in the symmetry sector:

Var, {3—2] - ﬁ [36 (;‘) +12(n — 2) tr(Sap) + tr(Sap) — tr(Sa p)z]

” 1 (87)
- n _ 2 _ 4 2|
= ) [32(2) + (6n—16)(m* —n)+m" —n ] 1.
Again making the replacement p — p, we instead have the following bound:
32 1 n )
Va:r; s—z = 7(?’”2 — n)2 36 9 + 12(?’1 — 2)FZ,2 tI(Szp) —+ FZ,4 tI(S4p) — FZ,,‘Z

1 2 4 2 2

< mZ—n)? [lgn(n —1)+12(n— 2)m* + m" + 6n° + 8m ] (88)

1 2 2/ 2
= m [ﬁn(4n —3) +12nm” + m*(m” — 16)] .

If m = ©(1), which is the case in our numerical experiments of antiferromagnetic spin systems, then Var;{.’ég /s2] =

O(1). Recall from Eq. (74) that Var;{.i%l /s1] = O(n/m?). Therefore the variance overhead of estimating these
symmetry operators is, asymptotically,

max{Var~[s—l] , Var~[2] } = 0(n) (89)
when tr(Mp) = m = ©O(1).

Systems wherein m depends on n will require a case-by-case analysis, which we leave to the reader. As a pathological
example, consider two different functions which are both ©(y/n): if m = ay/n for some constant o # 1, then
Va:r;{.ﬁz/sz] = O(1). However, if instead m = /n + ¢ for some constant ¢ # 0, then Va:r;{.iig/sz] = O(n?). In both
cases, Va:r;{.ﬁl/ 51]) = O(1). Thus the specific form of m = f(n) can drastically affect the asymptotic bounds here.

SUPPLEMENTARY NOTE 3

Spin-adapted fermionic shadows. It is well known that number-conserving fermion basis rotations which
preserve spin symmetries can be block diagonalized according to the spin sectors, leading to savings in both classical
and quantum resources. Here we show how to leverage spin symmetries for the broader class of fermionic Gaussian
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transformations, and in particular we construct a spin-adapted matchgate shadows protocol. As such, this scheme
will be informationally complete only over spin-conserving observables.

Let nt and ny be the number of spin-up and spin-down fermionic modes, respectively. The total number of modes
is n = nt + ny, and we order the labels such that all spin-up modes come first. Gaussian transformations which do
not mix between different spin types are block diagonal,

Q= (‘%T &) € 0@2n), (90)

where Qs € O(2n,) = G, for each o € {1,]}. Let Gepin = G+ X G| be the spin-adapted group, i.e., the set of all
elements of the form of Eq. (90). In order to calculate properties of this ensemble for classical shadows, we shall use
the fact that Uy is nearly equivalent to the tensor product Ug, ® Uq, , up to a factor that depends on the determinant
of Q+. More precisely, we have the following.

Lemma 7. For all block-diagonal Q of the form of Eq. (90), the unitary can be written as
Uq = Ug, ® (P[“VUq,) (91)
where

s(Qq) = {(1} Zsjet(QT) =1 (92)

and P, = (—i)" ii"u_l Cu,o is the parity operator on the o-spin sector.

For technical reasons, we have introduced two new sets of Majorana operators {c, | 1 € [2n,]} on each ny-mode
Hilbert space, in order to talk about the different spin sectors in terms of the standard tensor product. Because the
tensor product does not respect the antisymmetry of fermions, these new Majorana operators are related to the usual
Majorana operators (acting on the full n-mode Hilbert space) via

FY”'!T = c”".T ® ]L‘ (93)
Yud =Pr®cuy. (94)

Lemma 7 therefore addresses this technicality of maintaining the anticommutation relations when expressing Ug as a
tensor product.

Proof (of Lemma 7). It is clear that conjugation by Ug, transforms each ¢, , as desired. What we need to ensure is
that the Majorana operators -y, , on the full Hilbert space transform properly. Indeed, Eq. (91) performs the desired
transformation; for the spin-up sector, we simply have

For the spin-down sector, we will make use of following commutation relations:

PyUq, = det(Qs)Uq, Py (96)
Parc,u.,.ar = _C,u.,.apa- (97)
Consider the case det(Q4) = 1. Then s(Q4) =0, and so Uy = Ug, @ Ug, :
Uqu Ul = Ug, PyUY, @ Ug, e, U}, (98)
= Pr®Uq,cu U,
as desired. If instead det(Q4) = —1, then Ug = Ug, ® (P,Uq, ) and so
UQ’Yu,LUcTQ = UQTPTU:%T ® P¢UQLC#4U(T?¢ Pf
= (—Py) @ (— det(Q,)*P P[Uq, ¢, U} )
= Py ® Ug,cu U,

where we have used the fact that PLPI = Pf =1 O



14

In the context of classical shadows, the appearance of P| is inconsequential because it merely acts as a phasing
operator which appears directly before measurement. To see this, first observe that Mz = Mz 4+ ® Mz, where

Mzo =3 befo,1)m0 || Using the fact that Py[b)) = P’Jﬁ|b)(b|P;yr = |b)Xb| = |b)}, we have that that shadow channel
of the spin-adapted ensemble is

M i = QTEQl [u:r?*r ® (M2?¢pf(QT))(MZsT ® Mz, g, @ (pf(QT}MQ* )] (100)
_ t t
= B, |y Mzila,) © U, Mz ilho,)]
=M @M,. (101)

Therefore the spin-adapted matchgate shadows behaves as two independent instances on each spin sector. The
estimators and variance bounds also follow straightforwardly; first, the shadow channel is

MGspin = MT ® Ml’

Tt My

- szn-r,jfnhﬂﬂj ® Iy, (102)

§=0 £=0

where for ease of notation in this section, we define

= (5)/ )

For the variance, we use the property that the shadow norm of a tensor-product distribution is the product of
shadow norms on each subsystem. This can be seen from the fact that shadow norm of an operator A is the spectral

norm of a related operator A = Ey.¢ 2 obe{o,1}n Ut |o)b|U (b|U MG (A)U T |b)2:

AN = max tr(pA®)

states p (10 4)
= [l A9 le0;
which holds because A% is positive semidefinite. For clarity, in this section we use the notation || - ||¢ for the shadow

norm associated with the group G. Thus for any shadow channel formed as a tensor product Mg, gq, = Mg, @ Mg,,
we have

141 © 5], 00, = max tr(p(AF © AF))

states p
= || AT ® AT | (105)
= | AT [loo 145l oo

= [14111Z, |42, -

(This argument generalizes to multiple tensor products.) Within the context of our spin-adapted ensemble, this
implies that any spin-respecting Majorana operator

A\ j4E
Ipq= (=) Vpit o Vp2i M Ve T Va2l

iy , (106)
= (_z)jC‘Pl,T ©t Cpgyit ® (—E)Ecql,i‘ ©" " Cgagds

has a squared shadow norm of
||Fp,q"%:5pm = f'::Tl,j 711,:3- (107)

Thus, for Majorana operators of constant degree 2(j +£) < 2k, the variance scales as O(n{nf) = O(n*), just as in the
unadapted setting. Note that spin-respecting here means that the operator factorizes into an even-degree Majorana
operator on each spin sector.

The advantage of this ensemble is that the required circuit depth and gate count are roughly halved, since we only
need to implement two independent matchgate circuits on ns qubits each. Furthermore, one can also check that
the shadow norm constant factors in the spin-adapted setting are also slightly smaller (for example, for k = 2 and
ng = n/2, the ratio of spin-adapted to unadapted shadow norms is asymptotically lim, .o f,, /22,1 / f. 3 =3/4).
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SUPPLEMENTARY NOTE 4

Improved compilation of fermionic Gaussian unitaries. In this section we describe a new scheme for
compiling the matchgate circuit Ug for arbitrary @ € O(2n), under the Jordan-Wigner mapping. This ap-
proach improves upon the circuit depth of prior art [4] by optimizing the parallelization of nearest-neighbor single-
and two-qubit gates. We accomplish this by modifying previously established ideas to better respect the map-
ping of Majorana modes to qubits. Our improved design is implemented in code at our open-source repository
(https://github.com/zhao-andrew/symmetry-adjusted-classical-shadows).

A previous circuit design. First we will review a prior circuit design to encode the action of Uy into a sequence
of single- and two-qubit gates, from which it will become clear where there is room for improved parallelization. While
the precise scheme that we describe here has not previously appeared in the literature, the high-level ideas follow
from a combination of already developed results [4-9].

Recall that our convention for the Jordan-Wigner mapping is

FTZp:ZD"'Zp—lXp: (108)
"}'2p+1 = Zu ---Zp_lyp (109)
for p € [n], and our convention for the Gaussian transformation is
UQ'Y#U(T? = Z QV&’YV- (110)
vE[2n)

It is straightforward to check that U : O(2n) — U(L(H)) is a group homomorphism: Uglgy = Uger for any Q, Q' €
O(2n). From this property, a circuit for arbitrary Ug can be constructed by a QR decomposition of Q. Such a
decomposition yields a sequence of nearest-neighbor Givens rotations, which we then map to single- and adjacent
two-qubit gates.

One possible QR decomposition is

Q=G,---G,D, (111)

where each G is a Givens rotation among adjacent rows and columns, and D is the upper-right triangular matrix
from the QR decomposition. Because @) is an orthogonal matrix, D is guaranteed to be a diagonal matrix with +1
entries along the diagonal. This is equivalent to the Reck et al. [5] design, and the number of Givens rotations is
L = O(n?) in depth O(n). By the homomorphism property of U, this matrix decomposition yields a sequence of
circuit elements that implements the desired unitary:

HQ :uGl‘--GLD :u(_;l "'MGLMD- (112)
Alternatively, the Clements et al. [8] design computes a decomposition of the form’
Q=Gpr+1---GrstDGR---Gy. (113)

The total number of Givens rotations here is the same, R+ L = O(n?). However, by utilizing rotations that act from
both left and right, it optimizes parallelization to reduce the depth by a constant factor (roughly 1/2).

Refs. [4, 6, 7] showed how to convert these Givens rotations into number-preserving quantum gates; here we seek
to generalize to fermionic Gaussian unitaries which do not necessarily conserve particle number. While Ref. [4]
also considered this scenario, they maintained the representation of Givens rotations as number-preserving gates.
Their circuit design breaks particle-number symmetry by interspersing particle-hole transformations throughout the
decomposition.

Instead, we will use a representation that inherently features non-number-preserving rotations. Suppose that the
Givens rotation G; acts nontrivially on the axes (1, + 1) as

1.~ 0 0 ---0
10 .- cos‘,ﬁj —si'nﬂj 0
Gi=10 ... sin6, cosh; --- 0| €SO (114)
0 0 0 1

1 The use of the Clements et al. [8] design was first pointed out in Ref. [10] by Dominic Berry, in the context of number-preserving
matchgate circuits.
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The quantum gate which achieves this transformation is a single- or two-qubit Pauli rotation, given by
Ug. = e i/ Tun1
3
_ e 10i/2)Zp if u = 2p is even, (115)
| e 16/ XpXp 11 if = 9p 41 is odd.

Indeed, one may check that Uc, (vp) = 3_ e (2n) [Gilap7q, as desired.
To implement the diagonal matrix D of signs, we require a different scheme. In particular, we can construct Up as

a single layer of Pauli gates. Consider the 2 x 2 block along the diagonal

D) — (sz 0 ) , (116)
2p+1
which describes the transformation
Y2p = Dapyap, (117)
Y2p+1 + Dapr1veps1- (118)

If Dap = Dopyq = 1, then clearly no operations are required. If instead Dap, = Dapy1 = —1, then conjugation by Z,
applies the desired signs on 72, and ~y2p1 while leaving all other Majorana operators invariant.

The remaining cases, Dap = —D3py1, can be handled as follows. First, suppose Dap = 1. We wish to find the gates
which perform the transformation

Y2p F Y2ps (119)
Yep+1 FF —V2p+1, (120)
while leaving all other Majorana operators invariant. We can almost accomplish this with X, since it will map X,

to itself and Y, to —Y),. It also commutes with all Majorana operators 74, ¥24+1 for ¢ < p. However, for ¢ > p this
will accrue unwanted signs:

XpvoqXp = Xp(Zo--Zp-- - Zg_1Xq)Xp
=2y Lp--Lg_1X,4
= —72q, (121)
Xpv2g+1Xp = Xp(Zo- - Zp--- Zg—1Yq) Xp
=—Zy-Lp-Zg 1Yy
= —V2q+1- (122)

To correct these signs, we introduce a Pauli-Z string running in the opposite direction of the Jordan-Wigner conven-
tion. That is, define

PX) = XpZpi1 -+ Zno1. (123)

This unitary has the correct action on 72p,v2p+1 and continues to commute with the Majorana operators a4, v24+1
with ¢ < p. For q¢ > p, however, we now have
Pjgx)'ﬁqugx) = (szp—H U Z'n—l)(ZO o 'Zp o 'Zq—IXq)(Xpr—H U Z'n—l)
=2y (_Zp) T Zq—l(_Xq)
o 120
P23011 P = (XpZyis -+ Zn)Zo- - By By V) Xy Zpss -+ Zn )
=Zg--- (_Zp) o Zq—l(_Yq)
= Y2q+1- (125)

Thus P;EX} implements the desired transformation by D(P) = diag(1, —1). For D) = diag(—1,1), we simply replace

P;Ex) by an analogously defined P;EY). This causes the sign of v,p, rather than ~5, 4, to flip, while retaining all other
properties.
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Altogether, we determine these transformations for all 2 x 2 diagonal blocks of D, resulting in n Pauli strings of
the form

I if D) = diag(1,1),

Z,  if D) = diag(—1,-1),
P9 if D®) = diag(1,-1),
P if D® = diag(—1,1).

W, = (126)

The overall transformation is then simply the product of these Pauli strings, which can be concatenated into a single
layer of Pauli gates:

Up =[] W;. (127)
PE[n]

Note that the order of this product does not matter, since Pauli gates commute up to an unobservable global phase.

Discussion on suboptimality. Now we observe that, depending on the parity of p € {0,...,2n — 2}, Ug, is
either a single- or two-qubit gate. However, the decomposition of @ described above is implicitly optimized under the
assumption that only two-qubit gates are present: each Givens rotation acts on two axes at a time, and it is assumed
that this corresponds to physically acting on two wires at a time. This results in underutilized space in the quantum
circuit whenever a single-qubit Z rotation occurs, as it leaves a qubit wire needlessly idle. This is true for both the
Reck et al. [5] and Clements et al. [8] designs. Ultimately, this suboptimality is due to the fact that Q is a 2n x 2n
matrix, so there is a two-to-one correspondence between axes and qubits: the rows/columns labeled by (2p,2p + 1)
correspond to two Majorana operators, both of which are in turn associated with a single qubit p. Note that this
discrepancy is not present in circuit designs for the class of number-conserving rotations [4, 6, 7], which are instead
more compactly represented by an n X n unitary matrix already.

Circuit design with improved parallelization. Now we introduce a circuit design which explicitly accounts
for this two-to-one correspondence. The basic idea is to generalize the notion of Givens rotations, which act on a
two-dimensional subspace to zero out a single matrix element, to a four-dimensional orthogonal transformation which
zeroes out blocks of 2 x 2 at a time. Each 4 x 4 orthogonal transformation acts on the axes (2p,2p+1,2p+2,2p+3),
which corresponds to qubits p and p 4+ 1. By performing this process according to the scheme of Clements et al. [8]
(but now treating each 2 x 2 block of @) as a “single” element), we obtain a decomposition wherein the optimal
parallelization of the scheme is fully preserved in terms of interactions between nearest-neighbor qubits. Finally, each
4 x 4 orthogonal transformation is ultimately decomposed into six rotations of the form of Eq. (115) and a layer
of Pauli gates, achieved by the standard decomposition that we described in “A previous circuit design” (i.e., by
bootstrapping off the prior scheme within blocks of 2n = 4). Note that in principle one may instead implement the
4 x 4 orthogonal transformations using any gate set of one’s choice, rather than XX and Z rotations.

We now describe the algorithm in detail. First we compute a decomposition analogous to the Clements et al. [8]

design,
Q=Bprt1---BriDGBR--- By, (128)

but instead of Givens rotations, each By acts nontrivially on a 4 x 4 block. (Note that there is a single 2 x 2 Givens
rotation G as well, which serves to zero out a final matrix element that we will elaborate on later.) We accomplish
this by treating @) as an n X n matrix of 2 x 2 blocks,

Qp,q —_ ( Q2p,2q Q‘Zp,2q+l ) , (129)

Q2p+l,.2q Q2p+ 1,2¢g+1

for each p,q € [n]. Just as Givens rotations are chosen to zero a specific matrix element, each By acts to zero out a
particular 2 x 2 block Qpq.

Suppose we want to find a Bry; which acts from the left (i =1,..., L) to zero out the block Qp q. Then we perform
a QR decomposition on the 4 x 2 submatrix which includes the target block and the block directly above it:

* %k

Q —1, 0 *
(%) - §5)

' 00
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hence zeroing out the lower block as desired. Here, B ,; € O(4) is computed from the QR decomposition, and so the
orthogonal matrix Br,; € O(2n) appearing in Eq. (128) is defined as B, ; along the axes (2p —2,2p—1,2p,2p +1)
and the identity elsewhere.

Similarly, if we want a B; which acts from the right (j = 1,..., R), then we consider instead a 2 x 4 submatrix
with the target block on the left:

(QpalQpa+1 ) (131)

This can be zeroed out by performing an LQ decomposition (which is essentially just the transpose of the QR
decomposition). For notation in this section, let tildes denote the flipping of rows in a matrix, for example

M11 M]‘Z M41 M42
o M21 Mgz o MBL M32
M= My Map |7 M= M3z Mas (132)
M41 M42 Mll M12
Then performing an L.QQ decomposition on the row-flipped version of Eq. (131), we have
~ ~ x* 0]0 0Y 5
(Qp,q|Qp,q+1 ) = (* |0 O)Bj
(133)
(000 % B
N0 0% J-
Flipping the rows back to normal on the lefthand side, we get
00(* %\ 5,
(Qpa|Qpa+1) = (0 0|0 # )Bj (134)

as desired. Then we define B; € O(2n) acting as 3’7 on the axes (2q,2q + 1,2q + 2,2q + 3) and trivially elsewhere.

Now we address the need for the sole Givens rotation G appearing in Eq. (128). As the zeroing-out procedure
described above progresses, the nonzero blocks get “pushed” towards the diagonal until the final matrix is (2 x 2)-
block diagonal. These nonzero blocks must be triangular because they are produced by QR/L(Q decompositions; but
since @ is orthogonal, this implies that the final triangular blocks along the diagonal must be diagonal themselves. The
exception to this is either the leftmost or rightmost block, depending on whether n is even or odd. This is because the
decomposition procedure inevitably leaves one of those blocks untouched, so it was never made triangular/diagonal.

This can be visualized as follows: if n is odd, then we have

* ok |k ok [k % ok |k ok [k % * ok [ % k| %k +1 0|0 0|00
* ok |k ok [k % 0 *|* *|* * 0 % *|* =* 0 10 0100
* ok |k ok [k % 0 0% *|* * 0 0= *|=* =* 0 0|1 01|00
Q- I I 0 0% *|* =% - 0 0(0 *|% % | 0 0|0 £1|00 (135)
0 0% *|* * 0 Of* *|* * 000 0% =* 0 0|0 O |* %
0 0|0 % = 0 00 *|* * 00{0 O|* =% 0 0|0 O [* %

We use boldface to clarify which matrix elements are newly zeroed at each step. The condition that @ is an orthogonal
matrix implies the final equality. It also enforces the remaining 2 x 2 block to be orthogonal, so that we can diagonalize
it by computing the appropriate Givens rotation acting on axes (2n— 2,2n — 1). This elucidates the appearance of G
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in Eq. (128). On the other hand, if n is even, then the top-left block remains instead:

A IR d ok |k ok [k ok |k k $ ok |k ok |k ok |k % d ok |k ok |k ok |k k
¥ ok |k ok |k k| ok d ook |k ok |k ok |k ok $ ok |k ok |k ok |k d ok |k ok |k ok |k ok
* ok [k ook |k x|k % 0O *[* *|*% *%|* * 0 *|*% *|%x *|* = 0 *|* %% *|*x *
Q- ********_}DO******%00******%00******
s ok |k ok [k ok |k % 0 0% *|* *x|* * 0 0|0 *|[* *|* * 0 0|0 *|* *|*x =*
0 O *|* *|*x % 0 0% *|* *|* * 00{0 Of* *|x * 00(0 0|0 0% =*
\000*****) \ 0 00 x|+ %[ %/ \00|0 0% *[x x/ \0000000*)
s ok |k ok |k k| % s ok |k ook [k ok |k % * % 0 0|0 O[O0 O
(********\ (********\ (**000000\
* ok [k k| k K|k k 0 Of* #|* *|* % 001 0|0 OO0 O
_}0******* _}000***** :OOO:I:10000 (136)
0 0[O0 O% *|%x =* 0 0[O0 O|* *|* = 000 O|&1 0|0 O
00{0 0|0 *|x * 0 0|0 0|0 *|* =% 000 0|0 &£1{0 0
00{0 O[O0 O% = 0 0(0 0|0 0% = 000 0|0 Of41 0
\oolooloolos/ \oolooloolosx/) \oolo olo ol|o 1)

In this case, G needs to act on axes (0,1).

Thus we have obtained the decomposition of Eq. (128) as desired. The implementation of each component then
follows from bootstrapping the prior techniques: the diagonal matrix D becomes a layer of Pauli gates, described by
Eq. (127); and the four-dimensional orthogonal transformations B; are further decomposed into Givens rotations,
described in “A previous circuit design” (wherein n = 2).

SUPPLEMENTARY NOTE 5

Classical shadows postprocessing details. In this section we provide details for the classical postprocesisng
of local observable estimators from classical shadows. We include this for a self-contained and explicit presentation,
and also to address the modified shadows protocols (subsystem symmetrization and spin adaptation) introduced
in this paper. These algorithms are implemented at our open-source repository (https://github.com/zhao-andrew/
sy‘mmetry—adjusted—classical—shadows).

Matchgate shadows. For any orthogonal matrix @ € O(2n), Ref. [2] derived formulas involving the multiplication
of 2nx 2n matrices and the computation of Pfaflians of 2k x 2k submatrices for estimating k-body Majorana observables.
However when restricting @ € B(2n), there exists a significantly cheaper method that does not involve such numerical
linear algebra routines. This algorithm was implicitly described in Ref. [11], but not explicitly outlined. We do so
here; for k = O(1), it runs in time O(n*T) to return estimates for all 2j-degree Majorana operators, 1 < j < k,
from T samples. Note that the number of operators is O(n?*), so our approach has significant savings over a naive
iteration. Furthermore, it largely involves integer storage and manipulations rather than floating-point operations.

Any k-body fermionic observable can be decomposed into a linear combination of polynomially many (< k)-body
Majorana operators. Thus it suffices to consider I'y,, for all p € Uj-< i Can.2j. Bach matchgate-shadow sample pg s is
classically stored as (Q,b), where b € {0,1}" and Q is represented as an array 7 of the permuted elements of [2n] along
with signs s € {—1, +1}*". Specifically, the matrix elements of @ € B(2n) are related to (s,7) by Quu = 8u0r(u).0-

The estimator for tr(I'yp) can be written as tr(Tppgp) = f2—j‘1 (b|UQF”U(T2|b), where UQI‘pUj? can be expanded in
terms of subdeterminants of @ according to Ref. [12, Appendix A]. However, a simplified derivation is possible here
by using the fact that @ implements a signed permutation:

Z Qv pYv

ve[2n]

D subryum (137)

vE[2n]

UgmU},

= Sr1(p)Yrt(w)-


https://github.com/zhao-andrew/symmetry-adjusted-classical-shadows
https://github.com/zhao-andrew/symmetry-adjusted-classical-shadows
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Hence for operators of degree 27,

UQF#U(E = (_i)jUQ’Y#l T Vpas Ué—;,

) (138)
= (=07 sa=1(u2) "+ S5=1 (uay) Yot (ua) * Vi (n2y)-

We would like to retain the ordering of indices when working with the multidegree Majorana operators; therefore
we introduce a further a permutation as 7~ 1(p;), which is defined to satisfy #=(p1) < --- < #1(p2;). This incurs
another sign factor (—1)P where p € {0, 1} is the parity of the permutation which sends 7=!(u) — 7~ 1(u). Collecting

all signs as signg (1) = (=1)Psg-1(4,) - - - Sg—1(p,,), We arrive at

tr(Cpps) = fir' signg (1) (BITs-1(b)- (139)

The matrix element (b|T'z—1(,,)|b) is nonzero if and only if 7= (1) € Dap 25, from which its value of 41 is straightforward
to determine (e.g., by mapping to Pauli-Z operators). In total, evaluating Eq. (139) takes time O(n? + j2 + j),
corresponding respectively to the inversion of m € Sym(2n), the calculation of #~1(p) and its parity on 2;j indices,
and evaluating the product of 2j + 1 signs and (b|Tz-1(,)|b), the latter requiring only checking 2j indices and j bits
of b. Assuming j < k = O(1), this implies a computational complexity of O(n?) per operator per sample.

To compute this estimator for all ;1 € Cyy, 25, a naive approach iterates through each p, of which there are @’;) =
O(n?) many. Repeating this for each of the T samples would therefore cost O(T'(n? +n?)) = O(Tn?) time. Noting
that T = O(n/e ?) suffices for e-accurate estimation,” the total complexity of O(n*e2) < O(n**e¢=2) would be
unacceptably large.

We can speed up the computation over all operators per sample to O(n?) by using the fact that many (b|Tz—1(,)|b)
vanish. That is, rather than compute #~!(u) for all u € Can,2; and checking whether each is an element of Dy, 25, we
work backwards by looping over all target elements 7 € Day, 2; and computing 7(7) to find its preimage. As before,
let (7) € Can,2; be the reordering of m(7) with associated sign (—1)?. Then for each T € Day 2;, we compute the
estimator for Iz (),

tr(Ta(r)Ps) = f; signg (7)) (bITx[b), (140)

where the cumulative sign is signg (7(7)) = (—1)Psr, - - - sr,;. All other Majorana operators not in the preimage are
implicitly assigned an estimate of 0. Hence we only iterate over the (';) = O(n’) elements of Dy, 35, with each

evaluation of Eq. (140) taking O(j2) = O(1) time. Note that this approach also avoids the need to find the inverse
permutation 7!,

Performing this procedure over all T samples results in a time complexity of O(n/T) < O(n*T), running over all
j€{1,...,k}. We can also include an additive O(n?*) cost to preallocate storage for U<k Can,2;. While not strictly

necessary, this is convenient in practice, and besides when T = O(n*e¢2) the total complexity is O(n?*¢~2) whether
or not we preallocate memory.

For the spin-adapted shadows, because the protocol factorizes across the spin sectors, we perform this algorithm on
each sector independently. The estimator for operators of the form I', ® 'y, is then the product of the independent
estimates. Note that if either |u| or |v| are odd, then the estimator always vanishes; this reflects the fact that the
spin-adapted ensemble is not informationally complete over such operators.

Pauli shadows. Because single-qubit measurements factorize, we consider each qubit i € [n] independently. Given
the random Clifford C; € CI(1) and measurement outcome b; € {0,1}, the estimator for o9 € {I, X,Y, Z} is [1]

tr(0 pe p,) = 3(bi| Cio M C[bi) — tx(o®). (141)

Each Pauli-shadow sample is stored as (W;, b;), where W; = C: ZC; € 2{X,Y,Z}. Evaluating Eq. (141) reduces to
checking the conditions
+3(b;|Z|b;)  if o) = £ W,
tr(cWpe, ) =4 1 if o =1, (142)
else.

2 The notation @(-) suppresses polylogarithmic factors in the complexity.
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The product over ¢ € [n] then estimates P = Ricn o for the full n-qubit system. This suffices to estimate
any k-local observable, which can be decomposed into a linear combination of polynomially many (< k)-local Pauli
operators.

The total time complexity of estimating all k-local Pauli operators with T snapshots is O(n*T). The algorithm is
as follows. For each W = (Wy,...,W,_1), we take, for each j < k, all (;") combinations Wi ,...,W; and compute
Eq. (142) for each ¢(*) = £W;. We assign the result as an estimate for the j-local operator P = W;, ®@- - -@Wi, RI®(M—7),
and implicitly assign O to all other Pauli operators. Note that there are a total of 3, 37 (’;) = O(n*) local Pauli
operators, so preallocating storage here is asymptotically negligible.

For the subsystem-symmetrized protocol, the n-qubit estimator now takes the form

tr(Pp(rcy) = 371 (blSCPCSEp). (143)

Using the fact that SI|p) = Qicn) [m(bi)}, We can simply apply the standard scheme described above, but with the
replacement b; — m(b;). For each sample this is only an additive O(n) cost.

SUPPLEMENTARY NOTE 6

Additional details on numerical experiments. Here we supply further information regarding the numerical
simulations, to both provide additional insight into our results and facilitate easier replication of our results by the
motivated reader.

Readout errors. In the main text, we demonstrated our mitigation strategy under single-qubit readout errors.
The noise channels occur immediately before measurement and are implemented probabilistically: independently and
identically (i.i.d.) on each qubit per circuit repetition. We consider depolarizing, amplitude-damping, and bit-flip
errors occurring with probability p, which are respectively

I
Eaep(p) = (L =pP)p + P35, (144)
Eap(p) = EopE} + E1pE], (145)
(1 0 _ (0 P
EU_(O \/—l—p)’El_ (0 0 )
&sr(p) = (1 —p)p +pXpX. (146)

These models obey Assumptions 1, although we comment that more complicated noise channels can also satisfy the
assumptions, such as non-i.i.d. errors, correlated multiqubit errors, and even coherent gate errors [13].

QVM gate set and noise model. The noise model we implement on the Cirq Quantum Virtual Machine is
based on the Google Sycamore processor “Rainbow,” a 2D grid of 23 superconducting qubits. We use the calibration
data obtained from November 16, 2021, which can be found in the Cirq open-source repository [14]. The native gate
set that we compile our circuits to include single-qubit rotations in the form of phased XZ gates,

PhXZ(z,z,a)
. €7 cos(ZE) —iei™(3-a) sin(ZZ)
N (—iei“(%""””y']| sin(ZE) €™+ cos(ZE) (147)
=Z*Z°X*Z7".
This describes a rotation by mz about an axis determined by the parameter a within the xy plane, followed by a
phasing of wz. The native two-qubit gates that we use are

10 00
1 i

iSWAP = g??g
Vi V2 (148)
00 01

— T(XOX+Y®Y)/2

constrained to the nearest-neighbor connectivity of the chip.
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Supplementary Figure 1. Chip layout, connectivity, and error rates of the Google Sycamore Rainbow processor, as simulated
by the QVM. Our eight-qubit numerical experiments use the 2x 4 grid spanning from qubit (5,1) to qubit (6,4). (a, b) Readout
error probabilities, measured in parallel. (c¢) Characteristic Ty qubit decay times, measured in isolation. (d) Incoherent
component of single-qubit gate errors, measured in isolation from RB and purity benchmarking data. Used in conjunction
with T} to infer the T% dephasing time. (e) Total Pauli error of single-qubit gates, measured in isolation via RB. (f) Total
Pauli error of two-qubit v/ iISWAP gates, measured in parallel via XEB. (g, h) Coherent errors in two-qubit gates v iISWAP =
fSim(8 = —%, ¢ = 0), measured in parallel from XEB data. We display the magnitudes [56|,|6¢| for visualization purposes; full
calibration data (including signs) is available at the Cirq open-source repository [14].

The QVM noise model that we simulate is not fully comprehensive of all types of errors occurring in an actual
device, however it captures the most dominant error sources in the superconducting platform [15]. It consists of four
categories:

1. Readout errors are modeled as asymmetric bit-flip channels on each qubit. The asymmetry reflects the fact that
the probability of a |1) outcome being erroneously measured as |0) is generally higher than misreading a |0)
outcome. Although the errors are modeled as single-qubit channels, the calibration data is taken from parallel
experiments, to potentially account for effects such as readout crosstalk and other unintended interactions
between qubits.

2. Decay (T') and dephasing (T3) errors occur whenever a qubit idles during a moment (layer) of a circuit. Both
T and T; relaxations are incorporated into a single channel,

1— —t/Ta
5idle(p) = ( pll—e;/Tz pcﬂe—t/Tl) : (149)

The decay time T} is characterized by a simple experiment that prepares |1) and measures the survival probability
as a function of t. This experiment is performed in isolation, i.e., one qubit at a time while all other qubits on

the chip idle.

The T5 time is determined from the equation

1 1 1

=4 150

oo T, (150)
where 1/Ty is the pure dephasing rate that can in principle be measured by Ramsey interferometry. For
simplicity, however, this noise model instead approximates Ty from the total single-qubit incoherent error €y,
which is determined by purity benchmarking [16, 17] performed in isolation. To leading order, T is approximated
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using the relation

_t 2
€ine = 37 + 3T, + O(t*). (151)

The time ¢ which appears in the model channel £igje is the longest gate duration occurring within that mo-
ment: PhX7Z gates have a duration of 25 ns, while /iSWAP gates take 32 ns.

3. Single-qubit gate errors are modeled as depolarizing channels occurring after each gate. The depolarizing rate is
set to match the total single-qubit Pauli error, which is measured from the device via randomized benchmarking

(RB) [18, 19] in isolation.

4. Two-qubit gate errors are modeled with both coherent and incoherent components. The coherent contribution
uses the fact that v/iSWAP is an instance of the general fermionic simulation (fSim) gate,

1 0 0 0

0 cosf —isinf 0

0 —isinf cosf 0 ’
0 o0 0 ¢

£Sim(8, ¢) = (152)

which is a native, tunable interaction on the superconducting platform. The vViSWAP gate is the instance
(0,¢) = (—7%,0). Coherent errors are thus modeled as an overrotation by (6,d¢), which are determined for

each pair of connected qubits by fitting to cross-entropy benchmarking (XEB) data using random cycles of gates
across the chip [20-22].

After the coherent overrotation, an incoherent error follows, modeled as a two-qubit depolarizing channel. The

depolarizing rate 49 for each pair (i,7) of connected qubits is inferred as follows: from the total XEB Pauli

dep
eITOT Ty wWe subptract O e Single-guiplt Inconerent error rates T T etermine: (1111 as well as e
(83) btract off the single-qubit incoherent tes 7", ) (determined from RB), 1l as th

average entangling error rate rglf ), which are calculated using the coherent errors 66, d¢. The model’s two-qubit
depolarizing rate is then set to account for the remaining amount of error:

(i.5) _ ,.,.(51.:-‘) _ @ ) (69) (153)

Tdep — "XEB inc inc ent -
Due to the nature of XEB, both two-qubit error sources are characterized by parallel experimental data.

Further details of the noise model, its numerical implementation, and the calibration-data acquisition are described
in Ref. [15], as well as in the Cirq repository [14]. For completeness, in Supplementary Figure 1 we display a series
of plots which show the chip connectivity and numerical values of the calibration data used for the various errors

described above.

Compiling circuits to the native gate set. Single-qubit rotations are compiled into PhXZ gates according to
an Euler-angle decomposition. Two-qubit unitaries are compiled into at most three viSWAP gates (interleaved with
single-qubit rotations) by a KAK decomposition, although most two-qubit unitaries (7T9% with respect to the Haar
measure) can be implemented with just two v/iSWAP gates [23]. After compiling the entire circuit into this gate set,
single-qubit rotations are concatenated into a single PhX7 gate whenever possible. All operations besides readout are
pushed as early into the circuit as possible.

One exception we make is in the random permutation circuits S; appearing in the group CI(1)$"

Sym
symmetrized Pauli shadows). First, we decompose 7 into an parallelized network of adjacent transpositions using
an odd—even sorting algorithm [24]. Each transposition 7 <+ j corresponds to a SWAP gate between qubits 7 and
j. However, rather than compile SWAP to the gate set directly (which would require three vViSWAP gates and four

layers of PhXZ®? gates), we instead implement the unitary

(for subsystem-

iISWAP = ViSWAP x ViSWAP, (154)

which uses only two ViSWAP gates and no single-qubit gates. The iSWAP gate differs from SWAP only by a phasing
of i on the basis states |01) and |10). Such a replacement is valid because S; occurs only at the end of the circuit,
immediately before readout. Thus while this phasing is technically unwanted, it has no observable effect on the
measurement outcomes.

Finally, we note that the Trotter circuits for our Fermi-Hubbard simulations are optimized for the Sycamore
architecture according to Ref. [25], which we follow closely. In particular, open-source code for their implementation
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Supplementary Figure 2. Behavior of qubit assignment averaging (QAA), demonstrated with the XXZ spin—spin correlations
(R = 4 Trotter steps) and T = 4.8 x 10° subsystem-symmetrized Pauli shadows. Experiments with QAA average over the
twelve configurations described in *Qubit assignment averaging,” while experiments without QAA fix the qubit ordering
0 (5,1),...,7—(6,1).

can be found in Ref. [26].

Qubit assignment averaging. Our eight-qubit numerical experiments on the QVM utilize the 2 x4 grid spanning
from qubits (5,1) to (6,4) (see Supplementary Figure 1). To map these qubits to the simulated degrees of freedom
(fermion modes or spin-1/2 particles), we employ qubit assignment averaging (QAA), which was introduced in Ref. [25]
in order to handle the issue of inhomogeneous error rates across a noisy quantum device. QAA works by identifying N
different assignments of the n qubits and allocating T'/N of the experimental repetitions to each realization. Properties
are estimated by averaging over all T samples as usual. In principle, one can use a combination of shifting, rotating,
and flipping the qubits throughout the chip; for our simulations, we vary qubit assignments within the same fixed
2 x 4 grid.

For the Fermi-Hubbard model, we assign a spin sector to each of the parallel 1 x 4 qubit chains. We average
over N = 4 different qubit assignments, defined by setting either the top or bottom chain as the spin-up chain, and
ordering the four site labels starting either from the left or the right.

For the XXZ Heisenberg model, the eight-spin chain is embedded into the 2x 4 grid of qubits. Each qubit assignment
(N = 12) is defined by setting one of six qubits € {(5,1), (5,2), (5, 3),(5,4), (6,4), (6,1)} as either the left end (ordered
clockwise) or right end (ordered counterclockwise) of the spin chain.

While QAA aims to reduce device inhomogeneities, it cannot lower the total amount of circuit noise. Thus QAA
does not necessarily improve prediction accuracy with the unmitigated (standard shadow) estimators. Instead,
homogenizing the noise appears to massage it into an effective form which approximately satisfies Assumptions 1
better than a single fixed configuration. We substantiate this claim with Supplementary Figure 2, using spin—spin
correlations of the XXZ model (R = 4 Trotter steps) as a demonstrative example. We see that the unmitigated errors
are virtually identical whether or not we perform QAA. On the other hand, the symmetry-adjusted estimates with
QAA exhibits a more uniform error profile and overall improved noise suppression. Further investigation into this
behavior is left as an open problem.

Bootstrapping uncertainty bars. To estimate uncertainty bars, we employ empirical bootstrapping [27], mod-
ified by batching together samples. First we summarize the original method: given T' classical-shadow snapshots,
one resamples that data T times with replacement. Then, averages 6;(T") (being either the unmitigated or mitigated
estimators) are computed from that resampled data, yielding one bootstrap sample. Repeating this B times and
computing the standard deviation among those B bootstrap samples yields the uncertainty bar.

Due to the size T ~ 10°-107 from our simulations and limitations on classical compute resources, we perform
bootstrapping on batches of snapshots. Split the T samples into K batches (each containing T'/K samples) and
compute 6§k)(T/ K) for each batch k = 1,..., K. Because these estimates obey 6;(T') = (1/K) Zle 6?“) (T/K), we
resample the K batches (rather than all T' shots) to bootstrap uncertainty bars for 6;(1°). Depending on T', we set
K ~ 10?103, and for all cases we take B = 200.

Estimating the gate dependence of the QVM noise model. Here we provide an estimate of how much the
QVM noise model violates Assumptions 1. We quantify this by computing a lower bound on the minimal observable
error achievable by symmetry-adjusted classical shadows.
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Let Uprep be the state-preparation circuit and Uy a random measurement circuit. For Schur’s lemma to hold
(Assumptions 1), we require that the entire noisy circuit take the form EUyUprep, where £ is the both time- and
g-independent. While the noise model that we simulate is indeed time stationary and Markovian, the effective error
channel £ = &, depends on g. (This can be seen, for example, by commuting all the individual gate-level errors
throughout ﬁg and ﬁprep to the end of the circuit.)

In order to study this dependence on g, consider the decomposition

Eg=Eo+ Ay, (155)

where & is defined to be independent of g € G. Although somewhat of an artificial decomposition, this is always

mathematically possible with both & and A, completely positive; indeed, a trivial choice is & = 0. Our goal is

to find the “largest” (in some sense) valid solution for &. The remaining contribution A, will then represent the

minimal amount of assumption-violating noise in the model that our rigorous theory currently has no guarantees for.
From the decomposition above, the noisy measurement channel can be written as

M= E UIMzEU
g~G 9T (156)
= MD + A)
where

Mo = E UM zElU,
g~G

= ) A

A€ERg

(157)

is diagonal in the irreps of G, while the form of A == E,.¢ HQTM zAglUg is unknown.
Applying M~ and taking expectation values for the observables {O;}}_, yields (assuming each O; € V)
(O;|M* Mip)) = (051 M~ Molp)) + (05| M~"A]p)

_ h(&)
r

The terms d; == ((O;|M~1Alp)) describe the deviation of observable estimates due to violations of the noise assump-

(Ojlp) + 45 (158)

tions, which is precisely what we wish to quantify. For notation, denote the noisy expectations by y; = (O, |M_1ﬂ o)
and noiseless expectations by x; = ((O;|p)). We collect these quantities into vectors of length L and define the di-

agonal matrix A € REXL with eigenvalues f,(£o)/fx (in the appropriate positions corresponding to the irreps). This

yields in the linear relationship
d=y— Ax. (159)

This equation is underconstrained, so we opt for an estimate of 4 by bounding its norm from below. Namely, let
A be a diagonal matrix of free parameters 0 < £, < 1, which we optimize by nonnegative least-squares (NNLS)
minimization:
8|2>  min y— Az 160
168> min_ Iy~ del} (160)

Define 6 == Yy— Az as the solution to this problem. In this sense, 5 represents an error floor beyond which our theory
for symmetry adjustment cannot mitigate due to inherent violations of Assumptions 1.
In Supplementary Figure 3 we plot the root mean square of 4,

RMS(3) = (161)

1 -
—||6 2
I3
which quantifies the average additive error of the estimates. The observables we choose constitute local operators
depending on the type of system simulated. For fermions, we consider one- and two-body Majorana operators that
respect the spin adaptation. For qubits, we take strictly two-body Pauli operators. Uncertainty bars are bootstrapped
as described in “Bootstrapping uncertainty bars,” where each bootstrap sample is obtained from the NNLS solution
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Supplementary Figure 3. Estimated deviation of the QVM noise from a gate-independent model. (a, b) Lower
bound on the root-mean-square deviation of one- and two-body Majorana/Pauli expectation values as the number of Trotter
steps (noisy circuit depth) grows. The estimated vector of deviations 4 is described in Eq. (160). Uncertainty bars are calculated
by empirical bootstrapping. (c, d) Metrics for the size of the full circuit (state preparation via Trotterization and the random
measurement unitary). We report the number of single-qubit (PhXZ) and two-qubit (v/iSWAP) gates used, as well as the
overall compiled circuit depth. Error bars denote one standard error of the mean.

of the resampled data. We also show data for the Trotter circuit size: the number of single- and two-qubit gates
after compiling to the native gate set, as well as the circuit depth. Uncertainty bars here are given by one standard
deviation in the size fluctuations due to the random unitaries Uy,.

Overall, we assess that there is an error floor on the order of 10~2 per observable (recall that the observables have
unit spectral norm). Interestingly, this lower bound appears roughly independent of circuit size (within uncertainty
bars), perhaps indicating a saturation of the g-dependent contributions after a certain circuit size. In practice however,
we have observed that symmetry-adjusted classical shadows only achieve mitigated errors on the order of 107! at the
deepest circuits. We leave a closer analysis of this behavior, and whether this lower bound can actually be achieved,
to future work.

SUPPLEMENTARY DISCUSSION

Review of prior symmetry-based QEM techniques. In this section we review prior work on techniques
broadly known as symmetry verification (SV), introduced by Bonet-Monroig et al. [28] and McArdle et al. [29], and
generalized by Cai [30]. Like symmetry-adjusted classical shadows, these approaches take advantage of inherent
symmetries of the quantum system, and certain formulations also accomplish this in an offline manner. However,
symmetry adjustment is a fundamentally different idea, and we will discuss this distinction here. Note that, in
principle many QEM strategies (and indeed quantum error correction itself) can be understood as symmetry-based
techniques wherein one artificially builds large amounts of symmetry into the system; we focus on techniques based
on inherently possessed, physical symmetries here.

Symmetry verification. First we describe postprocessing symmetry verification (ppSV) [28]. Let Mg be the
projector onto a symmetry subspace and p an ideal state such that MspMg = p. Given the preparation of a noisy
state p, ppSV aims to calculate the properties of the state

MgpM
sv._ Xspis (162)
tr(M' 5;))
in an offline manner. That is, consider an observable O which commutes with the symmetry. Then the error-mitigated
estimate for (O) is

M tr(0S;
tr(0p5V) = M’ (163)
> i1 tr(Sip)
where we have written Mg = % 2:11 S; in terms of the symmetry stabilizers S;. This quantity requires measuring
the (noisy) expectation values of all S; and OS; for « = 1,..., m. Furthermore, the sampling cost to maintain the
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estimation accuracy € is amplified by a factor of O(tr(Msp)~2). Bonet-Monroig et al. [28] show that this approach
is equivalent to an instance of quantum subspace expansion [31], but with the ability to mitigate both coherent and
incoherent errors outside the symmetry sector. Unfortunately, errors that commute with the symmetry cannot be
projected out by this method. In general, SV projects p to the closest symmetry-respecting state, with no guarantee
of closeness to the ideal state p.

This idea can be generalized to symmetry expansion (SE) [30], which essentially replaces Mg with the symmetry
expansion operator

Eg = ngSﬁ (164)
i=1

where w; are nonnegative weights that sum to unity. The symmetry-expanded pseudostate p°F = Egp/tr(Esp) is
no longer guaranteed to lie in the desired symmetry sector, nor even to be a positive semidefinite operator. Hence
SE exhibits estimation bias. However, by searching for weights that minimize this bias, one can heuristically achieve
mitigated estimates with biased errors below that of the unmitigated noise level, while being simpler to implement
than ppSV (for instance, by enforcing some of the w; = 0).

Finally, direct symmetry verification (dSV) [28, 29] introduces additional quantum circuitry in order to check the
symmetry value of the state throughout the course of the quantum computation. For example, in order to check the
parity operator S = Z;--- Zy,, one can perform n CNOT gates, controlled on each system qubit and targeting an
ancilla, followed by reading off the ancilla. This encodes the parity information into the ancilla, and if at any point
the ancilla returns the incorrect parity value then that circuit run is therefore discarded. Other symmetries may
require more complicated circuitry; for example, verifying the particle number 7 requires O(nlogn) CPhase gates in
total to read off the binary representation of 1 from the ancilla. Although dSV requires significant additional coherent
quantum control, the associated sampling overhead is O(tr(Mgsp)™!), a quadratic improvement over ppSV.

Distinction from symmetry-adjusted classical shadows. We now discuss the distinction between our method
and these SV techniques. We will focus on ppSV, as it is the most comparable to symmetry-adjusted classical shadows.
That is, rather dSV which requires coherent detection of symmetry violations, both ppSV and symmetry-adjusted
classical shadows use classical postprocessing as their primary mechanism for error mitigation.

The most significant conceptual difference is that symmetry adjustment does not necessarily project the noisy state
into the desired symmetry subspace. Instead, the symmetry is used as a reference point to calibrate the effects of
the noise on the shadow measurement channel M. Recall that we aim to estimate the eigenvalues of the channel

M = > };H A via the relation

= tr(S
fr= fAM_ (165)
SX
Thus, symmetry adjustment ultimately yields an estimate for the noisy channel, whose inverse is formally applied to
produce the mitigated shadow

Here, p is the noisy shadow which converges to the noisy state p = E[5], but in fact any state could in principle be
used as long as the noise channel is the same. For instance, suppose we prepare a different state o that experiences
the same error channels that p does. (This may hold under models where both states are prepared by circuits of the
same structure but different gate angles, such as in variational quantum algorithms.) Then Eq. (165) tells us that
the f) learned by the measurements of p is equally applicable in the mitigation of properties of . Furthermore, the
twirling nature of the randomized measurements allows the technique to account for errors that commute with the
symmetry.

Beyond this conceptual difference, symmetry-adjusted classical shadows can easily incorporate symmetries such
as particle number, whereas ppSV cannot. This is because the measurements of (OS;) required of ppSV restrict
the practical implementation to simple symmetries such as Zs Pauli symmetries. More generally, it requires the
decomposition of Mg into a tractable number of measurable terms. However, the projector into the n-particle sector
is

Ms= ) |zXzl, (167)

|z|=n
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where each |z)(z| = ;¢ 1(I+ (—1)®1Z;) expands into exponentially many Pauli-Z terms. While all such terms
mutually commute and can therefore be measured in the same basis, the upfront classical postprocessing cost of
exactly computing this ppSV estimator is nonetheless exponential.

Additionally, as a classical-shadows protocol, our method is tailored to tackle the problem of multiple observable
estimation. In contrast, all forms of SV can complicate the task, namely due to the inclusion of the additional
OS; operators. Recent work [32] has attempted to address this by straightforwardly combining ppSV with classical
shadows. However, they showed limited success with this unification. Indeed, suppose we wish to project into a parity
sector. The parity operator is n-body, while the target observables O; are k-local for some small constant k. This
means that each O;S has locality n — k = O(n), which leads to an exponentially large shadow norm (variance).
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