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G r o u p -t h e o r eti c  e r r o r  miti g ati o n  e n a bl e d
b y cl a s si c al s h a d o w s a n d s y m m et ri e s

C h e c k f or u p d at e s

A n dr e w  Z h a o 1, 2 &  A ki m a s a  Mi y a k e 1

E sti m ati n g e x p e ct ati o n v al u e s i s a k e y s u br o uti n e i n q u a nt u m al g orit h m s.  N e ar-t er m i m pl e m e nt ati o n s

f a c e t w o  m aj or c h all e n g e s: a li mit e d n u m b er of s a m pl e s r e q uir e d t o l e ar n a l ar g e c oll e cti o n of

o b s er v a bl e s, a n d t h e a c c u m ul ati o n of err or s i n d e vi c e s  wit h o ut q u a nt u m err or c orr e cti o n. T o a d dr e s s

t h e s e c h all e n g e s si m ult a n e o u sl y,  w e d e v el o p a q u a nt u m err or- miti g ati o n str at e g y c all e d s y m m etr y-

a dj u st e d cl a s si c al s h a d o w s , b y a dj u sti n g cl a s si c al- s h a d o w t o m o gr a p h y a c c or di n g t o h o w s y m m etri e s

ar e c orr u pt e d b y d e vi c e err or s.  A s a c o n cr et e e x a m pl e,  w e hi g hli g ht gl o b al  U( 1) s y m m etr y,  w hi c h

m a nif e st s i n f er mi o n s a s p arti cl e n u m b er a n d i n s pi n s a s t ot al  m a g n eti z ati o n, a n d ill u str at e t h eir gr o u p-

t h e or eti c u nifi c ati o n  wit h r e s p e cti v e cl a s si c al- s h a d o w pr ot o c ol s.  W e e st a bli s h ri g or o u s s a m pli n g

b o u n d s u n d er r e a d o ut err or s o b e yi n g  mi ni m al a s s u m pti o n s, a n d p erf or m n u m eri c al e x p eri m e nt s  wit h

a  m or e c o m pr e h e n si v e  m o d el of g at e-l e v el err or s d eri v e d fr o m e xi sti n g q u a nt u m pr o c e s s or s.  O ur

r e s ult s r e v e al s y m m etr y- a dj u st e d cl a s si c al s h a d o w s a s a l o w- c o st str at e g y t o  miti g at e err or s fr o m

n oi s y q u a nt u m e x p eri m e nt s i n t h e u bi q uit o u s pr e s e n c e of s y m m etr y.

Q u a nt u m c o m p ut ers ar e hi g hl y s us c e pti bl e t o err ors at t h e h ar d w ar e l e vel,
p osi n g a c o nsi d er a bl e c h a ll e n g e t o r e ali z e  m e a ni n gf ul a p pli c ati o ns i n t h e s o-
c all e d n ois y i nt er m e di at e-s c al e q u a nt u m ( NI S Q) er a 1 ,2 .  O n e p arti c ul arl y
pr o misi n g a n d n at ur al c a n di d at e f or  NI S Q a p pli c ati o ns is t h e si m ul ati o n of
q u a nt u m  m a n y- b o d y p h ysi cs a n d c h e mistr y 3 – 6 . I n or d er t o  mi ni mi z e t h e
a c c u m ul ati o n of err ors, s u c h al g orit h ms pri oriti z e l o w- d e pt h cir c uits, f or
i nst a n c e, v ari ati o n al q u a nt u m cir c uits7 – 1 0 .  H o w e v er, i n or d er t o e x hi bit
q u a nt u m a d v a nt a g e, t h es e cir c uits  m ust als o b e b e y o n d t h e c a p a biliti es of
cl assi c al si m ul ati o n 1 1 – 1 4 , r es ulti n g i n n ois e l e v els t h at n o n et h el ess c orr u pt t h e
c al c ul ati o ns.

W hil e q u a nt u m err or c orr e cti o n is t h e l o n g-t er m s ol uti o n, c urr e nt
st at e- of-t h e- art h ar d w ar e is still a f ew or d ers of  m a g nit u d e fr o m a c hi e vi n g
s c al a bl e, f a ult-t ol er a nt q u a nt u m c o m p ut ati o n1 5 – 2 3 . I n t h e  m e a nti m e, t her e
h a v e b e e n c o nsi d er a bl e t h e or etic al a n d e x p eri m e nt al eff orts pr o bi n g t h e
b e y o n d- cl assi c al p ot e nti al of  NI S Q c o m p ut ers 2 4 – 4 6 . S h o ul d s u c h a n a p pli-
c ati o n b e d e m o nstr at e d, q u a nt u m err o r miti g ati o n ( Q E M) is e x p e ct e d t o
pl a y a cr u ci al r ol e. Br o a dl y s p e a ki n g,  Q E M ai ms t o a p pr o xi m at el y r e c o v er
t h e o ut p ut of a n i d e al q u a nt u m c o m p ut ati o n, gi v e n o nl y a c cess t o n ois y
q u a nt u m d e vi c es a n d of fl i n e cl assi c al r es o ur c es.  W e r ef er t h e r e a d er t o r efs.
4 7 ,4 8 f or a r e vi e w of pr o mi n e nt c o n c e pts a n d str at e gi es i n  Q E M.

A r el at e d b ut s e p ar at e c h all e n g e f or  NI S Q al g orit h ms is t h e n e e d t o
l e ar n  m a n y o bs er v a bl es i n a r u di m e nt ar y f as hi o n, i. e., b y r e p e at e dl y r u n ni n g
a n d s a m pli n g fr o m q u a nt u m cir c uits.  T h e n u m b er of r e petiti o ns r e q uir e d
c a n b e i m m e ns e, b ot h t o s u p pr ess s h ot n ois e a n d t o h a n dl e t he  m e as ur e m e nt
of n o n c o m m uti n g o bs er v a bl es 4 9 ,5 0 .  O ne p arti c ul arl y pr o misi n g a p pr o a c h is

t h at of cl assi c al s h a d o ws5 1 ,5 2 . I n c o ntr ast t o pri or  m e as ur e m e nt
str at e gi es1 0 ,5 3 – 5 5 , cl assi c al s h a d o ws ar e r e m ar k a bl y si m pl e t o i m pl e m e nt a n d
h a v e b e e n s h o w n t o e x hi bit o pti m al s a m pl e c o m pl e xit y i n c ert ai n i m p ort a nt
s c e n ari os5 1 ,5 6 .

Cl assi c al s h a d o ws  w er e d e v el o p e d pri m aril y fr o m t h e u ni o n of t w o
t h e mes i n q u a nt u m l e ar ni n g t h e or y: li ne ar-i n v ersi o n esti m at ors f or st at e
t o m o gr a p h y5 7 ,5 8 ( cl os e d-f or m s ol uti o ns t h at ad mit f ast p ost pr o c essi n g a n d
ri g or o us g u ar a nt e es) a n d t h e fr a m e w or k of s h a d o w t o m o gr a p h y 5 9 ,6 0 ( pr e di ct
o nl y a s u bs et of o bs er v a bl es, n ot t h e e ntir e d e nsit y  m atri x).  T h e r es ult is a
si m pl e b ut p o w erf ul pr ot o c ol t h at a c c ur at el y esti m at es a l ar g e c oll e cti o n of
o bs er v a bl es fr o m r el ati v el y f e w s a m p l es. I n t er ms of q u a nt u m r es o ur c es,
cl assi c al s h a d o ws o nl y r e q uir e t h e a bilit y t o  m e as ur e i n r a n d o ml y s el e ct e d
b as es,  m a ki n g t h e pr ot o c ol p arti c ul a rl y a m e n a bl e t o  NI S Q c o nstr ai nts.
T h es e d esir a bl e f e at ur es h a v e i ns pir e d a  wi d e r a n g e of e xt e nsi o ns a n d
a p pli c ati o ns, f or e x a m pl e: e nt a n gl e m e nt d et e cti o n 6 1 , q u a nt u m Fis h er
i nf or m ati o n b o u n ds6 2 ,6 3 , l e ar ni n g q u a nt u m pr o c ess es6 4 ,6 5 , n a vi g ati n g v ari a-
ti o n al l a n ds c a p es6 6 ,6 7 , e ner g y- g a p esti m ati o n6 8 , a n d a p pli c ati o ns t o
f er mi o ns6 9 – 7 4 a n d b os o ns 7 5 ,7 6 . F or a n o v er vi e w of cl assi c al s h a d o ws a n d
r a n d o mi z e d  m e as ur e me nt str at e gi es, s e e r ef. 7 7 .

D u e t o t heir e x peri me nt al fri e n dli ne ss a n d v ers atile pre dicti o n p o wer,
cl assic al s h a d o ws n at ur all y h a ve b ee n c o nsi dere d f or  Q E M as  well. F or
e x a m pl e, r efs. 7 8 ,7 9 use d cl assic al s h a d o ws t o a p pr o xi m atel y pr oject a n ois y
q u a nt u m st ate t o w ar d a t ar g et s u bs p a c e vi a cl assic al p ost pr ocessi n g, t he
s u bs p a c es b ei n g eit h er t h e l o gi c al s u bs p a c e of a n err or- c orr e cti n g c o d e 8 0 a n d/
or t h e d o mi n a nt ei ge n vect or ( p uri fi c ati o n) of t he n ois y  mi xe d st ate 8 1 ,8 2 . T h es e
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s h a d o w- b ase d i de as circ u m ve nt s o me of t he diffi c ulti es of perf or mi n g s u b-
s p ace pr ojecti o n, at t he c ost of a n e x p o ne nti al s a m ple c o m ple xit y.  Me a n w hile,
r ef. 8 3 i ntert wi ne d cl assic al s h a d o ws  wit h ot h er p o p ul ar  Q E M str ate gies,  wit h
a p artic ul ar f oc us o n pr o b a bilistic err or c a ncell ati o n 8 4 .  T h e y est a blis h ri g or o us
esti m at ors a n d p erf or m a n c e g u ar a nt e es, ass u mi n g a n ac c ur at e c h ar a ct er-
i z ati o n of t he n ois y q u a nt u m de vice. Fi n all y, refs. 8 5 ,8 6 descri b e d  m o di fi c a-
ti o ns t o t he cl assic al li ne ar-i n versi on st e p i n or d er t o  miti g at e err ors i n t h e
r a n d o mize d  me as ure me nts. I n p artic ul ar, r o b ust s h a d o w esti m ati o n 8 5

ass u mes n o pri or k n o wle d ge of t he n oise, i nste a d i m ple me nti n g a se p ar ate
c ali br ati o n e x peri me nt t h at le a r ns t he necess ar y n oise fe at ures.

I n t his p a p er,  w e t a k e t his l att er p ers p e cti v e8 5 ,8 6 ,  wit h a n e y e o n a  m or e
c o m pr e h e nsi v e  miti g ati o n of err ors b e y o n d r e a d o ut err ors.  W e i ntr o d u c e a
Q E M pr ot o c ol,  w hi c h  w e r ef er t o as s y m metr y- a dj uste d cl assic al s h a d o ws,
t h at t a k es a d v a nt a g e of k n o w n s y m m etri es i n t h e q u a nt u m s yst e m of
i nt erest. F or e x a m pl e, i n si m ul ati o ns of c h e mistr y, t h e n u m b er of ele ctr o ns is
t y pi c all y fi x e d. T h e c orr u pti o n of s u c h s y m m etri es b y n ois e i nf or ms us h o w
t o u n d o t h e eff e cts of t h at n ois e.  Cr uci all y, b e c a us e r a n d o mi z e d  m e as ur e-
m e nts s cr a m bl e t h e i nf or m ati o n, t h e o t h er pr o p erti es of t h e q u a nt u m s ys-
t e m ar e c orr u pt e d ( a n d t h eref or e c a n b e  miti g at e d) i n t h e s a m e  m a n n er.
Usi n g t h es e i nsi g hts, s y m m etr y- a dj ust e d cl assi c al s h a d o ws a p pr o pri at el y
m o di fi es t h e li n e ar-i n v ersi o n b as e d o n t h e s y m m etr y i nf or m ati o n al o n e.

A n ot a ble a d v a nt a g e of o ur pr ot oc ol is t h at  w e d o n ot r u n a n y e xtr a n e o us
c ali br ati o n e x peri me nts.  T his h as t he a d de d be ne fi t of i n here ntl y a cc o u nti n g
f or err ors t h at o c c ur t hr o u g h o ut t he f ull q u a nt u m circ uit, r at her t h a n t he
r a n d o mi z e d  m e as ur e m e nts i n is ol ati o n8 5 – 8 9 .  Als o, t h e si m plicit y of t he pr o-
t oc ol all o ws f or a d diti o n al  Q E M t ec h ni qu es t o be str ai g htf or w ar dl y a p pli e d i n
t a n de m. Fi n all y, i n c o ntr ast to ot her s y m metr y- b ase d i de as 8 3 ,9 0 – 9 2 , o ur
a p pr o ac h g oes be y o n d t he c o nce pt of s y m me tr y pr ojecti o n, i nste a d utilizi n g a
u ni fi e d gr o u p-t h e or eti c u n d erst a n di n g of cl assic al s h a d o ws i n c o nj u ncti o n
wit h s y m m etri es.  W e e x p o u n d o n t his disti n cti o n i n t he S u p pl e me nt ar y
Disc ussi o n,  w h er ei n  w e r e vi e w t h es e p ri or s y m m etr y- b as e d  Q E M t e c h ni q u es.

T his p a p er is str u ct ur e d as f oll o ws. I n t he R es ults s e cti o n, w e b e gi n b y
est a blis hi n g pr eli mi n ari es a n d b a c k gr o u n d  m at eri al.  W e t he n i ntr o d u c e o ur
m ai n c o ntri b uti o n, s y m m etr y- a dj ust e d cl assi c al s h a d o ws, a n d d es cri b e its
k e y a p pli c ati o n f or  miti g ati n g l o c al f er mi o ni c a n d q u bit o bs er v a bl es.  W e
f oll o w b y hi g hli g hti n g a d ditio n al t e c h ni c al r es ults: a  m o di fi c ati o n t o r a n d o m
P a uli  m e as ur e m e nts r e q uir e d t o t ai l or its irr e ps f or us e  wit h c o m m o n
s y m m etri es, c all e d s u bs yst e m-s y m m etri z e d P a uli s h a d o ws; a n i m pr o v e d
d esi g n f or c o m pili n g f er mi o ni c  G a ussi a n u nit ari es  wit h l o w er cir c uit d e pt h
a n d f e w er g at es t h a n pri or art; a n d a s y m m etr y a d a pt ati o n t o f er mi o ni c
cl assi c al s h a d o ws  w hi c h r e d u c es t h e q u a nt u m r es o ur c es r e q uir e d, a p pli c a bl e
t o f er mi o ni c s yst e ms  wit h s pi n s y m m etr y. Fi n all y,  w e cl os e t he  R es ults
s e cti o n  wit h a s eri es of n u m eri c al e x p eri m e nts, d e m o nstr ati n g t h e eff e c-
ti v e n ess of o ur err or- miti g ati o n pr ot o c ol u n d er r e alisti c s c e n ari os.  T his
i n cl u d es si m ul ati o ns of a n ois e  m o d el b as e d o n e xisti n g s u p erc o n d u cti n g-
q u bit pl atf or ms 9 3 . I n t h e  Dis c ussi o n s e cti o n,  w e s u m m ari z e o ur fi n di n gs a n d
dis c uss f ut ur e pr os p e cts. I n t h e  M et h o ds s e cti o n,  w e ill ustr at e t h e g e n er al
t h e or y of s y m m etr y- a dj ust e d cl assic al s h a d o ws, a n d  w e pr o vi d e f urt h er
t e c h ni c al d et ails r e g ar di n g t h e a p pli c ati o ns t o f er mi o n a n d q u bit s yst e ms
wit h gl o b al  U( 1) s y m m etri es.  D et ails r e g ar di n g t h e  m at h e m ati c al pr o ofs a n d
n u m eri c al si m ul ati o ns ar e pr o vi d e d i n t h e S u p pl e me nt ar y I nf or m ati o n, a n d
c o d e f or t h e l att er is a v ail a bl e at o ur o p e n-s o ur c e r e p osit or y ( htt ps:// git h u b.
c o m/ z h a o- a n dr e w/s y m m etr y- a d j ust e d- cl assi c al-s h a d o ws).

R e s ult s
B a c k gr o u n d
First,  w e pr o vi d e a r e vi e w of cl assi c al s h a d o ws 5 1 ,5 2 a n d r o b ust s h a d o w
esti m ati o n 8 5 n e c ess ar y t o u n d erst a n d o ur t e c h ni c al r es ults.  R e a d ers f a mili ar
wit h t his b a c k gr o u n d  m at eri al c a n s ki p t o t h e s u bs e cti o n “S y m m etr y-
a dj ust e d cl assi c al s h a d o ws, ” aft er f a mili ari zi n g t h e m s el v es  wit h t h e n ot ati o n
t h at  w e est a blis h b el o w.

N ot ati o n a n d  pr eli mi n ari e s . F or a n y i nt e g er N > 1,  w e  d e fi n e
[N ]: = { 0, … , N − 1} ( n ot e t h at  w e i n d e x st arti n g fr o m 0).  W e us e iffiffiffiffiffiffiffi

1
p

f or t h e i m a gi n ar y u nit.

T hr o u g h o ut t his p a p er,  w e c o nsi d er a n n - q u bit s yst e m  wit h  Hil b ert

s p a c e H :¼ ð C 2 Þ
n
. Its di m e nsi o n is d e n ot e d b y d ≡ 2 n u nl ess ot h er wis e

s p e cifi e d.  W e oft e n  w or k  wit h t h e s p a c e of li n e ar o p er at ors L ðH Þ ffi C d × d

as a v e ct or s p a c e, s o it  will b e c o n v e ni e nt t o e m pl o y t h e Li o u vill e r e pr e-

s e nt ati o n: f or a n y o p er at or A 2 L ðH Þ, its v e ct ori z ati o n ∣A ii 2 C d 2

i n s o m e

ort h o n or m al o p er at or b asis fB 1 ; . . . ; B d 2 : trðB y
i B jÞ ¼ δ ijg is d efi n e d b y t h e

c o m p o n e nts hhB ijA ii :¼ trðB y
i A Þ.  U n d er t his r e pr es e nt ati o n, s u p er-

o p er at ors ar e  m a p p e d t o d 2 × d 2 m atri c es: a n y E 2 L ðL ðH ÞÞ c a n b e s p e ci fi e d

b y its  m atri x el e m e nts E ij :¼ hh B ijE jB jii  ¼ trðB y
i E ðB jÞÞ. W e l et E d e n ot e

b ot h t h e s u p er o p er at or a n d its  m atri x r e pr ese nt ati o n, a n d i n a si mil ar
f as hi o n  w e s o m eti m es  writ e ∣A ii ¼ A .

F or s yst e ms of q u bits, t h e n o r m ali z e d P a uli o p er at ors P ðn Þ=
ffiffiffi
d

p
ar e a

c o n v e ni e nt b asis f or L ðH Þ, w h er e

P ðn Þ :¼ f I ; X ; Y ; Z g n : ð1 Þ

T his c h oi c e is c all e d t h e P a uli tr a nsf er  m atri x ( P T M) r e pr es e nt ati o n.  T h e
w ei g ht, or l o c alit y, of a P a uli o p er at or P 2 P ðn Þ is t h e n u m b er of its n o n-
tri vi al t e ns or f a ct ors, d e n ot e d b y ∣P ∣. F or e a c h i ∈ [n ],  w e d efi n e W i 2 P ðn Þ
w hi c h a cts as W ∈ {X , Y , Z } o n t he it h q u bit a n d tri vi all y o n t he r est of t h e
s yst e m.

F or f er mi o ns i n s e c o n d q u a nti z ati o n, a n at ur al c h oi c e of b asis is t h e s et
of  M aj or a n a o p er at ors, d e fi n e d as fΓ μ =

ffiffiffi
d

p
: μ ½2 n g w h er e

Γ μ :¼ ð iÞ
jμ j
2ð Þ

Y

μ 2 μ

γ μ : ð2 Þ

T h e  H er miti a n g e n er at ors fγ μ : μ 2 ½ 2 n g  L ðH Þ o b e y t h e a nti c-
o m m ut ati o n r el ati o n γ μ γ ν þ γ ν γ μ ¼ 2 δ μ ν I ( w e  will us e I t o d e n ot e a n y
i d e ntit y o p er at or  w h os e di m e nsi o n is cle ar fr o m c o nt e xt).  T h e y ar e r el at e d
t o t h e f er mi o ni c cr e ati o n a n d a n ni hil ati o n o p er at ors a y

p ; a p vi a

γ 2 p ¼ a p þ a y
p ; γ 2 p þ 1 ¼ iða p a y

p Þ: ð3 Þ

B y c o n v e nti o n, t h e el e m e nts of μ a n d t h e pr o d u ct i n E q. ( 2 ) ar e i n stri ctl y
as c e n di n g or d er.  W e c all ∣μ ∣ t h e d e gr e e of Γ μ , or e q ui v al e ntl y r ef er t o t h e m as
(∣μ ∣/ 2)- b o d y o p er at ors  w h e n e ver t h e d e gr e e is e v e n. It is str ai g htf or w ar d t o
c h e c k t h at  M aj or a n a o p er at ors ar e is o m or p hi c t o P a uli o p er at ors, i n p ar-
ti c ul ar s atisf yi n g t h e ort h o g o n alit y r el ati o n 〈〈Γ μ ∣Γ ν 〉〉 = d δ μ ν .

F or a n y u nit ar y U ∈ U( d ), its c orr es p o n di n g c h a n n el is d e n ot e d b y
U ð Þ :¼ U ð ÞU y . F or a n y∣φ 2 H ,∣φ is t h e v e ct ori z ati o n of ∣φ ihφ ∣. W e us e
til d es t o i n di c at e o bj e cts aff e ct e d b y q u a nt u m n ois e, e. g., eU d e n ot es a n ois y
i m pl e m e nt ati o n of t h e U .  H ats i n di c at e st atisti c al esti m at ors, e. g., ô d e n ot es
a n esti m at e f or o ¼ trðO ρ Þ.  As y m pt oti c u p p er a n d l o w er b o u n ds ar e
d e n ot e d b y O ð Þ a n d Ω ( ⋅ ) r es p e cti v el y, a n d f(x ) = Θ (g (x ))  m e a ns t h at f(x ) is
b ot h O ðg ðx ÞÞ a n d Ω (g (x )).

Cl a s si c al s h a d o w s .  W e s u m m ari z e t h e  m et h o d of cl assi c al s h a d o ws as
f or m ali z e d b y  H u a n g et al.5 1 , b orr o wi n g t h e P T M l a n g u a g e of  C h e n et al.8 5

w hi c h  will  m a k e t h e r o b ust e xt e nsi o n cl e ar l at er.  O ur t as k is t o esti m at e
t h e e x p e ct ati o n v al u es trðO jρ Þ ¼ hhO jjρ ii of a c oll e cti o n of L o bs er v a bl es
O 1 ; . . . ; O L 2 L ðH Þ, i d e all y usi n g as f e w c o pi es of ρ as p ossi bl e.  Cl assi c al
s h a d o ws is b as e d o n a si m pl e  m e as ur e m e nt pri miti v e: f or e a c h c o p y of ρ ,
a p pl y a u nit ar y U r a n d o ml y dr a w n fr o m a distri b uti o n of u nit ari es a n d
m e as ur e i n t h e c o m p ut ati o n al b asis.  T his pr o d u c es a s a m pl e b ∈ { 0, 1}n

wit h pr o b a bilit y hhb jU jρ ii.  O n e t h e n i n v erts t h e u nit ar y o n t h e o ut c o m e
∣b i i n p ost pr o c essi n g,  w hi c h a m o u nts t o st ori n g a cl assi c al r e pr es e nt ati o n
of U y ∣b i.

T h e u nit ar y distri b uti o n d et er mi n es t h e ef fi ci e n c y of t his pr ot o c ol  wit h
r es p e ct t o t h e pr o p erti es of i nt er est.  T hr o u g h o ut t his p a p er,  w e ass u m e t h at
t h e distri b uti o n is a fi nit e gr o u p e q ui p p e d  wit h t h e u nif or m pr o b a bilit y
distri b uti o n (it is str ai g htf or w ar d t o g e ner ali z e t o c o m p a ct gr o u ps, usi n g
t h eir  H a ar  m e as ur es). S p e cifi c all y, l et U : G ! U ðH Þ b e a u nit ar y
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r e pr es e nt ati o n of a gr o u p G .  T h e  m e as ur e me nt pri miti v es a v er a g e d o v er all
r a n d o m u nit ari es a n d  m e as ur e m e nt o ut c o m es i m pl e m e nt t h e q u a nt u m
c h a n n el

M :¼ E
g ∼ G

U y
g M Z U g

1

jG j

X

g 2 G

U y
g M Z U g ; ð4 Þ

w h er e

M z ¼
X

b 2f 0 ;1 g n

jb iihhb j ð5 Þ

d es cri b es t h e eff e cti v e pr o c ess of c o m p ut ati o n al- b asis  m e as ur e me nts.  T h e
c h a n n el U g is t h e r a n d o m u nit ar y a cti n g o n t he t ar g et st at e ρ , w hil e U y

g is its
cl assi c all y c o m p ut e d i n v ersi o n o n t h e  m e as ur e m e nt o ut c o m es ∣b ii. T h us i n
e x p e ct ati o n  w e pr o d u c e t h e st at e

M ∣ρ ¼ E
g ∼ G ;b ∼ U g ∣ρ ii

U y
g ∣b ii: ð6 Þ

If M is i n v erti bl e ( c orr es p o n di n g t o i nf or m ati o n al c o m pl et e n ess of
t h e  m e as ur e m e nt pri miti v e), t h e n a p pl yi n g M 1 t o  E q. (6 ) r e c o v ers
t h e st at e:

∣ρ ¼ M 1 M ∣ρ ¼ E
g ∼ G ;b ∼ U g ∣ρ ii

M 1 U y
g ∣b ii: ð7 Þ

T h e o bj e cts ∣̂ρ g ;b ii :¼ M 1 U y
g ∣b ii ar e c all e d t h e cl assi c al s h a d o ws of ∣ρ , f or

w hi c h t h e y s er v e as u n bi as e d esti m at ors.  H e n c e b y c o nstr u cti o n t h e y c a n
pr e di ct e x p e ct ati o n v al u es,

E
g ∼ G ;b ∼ U g ∣ρ ii

hhO jjρ̂ g ;b ii  ¼ hhO jjρ ii; ð8 Þ

as  w ell as n o nli n e ar f u n cti o ns of ρ 5 1 . W hil e M 1 is n ot a p h ysi c al  m a p (it is
n ot c o m pl et el y p ositi v e), it o nl y a p p e ars as cl assi c al p ost pr o c essi n g. S u c h a
c o m p ut ati o n c a n b e a c c o m plis h e d, f or i nst a n c e, b y fi rst d eri vi n g a cl os e d-
f or m e x pr essi o n f or M .

O n e s yst e m ati c a p pr o a c h t o d eri vi n g s u c h a n e x pr essi o n is t hr o u g h t h e
r e pr es e nt ati o n t h e or y of G . First, n ot e t h at t h e d - di m e nsi o n al u nit ar y U is
pr o m ot e d t o a d 2 - di m e nsi o n al r e pr es e nt ati o n U . E q u ati o n (4 ) r e v e als t h at
M is a t wirl of M Z b y t h e gr o u p G u n d er t h e a cti o n of U . S u c h o bj e cts ar e
w ell st u di e d: ass u mi n g t h at t h e irr e d u ci bl e c o m p o n e nts of U h a v e n o
m ulti pli citi es, a n a p pli c ati o n of S c h ur ’s l e m m a i m pli es t h at9 4

M ¼
X

λ 2 R G

f λ Π λ : ð9 Þ

N ot e t h at t h e g e n er al e x pr essi o n  wi t h  m ulti pli citi es c a n b e f o u n d i n
[r ef. 8 5 , E q. ( A 6)].  H er e, R G is t h e s et of l a b els λ f or t h e irr e d u ci bl e
r e pr es e nt ati o ns (irr e ps) of G .  T h e s u p er o p er at ors Π λ ar e ort h o g o n al
pr oj e ct ors o nt o t h e irr e d u ci bl e s u bs p a c es V λ L ðH Þ. C h o osi n g a n
ort h o n or m al b asis f∣B

j
λ ii : j ¼ 1 ; . . . ; di m V λ g f or e a c h s u bs p a c e,  w e

c a n  writ e t h e pr oj e ct ors as

Π λ ¼
Xdi m V λ

j¼ 1

∣B
j
λ

E E D D
B

j
λ ∣: ð1 0 Þ

T h e ei g e n v al u es fλ of M c a n b e c o m p ut e d usi n g t h e ort h o g o n alit y of pr o-
j e ct ors:

f λ ¼
trðM Z Π λ Þ

trðΠ λ Þ
: ð1 1 Þ

N ot e t h at tr ðΠ λ Þ ¼ di m V λ . Fr o m t his di a g o n ali z ati o n,  w e i m m e di at el y
a c q uir e a n e x pr essi o n f or t h e d esir e d i n v ers e:

M 1 ¼
X

λ 2 R G

f 1
λ Π λ : ð1 2 Þ

If s o m e fλ = 0, t h e n  w e  m a y i nst e a d d e fi n e M 1 as t h e ps e u d oi n v ers e o n t h e
s u bs p a c es  w h er e fλ is n o n v a nis hi n g.  T his i m pli es t h at t he  m e as ur e m e nt
pri miti v e is i nf or m ati o n all y c o m p l et e o nl y  wit hi n t h os e s u bs p a c es.

T o a n al y z e t h e s a m pl e ef fi ci e n c y of t his pr ot o c ol, s u p p os e  w e h a v e
p erf or m e d T e x p eri m e nts, yi el di n g a c oll e ct i o n of i n d e pe n d e nt cl assi c al
s h a d o ws ρ̂ 1 ; . . . ; ρ̂ T w h er e e a c h ∣̂ρ ‘ ¼ M 1 U y

g ‘
∣b ‘ . Fr o m t his d at a w e

c a n c o nstr u ct esti m at es

ô jðT Þ ¼
1

T

X T

‘ ¼ 1

hhO jjρ̂ ‘ ii; ð1 3 Þ

w hi c h b y li n e arit y c o n v er g e t o tr ðO jρ Þ.  T h e si n gl e-s h ot v ari a n c e of ô j c a n b e
b o u n d e d i n t er ms of t h e s o- c all e d s h a d o w n or m:

V ar ½ô j ≤ m a x
st at es σ

E
g ∼ G ;b ∼ U g ∣σ ii

hhO jjM
1 U y

g jb ii
2

¼ : k O jk
2
s h a d o w :

ð1 4 Þ

T his v ari a n c e c o ntr ols t h e pr e di cti o n err or, ri g or o usl y est a blis h e d vi a
pr o b a bilit y t ail b o u n ds. I n p arti c ul ar, t a ki n g a n u m b er of s a m pl es

T ¼ O
l o gðL = δ Þ

ϵ 2
m a x

1 ≤ j ≤ L
k O jk

2
s h a d o w ð1 5 Þ

e ns ur es t h at,  wit h pr o b a bilit y at l e ast 1 − δ , e a c h esti m at e e x hi bits at  m ost ϵ
a d diti v e err or:

jô jðT Þ hhO jjρ ii j ≤ ϵ : ð1 6 Þ

N ot e t h at f or si m pli cit y  w e e m pl o y t h e  m e a n esti m at or t hr o u g h o ut t his
p a p er,  w hi c h s uf fi c es  w h e n e v er t h e e ns e m bl e is eit her l o c al  Cliff or ds or
m at c h g at es a n d t h e o bs er v a bl es ar e P a uli or  M aj or a n a o p er at ors [r ef. 6 9 ,
S u p pl e m e nt al  M at eri al,  T h e or e m 1 2]. I n g e n er al, a  m e di a n- of- m e a ns
esti m at or c a n g u ar a nt e e t h e a d v ertis e d s a m pl e c o m pl e xit y r e g ar dl ess of
e ns e m bl e.

Fi n all y,  w e c o m m e nt o n t h e cl assi c al c o m p ut ati o n of ô j. I n or d er t o
e v al u at e E q. ( 1 3 ), o n e m a y us e E qs. (1 0 ) a n d (1 2 ) t o e x pr ess t h e ℓt h-s a m pl e
esti m at e as

hhO jjρ̂ ‘ ii  ¼
X

λ 2 R G

f 1
λ

Xdi m V λ

k ¼ 1

D D
O j∣B

k
λ

E E D D
B k

λ ∣U
y
g ‘

∣b ‘

E E
: ð1 7 Þ

T h us it s uf fi c es t o b e a bl e t o ef fi ci e ntl y c o m p ut e t h e e x p a nsi o n c o ef fi ci e nts
hhO jjB

k
λ ii  ¼ trðO jB

k
λ Þ of t h e o bs er v a bl e O j i n a b asis of V λ , as w ell as t h e

m atri x el e m e nts hhB k
λ jU

y
g jb ii  ¼ hb jU g ðB

k
λ Þ

y
U y

g jb i.  N ot e t h at t his d o es n ot
r e q uir e e x pli citl y r e pr es enti n g t h e cl assi c al s h a d o w M 1 U y

g ∣b ii; w e o nl y
n e e d t o d eter mi n e t he di a g o n al e ntr y of t h e r ot at e d o p er at or U g ðB

k
λ Þ

y
U y

g f or
a gi v e n b asis st at e ∣b i.

R o b u st s h a d o w e sti m ati o n .  W e n o w s u m m ari z e t h e r o b ust s h a d o w
esti m ati o n pr ot o c ol b y  C h e n et al. 8 5 ;  w e n ot e t h at r efs. 8 7 – 8 9 d es cri b e
a n al o g o us i d e as i n t h e c as e of r a n d o m si n gl e- q u bit  m e as ur e m e nts.  T h e
b asi c pr e mis e is t h e f a ct t h at S c h ur ’s l e m m a a p pli es t o t h e t wirl of a n y
c h a n n el, n ot j ust M Z . S u p p os e t h at i nst e a d of U g , t h e q u a nt u m c o m p ut er
i m pl e m e nts a n ois y c h a n n el eU g w hi c h o b e ys t h e f oll o wi n g ass u m pti o ns:
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A s s u m pti o n s 1 . ([r ef. 8 5 , Si m plif yi n g n ois e ass u m pti o n A 1 ]).  T h e n ois e i n
eU g is g at e i n d e pe n d e nt, ti m e st ati o n ar y, a n d  M ar k o vi a n.  H e n c e t h ere e xists
t h e d e c o m p ositi o n eU g ¼ E U g , w h er e E is a c o m pl et el y p ositi v e, tr a c e-
pr es er vi n g  m a p, i n d e p e n d e nt of b ot h t h e i d e al u nit ar y a n d t h e
e x p eri m e nt al ti m e.

T h e y als o ass u m e t h e a bilit y t o pr e p ar e t h e st at e ∣0 n i wit h s uf fi ci e ntl y
hi g h fi d elit y.  Gi v e n t h es e c o n diti o ns, t he n ois y v ersi o n of t h e s h a d o w
c h a n n el i m pl e m e nt e d i n e x p eri m e nt b e c o m es

fM :¼ E
g ∼ G

U y
g M Z

eU g ¼
1

jG j

X

g 2 G

U y
g M Z E U g ; ð1 8 Þ

w hi c h is n o w a t wirl o v er t h e c o m p osit e c h a n n el M Z E . Alt h o u g h E is
u n k n o w n, S c h ur ’s l e m m a i m pli es t h at t h e ei g e n b asis is pr es er v e d, as  w e n o w
h a v e

fM ¼
X

λ 2 R G

ef λ Π λ ; ð1 9 Þ

w h er e t h e ei g e n v al u es d e pe n d o n E ,

ef λ ¼
trðM Z E Π λ Þ

trðΠ λ Þ
: ð2 0 Þ

T h er ef or e if o n e k n o ws ef λ , t h e n o n e c a n p erf or m t h e c orr e ct li n e ar i n v ersi o n
i n t h e pr es e n c e of n ois e, i. e., b y r e pl a ci n g f 1

λ wit h ef
1

λ i n E q. (1 7 ).
B e c a us e E d e p e n ds o n t h e d et ails of t h e q u a nt u m h ar d w ar e, it is n ot

p ossi bl e t o d et er mi n e ef λ wit h o ut a n a pri ori a c c ur at e c h ar a ct eri z ati o n of t h e
n ois e.  A bs e nt s u c h i nf or m ati o n, a c ali br ati o n pr ot o c ol is pr o p os e d t o
e x p eri m e nt all y esti m at e t h e v al u e of ef λ .  T his pr o c e e ds b y p erf or mi n g t h e
cl assi c al s h a d o ws pr ot o c ol o n a fi d u ci al st at e ∣0 n i, r at h er t h a n t h e u n k n o w n
t ar g et st at e ρ .  T his e n a bl es t h e st u d y of err ors i n t h e r a n d o m cir c uits U g.
B e c a us e ∣0 n i is k n o w n e x a ctl y, o n e c a n c o m p ar e its n ois el ess pr o p erti es
a g ai nst t h e n ois y e x p eri m e nt al d at a t o d et er mi n e a c ali br ati o n f a ct or.

S p e ci fi c all y,  C h e n et al. 8 5 c o nstr u ct a n esti m at or  N ois e Est G (λ , g , b ) f or
e a c h s a m pl e ( U g, b ) of t h e c ali br ati o n e x p eri m e nt,  w hi c h c o n v er g es t o ef λ i n
e x p e ct ati o n o v er g a n d b .  Alt h o u g h t h e y d o n ot pr es cri b e a g e n eri c
e x pr essi o n f or  N ois e Est G (i nst e a d c o nsi d eri n g p arti c ul ar c h oi c es of G ), it is
str ai g htf or w ar d t o d eri v e o n e f oll o wi n g t h eir i d e as. L et D λ ∈ V λ b e a n
o bs er v a bl e s u p p ort e d e xcl usi v el y b y a si n gl e irr e p s u c h t h at 〈0 n ∣D λ ∣0

n 〉 ≠ 0.
T h e n  w e h a v e

hhD λ j
fM j0 n ii  ¼ ef λ h0

n jD λ j0
n i: ð2 1 Þ

O n t h e ot h er h a n d, usi n g t h e f a ct t h at

hhD λ j
fM j0 n ii  ¼ hhD λ ∣ E

g ∼ G ;b ∼ U g ∣0
n ii

U y
g ∣b ii

¼ E
g ∼ G ;b ∼ U g ∣0

n ii
hb jU g D λ U

y
g jb i;

ð2 2 Þ

it f oll o ws t h at t h e r a n d o m v ari a bl e

N ois e Est G ðλ ; g ; b Þ ¼
hb jU g D λ U

y
g jb i

h0 n jD λ j0
n i

ð2 3 Þ

o b e ys E g ;b N ois e Est G ðλ ; g ; b Þ ¼ ef λ .
O n e c a n r e c o v er t he d e fi niti o ns f or  N ois e Est G i ntr o d u c e d b y  C h e n

et al. 8 5 as f oll o ws.  T h e gl o b al  Cliff or d gr o u p  Cl( n ) h as t w o irr e ps: t h e s p a n of
t h e i d e ntit y o p er at or, V 0 ¼ s p a nfI g ( w hi c h is tri vi al), a n d its ort h o g o n al
c o m pl e m e nt V 1 ¼ V ?

0 (t h e s et of all tr a c el ess o p er at ors).  C h o osi n g D 1 ¼

d ∣0 n i 0 nh ∣ I gi v es

N ois e Est Cl ðn Þ ð1 ; U ; b Þ ¼
d jhb jU j0 n ij2 1

d 1
; ð2 4 Þ

w h er e U ∈ Cl( n ).
O n t h e ot her h a n d, t h e l o c al  Cliff or d gr o u p  Cl( 1) ⊗ n h as 2 n irr e ps,

l a b el e d b y all s u bs ets I ⊆ [n ]. E a c h I i n d e xes a s u bs yst e m of q u bits, a n d e a c h
s u bs p a c e V I is t h e s p a n of all n - q u bit P a uli o p er at ors  w hi c h a ct n o ntri vi all y
o n e x a ctl y t h at s u bs yst e m.  D e fi ni n g

D I :¼
Y

i2 I

Z i; ð2 5 Þ

o n e o bt ai ns

N ois e Est Cl ð1 Þ n ðI ; U ; b Þ ¼
hb jU D I U

y jb i

h0 n jD I j0
n i

¼
Q

i2 I
hb ijC iZ C y

i jb ii
ð2 6 Þ

w h er e n o w U = ⨂ i∈ [n ]C i ∈ Cl( 1) ⊗ n .
A n y  Q E M str at e g y n e cess aril y i n c urs a s a m pli n g o v er h e a d d e pe n d e nt

o n t h e a m o u nt of n ois e 9 5 – 9 8 . F or gl o b al  Cliff or d s h a d o ws,  C h e n et al.8 5 s h o w
t h at t h e s a m pl e c o m pl e xit y is a u g m e nt e d b y a f a ct or of O ðF Z ðE Þ 2 Þ f or
esti m ati n g o bs er v a bl es  wit h c o nst a nt  Hil b ert – S c h mi dt n or m,  w h er e
F Z ðE Þ ¼ 2 n

P
b 2f 0 ;1 gn hhb jE jb ii is t h e a v er a g e Z - b asis fi d elit y of E . M e a n-

w hil e f or l o c al  Cliff or d s h a d o ws, t h e y pr o v e t h at pr o d u ct n ois e of t h e f or m
E ¼

N
i2½ n E i, s atisf yi n g  mi ni2½ n F Z ðE iÞ ≥ 1 ξ , e x hi bits a n o v er h e a d f a ct or

of e O ðk ξ Þ f or esti m ati n g k -l o c al q u bit o bs er v a bl es.

S y m m etr y- a dj u st e d cl a s si c al s h a d o w s
T h e pri m ar y c o ntri b uti o n of t his p a p er, s y m m etr y- a dj ust e d cl assi c al s h a-
d o ws, is vis u ali z e d i n Fi g. 1 .  W e d es cri b e it i n d et ail no w.  C o nsi d er a cl assi c al
s h a d o ws pr ot o c ol o v er G wit h t ar g et o bs er v a bl es O 1 , … , O L . Wit h o ut l oss of
g e n er alit y, l et e a c h O j ∈ V λ f or s o m e s u bs et of irr e ps λ 2 R 0 R G . S u p p os e
t h e e x p eri m e nt e x p eri e n c es a n u n k n o w n n ois e c h a n n el E o b e yi n g
Ass u m pti o ns 1.

W e s h o w t h at, if ρ o b e ys s y m m etri es  w hi c h ar e “c o m p ati bl e ” wit h t h e
irr e ps i n R 0, t h e n it is p ossi bl e t o c o nstr u ct a n esti m at or  w hi c h a c c ur at el y
pr e di cts t h e i d e al, n ois el ess o bs er v a bl es. B y c o m p ati bl e,  w e  m e a n t h at t h er e
e xist s y m m etr y o p er at ors S λ ∈ V λ f or e a c h λ 2 R 0 f or  w hi c h t h eir i d e al
e x p e ct ati o n v al u es

sλ :¼ trðS λ ρ Þ ð2 7 Þ

ar e k n o w n a pri ori. I n g e n er al, t h er e is n o r e as o n t o e x p e ct t h at a p h ysi c al
s yst e m h as s y m m etri es  w hi c h e x a ctl y fi t i nt o t h e irr e ps of a cl assi c al-s h a d o w
m e as ur e m e nt s c he m e.  H o w e v er, gi v e n a s y m m etr y o p er at or S , it is al w a ys
p ossi bl e t o pr oj e ct it t o V λ usi n g t h e s u p er o p er at or pr oj e ct or Π λ ,
i. e., S λ = Π λ (S ).

T h e n, usi n g n ois y cl assi c al s h a d o ws ρ̂ ðT Þ of si z e T ,  w e c o nstr u ct err or-
miti g at e d esti m at es as

ô E M
j ðT Þ :¼

trðO jρ̂ ðT ÞÞ

trðS λ ρ̂ ðT ÞÞ= sλ
: ð2 8 Þ

W e fi n d t h at t h e r el e v a nt n ois e c h ar a cteri z ati o n i n t his s c e n ari o is

F Z ;R 0 ðE Þ :¼ mi n λ 2 R 0

trðE M Z Π λ Þ

trðM Z Π λ Þ
; ð2 9 Þ

w hi c h c a n b e s e e n as a g e n er ali z ati o n of t h e n ois e fi d elit y F Z ðE Þ d es cri b e d i n
t h e “B a c k gr o u n d ” s u bs e cti o n.  H ere, F Z ;R 0 ðE Þ o nl y c o nsi d ers h o w t h e n ois e
c h a n n el a cts  wit hi n t h e irr e d u ci bl e s u bs p a c es of i nt er est.
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As t w o k e y a p pli c ati o ns,  w e st u d y h o w s y m m etr y- a dj ust e d cl assi c al
s h a d o ws p erf or m i n si m ul ati o ns of f er mi o ni c a n d q u bit s yst e ms. F or f er-
mi o ns,  w e c o nsi d er G c orr es p o n di n g t o f er mi o ni c  G a ussi a n u nit ari es 6 9 ( als o
k n o w n as  m at c h g at e s h a d o ws 7 0 ).  W e est a blis h t h e f oll o wi n g p erf or m a n c e
b o u n d f or f er mi o ni c s yst e ms  wit h p arti cl e- n u m b er s y m-
m etr y, N ¼

P
p 2½ n a y

p a p .

T h e or e m 1 . ( F er mi o ns  wit h p arti cl e- n u m b er s y m m etr y, i nf or m al). L et ρ
b e a n n - m o d e st at e  wit h trðN ρ Þ ¼ η f er mi o ns.  U n d er t he n ois e  m o d el E
s atisf yi n g  Ass u m pti o ns 1 a n d ass u mi n g η ¼ O ðn Þ, m at c h g at e s h a d o ws of
si z e

T ¼ O ðn 2 l o gðn Þϵ 2 F Z ;f2 ;4 g ðE Þ 2 Þ ð3 0 Þ

s uffi c e t o a c hi e v e pr e di cti o n err or

jô jðT Þ trðO jρ Þj ≤ ϵ þ O ðϵ 2 Þ ð3 1 Þ

wit h hi g h pr o b a bilit y,  w h er e t h e o bs er v a bl es O j c a n b e t a k e n as all o n e- a n d
t w o- b o d y  M aj or a n a o p er at ors.

T h e d e p e n d e nc e o n s yst e m si z e n a n d pr e di cti o n err or ϵ m at c h es
n ois el ess esti m ati o n  wit h  m at c h g at e s h a d o ws 6 9 ,7 0 . M e a n w hil e, t h e o v er h e a d
of err or  miti g ati o n is O ðF Z ;R 0 ðE Þ 2 Þ, a n al o g o us t o pri or r el at e d r es ults8 5 ,8 6 .
T h e irr e ps R 0 ¼ f 2 ; 4 g c orr es p o n d t o t h e  M aj or a n a d e gr e e of t h e k - b o d y
o bs er v a bl es.

F or q u bit s yst e ms,  w e c o nsi d er G ess e nti all y c orr es p o n di n g t o t h e l o c al
Cliff or d gr o u p (i. e., r a n d o m P a uli  m e as ur e m e nts) 5 1 ,5 2 . I n or d er t o  m a k e t h e
irr e d u ci bl e str u ct ur e c o m p ati bl e  wit h c o m m o nl y e n c o u nt er e d s y m m etri es,
w e i ntr o d u c e a t e c h ni c al  m o di fi c ati o n t h at  w e c all s u bs yst e m-s y m m etri z e d
P a uli s h a d o ws (s e e t h e s u bs e cti o n “S u bs yst e m-s y m m etri z e d P a uli s h a d o ws ”
f or a s u m m ar y).  T h e s y m m etr y  w e c o nsid er h er e is g e n er at e d b y t h e t ot al
l o n git u di n al  m a g n eti z ati o n, M = ∑ i∈ [n ]Z i. F or err or- miti g at e d pr e di cti o n of
l o c al q u bit o bs er v a bl es,  w e h a v e t h e f oll o wi n g r es ult.

T h e or e m 2 . ( Q u bits  wit h t ot al  m a g n eti z ati o n s y m m etr y, i nf or m al). L et ρ
b e a n n - q u bit st at e  wit h a fi x e d  m a g n eti z ati o n, tr ðM ρ Þ ¼ m .  U n d er t h e n ois e
m o d el E s atisf yi n g  Ass u m pti o ns 1 a n d ass u mi n g m = Θ ( 1), s u bs yst e m-

s y m m etri z e d P a uli s h a d o ws of si z e

T ¼ O ðn l o gðn Þϵ 2 F Z ;f1 ;2 g ðE Þ 2 Þ ð3 2 Þ

s uffi c es t o a c hi e v e pr e di cti o n err or

jô jðT Þ trðO jρ Þj ≤ ϵ þ O ðϵ 2 Þ ð3 3 Þ

wit h hi g h pr o b a bilit y,  w h er e t h e o bs er v a bl es O j c a n b e t a k e n as all o n e- a n d
t w o-l o c al P a uli o p er at ors.

N ot e t h at t h e irr e ps of s u bs yst e m-s y m m etri z e d P a uli s h a d o ws ar e
l a b el e d b y P a uli  w ei g ht.  T h e v ari a n c e b o u n d  w e a d v ertis e h er e is li n e ar i n n ,
r es ulti n g fr o m t h e e xt e nsi v e n at ur e of t h e s y m m etr y M . S p e cifi c all y,  w e s h o w
t h at  w h e n m = Θ ( 1), k M k 2

s h a d o w ¼ O ðn Þ d o mi n at es t h e as y m pt oti c c o m-
pl e xit y o v er t he k -l o c al P a uli o bs er v a bl es (f or  w hi c h o ur pr ot o c ol e x hi bits
t h e us u al k O jk

2
s h a d o w ¼ 3 k ).  T his is c o nsist e nt  wit h st a n d ar d P a uli s h a d o ws,

w h er ei n t h e s h a d o w n or m of ar bitr ar y k -l o c al o bs er v a bl es s c al es at  m ost
li n e arl y  wit h s p e ctr al n or m a n d e x p o n e nti all y i n k 5 1 ,5 2 .

B esi d es t h ese t w o e x a m pl es,  w e d es cri b e s y m m etr y- a dj ust e d cl assi c al
s h a d o ws f or a  m or e g e n er al cl ass of gr o u ps G , a n d  w e est a blis h a c c o m-
p a n yi n g b o u n ds i n  T h e or e m 4 i n t h e  M et h o ds s e cti o n ( pr o v e n i n S u p pl e-
m e nt ar y  N ot e 1).  T his all o ws f or a p pli c ati o ns t o ot h er s yst e ms a n d u nit ar y
distri b uti o ns. S e e “T h e or y of s y m m etr y- a dj ust e d cl assi c al s h a d o ws ” i n t h e
M et h o ds s e cti o n f or t he g e n er al t h e or y, a n d s u bs e cti o ns “A p pli c ati o n t o
f er mi o ni c ( m at c h g at e) s h a d o ws” a n d “A p pli c ati o n t o q u bit ( P a uli) s h a-
d o ws ” f or t h e d et ails r e g ar di n g  T h e or e ms 1 a n d 2, r es p e cti v el y.

B e c a us e o ur pr ot o c ol al w a ys r u ns t h e f ull n ois y q u a nt u m cir c uit, it h as
t h e p ot e nti al t o  miti g at e a  wi d er r an g e of err ors t h a n t h os e c o v er e d b y
Ass u m pti o ns 1, al b eit  wit h o ut t h e ri g or o us t he or eti c al g u ar a nt e es.  T his is a
si g nifi c a nt f e at ur e of t h e  m et h o d, as t h e pr e p ar ati o n of ρ oft e n d o mi n at es t h e
t ot al cir c uit c o m pl e xit y (i. e., U pr e p i n Fi g. 1 ).  W e e x pl or e t his br o a d er
miti g ati o n p ot e nti al  wit h a s eri es of n u m eri c al e x p eri m e nts b el o w,  w h erei n
w e si m ul at e n ois y  Tr ott er cir c uits f or s yst e ms of i nt er a cti n g f er mi o ns a n d
s pi n- 1/ 2 p arti cl es, r es p e cti v el y.

S u b s y st e m - s y m m etri z e d  P a uli s h a d o w s
W hil e r a n d o m P a uli  m e as ur e m e nts ar e ef fi ci e nt f or pr e di cti n g l o c al q u bit
o bs er v a bl es, t h e irr e d u ci bl e str u ct u r e of t h e l o c al  Cliff or d gr o u p  Cl( 1) ⊗ n is

( a ) ( b )

( c )

Fi g. 1 | S c h e m ati c of t h e s y m m et r y- a dj ust e d cl assi c al s h a d o ws p r ot o c ol. a Gi v e n

a n i d e al u nit ar y U ð Þ  ¼ U ð ÞU y , its n ois y i m pl e m e nt ati o n is d e n ot e d b y eU .  Ass u mi n g

t h e t ar g et st at e ρ ¼ U pr e p ð∣0 n i 0 nh ∣Þ o b e ys c ert ai n s y m m etri es S λ , b w e c a n c o nstr u ct

err or- miti g at e d esti m at es usi n g cl assi c al s h a d o ws pr o d u c e d b y t h e n ois y q u a nt u m

c o m p ut er. ( W hil e  w e d e pi ct t h e pr e p ar ati o n of a p ur e st at e h er e, o ur f or m alis m is

e q u all y v ali d if t h e t ar g et st at e is  mi x e d.) I n c o ntr ast t o pri or a p pr o a c h es t h at o nl y

a d dr ess t h e n ois e i n eU g , o ur pr ot o c ol a d diti o n all y i n c or p or at es t h e err ors  wit hi n
eU pr e p . c O ur  m et h o d is a p pli c a bl e  w h e n e v er t h e s y m m etr y is c o m p ati bl e  wit h t h e

irr e ps V λ of t h e gr o u p G d es cri bi n g t h e cl assi c al s h a d o ws pr ot o c ol.
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dif fi c ult t o r e c o n cil e  wit h c o m m o n s y m m etri es u n d er s y m m etr y a dj ust-
m e nt, s u c h as t h e  U( 1) s y m m etr y g e n er at e d b y M = ∑ i∈ [n ]Z i.  T o r e m e d y t his
iss u e,  w e  m o dif y t h e pr ot o c ol b y  w h at  w e c all s u bs yste m s y m metri z ati o n:
d e fi n e t h e gr o u p

Cl ð1 Þ n
S y m :¼ S y m ðn Þ × Cl ð1 Þ n ; ð3 4 Þ

w hi c h h as t h e u nit ar y r e pr es e nt ati o n U (π , C ) = S π C w h er e S π p er m ut es t h e
q u bits a c c or di n g t o π ∈ S y m( n ) a n d C ∈ Cl( 1) ⊗ n . T h e cir c uit f or S π c a n b e
o bt ai n e d as a s e q u e n c e of O ðn 2 Þ n e ar est- n ei g h b or S W A P g at es i n O ðn Þ
d e pt h vi a a n o d d – e v e n d e c o m p ositi o n of π 9 9 .  T h e f oll o wi n g t h e or e m
s u m m ari z es its gr o u p-t h e or eti c pr o p erti es r ele v a nt t o cl assi c al s h a d o ws.

T h e or e m 3 . (Irr e d u ci bl e r e pr es e nt ati o ns of t h e s u bs yst e m-s y m m etri z e d
l o c al  Cliff or d gr o u p).  T h e r e pr es e nt ati o n U : Cl ð1 Þ n

S y m ! U ðL ðH ÞÞ,
d e fi n e d b y U ðπ ;C Þ ðρ Þ ¼ S π C ρ C y S y

π , d e c o m p os es i nt o t h e irr e ps

V k ¼ s p a nfP 2 P ðn Þ : jP j ¼ k g; 0 ≤ k ≤ n : ð3 5 Þ

U n d er t his gr o u p, t h e ( n ois el ess) e x pr essi o ns f or M a n d  V ar ½̂o c oi n ci d e
wit h t h os e of st a n d ar d P a uli s h a d o ws.

T his  m o di fi c ati o n t h er ef or e r e d u c es t h e n u m b er of irr e ps fr o m 2 n t o
n + 1, a c hi e v e d b y s y m m etri zi n g, f or e a c h k , o v er all k - q u bit s u bs yst e ms.
M e a n w hil e, t h e d esir a bl e esti m ati o n pr o p erti es fr o m st a n d ar d P a uli s h a-
d o ws ar e r et ai n e d: f or i nst a n c e, t h e s h a d o w n or m o b e ys k P k 2

s h a d o w ¼ 3 k f or
k -l o c al P a uli o p er at ors P .

T h e u ps h ot is t h at t h e s y m m etr y M is n o w c o m p ati bl e  wit h t his gr o u p,
t h ere b y e n a bli n g r es ults s u c h as  T h e or e m 2.  W e d es cri b e t his c o nstr u cti o n
i n “A p pli c ati o n t o q u bit ( P a uli) s h a d o ws ” i n t h e  M et h o ds s e cti o n,  wit h
t e c h ni c al pr o ofs i n S u p pl e m e nt ar y  N ot e 2.

S pi n- a d a pt e d  m at c h g at e s h a d o w s
S yst e ms of s pi nf ul f er mi o ns oft e n o b e y a s pi n s y m m etr y,  w hi c h all o ws f or
c o m pr ess e d bl o c k- di a g o n al r e pr es e nt ati o ns a c c or di n g t o t h e s pi n s e ct ors.
S u c h t e c h ni q u es ar e r ef err e d t o as s y m m etr y a d a pt ati o n.  W e i ntr o d u c e s u c h
a n a d a pt ati o n of t h e  m at c h g at e s h a d o ws pr ot o c ol  w h er ei n t h e r a n d o m
distri b uti o n is r estri ct e d t o bl o c k- di a g o n al ort h o g o n al tr a nsf or m ati o ns,

Q ¼
Q " 0

0 Q #

 !

2 O ðn Þ O ðn Þ: ð3 6 Þ

W e c all t his pr ot o c ol s pi n- a d a pte d m at c h g at e s h a d o ws.  T his r estri ct e d
gr o u p r e m ai ns i nf or m ati o n all y c o m pl et e o v er o p er at ors  w hi c h r es p e ct t h e
s pi n s e ct ors, t h us s uffi ci n g f or l e ar ni n g pr o p erti es i n s yst e ms  wit h t his
s y m m etr y. I n f a ct,  w e s h o w t h at t he s h a d o w n or ms f or k -f er mi o n o p er at ors
u n d er t h e s pi n- a d a pt e d pr ot o c ol s c al e i d e nti c all y as i n t h e u n a d a pt e d
s etti n g.  T h e  m ai n a d v a nt a g e of s pi n a d a pt ati o n is t h at t he bl o c k- di a g o n al
tr a nsf or m ati o n Q = Q ↑ ⊕ Q ↓ c a n b e i m pl e m e nt e d as U Q "

P s
# U Q #

, w h er e
P ↓ = Z ⊗ n / 2 is t h e p arit y o p er at or o n t h e s pi n- d o w n s e ct or a n d s ¼ δ 1 ;det Q "

.
T his t e ns or- pr o d u ct u nit ar y r e q uir es r o u g hl y h alf t h e n u m b er of g at es a n d
cir c uit d e pt h c o m p ar e d t o i m pl e m e nti n g a d e ns e ele me nt of  O( 2 n ).  W e
pr o v e t h e n e c ess ar y d et ails i n S u p pl e m e nt ar y  N ot e 3 a n d i m pl e m e nt t his
m o di fi e d pr ot o c ol i n o ur n u m eri c al e x p eri m e nts  w h ere ver a p pli c a bl e.

I m pr o v e d cir c uit  d e si g n f or f er mi o ni c  G a u s si a n u nit ari e s
F er mi o ni c  G a ussi a n u nit ari es ar e a br o a d cl ass of fr e e-f er mi o n r ot ati o ns,
a n d t h e y ar e u bi q uit o us pri miti v es i n al g orit h ms f or si m ul ati n g (i nt er a cti n g)
f er mi o ns. I n t he c o nt e xt of cl assi c al s h a d o ws, t h e y f or m t h e b asis f or r a n-
d o mi z e d  m e as ur e m e nts i n  m at c h g at e s h a d o ws 6 9 – 7 1 . S u c h u nit ari es c a n b e
d es cri b e d b y a n ort h o g o n al tr a nsf or m ati o n Q ∈ O( 2 n ) of t h e  M aj or a n a

o p er at ors,

U Q ðγ μ Þ ¼ U Q γ μ U
y
Q ¼

X

ν 2½ 2 n

Q ν μ γ ν ð3 7 Þ

f or e a c h μ ∈ [ 2n ].  T h e q u a nt u m cir c uits i m pl e m e nti n g t h es e tr a nsf or m a-
ti o ns t a k e O ðn 2 Þ g at es i n O ðn Þ d e pt h 1 0 0 ,1 0 1 .  W hil e t his s c ali n g is n e c ess ar y i n
g e n er al b y p ar a m et er c o u nti n g, c o nst a nt-f a ct or s a vi n gs c a n s u bst a nti all y
i m pr o v e p erf or m a n c e i n pr a cti c e, es pe ci all y o n n ois y q u a nt u m c o m p ut ers.

T o t his e n d,  w e i ntr o d u c e a  m or e ef fi ci e nt c o m pil ati o n s c he m e f or
f er mi o ni c  G a ussi a n u nit ari es, gi v e n a n ar bitr ar y Q ∈ O( 2 n ).  O ur cir c uit
d esi g n i m pr o v es t h e p ar all eli z ati o n of g at es c o m p ar e d t o pri or art 1 0 0 ,1 0 1 . T h e
k e y i d e a is t o o bs er v e t h at t w o  M aj or a n a  m o d es ess e nti all y c orr es p o n d t o
o n e q u bit u n d er t h e J or d a n – Wi g n er tr a nsf or m ati o n 1 0 2 .  T h us, t h e o pti m al
a p pr o a c h t o c o m pili n g U Q i nt o si n gl e- a n d t w o- q u bit g at es i n v ol v es
d e c o m p osi n g t h e  m atri x Q i nt o el e m e nt ar y bl o c ks of 4 × 4 tr a nsf or m ati o ns,
r at h er t h a n t h e 2 × 2  Gi v e ns r ot atio ns utili z e d i n pri or d esi g ns.

T h e d et ails of t his s c he m e ar e d es cri b e d i n S u p pl e me nt ar y  N ot e 4 a n d
i m pl e m e nt e d i n c o d e at o ur o p e n-s o ur c e r e p osit or y (htt ps:// git h u b. c o m/
z h a o- a n dr e w/s y m m etr y- a dj u st e d- cl assi c al-s h a d o ws).  W e  m a k e us e of t his
i m pr o v e d d esi g n i n o ur n u m eri c al si m ul ati o ns.  W e d e m o nstr at e t h e
i m pr o v e m e nts i n cir c uit si z e i n Fi g. 2 ,  wit h r es p e ct t o a g at e s et n ati v e t o
s u p er c o n d u cti n g pl atf or ms. Fr o m t h es e r es ults  w e n u m eri c all y i nf er r o u g hl y
1/ 3 r e d u cti o n i n d e pt h a n d 1/ 2 r e d u cti o n i n g at e c o u nt o v er pri or d esi g ns.

N u m eri c al e x p eri m e nt s
W e n o w d e m o nstr at e t h e err or- miti g ati o n c a p a biliti es of s y m m etr y-
a dj ust e d cl assi c al s h a d o ws t hr o u g h n u m eri c al si m ul ati o ns.  W e f o c us o n t h e
t as k of esti m ati n g o n e- a n d t w o- b o d y o bs er v a bl es i n b ot h f er mi o n a n d q u bit
s yst e ms  w hi c h o b e y t h e gl o b al  U( 1) s y m m etri es d es cri b e d i n t h e  M et h o ds
s e cti o n.

F or e ac h t y p e of s yst e m,  w e fi rst pr es e nt r es ults  w h e n t h e n ois e  m o d els
o b e y  Ass u m pti o ns 1 (r e a d o ut err o rs).  W e d e m o nstr at e t h e s u c c essf ul
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P ri o r Ji a n g e t  al .  d e si g n ( vi a  O p e n F e r mi o n )

P ri o r  d e si g n ( d e s c ri b e d  h e r e )

I m p r o v e d d e si g n ( d e s c ri b e d h e r e )

( a )

( b )

Fi g. 2 |  R es o u r c e c o m p a ris o n of o u r i m p r o v e d f e r mi o ni c  G a ussi a n ci r c uit d esi g n

v e rs us p ri o r d esi g ns. O ur cir c uit c osts ( gr e e n) ar e c o m p ar e d a g ai nst t h os e of Ji a n g et

al. 1 0 0 ( bl u e), i m pl e m e nt e d i n  O p e n F er mi o n 1 3 2 , a n d a n ai v e s c h e m e d es cri b e d i n

S u p pl e m e nt ar y  N ot e 4 (r e d).  All cir c uits  w er e o pti mi z e d t o a s u p er c o n d u cti n g g at e

s et c o nsisti n g of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i S W A P

p
g at es a n d si n gl e- q u bit r ot ati o ns.  W e c o m p ar e b ot h

a cir c uit d e pt h a n d b g at e c o u nt o n r a n d o m i n p uts Q ∈ O( 2 n ). Li n e ar a n d q u a dr ati c

fi ts ar e  m a d e, d e m o nstr ati n g a r o u g hl y 3 × a n d 2 × s a vi n gs, r es p e cti v el y.
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miti g ati o n at v ar yi n g s a m pl e si z es, n ois e r at es, a n d s yst e m si z es, c o n fi r mi n g
t h e c orr e ct n ess of o ur t h e or y.

N e xt,  w e i n v esti g at e h o w s y m m etr y a dj ust m e nt p erf or ms u n d er a  m or e
c o m pr e h e nsi v e n ois e  m o d el b as e d o n s u p er c o n d u cti n g- q u bit pl atf or ms.
T h es e si m ul ati o ns  w er e p erf or m e d usi n g t h e  Q u a nt u m  Virt u al  M a c hi n e
( Q V M)  wit hi n t h e  Cir q o p e n-s o ur c e s oft w ar e p a c k a g e 9 3 ,1 0 3 . It us es e xisti n g
h ar d w ar e d at a o n a n ati v e g at e s et (si n gl e- q u bit r ot ati o ns a n d t w o- q u bit

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i S W A P

p
g at es o n a s q u ar e l atti c e) t o  mi mi c t h e r e alisti c p erf or m a n c e of a

n ois y q u a nt u m c o m p ut er.  W e us e t h e c ali br ati o n d at a pr o vi d e d of  G o o gl e ’s
2 3- q u bit  R ai n b o w pr o c ess or b as e d o n t h e S y c a m or e ar c hit e ct ur e,  w hi c h  w as
us e d i n q u a nt u m e x p eri m e nts si m ul ati n g q u a nt u m c he mistr y a n d str o n gl y
c orr el at e d  m at eri als 3 3 ,3 5 .  T h e n ois e  m o d el c o nsists of d e p ol ari zi n g c h a n n els,
t w o- q u bit c o h er e nt err ors, si n gl e- qu bit i dli n g n ois e, a n d r e a d o ut err ors.
Err or r at es v ar y a cr oss t h e c hi p; o n t h e 2 × 4 gri d t h at  w e si m ul at e d, t h e
a v er a g e si n gl e- a n d t w o- q u bit P a uli err or r at es ar e ~ 0. 1 5 % a n d ~ 1. 5 %,
r es p e cti v el y.  A pr e cis e d es cri pti o n of t h e n ois e  m o d el c a n b e f o u n d i n
S u p pl e m e nt ar y  N ot e 6.

T hr o u g h o ut,  w e us e t h e f oll o wi n g c o n v e nti o ns f or fi g ur es.  N ois el ess
d at a ( bl u e s q u ar es) c orr es p o n d t o si m ul ati o ns of a n i d e al q u a nt u m c o m-
p ut er,  w hi c h e x p eri e n c es n o n ois e c h a n n el a n d o nl y e x hi bits t h e f u n d a-
m e nt al s a m pli n g err or.  U n miti g at e d d at a ( bl a c k  X ’s) ar e si m ul ati o ns of
cl assi c al s h a d o ws o n a n ois y q u a nt u m c o m p ut er, usi n g st a n d ar d p ost-
pr o c essi n g r o uti n es.  T h e  miti g at e d esti m at es (r e d di a m o n ds) ar e i nst e a d
p ost pr o c ess e d as s y m m etr y- a dj ust e d cl assi c al s h a d o ws, as d es cri b e d i n t h e
M et h o ds s e cti o n. I n s o m e e x p eri m e nt s,  w e als o c o m p ar e a g ai nst r o b ust
s h a d o w esti m ati o n8 5 ( R S h a d o w, gr e e n cr oss es),  w hi c h i n v ol v es si m ul ati n g
t h e c ali br ati o n pr ot o c ol o n ∣0 n i u n d er t h e s a m e n ois e  m o d el. Fi n all y, t h e tr u e
v al u es (t e al c ur v es) ar e t h e gr o u n d tr ut h, a g ai nst  w hi c h  w e d et er mi n e t h e
pr e di cti o n err or.

U n c ert ai nt y b ars r e pr es e nt o n e st a n d ar d d e vi ati o n of t h e c o m bi n e d
s a m pli n g a n d p ost pr o c essi n g, c o mp ut e d b y e m piri c al b o otstr a p pi n g 1 0 4 . T o
e as e t h e c o m p ut ati o n al l o a d,  w e sli g htl y  m o dif y t h e pr o c e d ur e b y b at c hi n g
s a m pl es; s e e S u p pl e me nt ar y  N ot e 6 f or d et ails.

F er mi o ni c s y st e m s .  O ur fi rst s et of n u m eri c al e x p eri m e nts c o nsi d er t h e
a p pli c ati o n t o  m at c h g at e s h a d o ws t o l e ar n a n d  miti g at e n ois e i n o n e- a n d
t w o- b o d y f er mi o ni c o bs er v a bl es.  T h e s y m m etr y  w e c o nsi d er is fi x e d
p arti cl e n u m b er, tr ðN ρ Þ ¼ η .  As  w e s h o w i n t h e  M et h o ds s e cti o n, t his
s y m m etr y pr oj e cts i nt o t h e r el e v a nt irr e ps R 0 ¼ f 2 ; 4 g of t h e  m at c h g at e
s h a d o ws as

S 2 ¼ Π 2 ðN Þ ¼
1

2

X

p 2½ n

Z p ; ð3 8 Þ

S 4 ¼ Π 4 ðN
2 Þ ¼

1

2

X

p < q

Z p Z q ; ð3 9 Þ

r e pr es e nt e d u n d er t h e J or d a n– Wi g n er tr a nsf or m ati o n 1 0 2 f or si m pli cit y.
T h eir i d e al v al u es ar e

s2 ¼ tr S 2 ρ ¼ η
n

2
; ð4 0 Þ

s4 ¼ tr S 4 ρ ¼
1

2

n

2
η ðn η Þ: ð4 1 Þ

R e a d o ut n oi s e  m o d el (f er mi o n s) . First,  w e c o nsi d er t h e r e c o nstr u cti o n
of t h e f er mi o ni c t w o- b o d y r e d u c e d d e nsit y  m atri x ( 2- R D M) fr o m
m at c h g at e s h a d o ws.  T h e 2- R D M el e m e nts of a st at e ρ ar e gi v e n b y

2 D p q
rs ¼ tr a y

p a
y
q a s a r ρ ; p ; q ; r ; s 2 ½ n : ð4 2 Þ

I n g e n er al, k n o wl e d g e of t he k - R D M all o ws o n e t o c al c ul at e a n y k - b o d y
o bs er v a bl e of t h e s yst e m. B y a nti c o m m ut ati o n r el ati o ns, t h er e ar e o nl y

n
2

2

u ni q u e  m atri x ele m e nts, c orr es p o n di n g t o t h e i n di c es p < q a n d r < s.

W e t h er ef or e r e pr es e nt 2 D as a n
n
2

×
n
2

H er miti a n  m atri x, fl att e ni n g

al o n g t h os e i n d e x p airs. Esti m at es 2 D̂
p q

rs ðT Þ ¼ trða y
p a

y
q a s a r ρ̂ ðT ÞÞ ar e c o m-

p ut e d fr o m T m at c h g at e-s h a d o w s a m pl es.  H er e, o ur fi g ur e of  m erit f or t h e
pr e di cti o n err or is t h e s p e ctr al- n or m diff er e nc e b et w e e n t h e r e c o nstr u ct e d

a n d t h e n u m eri c all y e x a ct 2- R D Ms, ϵ ¼ k 2 D̂ 2 D k 1 .
W e d e m o nstr at e 2- R D M r e c o nstr u cti o n o n a n e ns e m bl e of 2 0 r a n d o m

Sl at er d et er mi n a nts ( n o ni nt er a cti n g-f er mi o n st at es  wit h fi x e d p arti cl e
n u m b er).  A n η -f er mi o n Sl at er d eter mi n a nt is s p e cifi e d b y t h e fi rst η c ol-
u m ns of a n n × n u nit ar y  m atri x, s o  w e g e n er at e t h e r a n d o m st at es b y
u nif or ml y dr a wi n g el e me nts of  U( n ).  T his n × n r e pr ese nt ati o n is t h e n lift e d
t o t h e 2n × 2 n f er mi o ni c  G a ussi a n r e pr ese nt ati o n,  w hi c h all o ws us t o a p pl y
t h e r a n d o m  m at c h g at e tr a nsf or m ati o ns Q ∈ B( 2 n ) effi ci e ntl y.  T his si m u-
l at es t he a cti o n of ρ 7 !U Q ρ U y

Q .  T h e  m e as ur e m e nt is t h e n si m ul at e d usi n g
t h e al g orit h m of [r ef. 1 0 5 , S e c. 5. 1]. Fi n all y, t o si m ul at e t h e r e a d o ut n ois e w e
i m pl e m e nt t h e eff e cti v e n ois e c h a n n el o n t h e s a m pl e d bit stri n gs offl i n e.

W hil e t h e 2- R D M of fr e e-f er mi o n st at es c a n b e c o m p ut e d fr o m t h e
1- R D M usi n g  Wi c k ’s t h e or e m,  w e d o n ot e m pl o y a n y s u c h tri c ks h er e;  w e
us e Sl at er d et er mi n a nts si m pl y t o f a cilit at e f ast cl assi c al si m ul ati o n.  W e als o
d o n ot us e a n y a d diti o n al err or- miti g ati o n str at e gi es, s u c h as  R D M p osi-
ti vit y c o nstr ai nts1 0 6 , t h at c o ul d i n pri n ci pl e b e a p pli e d i n t a n d e m.

T h e r es ults ar e pr ese nt e d i n Fi g. 3 .  W e c o nsi d er a s m all s yst e m si z e,
n = 8  a n d η = 2, a n d si m ul at e t hr e e t y p es of si n gl e- q u bit n ois e c h a n n els
b ef or e r e a d o ut: d e p ol ari zi n g, a m plit u d e d a m pi n g, a n d bit fl i p.  T h e n ois e r at e
p r e pr es e nts t h e pr o b a bilit y of s u c h a n err or o c c urri n g, i n d e p e n d e ntl y o n
e a c h q u bit ( d e fi n e d i n S u p pl e m e nt ar y  N ot e 6). I n t h e t o p r o w,  w e s h o w h o w
t h e pr e di cti o n err or v ari es wit h t h e t ot al n u m b er of s a m pl es T .  As e x p e ct e d,
t h e n ois el ess esti m at es ( c orr es p o n di n g t o p = 0) c o n v er g e as ~ T − 1/ 2 , w hi c h is
t h e st a n d ar d s h ot-li mit ed b e h a vi or.  T h e n, s etti n g p = 0. 2,  w e s e e  h o w t h e
u n miti g at e d d at a e x p eri e n c es a n err or fl o or b e y o n d  w hi c h t a ki n g a d diti o n al
s a m pl es d o es n ot i m pr o v e t h e a c c ur a c y.  O n t he ot h er h a n d, t h e  miti g at e d
r es ults cle arl y b y p ass t his err or fl o or a n d r e c o v er t h e s h ot- n ois e s c ali n g  wit h
T , t h us v ali d ati n g t h e t h e or y of s y m m etr y- a dj ust e d cl assi c al s h a d o ws.
C o m p ar e d t o t h e n ois el ess si m ul ati o ns, o ur  miti g at e d d at a e x hi bit a c o nst a nt
f a ct or i n cre as e i n t h e s a m pli n g c ost, c orr es p o n di n g t o t h e O ðF 2

Z ;R 0 Þ o v er h e a d
of err or  miti g ati o n, as it a p p e ars i n  T h e or e m 4.

F or t h es e e x p eri m e nts,  w e als o c o m p ar e t o t h e p erf or m a n c e of r o b ust
s h a d o w esti m ati o n ( RS h a d o w) b y  C h e n et al. 8 5 ,  w hi c h r e q uir es si m ul ati n g
t h e c ali br ati o n pr o c e d ur e o n ∣0 n i. F or a f air c o m p aris o n,  w e all o c at e
T / 2 s a m pl es t o t h e c ali br ati o n st e p a n d T / 2 s a m pl es t o t h e esti m ati o n st e p, s o
t h at t h e t ot al n u m b er of s a m pl es is t h e s a m e.  W hil e  C h e n et al.8 5 di d n ot
ori gi n all y c o nsi d er  m at c h g at e s h a d o ws, fr o m o ur g e ner ali z ati o n i n E q. ( 2 3 )
w e c a n c o nstr u ct  N ois e Est B( 2 n ) b y t a ki n g D λ = S 2 k ,  w hi c h o b e ys
〈0 n ∣S 2 ∣0

n 〉 = − n / 2 a n d 〈0 n ∣S 4 ∣0
n 〉 = n (n − 1)/ 4.  T h e si n gl e-s h ot esti m at or is

t h e n

N ois e Est B ð2 n Þð2 k ; Q ; b Þ ¼
hb jU Q S 2 k U

y
Q jb i

h0 n jS 2 k j0
n i

: ð4 3 Þ

As e x p e ct e d,  R S h a d o w b e h a v es si mil ar l y t o s y m m etr y- a dj ust e d cl assi c al
s h a d o ws i n t his s c e n ari o ( w h er ein t h e n ois e o b e ys  Ass u m pti o ns 1).
H o w e v er, e v e n h er e  w e o bs er v e t h at o ur a p pr o a c h e x hi bits a c o nst a nt-f a ct or
a d v a nt a g e i n t h e s a m pli n g c ost.  W e a ttri b ut e t h e p erf or m a n c e of  R S h a d o w
t o its c ali br ati o n pr o c e d ur e,  w hi c h o ur  m et h o d a v oi ds.

I n t h e b ott o m r o w of Fi g. 3 ,  w e si m ul at e t h e s a m e c oll e cti o n of r a n d o m
Sl at er d et er mi n a nts, b ut n o w v ar yi n g t h e n ois e r at e p at a fi x e d s h a d o w si z e
T = 1 0 6 .  W hil e t h e u n miti g at e d err ors q ui c kl y gr o w  wit h i n cr e asi n g n ois e
r at e as e x p e ct e d, t h e  miti g at e d esti m at es r e m ai n u n d er c o ntr ol.  N ot e t h at t h e
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miti g at e d err ors still gr o w m o d estl y b e c a us e w e h a v e fi x e d t h e n u m b er of
s a m pl es; i n or d er t o a c hi e v e a c o nst a nt pr e di cti o n err or, o n e  w o ul d n e e d t o
gr o w T pr o p orti o n al t o F 2

Z ;R 0 ( w hi c h is p - d e p e n d e nt).  O ur k e y t a k e a w a y is
t h at t h e c o m bi n ati o n of b ot h r o ws of pl ots i n di c at es t h e a bilit y t o h a n dl e a
r a n g e of c o m m o n n ois e c h a n n els at f airl y hi g h err or r at es. I n d e e d, t h e
gr o wi n g err ors s e e n i n t h e b ott o m r o w c a n b e s u p pr ess e d b y si m pl y t a ki n g
m or e s a m pl es,  w hi c h is pr e cis el y w h at t h e t o p r o w d e m o nstr at es.

N e xt,  w e c o nsi d er t h e si m ul ati o n of a 1 D s pi nf ul F er mi – H u b b ar d c h ai n
of L = n / 2 sit es (f or a t ot al of n f er mi o ni c  m o d es/ q u bits).  U n d er o p e n
b o u n d ar y c o n diti o ns, t h e  H a milt o ni a n f or t his  m o d el is

H ¼ J þ V ; ð4 4 Þ

w h er e

J ¼ t
X

i2½ L 1

X

σ 2f " ;#g

a y
i;σ a iþ 1 ;σ þ h. c. ; ð4 5 Þ

V ¼ U
X

i2½ L

N i;" N i;# ; ð4 6 Þ

ar e t h e h o p pi n g a n d i nt er a cti o n t er ms, r es p e cti v el y.  T h e cr e ati o n o p er at ors
a y

i;σ pr o d u c e a n el e ctr o n at sit e i wit h s pi n σ , a n d N i;σ ¼ a y
i;σ a i;σ is t h e

ass o ci at e d o c c u p ati o n- n u m b er o p er at or.  W e s et u nits s u c h t h at t h e h o p pi n g
str e n gt h is t = 1.

F or t h e t ar g et st at e,  w e us e t h e gr o u n d st at e of t h e n o ni nt er a cti n g t er m
J,  w hi c h is als o a Sl at er d et er mi n a nt.  T his all o ws us t o us e t h e s a m e si m u-
l ati o n t e c h ni q u es as b ef or e t o effi cie ntl y si m ul at e u p t o 2 0 sit es.  T h e n u m b er
of ele ctr o ns i n e a c h s pi n s e ct or is η σ = L / 2, f or a t ot al of η = η ↑ + η ↓ = n / 2
el e ctr o ns.  T h us t h e s yst e m is at h alf fi lli n g,  w hi c h r e q uir es t h e us e of a n cill a
q u bits t o a v oi d di visi o n b y z er o (s e e t h e  M et h o ds s e cti o n). I n f a ct,  w e
si m ul at e n 0 ¼ n þ 2 q u bits b e c a us e  w e a p p e n d a n a n cill a q u bit t o e a c h s pi n
s e ct or.  T his is b e c a us e  w e f urt h er m or e e m pl o y s pi n- a d a pt e d  m at c h g at e
s h a d o ws, as d escri b e d pr e vi o usl y i n t h e  R es ults s e cti o n.  T his  m o difi c ati o n
ess e nti all y tr e ats e ac h s pi n s e ct or i n d e p e n d e ntl y  w h e n p erf or mi n g t h e
r a n d o mi z e d  m e as ur e me nts, s o e a c h s e ct or is at h alf fi lli n g.

T h e F er mi – H u b b ar d r es ults ar e s h o w n i n Fi g. 4 .  W e c o nsi d er t h e
esti m ati o n of e n er g y p er ele ctr o n, 〈H 〉/η .  W e s et t h e i nt er a cti o n str e n gt h t o
U /t = 4 a n d t h e n ois e  m o d el t o si n gl e- q u bit bit- fl i p err ors,  wit h pr o b a biliti es
p ∈ { 0. 0 1, 0. 0 3, 0. 0 5}.  T h e e n er g y p er el e ctr o n (t o p) a n d a bs ol ut e esti m ati o n
err or ( b ott o m) ar e pl otte d as t h e s yst e m si z e gr o ws, k e e pi n g t h e n u m b er of
s a m pl es fi x e d t o T = 2 × 1 0 6 .  A g ai n, t h es e r es ults s er v e t o v ali d at e o ur t h e or y,
t his ti m e hi g hli g hti n g t h e p erf or m a nc e as t h e s yst e m si z e gr o ws.  T his als o

d e m o nstr at es t h e us e of s pi n- a d a pt e d  m at c h g at e s h a d o ws a n d t h e s u c c essf ul
us e of a n cill as t o a v oi d di visi o n b y z er o i n ô E M

j .

Q V M n oi s e  m o d el (f er mi o n s) .  N o w  w e t ur n t o t h e g at e-l e v el n ois e  m o d el
si m ul at e d t hr o u g h t h e  Q V M 9 3 ,1 0 3 .  T his  m o d el str o n gl y vi ol at es
Ass u m pti o ns 1, r e fl e cti n g t h e f a ct t h at t h e st at e- pr e p ar ati o n cir c uit U pr e p

is t y pi c all y t h e d o mi n a nt s o ur c e of err ors.
As o ur t est b e d f er mi o ni c s yst e m,  w e a g ai n c o nsi d er t h e 1 D s pi nf ul

F er mi – H u b b ar d c h ai n  wit h o p e n b o u n d ar y c o n diti o ns a n d i nt er a cti o n
str e n gt h U /t = 4.  R at h er t h a n t h e st ati c pr o bl e m, h er e  w e si m ul at e
Tr ott eri z e d ti m e e v ol uti o n of t h e  H a milt o ni a n.  T h e n u m b er of  Tr ott er
st e ps pr o vi d es a s yst e m ati c  w a y t o i n cr e as e t h e cir c uit d e pt h ( a n d h e n c e
t h e c u m ul ati v e a m o u nt of n ois e)  wit hi n t h e s a m e  m o d el.  N ot e t h at
b e c a us e  w e ar e st u d yi n g t h e b e h a vi or of err or  miti g ati o n, t h e gr o u n d
tr ut h of t h es e si m ul ati o ns c orr es p o n ds t o t h e n ois el ess  Tr ott er cir c uit
wit h a fi nit e st e p si z e (i. e.,  w e ar e n ot c o m p ari n g t o t h e e x a ct, n o n-
Tr ott eri z e d d y n a mi cs).

W e cl os el y f oll o w t h e s et u p of t h e e x p eri m e nt p erf or m e d i n r ef. 3 5

( w hi c h w as i n f a ct p erf or m e d o n t h e Sy c a m or e pr o c ess or t h at o ur n ois e
m o d el is b as e d o n), usi n g c o d e  m a d e a v ail a bl e b y t h e a ut h ors at r ef. 1 0 7 .
B e c a us e si m ul ati n g t h e f ull n ois y cir c uit is e x p o n e nti all y e x p e nsi v e,  w e
r estri ct t o a f o ur-sit e i nst a n c e (n = 2 L = 8).  T h e i niti al st at e is t h e gr o u n d
st at e i n t h e η ↑ , η ↓ = 1 s e ct or of t h e n o ni nt er a cti n g  H a milt o ni a n

H 0 ¼ J þ
X

i2½ L

X

σ 2f " ;#g

ε i;σ N i;σ ; ð4 7 Þ

w h er e J is t h e h o p pi n g t er m d efi n e d i n E q. ( 4 5 ) a n d w e s et t he o n-sit e
p ot e nti als t o h a v e a  G a ussi a n f or m, ε i;σ ¼ λ σ e

1
2 ðiþ 1 cÞ2 = s2 .  T his g e n er at es

a Sl at er d et er mi n a nt  w h os e c h ar g e d e nsit y

ϱ i ¼ h N i;" þ N i;# i: ð4 8 Þ

h as a  G a ussi a n pr o fi le, c e nter e d ar o u n d c wit h  wi dt h s a n d  m a g nit u de λ σ . W e
s et t h e p ar a m et ers t o c = L / 2 + 1/ 2 = 2. 5, s = 7/ 3, a n d λ σ = 4 δ σ ,↑ . T his i niti al
st ate is pr e p ar e d b y t h e a p pr o pri ate si n gle- p arti cle b asis r ot ati o ns1 0 0 ,1 0 8 ,1 0 9 o n
t h e st ate ∣1 0 0 0 i wit hi n e ac h s pi n sect or.  D e n ote t his u nit ar y b y U (H 0 ).  T he
s yst e m is t h e n e v ol v e d b y  Tr otterize d d y n a mics acc or di n g t o H , wit h
R ∈ { 0, 1, … , 5} ste ps of si z eδ t = 0. 2. Let Je ve n (res p., Jo d d ) b e t h e t er msi n J wit h
i e v e n (r es p., o d d), a n d si mil arl y f or V e ve n, V o d d . O n e Tr otter st e p is or d ere d as

U Tr ot ¼ e iJ o d d δ t e iV o d d δ t e iV e ve n δ t e iJ e ve n δ t ; ð4 9 Þ

1 0 4 1 0 5 1 0 6 1 0 7

N u m b e r  of s a m pl e s

1 0 2

1 0 1

1 0 0
2-

R
D

M 
er

r
or

D e p ol a ri zi n g  n oi s e

1 0 4 1 0 5 1 0 6 1 0 7

N u m b e r  of s a m pl e s

A m pli t u d e - d a m pi n g  n oi s e

1 0 4 1 0 5 1 0 6 1 0 7

N u m b e r  of s a m pl e s

Bi t -fli p  n oi s e

N oi s el e s s

U n mi ti g a t e d

R S h a d o w

Mi ti g a t e d

1 0 2 1 0 1

N oi s e r a t e

1 0 1

2-
R

D
M 

er
r
or

1 0 2 1 0 1

N oi s e r a t e

1 0 2 1 0 1

N oi s e r a t e

( a )

( b )

Fi g. 3 | Esti m ati o n e r r o r of t h e f e r mi o ni c 2- R D M r e c o nst r u ct e d f r o m  m at c h g at e

s h a d o ws. Err or is q u a nti fi e d b y t h e s p e ctr al- n or m diff er e n c e b et w e e n t h e esti m at e d

a n d tr u e 2- R D M.  W e si m ul at e t h e pr ot o c ol o n a c oll e cti o n of 2 0 r a n d o m Sl at er

d et er mi n a nts o n n = 8  m o d es  wit h η = 2 f er mi o ns; f ai nt d as h es ar e r es ults f or

i n di vi d u al st at es,  m ar k ers i n di c at e t h e  m e di a n err or a cr oss t h e 2 0 st at es. a S c ali n g of

esti m ati o n err or  wit h t h e t ot al n u m b er of s a m pl es T , fi xi n g t h e n ois e r at e t o p = 0. 2

f or all n ois e  m o d els. b S c ali n g of t h e esti m ati o n err or  wit h t h e n ois e r at e p , fi xi n g t h e

t ot al n u m b er of s a m pl es t o T = 1 0 6 .
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w hi c h is t h e n c o m pil e d i nt o t h e n ati v e g at e s et.  T h e f ull st at e- pr e p ar ati o n
cir c uit is t h e n

U pre p ðR Þ ¼ U R
Tr ot U ðH 0 ÞX 0 ;# X 0 ;" ; ð5 0 Þ

w h er e X 0, σ pl a c es a s pi n- σ ele ctr o n o n t h e fi rst sit e fr o m t h e v a c u u m (i. e.,
pr e p ar es ∣1 0 0 0 i i n e a c h s pi n s e ct or).  N ot e t h at R = 0 c orr es p o n ds t o o nl y
pr e p ari n g t h e i niti al Sl at er d et er mi n a nt,  w hi c h still h as n o ntri vi al cir c uit
d e pt h. F urt h er d et ails o n t h e c o nstr u cti o n of t h es e cir c uits c a n b e f o u n d i n
r efs. 3 5 ,1 0 7 .

O n e fi n al d et ail of r ef. 3 5 t h at  w e f oll o w is t h eir  m et h o d of q u bit
assi g n m e nt a v er a gi n g ( Q A A). T his t e c h ni q u e is e m pl o y e d as a m e a ns of
a m eli or ati n g i n h o m o g e n eiti es i n err or r at es a cr oss t h e q u a nt u m d e vi c e.
Q A A  w or ks b y i d e ntif yi n g a c oll e cti o n of diff er e nt assi g n m e nts f or t h e
p h ysi c al q u bit l a b els a n d u nif or ml y a v er a gi n g o v er t h e m ( k e e p n g t h e
J or d a n– Wi g n er c o n v e nti o n fi x e d). F or e x a m pl e, o n e  m a y v ar y q u bit
assi g n m e nts b y s el e cti n g a diff er e n t p orti o n of t h e c hi p, or r ot ati n g/fl i p pi n g
t h e l a y o ut.  H er e,  w e fi x a 2 × 4 gri d of q u bits a n d p erf or m  Q A A o v er f o ur
diff er e nt or d eri n gs of t h os e ei g ht q u bits; s e e S u p pl e m e nt ar y  N ot e 6 f or t h e
s p e cifi c assi g n m e nts c h os e n.

F or e a c h t ar g et st at e U pre p ðR Þ∣0 n i,  w e c oll e ctT = 9. 6 × 1 0 5 s pi n- a d a pt e d
m at c h g at e s h a d o w s a m pl es. I n Fi g. 5 ,  w e pl ot t h e  Tr ott eri z e d ti m e e v ol uti o n
of c h ar g e d e nsit y t hr o u g h o ut t h e c h ai n, as  w ell as t h e c h ar g e s pr e a d

κ ¼
X

i2½ L

∣i ðL 1 Þ= 2 ∣ϱ i; ð5 1 Þ

w hi c h q u a nti fi es h o w t h e d e nsit y s pr e a ds a w a y fr o m t h e c e nt er of t h e c h ai n.
T h es e q u a ntiti es ar e o nl y o n e- b o d y o bs er v a bl es, s o as a n e x e m pl ar y t w o-
b o d y o bs er v a bl e  w e als o esti m at e t h e e n er g y p er el e ctr o n, 〈H 〉/η .

B e c a us e  Ass u m pti o ns 1 n o l o n g er h ol d,  w e n o l o n g er h a v e t h e g u ar-
a nt e es of  T h e or e m 4 a n d  w e d o n ot o bs er v e a n ar bitr ar y a m o u nt of err or
miti g ati o n.  W e s e e t h at as t h e cir c uit si z e gr o ws, s o t o o d o t h e pr e di cti o n
err or a n d u n c ert ai nt y.  T his b e h a vi or is a r e fl e cti o n of t h e n ois e ass u m pti o ns
b ei n g i n cr e asi n gl y vi ol at e d.  N o n et h el e ss, o ur r es ults still sh o w a s u bst a nti al
a m o u nt of n ois e r e d u cti o n, a n d o v er all  w e  m ai nt ai n t h e q u alit ati v e f e at ur es
of t h e d y n a mi cs c o m p ar e d t o t h e u n miti g at e d pr ot o c ol. I n S u p pl e m e nt ar y
N ot e 6,  w e pr o vi d e a q u a ntit ati v e esti m at e of h o w  m u c h t h e  Q V M n ois e
m o d el vi ol at es  Ass u m pti o ns 1.  T h er e  w e o bs er v e a f u n d a m e nt al err or fl o or,
w hi c h is r o u g hl y a n or d er of  m a g nit u d e b el o w t h e  miti g at e d err ors a ct u all y
a c hi e ve d h er e, i n di c ati n g t he p ot e nti al f or f urt h er  miti g ati o n b e y o n d  w h at
w e h a v e pr es e ntl y d e m o nstr at e d.

Q u bit s y st e m s .  N e xt,  w e st u d y t h e a p pli c ati o n of s y m m etr y- a dj ust e d
cl assi c al s h a d o ws t o s u bs yst e m-s y m m etri z e d P a uli s h a d o ws, t o pr e di ct
o n e- a n d t w o- b o d y q u bit o bs er v a bl es i n t h e pr es e n c e of n ois e.  W e c o n-
si d er a fi x e d  m a g n eti z ati o n s y m m etr y tr ðM ρ Þ ¼ m ,  w hi c h, as  w e s h o w i n

t h e  M et h o ds s e cti o n, pr oj e cts i nt o t h e r el e v a nt irr e ps R 0 ¼ f 1 ; 2 g as

S 1 ¼ Π 1 ðM Þ ¼
X

i2½ n

Z i; ð5 2 Þ

S 2 ¼ Π 2 ðM
2 Þ ¼ 2

X

i< j

Z iZ j: ð5 3 Þ

T h e i d e al s y m m etr y v al u es i n t his c as e ar e

s1 ¼ m ; ð5 4 Þ

s2 ¼ m 2 n : ð5 5 Þ

R e a d o ut n oi s e  m o d el ( q u bit s) . F or o ur fi rst d e m o nstr ati o n,  w e si m ul at e
r a n d o m  m atri x pr o d u ct st at es ( M P S)  wit h  m a xi m u m b o n d di m e nsi o n
χ ≤ n , l yi n g i n t h e m = 0 s y m m etr y s e ct or of M .  W e us e t h e d efi niti o n of a
r a n d o m  M P S fr o m r efs. 1 1 0 ,1 1 1 .  N u m eri c all y,  w e i m pl e m e nt all  M P S c al-
c ul ati o ns usi n g t h e o p e n-s o ur c e s oft w ar e I T e ns or 1 1 2 ,  w hi c h c a n g u ar a nt e e
t h e c orr e ct s y m m etr y s e ct or usi n g effi ci e nt t e ns or- n et w or k r e pr es e nt a-
ti o ns.  Wit hi n s u c h r e pr es e nt ati o ns, it is str ai g htf or w ar d t o a p pl y r a n d o m
l o c al  Cliff or d g at es a n d S W A P g at es, a n d t o s a m pl e  m e as ur e m e nts i n t h e
c o m p ut ati o n al b asis.

U nli k e f er mi o ns, q u bits ar e n ot s y m m etri z e d, s o t h eir 2- R D Ms

2 D ij ¼ tr½n nf i;jg ρ ð5 6 Þ

ar e i n g e n er al disti n ct b et w e e n diff er e nt t w o- q u bit s u bs yst e ms.  O ur
a c c ur a c y  m etri c h er e is t h eref or e t h e  m e a n 2- R D M err or o v er all p airs of
q u bits:

ϵ ¼
1

n

2

X

i< j

k 2 D̂ ijðT Þ 2 D ijk 1 :
ð5 7 Þ

Fr o m s u bs yst e m-s y m m etri z e d P a uli s h a d o ws ρ̂ ðT Þ of si z e T ,  w e r e c o nstr u ct
t h e q u bit 2- R D Ms b y esti m ati n g all o n e- a n d t w o-l o c al P a uli e x p e ct ati o n
v al u es a n d f or mi n g t he 4 × 4  m atri c es

2 D̂ ijðT Þ ¼
1

4

X

W ;W 02 P ð1 Þ

tr W iW
0
jρ̂ ðT Þ W W 0: ð5 8 Þ

T h e r es ults ar e s h o w n i n Fi g. 6 . Si mil ar t o t h e c o n cl usi o ns dr a w n fr o m
Fi g. 3 f or t h e f er mi o ni c c as e,  w e o bs er v e t h at o ur t h e or y is v ali d at e d i n t w o
i m p ort a nt p ar a m et ers ( n u m b er of s a m pl es a n d err or r at e).  W e n ot e h er e
t h at t his si m pl e d e m o nstr ati o n als o v ali d at es o ur s u bs yst e m-s y m m etri z e d

Fi g. 4 | Esti m ati o n of t h e e n e r g y p e r el e ct r o n of a 1 D s pi nf ul

F e r mi – H u b b a r d  m o d el. W e c o nsi d er a n i nt er a cti o n str e n gt h U /t = 4 o n

4 ≤ L ≤ 2 0 sit es, a n d  w e  m e as ur e 〈 H 〉 /η usi n g s pi n- a d a pt e d  m at c h g at e s h a d o ws  wit h

T = 2 × 1 0 6 s a m pl es.  W e si m ul at e t h e pr ot o c ol o n t h e gr o u n d st at e of t h e n o n-

i nt er a cti n g c o m p o n e nt J of t h e  H a milt o ni a n, E q. ( 4 5 ), at h alf fi lli n g i n e a c h s pi n

s e ct or,  w hi c h is a Sl at er d et er mi n a nt  wit h η σ = L / 2 el e ctr o ns p er s e ct or.  T h es e

si m ul ati o ns i n v ol v e n 0 ¼ 2 L þ 2 n ois y q u bits e x p eri e n ci n g r e a d o ut bit- fl i p err ors

wit h pr o b a biliti es 1 %, 3 %, a n d 5 %.  T h e a d diti o n al q u bit p er s pi n s e ct or is pr e p ar e d i n

∣0 i t o a v oi d di visi o n b y z er o (s e e t h e  M et h o ds s e cti o n). Err or b ars d e n ot e o n e

st a n d ar d err or of t h e  m e a n.
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P a uli s h a d o ws pr ot o c ol a n d t h e us e of a n cill as i n t his s c e n ari o as  w ell (r e c all
t h at t h e r a n d o m st at es  w e st u d y h er e h a v e v a nis hi n g s y m m etr y
v al u e, m = s1 = 0).

O ur n e xt s et of n u m eri c al e x p eri m e nts ar e p erf or m e d o n t h e gr o u n d
st at e of a n a ntif err o m a g n eti c  X X Z  H eis e n b er g c h ai n  wit h o p e n b o u n d ar y
c o n diti o ns:

H ¼ J
X

i2½ n 1

X iX iþ 1 þ Y iY iþ 1 þ Δ Z iZ iþ 1 : ð5 9 Þ

T hr o u g h o ut,  w e s et u nits s u c h t h at J = 1 a n d c o nsi d er a n a nis otr o p y of
Δ = 1. 5.  T his  H a milt o ni a n c o m m ut e s  wit h t h e s y m m etr y o p er at or M , a n d i n

p arti c ul ar t he gr o u n d st at e o b e ys m = 0 ( ass u mi n g t h e n u m b er of s pi ns n is
e v e n).  W e fi n d t h e gr o u n d st at e vi a t h e d e nsi t y- m atri x r e n or m ali z ati o n
gr o u p ( D M R G) al g orit h m 1 1 3 , r e pr es e nt e d as a n  M P S; t h er ef or e  w e c a n
e m pl o y t h e s a m e cl assi c al si m ul ati o n al g orit h ms as b ef or e.  Alt h o u g h m = 0
i m pli es a v a nis hi n g c o ns er v e d q ua ntit y f or t h e o n e- b o d y s u bs p a c e, s1 = 0, w e
d o n ot e m pl o y t h e a n cill a t e c h ni q u e f or t h es e si m ul ati o ns b e c a us e  w e  will
o nl y b e i nt er est e d i n pr e di cti n g stri ctl y t w o- b o d y o bs er v a bl es (f or  w hi c h
s2 = m 2 − n ≠ 0).

I n Fi g. 7 w e s h o w t h e  miti g ati o n of e ner g y p er s pi n 〈H 〉/n at diff er e nt
s yst e m si z es a n d bit-fl i p r at es o n e ac h q u bit. F or t h ese e x p eri m e nts, t h e
n u m b er of s a m pl es t a k e n is T = 1 0 6 .  A g ai n, t h e r es ults v ali d at e o ur t h e or y f or
P a uli-s h a d o w s y m m etr y a dj ust m e nt o v er a r a n g e of n ois e r at es a n d s yst e m
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Fi g. 6 |  A v e r a g e esti m ati o n e r r o r of t h e 2- R D M o v e r all t w o- q u bit s u bs yst e ms,

r e c o nst r u ct e d f r o m (s u bs yst e m-s y m m et ri z e d)  P a uli s h a d o ws. Err or is q u a nti fi e d

b y t h e s p e ctr al- n or m diff er e n c e b et w e e n t h e esti m at e d a n d tr u e 2- R D M f or e a c h

s u bs yst e m, t a ki n g t h e  m e a n o v er all
n
2

s u bs yst e ms.  W e si m ul at e t h e pr ot o c ol o n a

c oll e cti o n of 2 0 r a n d o m ei g ht- q u bit  m atri x pr o d u ct st at es,  wit h  m a xi m u m b o n d

di m e nsi o n χ ≤ n a n d fi x e d Z m a g n eti z ati o n, m = 0. B e c a us e m = 0 i m pli es s1 = 0, w e

si m ul at e a s yst e m of ni n e q u bits  wit h t h e a n cill a pr e p ar e d i n ∣0 i. a S c ali n g of esti-

m ati o n err or  wit h t h e t ot al n u m b er of s a m pl es T ,fi xi n g t h e n ois e r at e t o p = 0. 2 f or all

n ois e  m o d els. b S c ali n g of t h e esti m ati o n err or  wit h t h e n ois e r at e p , fi xi n g t h e t ot al

n u m b er of s a m pl es t o T = 1 0 6 .
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Fi g. 5 |  P r e di cti o n of l o c al p r o p e rti es i n t h e f o u r-sit e 1 D F e r mi – H u b b a r d  m o d el

u n d e r g oi n g  T r ott e ri z e d ti m e e v ol uti o n. T h e i nt er a cti o n str e n gt h is s et t o U /t = 4

a n d t h e  Tr ott er st e p si z e is δ t = 0. 2.  T h e n ois e  m o d el is t h at of t h e  G o o gl e S y c a m or e

R ai n b o w pr o c ess or 3 3 ,3 5 , i m pl e m e nt e d  wit hi n t h e  Cir q  Q V M9 3 ,1 0 3 .  T h e si z e of t h e n ois y

cir c uit gr o ws s yst e m ati c all y  wit h t h e n u m b er of  Tr ott er st e ps.  W e us e s pi n- a d a pt e d

m at c h g at e s h a d o ws, t a ki n g T = 9. 6 × 1 0 5 s a m pl es. a C h ar g e d e nsit y ϱ i at e a c h sit e

i ∈ [L ]. b C h ar g e s pr e a d κ . c E n er g y p er el e ctr o n 〈 H 〉 /η . Err or b ars d e n ot e o n e

st a n d ar d err or of t h e  m e a n.
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si z es. I n p arti c ul ar, alt h o u g h  w e r e q uir e esti m ati n g t h e s y m m etr y o p er at or
M w hi c h h as v ari a n c e O ðn Þ ( as o p p os e d t o H /n ,  w hi c h h as c o nst a nt v ar-
i a n c e),  w e s e e t h at i n pr a cti c e it s uffi c es t o t a k e a n u m b er of s a m pl es c o nst a nt
i n s yst e m si z e.  T his  m a y i n di c at e t h at o ur a n al ysis of t h e  w orst- c as e s a m-
pli n g b o u n ds f or s y m m etr y- a dj ust e d c l assi c al s h a d o ws  m a y b e o v erl y p es-
si misti c i n t y pi c al s etti n gs.

Q V M n oi s e  m o d el ( q u bit s) .  W e n o w t ur n t o si m ul ati o ns usi n g t h e  Q V M
n ois e  m o d el, t a ki n g t h e s a m e  X X Z  H eis e n b er g s pi n c h ai n ( Δ = 1. 5 a n d
n = 8) as o ur t est b e d s yst e m. Si mil ar t o o ur n u m eri c al e x p eri m e nts  wit h
t h e F er mi– H u b b ar d  m o d el,  w e si m ul at e  Tr ott er cir c uits of t h e  X X Z
m o d el st arti n g fr o m a pr o d u ct st at e  wit hi n t h e s y m m etr y s e ct or of m = 0.
A g ai n,  w e  will o nl y b e i nt er est e d i n stri ctl y t w o-l o c al o bs er v a bl es s o  w e d o
n ot e m pl o y t h e a n cill a tri c k h er e.

O ur i niti al st at e is a  N é el- or d er e d pr o d u ct st at e,
∣0 1 0 1 0 1 0 1 i ¼

Q
j o d d X j∣0

n i. D efi ni n g H e ve n a n d H o d d as t h e t er ms i n H wit h
i e v e n a n d o d d, r es p e cti v el y, a si n gl e  Tr ott er st e p is gi v e n b y

U Tr ot ¼ e iH o d d δ t e iH e ve n δ t ; ð6 0 Þ

w h er e w e t a k e t h e st e p si z e t o b e δ t = 0. 2.  H e n c e, t h e f ull st at e- pr e p ar ati o n
cir c uit f or R st e ps is

U pre p ðR Þ ¼ U R
Tr ot

Y

j o d d

X j; ð6 1 Þ

w hi c h is t h e n c o m pil e d i nt o t h e n ati v e g at e s et. F or e a c h R ,  w e c oll e ct
T = 4. 8 × 1 0 5 s a m pl es usi n g s u bs yst e m-s y m m etri z e d P a uli s h a d o ws.
B e c a us e t h e i niti al st at e is a si m pl e b asis st at e,  w e o nl y dis pl a y r es ults f or
R ∈ { 1, … , 5} f or t h es e st u di es. I n li n e  wit h o ur F er mi– H u b b ar d si m ul ati o ns
o n t h e  Q V M,  w e p erf or m  Q A A h er e as  w ell, a v er a gi n g o v er t w el v e diff er e nt
assi g n m e nts of t h e s a m e 2 × 4 q u bits (s e e S u p pl e m e nt ar y  N ot e 6 f or d et ails).

First,  w e c o nsi d er t h e s pi n – s pi n c orr el ati o ns 〈S i ⋅ S j〉, w h er e

S i ¼
1

2

X i

Y i

Z i

0

B
@

1

C
A ; ð6 2 Þ

f or all q u bit p airs (i, j) t hr o u g h o ut t h e c h ai n.  W e pl ot t h e pr e di cti o n err ors of
t h ese c orr el ati o n f u n cti o ns i n Fi g. 8 ,  wit h t h e u n miti g at e d d at a i n t h e fi rst
r o w a n d  miti g at e d d at a i n t he s e c o n d r o w.  W e o bs er v e t h at,  w hil e t h e
s h all o w er  Tr ott er cir c uits ar e  w ell h a ndl e d b y s y m m etr y- a dj ust e d cl assi c al
s h a d o ws, t h e  miti g ati o n p o w er di mi nis h es as t he cir c uit gr o ws d e e p er.  T o
e x a mi n e t his eff e ct cl os er,  w e pl ot i n t h e b ott o m t w o r o ws of Fi g. 8 t h e
c orr el ati o n f u n cti o ns b et w e e n t h e fi rst s pi n a n d t h e r est of t h e c h ai n.  W e s e e
t h at t h e 〈S 0 ⋅ S 1 〉 err ors ar e p arti c ul arl y d o mi n a nt d u e t o t h e  m a g nit u d e of its
tr u e v al u e.  Alt h o u g h t h e a bs ol ut e err or is o nl y  m ar gi n all y i m pr o v e d b y

s y m m etr y a dj ust m e nt f or s o m e of t h es e p airs, t h e q u alit a ti v e b e h a vi or is
m or e f ait hf ull y r e c o v er e d t h a n i n t he u n miti g at e d d at a ( w h er ei n t h e
i n cre asi n g cir c uit n ois e  w as h es o ut t h e a ntif err o m a g n eti c c orr el ati o ns).

N e xt,  w e c o nsi d er  m a cr os c o pi c o bs er v a bl es i n Fi g. 9 : t h e  N éel or d er
p ar a m eter

hS 2
A F i ¼

1

n 2

X

i;j2½ n

ð 1 Þiþ jhS i S ji; ð6 3 Þ

a n d t h e e n er g y p er s pi n 〈H 〉/n .  A g ai n  w e s e e g e n er al tre n ds si mil ar t o t h e
ot h er  Q V M si m ul ati o ns: t h e  miti g at e d r es ults ar e i n cl os er q u alit ati v e
a gr e e me nt  wit h t he tr u e v al u es t h a n t h e u n miti g at e d d at a, at t h e c ost of
l ar g er u n c ert ai nt y b ars, a n d  wit h o ut ar bitr ar y a m o u nts of err or s u p pr essi o n.
S y m m etr y a dj ust m e nt c o nsist e ntl y r e d u c es t h e a bs ol ut e err or c o m p ar e d t o
t h e u n miti g at e d d at a, alt h o u g h w e n ot e t h at s o m e of t he e n er g y esti m at es ar e
still a f e w st a n d ar d d e vi ati o ns a w a y fr o m t h e tr u e v al u e.  T his is attri b ut e d t o
t h e vi ol ati o n of  Ass u m pti o ns 1, a n d  w e l e a v e it a n o p e n pr o bl e m of h o w t o
f urt h er a m eli or at e t his pr o p ert y.

Di s c u s si o n
I n t his p a p er,  w e h a v e i ntr o d u c e d s y m m etr y- a dj ust e d cl assi c al s h a d o ws, a
Q E M pr ot o c ol a p pli c a bl e t o q u a nt u m s yst e ms  wit h k n o w n s y m m etri es.  O ur
a p pr o a c h b uil ds o n t he hi g hl y s u c c e ssf ul cl assi c al-s ha d o w t o m o gr a p h y 5 1 ,5 2 ,
m o dif yi n g t h e cl assi c all y c o m p ut e d li n e ar-i n v ersi o n st e p a c c or di n g t o
s y m m etr y i nf or m ati o n i n t h e pr es e n c e of n ois e. B e c a us e o ur str at e g y is
p erf or m e d i n p ost pr o c essi n g o n t h e n oi s y  m e as ur e me nt d at a, it all o ws f or
str ai g htf or w ar d c o m bi n ati o ns  wit h ot h er  Q E M str at e gi es.  As o p p os e d t o
pri or r el at e d  w or ks 8 5 – 8 9 , t h e  m ai n a d v a nt a g e of o ur a p pr o a c h is t h e us e of t h e
e ntir e n ois y cir c uit, t h er e b y b y p assi n g t h e n e e d f or c ali br ati o n e x p eri m e nts
a n d a c c o u nti n g f or err ors i n st at e pr e p a r ati o n.  M e a n w hil e, i n c o ntr ast  wit h
ot h er s y m m etr y- b as e d str at e gi es 8 3 ,9 0 – 9 2 ,  w e r e q uir e n o a d diti o n al q u a nt u m
r es o ur c es, utili z e fi n er- gr ai n e d s y m m etr y i nf or m ati o n, a n d c a n e asil y t a k e
a d v a nt a g e of a  wi d er r a n g e of s y m m etri es ( e. g., p arti cle n u m b er as o p p os e d
t o o nl y p arit y c o ns er v ati o n).  W e n ot e t h at,  w hil e t his  w or k h as f o c us e d o n
l o c al o bs er v a bl es (li n e ar f u n cti o ns of ρ ), cl assi c al s h a d o ws c a n s e a ml essl y b e
us e d f or n o nli n e ar o bs er v a bl e esti m ati o n as  w ell 5 1 . B e c a us e s y m m etr y
a dj ust m e nt  w or ks at t h e l e v el of t h e s h a d o w c h a n n el i n v ersi o n, o ur  Q E M
str at e g y a p pli es  wit hi n t h at c o nt e xt j ust as  w ell.

O v er all, o ur fi n di n gs r e v e al t h at as a l o w- c ost s c h e me, s y m m etr y-
a dj ust e d cl assi c al s h a d o ws b y its elf is alr e a d y p ot e nt f or pr a cti c al err or
miti g ati o n.  O ur a n al ytic al r es ults g u a r a nt e e t h e a c c ur a c y of pr e di cti o n u n d er
r e a d o ut n ois e ass u m pti o ns. E v e n  w h e n t h es e ass u m pti o ns ar e vi ol at e d i n
pr a cti c e,  w e e x p e ct t h es e r es ults t o st ill pr o vi d e i nt uiti o n r e g ar di n g t h e
miti g ati o n b e h a vi or. I n d e e d, t his e x p e ct ati o n is v ali d at e d b y o ur n u m eri c al
e x p eri m e nts  wit h s u p er c o n d u cti n g- q u bit n ois e  m o d els o n t h e  Cir q
Q V M 9 3 ,1 0 3 . Fr o m t h es e si m ul ati o ns,  w e h a v e o bs er v e d s u bst a nti al q u a nti-
t ati v e i m pr o v e me nt  w h e n t h e c u m ul ati v e cir c uit n ois e is s uffi ci e ntl y  w e a k,
a n d q u alit ati v e i m pr o v e m e nts a c r oss all e x p eri m e nts p erf or m e d.

Fi g. 7 | Esti m ati o n of e n e r g y p e r p a rti cl e i n t h e 1 D  X X Z g r o u n d st at e. W e  m e as ur e

〈 H 〉 /n fr o m T = 1 0 6 s u bs yst e m-s y m m etri z e d P a uli s h a d o ws.  T h e a nis otr o p y of t h e

X X Z  m o d el is Δ = 1. 5.  N ot e t h at, as a n a ntif err o m a g n eti c  m o d el, t h e gr o u n d st at e

e x hi bits a n m = 0 n et  m a g n eti z ati o n s y m m etr y.  T h e n ois e  m o d el is si n gl e- q u bit bit

fl i p  wit h pr o b a biliti es p = 1 %, 3 %, a n d 5 %. Err or b ars d e n ot e o n e st a n d ar d err or of

t h e  m e a n.
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Al o n g t he  w a y,  w e h a v e d e v el o p e d a n u m b er of a n cill ar y r es ults t h at
m a y als o b e of i n d e p e n d e nt i nt er est.  Of n ot e ar e ( 1) t h e s u bs yst e m-
s y m m etri z e d P a uli s h a d o ws,  w hi c h u nif or ml y s y m m etri z es t h e irr e ps of t h e
l o c al  Cliff or d gr o u p a m o n g s u bs yst e ms; ( 2) a n i m pr o v e d cir c uit c o m pil ati o n
s c h e me f or f er mi o ni c  G a ussi a n u nit ari es,  w hi c h tr e ats  M aj or a n a  m o d es o n a
m or e n at ur al f o oti n g t o i m pr o v e t w o- q u bit g at e p ar all eli z ati o n; a n d ( 3)
s y m m etr y- a d a pt e d  m at c h g at e s h a d o ws,  w hi c h us es bl o c k- di a g o n al tr a ns-
f or m ati o ns  wit hi n s pi n s e ct ors t o r e d u c e t h e si z e of t h e r a n d o m  m at c h g at e
cir c uits.  W e e x p e ct t h at t h es e t e c h ni q u es  will fi n d br o a d er a p pli c a bilit y i n
q u a nt u m si m ul ati o n b e y o n d t h e s c o p e of t his p a p er.

A n u m b er of p erti n e nt o p e n q u esti o ns a n d f ut ur e dir e cti o ns r e m ai n.
F or si m pli cit y of t h e pr ot o c ol, a n d b e c a us e of t h e e x a m pl es t h at  w e f o c us e d
o n,  w e r estri ct e d att e nti o n t o  m ulti pli cit y-fr e e gr o u ps.  H o w e ver, t o ols t o
g e n er ali z e t o n o n m ulti pli cit y-fr e e gr o u ps alr e a d y e xist, a n d i n t he c o nt e xt of
c h ar a cter r a n d o mi z e d b e n c h m ar ki n g 1 1 4 s u c h a n e xt e nsi o n h as b e e n d e v el-
o p e d s u c cessf ull y 1 1 5 . It  w o ul d t h er ef or e b e us ef ul t o e xt e n d o ur i d e as

si mil arl y, a n d i n v esti g at e  w h at eff e ct (if a n y)  m ulti pli citi es h a v e o n
s y m m etr y- a dj ust e d cl assi c al s h a d o ws.

R e g ar di n g t h e pr ot o c ols c o nsi d er e d,  w e h a v e f o c us e d o n l o c al o bs er-
v a bl e esti m ati o n i n s yst e ms  wit h gl o b a l  U( 1) s y m m etr y.  H o w e v er, it is  w ort h
n oti n g t h at t he n - q u bit  Cliff or d gr o u p p oss ess es o nl y o n e n o ntri vi al irr e p,
m a ki n g it ess e nti all y c o m p ati bl e  wit h a n y s y m m etr y. B e c a us e its s h a d o w
n or m is e x p o n e nti all y l ar g e f or l o c al o bs er v a bl es, it is a n u nf a v or a bl e c h oi c e
f or t y pi c al q u a nt u m si m ul ati o n a p pli c ati o ns.  O n e  m a y  w o n d er  w h et h er t h e
d esir a bl e u ni v ers alit y of t his irr e p c a n n o n et h el ess b e h ar n ess e d, a n al o g o us t o
h o w  w e c o nstr u ct e d t he s u bs yst e m-s y m m etri z e d P a uli s h a d o ws.  A p arti-
c ul arl y i nt er esti n g c a n di d at e f or f ut u r e st u di es  w o ul d b e t h e gl o b al S U( 2)/
Cl( 1) c o ntr ol, i ntr o d u c e d i n r ef. 1 1 6 ,  w hi c h f e at ur es b ot h a gr o u p  wit h hi g h
a m o u nts of s y m m etr y a n d l o w s a m pl e c o m pl e xit y f or l o c al o bs er v a bl e
esti m ati o n. Si mil arl y , t h e si n gl e-f er mi o n U(n ) b asis r ot ati o ns us e d i n r ef. 7 2
w o ul d als o b e a pr o misi n g o pti o n t o st u d y.  Alt er n ati v el y, o n e  m a y c o nsi d er
diff er e nt cl ass es of s y m m etri es, s u c h as l o c al (r at h er t h a n gl o b al) s y m m etri es.
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Fi g. 8 |  P r e di cti o n of s pi n – s pi n c o r r el ati o ns b et w e e n q u bits i n t h e  X X Z c h ai n

u n d e r g oi n g  T r ott e ri z e d ti m e e v ol uti o n. T h e a nistr o p y i n t h e  m o d el is Δ = 1. 5, a n d

w e t a k e a  Tr ott er st e p si z e of δ t = 0. 2.  T h e n ois e  m o d el is t h e s u p er c o n d u cti n g-

h ar d w ar e  m o d el i m pl e m e nt e d  wit hi n t h e  Q V M.  W e t a k e T = 4. 8 × 1 0 5 s u bs yst e m-

s y m m etri z e d P a uli s h a d o ws t o esti m at e t h e o bs er v a bl es. a H e at m a ps of esti m ati o n

err ors f or 〈 S i ⋅ S j〉 , u n d er u n miti g at e d v ers us o ur s y m m etr y- e n a bl e d  miti g at e d

p ost pr o c essi n g. b Pl ots of t h e 〈 S 0 ⋅ S i〉 c orr el ati o n f u n cti o ns, t o s h o w f urt h er d et ails of

t h at p arti c ul ar r o w of t h e h e at m a ps. Err or b ars d e n ot e o n e st a n d ar d err or of

t h e  m e a n.
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Fi g. 9 |  P r e di cti o n of  m a c r os c o pi c o bs e r v a bl es i n t h e  T r ott e ri z e d  X X Z  m o d el u n d e r t h e  Q V M n ois e  m o d el. O bs er v a bl es ar e esti m at e d  wit h T = 4. 8 × 1 0 5 s u bs yst e m-

s y m m etri z e d P a uli s h a d o ws. a N é el or d er p ar a m et er hS 2
A F i. b E n er g y p er s pi n 〈 H 〉 /n . Err or b ars d e n ot e o n e st a n d ar d err or of t h e  m e a n.
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O n e k e y a d v a nt a g e of s y m m etr y a dj ust m e nt is its fl e xi bilit y,
all o wi n g f or e as y i nt e gr ati o n  wit h ot h er err or- miti g at i o n str at e gi es.
I n v esti g ati n g t his i nt er pl a y is a cl e ar t ar g et f or f ut ur e  w or k. P arti c ul arl y
v al u a bl e  w o ul d b e ot h er t e c h ni q u es t o  m ass a g e t h e cir c uit n ois e i nt o
a p pr o xi m at el y s atisf yi n g  Ass u m pti o ns 1, f or i nst a n c e b y r a n d o mi z e d
c o m pili n g 1 1 7 . Fr o m o ur us a g e of  Q A A3 5 i n t h e n u m eri c al e x p eri m e nts,
w e h a v e alr e a d y s h o w n h e uristi c all y t h at t h e  m er e c h oi c e of q u bit
assi g n m e nts a p p e ars t o h a v e s u c h a n eff e ct.

I n d e e d, t h e r eli a n c e o n s u c h ass u m pti o ns f or ri g or o us g u ar a nt e es
m a y b e vi e w e d as a li mit ati o n of t his  w or k.  W hil e o ur n u m eri c al r es ults
ar e e n c o ur a gi n g, it b e h o o v es o n e t o s e e k a  m or e c o m pr e h e nsi v e err or
a n al ysis a p pli c a bl e t o a  wi d er r a n g e o f n ois e  m o d els. F or e x a m pl e,  w hil e
g at e- d e p e n d e nt err ors ar e p arti c ul arl y d etri m e nt al t o o ur  m et h o d,
t h e y h a v e b e e n cl os el y st u di e d i n t h e c o nt e xt of r a n d o mi z e d
b e n c h m ar ki n g 1 1 8 – 1 2 1 .  T h e t o ols d e v el o p e d t h er ei n  m a y b e v al u a bl e t o
t his s etti n g as  w ell. Est a blis hi n g a b ett er u n d erst a n di n g h er e  m a y als o
i ns pir e e xt e nsi o ns t o s ur p ass t h e li mit ati o ns of t h e c urr e nt t h e or y.  W e
l e a v e s u c h g o als t o f ut ur e  w or k.

N ote a d de d .— S h ortl y aft er o ur  m a n us cri pt a p p e ar e d o n t h e ar Xi v
pr e pri nt s er v er, t w o r el at e d  w or ks 1 2 2 ,1 2 3 s u bs e q u e ntl y a p p e ar e d.  T h e f or m er
d e v el o ps a c ali br ati o n esti m at or e q ui v al e nt t o o ur E q. ( 4 3 ),  w hil e t h e l att er
a n al yti c all y st u di es t h e eff e cts of g at e- d e p e n d e nt n ois e o n  Cliff or d s h a d o w
pr ot o c ols.  T h e f or m ul ati o n a n d a n al ys es of s y m m etr y- a dj ust e d cl assi c al
s h a d o ws r e m ai n ori gi n al t o o ur  m a n us cri pt.

M et h o d s
T h e or y  of s y m m etr y- a dj u st e d cl a s si c al s h a d o w s
H ere  w e d es cri b e t h e t h e or y b e hi n d t he s y m m etr y- a dj ust e d cl assi c al s h a-
d o ws esti m at or.  T his a p pr o a c h us es k n o w n s y m m etr y i nf or m ati o n a b o ut
t h e i d e al, n ois el ess st at e ρ t h at  w e  wis h t o pr e p ar e ( b ut ar e o nl y a bl e t o
pr o d u c e a n ois y v ersi o n of). I n t his s e cti o n,  w e d es cri b e t h e i d e a f or a n
ar bitr ar y  m ulti pli cit y-fr e e gr o u p G ; i n t h e s u bs e q u e nt s u bs e cti o ns,  w e  will
pr o vi d e c o n cr et e a p pli c ati o ns t o t h e ef fi cie nt esti m ati o n of l o c al f er mi o ni c
a n d q u bit o bs er v a bl es, r es p e cti v el y.

S u p p os e ρ is a q u a nt u m st at e o b e yi n g a k n o w n s y m m etr y, c orr e-
s p o n di n g t o a c oll e cti o n of o p er at ors S λ ∈ V λ f or  w hi c h t h e v al u es
sλ : = 〈〈S λ ∣ρ 〉〉 ar e k n o w n a pri ori. F or e x a m pl e, if t h e s yst e m h as a s y m m etr y
o p er at or S w hi c h s p a ns  m ulti pl e irr e ps, t h e n  w e c a n c o nstr u ct S λ usi n g t h e
pr oj e ct ors Π λ :

∣S λ ¼ Π λ ∣S ii: ð6 4 Þ

B y c o nstr u cti o n, S λ is a n ei g e n o p er at or of b ot h M a n d fM :

M ∣S λ ¼ f λ ∣S λ ;

fM ∣S λ ¼ ef λ ∣S λ :
ð6 5 Þ

If o n e is i nt er est e d i n o nl y a s u bs et R 0 R G of t h e irr e ps, t h e n it s uf fi c es t o
o nl y k n o w t h os e s y m m etri es S λ f or  w hi c h λ 2 R 0.

B e c a us e t h e i d e al v al u es of sλ a n d fλ ar e alr e a d y k n o w n,  w e c a n us e t h e
esti m at e d n ois y e x p e ct ati o n v al u e of S λ t o b uil d a n esti m at e f or ef λ . W e st art
wit h t h e st a n d ar d p ost pr o c essi n g of cl assi c al s h a d o ws: a p pl yi n g M 1 t o t h e
m e as ur e m e nt o ut c o m es of t h e n ois y q u a nt u m e x p eri m e nts pr o d u c es, i n
e x p e ct ati o n, t h e eff e cti v e st at e

∣eρ :¼ M 1 fM ∣ρ
E EE E

¼ E
g ∼ G ;b ∼ eU g ∣ρ ii

M 1 U y
g ∣b ii; ð6 6 Þ

w hi c h cl e arl y diff ers fr o m ∣ρ w h e n fM ≠ M . N o n et h eless, w e c a n us e t his
n ois y d at a t o esti m at e t h e v al u e of hhS λ jeρ ii,  w hi c h is e q u al t o

hhS λ jeρ ii  ¼
ef λ

f λ

sλ ð6 7 Þ

b y E q. ( 6 5 ). I n f a ct, t his r el ati o n a p pli es t o a n y O ∈ V λ :

hhO jeρ ii  ¼
ef λ

f λ

hhO jρ ii: ð6 8 Þ

H e nc e w hil e w e us e E q. ( 6 7 ) t o l e ar n ef λ fr o m t h e s y m m etr y S λ , t his is i n t ur n
a p pli c a bl e t o all ot h er o p er at ors  wit hi n t h e s a m e irr e p.  T his l e a ds t o t h e
r e c o v er y of t h e i d e al e x p e ct ati o n v al u es as

hhO jρ ii  ¼
hhO jeρ ii

hhS λ jeρ ii= sλ
: ð6 9 Þ

H a vi n g est a blis h e d t h e t h e or y i n e x p e ct ati o n,  w e n o w a n al y z e t h e
i m pl e m e nt ati o n i n pr a cti c e. L et T b e t h e n u m b er of cl assi c al-s h a d o w
s n a ps h ots, ∣̂ρ ‘ ¼ M 1 U y

g ‘
∣b ‘ f or ℓ = 1, … , T , o bt ai n e d b y s a m pli n g t h e

n ois y q u a nt u m c o m p ut er.  R e c all t h at t h es e s n a ps h ots c o n v er g e t o eρ r at h er
t h a n ρ . Fr o m t h eir e m piri c al a v er a g e, ρ̂ ðT Þ ¼ ð1 = T Þ

P T
‘ ¼ 1 ρ̂ ‘ , w e c a n esti-

m at e t h e l eft h a n d si d e of E q. ( 6 7 ) as

ŝλ ðT Þ :¼ hh S λ jρ̂ ðT Þii: ð7 0 Þ

T his i n t ur n pr o vi d es a n esti m at e f or ef λ ,

f̂ λ ðT Þ :¼ f λ

ŝλ ðT Þ

sλ
: ð7 1 Þ

T his c a n b e u n d erst o o d as a g e n er ali z ati o n of  N ois e Est G (λ , g , b ) fr o m E q.
(2 3 ),  m a ki n g t he r e pl a c e me nts D λ → S λ a n d ∣0 n i 0 nh ∣ ! ρ . I n d e e d, o n e c a n
vi e w t h e c ali br ati o n st at e ∣0 n i as o b e yi n g t h e s y m m etri es gi v e n b y its
st a bili z er gr o u p.

C o nsi d er t h e esti m ati o n of o bs er v a bl es O 1 , … , O L wit h s y m m etr y-
a dj ust e d cl ass ci al s h a d o ws. If a n y o b s er v a bl e is s u p p ort e d o v er  m ulti pl e
irr e ps, t h e n  w e c a n al w a ys d e c o m p os e it as a li n e ar c o m bi n ati o n of b asis
el e m e nts a cr oss t h os e irr e ps.  T h us  wit h o ut l oss of g e n er alit y  w e s u p p os e t h at
e a c h O j ∈ V λ f or s o m e λ 2 R 0. Fr o m t h e s a m e n ois y cl assi c al s h a d o w ρ̂ ðT Þ,
w e als o h a v e esti m at es f or t h ei r n ois y e x p e ct ati o n v al u es:
E hhO jjρ̂ ðT Þii  ¼ hhO jjeρ jii.  T h e n, f oll o wi n g E q. (6 9 )  w e c a n dir e ctl y c o nstr u ct
err or- miti g at e d esti m at ors as

ô E M
j ðT Þ :¼

ô jðT Þ

ŝλ ðT Þ= sλ
; ð7 2 Þ

w hi c h c o n v er g es t o 〈〈O j∣ρ 〉〉 i n t h e T → ∞ li mit (if  Ass u m pti o ns 1 h ol d).
B e c a us e E ½X = Y ≠ E ½X = E ½Y (f or n o ntri vi al r an d o m v ari a bl es X a n d Y ),
E q. ( 7 2 ) d escri b es a bi as e d esti m at or. I n t h e f oll o wi n g t h e or e m,  w e q u a ntif y
t his bi as b y b o u n di n g t h e t ot al pr e di cti o n err or of ô E M

j ðT Þ. T his i n t ur n
b o u n ds t h e n u m b er of s y m m etr y- a dj u st e d cl assi c al-s h a d o w s a m pl es T
r e q uir e d.

T h e or e m 4 . Fi x a c c ur a c y a n d c o nfi d e n c e p ar a m eters ϵ , δ ∈ ( 0, 1). L et
O 1 , … , O L b e a c oll e cti o n of o bs er v a bl es, e a c h s u p p ort e d o n a n irr e p of
U : G ! U ðL ðH ÞÞ as O j ∈ V λ f or λ 2 R 0 R G . L et S λ ∈ V λ b e a s y m m etr y
o p er at or f or e a c h λ 2 R 0, f or  w hi c h t h e i d e al v al u es sλ ¼ trðS λ ρ Þ of t he t ar g et
st at e ρ ar e k n o w n a pri ori. S u p p os e t h at e a c h n ois y u nit ar y s atis fi es
Ass u m pti o ns 1, eU g ¼ E U g , a n d d efi n e t h e q u a ntiti es

F Z ;R 0 ðE Þ :¼ mi n
λ 2 R 0

trðE M Z Π λ Þ

trðM Z Π λ Þ
; ð7 3 Þ

σ 2 :¼ m a x
1 ≤ j ≤ L ;λ 2 R 0

V ar ½ô j ; V ar
ŝλ
sλ

: ð7 4 Þ
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T h e n, a ( n ois y) cl assi c al s h a d o w ρ̂ ðT Þ of si z e

T ¼ O
l o gððL þ j R 0jÞ= δ Þ

F Z ;R 0 ðE Þ2 ϵ 2
σ 2

 !

ð7 5 Þ

c a n b e us e d t o c o nstr u ct err or- miti g at e d esti m at es

ô E M
j ðT Þ :¼

trðO jρ̂ ðT ÞÞ

trðS λ ρ̂ ðT ÞÞ= sλ
ð7 6 Þ

w hi c h o b e y

jô E M
j ðT Þ trðO jρ Þj ≤ ð kO jk 1 þ 1 Þϵ þ O ð kO jk 1 ϵ 2 Þ ð7 7 Þ

f or all 1 ≤ j ≤ L ,  wit h s u c c ess pr o b a bilit y at l e ast 1 − δ .
T h e pr o of of t his st at e m e nt is pr o vi d e d i n S u p pl e me nt ar y  N ot e 1.  N ot e

t h at ∥ ⋅ ∥ ∞ d e n ot es t he s p e ctr al ( o p er at or) n or m.  W e p hr as e t his r es ult i n
t er ms of v ari a n c es, r at h er t h a n t h e st ate-i n d e pe n d e nt s h a d o w n or m, b e c a us e
k n o wl e d g e a b o ut ρ ( n a m el y, its s y m m etri es) c a n p ot e nti all y pr o vi d e ti g ht er
b o u n ds.  N ot e t h at t h e v ari a n c e is  wit h r es p e ct t o t h e eff e cti v e n ois y st at e eρ ,
w hi c h  w as d e fi n e d i n E q. ( 6 6 ).

L et us  m a k e a f e w r e m ar ks o n t his r es ult. First, alt h o u g h t h e s y m m etr y
o p er at ors a p p e ar i n t h e d e n o mi n at or of E q. ( 7 2 ), t h e y aff e ct t h e s a m pl e
c o m pl e xit y as us u al f or cl assi c al s h a d o ws, al b eit n or m ali z e d b y t h e v al u e sλ of
t h e s y m m etr y s e ct or.  T h us t h e di visi o n b y ŝλ ðT Þ d o es n ot hi n d er o ur c o ntr ol
o v er t he v ari a n c e, e x c e pt  w h e n sλ = 0 ( w e f urt h er m or e s h o w h o w t o h a n dl e
s u c h p at h ol o gi c al c as es i n t h e a p pli c ati o n e x a m pl es b el o w). F or t y pi c al
a p pli c ati o ns, t h e v ari a n c e  V ar ½̂sλ = sλ ≤ k S λ = sλ k

2
s h a d o w will b e c o m p ar a bl e t o

t h e b as eli n e v ari a n c e of esti m ati o n,  V ar½ô j ≤ m a x j0 k O j0 k
2
s h a d o w .  A d diti o n-

all y, t h e n u m b er of irr e ps c o nsi d ere d is t y pi c all y jR 0j≪ L (f or i nst a n c e, i n t h e
c o n cret e e x a m pl es c o nsi d er e d i n t his  w or k, jR 0j is a c o nst a nt).  T h us,  w e
e x p e ct t h at t h e i n cl usi o n of s y m m etr y o p er at ors i n c urs n e gli gi bl e o v er h e a ds
f or  m ost a p pli c ati o ns.

I nst e a d, t h e pri m ar y o v er h e a d aris es fr o m t h e f a ct t h at err or- miti g at e d
esti m ati o n n e c ess aril y c o m es at t he c ost of l ar g er o v er all v ari a n c es 9 5 – 9 8 . T h e
q u a ntit y

F Z ;R 0 ðE Þ ¼ mi n
λ 2 R 0

trðE M Z Π λ Þ

trðM Z Π λ Þ
ð7 8 Þ

c h ar a cteri z es a n eff e cti v e n ois e str e n gt h, a n d it c a n b e s e e n as a g e n er al-
i z ati o n of t h e a v er a g e Z - b asis fi d elit y of E ,

F Z ðE Þ ¼
trðE M Z Þ

trðM Z Þ
¼

1

2 n

X

b 2f 0 ;1 gn

hhb jE jb ii; ð7 9 Þ

w hi c h a p p e ars i n pri or w or ks o n n oi s e-r o b ust cl assi c al s h a d o ws8 5 ,8 6 . I n
c o ntr ast t o F Z ðE Þ, t he q u a ntit y F Z ;R 0 ðE Þ is a  m or e fi n e- gr ai n e d
c h ar a cteri z ati o n of t h e n ois e c h a n n el, a v er a g e d  wit hi n t he r el e v a nt
s u bs p a c es V λ . Si mil ar t o pri or r es ults8 5 – 8 9 , t h e s a m pli n g o v er h e a d of o ur
err or- miti g at e d esti m at es als o d e p e n d s i n v ers e q u a dr ati c all y o n t his n ois e
fi d elit y.

Fi n all y, t h e err or b o u n d  w e o bt ai n is O ð kO jk 1 ϵ Þ w h e n ϵ < 1. N ot e
t h at ∥ O j∥ ∞ = 1 f or P a uli a n d  M aj or a n a o p er at ors.  O ur r es ult als o
f e at ur es err or t er ms of or d er O ð kO jk 1 ϵ 2 Þ, w hi c h r efl e ct t h e bi as e d
n at ur e of ô E M

j ðT Þ as a r ati o of t w o r a n d o m v ari a bl es.  N o n et h el ess, o ur
t h e or e m est a blis h es t h at t his bi as v a nis h es as ϵ 2 ~ 1/ T , s o t h at f or
s uffi ci e ntl y l ar g e T t h e pr e di cti o n err or is d o mi n at e d b y t h e st a n d ar d
s h ot- n ois e s c ali n g of ϵ ∼ 1 =

ffiffiffiffi
T

p
.

A p pli c ati o n t o f er mi o ni c ( m at c h g at e) s h a d o w s
T h e fi rst a p pli c ati o n of s y m m etr y- a dj uste d cl assi c al s h a d o ws t h at  w e c o n-
si d er is t h e esti m ati o n of l o c al f er mi o ni c o bs er v a bl es.  T his is a c hi e v e d ef fi -
ci e ntl y b y f er mi o ni c cl assi c al s h a d o ws 6 9 ,  w h er ei n t h e gr o u p G c orr es p o n ds

f er mi o ni c  G a ussi a n u nit ari es ( als o r ef err e d t o as  m at c h g at e s h a d o ws7 0 ).  W e
will c o nsi d er a c o m m o nl y e n c o u nt er e d s y m m etr y i n f er mi o ni c s yst e ms:
fi x e d p arti cl e n u m b er.  H o w e v er, it  wi ll b e cl e ar h o w t h e g e n er al i d e a c a n
a p pl y t o ot h er s y m m etri es, s u c h as s pi n.

B a c k gr o u n d o n  m at c h g at e s h a d o w s .  W e b e gi n  wit h a r e vi e w of
m at c h g at e s h a d o ws. L et a y

p ; a p b e cr e ati o n a n d a n ni hil ati o n o p er at ors f or
a s yst e m of n f er mi o ni c  m o d es, p ∈ [n ].  T h e ass o ci at e d  M aj or a n a
o p er at ors ar e

γ 2 p ¼ a p þ a y
p ; γ 2 p þ 1 ¼ iða p a y

p Þ: ð8 0 Þ

U n d er t h e J or d a n – Wi g n er tr a nsf or m ati o n 1 0 2 , t h es e ar e  m a p p e d t o P a uli
o p er at ors as

γ 2 p ¼
Y

q < p

Z q

 !

X p ; γ 2 p þ 1 ¼
Y

q < p

Z q

 !

Y p : ð8 1 Þ

R e c all fr o m E q. ( 2 ) t h at all d 2 b asis o p er at ors ar e g e n er at e d b y t a ki n g ar bi-
tr ar y pr o d u cts:

Γ μ ¼ ð iÞ
m
2ð Þ γ μ 1

γ μ m
; ð8 2 Þ

w h er e μ = ( μ 1 , … , μ m ) ⊆ [ 2n ]. B y c o n v e nti o n,  w e or d er μ 1 < ⋯ < μ m . W e c a n
gr o u p all t h e m - d e gr e e  M aj or a n a i n di c es b y d efi ni n g t h e s et

C 2 n ;m :¼ f μ ½2 n : jμ j ¼ m g: ð8 3 Þ

P h ysi c al f er mi o ni c o bs er v a bl es h a v e e ve n d e gr e e m = 2 k . A n i m p ort a nt
s u bs et of s u c h o p er at ors c o m pris es t hos e  w hi c h ar e di a g o n al i n t h e st a n d ar d
b asis, c orr es p o n di n g t o t h e i n d e x s et

D 2 n ;2 k :¼ fð 2 p 1 ; 2 p 1 þ 1 ; . . . ; 2 p k ; 2 p k þ 1 Þ : p 2 C n ;k g: ð8 4 Þ

Usi n g E q. ( 8 1 ), e a c h τ 2 D 2 n ;2 k c orr es p o n ds t o t h e P a uli- Z o p er at or Γ τ ¼
Z p 1

Z p k
u n d er t h e J or d a n – Wi g n er  m a p pi n g.

T h e gr o u p of f er mi o ni c  G a ussi a n u nit ari es is t h e i m a g e of t h e h o m o-
m or p his m U : O( 2n ) → U( d )  w h os e a dj oi nt a cti o n o b e ys

U Q γ μ U
y
Q ¼

X

ν 2½ 2 n

Q ν μ γ ν ; Q 2 O ð2 n Þ: ð8 5 Þ

T h es e u nit ari es ar e e q ui v al e nt t o ( g e n er ali z e d)  m at c h g at e cir c uits 1 2 4

a n d c o nstit ut e a cl ass of cl assi c all y si m ul at a bl e cir c uits 1 2 5 – 1 3 0 . F er mi o ni c
( m at c h g at e) s h a d o ws t h e n r a n do mi z e o v er c ert ai n s u b gr o u ps
G ⊆ O( 2 n ) of t h es e  G a ussi a n u nit ari es.  T h e  m e as ur e m e nt c h a n n el
t a k es t h e f or m

M ¼
X n

k ¼ 0

f 2 k Π 2 k ; ð8 6 Þ

w h er e t h e ei g e n v al u es ar e

f 2 k ¼
n

k

. 2 n

2 k
ð8 7 Þ

a n d e a c h irr e p is t h e i m a g e of

Π 2 k ¼
1

d

X

μ 2 C 2 n ;2 k

∣Γ μ Γ μ ∣: ð8 8 Þ

W hil e U c arri es 2 n + 1 u ni q u e irr e ps ( e a c h l a b el e d b y a  M aj or a n a
d e gr e e m )1 1 5 ,1 2 4 , o nl y t h e n + 1 irr e ps λ = 2 k h a v e n o n v a nis hi n g fλ

6 9 ,7 0 .
T h er ef or e M 1 is f or m all y t h e ps e u d oi n v ers e r estri ct e d t o t h os e
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s u bs p a c es. Fi n all y, t h e s h a d o w n or m of k - b o d y  M aj or a n a o p er at ors is 6 9

k Γ μ k
2
s h a d o w ¼ f 1

2 k ¼ O ðn k Þ: ð8 9 Þ

V ari a n c e e x pr essi o ns f or ar bitr ar y o bs er v a bl es c a n b e f o u n d i n r efs. 7 0 ,7 1 . F or
t h e p ost pr o c essi n g of T s h a d o ws i nt o esti m at es of all k - b o d y  M aj or a n a
o bs er v a bl es,  w e d es cri b e a n al g orit h m i n S u p pl e m e nt ar y  N ot e 5  w hi c h r u ns
i n ti m e O ðn k T Þ.

W e n o w c o m m e nt o n t h e c h oi c e of G ⊆ O( 2 n ). F er mi o ni c cl assi c al
s h a d o ws  w er e i ntr o d u c e d i n r ef. 6 9 ,  w hi c h i niti all y c o nsi d ere d t h e i nt er-
s e cti o n of pr o p er  m at c h g at e cir c uits [t h e s p e ci al ort h o g o n al gr o u p S O( 2n )]
wit h n - q u bit  Cliff or d u nit ari es  Cl(n ).  T h e r es ult is t h e gr o u p of all 2n × 2 n
si g n e d p er m ut ati o n  m atri c es  wit h d et er mi n a nt 1, d e n ot e d b y
B + ( 2n ) ⊂ S O( 2 n ).  T h e y als o s h o w e d t h at its u nsi g n e d s u b gr o u p,
Alt( 2 n ) ⊂ B + ( 2n ), p oss ess es t h e s a m e irr e p str u ct ur e [r ef. 6 9 , S u p pl e m e nt al
M at eri al,  T h e or e m 1 1].  W hil e t h e f ull, c o nti n u o us gr o u p S O( 2 n ) h as n ot y et
b e e n a n al y z e d f or cl assi c al s h a d o ws, it  w as st u di e d f or c h ar a ct er r a n d o mi z e d
b e nc h m ar ki n g 1 1 4 i n [r ef. 1 1 5 , S e c.  VI],  w h er ei n t h e y d e m o nstr at e d t h e pr e-
s e n c e of  m ulti pli cities.  T h es e  m ulti pli citi es c a n b e a v oi d e d b y e nl ar gi n g t o
t h e g e n er ali z e d  m at c h g at e gr o u p, i. e., all of  O( 2n ) [r ef. 1 2 4 , L e m m a 3]. R ef.7 0
a p pli e d t h es e g e ner ali z e d  m at c h g at es t o f er mi o ni c cl assi c al s h a d o ws, a n d i n
p arti c ul ar t h e y pr o v e t h at t h e  Cliff o r d i nt ers e cti o n i n t his s etti n g ( n o w
yi el di n g t he s u b gr o u p B( 2 n ) ⊂ O( 2 n ) of si g n e d p er m ut ati o n  m atri c es  wit h
eit h er d et er mi n a nt ± 1) is a 3- d esi g n f or  O( 2 n ).  T his i m pli es t h at B( 2n ) is als o
m ulti pli cit y-fr e e.

D u e t o t he v ari et y of o pti o ns, f o r t h e r est of t his p a p er  w e ass u m e
m at c h g at e s h a d o ws u n d er a n y G wit h t h e d esir e d irr e ps.  W e n ot e t h at r ef. 7 1
i ntr o d u c e d a s m all er s u bs et of B( 2n ) b as e d o n p erf e ct  m at c hi n gs,  w hi c h h as
t h e s a m e c h a n n el M a n d v ari a n c es; h o w e v er, its c o n n e cti o n t o r e pr e-
s e nt ati o n t h e or y  w as n ot e x pl or e d.

Utili zi n g  p arti cl e- n u m b er s y m m etr y . S u p p os e t h e i d e al st at e  w e  wis h t o
pr e p ar e li es i n t h e η - p arti cl e s e ct or of H .  T his is a  U( 1) s y m m etr y g e n-
er at e d b y t h e f er mi o n- n u m b er o p er at or, N ¼

P
p 2½ n a y

p a p . I n p arti c ul ar,
p o w ers of N o b e y

trðN k ρ Þ ¼ η k ; ð9 0 Þ

w hi c h pr o vi d es us a c oll e cti o n of c o ns e r v e d q u a ntiti es  wit h  w hi c h t o p er-
f or m s y m m etr y a dj ust m e nt.  R e c all fr o m E q. (8 8 ) t h at Π m pr oj e cts o nt o t h e
irr e p

V m ¼ s p a nfΓ μ : μ 2 C 2 n ;m g: ð9 1 Þ

T h e n, pr oj e cti n g N k o nt o V 2 k yi el ds t h e s y m m etr y o p er at ors S 2 k , a n d s ol vi n g
t h e r es ulti n g li n e ar s yst e m of e q u ati o ns r e c o v ers t he i d e al v al u es f or
s2 k ¼ trðS 2 k ρ Þ. F or e as e of e x p ositi o n  w e  will c o nsi d er o nl y k = 1, 2, b ut o n e
m a y g e ner ali z e t o hi g h er k usi n g t hes e i d e as.

C o n cr et el y,  w e st art  wit h t h e f a ct t h at a y
p a p ¼ ð I Γ ð2 p ;2 p þ 1 Þ Þ= 2,

a n d Γ ( 2p , 2p + 1) Γ ( 2q , 2q + 1) = Γ ( 2p , 2p + 1, 2 q , 2q + 1) f o r p < q .  T h e n, e x p a n d-
i n g N a n d N 2 i nt o a li n e ar c o m bi n ati o n of  M aj or a n a o p er at or s, o n e
fi n ds

S 2 ¼ Π 2 ðN Þ ¼
1

2

X

μ 2 D 2 n ;2

Γ μ ; ð9 2 Þ

S 4 ¼ Π 4 ðN
2 Þ ¼

1

2

X

μ 2 D 2 n ;4

Γ μ : ð9 3 Þ

Usi n g E q. ( 9 0 ) a n d t he r el ati o ns b et w e e n S 2 a n d S 4 t o N a n d N 2 (f or e x a m pl e,
N ¼ n I = 2 þ S 2 ),  w e arri v e at:

s2 ¼ tr S 2 ρ ¼ η
n

2
; ð9 4 Þ

s4 ¼ tr S 4 ρ ¼
1

2

n

2
η ðn η Þ: ð9 5 Þ

F or t h e s a m pli n g c ost i n c urr e d b y t h ese s y m m etr y o p er at ors,  w e ar g u e
t h at t h e t y pi c al s h a d o w n or ms of t h es e s y m m etri es ar e
k S 2 k = s2 k k

2
s h a d o w ¼ O ðn k Þ,  w hi c h is t he s a m e as t h e b as e esti m ati o n.  T o s e e

t his, c o nsi d er a tri a n gl e i ne q u alit y o n t he s h a d o w n or m:

k S 2 k k s h a d o w ≤
1

2

X

μ 2 D 2 n ;2 k

k Γ μ k s h a d o w

¼
1

2

n

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 n

2 k

. n

k

s

¼ O ðn 3 k = 2 Þ:

ð9 6 Þ

T h us k S 2 k
2
s h a d o w ¼ O ðn 3 Þ a n d k S 4 k

2
s h a d o w ¼ O ðn 6 Þ.  N e xt,  w e n e e d t o

e x a mi n e h o w s22 k s c al es  wit h s yst e m si z e.  Ass u mi n g t h at s2 , s4 ≠ 0 a n d t h at
t h e n u m b er of el e ctr o ns is η ¼ O ðn Þ, t h e n fr o m E qs. (9 4 ) a n d (9 5 ) w e s e e
t h at s22 ¼ Θ ðn 2 Þ a n d s24 ¼ Θ ðn 4 Þ. T h us

k S 2 = s2 k
2
s h a d o w ¼ O ðn Þ; ð9 7 Þ

k S 4 = s4 k
2
s h a d o w ¼ O ðn 2 Þ: ð9 8 Þ

A v oi di n g  di vi si o n  b y z er o .  O n e p ot e nti al o bstr u cti o n t o s y m m etr y
a dj ust m e nt is  w h e n s o m e s2 k = 0.  T his c a n o c c ur  w h e n e v er t h e p arti cl e
n u m b er t a k es a s p e ci fi c v al u e:

s2 ¼ 0 if η ¼
n

2
; ð9 9 Þ

s4 ¼ 0 if η ¼
n ±

ffiffiffi
n

p

2
: ð1 0 0 Þ

E q u ati o n ( 9 9 ) o c c urs at h alf-fi lli n g,  w hi c h is f airl y c o m m o n.  O n t h e ot h er
h a n d, E q. ( 1 0 0 ) o c c urs o nl y  w h e n t h e n u m b er of  m o d es n is a p erf e ct s q u ar e
a n d t h e n u m b er of p arti cl es η is o n e of t w o s p e cifi c v al u es, s o it is l ess li k el y t o
o c c ur.  N o n et h el ess, t h ere is a str ai g htf or w ar d  w a y t o cir c u m v e nt b ot h
p ossi biliti es b y i ntr o d u ci n g a si n gl e a n cill a q u bit.

T o d o s o, a p p e n d a n a d diti o n al f er mi o n  m o d e i niti ali z e d i n t h e
u n o c c u pi e d st at e ∣0 i, s o t h at t h e i d e al st at e is n o w t h e (n + 1)- m o d e st at e
ρ 0 ¼ ρ ∣0 i 0h ∣. Gi v e n t h at ρ h as η p arti cles o n n m o d es, ρ 0 is a n η - p articl e
st at e o n n + 1  m o d es.  T h e n e w s y m m etr y o p er at ors o n t h e ( n + 1)- m o d e
Hil b ert s p a c e ar e

S 0
2 ¼

1

2

X

μ 2 D 2 ðn þ 1 Þ;2

Γ μ ; ð1 0 1 Þ

S 0
4 ¼

1

2

X

μ 2 D 2 ðn þ 1 Þ;4

Γ μ ; ð1 0 2 Þ

w hi c h h a v e i d e al v al u es

s02 ¼ tr S 2 ρ
0 ¼ η

n þ 1

2
; ð1 0 3 Þ

s04 ¼ tr S 4 ρ
0 ¼

1

2

n þ 1

2
η ðn þ 1 η Þ: ð1 0 4 Þ

It is str ai g htf or w ar d t o c h e c k t h at, if eit h er c o n diti o n E q. (9 9 ) or E q. (1 0 0 )
h ol ds, t h e n s02 a n d s04 ar e al w a ys n o n z er o f or n > 1.

U n d er t h e J or d a n – Wi g n er  m a p pi n g, t his  m o di fi c ati o n is e asil y
a c hi e ve d b y i niti ali zi n g a si n gl e a n cill a q u bit i n ∣0 i.  R e c all t h at t h e t er ms i n
t h e s y m m etri es S 2 , S 4 ar e t he di a g o n al o p er at ors Γ ( 2p , 2p + 1) = Z p a n d Γ ( 2p , 2p

htt p s:// d oi. or g/ 1 0. 1 0 3 8/ s 4 1 5 3 4- 0 2 4- 0 0 8 5 4- 5 Arti cl e

n pj  Q u a nt u m I nf or m ati o n | ( 2 0 2 4) 1 0: 5 7 1 5



+ 1, 2 q , 2q + 1) = Z p Z q .  N ot e als o t h at t h e a n cill a q u bit is a ct e d o n o nl y d uri n g t h e
r a n d o m u nit ar y U Q ( w h er e n o w Q h as di m e nsi o n 2 n + 2) a n d ot h er wis e
d o es n ot i nt er a ct  wit h t he n s yst e m q u bits.

A p pli c ati o n t o  q u bit ( P a uli) s h a d o w s
N o w  w e t ur n t o t h e a p pli c ati o n f or l o c al o bs er v a bl e esti m ati o n i n s yst e ms of
s pi n- 1/ 2 p arti cl es ( q u bits).  R an d o m P a uli  m e as ur e m e nts ar e ef fi ci e nt f or
t his t as k; h o w e v er, f or c o m p ati bilit y  wit h t h e gl o b al  U( 1) s y m m etr y c o n-
si d er e d i n t his  w or k,  w e  m ust sli g htl y  m o dif y t h e pr ot o c ol t o a c c o m m o d at e
its irr e ps.  W e b e gi n  wit h a r e vi e w of t h e st a n d ar d P a uli s h a d o ws pr ot oc ol,
f oll o w e d b y o ur  m o difi c ati o n.

B a c k gr o u n d o n st a n d ar d  P a uli s h a d o w s .  T h e l o c al  Cliff or d gr o u p
Cl( 1) ⊗ n is i m pl e m e nt e d b y u nif or ml y dr a wi n g a si n gl e- q u bit  Cliff or d g at e
f or e a c h q u bit i n d e p e n d e ntl y. It h as 2n irr e d u ci bl e r e pr es e nt ati o ns, c or-
r es p o n di n g t o all k - q u bit s u bs yst e ms I ⊆ [n ],  w h er e
∣I∣ = k ∈ { 0, 1, … , n }1 3 1 .  T wirli n g M Z b y t his gr o u p yi el ds

M ¼
X

I ½n

f I Π I ; ð1 0 5 Þ

w h er e fI = 3 − ∣I∣ a n d Π I pr oj e cts o nt o t h e s u bs p a c e of o p er at ors  w hi c h a ct
n o ntri vi all y o n pr e cis el y t h e s u bs yst e m I.  T h e s q u ar e d s h a d o w n or m f or k -
l o c al P a uli o p er at ors P is5 1

k P k 2
s h a d o w ¼ 3 k : ð1 0 6 Þ

A  m or e g e n er al v ari a n c e b o u n d  w as d eri v e d i n r ef. 5 2 : a si m pl e l o os e b o u n d
of t h eir r es ult c a n b e st at e d as  V ar ½̂o ≤ 3 k R k O k 2

1 , w h er eO is a n ar bitr ar y k -
l o c al tr a c el ess o bs er v a bl e a n d R is t h e n u m b er of t er ms i n its P a uli
d e c o m p ositi o n.  H o w e v er, t he y ar g u e t h at a ti g ht er e x pr essi o n, ess e nti all y
3 k k O k 2

1 , is t y pi c all y a g o o d a p pr o xi m ati o n t o t he v ari a n c e.

S u b s y st e m s y m m etri z ati o n of  P a uli s h a d o w s .  T h e irr e ps of  Cl( 1)⊗ n

ar e dif fi c ult t o r e c o n cil e  wit h c o m m o nl y e n c o u nt er e d s y m m etri es. F or
e x a m pl e, c o nsi d er a c o ns er v e d t ot al  m a g n eti z ati o n M = ∑ i∈ [n ]Z i. I n
t er ms of q u bits, t his is e q ui v al e nt t o t h e diff er e nt  H a m mi n g- w ei g ht
s e ct ors. E a c h t er m Z i li es i n a diff er e nt irr e p I = { i}, s o M s p a ns  m ulti pl e
irr e ps r at h er t h a n h a vi n g a si n gl e c o ns er v e d q u a ntit y p er irr e p.

T o r e me d y t his c o n fl i ct,  w e i ntr o d u c e  w h at  w e c all s u bs yst e m-
s y m m etri z e d P a uli s h a d o ws,  w hi c h r a n d o mi z es o v er a gr o u p  w h os e irr e ps
ar e l a b el e d o nl y b y t h e q u bit l o c alit y k , r at h er t h a n a n y s p e cifi c s u bs yst e m I of
k q u bits. ( T his is a n al o g o us t o h o w t h e  m at c h g at e irr e ps d e p e n d o nl y o n
f er mi o ni c l o c alit y, d u e t o t he i n h er e nt a ntis y m m etr y of f er mi o ns.)  W e
f or m ali z e t h e gr o u p as f oll o ws.

D e fi niti o n 5 .  T h e s u bs yst e m-s y m m etri z e d l o c al  Cliff or d gr o u p is d efi n e d
as  Cl ð1 Þ n

S y m :¼ S y m ðn Þ × Cl ð1 Þ n , w h ere S y m(n ) is t h e s y m m etri c gr o u p
a n d  Cl( 1) is t h e si n gl e- q u bit  Cli ff or d gr o u p. Its u nit ar y a cti o n o n H is gi v e n
b y

U ðπ ;C Þ ¼ S π C ; ð1 0 7 Þ

w h er e C = ⨂ i∈ [n ]C i ∈ Cl( 1) ⊗ n a n d π ∈ S y m( n ) is r e pr es e nt e d b y a p er m u-
t ati o n of t h e n q u bits:

S π ∣b 0 i ∣b n 1 i ¼ ∣b π 1 ð0 Þ i ∣b π 1 ðn 1 Þ i ð1 0 8 Þ

f or all b i ∈ { 0, 1}, i ∈ [n ].
T h e u nit ari es S π c a n b e i m pl e m e nt e d  wit h O ðn 2 Þ g at es a n d d e pt h O ðn Þ,

f or e x a m pl e b y c o nstr u cti n g a p ar all eli z e d n et w or k of n e ar est- n ei g h b or
S W A P g at es a c c or di n g t o a n o d d – e v e n s orti n g al g orit h m 9 9 a p pli e d t o π .
R e pr es e nti n g π as a n arr a y of t h e p er m ut e d el e m e nts of [ n ], t he s orti n g
al g orit h m r et ur ns a s e q u e nc e of a dj a c e nt tr a ns p ositi o ns i ↔ i + 1 w hi c h
m a ps π t o ( 0, 1, … , n − 1).  T his s e q u e n c e t her ef or e i m pl e m e nts π − 1 as

d esir e d. E a c h s u c h tr a ns p ositi o n t h e n m a ps t o a S W A P i,i+ 1 g at e t o c o nstr u ct
t h e q u a nt u m cir c uit. F or t he p ost pr o c essi n g of T s h a d o ws i nt o k -l o c al P a uli
esti m at es,  w e r e vi e w i n S u p pl e m e nt ar y  N ot e 5 t h e al g orit h m  w hi c h r u ns i n
ti m e O ðn k T Þ.

W e pr o v e t h e r ele v a nt pr o p erties of s u bs yst e m-s y m m etri z e d P a uli
s h a d o ws i n S u p pl e m e nt ar y  N ot e 2, n am el y its irr e ps a n d t h e s h a d o w n or m
of l o c al o bs er v a bl es.  W e s u m m ari z e t h e r es ults h er e: e a c h irr e p is t h e s p a c e of
all k -l o c al o p er at ors,

V k ¼ s p a nðB k Þ w h er e B k :¼ f P 2 P ðn Þ : jP j ¼ k g; ð1 0 9 Þ

f or e a c h k ∈ { 0, 1, … , n }.  H e nc e t he ( n ois y)  m e as ur e m e nt c h a n n el is

fM ¼
X n

k ¼ 0

ef k Π k ; ð1 1 0 Þ

w h er e ef k ¼ trðM Z E Π k Þ= 3 k n
k

a n d

Π k ¼
1

d

X

P 2 B k

∣P ii Ph ∣h : ð1 1 1 Þ

W h e n E is t he i d e ntit y c h a n n el,  w e r e c o v er fk = 3 − k .  Als o i n t h e a bs e n c e of
n ois e, t h e v ari a n c e f or m ul as ar e e x a ctl y t h e s a m e as i n st a n d ar d P a uli
s h a d o ws.

T h e c a n o ni c al e x a m pl e  w e h a v e c o nsi d ere d i n t his p a p er is a  U( 1)
s y m m etr y g e n er at e d b y a t ot al  m a g n eti z ati o n M = ∑ i∈ [n ]Z i. S u p p os e t h e
i d e al st at e h as a k n o w n v al u e of m ¼ trðM ρ Þ ( e q ui v al e ntl y, ρ li v es i n a s e ct or
of fi x e d  H a m mi n g  w ei g ht ( n − m )/ 2).  T h e s y m m etri es pr oj e ct e d i nt o t h e
irr e ps of  Clð1 Þ n

S y m ar e t h e n

S 1 ¼ Π 1 ðM Þ ¼
X

i2½ n

Z i; ð1 1 2 Þ

S 2 ¼ Π 2 ðM
2 Þ ¼ 2

X

i< j

Z iZ j; ð1 1 3 Þ

w h os e i d e al v al u es ar e

s1 ¼ m ; ð1 1 4 Þ

s2 ¼ m 2 n : ð1 1 5 Þ

As i n t h e f er mi o ni c s etti n g,  w e e n c o u nt er iss u es if s1 or s2 v a nis h (i. e., m = 0
or m ¼ ±

ffiffiffi
n

p
, r es p e cti v el y). I n t his c as e,  w e c a n p erf or m t h e s a m e a n cill a

tri c k, a p p e n di n g a q u bit i n ∣0 i a n d  m o dif yi n g t h e c o ns er v e d q u a ntiti es t o

s01 ¼ m þ 1 ; ð1 1 6 Þ

s02 ¼ ð m þ 1 Þ2 ðn þ 1 Þ: ð1 1 7 Þ

T h e v ari a n c es of t h e s y m m etr y o p er at ors ar e

V ar ½̂s1 = s1 ¼ O ðn Þ; ð1 1 8 Þ

V ar ½̂s2 = s2 ¼ O ð1 Þ; ð1 1 9 Þ

w h e n e v er t h e i d e al st at e li v es i n a s y m m etr y s e ct or of c o nst a nt m = Θ ( 1).
W e s h o w t his i n S u p pl e m e nt ar y  N ot e 2, al o n g  wit h g e n er al m - d e p e n d e nt
e x pr essi o ns.  T his n - d e p e n d e nt v ari a n c e b o u n d r efl e cts t h e f a ct t h at t h e
s y m m etri es ar e e xt e nsi v e pr o p erti es.  W hil e l o c al P a uli o p er at ors h a v e
v ari a n c es b o u n d e d b y a c o nst a nt,  w e p oi nt o ut t h at  m a n y l o c al o bs er-
v a bl es of i nt er est ar e li n e ar c o m bi n ati o ns of a n e xt e nsi v e n u m b er of P a uli
t er ms.  As s u c h, t h eir s h a d o w n or ms t y pi c all y gr o w  wit h s yst e m si z e as
w ell ( w hi c h c a n als o b e s e e n b y t h e f a ct t h at t h e s h a d o w n or m s c al es  wit h
o p er at or n or m).
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D at a a v ail a bilit y
T h e d at a us e d i n t his  w or k ar e a v ail a bl e fr o m t h e c orr es p o n di n g a ut h or
u p o n r e as o n a bl e r e q u est.

C o d e a v ail a bilit y
T h e c o d e f or r u n ni n g t h e n u m eri c al e x p eri m e nts is a v ail a bl e at t his li n k
(htt ps:// git h u b. c o m/ z h a o - a n dr e w/s y m m etr y- a dj uste d- cl assi c al-s h a d o ws ).

R e c ei v e d: 7  N o v e m b er 2 0 2 3;  A c c e pt e d: 2 3  M a y 2 0 2 4;
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A n dr e w Z h a o 1 a n d A ki m a s a Mi y a k e 1

1 C e nt e r f o r Q u a nt u m I nf o r m ati o n a n d C o nt r ol, D e p a rt m e nt of P h y si c s a n d Ast r o n o m y,
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C O N T E N T S

S u p pl e m e nt ar y N ot e 1 1

S u p pl e m e nt ar y N ot e 2 4

S u p pl e m e nt ar y N ot e 3 1 2

S u p pl e m e nt ar y N ot e 4 1 5

S u p pl e m e nt ar y N ot e 5 1 9

S u p pl e m e nt ar y N ot e 6 2 1

S u p pl e m e nt ar y Di s c u s si o n 2 6

S u p pl e m e nt ar y R ef er e n c e s 2 8

S U P P L E M E N T A R Y N O T E 1

E r r o r a n al y si s. H er e w e pr o vi d e t h e pr o of f or T h e or e m 4 fr o m t h e m ai n t e xt, r e st at e d b el o w f or c o n v e ni e n c e.

T h e o r e m 4 ( R e st at e d fr o m m ai n t e xt) . Fi x a c c ur a c y a n d c o n fi d e n c e p ar a m et er s ϵ, δ ∈ ( 0, 1) . L et O 1 , . . . , OL b e a
c oll e cti o n of o b s er v a bl e s, e a c h s u p p ort e d o n a n irr e p of U : G → U( L (H )) a s O j ∈ V λ f or λ ∈ R ′ ⊆ R G . L et S λ ∈ V λ

b e a s y m m etr y o p er at or f or e a c h λ ∈ R ′, f or w hi c h t h e i d e al v al u e s s λ = tr( S λ ρ ) of t h e t ar g et st at e ρ ar e k n o w n a

p ri o ri . S u p p o s e t h at e a c h n oi s y u nit ar y s ati s fi e s A s s u m pti o n s 1, U g = E U g , a n d d e fi n e t h e q u a ntiti e s

F Z, R ′ (E ) := mi n
λ ∈ R ′

tr( E M Z Π λ )

tr( M Z Π λ )
, ( 1)

σ 2 :=  m a x
1 ≤ j ≤ L, λ ∈ R ′

V ar[ ô j ], V ar
ŝ λ

s λ
. ( 2)

T h e n, a ( n oi s y) cl a s si c al s h a d o w ρ̂ ( T ) of si z e

T = O
l o g ((L + |R ′|)/ δ )

F Z, R ′ (E ) 2 ϵ 2
σ 2 ( 3)

c a n b e u s e d t o c o n str u ct err or- miti g at e d e sti m at e s

ô E M
j (T ) :=

tr( O j ρ̂ ( T ))

t r( S λ ρ̂ ( T )) / s λ
( 4)

w hi c h o b e y

|ô E M
j (T ) − tr(O j ρ )| ≤ (∥ O j ∥ ∞ + 1) ϵ + O (∥ O j ∥ ∞ ϵ 2 ) ( 5)

f or all 1 ≤ j ≤ L , wit h s u c c e s s pr o b a bilit y at l e a st 1 − δ .
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P r o of. L et ρ̂ 1 , . . . , ρ̂ T b e t h e T n oi s y cl a s si c al s h a d o w s. C o n str u ct t h e m e a n of t h e s e s n a p s h ot s,

ρ̂ ( T ) =
1

T

T

ℓ = 1

ρ̂ ℓ . ( 6)

(It i s str ai g htf or w ar d t o r e pl a c e t hi s b y a m e di a n- of- m e a n s e sti m at or if n e c e s s ar y.) I n e x p e ct ati o n w e h a v e E [ ˆρ (T )] = ρ ,
w h er e t h e e ff e cti v e n oi s y st at e c a n b e d e s cri b e d a s

ρ = M − 1 M (ρ ) . ( 7)

L et O ∈ V λ , wit h s y m m etr y s λ = tr( S λ ρ ) i n t h e s a m e irr e p. D e fi n e e sti m at e s of t h e n oi s y e x p e ct ati o n v al u e s u si n g
ρ̂ ( T ):

¯X = t r( O ρ̂ ( T )) ( 8)

Ȳ = t r
S λ

s λ
ρ̂ ( T ) . ( 9)

I n e x p e ct ati o n, t h e s e r a n d o m v ari a bl e s o b e y E [ ¯X ] = tr(O ρ ) a n d E [Ȳ ] = t r(S λ ρ )/ s λ = f λ / f λ . T h er ef or e a s e st a bli s h e d
f r o m t h e m ai n t e xt, w e h a v e

r (E [ ¯X ], E [Ȳ ] ) =
t r( O ρ )

t r( S λ ρ )/ s λ
= tr( O ρ ), ( 1 0)

w h er e w e h a v e d e fi n e d t h e f u n cti o n r (x, y ) := x / y . Fr o m a fi nit e n u m b er of s a m pl e s, h o w e v er, w e c a n o nl y c o n str u ct
ô E M (T ) := r ( ¯X, Ȳ ) , w hi c h i s g e n e r all y a bi a s e d e sti m at or si n c e E [r ( ¯X, Ȳ )] ≠ r ( E [ ¯X ], E [Ȳ ] ).

T o q u a ntif y t h e e sti m ati o n err or, w e e m pl o y T a yl or’ s r e m ai n d er t h e or e m: e x p a n di n g r (x, y ) t o fir st or d er a b o ut a
p oi nt (x 0 , y0 ), w e h a v e

r (x, y ) = r (x 0 , y0 ) + ∂ x r (x 0 , y0 )(x − x 0 ) + ∂ y r (x 0 , y0 )(y − y 0 ) + h 1 (x, y ), ( 1 1)

w h er e t h e r e m ai n d er t er m i s

h 1 (x, y ) =
1

2!
∂ 2

x r (a, b )(x − x 0 ) 2 + ∂ 2
y r (a, b )(y − y 0 ) 2 + 2 ∂ x y r (a, b )(x − x 0 )(y − y 0 ) ( 1 2)

f or s o m e p oi nt s a ∈ [ mi n (x, x 0 ), m a x ( x, x 0 )] a n d b ∈ [ mi n (y, y 0 ), m a x ( y, y 0 )]. T h e r el e v a nt p arti al d eri v ati v e s of r (x, y )
a r e e n u m er at e d b el o w:

∂ x r (x, y ) = 1 / y, ( 1 3)

∂ y r (x, y ) = − x / y 2 , ( 1 4)

∂ 2
x r (x, y ) = 0 , ( 1 5)

∂ x y r (x, y ) = − 1 / y 2 , ( 1 6)

∂ 2
y r (x, y ) = 2 x / y 3 . ( 1 7)

S u p p o s e T i s l ar g e e n o u g h s u c h t h at ( wit h hi g h pr o b a bilit y) t h e e sti m ati o n err or of all n oi s y o b s er v a bl e s ar e
u nif or ml y b o u n d e d b y s o m e ϵ̃ ∈ ( 0 , 1) :

¯X − E [ ¯X ] ≤ ϵ̃, ( 1 8)

|Ȳ − E [Ȳ ]| ≤ ϵ̃. ( 1 9)

T hi s i s a c hi e v e d b y st a n d ar d cl a s si c al s h a d o w ar g u m e nt s, w hi c h w e will el a b or at e o n l at er. F or n o w, a s s u mi n g t h e s e
e rr or b o u n d s h ol d, w e r e arr a n g e E q. ( 1 1 ), s et (x, y ) = ( ¯X, Ȳ ) a n d (x 0 , y0 ) = ( E [ ¯X ], E [Ȳ ] ), a n d a p pl y a tri a n gl e
i n e q u alit y t o o bt ai n

r ( ¯X, Ȳ ) − r (E [ ¯X ], E [Ȳ ] ) ≤
1

|E [Ȳ ]|
ϵ̃ +

|E [ ¯X ]|

E [Ȳ ]2
ϵ̃ + + |h 1 ( ¯X, Ȳ ) |. ( 2 0)
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T o pr o c e e d wit h t hi s err or b o u n d, w e m a k e t h e f oll o wi n g o b s er v ati o n s. Fir st, n ot e t h at

E [Ȳ ] =
f λ

f λ
=

tr( M Z E Π λ )

tr( M Z Π λ )
∈ [ 0, 1] , ( 2 1)

w hi c h w e will d e n ot e b y ξ λ . We a s s u m e t h at t h at n oi s e c h a n n el E i s s u c h t h at ξ λ > 0 , a s ot h er wi s e t h e q u a ntit y
r (E [ ¯X ], E [Ȳ ] ) di v e r g e s. N e xt, b e c a u s e E [ ¯X ]/ E [Ȳ ] = t r(O ρ ), w e h a v e t h e b o u n d

E [ ¯X ]

E [Ȳ ]
≤ ∥ O ∥ ∞ . ( 2 2)

T h u s E q. ( 2 0 ) b e c o m e s

r ( ¯X, Ȳ ) − r (E [ ¯X ], E [Ȳ ] ) ≤
1

ξ λ
ϵ̃ +

∥ O ∥ ∞

ξ λ
ϵ̃ + |h 1 ( ¯X, Ȳ ) |. ( 2 3)

We c a n b o u n d t h e r e m ai n d er t er m |h 1 ( ¯X, Ȳ ) | a s f oll o w s. A p pl yi n g a tri a n gl e i n e q u alit y t o E q. ( 1 2 ) yi el d s

|h 1 ( ¯X, Ȳ ) | ≤
|a |

|b |3
ϵ̃ 2 +

1

b 2
ϵ̃ 2 . ( 2 4)

T a yl or’ s r e m ai n d er t h e or e m t ell s u s t h at t h e v al u e of a (r e s p., b ) li e s b et w e e n ¯X a n d E [ ¯X ] (r e s p., Ȳ a n d E [Ȳ ]), w hi c h
w e k n o w ar e at m o st ϵ̃ a p a rt. We c a n t h er ef or e b o u n d

|a | ≤ m a x {| E [ ¯X ]|, | ¯X | }

≤ m a x {| E [ ¯X ]|, |E [ ¯X ] + ϵ̃ |, |E [ ¯X ] − ϵ̃ | }

≤ | E [ ¯X ]| + ˜ϵ

≤ ξ λ ∥ O ∥ ∞ + ˜ϵ.

( 2 5)

Si mil arl y f or b , u si n g t h e f a ct t h at E [Ȳ ] > 0 ,

|b | ≥ mi n {| E [Ȳ ]|, |Ȳ | }

≥ mi n { E [Ȳ ], E [Ȳ ] + ϵ̃, |E [Ȳ ] − ϵ̃ | }

= mi n { ξ λ , |ξ λ − ϵ̃ | }.

( 2 6)

If ϵ̃ < ξ λ , t h e n |b | ≥ ξ λ − ϵ̃ > 0 al w a y s h ol d s. We will s e e l at er t h at t hi s c o n diti o n i s al w a y s j u sti fi e d; f or n o w, w e will
j u st s u p p o s e t h at t hi s l o w er b o u n d o n |b | h ol d s. T h e n t h e r e m ai n d er o b e y s

|h 1 ( ¯X, Ȳ ) | ≤
1

(ξ λ − ϵ̃ ) 2

ξ λ ∥ O ∥ ∞ + ˜ϵ

ξ λ − ϵ̃
+ 1 ϵ̃ 2 . ( 2 7)

C o m bi ni n g E q s. ( 2 3 ) a n d ( 2 7 ), w e arri v e at

ô E M (T ) − tr(O ρ ) ≤
1

ξ λ
(∥ O ∥ ∞ + 1) ˜ϵ +

1

(ξ λ − ϵ̃ ) 2

ξ λ ∥ O ∥ ∞ + ˜ϵ

ξ λ − ϵ̃
+ 1 ϵ̃ 2 . ( 2 8)

I n or d er t o b o u n d t hi s err or b y O (∥ O ∥ ∞ ϵ ) f or s o m e d e sir e d ϵ ∈ ( 0, 1) , w e c a n c h o o s e ϵ̃ = ξ λ ϵ , yi el di n g

ô E M (T ) − tr(O ρ ) ≤ (∥ O ∥ ∞ + 1) ϵ +
1

( 1 − ϵ ) 2

∥ O ∥ ∞ + ϵ

1 − ϵ
+ 1 ϵ 2 . ( 2 9)

T h u s, b y d e m a n di n g ϵ < 1 w e e n s ur e t h at t h e r e q uir e d t e c h ni c al c o n diti o n ϵ̃ < ξ λ i s m et. N o w w e n e e d t o v erif y
t h at t h e r e m ai n d er t er m i s b o u n d e d b y O (∥ O ∥ ∞ ϵ 2 ), s o t h at t h e O (∥ O ∥ ∞ ϵ ) t er m d o mi n at e s a s y m pt oti c all y a s ϵ → 0 .
I n d e e d, a s l o n g a s ϵ i s b o u n d e d a w a y fr o m 1 t h e n

1

( 1 − ϵ ) 2

∥ O ∥ ∞ + ϵ

1 − ϵ
+ 1 = O (∥ O ∥ ∞ ). ( 3 0)
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Fi n all y, w e a n al y z e t h e s a m pl e c o m pl e xit y r e q uir e d t o a c hi e v e t h e err or b o u n d of E q. ( 2 9 ). I n E q s. ( 1 8 ) a n d ( 1 9 )
w e r e q uir e d t h at t h e n u m b er of s a m pl e s T b e s u c h t h at t h e s h ot n oi s e of ¯X a n d Ȳ a r e at m o st ϵ̃ . T h e s e r a n d o m
v a ri a bl e s c orr e s p o n d t o t h e o b s er v a bl e s { O j }

L
j = 1 ∪ { S λ / s λ } λ ∈ R ′ . St a n d ar d cl a s si c al- s h a d o w s t h e or y i nf or m s u s t h at

T = O



 l o g ((L + |R ′|)/ δ )

ϵ̃ 2
m a x

1 ≤ j ≤ L
λ ∈ R ′

V ar[ ô j ], V ar
ŝ λ

s λ



 ( 3 1)

s u ffi c e s t o a c c o m pli s h t hi s t a s k ( wit h pr o b a bilit y at l e a st 1 − δ ) [1 ]. T h e n, s etti n g ϵ̃ = mi n λ ∈ R ′ ξ λ ϵ e n s ur e s t h at ϵ̃ i s
s m all e n o u g h f or E q. ( 2 9 ) t o a p pl y t o all t ar g et o b s er v a bl e s.

S U P P L E M E N T A R Y N O T E 2

S u b s y s t e m- s y m m e t ri z e d P a uli s h a d o w s. H er e w e pr o v e t h e pr o p erti e s of t h e s u b s y st e m- s y m m etri z e d P a uli
s h a d o w s i ntr o d u c e d i n t h e m ai n t e xt. I n “Irr e d u ci bl e r e pr e s e nt ati o n s ” w e i d e ntif y t h e irr e p s, a n d i n “ V ari a n c e of
s y m m etr y o p er at or s ” w e b o u n d t h e v ari a n c e of o b s er v a bl e s u n d er t hi s pr ot o c ol, p arti c ul arl y t h e s y m m etr y o p er at or s
S k o bt ai n e d fr o m M = i ∈ [n ] Z i .

I r r e d u ci bl e r e p r e s e n t a ti o n s. R e c all t h at t h e s u b s y st e m- s y m m etri z e d l o c al Cli ff or d gr o u p i s t h e dir e ct pr o d u ct

Cl ( 1) ⊗ n
S y m := S y m ( n ) × Cl ( 1) ⊗ n , ( 3 2)

w h er e π ∈ S y m ( n ) a ct s o n (C 2 ) ⊗ n a s

S π |b ⟩ = |π − 1 (b )⟩. ( 3 3)

F or s h ort h a n d, w e writ e π (b ) f or t h e n - bit stri n g b π ( 0 ) · · · b π ( n − 1 ) . It i s cl e ar t h at t h e a dj oi nt r e pr e s e nt ati o n U ( π, C )

bl o c k di a g o n ali z e s i nt o s u b s p a c e s s p a n n e d b y k -l o c al P a uli o p er at or s:

V k := s p a n { P ∈ P (n ) : |P | = k } . ( 3 4)

T hi s c a n b e s e e n fr o m t h e f a ct t h at n eit h er si n gl e- q u bit n or S W A P g at e s c a n c h a n g e t h e o p er at or l o c alit y; h o w e v er,
S W A P g at e s c a n m a p b et w e e n e q u all y si z e d s u b s y st e m s o n w hi c h t h e o p er at or n o ntri vi all y a ct s. W h at r e m ai n s i s t o
s h o w t h at e a c h of t h e s e s u b s p a c e s i s irr e d u ci bl e.

Fir st, w e d e fi n e t h e t wirli n g m a p.

D e fi ni ti o n 1. L et ϕ : G → U( V ) b e a u nit ar y r e pr e s e nt ati o n of a c o m p a ct gr o u p G o n a v e ct or s p a c e V , a n d l et
Φ : G → U( L (V )) b e it s a dj oi nt a cti o n, i. e., Φ g (·) = ϕ g (·)ϕ †

g . T h e t-f ol d t wirl b y Φ i s d e fi n e d a s

T t, Φ := E
g ∼ G

Φ ⊗ t
g , ( 3 5)

w hi c h i s a li n e ar m a p o n L (V ) ⊗ t .

T wirl s h a v e a n u m b er of c o n v e ni e nt pr o p erti e s, m o stl y ari si n g fr o m t h e f a ct t h at Φ i s a gr o u p h o m o m or p hi s m. F or
e x a m pl e, t h e y ar e G -i n v ari a nt fr o m t h e l eft a n d ri g ht:

Φ ⊗ t
h ◦ T t, Φ = T t, Φ = T t, Φ ◦ Φ ⊗ t

h ( 3 6)

f or all h ∈ G . T hi s f urt h er m or e i m pli e s t h at t h e y ar e i n f a ct pr oj e ct or s:

T 2
t, Φ = T t, Φ . ( 3 7)

T h e st u d y of t wirl s al s o all o w s u s t o d et er mi n e t h e irr e d u ci bl e r e pr e s e nt ati o n s of a gr o u p. T hi s c a n b e s e e n b y t h e
f oll o wi n g w ell- k n o w n r e s ult f or m ulti pli cit y-fr e e gr o u p s, w hi c h f or c o m pl et e n e s s w e pr o vi d e a s elf- c o nt ai n e d pr o of of
at t h e e n d of t hi s s u b s e cti o n.

P r o p o si ti o n 2. L et G , V , ϕ , a n d Φ b e a s i n D e fi niti o n 1 . F o r a n y X ∈ L (V ), t h e 1 -t wi rl of X b y Φ t a k e s t h e f o r m

T 1 ,Φ (X ) =
λ ∈ R G

tr(X Π λ )

tr( Π λ )
Π λ ( 3 8)

if a n d o nl y if ϕ d e c o m p o s e s i r r e d u ci bl y a s V = λ ∈ R G
V λ , w h e r e Π λ i s t h e o rt h o g o n al p r oj e ct o r o nt o V λ .
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O ur str at e g y f or d et er mi ni n g t h e irr e p s of G = Cl ( 1) ⊗ n
S y m i s t h er ef or e t o dir e ctl y c o m p ut e T 1 ,Φ , fr o m w hi c h w e c a n

i nf er t h e irr e p s fr o m it s bl o c k- di a g o n al str u ct ur e. T o u s e Pr o p o siti o n 2 , w e will t a k e ϕ a s t h e u nit ar y c h a n n el U , s o
t h at V = L (H ) a n d Φ( ·) = U (·)U † ( n ot e t h at t hi s i s a s u p er c h a n n el). F or t e c h ni c al r e a s o n s, it will b e e a si er t o fir st
c o m p ut e T 2 ,U , fr o m w hi c h t h e d e sir e d t wirl T 1 ,Φ c a n b e e v al u at e d. T h e r el ati o n b et w e e n t h e s e t w o t wirl s i s gi v e n b y
t h e f oll o wi n g l e m m a.

L e m m a 3. L et U : G → U( L (H )) b e a u nit a r y r e p r e s e nt ati o n a n d Φ : G → U( L (L (H ))) it s a dj oi nt r e p r e s e nt ati o n,
i. e., Φ g (A ) = U †

g A U g f o r a n y s u p e r o p e r at o r A . T h e 1 -t wi rl b y Φ c a n b e c o m p ut e d f r o m t h e 2 -t wi rl b y U a s

T 1 ,Φ (A )(X ) = tr 2 [T 2 ,U (A )(I ⊗ X )], ( 3 9)

f o r all A ∈ L (L (H )) a n d X ∈ L (H ). H e r e, t h e d o m ai n of T 2 ,U i s u n d e r st o o d wit h r e s p e ct t o t h e i s o m o r p hi s m
L (L (H )) ∼= L (H ) ⊗ 2 , gi v e n b y

|A ⟩⟩⟨⟨B | ∼= A ⊗ B † . ( 4 0)

P r o of. Writ e A = i, j ∈ [d 2 ] A i j |B i ⟩⟩⟨⟨B j |, w h er e A i j ∈ C a n d { B i } i ∈ [d 2 ] i s a n ort h o n or m al o p er at or b a si s. B y a dir e ct

c al c ul ati o n:

T 1 ,Φ (A )(X ) = E
g ∼ G

Φ g (A )(X )

= E
g ∼ G

U †
g A U g (X ) = E

g ∼ G
U †

g A (U g X U †
g )

= E
g ∼ G

U †
g

i, j ∈ [d 2 ]

A i j |B i ⟩⟩⟨⟨ B j |U g X U †
g ⟩⟩

= E
g ∼ G

i, j ∈ [d 2 ]

A i j U
†
g B i U g tr(B †

j U g X U †
g )

= E
g ∼ G

tr 2





i, j ∈ [d 2 ]

A i j (U
†
g B i U g ) ⊗ (U †

g B †
j U g X )





= tr 2





i, j ∈ [d 2 ]

A i j T 2 ,U (B i ⊗ B †
j )(I ⊗ X )





= tr 2



 T 2 ,U





i, j ∈ [d 2 ]

A i j |B i ⟩⟩⟨⟨B j |



 (I ⊗ X )





= tr 2 [T 2 ,U (A )(I ⊗ X )]. ( 4 1)

B ef or e w e c a n c o m p ut e T 2 ,U f or t h e s u b s y st e m- s y m m etri z e d l o c al Cli ff or d gr o u p, w e will n e e d a s m all r e s ult a b o ut
t h e gr o u p or bit of a k -l o c al P a uli o p er at or P u n d er t h e a cti o n of U . T h e or bit i s d e fi n e d a s

G · P := { U g (P ) | g ∈ G } . ( 4 2)

T hi s will h el p u s d et er mi n e h o w t h e t wirl a ct s o n P a uli o p er at or s, w hi c h a s a n b a si s i s u s e d t o c o m p ut e t h e m atri x
el e m e nt s of T 2 ,U . T o t hi s e n d, w e d e fi n e a n ort h o n or m al b a si s of k -l o c al P a uli o p er at or s,

B k := { P ∈ P (n )/
√

d : |P | = k } , ( 4 3)

w hi c h c o nt ai n s | Bk | = 3 k n
k el e m e nt s.

L e m m a 4. L et G = Cl ( 1) ⊗ n
S y m . T h e o r bit G · P of a n y P ∈ B k i s e q u al t o ± B k , i. e., t h e s et of all si g n e d k -l o c al P a uli

o p e r at o r s.

P r o of. L et t h e n o ntri vi al s u p p ort of P b e I ⊆ [n ], |I | = k . F or e a c h ( n or m ali z e d) P a uli m atri x a cti n g o n s u b s y st e m
I , it s or bit b y all si n gl e- q u bit Cli ff or d g at e s i s ± { X, Y, Z } /

√
2 . M e a n w hil e, t h e tri vi al f a ct or s I/

√
2 a cti n g o n [n ] \ I

a r e i n v ari a nt t o a n y u nit ar y tr a n sf or m ati o n. T h er ef or e Cl ( 1) ⊗ n · P i s t h e s et of all n or m ali z e d P a uli o p er at or s a cti n g
n o ntri vi all y o nl y o n t h e q u bit s i n I ( wit h b ot h si g n s ± 1 ).

T h e n, c o nj u g ati o n b y S π f or ar bitr ar y π ∈ S y m ( n ) p er m ut e s t h e k n o ntri vi al f a ct or s of P a m o n g t h e n q u bit s. T h e
o r bit o v er all p er m ut ati o n s yi el d s all p o s si bl e n

k s u p p ort s. T a ki n g t h e dir e ct pr o d u ct of b ot h t h e s e Cli ff or d- a n d
s y m m etri c- gr o u p a cti o n s t h er ef or e yi el d s all k -l o c al P a uli o p er at or s, wit h pr ef a ct or s ± 1 .
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We ar e n o w r e a d y t o c o m p ut e t h e 2 -f ol d t wirl b y U . We c o m m e nt t h at t h e hi g h-l e v el pr o of str u ct ur e of t hi s l e m m a
i s i n s pir e d b y t h at of R ef. [2 , S e cti o n I V A 1].

L e m m a 5. L et U : G → U( L (H )) b e t h e u nit a r y r e p r e s e nt ati o n of G = Cl ( 1) ⊗ n
S y m , d e fi n e d b y U ( π, C ) (ρ ) = S π C ρ C † S †

π .
It s 2 -f ol d t wi rl i s t h e p r oj e ct o r

T 2 ,U =
n

k = 0

|Σ
( 2 )
k ⟩⟩⟨⟨Σ

( 2 )
k |, ( 4 4)

w h e r e |Σ
( 2 )
k ⟩⟩ ∈ L (H ) ⊗ 2 i s d e fi n e d a s

|Σ
( 2 )
k ⟩⟩ =

1

3 k n
k P ∈ B k

|P ⟩⟩|P ⟩⟩. ( 4 5)

P r o of. Fir st, w e will e st a bli s h t h at f or a n y t w o b a si s P a uli o p er at or s P ≠ Q , w e h a v e T 2 ,U |P ⟩⟩|Q ⟩⟩ = 0 . T h u s w e o nl y
n e e d t o c o n si d er b a si s el e m e nt s of L (H ) ⊗ 2 of t h e f or m |P ⟩⟩|P ⟩⟩. N e xt, w e will s h o w t h at T 2 ,U |P ⟩⟩|P ⟩⟩ = T 2 ,U |P ′⟩⟩|P ′⟩⟩
w h e n e v er |P | = |P ′|. Fi n all y, u si n g t h e s e t w o pr o p erti e s w e c a n d eri v e E q. (4 4 ).

Fi x t h e b a si s of P a uli o p er at or s s u c h t h at P, Q ∈ 0 ≤ k ≤ n B k . If P ≠ Q , t h e n t h e r e e xi st s at l e a st o n e q u bit i ∈ [n ]

o n w hi c h P a n d Q a ct a s a di ff er e nt P a uli m atri x. H e n c e t h er e al w a y s e xi st s s o m e W ∈ P ( 1) w hi c h a nti c o m m ut e s

wit h o n e a n d c o m m ut e s wit h t h e ot h er, e. g., W i |P ⟩⟩ = W i P W †
i = − P a n d W i |Q ⟩⟩ = Q . N ot e t h at W i i s e q u al t o

U ( e, W i ) w h er e e ∈ S y m ( n ) i s t h e i d e ntit y p er m ut ati o n. T h u s u si n g t h e pr o p ert y t h at T 2 ,U ◦ W ⊗ 2
i = T 2 ,U , w e h a v e

T 2 ,U |P ⟩⟩|Q ⟩⟩ = T 2 ,U W ⊗ 2
i |P ⟩⟩|Q ⟩⟩

= − T 2 ,U |P ⟩⟩|Q ⟩⟩,
( 4 6)

i m pl yi n g t h at T 2 ,U |P ⟩⟩|Q ⟩⟩ = 0 .
N o w l et P, P ′ b e k -l o c al P a uli o p er at or s f or a n y k . If t h e y a ct n o ntri vi all y o n di ff er e nt s u b s et s I, I ′ ⊆ [n ] of q u bit s,

t h e n l et π ∈ S y m ( n ) b e a p er m ut ati o n t h at m a p s I t o I ′. Gi v e n t hi s p er m ut ati o n, if t h e y a ct a s di ff er e nt P a uli
m atri c e s o n t h eir n e w s h ar e d s u p p ort I ′, t h e n f urt h er m or e l et C i ∈ Cl ( 1) f or i ∈ I ′ b e Cli ff or d g at e s t h at m a p e a c h
o n e t o t h e ot h er. Writi n g C = i ∈ I ′ C i ⊗ I ⊗ ( n − k ) , t hi s tr a n sf or m ati o n a ct s a s U ⊗ 2

( π, C ) |P ⟩⟩|P ⟩⟩ = |P ′⟩⟩|P ′⟩⟩, w hi c h

i m pli e s t h at

T 2 ,U |P ⟩⟩|P ⟩⟩ = T 2 ,U U ⊗ 2
( π, C ) |P ⟩⟩|P ⟩⟩

= T 2 ,U |P ′⟩⟩|P ′⟩⟩.
( 4 7)

We ar e n o w r e a d y t o d eri v e E q. ( 4 4 ). A s e st a bli s h e d b y E q. ( 4 6 ), w e o nl y n e e d t o e x p a n d t h e 2-f ol d t wirl i n t h e
b a si s of |P ⟩⟩|P ⟩⟩:

T 2 ,U =
P, P ′ ∈ P ( n )

⟨⟨P |⟨⟨P | T2 ,U |P ′⟩⟩|P ′⟩⟩|P ⟩⟩|P ⟩⟩⟨⟨P ′|⟨⟨P ′|

=
n

k = 0 P, P ′ ∈ B k

⟨⟨P |⟨⟨P | T2 ,U |P ′⟩⟩|P ′⟩⟩|P ⟩⟩|P ⟩⟩⟨⟨P ′|⟨⟨P ′|,

( 4 8)

w h er e t h e s e c o n d si m pli fi c ati o n i s d u e t o t h e f a ct t h at U ( π, C ) pr e s er v e s P a uli l o c alit y, h e n c e ⟨⟨P |⟨⟨P | T2 ,U |P ′⟩⟩|P ′⟩⟩ = 0
w h e n e v er |P |̸= |P ′|. N o w w e i n v o k e E q. (4 7 ), w hi c h i m pli e s t h at ⟨⟨P |⟨⟨P | T2 ,U |P ′⟩⟩|P ′⟩⟩ = c ′

k f or all P, P ′ ∈ B k (i. e.,
t h e m atri x el e m e nt d o e s n ot d e p e n d o n t h e p arti c ul ar c h oi c e of P, P ′). H e n c e

T 2 ,U =
n

k = 0

c ′
k

P, P ′ ∈ B k

|P ⟩⟩|P ⟩⟩⟨⟨ P ′|⟨⟨P ′|

=
n

k = 0

c k |Σ
( 2 )
k ⟩⟩⟨⟨Σ

( 2 )
k |,

( 4 9)

w h er e w e h a v e r e s c al e d c k = c ′
k 3 k n

k t o a c c o u nt f or t h e n or m ali z ati o n of |Σ
( 2 )
k ⟩⟩.
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Fi n all y, w e s h o w t h at all c k = 1 b y pr o vi n g t h at T 2 ,U |Σ
( 2 )
k ⟩⟩ = |Σ

( 2 )
k ⟩⟩. E x p a n d t h e e x pr e s si o n:

T 2 ,U |Σ
( 2 )
k ⟩⟩ =

1

|G |
g ∈ G

1

| Bk |
P ∈ B k

U g |P ⟩⟩ ⊗ U g |P ⟩⟩. ( 5 0)

We fir st c o m p ut e t h e a v er a g e o v er t h e gr o u p f or s o m e fi x e d P . B y L e m m a 4 , w e k n o w t h at t h e or bit G · P = { U g |P ⟩⟩ |
g ∈ G } = ± B k . T h u s

g ∈ G

U g |P ⟩⟩ ⊗ U g |P ⟩⟩ = 2
|G |

|G · P |
Q ∈ B k

(± 1) 2 |Q ⟩⟩|Q ⟩⟩, ( 5 1)

w h er e t h e f a ct or of 2 i s d u e t o t h e f a ct t h at f or e a c h Q ∈ B k , b ot h ± Q ∈ G · P , a n d t h e f a ct or of |G |/ |G · P | t a k e s
c ar e of d o u bl e c o u nti n g w h e n s u m mi n g o v er all el e m e nt s of G . N oti n g t h at |G · P | = 2 | Bk |, w e c a n pl u g t hi s r e s ult
i nt o E q. (5 0 ) t o fi n d t h at

T 2 ,U |Σ
( 2 )
k ⟩⟩ =

1

| Bk |3 / 2
P ∈ B k Q ∈ B k

|Q ⟩⟩|Q ⟩⟩

=
1

| Bk |
Q ∈ B k

|Q ⟩⟩|Q ⟩⟩

= |Σ
( 2 )
k ⟩⟩,

( 5 2)

a s d e sir e d.

We ar e n o w r e a d y t o pr o v e t h e m ai n r e s ult of t hi s s e cti o n: t h e irr e p s of Cl ( 1) ⊗ n
S y m ar e l a b el e d b y t h e P a uli w ei g ht s

k ∈ { 0 , 1 , . . . , n} . T h e pr o of str u ct ur e i s a s f oll o w s: fr o m t h e e x pr e s si o n f or T 2 ,U fr o m L e m m a 5 , w e c a n c o m p ut e T 1 ,Φ

b y u si n g L e m m a 3 . T h e n b y e x a mi ni n g T 1 ,Φ , w e u s e Pr o p o siti o n 2 t o i nf er t h e irr e p s.

T h e o r e m 6. T h e r e p r e s e nt ati o n U : Cl ( 1)⊗ n
S y m → U( L (H )), d e fi n e d b y U ( π, C ) (ρ ) = S π C ρ C † S †

π , d e c o m p o s e s i nt o t h e
i r r e p s

V k = s p a n ( B k ), k ∈ { 0 , 1 , . . . , n} . ( 5 3)

P r o of. Fr o m L e m m a 5 , w e h a v e

T 2 ,U =

n

k = 0

|Σ
( 2 )
k ⟩⟩⟨⟨Σ

( 2 )
k |, ( 5 4)

w h er e |Σ
( 2 )
k ⟩⟩ i s d e fi n e d i n E q. (4 5 ). U si n g L e m m a 3 , w e c o m p ut e T 1 ,Φ (A ) b y e v al u ati n g T 2 ,U (A ) f or ar bitr ar y

s u p er o p er at or s A . L et u s e x pr e s s A i n t h e P a uli b a si s:

A =
n

k, ℓ = 0 P ∈ B k Q ∈ B ℓ

A P Q |P ⟩⟩⟨⟨Q |. ( 5 5)

R e c all fr o m E q. ( 4 0 ) t h at i n or d er t o e v al u at e T 2 ,U (A ), w e n e e d T 2 ,U (Q ⊗ P ) f or e v er y P, Q . B ut b e c a u s e T 2 ,U pr oj e ct s
o nt o s y m m etri z e d b a si s el e m e nt s P ⊗ P , w e o nl y h a v e t o c o n si d er t h e c a s e w h er e P = Q :

T 2 ,U |P ⊗ P ⟩⟩ = |Σ
( 2 )
k ⟩⟩⟨⟨ Σ

( 2 )
k |P ⊗ P ⟩⟩

= |Σ
( 2 )
k ⟩⟩

1

| Bk |
P ′ ∈ B k

⟨⟨P ′|P ⟩⟩⟨⟨ P ′|P ⟩⟩

=
1

| Bk |
|Σ

( 2 )
k ⟩⟩, ( 5 6)

w h er e | Bk | = 3 k n
k .
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I n s erti n g t hi s r e s ult i nt o E q. (3 9 ) yi el d s

T 1 ,Φ (A )(X ) = tr 1 [T 2 ,U (A )(X ⊗ I)] ( 5 7)

= tr 1

n

k = 0 P ∈ B k

A P P
1

| Bk |
Σ

( 2 )
k (X ⊗ I)

= tr 1

n

k = 0 P ∈ B k

A P P
1

| Bk |

×
1

| Bk |
P ′ ∈ B k

(P ′ ⊗ P ′)(X ⊗ I)

=
n

k = 0

P ∈ B k
A P P

| Bk |
P ′ ∈ B k

tr( P ′X )P ′.

We m a k e a n u m b er of o b s er v ati o n s h er e. Fir st, n ot e t h at P ∈ B k
A P P = tr( A Π k ), w h er e Π k = P ∈ B k

|P ⟩⟩⟨⟨P |. Al s o,

| Bk | = tr( Π k ). Fi n all y, t h e s u m o v er P ′ c a n b e r e pr e s e nt e d a s

P ′ ∈ B k

tr(P ′X )P ′ =
P ′ ∈ B k

|P ′⟩⟩⟨⟨ P ′|X ⟩⟩

= Π k |X ⟩⟩.

( 5 8)

B e c a u s e t hi s h ol d s f or all X ∈ L (H ), w e c a n s a y t h at

T 1 ,Φ (A ) =
n

k = 0

tr( A Π k )

tr( Π k )
Π k . ( 5 9)

B y Pr o p o siti o n 2 , w e k n o w t h at t h e t wirl h a s t hi s e x pr e s si o n if a n d o nl y if t h e irr e d u ci bl e s u b s p a c e s of U ar e
V k = s p a n ( B k ).

Fi n all y, w e cl o s e t hi s s u b s e cti o n wit h t h e d ef err e d pr o of of t h e w ell- k n o w n r e s ult Pr o p o siti o n 2 , f or c o m pl et e n e s s.

P r o of ( of P r o p o siti o n 2 ). F or t h e f or w ar d dir e cti o n, s u p p o s e ϕ = λ ∈ R G
ϕ ( λ ) w h er e e a c h ϕ ( λ ) : G → U( V λ ) i s irr e-

d u ci bl e. ( T hi s i s g u ar a nt e e d b y M a s c h k e’ s t h e or e m, a n d g e n er ali z e s t o t h e P et er – We yl t h e or e m f or c o m p a ct gr o u p s [ 3 ].)
B e c a u s e T 1 ,Φ (X ) c o m m ut e s wit h all ϕ g , t h e y ar e si m ult a n e o u sl y bl o c k di a g o n al, s o T 1 ,Φ (X ) = λ ∈ R G

T 1 ,Φ ( λ ) (X ) w h er e

Φ ( λ ) (·) = ϕ ( λ ) (·)ϕ ( λ ) † . B e c a u s e ϕ ( λ ) i s irr e d u ci bl e, b y S c h ur’ s l e m m a T 1 ,Φ ( λ ) (X ) m u st b e a m ulti pl e of t h e i d e ntit y o n
V λ . T h er ef or e

T 1 ,Φ (X ) =
λ ∈ R G

c λ (X )I V λ
=

λ ∈ R G

c λ (X ) Π λ . ( 6 0)

Fr o m t h e ort h o g o n alit y of pr oj e ct or s Π λ Π λ ′ = δ λ λ ′ Π λ , t h e s c al ar c λ (X ) i s d et er mi n e d b y

c λ (X ) tr( Π λ ) = tr( Π λ T 1 ,Φ (X ))

= E
g ∼ G

tr ϕ †
g Π λ ϕ g X

= E
g ∼ G

tr( Π λ X ) = tr( Π λ X ).

( 6 1)

F or t h e r e v er s e dir e cti o n, s u p p o s e t h e t wirl t a k e s t h e f or m

T 1 ,Φ (X ) =
λ

tr( X Π λ )

tr( Π λ )
I V λ

, ( 6 2)

w h er e w e d e n ot e e a c h bl o c k b y T 1 ,Φ ( λ ) (X ). A g ai n b e c a u s e T 1 ,Φ (X ) a n d ϕ g c o m m ut e, t h e m atri x ϕ g i s bl o c k di a g o n al

i n t h e s u b s p a c e s V λ f or all g ∈ G . We n e e d t o s h o w t h at e a c h bl o c k ϕ ( λ ) i s irr e d u ci bl e.
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R e c all t h at ϕ ( λ ) i s irr e d u ci bl e if t h e o nl y s u b s p a c e s W ⊆ V λ f or w hi c h ϕ
( λ )
G (W ) ⊆ W ar e W = { 0 } or W = V λ .

I n d e e d, l et W ⊆ V λ b e a s u b s p a c e s u c h t h at f or a n y |v ⟩ ∈ W a n d g ∈ G , ϕ
( λ )
g |v ⟩ ∈ W . S u p p o s e t h er e e xi st s a v e ct or

|x ⟩ ∈ V λ t h at i s ort h o g o n al t o W a n d s et X = |x ⟩⟨x |. T h e n

T 1 ,Φ ( λ ) (|x ⟩⟨x |)|v ⟩ = E
g ∼ G

ϕ ( λ )
g |x ⟩⟨x |(ϕ ( λ )

g ) † |v ⟩ = 0 ( 6 3)

b e c a u s e all (ϕ
( λ )
g ) † |v ⟩ ∈ W . H o w e v er, fr o m T 1 ,Φ ( λ ) (X ) = c λ (X )I V λ

w e s e e t h at al s o

T 1 ,Φ (|x ⟩⟨x |) λ |v ⟩ =
⟨x |x ⟩

di m V λ
|v ⟩. ( 6 4)

S u p p o si n g |x ⟩̸= 0 , w e s e e t h at |v ⟩ = 0 i s t h e o nl y p o s si bl e el e m e nt of W t o s ati sf y E q s. ( 6 3 ) a n d ( 6 4 ) si m ult a n e o u sl y.
H e n c e W = { 0 } . Ot h er wi s e, |x ⟩ = 0 i s t h e o nl y el e m e nt of V λ ort h o g o n al t o W , i m pl yi n g t h at t h er e i s i n f a ct n o
n o ntri vi al s u b s p a c e ort h o g o n al t o W . T h u s W = V λ i n t hi s c a s e.

V a ri a n c e of s y m m e t r y o p e r a t o r s. I n t hi s s e cti o n, w e a n al y z e t h e v ari a n c e a s s o ci at e d wit h t h e s y m m etr y
o p er at or s,

S 1

s 1
=

1

m
i ∈ [n ]

Z i , ( 6 5)

S 2

s 2
=

2

m 2 − n
i < j

Z i Z j . ( 6 6)

B e c a u s e o ur err or a n al y si s of s y m m etr y- a dj u st e d cl a s si c al s h a d o w s b o ot str a p s fr o m t h e v ari a n c e of u n miti g at e d e sti-
m ati o n, w e o nl y n e e d t o c o m p ut e q u a ntiti e s r el at e d t o t h e n oi s el e s s pr ot o c ol. I n t hi s c a s e, t h e s u b s y st e m- s y m m etri z e d
l o c al Cli ff or d gr o u p yi el d s t h e s a m e c h a n n el a n d v ari a n c e s a s t h e st a n d ar d l o c al Cli ff or d gr o u p b e c a u s e t h e r a n d o m
p er m ut ati o n s h a v e n o e ff e ct o n t h e t wirli n g o n c o m p ut ati o n al b a si s st at e s.

S p e ci fi c all y, u si n g t h e t w o- a n d t hr e e-f ol d t wirl s w e c a n e x pr e s s

M (ρ ) = tr 1





b ∈ { 0 ,1 } n

T 2 , G |b ⟩⟨b |⊗ 2 (ρ ⊗ I)



 ( 6 7)

a n d

V ar ρ [ ˆo ] = tr





b ∈ { 0 ,1 } n

T 3 , G |b ⟩⟨b |⊗ 3 ρ ⊗ M − 1 (O ) ⊗ 2





− tr(O ρ ) 2 , ( 6 8)

w h er e t h e t-f ol d t wirl b y U : G → U( H ) i s d e fi n e d a s T t, G := E g ∼ G U ⊗ t
g . T h e s e e x pr e s si o n s ar e t h e s a m e w h et h er w e

t a k e G = Cl ( 1) ⊗ n
S y m or Cl ( 1) ⊗ n , d u e t o t h e f oll o wi n g e q ui v al e n c e:

b ∈ { 0 ,1 } n

T t, Cl ( 1 ) ⊗ n
S y m

|b ⟩⟨b |⊗ t =
b ∈ { 0 ,1 } n

E
( π, C ) ∼ Cl ( 1 ) ⊗ n

S y m

C † S †
π |b ⟩⟨b |S π C

⊗ t

= E
C ∼ Cl ( 1 ) ⊗ n



 (C † ) ⊗ t E
π ∼ S y m ( n )





b ∈ { 0 ,1 } n

|π (b )⟩⟨π (b )|⊗ t



 C ⊗ t





= E
C ∼ Cl ( 1 ) ⊗ n



 (C † ) ⊗ t

b ∈ { 0 ,1 } n

|b ⟩⟨b |⊗ t C ⊗ t





=
b ∈ { 0 ,1 } n

T t, Cl ( 1 ) ⊗ n |b ⟩⟨b |⊗ t .

( 6 9)

T h e t hir d e q u alit y f oll o w s d u e t o t h e f a ct t h at p er m ut ati o n s ar e bij e cti o n s, h e n c e e a c h b ∈ { 0 ,1 } n |π (b )⟩⟨π (b )|⊗ t i s j u st

a r e or d eri n g of t h e t er m s i n b ∈ { 0 ,1 } n |b ⟩⟨b |⊗ t .
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A s a n i m m e di at e c o n s e q u e n c e, w e s e e t h at t h e v ari a n c e of o b s er v a bl e s u n d er s u b s y st e m s y m m etri z ati o n ar e e x a ctl y
t h e s a m e a s wit h st a n d ar d P a uli s h a d o w s. F or t h e r e st of t hi s s e cti o n, w e will e x pli citl y c o m p ut e t h e v ari a n c e of S k

u si n g k n o w n H a ar- a v er a gi n g f or m ul a s o v er t h e Cli ff or d gr o u p [ 1 , E q s. ( S 3 5) a n d ( S 3 6)]:

E
U ∼ Cl ( 1 )

U † |x ⟩⟨x |U ⟨x |U A U † |x ⟩ =
A + tr( A )I

6
( 7 0)

E
U ∼ Cl ( 1 )

U † |x ⟩⟨x |U ⟨x |U B 0 U † |x ⟩⟨x |U C 0 U † |x ⟩ =
tr(B 0 C 0 )I + B 0 C 0 + C 0 B 0

2 4
, ( 7 1)

f or all u nit v e ct or s |x ⟩ ∈ C 2 a n d H er miti a n m atri c e s A, B 0 , C0 ∈ C 2 × 2 , wit h tr B 0 = tr C 0 = 0 . T h e e xt e n si o n t o
Cl ( 1) ⊗ n f oll o w s b y li n e arit y a n d st ati sti c al i n d e p e n d e n c e. We fir st a p pl y t h e s e f or m ul a s t o S 1 t o c o m p ut e it s v ari a n c e.
Writi n g C = i ∈ [n ] C i a n d |b ⟩ = i ∈ [n ] |b i ⟩, w e h a v e

E [ ˆs 2
1 ] = tr



 ρ
b ∈ { 0 ,1 } n

E
C ∼ Cl ( 1 ) ⊗ n

C † |b ⟩⟨b |C ⟨b |C M − 1 (S 1 )C † |b ⟩ 2





= tr



 ρ
b ∈ { 0 ,1 } n

E
C ∼ Cl ( 1 ) ⊗ n

C † |b ⟩⟨b |C × 3 2

i, j ∈ [n ]

⟨b |C Z i C
† |b ⟩⟨b |C Z j C

† |b ⟩





= 9 tr



 ρ
i ∈ [n ] b i ∈ { 0 ,1 }

E
C i ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⟨b i |C i Z i C

†
i |b i ⟩

2





+ 9 × 2 tr



 ρ
i < j b i , bj ∈ { 0 ,1 }

E
C i , Cj ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⊗ C †

j |b j ⟩⟨b j |C j ⟨b i |C i Z i C
†
i |b i ⟩⟨b j |C j Z j C

†
j |b j ⟩





= 9 tr



 ρ
i ∈ [n ]

I

3



 + 1 8 tr



 ρ
i < j

Z i

3

Z j

3





= 3 n + tr( S 2 ρ ).

( 7 2)

T h u s t h e v ari a n c e i s

V ar ρ
ŝ 1

s 1
=

1

s 2
1

E [ ˆs 2
1 ] − E [ ˆs 1 ]2

=
1

m 2
3 n + tr( S 2 ρ ) − tr( S 1 ρ ) 2 .

( 7 3)

If ρ i s t h e i d e al st at e wit h s y m m etri e s tr(S 1 ρ ) = m a n d tr( S 2 ρ ) = m 2 − n , t h e n V ar ρ [ ˆs 1 / s 1 ] = 2n / m 2 . O n t h e ot h er

h a n d, if w e m a k e t h e n oi s y r e pl a c e m e nt ρ → ρ = M − 1 M (ρ ), t h e n w e c a n o bt ai n a b o u n d

V ar
ρ

ŝ 1

s 1
=

1

m 2
3 n + F Z, 2 (m 2 − n ) − (F Z, 1 m ) 2

≤
2 n

m 2
+ 1 .

( 7 4)

N e xt w e c o m p ut e t h e v ari a n c e of e sti m ati n g S 2 . A n al o g o u s t o t h e c al c ul ati o n pr e s e nt e d i n E q. (7 2 ), w e e x p a n d
⟨b |C M − 1 (S 2 )C † |b ⟩ 2 a n d gr o u p t er m s b a s e d o n t h e o v erl a p pi n g of i n di c e s:

⟨b |C M − 1 (S 2 )C † |b ⟩ 2 = ( 3 2 × 2) 2

i < j k <l

⟨b |C Z i Z j C
† |b ⟩⟨b |C Z k Z l C

† |b ⟩

= ( 3 2 × 2) 2







( i = k ) < ( j = l)

+
( i = k ) < j,l

j ≠ l

+
k < ( i = l) < j

+
i < ( j = k ) <l

+
i, k < ( j = l)

i ≠ k

+
i < j ;k <l

k ≠ i ≠ l;k ≠ j ≠ l





 ⟨b |C Z i Z j C

† |b ⟩⟨b |C Z k Z l C
† |b ⟩.

( 7 5)
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We n o w g o t hr o u g h e a c h s u m m ati o n a n d e v al u at e t h e e x p e ct ati o n s:

( i = k ) < ( j = l) b i , bj ∈ { 0 ,1 }

E
C i , Cj ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⊗ C †

j |b j ⟩⟨b j |C j ⟨b i |C i Z i C
†
i |b i ⟩

2 ⟨b j |C j Z j C
†
j |b j ⟩

2

=
i < j

I

3 2
=

1

3 2

n

2
I,

( 7 6)

( i = k ) < j,l
j ≠ l

b i , bj , bl ∈ { 0 ,1 }

E
C i , Cj , Cl ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⊗ C †

j |b j ⟩⟨b j |C j ⊗ C †
l |b l ⟩⟨b l |C l

× ⟨ b i |C i Z i C
†
i |b i ⟩

2 ⟨b j |C j Z j C
†
j |b j ⟩⟨b l |C l Z l C

†
l |b l ⟩

= 2
i < j <l

I

3

Z j

3

Z l

3
=

2

3 3
i < j <l

Z j Z l ,

( 7 7)

k < ( i = l) < j b i , bj , bk ∈ { 0 ,1 }

E
C i , Cj , Ck ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⊗ C †

j |b j ⟩⟨b j |C j ⊗ C †
k |b k ⟩⟨b k |C k

× ⟨ b i |C i Z i C
†
i |b i ⟩

2 ⟨b j |C j Z j C
†
j |b j ⟩⟨b k |C k Z k C †

k |b k ⟩

=
1

3 3
k < i < j

Z k Z j ,

( 7 8)

i < ( j = k ) <l b i , bj , bl ∈ { 0 ,1 }

E
C i , Cj , Cl ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⊗ C †

j |b j ⟩⟨b j |C j ⊗ C †
l |b l ⟩⟨b l |C l

× ⟨ b i |C i Z i C
†
i |b i ⟩⟨b j |C j Z j C

†
j |b j ⟩

2 ⟨b l |C l Z l C
†
l |b l ⟩

=
1

3 3
i < j <l

Z i Z l ,

( 7 9)

i, k < ( j = l)
i ≠ k

b i , bj , bk ∈ { 0 ,1 }

E
C i , Cj , Ck ∼ Cl ( 1 )

C †
i |b i ⟩⟨b i |C i ⊗ C †

j |b j ⟩⟨b j |C j ⊗ C †
k |b k ⟩⟨b k |C k

× ⟨ b i |C i Z i C
†
i |b i ⟩⟨b j |C j Z j C

†
j |b j ⟩

2 ⟨b k |C k Z k C †
k |b k ⟩

=
2

3 3
i < k < j

Z i Z k ,

( 8 0)

i < j ;k <l
k ≠ i ≠ l;k ≠ j ≠ l

q ∈ { i, j, k,l } b q ∈ { 0 ,1 }

E
C q ∼ Cl ( 1 )

C †
q |b q ⟩⟨b q |C q ⟨b q |C q Z q C †

q |b q ⟩ =
1

3 4
i < j ;k <l

k ≠ i ≠ l;k ≠ j ≠ l

Z i Z j Z k Z l

=
6

3 4
i < j < k <l

Z i Z j Z k Z l .

( 8 1)

E q s. ( 7 7 ) t o ( 8 0 ) c a n b e c o m bi n e d b y r el a b eli n g t h e i n di c e s a n d r e c o g ni zi n g t h at t h e r e s ulti n g t hr e e-i n d e x s u m m ati o n
h a s 3 n

3 = ( n − 2) n
2 t er m s of t h e f or m Z p Z q ( s y m m etri c a cr o s s t h e i n d e x p air s p, q ∈ { i, j, k} wit h p ≠ q ). H e n c e

t h e r e a r e o nl y n
2 u ni q u e t er m s, all of w hi c h ar e r e p e at e d n − 2 ti m e s:

2

3 3
i < j < k

(Z i Z j + Z i Z k + Z j Z k ) =
2

3 3
(n − 2)

i < j

Z i Z j . ( 8 2)

C o m bi ni n g t h e s e e x pr e s si o n s, w e o bt ai n

b ∈ { 0 ,1 } n

E
C ∼ Cl ( 1 ) ⊗ n

C † |b ⟩⟨b |C ⟨b |C M − 1 (S 2 )C † |b ⟩ 2 = 3 6
n

2
I + 2 4( n − 2)

i < j

Z i Z j + 2 4
i < j < k <l

Z i Z j Z k Z l . ( 8 3)
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D u e t o t h e pr e s e n c e of t h e f o ur- b o d y t er m, w e will n e e d t h e c o n s er v e d q u a ntit y a s s o ci at e d wit h M 4 :

M 4 = ( M 2 ) 2 =



 n I + 2
i < j

Z i Z j





2

= n 2 I + 4 n
i < j

Z i Z j + 4
i < j k <l

Z i Z j Z k Z l .

( 8 4)

T h e f o ur-i n d e x s u m h er e c a n b e gr o u p e d a s w e di d i n E q. ( 7 5 ), a n d t h e c o n diti o n s c a n b e si m pli fi e d a s b ef or e. Al o n g
wit h t h e f a ct t h at Z 2

i = I, a str ai g htf or w ar d c al c ul ati o n r e v e al s

i < j k <l

Z i Z j Z k Z l =
n

2
I + 2( n − 2)

i < j

Z i Z j + 6
i < j < k <l

Z i Z j Z k Z l . ( 8 5)

Pl u g gi n g t hi s i nt o E q. ( 8 4 ), c o m bi n e d wit h tr(M 4 ρ ) = m 4 a n d tr(S 2 ρ ) = m 2 − n , w e arri v e at

tr(S 4 ρ ) = 2 4 tr



 ρ
i < j < k <l

Z i Z j Z k Z l



 = m 4 − n 2 − 4
n

2
− ( 6n − 8)( m 2 − n ), ( 8 6)

w h er e S 4 := Π 4 (M 4 ) = 4! i < j < k <l Z i Z j Z k Z l . Fi n all y, a p pl yi n g t hi s r e s ult t o E q s. (8 3 ), w e c a n c o m p ut e t h e v ari a n c e
wit h r e s p e ct t o a n i d e al st at e l yi n g i n t h e s y m m etr y s e ct or:

V ar ρ
ŝ 2

s 2
=

1

(m 2 − n ) 2
3 6

n

2
+ 1 2( n − 2) tr( S 2 ρ ) + tr( S 4 ρ ) − tr( S 2 ρ ) 2

=
1

(m 2 − n ) 2
3 2

n

2
+ ( 6 n − 1 6)( m 2 − n ) + m 4 − n 2 − 1 .

( 8 7)

A g ai n m a ki n g t h e r e pl a c e m e nt ρ → ρ , w e i n st e a d h a v e t h e f oll o wi n g b o u n d:

V ar
ρ

ŝ 2

s 2
=

1

(m 2 − n ) 2
3 6

n

2
+ 1 2( n − 2) F Z, 2 tr(S 2 ρ ) + F Z, 4 tr(S 4 ρ ) − F 2

Z, 2

≤
1

(m 2 − n ) 2
1 8 n (n − 1) + 1 2( n − 2) m 2 + m 4 + 6 n 2 + 8 m 2

=
1

(m 2 − n ) 2
6 n ( 4n − 3) + 1 2 n m 2 + m 2 (m 2 − 1 6) .

( 8 8)

If m = Θ( 1) , w hi c h i s t h e c a s e i n o ur n u m eri c al e x p eri m e nt s of a ntif err o m a g n eti c s pi n s y st e m s, t h e n V ar
ρ
[ ˆs 2 / s 2 ] =

O ( 1) . R e c all fr o m E q. (7 4 ) t h at V ar
ρ
[ ˆs 1 / s 1 ] = O (n / m 2 ). T h er ef or e t h e v ari a n c e o v er h e a d of e sti m ati n g t h e s e

s y m m etr y o p er at or s i s, a s y m pt oti c all y,

m a x V ar
ρ

ŝ 1

s 1
, V ar

ρ

ŝ 2

s 2
= O (n ) ( 8 9)

w h e n tr( M ρ ) = m = Θ( 1) .
S y st e m s w h er ei n m d e p e n d s o n n will r e q uir e a c a s e- b y- c a s e a n al y si s, w hi c h w e l e a v e t o t h e r e a d er. A s a p at h ol o gi c al

e x a m pl e, c o n si d er t w o di ff er e nt f u n cti o n s w hi c h ar e b ot h Θ(
√

n ): if m = α
√

n f or s o m e c o n st a nt α ≠ 1 , t h e n
V a r

ρ
[ ˆs 2 / s 2 ] = O ( 1). H o w e v er, if i n st e a d m =

√
n + c f or s o m e c o n st a nt c ≠ 0 , t h e n V a r

ρ
[ ˆs 2 / s 2 ] = O (n 2 ). I n b ot h

c a s e s, V ar
ρ
[ ˆs 1 / s 1 ] = O ( 1). T h u s t h e s p e ci fi c f or m of m = f (n ) c a n dr a sti c all y a ff e ct t h e a s y m pt oti c b o u n d s h er e.

S U P P L E M E N T A R Y N O T E 3

S pi n- a d a p t e d f e r mi o ni c s h a d o w s. It i s w ell k n o w n t h at n u m b er- c o n s er vi n g f er mi o n b a si s r ot ati o n s w hi c h
p r e s er v e s pi n s y m m etri e s c a n b e bl o c k di a g o n ali z e d a c c or di n g t o t h e s pi n s e ct or s, l e a di n g t o s a vi n g s i n b ot h cl a s si c al
a n d q u a nt u m r e s o ur c e s. H er e w e s h o w h o w t o l e v er a g e s pi n s y m m etri e s f or t h e br o a d er cl a s s of f er mi o ni c G a u s si a n
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t r a n sf or m ati o n s, a n d i n p arti c ul ar w e c o n str u ct a s pi n- a d a pt e d m at c h g at e s h a d o w s pr ot o c ol. A s s u c h, t hi s s c h e m e
will b e i nf or m ati o n all y c o m pl et e o nl y o v er s pi n- c o n s er vi n g o b s er v a bl e s.

L et n ↑ a n d n ↓ b e t h e n u m b er of s pi n- u p a n d s pi n- d o w n f er mi o ni c m o d e s, r e s p e cti v el y. T h e t ot al n u m b er of m o d e s
i s n = n ↑ + n ↓ , a n d w e or d er t h e l a b el s s u c h t h at all s pi n- u p m o d e s c o m e fir st. G a u s si a n tr a n sf or m ati o n s w hi c h d o
n ot mi x b et w e e n di ff er e nt s pi n t y p e s ar e bl o c k di a g o n al,

Q =
Q ↑ 0
0 Q ↓

∈ O( 2 n ), ( 9 0)

w h er e Q σ ∈ O( 2 n σ ) =: G σ f or e a c h σ ∈ { ↑ , ↓ } . L et G s pi n := G ↑ × G ↓ b e t h e s pi n- a d a pt e d gr o u p, i. e., t h e s et of all
el e m e nt s of t h e f or m of E q. ( 9 0 ). I n or d er t o c al c ul at e pr o p erti e s of t hi s e n s e m bl e f or cl a s si c al s h a d o w s, w e s h all u s e
t h e f a ct t h at U Q i s n e arl y e q ui v al e nt t o t h e t e n s or pr o d u ct U Q ↑

⊗ U Q ↓
, u p t o a f a ct or t h at d e p e n d s o n t h e d et er mi n a nt

of Q ↑ . M or e pr e ci s el y, w e h a v e t h e f oll o wi n g.

L e m m a 7. F o r all bl o c k- di a g o n al Q of t h e f o r m of E q. (9 0 ), t h e u nit a r y c a n b e w ritt e n a s

U Q = U Q ↑
⊗ (P

s ( Q ↑ )
↓ U Q ↓

) ( 9 1)

w h e r e

s (Q ↑ ) =
1 if d et( Q ↑ ) = − 1 ,

0 el s e ,
( 9 2)

a n d P σ = ( − i) n σ 2 n σ − 1
µ = 0 c µ, σ i s t h e p a rit y o p e r at o r o n t h e σ - s pi n s e ct o r.

F or t e c h ni c al r e a s o n s, w e h a v e i ntr o d u c e d t w o n e w s et s of M aj or a n a o p er at or s { c µ, σ | µ ∈ [ 2n σ ]} o n e a c h n σ - m o d e
Hil b ert s p a c e, i n or d er t o t al k a b o ut t h e di ff er e nt s pi n s e ct or s i n t er m s of t h e st a n d ar d t e n s or pr o d u ct. B e c a u s e t h e
t e n s or pr o d u ct d o e s n ot r e s p e ct t h e a nti s y m m etr y of f er mi o n s, t h e s e n e w M aj or a n a o p er at or s ar e r el at e d t o t h e u s u al
M aj or a n a o p er at or s ( a cti n g o n t h e f ull n - m o d e Hil b ert s p a c e) vi a

γ µ, ↑ = c µ, ↑ ⊗ I, ( 9 3)

γ µ, ↓ = P ↑ ⊗ c µ, ↓ . ( 9 4)

L e m m a 7 t h er ef or e a d dr e s s e s t hi s t e c h ni c alit y of m ai nt ai ni n g t h e a nti c o m m ut ati o n r el ati o n s w h e n e x pr e s si n g U Q a s a
t e n s or pr o d u ct.

P r o of ( of L e m m a 7 ). It i s cl e ar t h at c o nj u g ati o n b y U Q σ
tr a n sf or m s e a c h c µ, σ a s d e sir e d. W h at w e n e e d t o e n s ur e i s

t h at t h e M aj or a n a o p er at or s γ µ, σ o n t h e f ull Hil b ert s p a c e tr a n sf or m pr o p erl y. I n d e e d, E q. ( 9 1 ) p erf or m s t h e d e sir e d
t r a n sf or m ati o n; f or t h e s pi n- u p s e ct or, w e si m pl y h a v e

U Q γ µ, ↑ U †
Q = U Q ↑

c µ, ↑ U †
Q ↑

⊗ I. ( 9 5)

F or t h e s pi n- d o w n s e ct or, w e will m a k e u s e of f oll o wi n g c o m m ut ati o n r el ati o n s:

P σ U Q σ = d et( Q σ )U Q σ P σ ( 9 6)

P σ c µ, σ = − c µ, σ P σ . ( 9 7)

C o n si d er t h e c a s e d et( Q ↑ ) = 1 . T h e n s (Q ↑ ) = 0 , a n d s o U Q = U Q ↑
⊗ U Q ↓

:

U Q γ µ, ↓ U †
Q = U Q ↑

P ↑ U †
Q ↑

⊗ U Q ↓
c µ, ↓ U †

Q ↓

= P ↑ ⊗ U Q ↓
c µ, ↓ U †

Q ↓
,

( 9 8)

a s d e sir e d. If i n st e a d d et( Q ↑ ) = − 1 , t h e n U Q = U Q ↑
⊗ (P ↓ U Q ↓

) a n d s o

U Q γ µ, ↓ U †
Q = U Q ↑

P ↑ U †
Q ↑

⊗ P ↓ U Q ↓
c µ, ↓ U †

Q ↓
P †

↓

= ( − P ↑ ) ⊗ (− d et( Q ↓ ) 2 P ↓ P †
↓ U Q ↓

c µ, ↓ U †
Q ↓

)

= P ↑ ⊗ U Q ↓
c µ, ↓ U †

Q ↓
, ( 9 9)

w h er e w e h a v e u s e d t h e f a ct t h at P ↓ P †
↓ = P 2

↓ = I.
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I n t h e c o nt e xt of cl a s si c al s h a d o w s, t h e a p p e ar a n c e of P ↓ i s i n c o n s e q u e nti al b e c a u s e it m er el y a ct s a s a p h a si n g
o p er at or w hi c h a p p e ar s dir e ctl y b ef or e m e a s ur e m e nt. T o s e e t hi s, fir st o b s er v e t h at M Z = M Z, ↑ ⊗ M Z, ↓ , w h er e

M Z, σ = b ∈ { 0 ,1 } n σ |b ⟩⟩⟨⟨b |. U si n g t h e f a ct t h at P ↓ |b ⟩⟩ = P ↓ |b ⟩⟨b |P †
↓ = |b ⟩⟨b | = |b ⟩⟩, w e h a v e t h at t h at s h a d o w c h a n n el

of t h e s pi n- a d a pt e d e n s e m bl e i s

M G s p i n
= E

Q ↑ , Q↓
U †

Q ↑
⊗ (U †

Q ↓
P

s ( Q ↑ )
↓ )(M Z, ↑ ⊗ M Z, ↓ )U Q ↑

⊗ (P
s ( Q ↑ )
↓ U Q ↓

) ( 1 0 0)

= E
Q ↑ , Q↓

(U †
Q ↑

M Z, ↑ U Q ↑
) ⊗ (U †

Q ↓
M Z, ↓ U Q ↓

)

= M ↑ ⊗ M ↓ . ( 1 0 1)

T h er ef or e t h e s pi n- a d a pt e d m at c h g at e s h a d o w s b e h a v e s a s t w o i n d e p e n d e nt i n st a n c e s o n e a c h s pi n s e ct or. T h e
e sti m at or s a n d v ari a n c e b o u n d s al s o f oll o w str ai g htf or w ar dl y; fir st, t h e s h a d o w c h a n n el i s

M G s p i n = M ↑ ⊗ M ↓

=

n ↑

j = 0

n ↓

ℓ = 0

f n ↑ , j f n ↓ , ℓΠ j ⊗ Π ℓ ,
( 1 0 2)

w h er e f or e a s e of n ot ati o n i n t hi s s e cti o n, w e d e fi n e

f n σ , j :=
n σ

j

2 n σ

2 j
. ( 1 0 3)

F or t h e v ari a n c e, w e u s e t h e pr o p ert y t h at t h e s h a d o w n or m of a t e n s or- pr o d u ct di stri b uti o n i s t h e pr o d u ct of
s h a d o w n or m s o n e a c h s u b s y st e m. T hi s c a n b e s e e n fr o m t h e f a ct t h at s h a d o w n or m of a n o p er at or A i s t h e s p e ctr al
n or m of a r el at e d o p er at or A G := E U ∼ G b ∈ { 0 ,1 } n U † |b ⟩⟨b |U ⟨b |U M − 1

G (A )U † |b ⟩ 2 :

∥ A ∥ 2
G = m a x

s t a t e s ρ
tr( ρ A G )

= ∥ A G ∥ ∞ ,
( 1 0 4)

w hi c h h ol d s b e c a u s e A G i s p o siti v e s e mi d e fi nit e. F or cl arit y, i n t hi s s e cti o n w e u s e t h e n ot ati o n ∥ · ∥ G f or t h e s h a d o w
n or m a s s o ci at e d wit h t h e gr o u p G . T h u s f or a n y s h a d o w c h a n n el f or m e d a s a t e n s or pr o d u ct M G 1 ⊕ G 2

= M G 1
⊗ M G 2

,
w e h a v e

∥ A 1 ⊗ A 2 ∥ 2
G 1 ⊕ G 2

= m a x
s t a t e s ρ

tr ρ A G 1
1 ⊗ A G 2

2

= ∥ A G 1
1 ⊗ A G 2

2 ∥ ∞

= ∥ A G 1
1 ∥ ∞ ∥ A G 2

2 ∥ ∞

= ∥ A 1 ∥ 2
G 1

∥ A 2 ∥ 2
G 2

.

( 1 0 5)

( T hi s ar g u m e nt g e n er ali z e s t o m ulti pl e t e n s or pr o d u ct s.) Wit hi n t h e c o nt e xt of o ur s pi n- a d a pt e d e n s e m bl e, t hi s
i m pli e s t h at a n y s pi n-r e s p e cti n g M aj or a n a o p er at or

Γ p ,q = ( − i) j + ℓ γ p 1 ,↑ · · · γ p 2 j ,↑ γ q 1 ,↓ · · · γ q 2 ℓ ,↓

= ( − i) j c p 1 ,↑ · · · c p 2 j ,↑ ⊗ (− i) ℓ c q 1 ,↓ · · · c q 2 ℓ ,↓ ,
( 1 0 6)

h a s a s q u ar e d s h a d o w n or m of

∥ Γ p ,q ∥ 2
G s p i n

= f − 1
n ↑ , j f

− 1
n ↓ , ℓ. ( 1 0 7)

T h u s, f or M aj or a n a o p er at or s of c o n st a nt d e gr e e 2( j + ℓ ) ≤ 2 k , t h e v ari a n c e s c al e s a s O (n j
↑ n ℓ

↓ ) = O (n k ), j u st a s i n t h e
u n a d a pt e d s etti n g. N ot e t h at s pi n-r e s p e cti n g h er e m e a n s t h at t h e o p er at or f a ct ori z e s i nt o a n e v e n- d e gr e e M aj or a n a
o p er at or o n e a c h s pi n s e ct or.

T h e a d v a nt a g e of t hi s e n s e m bl e i s t h at t h e r e q uir e d cir c uit d e pt h a n d g at e c o u nt ar e r o u g hl y h al v e d, si n c e w e o nl y
n e e d t o i m pl e m e nt t w o i n d e p e n d e nt m at c h g at e cir c uit s o n n σ q u bit s e a c h. F urt h er m or e, o n e c a n al s o c h e c k t h at
t h e s h a d o w n or m c o n st a nt f a ct or s i n t h e s pi n- a d a pt e d s etti n g ar e al s o sli g htl y s m all er (f or e x a m pl e, f or k = 2 a n d
n σ = n / 2 , t h e r ati o of s pi n- a d a pt e d t o u n a d a pt e d s h a d o w n or m s i s a s y m pt oti c all y li mn → ∞ f − 2

n / 2 ,1 / f − 1
n, 2 = 3 / 4 ).
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S U P P L E M E N T A R Y N O T E 4

I m p r o v e d c o m pil a ti o n of f e r mi o ni c G a u s si a n u ni t a ri e s. I n t hi s s e cti o n w e d e s cri b e a n e w s c h e m e f or
c o m pili n g t h e m at c h g at e cir c uit U Q f or ar bitr ar y Q ∈ O( 2 n ), u n d er t h e J or d a n – Wi g n er m a p pi n g.  T hi s a p-
p r o a c h i m pr o v e s u p o n t h e cir c uit d e pt h of pri or art [ 4 ] b y o pti mi zi n g t h e p ar all eli z ati o n of n e ar e st- n ei g h b or si n gl e-
a n d t w o- q u bit g at e s. We a c c o m pli s h t hi s b y m o dif yi n g pr e vi o u sl y e st a bli s h e d i d e a s t o b ett er r e s p e ct t h e m a p-
pi n g of M aj or a n a m o d e s t o q u bit s. O ur i m pr o v e d d e si g n i s i m pl e m e nt e d i n c o d e at o ur o p e n- s o ur c e r e p o sit or y
( h t t p s : / / g i t h u b . c o m / z h a o - a n d r e w / s y m m e t r y - a d j u s t e d - c l a s s i c a l - s h a d o w s ).

A p r e vi o u s ci r c ui t d e si g n. Fir st w e will r e vi e w a pri or cir c uit d e si g n t o e n c o d e t h e a cti o n of U Q i nt o a s e q u e n c e
of si n gl e- a n d t w o- q u bit g at e s, fr o m w hi c h it will b e c o m e cl e ar w h er e t h er e i s r o o m f or i m pr o v e d p ar all eli z ati o n. W hil e
t h e pr e ci s e s c h e m e t h at w e d e s cri b e h er e h a s n ot pr e vi o u sl y a p p e ar e d i n t h e lit er at ur e, t h e hi g h-l e v el i d e a s f oll o w
f r o m a c o m bi n ati o n of alr e a d y d e v el o p e d r e s ult s [4 – 9 ].

R e c all t h at o ur c o n v e nti o n f or t h e J or d a n – Wi g n er m a p pi n g i s

γ 2 p = Z 0 · · · Z p − 1 X p , ( 1 0 8)

γ 2 p + 1 = Z 0 · · · Z p − 1 Y p ( 1 0 9)

f or p ∈ [n ], a n d o ur c o n v e nti o n f or t h e G a u s si a n tr a n sf or m ati o n i s

U Q γ µ U †
Q =

ν ∈ [ 2n ]

Q ν µ γ ν . ( 1 1 0)

It i s str ai g htf or w ar d t o c h e c k t h at U : O( 2n ) → U( L (H )) i s a gr o u p h o m o m or p hi s m: U Q U Q ′ = U Q Q ′ f or a n y Q, Q ′ ∈
O( 2 n ). Fr o m t hi s pr o p ert y, a cir c uit f or ar bitr ar y U Q c a n b e c o n str u ct e d b y a Q R d e c o m p o siti o n of Q . S u c h a
d e c o m p o siti o n yi el d s a s e q u e n c e of n e ar e st- n ei g h b or Gi v e n s r ot ati o n s, w hi c h w e t h e n m a p t o si n gl e- a n d a dj a c e nt
t w o- q u bit g at e s.

O n e p o s si bl e Q R d e c o m p o siti o n i s

Q = G 1 · · · G L D, ( 1 1 1)

w h er e e a c h G j i s a Gi v e n s r ot ati o n a m o n g a dj a c e nt r o w s a n d c ol u m n s, a n d D i s t h e u p p er-ri g ht tri a n g ul ar m atri x
f r o m t h e Q R d e c o m p o siti o n. B e c a u s e Q i s a n ort h o g o n al m atri x, D i s g u ar a nt e e d t o b e a di a g o n al m atri x wit h ± 1
e ntri e s al o n g t h e di a g o n al. T hi s i s e q ui v al e nt t o t h e R e c k et al . [5 ] d e si g n, a n d t h e n u m b er of Gi v e n s r ot ati o n s i s
L = O (n 2 ) i n d e pt h O (n ). B y t h e h o m o m or p hi s m pr o p ert y of U , t hi s m atri x d e c o m p o siti o n yi el d s a s e q u e n c e of
cir c uit el e m e nt s t h at i m pl e m e nt s t h e d e sir e d u nit ar y:

U Q = U G 1 ···G L D = U G 1
· · · UG L

U D . ( 1 1 2)

Alt er n ati v el y, t h e Cl e m e nt s et al . [8 ] d e si g n c o m p ut e s a d e c o m p o siti o n of t h e f or m1

Q = G R + 1 · · · G R + L D G R · · · G 1 . ( 1 1 3)

T h e t ot al n u m b er of Gi v e n s r ot ati o n s h er e i s t h e s a m e, R + L = O (n 2 ). H o w e v er, b y utili zi n g r ot ati o n s t h at a ct fr o m
b ot h l eft a n d ri g ht, it o pti mi z e s p ar all eli z ati o n t o r e d u c e t h e d e pt h b y a c o n st a nt f a ct or (r o u g hl y 1 / 2 ).

R ef s. [ 4 , 6 , 7 ] s h o w e d h o w t o c o n v ert t h e s e Gi v e n s r ot ati o n s i nt o n u m b er- pr e s er vi n g q u a nt u m g at e s; h er e w e s e e k
t o g e n er ali z e t o f er mi o ni c G a u s si a n u nit ari e s w hi c h d o n ot n e c e s s aril y c o n s er v e p arti cl e n u m b er. W hil e R ef. [ 4 ]
al s o c o n si d er e d t hi s s c e n ari o, t h e y m ai nt ai n e d t h e r e pr e s e nt ati o n of Gi v e n s r ot ati o n s a s n u m b er- pr e s er vi n g g at e s.
T h eir cir c uit d e si g n br e a k s p arti cl e- n u m b er s y m m etr y b y i nt er s p er si n g p arti cl e – h ol e tr a n sf or m ati o n s t hr o u g h o ut t h e
d e c o m p o siti o n.

I n st e a d, w e will u s e a r e pr e s e nt ati o n t h at i n h er e ntl y f e at ur e s n o n- n u m b er- pr e s er vi n g r ot ati o n s. S u p p o s e t h at t h e
Gi v e n s r ot ati o n G j a ct s n o ntri vi all y o n t h e a x e s (µ, µ + 1) a s

G j =













1 · · · 0 0 · · · 0
...

...
...

...
...

0 · · · c o s θ j − si n θ j · · · 0
0 · · · si n θ j c o s θ j · · · 0
...

...
...

...
...

0 · · · 0 0 · · · 1













∈ S O( 2 n ). ( 1 1 4)

1 T h e u s e of t h e Cl e m e nt s et al . [8 ] d e si g n w a s fi r s t p oi nt e d o u t i n R ef. [1 0 ] b y D o mi ni c B e r r y, i n t h e c o nt e x t of n u m b e r- p r e s e r vi n g
m a t c h g a t e ci r c ui t s.

https://github.com/zhao-andrew/symmetry-adjusted-classical-shadows
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T h e q u a nt u m g at e w hi c h a c hi e v e s t hi s tr a n sf or m ati o n i s a si n gl e- or t w o- q u bit P a uli r ot ati o n, gi v e n b y

U G j
= e − ( θ j / 2 ) γ µ γ µ + 1

=
e − i (θ j / 2 ) Z p if µ = 2 p i s e v e n,

e − i (θ j / 2 ) X p X p + 1 if µ = 2 p + 1 i s o d d.

( 1 1 5)

I n d e e d, o n e m a y c h e c k t h at U G j
(γ p ) = q ∈ [ 2n ][G j ]q p γ q , a s d e sir e d.

T o i m pl e m e nt t h e di a g o n al m atri x D of si g n s, w e r e q uir e a di ff er e nt s c h e m e. I n p arti c ul ar, w e c a n c o n st r u ct U D a s
a si n gl e l a y er of P a uli g at e s. C o n si d er t h e 2 × 2 bl o c k al o n g t h e di a g o n al

D ( p ) =
D 2 p 0
0 D 2 p + 1

, ( 1 1 6)

w hi c h d e s cri b e s t h e tr a n sf or m ati o n

γ 2 p → D 2 p γ 2 p , ( 1 1 7)

γ 2 p + 1 → D 2 p + 1 γ 2 p + 1 . ( 1 1 8)

If D 2 p = D 2 p + 1 = 1 , t h e n cl e arl y n o o p er ati o n s ar e r e q uir e d. If i n st e a d D 2 p = D 2 p + 1 = − 1 , t h e n c o nj u g ati o n b y Z p

a p pli e s t h e d e sir e d si g n s o n γ 2 p a n d γ 2 p + 1 w hil e l e a vi n g all ot h er M aj or a n a o p er at or s i n v ari a nt.
T h e r e m ai ni n g c a s e s, D 2 p = − D 2 p + 1 , c a n b e h a n dl e d a s f oll o w s. Fir st, s u p p o s e D 2 p = 1 . We wi s h t o fi n d t h e g at e s

w hi c h p erf or m t h e tr a n sf or m ati o n

γ 2 p → γ 2 p , ( 1 1 9)

γ 2 p + 1 → − γ 2 p + 1 , ( 1 2 0)

w hil e l e a vi n g all ot h er M aj or a n a o p er at or s i n v ari a nt. We c a n al m o st a c c o m pli s h t hi s wit h X p , si n c e it will m a p X p

t o it s elf a n d Y p t o − Y p . It al s o c o m m ut e s wit h all M aj or a n a o p er at or s γ 2 q , γ2 q + 1 f or q < p . H o w e v er, f or q > p t hi s
will a c cr u e u n w a nt e d si g n s:

X p γ 2 q X p = X p (Z 0 · · · Z p · · · Z q − 1 X q )X p

= − Z 0 · · · Z p · · · Z q − 1 X q

= − γ 2 q , ( 1 2 1)

X p γ 2 q + 1 X p = X p (Z 0 · · · Z p · · · Z q − 1 Y q )X p

= − Z 0 · · · Z p · · · Z q − 1 Y q

= − γ 2 q + 1 . ( 1 2 2)

T o c orr e ct t h e s e si g n s, w e i ntr o d u c e a P a uli- Z stri n g r u n ni n g i n t h e o p p o sit e dir e cti o n of t h e J or d a n – Wi g n er c o n v e n-
ti o n. T h at i s, d e fi n e

P ( X )
p := X p Z p + 1 · · · Z n − 1 . ( 1 2 3)

T hi s u nit ar y h a s t h e c orr e ct a cti o n o n γ 2 p , γ2 p + 1 a n d c o nti n u e s t o c o m m ut e wit h t h e M aj or a n a o p er at or s γ 2 q , γ2 q + 1

wit h q < p . F or q > p , h o w e v er, w e n o w h a v e

P ( X )
p γ 2 q P ( X )

p = ( X p Z p + 1 · · · Z n − 1 )(Z 0 · · · Z p · · · Z q − 1 X q )(X p Z p + 1 · · · Z n − 1 )

= Z 0 · · · (− Z p ) · · · Z q − 1 (− X q )

= γ 2 q , ( 1 2 4)

P ( X )
p γ 2 q + 1 P ( X )

p = ( X p Z p + 1 · · · Z n − 1 )(Z 0 · · · Z p · · · Z q − 1 Y q )(X p Z p + 1 · · · Z n − 1 )

= Z 0 · · · (− Z p ) · · · Z q − 1 (− Y q )

= γ 2 q + 1 . ( 1 2 5)

T h u s P
( X )
p i m pl e m e nt s t h e d e sir e d tr a n sf or m ati o n b y D ( p ) = di a g ( 1 , − 1) . F or D ( p ) = di a g ( − 1 , 1) , w e si m pl y r e pl a c e

P
( X )
p b y a n a n al o g o u sl y d e fi n e d P

( Y )
p . T hi s c a u s e s t h e si g n of γ 2 p , r at h er t h a n γ 2 p + 1 , t o fli p, w hil e r et ai ni n g all ot h er

p r o p erti e s.
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Alt o g et h er, w e d et er mi n e t h e s e tr a n sf or m ati o n s f or all 2 × 2 di a g o n al bl o c k s of D , r e s ulti n g i n n P a uli stri n g s of
t h e f or m

W p =






I if D ( p ) = di a g ( 1 , 1) ,

Z p if D ( p ) = di a g ( − 1 , − 1) ,

P
( X )
p if D ( p ) = di a g ( 1 , − 1) ,

P
( Y )
p if D ( p ) = di a g ( − 1 , 1) .

( 1 2 6)

T h e o v er all tr a n sf or m ati o n i s t h e n si m pl y t h e pr o d u ct of t h e s e P a uli stri n g s, w hi c h c a n b e c o n c at e n at e d i nt o a si n gl e
l a y er of P a uli g at e s:

U D =
p ∈ [n ]

W p . ( 1 2 7)

N ot e t h at t h e or d er of t hi s pr o d u ct d o e s n ot m att er, si n c e P a uli g at e s c o m m ut e u p t o a n u n o b s er v a bl e gl o b al p h a s e.

Di s c u s si o n o n s u b o p ti m ali t y. N o w w e o b s er v e t h at, d e p e n di n g o n t h e p arit y of µ ∈ { 0 , . . . , 2 n − 2 } , U G j
i s

eit h er a si n gl e- or t w o- q u bit g at e. H o w e v er, t h e d e c o m p o siti o n of Q d e s cri b e d a b o v e i s i m pli citl y o pti mi z e d u n d er t h e
a s s u m pti o n t h at o nl y t w o- q u bit g at e s ar e pr e s e nt: e a c h Gi v e n s r ot ati o n a ct s o n t w o a x e s at a ti m e, a n d it i s a s s u m e d
t h at t hi s c orr e s p o n d s t o p h y si c all y a cti n g o n t w o wir e s at a ti m e. T hi s r e s ult s i n u n d er utili z e d s p a c e i n t h e q u a nt u m
cir c uit w h e n e v er a si n gl e- q u bit Z r ot ati o n o c c ur s, a s it l e a v e s a q u bit wir e n e e dl e s sl y i dl e. T hi s i s tr u e f or b ot h t h e
R e c k et al. [5 ] a n d Cl e m e nt s et al. [8 ] d e si g n s. Ulti m at el y, t hi s s u b o pti m alit y i s d u e t o t h e f a ct t h at Q i s a 2 n × 2 n
m atri x, s o t h er e i s a t w o-t o- o n e c orr e s p o n d e n c e b et w e e n a x e s a n d q u bit s: t h e r o w s / c ol u m n s l a b el e d b y ( 2p, 2 p + 1)
c orr e s p o n d t o t w o M aj or a n a o p er at or s, b ot h of w hi c h ar e i n t ur n a s s o ci at e d wit h a si n gl e q u bit p . N ot e t h at t hi s
di s cr e p a n c y i s n ot pr e s e nt i n cir c uit d e si g n s f or t h e cl a s s of n u m b er- c o n s er vi n g r ot ati o n s [ 4 , 6 , 7 ], w hi c h ar e i n st e a d
m or e c o m p a ctl y r e pr e s e nt e d b y a n n × n u nit ar y m atri x alr e a d y.

Ci r c ui t d e si g n wi t h i m p r o v e d p a r all eli z a ti o n. N o w w e i ntr o d u c e a cir c uit d e si g n w hi c h e x pli citl y a c c o u nt s
f or t hi s t w o-t o- o n e c orr e s p o n d e n c e. T h e b a si c i d e a i s t o g e n er ali z e t h e n oti o n of Gi v e n s r ot ati o n s, w hi c h a ct o n a
t w o- di m e n si o n al s u b s p a c e t o z er o o ut a si n gl e m atri x el e m e nt, t o a f o ur- di m e n si o n al ort h o g o n al tr a n sf or m ati o n w hi c h
z er o e s o ut bl o c k s of 2 × 2 at a ti m e. E a c h 4 × 4 ort h o g o n al tr a n sf or m ati o n a ct s o n t h e a x e s ( 2p, 2 p + 1 , 2 p + 2 , 2 p + 3) ,
w hi c h c orr e s p o n d s t o q u bit s p a n d p + 1 . B y p erf or mi n g t hi s pr o c e s s a c c or di n g t o t h e s c h e m e of Cl e m e nt s et al. [8 ]
( b ut n o w tr e ati n g e a c h 2 × 2 bl o c k of Q a s a “ si n gl e ” el e m e nt), w e o bt ai n a d e c o m p o siti o n w h er ei n t h e o pti m al
p ar all eli z ati o n of t h e s c h e m e i s f ull y pr e s er v e d i n t er m s of i nt er a cti o n s b et w e e n n e ar e st- n ei g h b or q u bit s. Fi n all y, e a c h
4 × 4 ort h o g o n al tr a n sf or m ati o n i s ulti m at el y d e c o m p o s e d i nt o si x r ot ati o n s of t h e f or m of E q. ( 1 1 5 ) a n d a l a y er
of P a uli g at e s, a c hi e v e d b y t h e st a n d ar d d e c o m p o siti o n t h at w e d e s cri b e d i n “ A pr e vi o u s cir c uit d e si g n ” (i. e., b y
b o ot str a p pi n g o ff t h e pri or s c h e m e wit hi n bl o c k s of 2 n = 4 ). N ot e t h at i n pri n ci pl e o n e m a y i n st e a d i m pl e m e nt t h e
4 × 4 ort h o g o n al tr a n sf or m ati o n s u si n g a n y g at e s et of o n e’ s c h oi c e, r at h er t h a n X X a n d Z r ot ati o n s.

We n o w d e s cri b e t h e al g orit h m i n d et ail. Fir st w e c o m p ut e a d e c o m p o siti o n a n al o g o u s t o t h e Cl e m e nt s et al. [8 ]
d e si g n,

Q = B R + 1 · · · B R + L D G B R · · · B 1 , ( 1 2 8)

b ut i n st e a d of Gi v e n s r ot ati o n s, e a c h B k a ct s n o ntri vi all y o n a 4 × 4 bl o c k. ( N ot e t h at t h er e i s a si n gl e 2 × 2 Gi v e n s
r ot ati o n G a s w ell, w hi c h s er v e s t o z er o o ut a fi n al m atri x el e m e nt t h at w e will el a b or at e o n l at er.) We a c c o m pli s h
t hi s b y tr e ati n g Q a s a n n × n m atri x of 2 × 2 bl o c k s,

Q p ,q =
Q 2 p, 2 q Q 2 p, 2 q + 1

Q 2 p + 1 ,2 q Q 2 p + 1 ,2 q + 1
, ( 1 2 9)

f or e a c h p, q ∈ [n ]. J u st a s Gi v e n s r ot ati o n s ar e c h o s e n t o z er o a s p e ci fi c m atri x el e m e nt, e a c h B k a ct s t o z er o o ut a
p arti c ul ar 2 × 2 bl o c k Q p ,q .

S u p p o s e w e w a nt t o fi n d a B R + i w hi c h a ct s fr o m t h e l eft ( i = 1 , . . . , L) t o z er o o ut t h e bl o c k Q p ,q . T h e n w e p erf or m
a Q R d e c o m p o siti o n o n t h e 4 × 2 s u b m atri x w hi c h i n cl u d e s t h e t ar g et bl o c k a n d t h e bl o c k dir e ctl y a b o v e it:

Q p − 1 ,q

Q p ,q
= B ′

R + i






∗ ∗
0 ∗
0 0
0 0




 , ( 1 3 0)
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h e n c e z er oi n g o ut t h e l o w er bl o c k a s d e sir e d. H er e, B ′
R + i ∈ O( 4) i s c o m p ut e d fr o m t h e Q R d e c o m p o siti o n, a n d s o t h e

o rt h o g o n al m atri x B R + i ∈ O( 2 n ) a p p e ari n g i n E q. ( 1 2 8 ) i s d e fi n e d a s B ′
R + i al o n g t h e a x e s ( 2p − 2 , 2 p − 1 , 2 p, 2 p + 1)

a n d t h e i d e ntit y el s e w h er e.

Si mil arl y, if w e w a nt a B j w hi c h a ct s fr o m t h e ri g ht ( j = 1 , . . . , R), t h e n w e c o n si d er i n st e a d a 2 × 4 s u b m atri x
wit h t h e t ar g et bl o c k o n t h e l eft:

Q p ,q Q p ,q + 1 . ( 1 3 1)

T hi s c a n b e z er o e d o ut b y p erf or mi n g a n L Q d e c o m p o siti o n ( w hi c h i s e s s e nti all y j u st t h e tr a n s p o s e of t h e Q R
d e c o m p o siti o n). F or n ot ati o n i n t hi s s e cti o n, l et til d e s d e n ot e t h e fli p pi n g of r o w s i n a m atri x, f or e x a m pl e

M =






M 1 1 M 1 2

M 2 1 M 2 2

M 3 1 M 3 2

M 4 1 M 4 2




 → ˜M =






M 4 1 M 4 2

M 3 1 M 3 2

M 2 1 M 2 2

M 1 1 M 1 2




 . ( 1 3 2)

T h e n p erf or mi n g a n L Q d e c o m p o siti o n o n t h e r o w- fli p p e d v er si o n of E q. ( 1 3 1 ), w e h a v e

Q̃ p ,q Q̃ p ,q + 1 =
∗ 0 0 0
∗ ∗ 0 0

B ′
j

=
0 0 0 ∗
0 0 ∗ ∗

B̃ ′
j .

( 1 3 3)

Fli p pi n g t h e r o w s b a c k t o n or m al o n t h e l eft h a n d si d e, w e g et

Q p ,q Q p ,q + 1 =
0 0 ∗ ∗
0 0 0 ∗

B̃ ′
j ( 1 3 4)

a s d e sir e d. T h e n w e d e fi n e B j ∈ O( 2 n ) a cti n g a s B̃ ′
j o n t h e a x e s ( 2q, 2 q + 1 , 2 q + 2 , 2 q + 3) a n d tri vi all y el s e w h er e.

N o w w e a d dr e s s t h e n e e d f or t h e s ol e Gi v e n s r ot ati o n G a p p e ari n g i n E q. ( 1 2 8 ). A s t h e z er oi n g- o ut pr o c e d ur e
d e s cri b e d a b o v e pr o gr e s s e s, t h e n o n z er o bl o c k s g et “ p u s h e d ” t o w ar d s t h e di a g o n al u ntil t h e fi n al m atri x i s ( 2 × 2 )-
bl o c k di a g o n al. T h e s e n o n z er o bl o c k s m u st b e tri a n g ul ar b e c a u s e t h e y ar e pr o d u c e d b y Q R / L Q d e c o m p o siti o n s; b ut
si n c e Q i s ort h o g o n al, t hi s i m pli e s t h at t h e fi n al tri a n g ul ar bl o c k s al o n g t h e di a g o n al m u st b e di a g o n al t h e m s el v e s. T h e
e x c e pti o n t o t hi s i s eit h er t h e l eft m o st or ri g ht m o st bl o c k, d e p e n di n g o n w h et h er n i s e v e n or o d d. T hi s i s b e c a u s e t h e
d e c o m p o siti o n pr o c e d ur e i n e vit a bl y l e a v e s o n e of t h o s e bl o c k s u nt o u c h e d, s o it w a s n e v er m a d e tri a n g ul ar / di a g o n al.

T hi s c a n b e vi s u ali z e d a s f oll o w s: if n i s o d d, t h e n w e h a v e

Q →










∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗










→










∗ ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗










→










∗ ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗
0 0 0 0 ∗ ∗
0 0 0 0 ∗ ∗










=










± 1 0 0 0 0 0
0 ± 1 0 0 0 0
0 0 ± 1 0 0 0
0 0 0 ± 1 0 0
0 0 0 0 ∗ ∗
0 0 0 0 ∗ ∗










. ( 1 3 5)

We u s e b ol df a c e t o cl arif y w hi c h m atri x el e m e nt s ar e n e wl y z er o e d at e a c h st e p. T h e c o n diti o n t h at Q i s a n ort h o g o n al
m atri x i m pli e s t h e fi n al e q u alit y. It al s o e nf or c e s t h e r e m ai ni n g 2 × 2 bl o c k t o b e ort h o g o n al, s o t h at w e c a n di a g o n ali z e
it b y c o m p uti n g t h e a p pr o pri at e Gi v e n s r ot ati o n a cti n g o n a x e s ( 2n − 2 , 2 n − 1) . T hi s el u ci d at e s t h e a p p e ar a n c e of G
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i n E q. (1 2 8 ). O n t h e ot h er h a n d, if n i s e v e n, t h e n t h e t o p-l eft bl o c k r e m ai n s i n st e a d:

Q →














∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗














→














∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗














→














∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗














→














∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗
0 0 0 0 0 0 0 ∗














→














∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 0 ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗
0 0 0 0 0 0 0 ∗














→














∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 0 ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗
0 0 0 0 0 0 0 ∗














=














∗ ∗ 0 0 0 0 0 0
∗ ∗ 0 0 0 0 0 0
0 0 ± 1 0 0 0 0 0
0 0 0 ± 1 0 0 0 0
0 0 0 0 ± 1 0 0 0
0 0 0 0 0 ± 1 0 0
0 0 0 0 0 0 ± 1 0
0 0 0 0 0 0 0 ± 1














. ( 1 3 6)

I n t hi s c a s e, G n e e d s t o a ct o n a x e s ( 0, 1) .

T h u s w e h a v e o bt ai n e d t h e d e c o m p o siti o n of E q. ( 1 2 8 ) a s d e sir e d. T h e i m pl e m e nt ati o n of e a c h c o m p o n e nt t h e n
f oll o w s fr o m b o ot str a p pi n g t h e pri or t e c h ni q u e s: t h e di a g o n al m atri x D b e c o m e s a l a y er of P a uli g at e s, d e s cri b e d b y
E q. ( 1 2 7 ); a n d t h e f o ur- di m e n si o n al ort h o g o n al tr a n sf or m ati o n s B j ar e f urt h er d e c o m p o s e d i nt o Gi v e n s r ot ati o n s,
d e s cri b e d i n “ A pr e vi o u s cir c uit d e si g n ” ( w h er ei n n = 2 ).

S U P P L E M E N T A R Y N O T E 5

Cl a s si c al s h a d o w s p o s t p r o c e s si n g d e t ail s. I n t hi s s e cti o n w e pr o vi d e d et ail s f or t h e cl a s si c al p o st pr o c e si s n g
of l o c al o b s er v a bl e e sti m at or s fr o m cl a s si c al s h a d o w s. We i n cl u d e t hi s f or a s elf- c o nt ai n e d a n d e x pli cit pr e s e nt ati o n,
a n d al s o t o a d dr e s s t h e m o di fi e d s h a d o w s pr ot o c ol s ( s u b s y st e m s y m m etri z ati o n a n d s pi n a d a pt ati o n) i ntr o d u c e d
i n t hi s p a p er. T h e s e al g orit h m s ar e i m pl e m e nt e d at o ur o p e n- s o ur c e r e p o sit or y (h t t p s : / / g i t h u b . c o m / z h a o - a n d r e w /

s y m m e t r y - a d j u s t e d - c l a s s i c a l - s h a d o w s ).

M a t c h g a t e s h a d o w s. F or a n y ort h o g o n al m atri x Q ∈ O( 2 n ), R ef. [2 ] d eri v e d f or m ul a s i n v ol vi n g t h e m ulti pli c ati o n
of 2 n × 2 n m atri c e s a n d t h e c o m p ut ati o n of Pf a ffi a n s of 2 k × 2 k s u b m atri c e s f or e sti m ati n g k - b o d y M aj or a n a o b s er v a bl e s.
H o w e v er w h e n r e stri cti n g Q ∈ B( 2 n ), t h er e e xi st s a si g ni fi c a ntl y c h e a p er m et h o d t h at d o e s n ot i n v ol v e s u c h n u m eri c al
li n e ar al g e br a r o uti n e s. T hi s al g orit h m w a s i m pli citl y d e s cri b e d i n R ef. [1 1 ], b ut n ot e x pli citl y o utli n e d. We d o s o
h er e; f or k = O ( 1), it r u n s i n ti m e O (n k T ) t o r et ur n e sti m at e s f or all 2 j - d e gr e e M aj or a n a o p er at or s, 1 ≤ j ≤ k ,
f r o m T s a m pl e s. N ot e t h at t h e n u m b er of o p er at or s i s O (n 2 k ), s o o ur a p pr o a c h h a s si g ni fi c a nt s a vi n g s o v er a n ai v e
it er ati o n. F urt h er m or e, it l ar g el y i n v ol v e s i nt e g er st or a g e a n d m a ni p ul ati o n s r at h er t h a n fl o ati n g- p oi nt o p er ati o n s.

A n y k - b o d y f er mi o ni c o b s er v a bl e c a n b e d e c o m p o s e d i nt o a li n e ar c o m bi n ati o n of p ol y n o mi all y m a n y (≤ k )- b o d y
M aj or a n a o p er at or s. T h u s it s u ffi c e s t o c o n si d er Γ µ , f or all µ ∈ j ≤ k C 2 n, 2 j . E a c h m at c h g at e- s h a d o w s a m pl e ρ̂ Q, b i s

cl a s si c all y st or e d a s (Q, b ), w h er e b ∈ { 0 , 1 } n a n d Q i s r e pr e s e nt e d a s a n arr a y π of t h e p er m ut e d el e m e nt s of [ 2n ] al o n g
wit h si g n s s ∈ { − 1 , + 1 } 2 n . S p e ci fi c all y, t h e m atri x el e m e nt s of Q ∈ B( 2 n ) ar e r el at e d t o (s, π ) b y Q µ ν = s µ δ π ( µ ) , ν .

T h e e sti m at or f or tr( Γ µ ρ ) c a n b e writt e n a s tr( Γ µ ρ̂ Q, b ) = f − 1
2 j ⟨b |U Q Γ µ U †

Q |b ⟩, w h er e U Q Γ µ U †
Q c a n b e e x p a n d e d i n

t er m s of s u b d et er mi n a nt s of Q a c c or di n g t o R ef. [ 1 2 , A p p e n di x A]. H o w e v er, a si m pli fi e d d eri v ati o n i s p o s si bl e h er e
b y u si n g t h e f a ct t h at Q i m pl e m e nt s a si g n e d p er m ut ati o n:

U Q γ µ U †
Q =

ν ∈ [ 2n ]

Q ν µ γ ν

=
ν ∈ [ 2n ]

s ν δ π ( ν ) , µγ ν

= s π − 1 ( µ ) γ π − 1 ( µ ) .

( 1 3 7)

https://github.com/zhao-andrew/symmetry-adjusted-classical-shadows
https://github.com/zhao-andrew/symmetry-adjusted-classical-shadows


2 0

H e n c e f or o p er at or s of d e gr e e 2 j ,

U Q Γ µ U †
Q = ( − i)j U Q γ µ 1

· · · γ µ 2 j
U †

Q

= ( − i)j s π − 1 ( µ 1 ) · · · s π − 1 ( µ 2 j ) γ π − 1 ( µ 1 ) · · · γ π − 1 ( µ 2 j ) .
( 1 3 8)

We w o ul d li k e t o r et ai n t h e or d eri n g of i n di c e s w h e n w or ki n g wit h t h e m ulti d e gr e e M aj or a n a o p er at or s; t h er ef or e
w e i ntr o d u c e a f urt h er a p er m ut ati o n a s π̃ − 1 (µ i ), w hi c h i s d e fi n e d t o s ati sf y π̃ − 1 (µ 1 ) < · · · < π̃ − 1 (µ 2 j ). T hi s i n c ur s
a n ot h er si g n f a ct or (− 1) p w h er e p ∈ { 0 , 1 } i s t h e p arit y of t h e p er m ut ati o n w hi c h s e n d s π − 1 (µ ) → π̃ − 1 (µ ). C oll e cti n g
all si g n s a s si g n Q (µ ) = ( − 1) p s π − 1 ( µ 1 ) · · · s π − 1 ( µ 2 j ) , w e arri v e at

tr( Γ µ ρ̂ Q, b ) = f − 1
2 j si g n Q (µ )⟨b |Γ π̃ − 1 ( µ ) |b ⟩. ( 1 3 9)

T h e m atri x el e m e nt ⟨b |Γ π̃ − 1 ( µ ) |b ⟩ i s n o n z er o if a n d o nl y if π̃ − 1 (µ ) ∈ D 2 n, 2 j , fr o m w hi c h it s v al u e of ± 1 i s str ai g htf or w ar d

t o d et er mi n e ( e. g., b y m a p pi n g t o P a uli- Z o p er at or s). I n t ot al, e v al u ati n g E q. ( 1 3 9 ) t a k e s ti m e O (n 2 + j 2 + j ),
c orr e s p o n di n g r e s p e cti v el y t o t h e i n v er si o n of π ∈ S y m ( 2 n ), t h e c al c ul ati o n of π̃ − 1 (µ ) a n d it s p arit y o n 2 j i n di c e s,
a n d e v al u ati n g t h e pr o d u ct of 2 j + 1 si g n s a n d ⟨b |Γ π̃ − 1 ( µ ) |b ⟩, t h e l att er r e q uiri n g o nl y c h e c ki n g 2 j i n di c e s a n d j bit s

of b . A s s u mi n g j ≤ k = O ( 1), t hi s i m pli e s a c o m p ut ati o n al c o m pl e xit y of O (n 2 ) p er o p er at or p er s a m pl e.
T o c o m p ut e t hi s e sti m at or f or all µ ∈ C 2 n, 2 j , a n ai v e a p pr o a c h it er at e s t hr o u g h e a c h µ , of w hi c h t h er e ar e 2 n

2 j =

O (n 2 j ) m a n y. R e p e ati n g t hi s f or e a c h of t h e T s a m pl e s w o ul d t h er ef or e c o st O (T (n 2 j + n 2 )) = O (T n 2 j ) ti m e. N oti n g
t h at T = ˜O (n j ϵ − 2 ) s u ffi c e s f or ϵ - a c c ur at e e sti m ati o n,2 t h e t ot al c o m pl e xit y of ˜O (n 3 j ϵ − 2 ) ≤ ˜O (n 3 k ϵ − 2 ) w o ul d b e
u n a c c e pt a bl y l ar g e.

We c a n s p e e d u p t h e c o m p ut ati o n o v er all o p er at or s p er s a m pl e t o O (n j ) b y u si n g t h e f a ct t h at m a n y ⟨b |Γ π̃ − 1 ( µ ) |b ⟩

v a ni s h. T h at i s, r at h er t h a n c o m p ut e π̃ − 1 (µ ) f or all µ ∈ C 2 n, 2 j a n d c h e c ki n g w h et h er e a c h i s a n el e m e nt of D 2 n, 2 j , w e
w or k b a c k w ar d s b y l o o pi n g o v er all t ar g et el e m e nt s τ ∈ D 2 n, 2 j a n d c o m p uti n g π (τ ) t o fi n d it s pr ei m a g e. A s b ef or e,
l et π̃ ( τ ) ∈ C 2 n, 2 j b e t h e r e or d eri n g of π (τ ) wit h a s s o ci at e d si g n (− 1) p . T h e n f or e a c h τ ∈ D 2 n, 2 j , w e c o m p ut e t h e
e sti m at or f or Γ π̃ ( τ ) ,

tr( Γ π̃ ( τ ) ρ̂ Q, b ) = f − 1
2 j si g n Q (π (τ ))⟨b |Γ τ |b ⟩, ( 1 4 0)

w h er e t h e c u m ul ati v e si g n i s si g n Q (π (τ )) = ( − 1) p s τ 1
· · · s τ 2 j

. All ot h er M aj or a n a o p er at or s n ot i n t h e pr ei m a g e ar e

i m pli citl y a s si g n e d a n e sti m at e of 0 . H e n c e w e o nl y it er at e o v er t h e n
j = O (n j ) el e m e nt s of D 2 n, 2 j , wit h e a c h

e v al u ati o n of E q. ( 1 4 0 ) t a ki n g O (j 2 ) = O ( 1) ti m e. N ot e t h at t hi s a p pr o a c h al s o a v oi d s t h e n e e d t o fi n d t h e i n v er s e
p er m ut ati o n π − 1 .

P erf or mi n g t hi s pr o c e d ur e o v er all T s a m pl e s r e s ult s i n a ti m e c o m pl e xit y of O (n j T ) ≤ O (n k T ), r u n ni n g o v er all
j ∈ { 1 , . . . , k} . We c a n al s o i n cl u d e a n a d diti v e O (n 2 k ) c o st t o pr e all o c at e st or a g e f or j ≤ k C 2 n, 2 j . W hil e n ot stri ctl y

n e c e s s ar y, t hi s i s c o n v e ni e nt i n pr a cti c e, a n d b e si d e s w h e n T = ˜O (n k ϵ − 2 ) t h e t ot al c o m pl e xit y i s ˜O (n 2 k ϵ − 2 ) w h et h er
o r n ot w e pr e all o c at e m e m or y.

F or t h e s pi n- a d a pt e d s h a d o w s, b e c a u s e t h e pr ot o c ol f a ct ori z e s a cr o s s t h e s pi n s e ct or s, w e p erf or m t hi s al g orit h m o n
e a c h s e ct or i n d e p e n d e ntl y. T h e e sti m at or f or o p er at or s of t h e f or m Γ µ ⊗ Γ ν i s t h e n t h e pr o d u ct of t h e i n d e p e n d e nt
e sti m at e s. N ot e t h at if eit h er |µ | or |ν | ar e o d d, t h e n t h e e sti m at or al w a y s v a ni s h e s; t hi s r e fl e ct s t h e f a ct t h at t h e
s pi n- a d a pt e d e n s e m bl e i s n ot i nf or m ati o n all y c o m pl et e o v er s u c h o p er at or s.

P a uli s h a d o w s. B e c a u s e si n gl e- q u bit m e a s ur e m e nt s f a ct ori z e, w e c o n si d er e a c h q u bit i ∈ [n ] i n d e p e n d e ntl y. Gi v e n
t h e r a n d o m Cli ff or d C i ∈ Cl ( 1) a n d m e a s ur e m e nt o ut c o m e b i ∈ { 0 , 1 } , t h e e sti m at or f or σ ( i ) ∈ { I, X, Y, Z} i s [1 ]

tr(σ ( i ) ρ̂ C i , bi ) = 3 ⟨b i |C i σ
( i ) C †

i |b i ⟩ − tr( σ ( i ) ). ( 1 4 1)

E a c h P a uli- s h a d o w s a m pl e i s st or e d a s (W i , bi ), w h er e W i = C †
i Z C i ∈ ± { X, Y, Z } . E v al u ati n g E q. (1 4 1 ) r e d u c e s t o

c h e c ki n g t h e c o n diti o n s

tr(σ ( i ) ρ̂ C i , bi ) =






± 3 ⟨b i |Z |b i ⟩ if σ ( i ) = ± W i ,

1 if σ ( i ) = I,

0 el s e .

( 1 4 2)

2 T h e n o t a ti o n ˜O ( ·) s u p p r e s s e s p ol yl o g a ri t h mi c f a c t o r s i n t h e c o m pl e xi t y.
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T h e pr o d u ct o v er i ∈ [n ] t h e n e sti m at e s P = i ∈ [n ] σ ( i ) f or t h e f ull n - q u bit s y st e m. T hi s s u ffi c e s t o e sti m at e

a n y k -l o c al o b s er v a bl e, w hi c h c a n b e d e c o m p o s e d i nt o a li n e ar c o m bi n ati o n of p ol y n o mi all y m a n y (≤ k )-l o c al P a uli
o p er at or s.

T h e t ot al ti m e c o m pl e xit y of e sti m ati n g all k -l o c al P a uli o p er at or s wit h T s n a p s h ot s i s O (n k T ). T h e al g orit h m i s
a s f oll o w s. F or e a c h W = ( W 0 , . . . , Wn − 1 ), w e t a k e, f or e a c h j ≤ k , all n

j c o m bi n ati o n s W i 1
, . . . , Wi j

a n d c o m p ut e

E q. ( 1 4 2 ) f or e a c h σ ( i ) = ± W i . We a s si g n t h e r e s ult a s a n e sti m at e f or t h e j -l o c al o p er at or P = W i 1 ⊗· · · ⊗ W i j ⊗ I ⊗ ( n − j ) ,

a n d i m pli citl y a s si g n 0 t o all ot h er P a uli o p er at or s. N ot e t h at t h er e ar e a t ot al of j ≤ k 3 j n
j = O (n k ) l o c al P a uli

o p er at or s, s o pr e all o c ati n g st or a g e h er e i s a s y m pt oti c all y n e gli gi bl e.
F or t h e s u b s y st e m- s y m m etri z e d pr ot o c ol, t h e n - q u bit e sti m at or n o w t a k e s t h e f or m

tr(P ρ̂ ( π, C ) , b) = 3 |P |⟨b |S π C P C † S †
π |b ⟩. ( 1 4 3)

U si n g t h e f a ct t h at S †
π |b ⟩ = i ∈ [n ] |π (b i )⟩, w e c a n si m pl y a p pl y t h e st a n d ar d s c h e m e d e s cri b e d a b o v e, b ut wit h t h e

r e pl a c e m e nt b i → π (b i ). F or e a c h s a m pl e t hi s i s o nl y a n a d diti v e O (n ) c o st.

S U P P L E M E N T A R Y N O T E 6

A d di ti o n al d e t ail s o n n u m e ri c al e x p e ri m e n t s. H er e w e s u p pl y f urt h er i nf or m ati o n r e g ar di n g t h e n u m eri c al
si m ul ati o n s, t o b ot h pr o vi d e a d diti o n al i n si g ht i nt o o ur r e s ult s a n d f a cilit at e e a si er r e pli c ati o n of o ur r e s ult s b y t h e
m oti v at e d r e a d er.

R e a d o u t e r r o r s. I n t h e m ai n t e xt, w e d e m o n str at e d o ur miti g ati o n str at e g y u n d er si n gl e- q u bit r e a d o ut err or s.
T h e n oi s e c h a n n el s o c c ur i m m e di at el y b ef or e m e a s ur e m e nt a n d ar e i m pl e m e nt e d pr o b a bili sti c all y: i n d e p e n d e ntl y a n d
i d e nti c all y (i.i. d.) o n e a c h q u bit p er cir c uit r e p etiti o n. We c o n si d er d e p ol ari zi n g, a m plit u d e- d a m pi n g, a n d bit- fli p
e rr or s o c c urri n g wit h pr o b a bilit y p , w hi c h ar e r e s p e cti v el y

E d e p (ρ ) = ( 1 − p )ρ + p
I

2
, ( 1 4 4)

E A D (ρ ) = E 0 ρ E †
0 + E 1 ρ E †

1 , ( 1 4 5)

E 0 =
1 0
0

√
1 − p

, E1 =
0

√
p

0 0

E B F (ρ ) = ( 1 − p )ρ + p X ρ X. ( 1 4 6)

T h e s e m o d el s o b e y A s s u m pti o n s 1, alt h o u g h w e c o m m e nt t h at m or e c o m pli c at e d n oi s e c h a n n el s c a n al s o s ati sf y t h e
a s s u m pti o n s, s u c h a s n o n-i.i. d. err or s, c orr el at e d m ulti q u bit err or s, a n d e v e n c o h er e nt g at e err or s [ 1 3 ].

Q V M g a t e s e t a n d n oi s e m o d el. T h e n oi s e m o d el w e i m pl e m e nt o n t h e Cir q Q u a nt u m Virt u al M a c hi n e i s
b a s e d o n t h e G o o gl e S y c a m or e pr o c e s s or “ R ai n b o w, ” a 2 D gri d of 2 3 s u p er c o n d u cti n g q u bit s. We u s e t h e c ali br ati o n
d at a o bt ai n e d fr o m N o v e m b er 1 6, 2 0 2 1, w hi c h c a n b e f o u n d i n t h e Cir q o p e n- s o ur c e r e p o sit or y [ 1 4 ]. T h e n ati v e g at e
s et t h at w e c o m pil e o ur cir c uit s t o i n cl u d e si n gl e- q u bit r ot ati o n s i n t h e f or m of p h a s e d X Z g at e s,

P h X Z( x, z, a )

=
e i π x

2 c o s π x
2 − ie iπ ( x

2 − a ) si n π x
2

− ie iπ ( x
2 + a + z ) si n π x

2 e iπ ( x
2 + z ) c o s π x

2

= Z z Z a X x Z − a .

( 1 4 7)

T hi s d e s cri b e s a r ot ati o n b y π x a b o ut a n a xi s d et er mi n e d b y t h e p ar a m et er a wit hi n t h e x y pl a n e, f oll o w e d b y a
p h a si n g of π z . T h e n ati v e t w o- q u bit g at e s t h at w e u s e ar e

√
i S W A P =







1 0 0 0
0 1√

2
i√
2

0

0 i√
2

1√
2

0

0 0 0 1







= e i π
4 ( X ⊗ X + Y ⊗ Y ) / 2 ,

( 1 4 8)

c o n str ai n e d t o t h e n e ar e st- n ei g h b or c o n n e cti vit y of t h e c hi p.
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S u p pl e m e n t a r y Fi g u r e 1 . C hi p l a y o u t, c o n n e c ti vi t y, a n d e r r o r r a t e s of t h e G o o gl e S y c a m o r e R ai n b o w p r o c e s s o r, a s si m ul a t e d
b y t h e Q V M. O u r ei g ht- q u bi t n u m e ri c al e x p e ri m e nt s u s e t h e 2 × 4 g ri d s p a n ni n g f r o m q u bi t ( 5 , 1 ) t o q u bi t ( 6 , 4 ) . ( a, b ) R e a d o u t
e r r o r p r o b a bili ti e s, m e a s u r e d i n p a r all el. ( c ) C h a r a c t e ri s ti c T 1 q u bi t d e c a y ti m e s, m e a s u r e d i n i s ol a ti o n. ( d ) I n c o h e r e nt
c o m p o n e nt of si n gl e- q u bi t g a t e e r r o r s, m e a s u r e d i n i s ol a ti o n f r o m R B a n d p u ri t y b e n c h m a r ki n g d a t a. U s e d i n c o nj u n c ti o n
wi t h T 1 t o i nf e r t h e T 2 d e p h a si n g ti m e. ( e ) T o t al P a uli e r r o r of si n gl e- q u bi t g a t e s, m e a s u r e d i n i s ol a ti o n vi a R B. (f ) T o t al

P a uli e r r o r of t w o- q u bi t
√

i S W A P g a t e s, m e a s u r e d i n p a r all el vi a X E B. ( g, h ) C o h e r e nt e r r o r s i n t w o- q u bi t g a t e s
√

i S W A P =
f Si m (θ = − π

4
, ϕ = 0 ) , m e a s u r e d i n p a r all el f r o m X E B d a t a. We di s pl a y t h e m a g ni t u d e s |δ θ |, |δ ϕ | f o r vi s u ali z a ti o n p u r p o s e s; f ull

c ali b r a ti o n d a t a (i n cl u di n g si g n s ) i s a v ail a bl e a t t h e Ci r q o p e n- s o u r c e r e p o si t o r y [ 1 4 ].

T h e Q V M n oi s e m o d el t h at w e si m ul at e i s n ot f ull y c o m pr e h e n si v e of all t y p e s of err or s o c c urri n g i n a n a ct u al
d e vi c e, h o w e v er it c a pt ur e s t h e m o st d o mi n a nt err or s o ur c e s i n t h e s u p er c o n d u cti n g pl atf or m [ 1 5 ]. It c o n si st s of f o ur
c at e g ori e s:

1. R e a d o ut err or s ar e m o d el e d a s a s y m m etri c bit- fli p c h a n n el s o n e a c h q u bit. T h e a s y m m etr y r e fl e ct s t h e f a ct t h at
t h e pr o b a bilit y of a |1 ⟩ o ut c o m e b ei n g err o n e o u sl y m e a s ur e d a s |0 ⟩ i s g e n er all y hi g h er t h a n mi sr e a di n g a |0 ⟩
o ut c o m e. Alt h o u g h t h e err or s ar e m o d el e d a s si n gl e- q u bit c h a n n el s, t h e c ali br ati o n d at a i s t a k e n fr o m p ar all el
e x p eri m e nt s, t o p ot e nti all y a c c o u nt f or e ff e ct s s u c h a s r e a d o ut cr o s st al k a n d ot h er u ni nt e n d e d i nt er a cti o n s
b et w e e n q u bit s.

2. D e c a y ( T 1 ) a n d d e p h a si n g ( T 2 ) err or s o c c ur w h e n e v er a q u bit i dl e s d uri n g a m o m e nt (l a y er) of a cir c uit. B ot h
T 1 a n d T 2 r el a x ati o n s ar e i n c or p or at e d i nt o a si n gl e c h a n n el,

E i dl e(ρ ) =
1 − ρ 1 1 e − t / T 1 ρ 0 1 e − t / T 2

ρ 1 0 e − t / T 2 ρ 1 1 e − t / T 1
. ( 1 4 9)

T h e d e c a y ti m e T 1 i s c h ar a ct eri z e d b y a si m pl e e x p eri m e nt t h at pr e p ar e s |1 ⟩ a n d m e a s ur e s t h e s ur vi v al pr o b a bilit y
a s a f u n cti o n of t. T hi s e x p eri m e nt i s p erf or m e d i n i s ol ati o n, i. e., o n e q u bit at a ti m e w hil e all ot h er q u bit s o n
t h e c hi p i dl e.

T h e T 2 ti m e i s d et er mi n e d fr o m t h e e q u ati o n

1

T 2
=

1

2 T 1
+

1

T ϕ
, ( 1 5 0)

w h er e 1 / T ϕ i s t h e p ur e d e p h a si n g r at e t h at c a n i n pri n ci pl e b e m e a s ur e d b y R a m s e y i nt erf er o m etr y. F or
si m pli cit y, h o w e v er, t hi s n oi s e m o d el i n st e a d a p pr o xi m at e s T ϕ fr o m t h e t ot al si n gl e- q u bit i n c o h er e nt err or ϵ i n c,
w hi c h i s d et er mi n e d b y p urit y b e n c h m ar ki n g [ 1 6 , 1 7 ] p erf or m e d i n i s ol ati o n. T o l e a di n g or d er, T ϕ i s a p pr o xi m at e d



2 3

u si n g t h e r el ati o n

ϵ i n c =
t

3 T 1
+

t

3 T ϕ
+ O (t2 ). ( 1 5 1)

T h e ti m e t w hi c h a p p e ar s i n t h e m o d el c h a n n el E i dl e i s t h e l o n g e st g at e d ur ati o n o c c urri n g wit hi n t h at m o-
m e nt: P h X Z g at e s h a v e a d ur ati o n of 2 5 n s, w hil e

√
i S W A P g at e s t a k e 3 2 n s.

3. Si n gl e- q u bit g at e err or s ar e m o d el e d a s d e p ol ari zi n g c h a n n el s o c c urri n g aft er e a c h g at e. T h e d e p ol ari zi n g r at e i s
s et t o m at c h t h e t ot al si n gl e- q u bit P a uli err or, w hi c h i s m e a s ur e d fr o m t h e d e vi c e vi a r a n d o mi z e d b e n c h m ar ki n g
( R B) [ 1 8 , 1 9 ] i n i s ol ati o n.

4. T w o- q u bit g at e err or s ar e m o d el e d wit h b ot h c o h er e nt a n d i n c o h er e nt c o m p o n e nt s. T h e c o h er e nt c o ntri b uti o n
u s e s t h e f a ct t h at

√
i S W A P i s a n i n st a n c e of t h e g e n er al f er mi o ni c si m ul ati o n (f Si m) g at e,

f Si m (θ, ϕ ) =






1 0 0 0
0 c o s θ − i si n θ 0
0 − i si n θ c o s θ 0
0 0 0 e − iϕ




 , ( 1 5 2)

w hi c h i s a n ati v e, t u n a bl e i nt er a cti o n o n t h e s u p er c o n d u cti n g pl atf or m. T h e
√

i S W A P g at e i s t h e i n st a n c e
(θ, ϕ ) = ( − π

4 , 0) . C o h er e nt err or s ar e t h u s m o d el e d a s a n o v err ot ati o n b y (δ θ, δ ϕ ), w hi c h ar e d et er mi n e d f or
e a c h p air of c o n n e ct e d q u bit s b y fitti n g t o cr o s s- e ntr o p y b e n c h m ar ki n g ( X E B) d at a u si n g r a n d o m c y cl e s of g at e s
a cr o s s t h e c hi p [ 2 0 – 2 2 ].

Aft er t h e c o h er e nt o v err ot ati o n, a n i n c o h er e nt err or f oll o w s, m o d el e d a s a t w o- q u bit d e p ol ari zi n g c h a n n el. T h e

d e p ol ari zi n g r at e r
( i, j )
d e p f or e a c h p air (i, j ) of c o n n e ct e d q u bit s i s i nf err e d a s f oll o w s: fr o m t h e t ot al X E B P a uli

err or r
( i, j )
X E B , w e s u btr a ct o ff t h e si n gl e- q u bit i n c o h er e nt err or r at e s r

( i )
i n c, r

( j )
i n c ( d et er mi n e d fr o m R B), a s w ell a s t h e

a v er a g e e nt a n gli n g err or r at e r
( i, j )
e n t , w hi c h ar e c al c ul at e d u si n g t h e c o h er e nt err or s δ θ, δ ϕ . T h e m o d el’ s t w o- q u bit

d e p ol ari zi n g r at e i s t h e n s et t o a c c o u nt f or t h e r e m ai ni n g a m o u nt of err or:

r
( i, j )
d e p = r

( i, j )
X E B − r

( i )
i n c − r

( j )
i n c − r

( i, j )
e n t . ( 1 5 3)

D u e t o t h e n at ur e of X E B, b ot h t w o- q u bit err or s o ur c e s ar e c h ar a ct eri z e d b y p ar all el e x p eri m e nt al d at a.

F urt h er d et ail s of t h e n oi s e m o d el, it s n u m eri c al i m pl e m e nt ati o n, a n d t h e c ali br ati o n- d at a a c q ui siti o n ar e d e s cri b e d
i n R ef. [1 5 ], a s w ell a s i n t h e Cir q r e p o sit or y [1 4 ]. F or c o m pl et e n e s s, i n S u p pl e m e nt ar y Fi g ur e 1 w e di s pl a y a s eri e s
of pl ot s w hi c h s h o w t h e c hi p c o n n e cti vit y a n d n u m eri c al v al u e s of t h e c ali br ati o n d at a u s e d f or t h e v ari o u s err or s
d e s cri b e d a b o v e.

C o m pili n g ci r c ui t s t o t h e n a ti v e g a t e s e t. Si n gl e- q u bit r ot ati o n s ar e c o m pil e d i nt o P h X Z g at e s a c c or di n g t o
a n E ul er- a n gl e d e c o m p o siti o n. T w o- q u bit u nit ari e s ar e c o m pil e d i nt o at m o st t hr e e

√
i S W A P g at e s (i nt erl e a v e d wit h

si n gl e- q u bit r ot ati o n s) b y a K A K d e c o m p o siti o n, alt h o u g h m o st t w o- q u bit u nit ari e s ( 7 9 % wit h r e s p e ct t o t h e H a ar

m e a s ur e) c a n b e i m pl e m e nt e d wit h j u st t w o
√

i S W A P g at e s [ 2 3 ]. Aft er c o m pili n g t h e e ntir e cir c uit i nt o t hi s g at e s et,
si n gl e- q u bit r ot ati o n s ar e c o n c at e n at e d i nt o a si n gl e P h X Z g at e w h e n e v er p o s si bl e. All o p er ati o n s b e si d e s r e a d o ut ar e
p u s h e d a s e arl y i nt o t h e cir c uit a s p o s si bl e.

O n e e x c e pti o n w e m a k e i s i n t h e r a n d o m p er m ut ati o n cir c uit s S π a p p e ari n g i n t h e gr o u p Cl ( 1) ⊗ n
S y m (f or s u b s y st e m-

s y m m etri z e d P a uli s h a d o w s). Fir st, w e d e c o m p o s e π i nt o a n p ar all eli z e d n et w or k of a dj a c e nt tr a n s p o siti o n s u si n g
a n o d d – e v e n s orti n g al g orit h m [ 2 4 ]. E a c h tr a n s p o siti o n i ↔ j c orr e s p o n d s t o a S W A P g at e b et w e e n q u bit s i a n d

j . H o w e v er, r at h er t h a n c o m pil e S W A P t o t h e g at e s et dir e ctl y ( w hi c h w o ul d r e q uir e t hr e e
√

i S W A P g at e s a n d f o ur
l a y er s of P h X Z ⊗ 2 g at e s), w e i n st e a d i m pl e m e nt t h e u nit ar y

i S W A P =
√

i S W A P ×
√

i S W A P, ( 1 5 4)

w hi c h u s e s o nl y t w o
√

i S W A P g at e s a n d n o si n gl e- q u bit g at e s. T h e i S W A P g at e di ff er s fr o m S W A P o nl y b y a p h a si n g
of i o n t h e b a si s st at e s |0 1 ⟩ a n d |1 0 ⟩. S u c h a r e pl a c e m e nt i s v ali d b e c a u s e S π o c c ur s o nl y at t h e e n d of t h e cir c uit,
i m m e di at el y b ef or e r e a d o ut. T h u s w hil e t hi s p h a si n g i s t e c h ni c all y u n w a nt e d, it h a s n o o b s er v a bl e e ff e ct o n t h e
m e a s ur e m e nt o ut c o m e s.

Fi n all y, w e n ot e t h at t h e Tr ott er cir c uit s f or o ur Fer mi – H u b b ar d si m ul ati o n s ar e o pti mi z e d f or t h e S y c a m or e
a r c hit e ct ur e a c c or di n g t o R ef. [ 2 5 ], w hi c h w e f oll o w cl o s el y. I n p arti c ul ar, o p e n- s o ur c e c o d e f or t h eir i m pl e m e nt ati o n
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S u p pl e m e n t a r y Fi g u r e 2 . B e h a vi o r of q u bi t a s si g n m e nt a v e r a gi n g ( Q A A ), d e m o n s t r a t e d wi t h t h e X X Z s pi n – s pi n c o r r el a ti o n s
( R = 4 Tr o t t e r s t e p s ) a n d T = 4 .8 × 1 0 5 s u b s y s t e m- s y m m e t ri z e d P a uli s h a d o w s. E x p e ri m e nt s wi t h Q A A a v e r a g e o v e r t h e
t w el v e c o n fi g u r a ti o n s d e s c ri b e d i n “ Q u bi t a s si g n m e nt a v e r a gi n g, ” w hil e e x p e ri m e nt s wi t h o u t Q A A fi x t h e q u bi t o r d e ri n g
0 → ( 5 , 1 ) , . . . , 7 → ( 6 , 1 ) .

c a n b e f o u n d i n R ef. [ 2 6 ].

Q u bi t a s si g n m e n t a v e r a gi n g. O ur ei g ht- q u bit n u m eri c al e x p eri m e nt s o n t h e Q V M utili z e t h e 2 × 4 gri d s p a n ni n g
f r o m q u bit s ( 5, 1) t o ( 6, 4) ( s e e S u p pl e m e nt ar y Fi g ur e 1 ). T o m a p t h e s e q u bit s t o t h e si m ul at e d d e gr e e s of fr e e d o m
(f er mi o n m o d e s or s pi n- 1 / 2 p arti cl e s), w e e m pl o y q u bit a s si g n m e nt a v er a gi n g ( Q A A), w hi c h w a s i ntr o d u c e d i n R ef. [ 2 5 ]
i n or d er t o h a n dl e t h e i s s u e of i n h o m o g e n e o u s err or r at e s a cr o s s a n oi s y q u a nt u m d e vi c e. Q A A w or k s b y i d e ntif yi n g N
di ff er e nt a s si g n m e nt s of t h e n q u bit s a n d all o c ati n g T / N of t h e e x p eri m e nt al r e p etiti o n s t o e a c h r e ali z ati o n. Pr o p erti e s
a r e e sti m at e d b y a v er a gi n g o v er all T s a m pl e s a s u s u al. I n pri n ci pl e, o n e c a n u s e a c o m bi n ati o n of s hifti n g, r ot ati n g,
a n d fli p pi n g t h e q u bit s t hr o u g h o ut t h e c hi p; f or o ur si m ul ati o n s, w e v ar y q u bit a s si g n m e nt s wit hi n t h e s a m e fi x e d
2 × 4 gri d.

F or t h e Fer mi – H u b b ar d m o d el, w e a s si g n a s pi n s e ct or t o e a c h of t h e p ar all el 1 × 4 q u bit c h ai n s. We a v er a g e
o v er N = 4 di ff er e nt q u bit a s si g n m e nt s, d e fi n e d b y s etti n g eit h er t h e t o p or b ott o m c h ai n a s t h e s pi n- u p c h ai n, a n d
o r d eri n g t h e f o ur sit e l a b el s st arti n g eit h er fr o m t h e l eft or t h e ri g ht.

F or t h e X X Z H ei s e n b er g m o d el, t h e ei g ht- s pi n c h ai n i s e m b e d d e d i nt o t h e 2 × 4 gri d of q u bit s. E a c h q u bit a s si g n m e nt
(N = 1 2 ) i s d e fi n e d b y s etti n g o n e of si x q u bit s ∈ { ( 5, 1) , ( 5, 2) , ( 5, 3) , ( 5, 4) , ( 6, 4) , ( 6, 1) } a s eit h er t h e l eft e n d ( or d er e d
cl o c k wi s e) or ri g ht e n d ( or d er e d c o u nt er cl o c k wi s e) of t h e s pi n c h ai n.

W hil e Q A A ai m s t o r e d u c e d e vi c e i n h o m o g e n eiti e s, it c a n n ot l o w er t h e t ot al a m o u nt of cir c uit n oi s e. T h u s Q A A
d o e s n ot n e c e s s aril y i m pr o v e pr e di cti o n a c c ur a c y wit h t h e u n miti g at e d ( st a n d ar d s h a d o w) e sti m at or s. I n st e a d,
h o m o g e ni zi n g t h e n oi s e a p p e ar s t o m a s s a g e it i nt o a n e ff e cti v e f or m w hi c h a p pr o xi m at el y s ati s fi e s A s s u m pti o n s 1
b ett er t h a n a si n gl e fi x e d c o n fi g ur ati o n. We s u b st a nti at e t hi s cl ai m wit h S u p pl e m e nt ar y Fi g ur e 2 , u si n g s pi n – s pi n
c orr el ati o n s of t h e X X Z m o d el ( R = 4 Tr ott er st e p s) a s a d e m o n str ati v e e x a m pl e. We s e e t h at t h e u n miti g at e d err or s
a r e virt u all y i d e nti c al w h et h er or n ot w e p erf or m Q A A. O n t h e ot h er h a n d, t h e s y m m etr y- a dj u st e d e sti m at e s wit h
Q A A e x hi bit s a m or e u nif or m err or pr o fil e a n d o v er all i m pr o v e d n oi s e s u p pr e s si o n. F urt h er i n v e sti g ati o n i nt o t hi s
b e h a vi or i s l eft a s a n o p e n pr o bl e m.

B o o t s t r a p pi n g u n c e r t ai n t y b a r s. T o e sti m at e u n c ert ai nt y b ar s, w e e m pl o y e m piri c al b o ot str a p pi n g [ 2 7 ], m o d-
i fi e d b y b at c hi n g t o g et h er s a m pl e s. Fir st w e s u m m ari z e t h e ori gi n al m et h o d: gi v e n T cl a s si c al- s h a d o w s n a p s h ot s,
o n e r e s a m pl e s t h at d at a T ti m e s wit h r e pl a c e m e nt. T h e n, a v er a g e s ô j (T ) ( b ei n g eit h er t h e u n miti g at e d or miti g at e d
e sti m at or s) ar e c o m p ut e d fr o m t h at r e s a m pl e d d at a, yi el di n g o n e b o ot str a p s a m pl e. R e p e ati n g t hi s B ti m e s a n d
c o m p uti n g t h e st a n d ar d d e vi ati o n a m o n g t h o s e B b o ot str a p s a m pl e s yi el d s t h e u n c ert ai nt y b ar.

D u e t o t h e si z e T ∼ 1 0 6 – 1 0 7 fr o m o ur si m ul ati o n s a n d li mit ati o n s o n cl a s si c al c o m p ut e r e s o ur c e s, w e p erf or m
b o ot str a p pi n g o n b at c h e s of s n a p s h ot s. S plit t h e T s a m pl e s i nt o K b at c h e s ( e a c h c o nt ai ni n g T / K s a m pl e s) a n d

c o m p ut e ô
( k )
j (T / K ) f or e a c h b at c h k = 1 , . . . , K. B e c a u s e t h e s e e sti m at e s o b e y ô j (T ) = ( 1 / K )

K
k = 1 ô

( k )
j (T / K ), w e

r e s a m pl e t h e K b at c h e s (r at h er t h a n all T s h ot s) t o b o ot str a p u n c ert ai nt y b ar s f or ô j (T ). D e p e n di n g o n T , w e s et
K ∼ 1 0 2 – 1 0 3 , a n d f or all c a s e s w e t a k e B = 2 0 0 .

E s ti m a ti n g t h e g a t e d e p e n d e n c e of t h e Q V M n oi s e m o d el. H er e w e pr o vi d e a n e sti m at e of h o w m u c h t h e
Q V M n oi s e m o d el vi ol at e s A s s u m pti o n s 1. We q u a ntif y t hi s b y c o m p uti n g a l o w er b o u n d o n t h e mi ni m al o b s er v a bl e
e rr or a c hi e v a bl e b y s y m m etr y- a dj u st e d cl a s si c al s h a d o w s.
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L et U p r e p b e t h e st at e- pr e p ar ati o n cir c uit a n d U g a r a n d o m m e a s ur e m e nt cir c uit. F or S c h ur’ s l e m m a t o h ol d
( A s s u m pti o n s 1), w e r e q uir e t h at t h e e ntir e n oi s y cir c uit t a k e t h e f or m E U g U p r e p , w h er e E i s t h e b ot h ti m e- a n d
g -i n d e p e n d e nt. W hil e t h e n oi s e m o d el t h at w e si m ul at e i s i n d e e d ti m e st ati o n ar y a n d M ar k o vi a n, t h e e ff e cti v e err or
c h a n n el E = E g d e p e n d s o n g . ( T hi s c a n b e s e e n, f or e x a m pl e, b y c o m m uti n g all t h e i n di vi d u al g at e-l e v el err or s

t hr o u g h o ut U g a n d U p r e p t o t h e e n d of t h e cir c uit.)
I n or d er t o st u d y t hi s d e p e n d e n c e o n g , c o n si d er t h e d e c o m p o siti o n

E g = E 0 + ∆ g , ( 1 5 5)

w h er e E 0 i s d e fi n e d t o b e i n d e p e n d e nt of g ∈ G . Alt h o u g h s o m e w h at of a n arti fi ci al d e c o m p o siti o n, t hi s i s al w a y s
m at h e m ati c all y p o s si bl e wit h b ot h E 0 a n d ∆ g c o m pl et el y p o siti v e; i n d e e d, a tri vi al c h oi c e i s E 0 = 0 . O ur g o al i s
t o fi n d t h e “l ar g e st ” (i n s o m e s e n s e) v ali d s ol uti o n f or E 0 . T h e r e m ai ni n g c o ntri b uti o n ∆ g will t h e n r e pr e s e nt t h e
mi ni m al a m o u nt of a s s u m pti o n- vi ol ati n g n oi s e i n t h e m o d el t h at o ur ri g or o u s t h e or y c urr e ntl y h a s n o g u ar a nt e e s f or.

Fr o m t h e d e c o m p o siti o n a b o v e, t h e n oi s y m e a s ur e m e nt c h a n n el c a n b e writt e n a s

M = E
g ∼ G

U †
g M Z E g U g

= M 0 + ∆ ,
( 1 5 6)

w h er e

M 0 = E
g ∼ G

U †
g M Z E 0 U g

=
λ ∈ R G

f λ (E 0 ) Π λ
( 1 5 7)

i s di a g o n al i n t h e irr e p s of G , w hil e t h e f or m of ∆ := E g ∼ G U †
g M Z ∆ g U g i s u n k n o w n.

A p pl yi n g M − 1 a n d t a ki n g e x p e ct ati o n v al u e s f or t h e o b s er v a bl e s { O j }
L
j = 1 yi el d s ( a s s u mi n g e a c h O j ∈ V λ )

⟨⟨O j | M− 1 M| ρ ⟩⟩ = ⟨⟨O j | M− 1 M 0 |ρ ⟩⟩ + ⟨⟨O j | M− 1 ∆ |ρ ⟩⟩

=
f λ (E 0 )

f λ
⟨⟨O j |ρ ⟩⟩ + δ j . ( 1 5 8)

T h e t er m s δ j := ⟨⟨O j | M− 1 ∆ |ρ ⟩⟩ d e s cri b e t h e d e vi ati o n of o b s er v a bl e e sti m at e s d u e t o vi ol ati o n s of t h e n oi s e a s s u m p-

ti o n s, w hi c h i s pr e ci s el y w h at w e wi s h t o q u a ntif y. F or n ot ati o n, d e n ot e t h e n oi s y e x p e ct ati o n s b y y j := ⟨⟨O j | M− 1 M| ρ ⟩⟩
a n d n oi s el e s s e x p e ct ati o n s b y x j := ⟨⟨O j |ρ ⟩⟩. We c oll e ct t h e s e q u a ntiti e s i nt o v e ct or s of l e n gt h L a n d d e fi n e t h e di-

a g o n al m atri x A ∈ R L × L wit h ei g e n v al u e s f λ (E 0 )/ f λ (i n t h e a p pr o pri at e p o siti o n s c orr e s p o n di n g t o t h e irr e p s). T hi s
yi el d s i n t h e li n e ar r el ati o n s hi p

δ = y − A x . ( 1 5 9)

T hi s e q u ati o n i s u n d er c o n str ai n e d, s o w e o pt f or a n e sti m at e of δ b y b o u n di n g it s n or m fr o m b el o w. N a m el y, l et
ˆA b e a di a g o n al m atri x of fr e e p ar a m et er s 0 ≤ ξ λ ≤ 1 , w hi c h w e o pti mi z e b y n o n n e g ati v e l e a st- s q u ar e s ( N N L S)
mi ni mi z ati o n:

∥ δ ∥ 2
2 ≥ mi n

0 ≤ { ξ λ } λ ∈ R ′ ≤ 1
∥ y − ˆA x ∥ 2

2 . ( 1 6 0)

D e fi n e δ̂ := y − ˆA x a s t h e s ol uti o n t o t hi s pr o bl e m. I n t hi s s e n s e, δ̂ r e p r e s e nt s a n err or fl o or b e y o n d w hi c h o ur t h e or y
f or s y m m etr y a dj u st m e nt c a n n ot miti g at e d u e t o i n h er e nt vi ol ati o n s of A s s u m pti o n s 1.

I n S u p pl e m e nt ar y Fi g ur e 3 w e pl ot t h e r o ot m e a n s q u ar e of δ̂ ,

R M S( δ̂ ) :=
1

√
L

∥ δ̂ ∥ 2 , ( 1 6 1)

w hi c h q u a nti fi e s t h e a v er a g e a d diti v e err or of t h e e sti m at e s. T h e o b s er v a bl e s w e c h o o s e c o n stit ut e l o c al o p er at or s
d e p e n di n g o n t h e t y p e of s y st e m si m ul at e d. F or f er mi o n s, w e c o n si d er o n e- a n d t w o- b o d y M aj or a n a o p er at or s t h at
r e s p e ct t h e s pi n a d a pt ati o n. F or q u bit s, w e t a k e stri ctl y t w o- b o d y P a uli o p er at or s. U n c ert ai nt y b ar s ar e b o ot str a p p e d
a s d e s cri b e d i n “ B o ot str a p pi n g u n c ert ai nt y b ar s, ” w h er e e a c h b o ot str a p s a m pl e i s o bt ai n e d fr o m t h e N N L S s ol uti o n
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S u p pl e m e n t a r y Fi g u r e 3 . E s ti m a t e d d e vi a ti o n of t h e Q V M n oi s e f r o m a g a t e -i n d e p e n d e n t m o d el. ( a, b ) L o w e r
b o u n d o n t h e r o o t- m e a n- s q u a r e d e vi a ti o n of o n e- a n d t w o- b o d y M aj o r a n a / P a uli e x p e c t a ti o n v al u e s a s t h e n u m b e r of Tr o t t e r

s t e p s ( n oi s y ci r c ui t d e p t h ) g r o w s. T h e e s ti m a t e d v e c t o r of d e vi a ti o n s δ̂ i s d e s c ri b e d i n E q. (1 6 0 ). U n c e r t ai nt y b a r s a r e c al c ul a t e d
b y e m pi ri c al b o o t s t r a p pi n g. ( c, d ) M e t ri c s f o r t h e si z e of t h e f ull ci r c ui t ( s t a t e p r e p a r a ti o n vi a Tr o t t e ri z a ti o n a n d t h e r a n d o m

m e a s u r e m e nt u ni t a r y ). We r e p o r t t h e n u m b e r of si n gl e- q u bi t ( P h X Z ) a n d t w o- q u bi t (
√

i S W A P) g a t e s u s e d, a s w ell a s t h e
o v e r all c o m pil e d ci r c ui t d e p t h. E r r o r b a r s d e n o t e o n e s t a n d a r d e r r o r of t h e m e a n.

of t h e r e s a m pl e d d at a. We al s o s h o w d at a f or t h e Tr ott er cir c uit si z e: t h e n u m b er of si n gl e- a n d t w o- q u bit g at e s
aft er c o m pili n g t o t h e n ati v e g at e s et, a s w ell a s t h e cir c uit d e pt h. U n c ert ai nt y b ar s h er e ar e gi v e n b y o n e st a n d ar d
d e vi ati o n i n t h e si z e fl u ct u ati o n s d u e t o t h e r a n d o m u nit ari e s U g .

O v er all, w e a s s e s s t h at t h er e i s a n err or fl o or o n t h e or d er of 1 0 − 2 p er o b s er v a bl e (r e c all t h at t h e o b s er v a bl e s h a v e
u nit s p e ctr al n or m). I nt er e sti n gl y, t hi s l o w er b o u n d a p p e ar s r o u g hl y i n d e p e n d e nt of cir c uit si z e ( wit hi n u n c ert ai nt y
b ar s), p er h a p s i n di c ati n g a s at ur ati o n of t h e g - d e p e n d e nt c o ntri b uti o n s aft er a c ert ai n cir c uit si z e. I n pr a cti c e h o w e v er,
w e h a v e o b s er v e d t h at s y m m etr y- a dj u st e d cl a s si c al s h a d o w s o nl y a c hi e v e miti g at e d err or s o n t h e or d er of 1 0 − 1 at t h e
d e e p e st cir c uit s. We l e a v e a cl o s er a n al y si s of t hi s b e h a vi or, a n d w h et h er t hi s l o w er b o u n d c a n a ct u all y b e a c hi e v e d,
t o f ut ur e w or k.

S U P P L E M E N T A R Y D I S C U S S I O N

R e vi e w of p ri o r s y m m e t r y- b a s e d Q E M t e c h ni q u e s. I n t hi s s e cti o n w e r e vi e w pri or w or k o n t e c h ni q u e s
b r o a dl y k n o w n a s s y m m etr y v eri fi c ati o n ( S V), i ntr o d u c e d b y B o n et- M o nr oi g et al. [2 8 ] a n d M c Ar dl e et al. [2 9 ], a n d
g e n er ali z e d b y C ai [ 3 0 ]. Li k e s y m m etr y- a dj u st e d cl a s si c al s h a d o w s, t h e s e a p pr o a c h e s t a k e a d v a nt a g e of i n h er e nt
s y m m etri e s of t h e q u a nt u m s y st e m, a n d c ert ai n f or m ul ati o n s al s o a c c o m pli s h t hi s i n a n o ffli n e m a n n er. H o w e v er,
s y m m etr y a dj u st m e nt i s a f u n d a m e nt all y di ff er e nt i d e a, a n d w e will di s c u s s t hi s di sti n cti o n h er e. N ot e t h at, i n
p ri n ci pl e m a n y Q E M str at e gi e s ( a n d i n d e e d q u a nt u m err or c orr e cti o n it s elf ) c a n b e u n d er st o o d a s s y m m etr y- b a s e d
t e c h ni q u e s w h er ei n o n e arti fi ci all y b uil d s l ar g e a m o u nt s of s y m m etr y i nt o t h e s y st e m; w e f o c u s o n t e c h ni q u e s b a s e d
o n i n h er e ntl y p o s s e s s e d, p h y si c al s y m m etri e s h er e.

S y m m e t r y v e ri fi c a ti o n. Fir st w e d e s cri b e p o st pr o c e s si n g s y m m etr y v eri fi c ati o n ( p p S V) [ 2 8 ]. L et M S b e t h e
p r oj e ct or o nt o a s y m m etr y s u b s p a c e a n d ρ a n i d e al st at e s u c h t h at M S ρ M S = ρ . Gi v e n t h e pr e p ar ati o n of a n oi s y
st at e ρ , p p S V ai m s t o c al c ul at e t h e pr o p erti e s of t h e st at e

ρ S V :=
M S ρ M S

tr( M S ρ )
( 1 6 2)

i n a n o ffli n e m a n n er. T h at i s, c o n si d er a n o b s er v a bl e O w hi c h c o m m ut e s wit h t h e s y m m etr y. T h e n t h e err or- miti g at e d
e sti m at e f or ⟨O ⟩ i s

tr(O ρ S V ) =
m
i = 1 tr( O S i ρ )
m
i = 1 tr( S i ρ )

, ( 1 6 3)

w h er e w e h a v e writt e n M S = 1
m

m
i = 1 S i i n t er m s of t h e s y m m etr y st a bili z er s S i . T hi s q u a ntit y r e q uir e s m e a s uri n g

t h e ( n oi s y) e x p e ct ati o n v al u e s of all S i a n d O S i f or i = 1 , . . . , m. F urt h er m or e, t h e s a m pli n g c o st t o m ai nt ai n t h e
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e sti m ati o n a c c ur a c y ϵ i s a m pli fi e d b y a f a ct or of O (tr( M S ρ ) − 2 ). B o n et- M o nr oi g et al. [2 8 ] s h o w t h at t hi s a p pr o a c h
i s e q ui v al e nt t o a n i n st a n c e of q u a nt u m s u b s p a c e e x p a n si o n [3 1 ], b ut wit h t h e a bilit y t o miti g at e b ot h c o h er e nt a n d
i n c o h er e nt err or s o ut si d e t h e s y m m etr y s e ct or. U nf ort u n at el y, err or s t h at c o m m ut e wit h t h e s y m m etr y c a n n ot b e
p r oj e ct e d o ut b y t hi s m et h o d. I n g e n er al, S V pr oj e ct s ρ t o t h e cl o s e st s y m m etr y-r e s p e cti n g st at e, wit h n o g u ar a nt e e
of cl o s e n e s s t o t h e i d e al st at e ρ .

T hi s i d e a c a n b e g e n er ali z e d t o s y m m etr y e x p a n si o n ( S E) [ 3 0 ], w hi c h e s s e nti all y r e pl a c e s M S wit h t h e s y m m etr y
e x p a n si o n o p er at or

E S :=
m

i = 1

w i S i , ( 1 6 4)

w h er e w i ar e n o n n e g ati v e w ei g ht s t h at s u m t o u nit y. T h e s y m m etr y- e x p a n d e d p s e u d o st at e ρ S E := E S ρ / tr( E S ρ ) i s
n o l o n g er g u ar a nt e e d t o li e i n t h e d e sir e d s y m m etr y s e ct or, n or e v e n t o b e a p o siti v e s e mi d e fi nit e o p er at or. H e n c e
S E e x hi bit s e sti m ati o n bi a s. H o w e v er, b y s e ar c hi n g f or w ei g ht s t h at mi ni mi z e t hi s bi a s, o n e c a n h e uri sti c all y a c hi e v e
miti g at e d e sti m at e s wit h bi a s e d err or s b el o w t h at of t h e u n miti g at e d n oi s e l e v el, w hil e b ei n g si m pl er t o i m pl e m e nt
t h a n p p S V (f or i n st a n c e, b y e nf or ci n g s o m e of t h e w i = 0 ).

Fi n all y, dir e ct s y m m etr y v eri fi c ati o n ( d S V) [ 2 8 , 2 9 ] i ntr o d u c e s a d diti o n al q u a nt u m cir c uitr y i n or d er t o c h e c k t h e
s y m m etr y v al u e of t h e st at e t hr o u g h o ut t h e c o ur s e of t h e q u a nt u m c o m p ut ati o n. F or e x a m pl e, i n or d er t o c h e c k t h e
p arit y o p er at or S = Z 1 · · · Z n , o n e c a n p erf or m n C N O T g at e s, c o ntr oll e d o n e a c h s y st e m q u bit a n d t ar g eti n g a n
a n cill a, f oll o w e d b y r e a di n g o ff t h e a n cill a. T hi s e n c o d e s t h e p arit y i nf or m ati o n i nt o t h e a n cill a, a n d if at a n y p oi nt
t h e a n cill a r et ur n s t h e i n c orr e ct p arit y v al u e t h e n t h at cir c uit r u n i s t h er ef or e di s c ar d e d. Ot h er s y m m etri e s m a y
r e q uir e m or e c o m pli c at e d cir c uitr y; f or e x a m pl e, v erif yi n g t h e p arti cl e n u m b er η r e q uir e s O (n l o g η ) C P h a s e g at e s i n
t ot al t o r e a d o ff t h e bi n ar y r e pr e s e nt ati o n of η fr o m t h e a n cill a. Alt h o u g h d S V r e q uir e s si g ni fi c a nt a d diti o n al c o h er e nt
q u a nt u m c o ntr ol, t h e a s s o ci at e d s a m pli n g o v er h e a d i s O (tr( M S ρ ) − 1 ), a q u a dr ati c i m pr o v e m e nt o v er p p S V.

Di s ti n c ti o n f r o m s y m m e t r y- a dj u s t e d cl a s si c al s h a d o w s. We n o w di s c u s s t h e di sti n cti o n b et w e e n o ur m et h o d
a n d t h e s e S V t e c h ni q u e s. We will f o c u s o n p p S V, a s it i s t h e m o st c o m p ar a bl e t o s y m m etr y- a dj u st e d cl a s si c al s h a d o w s.
T h at i s, r at h er d S V w hi c h r e q uir e s c o h er e nt d et e cti o n of s y m m etr y vi ol ati o n s, b ot h p p S V a n d s y m m etr y- a dj u st e d
cl a s si c al s h a d o w s u s e cl a s si c al p o st pr o c e s si n g a s t h eir pri m ar y m e c h a ni s m f or err or miti g ati o n.

T h e m o st si g ni fi c a nt c o n c e pt u al di ff er e n c e i s t h at s y m m etr y a dj u st m e nt d o e s n ot n e c e s s aril y pr oj e ct t h e n oi s y st at e
i nt o t h e d e sir e d s y m m etr y s u b s p a c e. I n st e a d, t h e s y m m etr y i s u s e d a s a r ef er e n c e p oi nt t o c ali br at e t h e e ff e ct s of
t h e n oi s e o n t h e s h a d o w m e a s ur e m e nt c h a n n el M . R e c all t h at w e ai m t o e sti m at e t h e ei g e n v al u e s of t h e c h a n n el

M = λ f λ Π λ vi a t h e r el ati o n

f λ = f λ
tr( S λ ρ )

s λ
. ( 1 6 5)

T h u s, s y m m etr y a dj u st m e nt ulti m at el y yi el d s a n e sti m at e f or t h e n oi s y c h a n n el, w h o s e i n v er s e i s f or m all y a p pli e d t o
p r o d u c e t h e miti g at e d s h a d o w

ρ̂ E M =
λ

s λ Π λ ( ρ̂ )

t r( S λ ρ )
. ( 1 6 6)

H er e, ρ̂ i s t h e n oi s y s h a d o w w hi c h c o n v er g e s t o t h e n oi s y st at e ρ = E [ ˆρ ], b ut i n f a ct a n y st at e c o ul d i n pri n ci pl e b e
u s e d a s l o n g a s t h e n oi s e c h a n n el i s t h e s a m e. F or i n st a n c e, s u p p o s e w e pr e p ar e a di ff er e nt st at e σ t h at e x p eri e n c e s
t h e s a m e err or c h a n n el s t h at ρ d o e s. ( T hi s m a y h ol d u n d er m o d el s w h er e b ot h st at e s ar e pr e p ar e d b y cir c uit s of t h e
s a m e str u ct ur e b ut di ff er e nt g at e a n gl e s, s u c h a s i n v ari ati o n al q u a nt u m al g orit h m s.) T h e n E q. ( 1 6 5 ) t ell s u s t h at

t h e f λ l e ar n e d b y t h e m e a s ur e m e nt s of ρ i s e q u all y a p pli c a bl e i n t h e miti g ati o n of pr o p erti e s of σ . F urt h er m or e, t h e
t wirli n g n at ur e of t h e r a n d o mi z e d m e a s ur e m e nt s all o w s t h e t e c h ni q u e t o a c c o u nt f or err or s t h at c o m m ut e wit h t h e
s y m m etr y.

B e y o n d t hi s c o n c e pt u al di ff er e n c e, s y m m etr y- a dj u st e d cl a s si c al s h a d o w s c a n e a sil y i n c or p or at e s y m m etri e s s u c h
a s p arti cl e n u m b er, w h er e a s p p S V c a n n ot. T hi s i s b e c a u s e t h e m e a s ur e m e nt s of ⟨O S i ⟩ r e q uir e d of p p S V r e stri ct
t h e pr a cti c al i m pl e m e nt ati o n t o si m pl e s y m m etri e s s u c h a s Z 2 P a uli s y m m etri e s. M or e g e n er all y, it r e q uir e s t h e
d e c o m p o siti o n of M S i nt o a tr a ct a bl e n u m b er of m e a s ur a bl e t er m s. H o w e v er, t h e pr oj e ct or i nt o t h e η - p arti cl e s e ct or
i s

M S =
|x |= η

|x ⟩⟨x |, ( 1 6 7)
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w h er e e a c h |x ⟩⟨x | = j ∈ [n ]
1
2 (I + ( − 1) x j Z j ) e x p a n d s i nt o e x p o n e nti all y m a n y P a uli- Z t er m s. W hil e all s u c h t er m s

m ut u all y c o m m ut e a n d c a n t h er ef or e b e m e a s ur e d i n t h e s a m e b a si s, t h e u pfr o nt cl a s si c al p o st pr o c e s si n g c o st of
e x a ctl y c o m p uti n g t hi s p p S V e sti m at or i s n o n et h el e s s e x p o n e nti al.

A d diti o n all y, a s a cl a s si c al- s h a d o w s pr ot o c ol, o ur m et h o d i s t ail or e d t o t a c kl e t h e pr o bl e m of m ulti pl e o b s er v a bl e
e sti m ati o n. I n c o ntr a st, all f or m s of S V c a n c o m pli c at e t h e t a s k, n a m el y d u e t o t h e i n cl u si o n of t h e a d diti o n al
O S i o p er at or s. R e c e nt w or k [ 3 2 ] h a s att e m pt e d t o a d dr e s s t hi s b y str ai g htf or w ar dl y c o m bi ni n g p p S V wit h cl a s si c al
s h a d o w s. H o w e v er, t h e y s h o w e d li mit e d s u c c e s s wit h t hi s u ni fi c ati o n. I n d e e d, s u p p o s e w e wi s h t o pr oj e ct i nt o a p arit y
s e ct or. T h e p arit y o p er at or i s n - b o d y, w hil e t h e t ar g et o b s er v a bl e s O j ar e k -l o c al f or s o m e s m all c o n st a nt k . T hi s
m e a n s t h at e a c h O j S h a s l o c alit y n − k = O (n ), w hi c h l e a d s t o a n e x p o n e nti all y l ar g e s h a d o w n or m ( v ari a n c e).
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