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Curve classes on conic bundle threefolds
and applications to rationality

Sarah Frei, Lena Ji, Soumya Sankar, Bianca Viray and Isabel Vogt

ABSTRACT

We undertake a study of conic bundle threefolds 7: X — W over geometrically rational
surfaces whose associated discriminant covers A — A C W are smooth and geomet-
rically irreducible. We first show that the structure of the Galois module CH? Xz of
rational equivalence classes of curves is captured by a group scheme that is a gener-
alization of the Prym variety of A — A. This generalizes Beauville’s result that the
algebraically trivial curve classes on X are parametrized by the Prym variety. We
apply our structural result on curve classes to study the refined intermediate Jacobian
torsor (IJT) obstruction to rationality introduced by Hassett—Tschinkel and Benoist—
Wittenberg. The first case of interest is where W = P? and A is a smooth plane quartic.
In this case, we show that the IJT obstruction characterizes rationality when the ground
field has less arithmetic complexity (precisely, when the 2-torsion in the Brauer group
of the ground field is trivial). We also show that a hypothesis of this form is necessary
by constructing, over any k C R, a conic bundle threefold with A a smooth quartic
where the IJT obstruction vanishes, yet X is irrational over k.

1. Introduction

Let m: X — W be a conic bundle threefold over a smooth geometrically rational surface W,
all defined over a field k£ of characteristic different from 2. Despite the simple geometry of the
base and fibers of this morphism, the family of all such conic bundle threefolds exhibits rich
geometric variation. Indeed, this family of conic bundles includes rational varieties (for example,
when W = P2 and 7 has a rational section), geometrically rational nonrational varieties [BW20),
Theorem 1.1], unirational but non-stably rational varieties [AM72], and stably rational but non-
rational varieties [BCS'85, Théoreme 3|. In addition, a folklore conjecture predicts that this
family even contains geometrically nonunirational varieties (see [Prol8, Section 14.2]).
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In this paper, we restrict ourselves to conic bundle threefolds whose total space is smooth.
Furthermore, we assume that the singular fibers of 7 lie above a smooth, geometrically irre-
ducible curve A C W and that 77 1(A) is geometrically irreducible (that is, the conic bundle is
geometrically ordinary and geometrically standard; cf. Section 2). Such a conic bundle gives rise
to a geometrically irreducible étale double cover w: A — A, known as the discriminant cover
of X, which controls much of the geometry of the conic bundle.

Indeed, over an algebraically closed field, the discriminant cover uniquely determines the
isomorphism class of the generic fiber of 7. In addition, Beauville proved that the subgroup
(CH2 X )0 C CH2? X of algebraically trivial curve classes modulo rational equivalence is iso-
morphic to the Prym variety Prymz /a3 see [Bea77, Theorem 3.1]. By translating, we obtain

(CHQX)7 ~ PlrymA/A for any v € NS? X.
Over nonclosed fields, however, the discriminant cover need not determine the isomorphism

class of the generic fiber of 7. Despite this, we prove that the discriminant cover characterizes
curve classes and, in fact, determines the structure of (CH2 XE)W as a torsor under (CH2 XE)O

for any v € (NS2 XE) “k_ Theorem 1.1 below follows from Theorem 5.1.

THEOREM 1.1. Let k be a field of characteristic different from 2, and let w: X — W be a
smooth conic bundle over a smooth geometrically rational surface, all defined over k. Assume
that the discriminant cover A — A C W is smooth and geometrically irreducible. Then there
is a Galois-equivariant surjective group homomorphism from CH? X% to the k-points of the
(Picyy/i,)-polarized Prym scheme
Pic . .
PPrymA/AW/k = Pch/k XPica i Picyy

that restricts to an isomorphism (CH2 XE)O = Prym3z /A (E) In particular, for every v € NS? Xz,

this homomorphism induces an isomorphism between (CH2 XE)'Y and the k-points of a geomet-

Pi
ric connected component of PPrym AI/CAW/ * that is compatible with the actions of the identity

components.

iCW/k

/A

P
Remark 1.2. Note that the connected component of the identity in PPrym A is the usual

Prym variety, which justifies the terminology.
Picyy g,
AJA
the intermediate Jacobian of X ) descends to an abelian variety over k and that, for v € (NSQXE)
the connected components (CH2 XE)7 descend to torsors defined over k. In the case where k C C,
the descent results for the intermediate Jacobian follow from work of Achter, Casalaina-Martin,
and Vial [ACV20, Theorem A]. When k = R, the descent results for the torsors follow from
work of Hassett and Tschinkel [HT21b]. These results were extended to geometrically ratio-
nal threefolds over arbitrary (not necessarily perfect) fields by Benoist and Wittenberg [BW23]
(see [HT21a] for a proof over subfields of C). Benoist and Wittenberg proved their descent
results by constructing a codimension 2 Chow k-scheme CH? whose k-points agree (Galois-
equivariantly) with the k-points of the codimension 2 Chow group [BW23]. Thus in the case
where m: X — W is geometrically rational, our theorem gives the following description of the
connected components of the codimension 2 Chow scheme defined by Benoist and Wittenberg.
This description follows from Theorem 5.1.

is a k-scheme, these isomorphisms show that (CH2 XE)O (also known as
G,
)

Since PPrym

THEOREM 1.3. Let k be a field of characteristic different from 2, and let w: X — W be a
smooth geometrically rational conic bundle over a smooth geometrically rational surface W,
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all defined over k, with smooth and geometrically irreducible discriminant cover A — A. Then
every connected component of CH? y /k 1s isomorphic to a connected component of the (Picyyy,)-
polarized Prym scheme.

In order to prove Theorem 1.3, we need an explicit morphism between CH? x/k and the
(PicW/k)—polarized Prym scheme. This requires the construction of pushforward morphisms be-
tween codimension 2 Chow schemes as well as morphisms between codimension 2 Chow schemes
and Picard schemes of curves. The existence of these morphisms, introduced in Section 3, extends
general results of [BW23] and may be of independent interest in the study of codimension 2 Chow
schemes of geometrically rational threefolds.

1.1 Applications to rationality

Although a geometric rationality criterion for conic bundles over minimal rational surfaces has
been known since the 1980s [Sho83], a rationality criterion over nonclosed fields has remained
stubbornly out of reach, even when the base is P2. If W = P2, then one can verify that the
rationality constructions over k descend to give rational parametrizations whenever deg A < 3
and X (k) # ) (see Section 8.1). Thus, the natural case of interest is where W = P? and deg A = 4.
Contributing to the difficulty in this case is the fact that several of the classical rationality ob-
structions vanish under mild additional assumptions. Indeed, results for conic bundle surfaces
show that X is unirational whenever Xp2_a)(k) # 0 (see Section 8.1), and the Artin-Mumford
exact sequence shows that Br X = BrP3 whenever A is geometrically irreducible [Pool7, Theo-
rem 6.8.3, proof of Proposition 6.9.15]; hence the Brauer group obstruction vanishes. Additionally,
if A is smooth, then results of Bruin [Bru08] combined with Theorem 1.1 above show that the in-
termediate Jacobian of X is always isomorphic to the Jacobian of a genus 2 curve; hence, Clemens
and Griffiths’s intermediate Jacobian obstruction [CG72] vanishes. Furthermore, the birational
automorphism group of X contains the automorphism group of the generic fiber, which is an
infinite orthogonal group by [Bor91, Corollary 18.3]. Hence, the obstruction of Iskovskikh and
Manin [IM71] vanishes.

Recently, Hassett and Tschinkel [HT21b] refined the intermediate Jacobian obstruction over R
to the intermediate Jacobian torsor or IJT obstruction. This was extended to arbitrary, not
necessarily perfect, fields by Benoist and Wittenberg [BW23] (see also [HT21a] for &k C C).
These authors showed that if Y is a k-rational threefold, then (CH2 YE)O descends, over k, to
an abelian variety that is isomorphic to the Jacobian of a smooth curve I' (this is an extension
of Clemens and Griffiths’s classical intermediate Jacobian obstruction to nonclosed fields). In
addition, these authors showed that, in the case where I' is connected and of genus at least 2, for
all y € (NS2 YE) Gk, the connected component (CH2 YE)W of curve classes algebraically equivalent
to v descends, over k, to a torsor that is isomorphic to Picy. Jk for some 1.

This new obstruction has proved remarkably powerful in characterizing rationality of three-
folds. Over R, Hassett and Tschinkel used the IJT obstruction to characterize rationality for
intersections of quadrics in P%; see [HT21b]. Benoist and Wittenberg extended this result to in-
tersections of two quadrics in P? over arbitrary, not necessarily perfect, fields [BW23] (see [HT21a]
for a proof in the case of arbitrary subfields of C). Later, Kuznetsov and Prokhorov employed the
IJT obstruction to dramatic effect to characterize rationality for all remaining Fano threefolds of
geometric Picard rank 1 in characteristic 0; see [KP23] (for several of these cases, the existence
of a k-point already implies rationality, and the IJT obstruction is required for the remaining
cases).
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The explicit description we give of the torsors in Theorem 1.3 enables us to complete an
in-depth study of the IJT obstruction for conic bundle threefolds. We focus on a family of Fano
conic bundles with W = P2, A a smooth plane quartic, and X (k) # (), so in particular, all
classical rationality obstructions described above vanish. For this family, we show that although
the IJT obstruction can detect irrationality when other obstructions cannot, in contrast to the
Picard rank 1 case, the IJT obstruction alone is not strong enough to characterize rationality.

THEOREM 1.4. Let k be a field of characteristic different from 2. Let Y be a double cover
of P' x P? branched over a smooth (2,2) divisor. Then Y is Fano, and the second projection
endows Y with the structure of a geometrically standard, geometrically rational conic bundle
over P? with A a plane quartic. Moreover, this conic bundle is geometrically ordinary whenever A
is smooth. In particular, if A is smooth, then there is no Brauer group obstruction, intermediate
Jacobian obstruction, or birational automorphism group obstruction to rationality. Furthermore,
the following hold:

(i) There exists such an Y/Q with Y(Q) # () and no IJT obstruction to rationality; however,
Y (R) is disconnected, so Y is irrational over any subfield of R.

(ii) There exists such an Y/Q with Y(Q) # 0 and Y (R) connected; however, there is an IJT
obstruction over R, and hence Y is irrational over any subfield of R. Furthermore, the
unramified cohomology groups of Y are trivial [BW20, Theorem 1.4].

The failure of the IJT obstruction to characterize rationality for this family of conic bun-
dles is intimately related to the nontriviality of Br R. Morally, this failure occurs because of the
dichotomy discussed toward the beginning of the introduction: the discriminant cover A=A
completely determines the codimension 2 Chow scheme but can fail to determine the isomorphism
class of the generic fiber. More precisely, given two conic bundles 7: X — W and 7': X/ — W
over a field k that have the same discriminant cover, the classes of the generic fibers [Xk(W)]
and [X{((W)] in (Brk(W))[2] differ by a class from (Brk)[2]. When (Brk)[2] is trivial, this dis-
crepancy disappears and we prove that the IJT obstruction does characterize rationality in this
case.

THEOREM 1.5. Let k be a field of characteristic different from 2 with (Brk)[2] = 0, and
let m: X — P? be a geometrically standard conic bundle with A a smooth plane quartic. Then X
is k-rational if and only if the intermediate Jacobian torsor obstruction vanishes.

If k£ is a finite field of odd characteristic, then Theorem 1.5 implies that X is necessarily
k-rational since the intermediate Jacobian torsors are automatically trivial (Corollary 6.8). In
particular, the irrational examples of Theorem 1.4 have rational reductions modulo all primes
of good reduction. However, over infinite fields with (Br k)[2] = 0, there can still exist irrational
degree 4 conic bundles X (Example 8.6).

The techniques involved in the proof of Theorem 1.5 can be leveraged to give rationality
criteria even over fields with nontrivial 2-torsion in the Brauer group. Indeed, the second au-
thor and M. Ji use these techniques (and the description of the torsors given in Theorem 6.4)
to characterize R-rationality of the aforementioned double covers of P! x P? branched over a
(2,2) divisor in four of the six cases of the real rigid isotopy class of the quartic curve A; see
[JJ23, Theorem 1.2]. In these four cases, they use the real topological obstruction to control the
additional data of (BrR)[2], showing that, in these cases, combinations of the IJT obstruction
and the real topological obstruction together characterize rationality. However, the question of
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whether the IJT obstruction combined with other obstructions characterizes rationality for all
such conic bundles remains open, as shown by the following.

Ezample 1.6. Let Y be the double cover of P} x P2 l branched over the (2,2) divisor

[to:t1] [TRORTY
t5(—31u” + 12uv — 6v° + duw + 8vw + 25w?) + 2oty (—25u® + 120uv + 300 — Juw — vw)
+ 1 (—8047u® + 1092uv — 14460* — duw — Tow — 25w?) = 0.

Then Y is Q-unirational, Y (R) is diffeomorphic to a 3-sphere, Y has trivial unramified coho-
mology groups over R, and Y has no IJT obstruction. Whether Y is rational over R is an open
question.

1.2 Outline

In Section 3, we recall the construction from [BW23] of the codimension 2 Chow scheme and then
prove results about various pullback and pushforward morphisms between these schemes and the
Picard scheme of a curve. These general results will be applied in Section 5. A reader willing to
accept these results when they are invoked in Lemma 5.7 can safely proceed to Section 4 on a first
reading. In Section 4, we define the ¢-polarized Prym scheme for an étale double cover of curves
(where ¢ is a group scheme morphism to Picy /), and we assemble known results about the
Prym variety of étale double covers to deduce information about the structure of the ¢-polarized
Prym scheme. Of particular interest is the case where the base curve of the étale double cover
is a smooth plane quartic (Section 4.3). In Section 5, we relate the connected components of the
¢-polarized Prym scheme to cosets of (CH2 XE)O and prove Theorems 1.1 and 1.3. In Section 6,
we specialize to conic bundles that arise as double covers of P! x P? branched over a (2,2)
surface. We show that these conic bundles arise naturally from étale double covers of smooth
plane quartics, specialize our previous results to this case, and prove Theorem 1.5. In Section 7,
we prove Theorem 1.4 and the claims in Example 1.6.

We end the paper with a brief section with some contextual results. In particular, we review
unirationality and rationality results for conic bundles over P? with low-degree discriminant
curves, we recall results on the intermediate Jacobian obstruction for conic bundle threefolds,
we explain how a theorem of Benoist and Wittenberg gives an example which complements
Theorem 1.5 (Example 8.6), and we show that the threefolds in Theorem 1.4 and Example 1.6
cannot be constructed using conic bundle structures on complete intersections of two quadrics.

2. Notation and conventions

Throughout the paper, k denotes a field and, with the exception of Section 3, we assume through-
out that & has characteristic different from 2. We fix an algebraic closure k of k and write kP for
the perfect closure of k in k. We will write G, for the Galois group Gal(k: / kp).

By a variety over k, we mean a reduced, equidimensional, separated scheme of finite type
over k. Given a variety Z over k and a field extension k'/k, we write Zj for the base change
of Z to K'. If Z is integral, we denote by k(Z) its function field. We say Z is split over k if it
contains an open geometrically integral k-subscheme (see [CS21, Section 10.1] for more about
split varieties).

If Z is a smooth, proper, geometrically connected variety over k, we write CH® Z for the group
of codimension ¢ cycles on Z modulo rational equivalence, (CHi Z )0 C CH' Z for the subgroup of
algebraically trivial cycle classes, and NS* Z for the quotient CH' Z/ (CHi Z )0, which is the group
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of codimension i cycles modulo algebraic equivalence. We write Picz, for the Picard scheme
of Z, Pic Z for the Picard group, and Picy/; for the absolute Picard functor. If D is a Cartier
divisor on Z, then [D] denotes its class in Pic Z and |D| denotes the associated complete linear
system. A point z € Z will refer to a scheme point unless otherwise specified.

An étale double cover w: A — A of smooth, proper, geometrically irreducible curves arises
as the quotient by a (geometrically) fixed-point-free involution t: A — A. The norm map
w.: Picy e Picpy is defined by pushforward of divisors, or equivalently by the norms
of transition functions defining a line bundle on an open cover.

For a quadratic form Q € k[z1,...,z,], the symmetric n x n matrix M associated with @ is
defined to be the symmetric matrix such that Mz = Q(Z). If V(Q) c P! is smooth, then

the discriminant of @ is defined to be (—1)(3) det(M) € k*/k*?; equivalently, we can consider
the discriminant extension, which is k(4/disc(Q)). If V(Q) is singular, then the discriminant is
defined to be the discriminant of a maximal smooth plane section. If the rank of @) is even, the
discriminant depends only on V(Q). These definitions extend to families of quadrics.

We now state the conventions we use for conic bundles. Proofs of these results can be found
in [Bea77, Section 1], [Prol8, Section 3], and the references therein. (The statements in [Bea77]
are for the case W = P2, but they extend to any smooth surface because the arguments are local.
The results in [Prol8] are stated in characteristic 0 but are valid in any characteristic different
from 2.)

Throughout the paper, we use X to denote a conic bundle over a smooth surface W, that
is, a smooth projective variety with a flat morphism 7: X — W of relative dimension 1 such
that wy is relatively anti-ample. Then £ = =, (w)_(l) is a locally free sheaf of rank 3 on W.
The line bundle w;(l defines an embedding X < P(€) whose image is defined by a section
of Op(g)(2) ® p* (det EV® w;l,l), where p: P(£) — W is the projection. Thus, locally over W, the
conic bundle is defined by a quadratic form. The generic fiber of 7 is a smooth conic, and the
fiber of 7 over any w € W is a conic in P(£),, (possibly of rank less than 3).

There is a curve A < W with the property that the fiber over w € W is a smooth conic if
and only if w ¢ A. Let XA denote the preimage of A in X. The relative variety F1(X/W) of
lines in the fibers of 7 factors through A; let Fi(X/W) — A — A be the Stein factorization.
We call A the discriminant locus of m and w: A — A the discriminant cover (or extension).
By definition, the curve A parametrizes the irreducible components of the fibers of m: Xa — A.
When Xy (a) is a rank 2 conic, the field extension k(A) /k(A) is the extension generated by a
square root of the discriminant of the binary quadratic form defining Xy a), which justifies the
terminology.

A conic bundle is standard if Pic X = n* PicW @ Z. A conic bundle 7: X — W is ordinary
(following [BF83]) if the discriminant curve A is smooth and irreducible; in this case, the fibers
of m have rank at least 2. Throughout this paper, we restrict to the case where X is geometrically
ordinary and geometrically standard, that is, where A is smooth and geometrically irreducible
and where p(X3/W7) = 1. These assumptions imply that A is smooth and geometrically irre-
ducible and that the map w is étale. We call conic bundles X — P? with A of degree d and
satisfying these assumptions degree d conic bundles.

As mentioned in the introduction, a main focus of this paper is the IJT obstruction intro-
duced by Hassett—Tschinkel and Benoist—Wittenberg. For a geometrically rational threefold X
over a field k, Benoist and Wittenberg construct a codimension 2 Chow scheme CH? x/k Whose
connected component of the identity is called the intermediate Jacobian of X. The other (split)
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connected components of CH? x/k are then naturally torsors under the intermediate Jacobian,
justifying the terminology intermediate Jacobian torsors.

DEFINITION 2.1. Let X be a smooth, projective, geometrically rational threefold over a field k.
Assume that there exists a smooth, projective, geometrically connected curve I' over k of genus
at least 2 such that (CH2 X /k)o o~ Pic% /i 8S principally polarized abelian varieties. We say that
the intermediate Jacobian torsor (IJT) obstruction vanishes for X if for every v € (NS2 XE) G’“,
there exists an integer d such that (CH2 X/k)7 and Pic% /i are isomorphic as Pic% J-torsors.

By [BW23, Theorem 3.11], if X is k-rational, then the IJT obstruction must vanish.

3. Benoist and Wittenberg’s codimension 2 Chow scheme

Grothendieck’s definition of the Picard scheme of a k-variety X as the sheafification of the ab-
solute Picard functor Picy ;: T+ Pic(Xr) gives a group scheme whose k-points agree with the
usual Picard group Pic(X7). When X is smooth (so Weil divisors and Cartier divisors agree), this
plays the role of a codimension 1 Chow scheme via the usual isomorphism Pic(X7) ~ CH(X7)
associating with a line bundle the vanishing divisor of a rational section. Extending this definition
to codimension 2 cycles is extremely difficult since the naive formula “T + CH?(X7)” is badly
behaved. Benoist—Wittenberg [BW23] recently overcame this obstacle when X is geometrically
rational by realizing a codimension 2 Chow functor as a quotient of K-theory.

In this section, we briefly recall the notation and results from [BW23] and references therein.
We then develop some of the functorial properties of the codimension 2 Chow scheme, especially
regarding maps to/from the Picard scheme of a curve, that will be useful in the following sections.
As mentioned in the introduction, a reader willing to accept these results when they are invoked
in Lemma 5.7 can safely proceed to Section 4 on a first reading.

For any quasicompact and quasiseparated scheme X, let Ky(X) be the Grothendieck group of
the triangulated category of perfect complexes of Ox-modules on X. When X admits an ample
line bundle, Ky(X) is naturally isomorphic to the Grothendieck group of the exact category
of vector bundles on X. If X is Noetherian and regular, Ky(X) is naturally isomorphic to
the Grothendieck group of the abelian category of coherent Ox-modules. In this case, Ky(X)
carries a natural filtration F'* Ky(X) by codimension of support, and we write Gr® Ky(X) for the
associated graded. When it makes sense, we write [£] for the class of a vector bundle/coherent
sheaf £ in Ko(X).

Let X be a smooth, proper, geometrically connected threefold over k. Write K x/;, for
the absolute Ky functor sending a k-scheme T' to Ko(X7). Given a morphism f: X — Y of
proper varieties, the (derived) pullback (fr)*: Ko(Yr) — Ko(X7) induces a natural transfor-
mation of functors f*: Koy, — Ko x/i- If, moreover, f is perfect, then the (derived) pushfor-
ward (fr).: Ko(X7) — Ko(Yr) induces a natural transformation of functors fi: Ko x /. — Koy k-

Let SKo x/kfppt be the fppf-sheafification of the kernel of the map (rank,det): Ko x/ —
Lx i % Picy g; see [BW23, Definition 2.2.1]. When the degree map CHy(Xq) — Z is an isomor-
phism for any algebraically closed field extension k C Q (in particular, when X is geometrically
rational), there exists a unique class vx € SKO’X/kyfppf(k) of a point on X, see [BW23, Proposi-
tion 2.8], with the property that for any finite extension k'/k and any coherent sheaf F on X/
supported in dimension 0,

[F] = h%(Xw, F) - vx € SKo x/k tppt (') - (3.1)
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This property implies that for any finite extension &’/k such that X (k") # (), we have [O,] = vx
for any 2’ € X(k'). Since X}y — X is an fppf cover, this property characterizes vx.

Benoist and Wittenberg define CH?X/k,fppf to be the (presheaf) cokernel of vx: Zx/ —
SKo,x/k,tppt- When X is projective and geometrically rational, this functor is represented by
a smooth group scheme over k, denoted by CH? x/k; see [BW23, Definition 2.9, Theorem 3.1(i)].
Associating with a codimension 2 integral closed subvariety [Z] € CH? X7 the class [Oz] €
Ko(X3) of its structure sheaf gives a Gj-equivariant isomorphism CH? X5 ~ CH? X/k (E), see
[BW23, Proposition 2.11].

The component group CH2X/k/(CH2X/k)O is identified with the Gx-module NS? Xz, see

[BW23, Theorem 3.1(v)], and we write (CHQX/;C)7 to denote the preimage of v € (NS2 X7) Gk,

which is a (CH2 X/k)o—torsor defined over k. Since the quotient map is a group homomorphism,
for any Gj-invariant curve classes v,v, we have

[(CH1)"] + [(CH2x )] = [(CH2x )" ] (3.2)

in the Weil-Chatelet group of (CH2X/;€)O.

We next describe some situations in which a morphism of varieties induces a morphism
of CH? functors (and hence, in the geometrically rational case, a morphism of codimension 2
Chow schemes). We will apply these morphisms to conic bundle threefolds in Section 5.3. All

the morphisms we discuss will be between smooth proper varieties, so they will be proper and
perfect [Stal8, Tag 01W6 and Tag 068B].

PROPOSITION 3.1. Let X and X’ be smooth, proper, geometrically connected threefolds over
k such that the degree maps CHo(Xq) — Z and CHy(X({,) — Z are isomorphisms for any
algebraically closed field extension k C Q. Let e: X' — X be a birational morphism. Then &
induces natural transformations

. 2 2 ) 2 2
6* : CHX/k‘,fppf — CHX’/kJ,fppf and Ex CHX’/k,fppf — CHX/k‘,fppf
with the following properties:
(i) The composition is the identity on CHgg/k fppf-

(i) The induced maps on k-points are Gy-equivariant and agree with the pullback map
e*: CH? X7 — CH? Xé and pushforward map e,: CH? Xé — CH? X3 on Chow groups.

If X and X' are projective and geometrically rational, this gives morphisms of group schemes
e*: CHzX/;C — CHQX//k; and €,: CHQX//]C — CH2X/k respecting the principal polarizations.

Proof. The birational morphism € induces a natural transformation e*: SKo x/k tppt — SKo x7/k
that maps vy to vys; see [BW23, Section 3.2.2]. So taking the quotient yields the natural trans-
formation &*: CH%f/kvfppf — CH%(’/k,fppf' Furthermore, by [BW23, Proposition 2.3(i)], the mor-
phism e induces a natural transformation e.: SKg x//x — SKg x/x- To see that this gives a
natural transformation e,: CH%, Sk fppf CH% Ik Eppf” it suffices to check that e,vx = vx. Let
K'/k be a finite extension such that there exists a point z’ € X’ (k). By (3.1), we have [O,/] = vx.
On the other hand, .[Oy] = [Og(yy] € Ko(Xp') since the map e(2'): Spec(k’) — Xjs is affine
and so has no higher pushforwards. Again by (3.1), we conclude that vx = [O, (] = e«vx/. This
shows the existence of &,.

Property (i) follows from [BW23, Proposition 2.3], and property (ii) holds for £* by [BW23,
Lemma 2.1] and for €, by [Ful98, Example 15.1.5]. If X and X’ are projective and geometrically
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rational, then the induced morphisms on group schemes follow from [BW23, Theorem 3.1(i)] and
the statement about principal polarizations follows from [BW23, Proposition 3.5]. O

PROPOSITION 3.2. Let X be a smooth, proper, geometrically connected threefold such that the
degree map CHy(Xq) — Z is an isomorphism for any algebraically closed field extension k C §2,
and let m: X — W be a morphism to a smooth, proper, geometrically connected surface. There
is a natural transformation

. 2 ;
Tx CHX/k,fppf - Pch/k,fppf )

which on k-points agrees with proper pushforward of cycles CH?(Xy) = CH'(W5) ~ Pic(Wyg)
after identifying Cartier and Weil divisors on the smooth variety Wr. If X is projective and
geometrically rational, this induces a morphism of group schemes

T - CH2X/I€ — PiCW/k .
Proof. We have the following composition of natural transformations of functors:

Tk det .
SKo,x/k,tppt — Ko,w/k,tppt — Picw /i fppt -

We claim that this composition induces a natural transformation CHE( Vi tppf Picyk, tppt, that
is, that det m,vx = 0. Let k'/k be a finite extension such that there exists an x € X (k). Then
mvx = Tu|Oz] = [Or(y)] has trivial determinant since Wy is a smooth surface and Og(y) is
supported in codimension 2.

We now compute this map on k-points. Let Z C X7z be an integral curve. Let 7,7 denote the
proper pushforward as a 1-cycle. It suffices to show that det 7, Oz ~ Ow (7. Z). If the map 7|z
is constant (which implies that 7.2 = 0 as 1-cycles), then m.Oy is supported in codimension 2
and so det 1,0z ~ Oy is trivial as well. If 7|z is nonconstant, then the map 7|z: Z — 7(2) is
finite and 7,Z = deg(w|z)m(Z). On the other hand, 7|z is affine, so higher pushforwards vanish
and 1,0y is a vector bundle of rank deg(m|z) supported on 7(Z). Since reflexive sheaves are
determined away from codimension 2, we may apply [Ful98, Example 15.3.1] on W away from
the singular locus of 7(Z) to conclude that det 7, Oz ~ O (deg(w|z)m(Z)). O

3.1 Morphisms between the codimension 2 Chow scheme of a threefold and the
Picard scheme of a curve

The intermediate Jacobian of a threefold is often related to the Jacobian of a curve. In this
section, we give morphisms between the codimension 2 Chow scheme and Picard scheme of
a curve in two scenarios that will be necessary in this paper.

Throughout this section, let X’ be a smooth, proper, geometrically connected threefold! such
that the degree map deg: CHy(X(,) — Z is an isomorphism for any algebraically closed field
extension k C Q, let S be a smooth proper geometrically connected surface, and let A be a smooth
proper geometrically connected curve. Let j: S — X’ be a finite morphism and p: S — A a flat
morphism.

PROPOSITION 3.3. Assume that X’ and S are projective. There is a natural transformation

. 2
Pic /. topt = CHX /1 fopt »

'We will apply these results later to a blow-up of a conic bundle threefold, which is why we have elected to use X’
instead of X.
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which on k-points agrees with the composition of the Gj-equivariant homomorphisms
. X X p* ]*
Pic(Ag) ~ CH' (Ag) — CH'(S) = CH?(X7)

on Chow groups. If X' is geometrically rational over k, this induces a morphism of group schemes
which we denote j.p*: PicA/k — CH2X//k,.

Proof. Our eventual aim is to apply the natural transformations p* and j, on K-theory. We must
first construct a natural transformation Picyz ;. — Ko, Ak which agrees with the map associating
with an effective line bundle the K-theory class of the structure sheaf of the corresponding divisor.
Let T be any Noetherian local k-scheme. Since T is affine and A, S, and X’ are all projective,
all Ko-groups will be generated by classes of vector bundles. By [BW23, proof of Lemma 2.5],
we have a functorial group homomorphism

PiC(AT) — KQ (AT)
sending a line bundle £ to the class [£]—[Of | =[Oz |- [£71], and the image of this homomor-
phism is the kernel of rank: Kj (AT) — Z. Using that Pic and K¢ commute with directed inverse
limits of quasicompact and quasiseparated schemes with affine transition maps and Noetherian
approximation (see also the proof of [BW23, Proposition 2.4]), this gives a natural transforma-

tion of functors Picz Jhesfppf K07 Ak fippf - We compose this with the natural transformations p*
and j, to obtain a natural transformation

. p* j*
PicA /i topt = Ko, Ak tppt — Ko,k oot > Ko, x7/k fopt -

We now prove that the image of this composition is contained in SKq x//i fppt, that is, that
post-composing with the map (rank, det) is trivial. First, since we know that the image of Pic 3 Jk
in K07 Ak fppf is in the kernel of rank: Ko, AJkfppt Z, it follows that its image under j.p*
is in the kernel of rank: Kg x//kfppt — Z. To check that this image is also in the kernel of
det: Ko x1/fppf = Picx/k tppf» it suffices to check on k-points because PicA/k,fppf and Picx/ /g fppf
are represented by smooth group schemes over k.

Since Pic (AE) is generated by effective line bundles, we may reduce to the case £ = Oz(Z)
for an effective Cartier divisor Z. Using the fundamental exact sequence

0—)0&(—2) _>OA -0z —0,
we see that the first map Pic (AE> — Ky (AE) sends the line bundle Oz(Z) to the class of the
coherent sheaf [O7]. (In other words, this is the map ¢!: CH'(A;) — Grk Ko(Ag) from [BW23,
(2.4)] precomposed with the isomorphism Pic(A;) ~ CH'(A;).) Furthermore, j.p*[0z] =
JxlOp-17] = [§+0p-14] € FQKO(X%) = SKO(X%) since j is affine (and so higher direct images
vanish).
Finally, we quotient by the class vx/ to obtain the desired natural transformation

s 2
PlCA/k,fppf — CHX’/k,fppf .

That this map on k-points agrees with flat pullback and proper pushforward of cycles follows
from the explicit description above (for pullback) together with [Ful98, Example 15.1.5] (for
pushforward). O

PROPOSITION 3.4. Assume that j: S — X' is a closed embedding. There is a natural transfor-
mation

2 -
CHX’/k,fppf - PICA/k,fppf’
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which on k-points agrees with the composition of the Gj-equivariant homomorphisms
CH2(XL) L5 CH?(S) 25 CH' (&) =~ Pic(&;)

on Chow groups. If X' is projective and geometrically rational over k, this induces a morphism
of group schemes which we denote by p,j*: CHQX//k — PicA/k.

Proof. First, for every k-scheme T', we get functorial homomorphisms
Ko(X7) £+ Ko(Sr) £ Ko(A7),

which give natural transformations Ko x/;, — Ko g/ — Ko,A/k by [BW23, Section 2.2.2]. We
post-compose these maps with det: Ko,A/k — PicA/k. Restricting to SKq y//, gives a natural
transformation
SKO,X’/k — PiCA/kz .

We take the induced map on the sheafifications, and we claim that vy is in the kernel. Let &'/k
be a finite extension such that there exists a point 2’ € (X’ — S)(k’). Then [Oy] = vy €
SKo, x7/tppt (k) by (3.1). By [Ful98, Example 15.1.8] (using that X}/ is regular and js is a perfect
closed embedding), the pullback is

7*[02] = (=1)! Tor) ¥ (j.Os, Or) .

Using the explicit resolution Ox/(—S) — Oxs of j.Og and the fact that 2’ ¢ S, we see that
Torgoxl (j«O0s5,0,1) = Tor?x' (j+Os,0,) = 0, and so j.vx = 0.

Now we compute this map on k-points. Let Z C X/E be an integral curve. If Z is not contained
in S C X%, then using the explicit resolution of j,Og to compute Tor? X'(j+0g,0z), we find that
J*0z] = Torg)X' (7:05,0z2) = Ognz. As in the proof of Proposition 3.2, we have det p,Ognz ~
Ox(p+(5N 2)).

If Z is contained in S; C X7, then all maps are zero in the explicit resolution of j,Og
restricted to Z, so j*[Oz] = [Oz] — [Oz(—5)]. This is the pushforward to Ko(S%) of the unique
class in Ko(Z) of rank 0 and determinant Oz(S). By the excess intersection formula [Ful98,
Corollary 6.3], we have j*[Z] = ¢1(Os(5)) N [Z] € CH*(S). This is the pushforward to CH?(Sy)
of the class in CH!(Z) corresponding to Oz(S) under the isomorphism CH!(Z) ~ Pic(Z). The
result now follows from [Ful98, Example 15.1.5]. O

4. The Prym variety and polarized Prym schemes

Let @w: A — A be an étale double cover of smooth, proper, geometrically connected curves
over k, and let ¢ denote the associated (geometrically) fixed-point-free involution. Let L be a
k-group scheme with trivial identity component, and let ¢: L — Pica/, be a k-morphism of
group schemes. We will be most interested in the case where there is an embedding 7: A — W
into a geometrically rational surface and the morphism ¢ is r*: Picyy, — Pica i

We define the ¢-polarized Prym scheme of A — A to be the fiber product

¢ .

PPrymy . i=Picg Xpic,, L C Picg, xL.

Note that this group scheme is defined over k, and its identity component is the usual Prym
variety Prym 3 /A0 which is a principally polarized abelian variety [Mum?74, Section 2, Corol-
lary 2]. Further, each split connected component is a torsor under Prym 3 /A In the case of an
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embedding r: A — W into a geometrically rational surface inducing r*: Picy;, — Pica i, we
PICW/k

A/A . When r* is injective, for example

denote the (Picyy;)-polarized Prym scheme by PPrym ;

when W ~ P2, we have

Pic . . .
PPrymA/AW/k(k:) ~ {[Ox(D)] € Picy ;. (k): @D € im(Pic We)}.

For any (closed) point D € L, write Vp for the fiber of PPrym A/a Over D via the second
projection. This subscheme is naturally identified with its image in Plcieg/(zw) via the first
projection. Since w,w*D = 2D, we have

Vopipr = w*D 4+ Vp for all D,D/ eL.

Thus, it suffices to study Vp for a set of representatives D for the elements of L/2L.

The subscheme Viq, has two connected components, each of which is geometrically irreducible
(see [Mum?74, Section 3]). We write

P:=Prymg,, and P:=Vy, - P (4.1)

for the two components. Since Viq, = P U P is a group scheme, P is a 2-torsion P-torsor.
Furthermore, for any D € L(k), the scheme (Vp)y can be translated to (Vig, )z, so (Vp)y also
has two connected components.

4.1 Distinguishing connected components of Vp
LEMMA 4.1 ([Mum?74]). Let n > 0 be an integer. Then

P = (1 — )(PICA/k)szMk/w Pch/k, and P = (1, — )(Plczn/?)

Proof. Note that (v. — 1)(D 4+ @w*D1) = (1« — 1)(D) for any divisor classes D; € PlclA/k and
D e Pch/k Therefore, (1. — )(Plc’g;r’f) (L — )(Pch/k) for any integer m, and so we may
assume n = 0. By [Mum74, Section 3], the Prym variety P is the image of Pic% k under ¢, — 1.

Thus, by the first isomorphism theorem, P = (1, — )(PICA/R) o~ PIC Ak / ker(t,—1) . In addition,

we also have that @™ Pic% /k C ker((L*—l) |pico ) and that this inclusion is surjective on k-points.
Ak

Since ¢4 — 1 is smooth by [Mum?74, Section 2], this implies that @™ PicOA/k = ker (1 — )|PICA/k) .

Finally, (1. — 1)(PiC1A/k) — P because they are both subvarieties of PicOA/k with the same k-

points and ¢, — 1 is smooth. O

We can consider points in Sym? (A) (k) as giving k-rational effective degree d divisors on A.
From this viewpoint, we define the intersection s N 3 of two points 5,5 € Sym?(A)(k) to be the
effective divisor Fj 5 of largest degree such that E,; < s, 5.

COROLLARY 4.2. Let D € L(k) be such that Vp is split. Let s,5 € Sym®&?(°)(A)(k) be such
that

[s],[5] € Vb and  w.(s) = @.(5) € Syme?P)(A).

Then [s| and [§] lie in the same connected component of Vp if and only if deg(s N§) =
deg ¢(D) mod 2.

Proof. Let e := deg(s N §). Then since w.(s ) w«(5), we may write s = > ' | P, and § =
Z?:OI P +Z?:no+1 u(F;), where Z?il deg(F;) = e and Zz =ng+1 deg(P;) = Z?:no—o—l deg(L(P;)) =

deg #(D) —
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Applying Lemma 4.1, we conclude that the linear equivalence class of 3—s =>7" . (t.Pi—
Pp)isin Pif 371 . deg(P;) = deg ¢(D)—e is even and in P if deg ¢(D)—e is odd. Since P is the
connected component containing the identity, [s] and [s] are in the same connected component

if and only if deg ¢(D) — e is even, as desired. O
4.2 The canonically polarized Prym scheme

The canonically polarized Prym scheme of A — A is PPrym(g a0 where ¢ is the embedding of
the subgroup generated by the canonical divisor KA. We will denote this by PPrym<KA>. For

A/A
the canonically polarized Prym scheme, Prym—Brill-Noether theory gives the following result.

PROPOSITION 4.3 ([Mum74, (6.1)]). The parity of the dimension h® of global sections differs on
the two geometric connected components of Vi, . ]

As a consequence, Vi, has two connected components (that is, the two geometric connected
components are defined over k).

DEFINITION 4.4. Let P denote the connected component of Vi, on which h® is even, and
let P denote the connected component on which h” is odd. For each positive integer m and
e € {0,1}, define

plme) .— ple) 4 mKy , pme) .— ple) mKx

where P(O) := P and P(©) := P. (Note that as P-torsors, P = P+ P(™ and 2P(™) = 2]5("? =
P(zm).) Furthermore, for each positive integer m, we define the subschemes S(m) and S
of Sym™d8Ka A to be the preimages of P and P(™) | respectively, under the Abel-Jacobi

map Sym”desKa A Picg'/ieg Ka

4.3 Etale double covers of smooth plane quartics

In this section, we specialize to the case where A is a smooth plane quartic, which implies that
the cover A is a nonhyperelliptic, nontrigonal genus 5 curve [Bru08, Lemma 3.1]. Bruin [Bru08§]
has studied such covers in detail. In Theorem 4.5 below, we summarize some of Bruin’s geometric
results (parts (i), (iv), and (v)) and apply them to describe the Abel-Jacobi maps S — P()
and S — PM (parts (iii) and (vi)). (Bruin’s results are stated in characteristic 0 but hold for
all fields of characteristic different from 2; see Remark 4.7.)

THEOREM 4.5. Let k be a field of characteristic different from 2, and let @: A — A be an étale
double cover of a smooth plane quartic curve.

(i) ([Bru08, Section 3]) There exist quadratic forms Q1,Q2, Qs € k[u,v,w] such that

A=V(Q3-Q1Q3) CP? and A=V(Q:—r%Q2—1s,Qs—s?) C P

These quadratic forms are unique up to a PGLg-action, where (‘C‘ Z) acts by

a? 2ac c? Q1
ab ad+bc cd| | Q2
b? 2bd  d? Q3

(ii) Given these quadratic forms Q1, Q2, Q3, consider the family Q — P! whose fiber above
[to : t1] is given by V(t%@l + 2tot1Q2 + t2Q3 — (tor + t18)2) C P*, which is a quadric of
rank at most 4. The Stein factorization of the relative Fano variety of projective 2-planes
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]:Q(Q/]P’l) — P! produces a genus 2 curve I' — P! given by the equation
P =— det(t2M1 + 2tMo + Mg) ,
where M; is the symmetric 3 X 3 matrix associated with @);.
(iii) The morphism ¢: .Fg(Q/]P’l) — Sym* A given by A — AN A induces an isomorphism
Fo(Q/PY) = S,
(iv) ([Bru08, Lemma 4.1]) The morphism ¢ induces a map ¢ such that the diagram

Fo(Q/P1) —% 5

L

T p)

commutes, where the left vertical map comes from part (ii).

(v) ([Bru08, Section 5, Case 4]) The morphism ¢ induces isomorphisms Pic): /e = Prymg
and Picf . = P,

(vi) The Abel-Jacobi map S — PW) is an isomorphism.

DEFINITION 4.6. The Prym curve of an étale double cover A = A of a smooth plane quartic
curve is the genus 2 curve in part (ii) of Theorem 4.5, and we denote it by I' 5 /A

Proof. The first claim in part (i) follows from [Bru08, Section 3|. It remains to prove uniqueness
up to the given PGLs-action. From the equations, one can verify that k(A) = k(A)(\/Ql/uQ).
We claim that if @ is any other quadric such that Q/Q1 €k(A)*2, then Q=1t3Q1 +2tot1 Q2 +13Q3
for some choice of tg, t;. In particular, these functions are parametrized by a P!, and the choice
of Q1, Q3, and Q1 + 2Q2 + Q3 corresponds to choosing three points on the P'. Since any choice
of three points differs from these by an element of PGLy (acting by automorphisms of P!),
this gives the desired statement. To prove the claim, observe that Q/Q1 € k(A)*? implies
that %(V(Q) —V(Q1)) =0 € Pic A. By the Riemann-Roch theorem, %V(Ql)‘ =~ Pl and its
image in |2Ka| = |Oa(2)| under the multiplication by 2 map gives a quadratic curve that
contains the vanishing of @1, @3, @1 + 2Q2 + Q3. Thus, V(Q) has the claimed form, and since
t%Ql +2tot1Q2+13Q3 has the same square class as 1, we also have the correct defining quadratic
equation.

Part (ii) follows from structural results about quadrics; see, for example, [EKMO0S8, Section 85].

Now we consider part (iii). If A € F» ( Q/ IP’I), then A is completely contained in some quadric
in the k-span of Q1 — 12, Qo — rs, Q3 — s2, and thus the intersection A N A is given by the
vanishing of two quadrics in the plane A. Since A is geometrically irreducible and spans P4,
this intersection must be O-dimensional, and so A N A is a degree 4 0-dimensional scheme that
spans A. In particular, A — A N A defines an injective morphism ¢: Fp(Q/P') — Sym* A.

In order to prove that the image of ¢ is contained in S, we must show that the divisor class
of p(A) = AN A lands in P that is, that

we(d(A))€ |[Ka| and  hO([¢p(A)]) = 0 mod 2.

Since A is a 2-plane contained in a 3-dimensional rank 3 or 4 quadric Qf,], it must contain
the singular locus of this quadric and in particular contains the point V (u, v, w, tor +t1s). (Note
that each quadric threefold in the pencil has rank 3 or 4, and the fiber over a point [ty : t1]
has rank 3 if and only if det(t%Ml + 2tot1 Mo + t%Mg) = 0. In the rank 4 case, the point
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V(u,v,w,tor + t18) is the singular locus, while in the rank 3 case, the singular locus is a line
containing this point.)

Therefore, A must be contained in a hyperplane of the form au + bv + cw = 0, and so
ws(¢(A)) must be contained in the line au + bv + cw = 0. Hence, recalling that A is canoni-
cally embedded, we have w,(¢(A)) € |Ka|. Now let us consider the dimension h®([p(A)]). If A
and A’ are 2-planes in the same ruling, then [¢(A)] = [¢(A)]; hence h°([¢(A)]) > 2. By Clif-
ford’s theorem on special divisors, h'([¢(A)]) < 2. Thus, we have the desired parity, and so
img¢ c SM.

To prove that ¢ surjects onto S, we appeal to [Bru08, Lemma 4.1(1),(2)]. This result
of Bruin implies that any D € SM is AN A for some 2-plane A contained in a rank 3 or 4
quadric contained in the net of quadrics spanned by {Q1 —12,Qy — 15,Q3 — 82}. From the
description in [Bru08, Section 4] of the singular locus of the net, all the rank 3 quadrics in
this net are in Q (in Bruin’s notation, Q is parametrized by I'™ ~ ]P’l). So we may assume
that the rank is 4. Then, since, by definition, @,S™") C |Ka| € Sym* A, the rank 4 quadric
must have its singular point on the line V(u,v,w). Thus, the rank 4 quadric must be a mem-
ber of Q.

Finally, we will show that S() is smooth to conclude that ¢ is an isomorphism. Since
S — PO is a Severi-Brauer fibration over its image, it suffices to show that the image is
smooth. The image is the Prym-Brill-Noether locus with h° = 2, and so it is smooth of the
expected dimension at a point L € Pic A if the Prym—Petri map is injective [Wel85, Propo-
sition 1.9]. To recall the definition of the Prym-Petri map [Wel85, (1.8)], first consider the
map

H'(L)® H(L) - HY(L)® H*(Kz ® L™") % HY(KR) — H(KR)/w*H°(KA),

where the first map sends s ® t to s ® ¢*t, the map « is the usual Petri map, and the final
projection maps A to 1(A — ¢*A). Since this map is skew-symmetric, it factors as A?HY(L) —
HY(KR)/w*H(KA); this induced map is the Prym-Petri map. Given two independent sec-
tions s and ¢ in H°(L), the divisors V(s) and V(:*t) correspond to two projective 2-planes
in some quadric in the family Q that meet along a line (which contains the singular locus of
the quadric). Their span is a hyperplane, and the Prym—Petri map is injective if this hyper-
plane is not pulled back from H°(KA). To prove that the span of V(s), V(:*t) is not pulled
back from HY(Ka), first observe that for any fixed quadric @ from Q, projection from the line
uw=v=w =0 yields a map F»(Q) — P? that is 2-to-1 onto its image. It follows that, given
any 2-plane A C @, the only other 2-plane with the same image under projection from the line
u=v=w=0is eA. If s At # 0, then V(s) # V(t) = V(+*t), and the map is injective as
desired.

Part (iv) follows from [Bru08, Lemma 4.1], and the first claim of part (v) is proved in [Bru08,
Section 5, Case 4]. The second claim of part (v) follows from the first together with the universal
property of I' — Pic% Ik Finally, for part (vi), recall that P is the connected component on
which h? is odd. Since, as explained above, h” is at most 2, the only possibility is that h® = 1 iden-
tically on P, Since the fibers of the map S — P(M) are projective spaces of dimension h® —1,
it is an isomorphism. O

Remark 4.7. The results in [Bru08, Sections 3-4 and Section 5, Case 4] are stated in character-
istic 0 but are valid in any characteristic different from 2. Lemma 3.1 of [Bru08] does not require
characteristic 0: a genus 5 curve always has at most one special linear series g§ and no special
linear series gg. Petri’s theorem also holds in any characteristic, so the only part of the proof of
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[Bru08, Lemma 3.2] that uses characteristic 0 is in invoking Bertini’s theorem to argue that a
general quadric in A is smooth away from A. Smoothness of a general member also holds in odd
characteristic because [Bru08] shows that every quadric in A is smooth along A, so the generic
fiber of Bl P* — A is a regular quadric threefold in ]P’f{( A)’ and a regular quadric can fail to be

smooth only in characteristic 2; see [EKMO0S8, Remark 7.20].

5. Intermediate Jacobian torsors

We now transition to the study of smooth, geometrically ordinary, and geometrically standard
conic bundles 7: X — W, for W a smooth, geometrically rational surface. The goal of this
section is to relate the codimension 2 Chow group CH? X7 to the k-points of the (Picyyy)-
. 1ICw/k .

polarized Prym scheme PPrym A/A as Galois modules.

When X is geometrically rational, we can consider the intermediate Jacobian torsors of X,
that is, the split connected components of Benoist—Wittenberg’s codimension 2 Chow scheme
CH? /- We prove that the connected components of Benoist-Wittenberg’s codimension 2 Chow

. . Pi
scheme CH? y /1, are each isomorphic to a connected component of PPrym;,  "“/*

. The compo-
nent group CH? i/ (CH?x /k)o is isomorphic (as a Galois module) to the group of curve classes
NS? X7, see [BW23, Theorem 3.1}, and so each connected component is identified with an alge-

braic curve class. Our precise result is as follows.

THEOREM 5.1. Let k be a field of characteristic different from 2, and let w: X — W be a conic
bundle over a smooth, geometrically rational surface, all defined over k, with smooth and geo-
metrically irreducible discriminant cover w: A — A.

(i) There is a Galois-equivariant surjective group homomorphism
PicW/k

CH? Xz — PPI‘ymA/A (E)

yielding, for any vy € (NS2 XE) Gk, a Galois-equivariant isomorp}lgj_sm between (CH2 XE)7
and the k-points of one of the connected components of PPrym~ICW/ * that is compatible

A/A
with the actions of the identity components. /

(ii) There is a unique Galois-invariant algebraic curve class 4y given by a k-line contained in
a singular fiber of 7, and for this class, the homomorphism from part (i) induces the G-
equivariant isomorphisms

(CH? X;)™" ~ P(k), n even,
P(k) , nodd.

(iii) If X is geometrically rational, the map in part (i) can be upgraded to a surjective morphism
of group schemes over k

Pic
CH2X/k — PPrymA/Xl/k

that is an isomorphism when restricted to each connected component. In particular, for any
v € (NS2 XE) G’“, the torsor (CH2X/}€)7 is isomorphic to one of the connected components

of PPrymZi/cX//k, and (CHQX/k)MO is isomorphic to P for n even and to P for n odd.

Remark 5.2. The homomorphism in Theorem 5.1(i) is (p.j*e*, m.): CH? X3 — Pic AE x Pic Wy
(defined in Section 5.2). Our results from Section 3 will be used to show that this can be upgraded
to the morphism of group schemes of Theorem 5.1(iii).
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In Section 5.1, we give a description for the group of algebraic curve classes on conic bun-
dle threefolds over geometrically rational surfaces. In Section 5.2, we recall some intersection-
theoretic calculations of Beauville used in his proof that the intermediate Jacobian of a conic
bundle over P? over an algebraically closed field is the Prym variety of : A — A. In Section 5.3,
we upgrade this identification to a morphism of group schemes Picz e CH? x/k for X ge-
ometrically rational. We show that this morphism induces an isomorphism of group schemes
from the identity component of the (Picyy/;)-polarized Prym scheme to (CH2 X/k)o, recovering
Beauville’s result for W = P? after base change to k. In Section 5.4, we explain how these re-
sults combine to prove Theorem 5.1. Finally, in Section 5.5, we explicitly determine the images
of certain curves classes under the map in Theorem 5.1(i); this will be used in our rationality
constructions in Section 6.4.

5.1 Algebraic curve classes on X

PROPOSITION 5.3. Let k be a field of characteristic different from 2. Let w: X — W be a conic
bundle threefold over a smooth, geometrically rational surface with smooth and geometrically
irreducible discriminant cover A — A, all defined over k. Let C C W be a curve whose support
does not contain A, and let Cy be a (geometric) irreducible component of Cy.

(i) There exists a surface WC C X, defined over k, such that 7T|WC is generically 2-to-1 and WC
meets each singular fiber of X transversely and each k-line in a singular fiber with multi-
plicity 1.

(i) There exists a k-curve G¢, C (X%)c, that maps birationally onto Cy under 7. In particular,
the map m,: NS? Xz — NSt Wr is surjective.

(iii) The subgroup of NS? X7, generated by fibral curves is free of rank 1 and is generated by the
class g of any k-line contained in a singular fiber.

(iv) We have (AW/C)E N(X3)e, — 26¢, ~alg mAo for some integer m.

(v) As subgroups of NS? X+, we have 2(ker 7,) C ZAg.

(vi) If X is geometrically rational, then NS? X7 is free, so in particular we have an exact sequence
0 — ZAg — NS* X7 =5 NS' W — 0.

Proof. (i) For a point w € (C' N A)ed, the fiber X, is a conic over k(w) that is geometrically
reducible. The antidualizing sheaf of a conic X,, has a section whose support does not contain
the singular point of X,,, and the section is reduced. Thus, if there exists an invertible sheaf F
on X such that

(a) Fx,, =~ W}/(/W|Xw for all w, and
(b) HY(X,F) = ®ue(cna),q H(Xw, Flx,,) is surjective,
then there is a global section of F that gives the desired WC.

We claim that for any ample H, the sheaf F := wy, w @ T H ®m has the desired proper-
ties. Indeed, (w}/( w ® m™H ®m)| Xo & WY /W| Xy w}/(w by the adjunction formula, so we have
HY (Xu, (Wi @ T HO)|x,,) ~ B (X, 0¥, ).

It remains to show that for sufficiently large m, the restriction map on global sections

H' (X, wiw@m H) » @ H(Xu, (wiw @7 H™)|x,) (5.1)
we(cmA)red
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is surjective; we do so by showing that H! (X, w}/(/w QR mT*H®™ @ 7'('*3) = 0, where J is the ideal
sheaf of (C'N A);eq C W. Using the Leray spectral sequence, it suffices to show that
H' (W, o (wkjyy © T HO™ @ 7*7)) = HY (W, me (wx ) © HE™" @7) =0,
HY (W, R'm, (wy i @ 7 H®™ © 7*7)) = HO(W, R'm (wx ) @ HE™ ©7) =0,
where the left equalities hold by the push-pull formula. The first vanishing holds by Serre’s
criterion for ampleness, and the second holds because Rlm, (w)v( /W) = 0; see [Sar82, Section 1.5].

(i1)—(vi) As the rest of the parts of the proposition are geometric, henceforth we will assume
k =k and drop k from the notation.

(ii) The first statement follows from Tsen’s theorem, and the second follows from the first
together with Chow’s moving lemma.

(iii) The assumption that the discriminant cover is smooth and geometrically irreducible im-
plies that all fibers are of rank at least 2. Furthermore, since any two points on W are algebraically
(in fact, rationally) equivalent, any class in the subgroup of fibral curves can be expressed as
a sum of lines contained in singular fibers. Thus, it suffices to show that any two lines contained
in singular fibers are algebraically equivalent. The normalization of XA is a P!-bundle S — A
such that for any closed w € A, the curve Sz ~ P! maps isomorphically to a line in Xoo(@)-
Hence, the statement follows from the fact that Sg ~a1e Sz for any two points w,w’ € A.

(iv) The conic bundle surface X¢, is birational to a regular conic bundle surface over a smooth
model Cy of Cp. Recall that the Néron-Severi group of a regular conic bundle surface Xg, over
an algebraically closed field is freely generated by the class of a section, a smooth fiber F', and

one component of each singular fiber. On X, the difference of the strict transforms of W N Xc,
and 26, is algebraically equivalent to a combination of fibral curves, and hence on X, we have
WC N X, — 26¢, ~alg mYo for some integer m.

(v) Let v € kerm,, and let Z; C X be a collection of integral curves such that v = ). n;Z;.
By Chow’s moving lemma, we may assume 7(Z;) ¢ A for all i. Observe that if 7(Z;) is a point,
then by part (iii), we have Z; € ZA4y, as desired. Therefore, we may reduce to the case where
C; :=7w(Z;) is a curve for all i. Let C':= UC;. For each i, let d; be the degree of the map Z; — C.
Note that 7,y ~alg > 1id;C; ~a1g 0 implies

Z(nidi)(WC DXCZ-) ~alg 0. (5.2)
i
Using the structure of Néron—Severi groups of conic bundle surfaces as in the proof of part (iv),
we conclude that Z; ~a, d;S¢, + a;yo for some a; € Z, and so

% 7

~alg Z [(nldz)(ﬁ?@ N XCi) + (2na; — nidimci)%] by part (iv)

~alg (Z(Q”z‘ai - nidz‘moi)>’?o by (5.2).
i

(vi) When X is a smooth projective rational threefold over an algebraically closed field,
NS2 X is free by [BW23, Theorem 3.1(v)]. For W¢ as in part (i), we have W¢ - 39 = 1, which

since X is smooth implies that 7 is not divisible in NS? X. Part (v) then implies that the kernel
of 7, must be freely generated by 7y, and part (ii) gives surjectivity. ]
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5.2 Relating cycles on X to cycles on A and W
Observe that the map 7 fails to be smooth along the image of a section 6: A — X. We write
£: X' — X for the blow-up along §(A). The proper transform S of X is a P'-bundle over A.

The exceptional divisor E of £ meets the surface S transversely along a section of S 2 A. We
summarize this setup in the following commutative diagram:

SNE - s B

Of particular interest will be the maps
poj*e’s CH? Xz — CH'Ag and  e,jp*: CH' A — CH? X7, (5.4)
where ¢*: CH? Xz — CH? Xi and j*: CH? Xé — CH? S; are the refined Gysin homomor-
phisms [Ful98, Section 6.6] and p,: CH?S; — CH! Ay is the pushforward.
LEMMA 5.4. (i) For any class o € CH? X7, we have w,(p.j*e*a) = r*m.a.
(ii) For any class § € CH! Az, we have e,j.p*(w* ) = 7. 3.

Proof. We will use that the lower right square in (5.3) is Cartesian. Using that r is a regular
embedding and v is monoidal, we have

r*mea = (7 x, )« e [Ful98, Theorem 6.2(a)]
= (7| x, s T [Ful98, Proposition 6.7(b)]
=(wop)(eoj)a.

In the other direction, using that r is proper, 7 is flat, and v is monoidal, we have

B =ri(m|x,) B [Ful98, Proposition 1.7]
= riva*(r|x, )" B [Ful98, Proposition 6.7(b)]
= (e0j)«(wop)B. O

Recall that t: A — A is the (geometrically) fixed-point-free involution whose quotient is A.
A key input to Beauville’s computation of the intermediate Jacobian of X is the following.

LEMMA 5.5 ([Bea77, Chapter III], [BF83, Claim 2]). Given a class © € CH' A, we have
Pej € (Exjap™ () = (1x — D).
PROPOSITION 5.6. The map
CH? x; 2T, Picy |, (F) x Pie Wy

Picy
is a Gp-equivariant group homomorphism with image contained in PPrym AI/CAW/ r (k)
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Proof. Given a class a € CH? X7, by Lemma 5.4, we have w,p,j*c*a = r*m.a. Hence (p.j*e*a,
me) is a point of the (PicW/k)—polarized Prym scheme. Since the maps p, j, €, and 7 are defined
over k, this map is Gj-equivariant. O

5.3 Identifying the intermediate Jacobian with the Prym variety

Using our results from Section 3, we can upgrade the maps of the previous section to natural
transformations of functors.

LEMMA 5.7. There exist natural transformations of functors
. . 2 s . . s 2
P«J € CHY jpgope = PICA e Ex0x0™ 1 Pica jp popr = CHY kot

extending the homomorphisms in (5.4) on k-points. When X is geometrically rational, these give
rise to morphisms of k-group schemes

pijie™: CH2X/k, — Picg ., Exjxp™: Picg , — CHZX/;,C .
In this case, there is also a morphism T, : CHQX/k — Picyy, and the product

(p*j*E*,TF*)

CHQ)(/k PiCA/k X PiCW/k

has image contained in PPryijlCW/ .
A/A
Proof. The existence of the natural transformations/morphisms ¢,j.p* and p.j*e* follows by
composing the natural transformations defined in Propositions 3.1, 3.3, and 3.4, which is possible
since ¢ is birational, p is smooth, and j is a regular embedding. The existence of the morphism
7, follows from Proposition 3.2.
Finally, since CH? X/k is a smooth group scheme, it suffices to check the image of (p.j*e*, )

on k-points, which is Proposition 5.6. 0

Beauville showed that, over algebraically closed fields of characteristic not 2, the Prym va-
riety PI'ymA/A with the homomorphism (¢, — 1) o (£,jxp*) ™" of Section 5.2 is the algebraic
representative for (CH2 XE)O (that is, Murre’s definition of the intermediate Jacobian [Mur85]);
see [Bea77, Proposition 3.3]. We build on Beauville’s work to extend the result to over any field
of characteristic different from 2 (not necessarily algebraically closed). In addition, when X is
geometrically rational, we show that (CH2 X /k)o is isomorphic to the Prym variety.

THEOREM 5.8. Let k be a field of characteristic different from 2. The homomorphism &, j,p* of
Lemma 5.7 induces a Gp-equivariant group isomorphism

Pryms s (F) 0

(CH? X7)°.
Here (1, —1)~! denotes the inverse of the isomorphism PicOA/,C Jw* PicoA/k, ~ Prymg  , induced
by v, — 1 (see Lemma 4.1).

Moreover, if X is geometrically rational, this induces an isomorphism

exjepo(ts—1)"1 0
PrymA/A (CHQX/k)
of principally polarized abelian varieties.

Proof. First we show that the kernel of ¢, j,p* has the same k-points as w* Pic% Jk- By Lemma 5.5,
the kernel of e,j,p*: Pic AE — CH? X7 is contained in that of 1, — 1: Pic AE — Pic AE, which,
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by Lemma 4.1, is equal to w* Pic® Az. For the opposite containment, we need to show that
ExJsp” (w* Pic? AE) = 0 in CH? X7. Note that (e4jxp*) o @* = m*ry by Lemma 5.4, but, since
(CH2 VVE)0 =0, the map r, is identically 0 on Pic® Az.

Hence @™ PicoA Jk is the maximal reduced subscheme of the kernel, and &, j,p* induces a homo-
morphism PicOA Ik Jwo* PicOA Jk (E) — (CH2 XE)O and if X is geometrically rational, a morphism
P1c~/k Jwo* Pch/,C — (CH X/k) . Thus, precomposing with the isomorphism (¢, — 1)~ yields
a group homomorphism Prym 3 /A (%) — (CH2 XE)O and if X is geometrically rational, a mor-

phism of abelian varieties Prym 3 /A (CH2 X /k)o . We claim that these are both isomorphisms.
For the group homomorphism, it suffices to show surjectivity. For this, the proof of surjectivity
in [Bea77, Théoréme 3.1] holds when P? is replaced by a smooth surface Wy with (CH? W%)? = 0
for all q.

To check that Prymz /A (CH2 X /k)o is an isomorphism of abelian varieties, it suffices to
base change to k. Since both

( Prymy , (te — 1) o (e4jup®) ™t (CHQXf) —>PrymA/A(k)7 ) and
((CHy )" Wk (CEX)" - (CHy p)°(F) )

are the algebraic representative for algebraically trivial cod1mens1on 2 cycles on X3 by [Bea77,
proof of Proposition 3.3] (which only requires that (CHq Wz ) =0 for all ¢) and [BW23 Theo-
rem 3.1(vi)], the claim follows from the universal property [Bea77, Definition 3.2.3] of the alge-
braic representative. The isomorphism Prym z /5= (CH X/k)o respects the principal polariza-
tions because the principal polarization on (CH X/k) is induced by that on the algebraic rep-
resentative over kP; see [BW23, Theorem 3.1(vi)]. O

5.4 Proof of Theorem 5.1

By Proposition 5.6, the map (p.j*e*, m,) gives a Galois-equivariant group homomorphism from
CH? X7 to PPr m~l/CAW/ " (k). We will prove that this is the desired map in Theorem 5.1(i). In
addition, combining Theorem 5.8 and Lemmas 4.1 and 5.5, we have the diagram

P) (=D PicOA (%) RN (CH? Xx7)" (g7 m), P(k),

which shows that the map (p.j*c*, m.) is an isomorphism on k-points from (CH2 XE)O onto

the identity component Prym z /a C PPrym A /AW/ *. Hence, for arbitrary v € (NS2 )Gk
the map (p.j*e*, m.) yields a Gg-equivariant isomorphism from (CH2 )W to the k-points of
one of the two geometric irreducible components of V; , by Lemma 5.4(i). Note that since
v E (N82 XE) % and this isomorphism is Gg-equivariant, we deduce that a (and hence both)
geometric irreducible component(s) of V., , must be defined over k. Since (p.j*e*, m,) is a group

homomorphism, this isomorphism is compatible with actions of the identity components.

To conclude part (i), it remains to prove the surjectivity of (p.j*e*,ms). Since each split
Pi
connected component of PPrym AI/CX// * is a torsor under Prym A/A and we have already shown

that Prym g /A (E) is in the image of p,j*e*, it suffices to show that for each connected component
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of PPrymZICX/k, there is a v € CH? X5 such that (p.j*e*y,myy) lies in that component. Since
W is geomeérically rational, NS 1WE = Pic Wz, and so Proposition 5.3(ii) implies that for all
D € Pic Wy, there exists a v € CH? X% such that 7,y = D. Further, since HY(G,ZA) = 0 for
any subgroup G C Gy, if D is fixed by a subgroup Gp, then v can be chosen to be fixed by
that subgroup as well. Hence, by Lemma 5.4(i), we have (p.j*e*y, my) € Vp, and at least one of
the two connected components of Vp is contained in the image of p,j*e*. Further, since p,j*e*
is a group homomorphism, if both P and P are contained in the image of p,j*e*, then the same
is true for all D € Pic Wr.

Let D € Pic AE' By the definitions of p, j, e, we have that e,j,p* D is a fibral curve for m, so by
Proposition 5.3(iii), we have &, j,p*D ~alg (deg f)) J0- By Lemma 5.5, we have p,j*e* (&ﬁp*f)) =
(L — 1)13, and so by Lemma 4.1, the image p,j*e* (a*j*p*[?) lands in P or P depending on the
parity of deg D. This completes the proof of part (i) and also proves part (ii).

Now we assume that X is geometrically rational and prove part (iii). The existence of the
morphism of group schemes (p,j*e*, m,) follows from Lemma 5.7. The surjectivity and the fact
that it is an isomorphism on connected components follow from the Galois equivariance together

with the properties on k-points in part (i). The explicit result about (CH2 X /k)n% follows from
part (ii). O

5.5 Explicit computation of p,j*e* for certain curves in X

LEMMA 5.9. The m-fold relative symmetric product Sym{ A= (A XA A XA XA A)/Sm has
L%mJ + 1 irreducible components that are given by the images of the morphisms
¢i: (id, ... id, ¢, ...,0): A — SymR A, O<i<@,
m—1 7
* * m A . m
it (w",...,w"): A = Symx A, = — and m even.
— 2

m
2

Proof. The relative fiber product A xa A is isomorphic to two copies of A given by the maps
(id,id) and (id,¢). Thus, by induction, the m-fold relative fiber product AXaAAxpa--xaAlis
isomorphic to 2™~ ! copies of A labeled by the length m — 1 words in ¢ and id. Quotienting by
the symmetric group gives the desired statement. O

ProprosITION 5.10. Let C C W be a smooth, geometrically integral curve. Then the following
properties hold:

(i) The conic bundle surface X¢ — C' is regular away from §(ANC'), and for a point w € ANC
with my, := mult,, (A N C), we have that 6(w) C X¢ is a Ay, —1-singularity.
(ii) Let 7o XC — C' be the minimal resolution of X¢c — C', which is obtained by a series of
L%me blow-ups above each w € ANC'. For any point w € ANC, there is a unique bijection
{irreducible components} {closed points }
of the fiber ;' (w) of (Symx» A)
with the following properties:

(a) For i > 0, the exceptional curves from the ith blow-up map correspond to closed points
in the image of ;.
(b) For any w € Ay, the strict transform of v,p*w corresponds to ¢o(w).
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(¢) If my > 1, then for any @ € A, the component corresponding to ¢;(W) meets only

the components corresponding to ¢;—1(w) or ¢iy1(w). (If my, = 2M for some integer

M, then ¢pr(w) = ¢ppr(e(w)), so this characterization should be taken to mean that the
component corresponding to ¢pr(w) meets ¢pr—1(w) and ¢pr—1(L(w)).)

(iii) Let & C X¢ be a section of X¢ — C' defined over k. Since & intersects a unique irreducible

component of #;'(w) which must be split over k(w), by part (ii) we obtain, for each

w e ANC, a point Dé,w € Sym™w (Aw) of relative degree 1, and these points satisfy

psje” [Hn(%] = [ Z Dé,w]'
weANC

Proof. (i) The morphism 7 is smooth away from d(A), so the same holds when restricting to C.
To understand the structure of X¢ locally around a point §(w) for w € ANC, we appeal to [Sar82,
proof of Proposition 1.8(5.b)], which shows that there is an open neighborhood w € U C W such
that Xy — U is locally given by

V(a:p2 +by? + 022) cUx P[szyzz] ,
where a, b, ¢ are functions on U such that V(a) = ANU and b, ¢ do not vanish at w. So if
Ty 18 a local parameter of w in C, then we have that locally around é(w), the surface X¢ is
defined by 7' = ug,, for some rank 2 quadratic form g,, and some unit u. Hence §(w) C X¢ is
a Ap,,—1-singularity (which means that 6(w) is smooth if m,, = 1).

(ii)) Let w € ANC. If my = 1, then the existence of a bijection between these two sets
follows from the definition of A, and the uniqueness follows from condition (b). The other two
conditions vacuously hold in this case. Henceforth, we assume m,, > 1, so in particular é(w) is
singular in X¢.

Over k, any A, singularity is resolved by L%(n + l)J iterated blow-ups with two excep-
tional curves introduced in the ith blow-up for all i < %(n + 1) and a unique exceptional curve
introduced when i = 3(n+1) (which necessarily implies that n is odd). Further, at the ith
stage, the new exceptional curves are introduced in the middle of the chain. Over a nonclosed
field, the number of irreducible components in the exceptional divisor at each blow-up depends
on whether the defining equation modulo m3 factors or not. In our case, this is equivalent to
whether X, has one or two irreducible components or, equivalently, whether A,, has one or two
irreducible components. Precisely, if A,, is irreducible, then the exceptional curve at each stage
is irreducible. Since there is a unique exceptional curve from each of the L%me blow-ups (and a
unique component of X, which we can think of as coming from the Oth blow-up), Lemma 5.9 and
conditions (a) and (b) characterize a unique bijection. Condition (c) holds because, as remarked
above, the exceptional curves at the ith stage appear in the middle of the chain.

It remains to consider the case where my, > 1 and A, = {w, (@)} is reducible. Then the
above discussion implies that there are

" 1, my=0mod?2,
2-#{o<z’<m}+{ m o

2 0, my=1mod 2

irreducible components of the fiber fral(w). Lemma 5.9 implies that there are the same number
of closed points of (Symg““ A)w. Further, the irreducible components of the fiber ﬁal(w) form
a chain, and the ends of the chain correspond to irreducible components of X,,, which are equal
to the strict transforms under X¢ — X of the lines v,p*@ and v,p*i(@). Thus, condition (b)
characterizes where the ends of the chain go, and condition (c) characterizes where the other
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irreducible components go. Since the exceptional curves at the ith stage appear in the middle of
the chain, condition (c) implies condition (a).

(iii) We will use the notation from (5.3). For w € AN C, let Ey, denote the fiber of X’ =
Blsay X — X over 6(w). Let &' be the proper transform of im & in X’. Then

5*[imé] =6+ Z Nw By
weANC

where each n,, is the intersection multiplicity of 6(A)-im & at §(w). Note that since E meets S
transversely, p.j*Ey, = A, for each w € AN C. Since the generic point of &’ is not contained
in S, the cycle j*&’ = S - &' is an effective 0-cycle on S. Further, since S is a section, S - &' =
ZwE Anc TwSw for some nonnegative integer r,, and some closed s, € S, that has relative
degree 1 over w. (If r,, = 0, then we do not require the existence of such an s,,.) All together,
we may write

peje*[im é} = 6 + Z NP Fw = Z (rwpssw + nwAw) .
weANC weANC
The projection formula together with the equalities e*7*A = 2E 4+ S and E = £*§(A) yields

Z Mypw = A - 76,6 = mee (2E+ S) - &)
weANC

=2m.e (B - &) + 77*5*< Z rwsw)

weANC
=2m, (0(A) - im é) + Z T T Ex Sw
weANC
= Z (270 (W) + Ty TxExSy) = Z (2N +1Tw) w.
weANC weANC

In particular, for each w € A N C, we have m,, = 2n,, + v, and so

P e (M G] = pj"®& + > nupeiEu= Y ((Ma — 200)pesw + nwly) .
weANC weANC

Thus, we have reduced to showing that for each w € A N C, we have

Dés,w = (May — 2N )PxSw + Ny

Henceforth, we work with a fixed w € ANC. Let i < L%me be such that & intersects

~

an exceptional curve from the ith blow-up (where ¢ = 0 means that & intersects the strict
transform of an irreducible component of X,,) in #~!(w). By properties of blow-ups, im & C X
passes through §(w) with multiplicity ¢; in other words, n,, = 1.

If A, is irreducible, then S, contains no closed points of relative degree 1 over w, and so
Tw = My — 2Ny = My, — 21 = 0. Thus we wish to prove that Dg = %mwAw. However, under this

irreducibility assumption, %mwﬁw is the unique point in (Sym’gw A)w that has relative degree

1 over w. Hence, we have the desired equality.

Henceforth, we assume A,, = {@, 1(@)} is reducible. After possibly interchanging @ and (@),
we may assume Dg = ¢i(w) = (my — i)w + it(w). Thus, to prove

(M — )W + (W) = (M — 20)Pss + 1Ay,
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it suffices to show that if 2¢ < m,,, then pys,, = w, where s, is the unique point in & N S lying
over w (if 2i = m,,, then the above equality holds already).

Since Dg ,, = ¢i(w), by conditions (c) and (b), the component that meets S is closer to the
strict transform of v,p*w than it is to the strict transform of v,p*t(w). Thus, & meets Sz, and
SO PsSyy = W. O

6. Conic bundle threefolds obtained as double covers of P! x P2

A double cover 7: Y — IP’[ltO: 1] % P%U:U:w] branched over a (2,2) divisor is given by
22 =301 + 2tot1Q2 + Q3 (6.1)

for some choice of quadrics Q1,Q2,Q@3 € k[u,v,w|. Recall from Theorem 4.5 that a triple of
quadrics for which A = V(Q1Q3 — Q%) is smooth determines an étale double cover w: A — A.
Furthermore, given M € PGLy = Aut (IP’l), changing coordinates on P! by M corresponds to
replacing the quadratic forms by M - (Q;), as explained in Theorem 4.5(i). Thus the isomor-
phism class of this double cover depends only on A — A and not on the specific choice of the
quadratic forms Q;, and so we denote the double cover given by (6.1) by Yx /A When the double

cover A — A is unambiguous, we write Y = Yx /A This family of Fano threefolds is Ne2.18 in
the Mori-Mukai classification [MMS81].

In Section 6.1, we prove some basic properties about this double cover, and in Section 6.2, we
show how these double covers arise naturally from the geometry of A — A. In Section 6.3, we
determine the Néron—Severi group of algebraic curve classes on Y and combine the results from
Sections 4.3 and 5 to give an extended version (Theorem 6.4) of Theorem 5.1 for this particular
family of conic bundles. Lastly, in Section 6.4, we deduce some consequences of a vanishing IJT
obstruction and use these to prove that, over fields k with (Brk)[2] = 0, the IJT obstruction
characterizes rationality for degree 4 conic bundles.

6.1 Properties of the double cover Yz /A

PROPOSITION 6.1. (i) The threefold Y is smooth.

2

v gives Y the structure of a conic bundle with

(ii) The second projection m = my: Y — P

discriminant cover w: A — A, and so Y is geometrically rational.

(iii) The projection 71: Y — P[lto:tl] gives Y the structure of a quadric surface bundle. In

particular, if m; has a multisection of odd degree, then Y is rational.

(iv) The subgroup of NS? Y7 generated by curves in fibers of w1 is free of rank 1 and is generated
by the class of a k-line in a fiber, which we denote by 1. In particular, NS? Y7 is generated by v
and vy, the class of a k-line contained in a singular fiber of 7.

(v) If A(k) # 0, then 7, has a section, and so Y is k-rational.

Remark 6.2. For m; to have a section, it is necessary that 7 is surjective on k-points. Over the
real numbers, this necessary condition is also sufficient [Wit37, Satz 22].

Proof. The smoothness of Y is verified by the Jacobian criterion, using the smoothness of A
and A. The conic bundle and quadric surface bundle structures on Y can be verified by checking
fibers; the geometric rationality of Y then follows from [Prol8, Corollary 5.6.1]. Furthermore,
quadric surfaces are rational as soon as they have a point (projection from the point gives
a parametrization), which, by Springer’s theorem occurs if and only if the surface has a point
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of odd degree [Spr52]. So part (iii) follows from Springer’s theorem applied to the generic fiber
of w 1.

To prove part (iv), we work over k. The fibers of 71 are all quadric surfaces of rank 3 or 4,
and any curve class on such a quadric is a linear combination of classes of lines on the quadric.
The parameter space Fi (Y/]P’l) of such lines is connected, and so all lines contained in a fiber
of Y — P! are algebraically equivalent. The second statement of part (iv) follows from the first
statement and Proposition 5.3(vi).

To deduce part (v), we observe that for any p € A, the preimage 7~r*1(IP’1 X w(ﬁ)) has
two irreducible components, and they each map with degree deg(p) under 7. In particular, if
p € A(k), then each irreducible component of 7~ (P x @(p)) is a section of ;. O

6.2 The relationship between ¥ and O

Recall that @ — P! is the family defined in Theorem 4.5, which consists of rank at most 4
quadric threefolds, and I'5  denotes the Prym curve (Definition 4.6).

PROPOSITION 6.3. (i) The rational map induced by the projection p: Q --» P! x P2, ([to : t4],
[u:v:w:r:s])— ([to: t1],[u:v:w]) is regular away from V (u,v,w,tor 4+ t1s). Resolving the
indeterminacy gives a fibration of rank at most 2 conics p: Bly(y v w tor+t15) @ — P! x P? with
the Stein factorization
Bl (wvwtoritns) @ = Y 5 P x P2

(ii) The surface P' x A C Bly (u,0,w,tor+4:5) @ surjects onto YA =Y xp2 A via the map in part (i),
thereby giving an explicit realization of S % YA from (5.3).

(iii) The morphism p induces an isomorphism F»(Q/P') =» Fi(Y/P'), which fits into the
following commutative diagram:

F(Y/PY) (R) «2— Fo(Q/PY) (B) —2— SO (F)

T |

(CH ;)" 2L pO(E)

where ¢ is as in Theorem 4.5(iii) and p.j*e* is as in (5.3). In particular, the Prym curve PA/A
is the discriminant cover of the quadric surface fibration .

Proof. Recall that the total space of the family Q is defined by the equation
Q1 + 2tot1Q2 + t1Q3 — (tor + t15)* = t§(Q1 — r?) + 2tot1(Q2 — rs) +t1(Qs — s*) =0

in P[ltoztl] X P?u:v:w:r:s]' Define a rational map Q --» Y by ([tg : t1],[u:v:w:7:s])— ([to: t1],
[u: v :w: tor + tys]). For each [to : t1], the fiber Q] is the cone over the quadric sur-
face Y[y;.1,)- The induced fiberwise rational map is projection from the cone point V' (u, v, w, tor +
t1s) of Qp.4,)- Hence the rational map Q --» Y is defined away from V(u,v,w,tor + t15), the
closure of each fiber of @ --+ Y is a line through the cone point, and composing with the double
cover 7 yields the rational map p. Blowing up the line V (u, v, w, tor + t1s) yields a morphism p.
This shows part (i).

Consider the restriction of p to P! x A; note that P! x A does not meet the indeterminacy locus
of p. For each fixed [to : t1], the map [tg : t1] x A — [to : t1] x A is the double cover w. So plp:, &
factors through and surjects onto YA by definition, and this morphism is an isomorphism away
from the ramification divisor of YA — P! x A. This shows part (ii).
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It remains to show part (iii). From the description of the rational map Q --+ Y given above,
we see that p sends projective 2-planes in the fibers of @ — P! to lines in the fibers of Y — P!, It
follows that g induces an isomorphism F»(Q/P') = F;(Y/P'). By part (ii), the diagram below
commutes, where the maps are as in (5.2).

S ’ > Y’ P! x A
LN S
A YA el Y tomomee o)
Tl

\Pl.

Fix [to : t1], let £ be a line in Y}, .}, and let A be the 2-plane in Q) obtained as the
cone over £. Identifying P! x A with S, we have that ¢(A) = p,0*(A), and §*A = j*c*¢ by the
commutativity of the above diagram. Therefore, ¢(A) = p.j*c*(p(A)), so the commutativity of

the diagram in part (iii) holds as claimed. O
6.3 Intermediate Jacobian torsors of Y b
Recall that if A is a smooth plane quartic curve, then PPrymAI;]PZ/ A PPrymgjLX.

THEOREM 6.4 (Corollary of Theorem 5.1). Let k be a field of characteristic different from 2,
let w: A — A be a geometrically irreducible étale double cover of a smooth plane quartic curve,
and let Y = Y3 A be the threefold constructed in (6.1). Let 4y be the algebraic class of a k-line

contained in a singular fiber of the conic bundle m and ~; the algebraic class of a k-line in the fiber

of the quadric surface fibration 7. Then NS? Y; = (NS2 YE) G = 240 @ Zv,, and the morphism
pej e from Theorem 5.1 induces the following isomorphisms of connected components:

P, n, m even,
(CH2 )n:yo—‘rm'yl ~ P, n Odd, m even,
Y/K PM | neven, m odd,

PO n.m odd,
where P, P, P, PO are as defined in (4.1) and Definition 4.4.

Proof. The first statement is Proposition 6.1(iv). We already have (CH2y/k)% ~ P by The-
orem 5.1(iii). Proposition 6.3(iii) implies that p.j*e*y; € P, so by Theorem 5.1(iii) and
Remark 5.2, we have (CHQYM)W1 ~ P, The result follows from (3.2) and the fact that

[]5(1)] = [P] + [P(l)} and [P] and [P(l)] are 2-torsion (Definition 4.4). O

6.4 Consequences of vanishing IJT obstruction

Since P ~ Pic%/k by Theorem 4.5(v) and the genus of T' is 2, the vanishing of the IJT
obstruction for a degree 4 conic bundle (see Section 2) is equivalent to each of P and PO
being isomorphic to either Pic(ll/k or Pic%/k. Since P = P 4 P, this is equivalent to (at
least) one of P or P being the trivial P-torsor. When P() is trivial, we extract the following
information.
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PROPOSITION 6.5. Let k be a perfect field of characteristic different from 2. Let m: X — P?
be a degree 4 conic bundle. Given a point D € P(l)(k), there exists a line L = Lp in P?,
defined over k, such that X; — L has a regular model X; — L with a k-section & whose
class in Pic((XL)E) is Galois invariant and for which we have p,j*e* [im @5] = [D] € PW(k).
Furthermore, if X (k) # (), then there is a k-rational section with these properties.

In particular, if X = Y5 /A @S constructed in Section 6, the aforementioned section maps with

odd degree to P' under ;.

Proposition 6.5 underpins why the intermediate Jacobian obstruction is insufficient to deter-
mine rationality: this Galois-invariant rational equivalence class [S] need not descend to a k-
rational section. We exploit this idea in the construction used in Theorem 1.4(i) (see Theo-
rem 7.1).

The obstruction to descending a Galois-invariant rational equivalence class of a section of
a conic bundle surface is a Brauer class of order 2. If k has no nontrivial 2-torsion in its Brauer
group (which implies that this section does descend), then we can strengthen Proposition 6.5 to
Theorem 6.7 below, which allows us to deduce that the IJT obstruction characterizes rationality
for these double covers (Theorem 1.5).

LEMMA 6.6. Let m: X — P! be a smooth morphism such that every fiber is a conic. Given any
finite set S C X (k‘), there exists a geometric section & of w that is disjoint from the Galois orbit
of S and is such that the rational equivalence class of & in Pic X3 is Galois invariant.

Proof. The assumptions imply that X is either a Hirzebruch surface F. with distinguished sec-
tion o, or €’ x P! for a conic C'; see [Isk70, Theorem 4.1(4)]. We have Pic Xi = (Pic X3)% ~
7 @ 7 with the first factor generated by the class of o. (in the F. case) or a section given by
the same choice of k-point on each fiber (in the " x P! case), and the second factor generated
by the class of a fiber. The Galois orbit of S is finite, so in either case we may find a geometric
section & of 7 avoiding this finite set, and its class in Pic X is Galois invariant. O

Proof of Proposition 6.5. Since P() is isomorphic to S by Theorem 4.5(vi), if P (k) # 0,
then there exists a k-rational divisor D € SM (k). Since w.D € |Ka| = |Oa(1)], there exists
a unique k-rational line L C P? such that LN A = w,D. In particular, D = > weant Dw, where

each D, € (SymZmltw(AmL)(A))w has relative degree 1 over w.

Thus, by Proposition 5.10(ii), the divisor D selects a single irreducible component in each fiber
of X1, over w € AN L that is split over k(w). By iteratively blowing down all other irreducible
components in the singular fibers, we obtain a k-morphism X — X%, where Xg — L is a conic
bundle where every fiber is smooth. Now we apply Lemma 6.6 to X% to obtain a geometric
section &° whose class in Pic((Xg)E) is Galois invariant and that does not contain any of the
(finitely many) points where the map X — X9 has no inverse. Note that if X1 (k) # 0, then
the Lang-Nishimura lemma implies that X (k) # 0 and X9 (k) # 0, and so &° may be taken to
be defined over k.

By the properties of G°, the proper transform of & in X is equal to its complete preimage,
aAnd so this curve, which we denote by é, gives a Galois-invariant class in Pic (X L)E‘ Furthern}ore,
S (and all of its Galois conjugates) intersect the irreducible component of the fiber (X L)w
corresponding to D, for all w € AN L (using the correspondence in Proposition 5.10(ii)).
Therefore, letting & := im &, by Proposition 5.10(iii), we have p,j*e*[&] = D, as desired.
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IfX =Yz /A then since the coefficient of 4y gives the intersection number with a fiber of my,
Theorem 6.4 implies that & is an odd-degree geometric multisection of 7y : Y — P, O

THEOREM 6.7. Let k be a perfect field of characteristic not 2 with (Brk)[2] =0, and let 7: X —
P? be a degree 4 conic bundle. If the IJT obstruction vanishes (Definition 2.1), then there exist
a smooth genus 0 plane curve C C P? and a section of X¢ — C, all defined over k. Furthermore,
if X = YA/A7 then this curve maps with odd degree to P! under m, and hence YA/A is rational.

Before proving Theorem 6.7, we show how it implies Theorem 1.5 and give an immediate
corollary in the case of finite fields (Corollary 6.8).

Proof of Theorem 1.5. By the purity exact sequence for Brauer groups, any conic bundle with
the same discriminant cover A — A differs from one of the form Yz,a by a class in (Brk)[2].
Since we have assumed (Brk)[2] = 0, every degree 4 conic bundle over k is birational to one of
the form YA/A'

If k is perfect, applying Theorem 6.7 to Y3z /A yields an odd-degree multisection of 7 : Yz /A
P!, and hence Yx /A is k-rational by Proposition 6.1(iii). If &k is imperfect, then applying Theo-
rem 6.7 to Yz /n over the perfect closure yields a purely inseparable rational multisection of g
over k. This purely inseparable rational section has odd degree since the characteristic of k is
not 2, so, again by Proposition 6.1(iii), the threefold Yz /A is rational. Hence, the IJT obstruction
characterizes rationality for degree 4 conic bundles over k. O

COROLLARY 6.8. Let IF; be a finite field of odd characteristic. Then any degree 4 conic bundle
7 X = P?is [F-rational.

Proof. Lang’s theorem implies that the P-torsors P, PV, and P() are all trivial, and so by
Theorem 1.5, the conic bundle X is rational. O

Proof of Theorem 6.7. By assumption, (Brk)[2] = 0, so every smooth k-fiber of 7 has a k-point.
Further, since there is a section 6 of XA — A, we have 7((X (k)) D A(k) and so 7((X (k)) = P?(k).

The vanishing of the IJT obstruction is equivalent to either P(k) # 0 or PV (k) # (. In the
second case, we apply Proposition 6.5 to obtain a line L C P2, defined over k, such that X; — L
has a k-section & such that p,j*e*& € P (k). (We obtain the stronger conclusion that &
is defined over k because L(k) # 0, so by the beginning remark X (k) # 0.) In particular,
if X = YA/A, then & maps with odd degree to P!, as desired.

It remains to consider the case P(k) # (). Translating by Kz, we see that P() (k) # 0. By the
Riemann—Roch theorem (noting that Kz itself belongs to P(Q)), the fibers of S@ — P® are
Severi-Brauer threefolds. Since (Br k)[2] = 0, each fiber over a k-point is in fact isomorphic to P%.
For any degree 8 divisor D € S (k), we have w,D € |2Ka| = |Oa(2)]. Since |Op2(2)] =~ |Oa(2)],
there exists a unique k-rational plane conic Cp such that Cp N A = w,D. Note that by the first
paragraph of the proof, X¢, (k) # 0. If Cp is smooth, we argue using Proposition 5.10 similarly
to the proof of Proposition 6.5, as follows.

Let X, cp — Xy, be the minimal resolution. By Proposition 5.10(ii), the divisor D determines,
for each w € A N Cp, an irreducible component of the fiber (XCD)w that is split over k(w).

Iteratively blowing down all other irreducible components, we obtain a conic bundle XgD — Cp
where every fiber is smooth. Note that by the Lang Nishimura theorem, X¢,, (k) and XgD (k)
are both nonempty. Thus by Lemma 6.6, the morphism X 8D — Cp has a k-rational section &°
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that is disjoint from the finitely many points where XCD X gD has no inverse. Thus the proper
transform & of &° intersects all the irreducible components corresponding to D, and so, setting
S :=im &, we see that Proposition 5.10(iii) implies that p,j*e*[S] = [D].

If X = Y5/, then by Theorem 6.4, we have [&] = 271 + (2n + 1)7p for some integer n.
Therefore, & maps with odd degree onto P! under 7 : Yx /a P!

Finally, if Cp is not geometrically integral, then the divisor D is (geometrically) the sum of
two degree 4 divisors from S™M) U S™M. Since the sum of two degree 4 divisors which are either
both from S or both from S necessarily gives rise to a point on S@ by Definition 4.4,
we must have that D is geometrically the sum of a divisor from S and a divisor from S(.
Furthermore, the Galois action must preserve the parity of h?, and hence a divisor on S() can
never be Galois conjugate to a divisor on S™). Therefore, in this case we must have D = D+ Dy,
where D; € SO (k) and D; € S (k), and so P (k) # 0. Hence, the result follows again from
Proposition 6.5. O

7. Constructions of Theorem 1.4 and Example 1.6

In this section, we construct the conic bundles in Theorem 1.4 and Example 1.6. In all three
cases, we exhibit conic bundles constructed as double covers of P! x P? as in Section 6 that have
the desired properties. The connected components P and P of the Prym scheme (defined in
Section 4.2) and their respective preimages S, SM < Sym* A under the Abel-Jacobi map will
play a key role in the proofs.

Part (i) of Theorem 1.4 follows from Theorem 7.1, and part (ii) follows from Theorem 7.3.
We construct the threefold verifying Example 1.6 in Theorem 7.2, which appears directly after
the proof of Theorem 7.1 since the methods are similar. All numerical and algebraic claims in
the proofs can be verified with Magma [BCP97] code available on Github; see [FJST].

THEOREM 7.1 (Theorem 1.4(i)). There exists a degree 4 conic bundle Y — IP’(Q@ such that

(i) Y is Q-unirational, hence Y (Q) # (;
(ii) PM(Q) # 0, which implies that P(1) = Picg/Q and P =~ P() =~ Pic%/(@, so the intermediate
Jacobian torsor obstruction vanishes; and

(iii) Y (R) is disconnected, and hence Y is irrational over any subfield of R.

Proof. Let
Q1 = -3l + 12uv — 602 +  Yuw + B3low + 25w?,
Qr = =250 + 120uv + 300 — 3luw + 3Tvw,
Q3 = —8047u® + 1092uv — 14460 — 423uw — 375vw — 25w?,

and let A — A be the curves as defined in Theorem 4.5(i). One can check, using the Jacobian
criterion, that these curves are smooth, and so we may define Y = Yz /A to be the conic bundle
threefold as defined in (6.1). We will prove that Y has the properties claimed above.

The threefold Y has a Q-point over ([1 : 1],[0 : 0 : 1]) € P! x P2, so part (i) follows by
Proposition 8.1(iii). To prove part (iii), we compute that the quadric surface bundle ¥ — P!
geometrically has six degenerate fibers, lying over the vanishing of

8813625t5 + 16982610t5t1 + 2262441955t4t2 + 464971196t3t3 — 229372594121
— 291034182t0t] + 4297746097 .
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This locus has exactly four real points [y : 1] which fall in the following intervals: a; <
—0.75 < ap < 0 < ag < 0.5 < ag < 1. One can compute that the quadric surfaces Y; for
t € {—0.75,0,0.5,1} have signatures as described in the following table:

t | -o7s| o |05 | 1
| 0.9 @3] 049]13

In particular, m1 (Y (R)) has two connected components, and so Y (R) must be disconnected.

Signature

It remains to prove part (ii). We will now show that PM(Q) # 0 by exhibiting a Q-point of
S that maps to ANV (w). One can verify that A NV (w) consists of the four complex points

{[¢:2:0], [-i:2:0], 1 —i:4:0], [1+3:4:0]}
and that the following points form a Gg-invariant set, lie on A, and map onto A N V(w):
[-i:2:0:4—-3i:52—213], [1—49:4:0:1+7i:—41— 1434],
[ 9:2:0:4+3i:524214], [1+d:4:0:1—7:¢:—414 143q].

Let y € Sym* A denote the collection of these four points. Since y is fixed by Gal(Q/Q) and
maps to ANV (w), we have y € SM(Q) U S (Q). It remains to show that y ¢ S (Q).

By Theorem 4.5(iii), every point of S(!) is obtained by intersecting A with a 2-plane. However,
one can check that

- 2 4-—3 92 — 214
1 2 4431 52421z o992
detl 1y 4 147 —ar—uzi| | 723570
144 4 1—-7i —41+ 143:
and so the support of y spans a 3-plane. Hence, y € 5’(1)(@) = 15(1)(@) as desired. O

THEOREM 7.2 (see Example 1.6). There exists a degree 4 conic bundle Y — IP’(% such that

(i) Y is Q-unirational;
(ii) PM(Q)#0, so the intermediate Jacobian torsor obstruction vanishes (as in Theorem 1.4(i));
(iii) Y(R) is diffeomorphic to a 3-sphere;
(iv)
)

(v

Y has trivial unramified cohomology groups over R; and finally
st

(Y(R)) is a proper closed subset of P}(R), and so m has no section over any subfield
k C R. In particular, there is no known rationality construction for Y .

Proof. Let
Q = =3l 4+ 12uv — 602 + duw + Svw + 25w?
Q2 = —25u® + 120w+ 3002 + uw — ow,
3 = — us 4+ Uy — v+ duw + Tvw — w=,
Q 8047u? 1092 144602 4 7 25w?

and let A — A be the curves as defined in Theorem 4.5(1). One can check, using the Jacobian
criterion, that these curves are smooth, and so we may define ¥ = Yz /A to be the conic bundle
threefold as defined in (6.1). We will prove that Y has the properties claimed above.

As in the proof of Theorem 7.1, the fiber of Y[g..1j(Q) is nonempty, so part (i) holds by
Proposition 8.1(iii). Note that, over V(w), the example we consider here is equal to the example
constructed in the proof of Theorem 7.1. Since we showed in the proof of Theorem 7.1 that there
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was a Q-point of S ~ P that maps to ANV (w), the same is true for this example. This
proves part (ii).
(iii) Let M; be the quadratic form corresponding to Q;, set
—8047t% — 50t — 31  546t2 + 120t +6  2t2 + 9t +2
My = My +2tMy +t°Msy = | 546t> + 120t +6  —1446t>2+60t —6 It2—t+4 |,
262 + 9t + 2 T —t+4 —25t% + 25

and let Mt(i) denote the minor of the top left ¢ x ¢ block for ¢ = 1,2, 3. Observe that
25 )2__ 248832

8047 8047
M? = 11337846t* — 541560¢> + 69156t — 3000t + 150

11 \? 5184 61 \> 5184
=6 1061 1781 (¢ —
6<(m <t+1mn) +1mﬂ> (78 G rml) +1nﬂ>’

so in particular Mt(l) is strictly negative and Mt(2) is strictly positive. In particular, the reciprocals
of Mt(l) and Mt(z) are C*-functions. Since Diag( [Mt(l), Mt(Q)/Mt(l), Mt(3)/Mt(2)]) is similar to M;
and the diagonalization change of basis matrix requires inverting only Mt(l) and Mt(Q), we see
that Y'(R) is diffeomorphic to the real 3-manifold S defined by

MY = —8047¢% — 50t — 31 = —8047 <t4—

Mt(l)u2 + Mt(z)/Mt(l)UQ + Mt(g)/Mt(Q)wQ o 22 )

One can compute that Mt(g) is separable, that it has exactly two real roots «; which fall
in the intervals a3 < 0 < a9 < 2, and that Mt(g)(O) is positive. In particular, the function

(t—on)(t— a2)/Mt(3) is strictly negative. So after scaling u, v, w by \/—1/Mt(1), \/—Mt(l)/Mt@),

and \/— t(Q)(t —aq)(t — a2) /Mt(g), respectively, we see that S is diffeomorphic to the real 3-
manifold defined by

(B (2) + (2) = et —an = - (1- 7 %2) 4 Lo,

w w

Moving (t — $(oq + ag))2 to the left-hand side makes evident that this 3-manifold (and hence
Y (R)) is diffeomorphic to the 3-sphere. Note that this last equation also shows that w1 (Y (R)) =
{[1:4 ] aq <t < ag} € PYR), which proves part (v).

Finally, for part (iv), since BrY ~ BrR by the Artin-Mumford exact sequence [Pool7,
Theorem 6.8.3, proof of Proposition 6.9.15], the unramified cohomology groups of Y are trivial
over R; see [BW20, Theorem 1.4 and following paragraphs]. O

THEOREM 7.3 (Theorem 1.4(ii)). There exists a degree 4 conic bundle Y — IP)?Q such that
(i) Y is Q-unirational;
(ii) Y(R) is connected; and
(i) Picp)p(R) # 0 for all m € N and PM(R) = (); in particular, there is an intermediate
Jacobian torsor obstruction over R, and hence Y is irrational over any subfield k C R.

Proof. Define
Q1= —u?—v? —=3w?, Qy:=3u?+50, Q3:=—-Tu®—230% —12u?,
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and let A — A be the curves as defined in Theorem 4.5(i). One can check, using the Jacobian
criterion, that these curves are smooth, and so we may define Y = Yz /A to be the conic bundle

threefold as defined in (6.1). We will prove that Y has the desired properties.

Note that Y has a Q-point over ([2 : 1],[1: 0 : 0]) € P! x P2, so again part (i) follows by
Proposition 8.1(iii). A signature computation shows that the fiber Y[ty:t,) has real points exactly
for tg/t € [3— \/5, 5+\/§] and real lines exactly for ¢y/t; € [5— \/5, 3+\/ﬂ - [3— \/5, 5+\/§].
In particular, Y (R) is nonempty and connected, proving part (ii).

It remains to show part (iii). Multiples of the four real Weierstrass points {3:|:\/§, 5+/2 } give
real points on Pic’lll/]R for all m, which gives the first statement of part (iii). It remains to show
that P(M(R) = ), which, by Theorem 4.5(vi), is equivalent to showing that S (R) = §). We use
the action of complex conjugation to deduce the following constraints on the image of S (U(]R),

LEMMA 7.4. Let m: X — P? be a degree 4 conic bundle over R. Define ¥ C P2(R) to be the
locus of lines that meet every point of A(R) with even multiplicity. If A(R) = (), then

@ (SYR) Nw (SYR) =0  and @, (SV(R)) Uw.(SV(R)) C 2.

Proof. Let s € S (R) and § € S (R) be such that w,s = w,5. Then Corollary 4.2 implies that
deg(s N 5) = 1 mod 2. However, s N 3 is a Gg-invariant effective divisor, which, since A(R) = 0,
must have even degree. Thus, @, (S(R)) N, (SV(R)) = 0.

Now let £ € P%(R) — ¥; since A has degree 4, there exists a real point € £ N A such that
the intersection is transverse at x. Since A(R) = (), the fiber A, must be an irreducible degree 2

point, that is, there is no Galois-invariant choice of a single point of A lying above x. Thus
(¢ w.(SY(R)) Uw, (SP(R)). O

Remark 7.5. Note that there is always a real line that does not meet A(R) (see [Reil9]), so
X #£0.

Observe that Q is negative definite. Since A C V(Q1 — 7'2) C P* (see Section 4.3), this
implies that A(R) = (). Therefore, by Lemma 7.4, to prove that S((R) = 0, it suffices to show
that @, (SM(R)) = .

By Proposition 6.3(iii), real lines in the fibers of 7 give points in S(). We will show (with
assistance of Magma [BCP97]) that the real lines on the quadric surfaces Y}, .|, which only exist

for to/t; € [5 —V2,3+ \/ﬂ, surject onto the real points of X.

Our verification requires a description of the set Y, but first we describe the real points of A.
Observe that the quadratic forms Q; are linear in w2, v2, w?, so we may take the quotient of A
by po X pe. This gives a model of A as a 4-to-1 cover of the conic C' := V(—2a2 — 2% + 02)
where the map sends [u : v : w| to [4u2 — 33w? : 4% — 81lw? : 126w2]. Since C' has a rational
point, it is isomorphic to P!, and one can verify that the image of A(R) — C(R) is a single
connected component and that its preimage is also connected. In particular, A(R) consists of
a single topological oval that is symmetric about [0: 0 : 1].

LEMMA 7.6. Let X% C ¥ be the open subset consisting of real lines that do not meet A(R)
(which is nonempty by [Reil9]). Assume that A(R) has a single connected component.

(i) We have ¥ = 0. Furthermore, if L € X9, then ¥ = Uyer L, N X0, where L, is the pencil of
lines through x and the closure is taking place in L.
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(i) If L € ¥° and x € L(R), the intersection of X1 with the pencil L, of lines through x is
nonempty and connected.

Proof. (i) From the definition of ¥ and X°, it is clear that we have X9 C ¥; it remains to prove
the reverse containment. By [Reil9], we have X9 # (), so fix an L € ¥°, and consider the affine
plane U := P? — L. Since L € X°, the set A(R) is contained completely within U.

Let L' € ¥ —%° and let 2’ € A(R)N L'. Note that U — L’ has two connected components, so
there are two “sides” of L’ (in U). Since mult, (ANL’) is even (and positive), locally near 2/, A(R)
must be on one side of L. Since this holds for all 2/ € A(R)N L/, the set of real points A(R) must
be on one side of L. Thus, we may move L' away from A and land inside %°. Hence, 30 = 3.
Furthermore, if x = L N L, then (in the affine chart P? — L) we may move L’ to another line

through x in the direction away from A, which shows that L' € £, N X0,

(ii) Consider the morphism f: A — £, induced by projection from x (this is a morphism
since x ¢ A). By definition, £, N X% = £,(R) — f(A(R)). By assumption, L € £, N X", so we
have L ¢ f(A(R)). Since A(R) is connected, its image under f is also connected, and so the
nonempty complement, which is X° N £,, is also connected. ]

Note that Lo, := V(w) € ¥ does not meet A at any R-points. We will show that for all
T € Lo(R) and all L' € £, N X, the line L' is the image of a line on Y., for some to/t1 €
[5 — 2,3+ \@] (For example, the image of the line V(w, 2 — 22 — lv) on

Y[3+\/§:1]I 4(\[2 - 1)1}2 + (—18\/§ — 45)11)2 =2?

is Loo.) By Lemma 7.4, this will imply that P()(R) = 0.

Since Yy.4,) =~ PL x P} for [to : t1] in this range, a line L’ € £, N'Y is the image of a line
on Yjy.4,) if and only if L' is tangent to the branch conic of the double cover Yito:ta) = P? given by
the restriction of 7. This tangency condition is encoded by a quadratic form? in g, t; (whose coef-
ficients depend quadratically on the pencil £, ) having roots in the interval I := [5 —v2,3+ ﬂ] .
Since A and all of the quadrics @); are symmetric about the origin, it suffices to prove this for
the lines that intersect the positive parts of the u- and v-axes, which all have negative slope.

Let x € Loo(R) be a point corresponding to a line with negative slope. By Lemma 7.6, there
are two boundary points of £, N X°, and exactly one of these corresponds to a line L’ that
intersects the positive parts of the u- and v-axes. For this L', the quadratic form has a double
real root 79 € I. Furthermore, for the lines in £, N X0, we verify that the quadratic form is
nonnegative at the point rg and nonpositive at the end points of I. Thus, by the intermediate
value theorem, the quadratic form must have a real root somewhere in I, and hence every line
in £, N X0 is the image of a real line on Yiio:t1]-

Since the above argument extends by symmetry to all € Lo (R), we have shown that
every L € X is the image of a real line on Y[, that is, @, (S(l)(R)) = Y. Thus, we have

shown that P(D(R) = (3, so P is not isomorphic over R to Pic;”/]R for any m. Then Y must be
irrational over any subfield of R by [BW23, Theorem 3.11(iii)]. O

2The quadratic form is called tEqn in the code [FJS™].
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8. Contextual results

8.1 Rationality and unirationality of low-degree conic bundle threefolds

Geometrically standard conic bundle threefolds 7: X — P? with 7 smooth away from a curve
A C P? are geometrically rational if deg A < 4, see [Prol8, Corollary 5.6.1], and, in character-
istic 0, if deg A = 5 and the discriminant cover A — A corresponds to an even theta charac-
teristic [Pan80]. They are geometrically irrational if deg A > 6, see [Bea77, Théoréme 4.9], or if
deg A =5 and A — A is given by an odd theta characteristic [Sho83, Main Theorem].

When X (k) # 0 and deg A < 3, the proof of rationality in [Prol8, Corollary 5.6.1] can be
modified to hold over any field k by taking a pencil of lines through the image of a k-point on X.
Similarly, the proof in the case where deg A = 4 can be modified to hold when A(/{:) # 0 by
taking a pencil of lines through the image of a k-point on A.

If X has a k-point on a smooth fiber of 7 and deg A < 7, then X is unirational by unira-
tionality results for conic bundle surfaces. Specifically, if w € P?(k) is the image of the given
k-point, then the generic fiber of X Xp2 (Blw IP’Q) — P! is a conic bundle surface over the generic
fiber of Bl,, P? — P! and admits a k(IP’l)—point, and so is unirational by [KM17, Corollary 8]. In
summary, we have the following.

PROPOSITION 8.1. Let m: X — P2 be a geometrically standard and geometrically ordinary conic
bundle over a field k of characteristic different from 2.

(i) If X(k) # 0 and deg A < 3, then X is k-rational.
(i) If A(k) # 0 and deg A = 4, then X is k-rational.
(iii) If m has a smooth fiber with a k-point and deg A < 7, then X is k-unirational.

8.2 Conic bundles and the intermediate Jacobian obstruction

As mentioned in the introduction, over C, the intermediate Jacobian of a minimal conic bun-
dle X — W over a rational surface is isomorphic to the Prym variety of its discriminant cover
A = A; see [Bea77, BF83]. Shokurov proved that, over C, the intermediate Jacobian obstruc-
tion characterizes rationality for standard conic bundles over minimal rational surfaces [Sho83,
Theorem 10.1].

Over nonclosed fields, the rationality problem has also been studied for conic bundle threefolds
that are not geometrically standard. Benoist and Wittenberg have previously constructed an
example of a conic bundle X — W with geometrically reducible discriminant cover such that X
is C-rational but not R-rational and for which CH? x/r = 0; in particular, the IJT obstruction
vanishes for X; see [BW20, Theorem 5.7]. In their example W (R) is disconnected, and so X has
a Brauer group obstruction to rationality.

8.3 Relation to complete intersections of two quadrics

As mentioned in the introduction, work of Hassett—Tschinkel, Benoist—Wittenberg, and Kuzne-
tsov—Prokhorov combine to show that in characteristic 0 the intermediate Jacobian obstruction
characterizes rationality for all geometrically rational Fano threefolds of geometric Picard rank 1;
see [HT21b, BW23, KP23|. One such class of threefolds, namely that of smooth complete in-
tersection of two quadrics Z C P° containing a conic C, is known to give rise to conic bundle
threefolds; indeed, the projection from this conic Blc Z — P? has the structure of a conic bundle
ramified over a quartic curve [HT21b, Remark 13].
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As we describe in Proposition 8.2 and Corollary 8.3 below, the results of Benoist and Wit-
tenberg imply that since the IJT obstruction characterizes rationality for Z, it also characterizes
rationality for Blg Z. In particular, the conic bundle from Theorem 1.4(i) is not isomorphic
to Blg Z for an intersection of quadrics Z C P° containing a conic C. However, these results
do not imply, a priori, that the conic bundles from Theorem 1.4(ii) and Example 1.6 are not of
this form. To demonstrate this, we show in Proposition 8.4 that Blg Z has a Prym curve with a
rational point, and one can verify that the Prym curve from Theorem 1.4(ii) and Example 1.6
have no rational points over Q (in fact, no Qs-points; see the Magma [BCP97] code in the Github
repository for verification [FJS™]).

PROPOSITION 8.2 (Special case of [BW23, Proposition 3.10]). Let Z C P® be a smooth inter-
section of two quadrics that contains a conic C' over a field k. Then there is an isomorphism of
group schemes CH2Z/k x Picgy, = CH2]31c 7k Tespecting the principal polarizations.

COROLLARY 8.3 (Corollary of [HT21b, Theorem 14], [BW23, Theorem 4.7], and the above).
Let Z C P5 be a smooth intersection of two quadrics containing a conic C. Then the IJT
obstruction characterizes rationality for Blg Z.

Proof. 1f Ble Z is rational, then the intermediate Jacobian torsor obstruction vanishes by [BW23,
Theorem 3.11]. For the reverse implication, if the IJT obstruction vanishes for Bl Z, then, by
Proposition 8.2, it also vanishes for Z and so k-rationality of Z follows from [HT21b, Theorem 14]
and [BW23, Theorem 4.7]. O

PROPOSITION 8.4. Let Z C P5 be a smooth complete intersection of two quadrics that con-
tains a conic C'. Then (CH2Z/,€)O ~ (CH2131C Z/k,)o > Pic%z, where 'y is the genus 2 curve
produced by the Stein factorization of the Fano variety of 2-planes in the pencil of quadrics
F2(BlzP5/P) — I'z — P'. Moreover, I'z(k) # 0.

Proof. The isomorphism (CHZZ/k)O ~ Pic}_ is shown in [HT21b, Section 11.6] and [BW23,
Theorem 4.5], and by Proposition 8.2, we have the isomorphism (CHQZ/k)O ~ (CHQBIC Z/k)o.
The conic C is the intersection of Z with a 2-plane in a member of the associated pencil, so C
corresponds to a k-point on I'z; see [HT21b, Section 2.3]. O

Remark 8.5. The condition of Proposition 8.4 is necessary but not sufficient for a degree 4 conic
bundle to arise from an intersection of two quadrics. If Y is the conic bundle of Theorem 1.4(i),
then I'(R) # 0, but by Corollary 8.3, the real threefold Yg cannot be obtained from a complete
intersection of quadrics by projection from a conic over R.

8.3.1 Complete intersections of two quadrics over fields with trivial Brauer group. In The-
orem 1.5, we showed that over a field with (Brk)[2] = 0, the intermediate Jacobian torsor
obstruction characterizes k-rationality for degree 4 conic bundles X — P2. We end this section
with an example, suggested by the referee, which shows that over such fields, X can still have an
IJT obstruction to rationality. Using the intersections of two quadrics in [BW23, Theorem 4.14],
we construct a conic bundle 7: X — P? with degree 4 discriminant over a field with Brk = 0
and such that X has an IJT obstruction to rationality.

Ezxample 8.6. Let x be an algebraically closed field of characteristic different from 2, and let
k = k((t)). For pairwise distinct elements ayg, ..., a5 € k, define the following diagonal matrices
as in [BW23, Theorem 4.14]:

M, := Diag([t,t,1,1,1,1]), M, := Diag([aot, ait, az, a3, aq,as)) .
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Let Q; C P° be the quadric corresponding to M;, and let Z = Q1 N Q2. Benoist and Wit-
tenberg prove that Z has an intermediate Jacobian torsor obstruction to rationality [BW23,
Theorem 4.14]. Furthermore, Q1 has square discriminant, and since k is a Cj-field [CS21, The-
orem 1.2.13], the quadric @)1 contains a plane defined over k, and hence Z contains a conic C
defined over k; see [HT21b, Remark 13]. Thus, X := Blg Z is an irrational degree 4 conic bundle.
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