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1 Prologue

A wide variety of observational evidence points to the very early universe
having experienced a phase of accelerated expansion, or inflation [1]. Cos-
mological spacetimes are described by the scale factor a(t) and its two first
time derivatives H(t) (Hubble parameter) and ǫ(t) (1st slow-roll parameter):

ds2 = −dt2 + a2(t)dx · dx , H(t) ≡ ȧ

a
, ǫ(t) ≡ − Ḣ

H2
. (1)

Inflation is characterized by the positivity of both derivatives of a(t):
H(t) > 0 & 0 ≤ ǫ(t) < 1. The standard inflationary cosmology is that of
the maximally symmetric de Sitter spacetime: 1

ds2 = −dt2 + a2(t)dx · dx = a2(η)
[
− dη2 + a2(η)dx · dx

]
, (2)

a(t) = eHt = − 1

Hη
= a(η) . (3)

During inflation, quantum physics implies the production of real particles
out of the vacuum as long as they are effectively massless, possess classically
non-conformally invariant free Lagrangians, and have adequately large wave-
length. The carrier of the gravitational force, the graviton, is such a particle
and inflationary evolution eventually will produce a dense ensemble of in-
frared gravitons [2, 3].

Can the universally attractive nature of the gravitational interaction al-
ter cosmological parameters, kinematical parameters and long-range forces?
There are perturbative indications for such changes from many loop compu-
tations which show a time dependence of powers of ln a(t) [4–13]. Because
the dimensionless coupling constant of quantum gravity is GH2, at some
time the secular increase by powers of ln a(t) will overwhelm GH2 causing
perturbation theory to break.

It is always a formidable affair to decipher the dynamics of a theory after
the perturbative analysis has become invalid. While it is easy to state what
is needed - a re-summation technique for these leading logarithms - it is very
hard to realize it. Usually one tries to first understand what happens in an

1Hellenic indices take on spacetime values while Latin indices take on space values.
Our metric tensor gµν has spacelike signature (− + ++) and our curvature tensor equals
Rα

βµν ≡ Γα
νβ,µ + Γα

µρ Γ
ρ
νβ − (µ ↔ ν). Co-moving time is denoted by t and conformal

time by η.
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analogous situation in a simpler theory that retains the essential interaction
structure of gravity. The latter feature is satisfied by non-linear σ-models
since they possess the same kind of derivative interactions as gravity; they
lack the tensor structure and gauge fixing dependence of quantum gravity.
Of these, it is obviously the gauge issue that is the strongest simplification
because a true physical effect is by definition independent of the gauge fixing
functional.

Recently a particular non-linear σ-model - the AB model - has been
perturbatively analyzed and the required re-summation techniques have been
indicated: curvature-dependent variants of the stochastic technique [14, 15]
and of the renormalization group [16–18].

Yet another theory that could be similarly analyzed before facing the full
quantum gravity, is that of a massless minimally coupled (MMC) scalar in
a de Sitter spacetime which we describe in Section 2. The contribution of
a loop of MMC scalars to the graviton self-energy has been computed be-
fore [19], however, it was not then realized that a finite renormalization of the
cosmological constant is required in order to make the graviton self-energy
conserved [20]. This mistake was compounded by choosing to represent the
non-conserved result as a linear combination of automatically conserved ten-
sor differential operators acting on structure functions [19, 21]. These erro-
neous representations were then used to solve for 1-loop corrections to the
graviton mode function [22] and to the two scalar potentials which represent
the gravitational response to a static point mass [23]. Four conclusions were
reached:

• The graviton mode function experiences no secular enhancement;

• Both potentials experience secular enhancement by fractional correc-
tions of the form GH2 ln(a), and a logarithmic running in space by
fractional corrections of the form GH2 ln(Hr);

• The coefficients of the temporal and spatial logarithms differ; and

• There was a huge gravitational slip.

The two errors described above might have canceled out, but it would
be foolhardy to attempt resummation before checking. That is the purpose
of this paper; we also wish to determine leading late time correction to the
graviton mode function. We will show that the two errors do not cancel,
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and that this changes some of the four conclusions. The result for the 1-loop
MMC correction to the 2-point gravitational function is found in Section 3,
including the finite renormalization of the cosmological constant. We also
represent the result, without any preconceptions, as the sum of a complete
set of 21 tensor differential operators. Its effect on the gravitational mode
functions and gravitational force are displayed in Sections 4 and 5, respec-
tively. Our conclusions are given in Section 6. One appendix contains the
relevant Feynman diagrams as well as a tabulation of the primitive results.
A second appendix describes the various integrals needed to solve the 1-loop
effective field equations.

2 The MMC theory

The dynamics of a MMC scalar in a de Sitter background are defined by:

L =
[R− (D−2)Λ]

√−g

16πG
− 1

2
∂µφ ∂νφ gµν

√
−g , Λ ≡ (D − 1)H2 , (4)

leading to the following gravitational field equations:

Rµν −
1

2
Rgµν +

1

2
(D−2)Λgµν = 8πG

{
∂µφ ∂νφ− 1

2
gµνg

ρσ∂ρφ ∂σφ
}

. (5)

The graviton field hµν(x) is defined by conformally rescaling the full metric
with the scale factor:

gµν ≡ a2 g̃µν ≡ a2 (ηµν + κhµν) , κ2 ≡ 16πG . (6)

Here κ is the loop-counting parameter of quantum gravity. Our notation
throughout is that indices are raised and lowered with the Minkowski metric,
for instance, hµν ≡ ηµρηνσhρσ and ∂µ ≡ ηµρ∂ρ. Furthermore, parenthesized
indices are symmetrized.

• The MMC Model: Counterterms
Our model (4) is not renormalizable, but the divergences of any theory

can be removed by BPHZ (Bogoliubov, Parasiuk [24], Hepp [25] and Zim-
mermann [26, 27] counterterms. Those of our model (4) were the first ever
studied using dimensional regularization [28]. At 1-loop order they consist
of Eddington and Weyl terms:

∆L = c1R
2√−g + c2C

αβγδCαβγδ

√−g , (7)
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where the coefficients are [19]:

c1 =
µD−4Γ(D

2
)

28π
D
2

(D−2)

(D−1)2(D−3)(D−4)
, (8)

c2 =
µD−4Γ(D

2
)

28π
D
2

2

(D+1)(D−1)(D−3)2(D−4)
. (9)

We can decompose R2 into three pieces as follows:

R2 =
(
R −DΛ

)2
+ 2DΛ

[
R − (D−2)Λ

]
+D(D−4)Λ2 , (10)

so that the Eddington counterterm becomes the sum of three contributions:

∆L1a ≡ c1

(
R−DΛ

)2√−g , (11)

∆L1b ≡ 2Dc1Λ
[
R− (D−2)Λ

]√
−g , (12)

∆L1c ≡ D(D−4)c1Λ
2
√
−g . (13)

- There is also a finite renormalization of the cosmological constant which
is necessary to make the graviton self-energy conserved [20]:

∆L3 = c3
√
−g = c3 a

D
√

−g̃ . (14)

• The MMC Model: Conservation
Stress-energy conservation has been discussed in detail in [20]. The start-

ing point of the analysis is the Ward identity which follows from stress-energy
conservation for a matter loop contribution to the graviton self-energy:

Wµ
αβ × (−i)

[
αβΣρσ

total

]
(x; x′) = 0 , (15)

with the Ward operator defined thusly:

Wµ
αβ ≡ δµ(α∂β) + aHδµ0 ηαβ . (16)

When the scalar obeys its equation of motion the Ward operator annihilates
the graviton variation:

Wµ
αβ ×

iδS[φ, 0]

δhαβ(x)
=

κ

2
∂µφ(x)× iδS[φ, 0]

δφ(x)
. (17)
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- It can be shown [20] that in de Sitter spacetime and before renormal-
ization we have:

Wµ
αβ × (−i)

[
αβΣρσ

prim

]
(x; x′) =

iξκ2

2

{
−ηµ(ρ∂σ)

[
aDδD(x−x′)

]

+
1

2
aD−2ηρσ∂µ

[
a2δD(x−x′)

]}
, (18)

where ξ ≡ (D−2)D−1)
2D

H2k. This equation exhibits the obstacle to achieving
conservation albeit when only the primitive form of the 1-loop graviton self-
energy is taken into account.

- Upon renormalizing the 1-loop graviton self-energy the contributions
from the counterterms (7) are considered. We employ the decomposition of
the Eddington counterterm into three pieces (11-13) and have sequentially
computed the action of the Ward operator on the various pieces. It turns
out [20] that except for the counterterm (13) the Ward operator annihilates
their contribution to the graviton self-energy:

Wµ
αβ × (−i)

[
αβΣρσ

2

]
(x; x′) = Wµ

αβ × (−i)
[
αβΣρσ

1a

]
(x; x′)

= Wµ
αβ × (−i)

[
αβΣρσ

1b

]
(x; x′) = 0 , (19)

The only non-zero contributions come from:

(i) the cosmological constant counterterm (14) with coefficient c3, and

(ii) the cosmological constant like counterterm (13) emanating from the Ed-
dington decomposition (10) with coefficient γ ≡ D(D−1)2(D−4)H4c1.

The results are [20]:

Wµ
αβ ×−i

[
αβΣρσ

3+1c

]
(x; x′) =

i(c3 + γ)κ2

2

{
−ηµ(ρ∂σ)

[
aDδD(x−x′)

]

+
1

2
aD−2ηρσ∂µ

[
a2δD(x−x′)

]}
, (20)

and because the functional form of the objection (20) is identical to that of
the primitive objection (18), it is possible to arrange their coefficients so that
they cancel against each other:

ξ = −(c3 + γ) , (21)
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and achieve the desired conservation. Substituting into (21) the values of
k, ξ and γ we see that this corresponds to a finite renormalization of the
cosmological constant in D=4:

c3 = −µD−4H4

27π
D
2

(D−2)Γ(D
2
+1)

D−3
− HD

(4π)
D
2

(D−2)Γ(D)

4Γ(D
2
+1)

−→ −H4

8π2
. (22)

3 The 1-loop QFT results: Self-Energy

As discussed previously, the first step in our project involving (4) is its per-
turbative contribution to the 1-loop graviton self-energy given by:

−i
[
µνΣρσ

]
(x; x′) =

〈
Ω
∣∣∣T ∗

[
iδS[ϕ, g]

δhµν(x) ϕϕ

× iδS[ϕ, g]

δhρσ(x′)
ϕϕ

+
iδ2S[ϕ, g]

δhµν(x)δhρσ(x′)
ϕϕ

+
iδ2∆S[g]

δhµν(x)δhρσ(x′)1

]∣∣∣Ω
〉

, (23)

where the subscripts indicate how many weak fields contribute, the T ∗ sym-
bol stands for time-ordering with any derivatives taken outside, and ∆S[g]
denotes the 1-loop counterterm action. 2 The 1st and 2nd variations required
for (23) are: 3

iδS[ϕ, g]

δhµν(x) ϕϕ

=
iκ

2
aD−2

[
∂µϕ ∂νϕ− 1

2
ηµν∂αϕ ∂αϕ

]
, (24)

iδ2S[ϕ, g]

δhµν(x)δhρσ(x′)
ϕϕ

=
κ2

2
aD−2

[
−ηµ(ρ∂σ)ϕ ∂νϕ− ην(ρ∂σ)ϕ ∂µϕ

+
1

2
ηµν∂ρϕ ∂σϕ+

1

2
ηρσ∂µϕ ∂νϕ+

1

2

(
ηµ(ρησ)ν − 1

2
ηµνηρσ

)
∂αϕ ∂αϕ

]

× iδD(x−x′) . (25)

• The 4-point Contribution

2The Feynman diagrams corresponding to the 3 terms in (23) can be seen in Fig. 1-3.
3The variation with respect to the graviton is related to the variation with respect to

the metric as δ
δhµν(x)

= κa2 δ
δgµν (x)

due to (6).
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The 4-point contribution (Fig. 2) is the expectation value of (25):

−i
[
µνΣρσ

4

]
(x; x′) =

κ2

2
aD−2

[
−ηµ(ρ∂′σ)∂ν i∆(x; x′)− ην(ρ∂′σ)∂µ i∆(x; x′)

+
1

2
ηµν∂ρ∂′σ i∆(x; x′) +

1

2
ηρσ∂µ∂′ν i∆(x; x′)

+
1

2

(
ηµ(ρησ)ν − 1

2
ηµνηρσ

)
∂α∂′

α i∆(x; x′)

]
iδD(x−x′) , (26)

which simplifies to: 4

−i
[
µνΣρσ

4

]
(x; x′) =

(D−1)(D−4)

4D
κ2kH2aD

(1
2
ηµνηρσ−ηµ(ρησ)ν

)
iδD(x−x′) ,

(27)
and hence vanishes in D=4 spacetime dimensions.

4Due to the identity: ∂α∂
′

β i∆(x;x′)
∣∣∣
x′=x

= −
(

D−1
D

)
kH2gαβ , k ≡ HD−2

(4π)
D
2

Γ(D−1)

Γ(D
2
)
.
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• The 3-point Contribution
The expectation value of (24) is the 3-point contribution to the 1-loop

self-energy (Fig. 1):

−i
[
µνΣρσ

3

]
(x; x′) =

(iκ
2

)2

(aa′)D−2

{
2∂µ∂′(ρ i∆(x; x′) ∂′σ)∂ν i∆(x; x′)

−ηµν∂α∂′ρ i∆(x; x′) ∂α∂
′σ i∆(x; x′)− ηρσ∂µ∂′β i∆(x; x′) ∂ν∂′

βi∆(x; x′)

+
1

2
ηµνηρσ∂α∂′β i∆(x; x′) ∂α∂

′
β i∆(x; x′)

}

≡ −iΣ3i − iΣ3ii − iΣ3iii − iΣ3iv . (28)

Notice that the first term −iΣ3i, besides being the most difficult, recovers all
three remaining terms by suitable contractions:

−i
[
µνΣρσ

3

]
(x; x′) =

[
δµαδ

ν
β −

1

2
ηµνηαβ

][
δργδ

σ
δ −

1

2
ηρσηγδ

]

× 2
( iκ
2

)2

(aa′)D−2 ∂α∂′(γi∆(x; x′) ∂′δ)∂βi∆(x; x′) . (29)

All terms are quartically divergent, whereas the product of two undifferen-
tiated propagators is logarithmically divergent. In view of the two derivatives
on each propagator, we must therefore retain three terms in the expansion
of each propagator [4, 29]:

i∆(x; x′) =
1

4π
D
2

{
2Γ(D

2
)

D−2

1

(aa′∆x2)
D
2
−1

+
Γ(D

2
+1)

2(D−4)

H2

(aa′∆x2)
D
2
−2

+
Γ(D

2
+2)

16(D−6)

H4

(aa′∆x2)
D
2
−3

+ . . .

}

+k

{
−πcot

(Dπ

2

)
+ ln(aa′) +

(D−1

2D

)
H2aa′∆x2 + . . .

}
. (30)

Coordinate differences are indicated throughout by a ∆:

∆xµ ≡ (x−x′)µ , ∆η ≡ η−η′ , ∆r ≡ ‖~x−~x′‖ . (31)
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Taking two derivatives of the propagator gives:

∂µ∂′ρi∆(x; x′) =
δµ0δ

ρ
0iδ

D(x−x′)

aD−2
+

Γ(D
2
)

2π
D
2 (aa′)

D
2
−1

{
ηµρ

∆xD
− D∆xµ∆xρ

∆xD+2

+
(D−2)[aHδµ0∆xρ−∆xµa′Hδρ0]

2∆xD
+

(D−2)aa′H2δµ0δ
ρ
0

4∆xD−2
+

D

8
aa′H2

×
[

ηµρ

∆xD−2
− (D−2)∆xµ∆xρ

∆xD
+

(D−4)[aHδµ0∆xρ−∆xµa′Hδρ0]

2∆xD−2

+
(D−4)aa′H2δµ0δ

ρ
0

4∆xD−4

]
+

D(D+2)

128
a2a′

2
H4

[
ηµρ

∆xD−4
− (D−4)∆xµ∆xρ

∆xD−2

+
(D−6)[aHδµ0∆xρ−∆xµa′Hδρ0]

2∆xD−4
+

(D−6)aa′H2δµ0δ
ρ
0

4∆xD−6

]
+ . . .

}

+ k

{
0−

(D−1

D

)
aa′H2

[
ηµρ − aHδµ0∆xρ + a′H∆xµδρ0

−1

2
aa′H2∆x2δµ0δ

ρ
0

]
+ . . .

}
. (32)

Now the product of the two doubly-differentiated propagators in (29)
consists of two local terms plus a product of two nonlocal terms:

2
(iκ
2

)2

(aa′)D−2 ∂µ∂′(ρi∆(x; x′) ∂′σ)∂νi∆(x; x′) =

+
(D−1

D

)
κ2kH2aDδ

(µ
0η

ν)(ρδ
σ)
0 iδ

D(x−x′)

−κ2Γ2(D
2
)

8πD

{
ηµ(ρ

∆xD
− D∆xµ∆x(ρ

∆xD+2
+ . . .

}{
ησ)ν

∆xD
− D∆xσ)∆xν

∆xD+2
+ . . .

}
(33)

The first 8 terms in each of the curly bracketed expressions can make a non-
zero contribution and are shown in Table 8. Because of symmetrization there
are a total of 36 independent products of these 8 terms.

We shall not present the very complicated procedure of reducing the afore-
mentioned products to isolate the divergences and the non-local finite parts
they contain. It should be sufficient to incorporate the reuslts in the analysis
that follows.
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• The 3-point Contribution: Tensor Basis
A covariant generalization of [30] provides an appropriate tensor basis for

the primitive divergent contributions:

−i
[
µνΣρσ

prim

]
(x; x′) = K ×

21∑

i=1

T i(x; x′)×
[
µνDρσ

i

]
× iδD(x−x′) , (34)

where the divergent prefactor K is:

K ≡ κ2Γ2(D
2
)

8πD
×K =

κ2µD−4Γ(D
2
)

2π
D
2 (D−3)(D−4)

. (35)

The tensor differential operators [µνDρσ
i ] are listed in the table below:

i [µνDρσ
i ] i [µνDρσ

i ] i [µνDρσ
i ]

1 ηµνηρσ 8 ∂µ∂νηρσ 15 δ
(µ
0∂

ν)δρ0δ
σ
0

2 ηµ(ρησ)ν 9 δ
(µ
0η

ν)(ρδ
σ)
0 16 δµ0δ

ν
0∂

ρ∂σ

3 ηµνδρ0δ
σ
0 10 δ

(µ
0η

ν)(ρ∂σ) 17 ∂µ∂νδρ0δ
σ
0

4 δµ0δ
ν
0η

ρσ 11 ∂(µην)(ρδ
σ)
0 18 δ

(µ
0∂

ν)δ
(ρ
0∂

σ)

5 ηµνδ
(ρ
0∂

σ) 12 ∂(µην)(ρ∂σ) 19 δ
(µ
0∂

ν)∂ρ∂σ

6 δ
(µ
0∂

ν)ηρσ 13 δµ0δ
ν
0δ

ρ
0δ

σ
0 20 ∂µ∂νδ

(ρ
0∂

σ)

7 ηµν∂ρ∂σ 14 δµ0δ
ν
0δ

(ρ
0∂

σ) 21 ∂µ∂ν∂ρ∂σ

Table 1: The 21 basis tensors used in expression (34). The pairs (3, 4), (5, 6), (7, 8),
(10, 11), (14, 15), (16, 17) and (19, 20) are related by reflection.

The same tensor basis is appropriate for the counterterm contributions
(Fig. 3):

−i
[
µνΣρσ

count

]
(x; x′) = K ×

21∑

i=1

∆T i(x; x′)×
[
µνDρσ

i

]
× iδD(x−x′) , (36)

• The 3-point Contribution: Primitive Divergences
The primitive divergences coming only from the first term −iΣ3i provide

contributions of the same form as (34), but with different coefficients that we
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shall call T i(x; x′). Including the three trace terms according to (29) gives
complicated relations for those T i ’s whose [µνDρσ]’s contain either ηµν or ηρσ.
Hence, a subset of the T i ’s will be equal to the T i ’s:

T 2 = T 2 , T i = T i ∀i ≥ 9 , (37)

while the remaining T i ’s will be linear combinations of the T i ’s. Of these,
T 1 satisfies:

T 1 =
(D−2)2

4
T 1 +

(D−4)

4
T 2 − (D−2)

4
(T 3 + T 4) +

(D−2)

4
(T 5 + T 6)∂0

+
(D−2)

4
(T 7 + T 8)∂2 − 1

4
T 9 +

1

4
(T 10 + T 11)∂0 +

1

4
T 12∂2 +

1

4
T 13

−1

4
(T 14 + T 15)∂0 −

1

4
(T 16 + T 17)∂2 +

1

4
T 18∂2

0

+
1

4
(T 19 + T 20)∂2∂0 +

1

4
T 21∂4 , (38)

while the remaining ones are simpler and are presented in Table 9.
The T i(x; x′) have been laboriously computed and are presented in Ta-

ble 10. For the cases i = 2 and i ≥ 9 they are identical with T i(x; x′). The
most complicated case when T i 6= T i is (38): 5

T 1(x; x′) =
(D2−2D−2)∂4

32(D+1)(D−1)(D−2)
+

(3D3−18D2+24D−16)aa′H2∂2

512(D−1)

−(D−2)(D−3)aa′H2∂2
0

64(D−1)
+

(D−2)(D−4)(D4−48D+64)a2a′2H4

4096(D−1)
. (39)

The remaining cases for which T i 6= T i are given in Table 11.

• The 3-point Contribution: Weyl Counterterm
A simple computation shows that the contribution of the Weyl countert-

erm to the graviton self-energy equals:

δ2 i∆S2

δhµν(x)δhρσ(x′)

∣∣∣
hµν=0

= 2κ2c2 Cαβγδµν
[
aD−4C ρσ

αβγδ iδD(x−x′)
]

, (40)

5Note that differences of scale factors combine to give a− a′ = aa′H∆η.
The resulting factors of ∆η acting on δD(x− x′) can be reduced using: ∆η∂0 −→ −1 ,

∆η2∂2 −→ −2 , ∆η∂0∂
2 −→ −∂2 + 2∂2

0 .
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where the tensor differential operator C µν
αβγδ is defined via the linearized,

conformally rescaled Weyl tensor thusly:

C̃αβγδ = C µν
αβγδ ×κhµν +O(κ2h2) . (41)

Its explicit form is:

C µν
αβγδ = D µν

αβγδ − 1

D−2

[
ηαγD µν

βδ − ηγβD µν
δα + ηβδD µν

αγ − ηδαD µν
γβ

]

+
(ηαγηβδ−ηαδηβγ)Dµν

(D−1)(D−2)
, (42)

where the various derivatives are:

D µν
αβγδ ≡ −1

2

[
δ(µαδ

ν)
γ ∂β∂δ − δ(µγδ

ν)
β ∂δ∂α + δ

(µ
βδ

ν)
δ ∂α∂γ

−δ
(µ
δδ

ν)
α ∂γ∂β

]
, (43)

D µν
βδ ≡ ηαγD µν

αβγδ = −1

2

[
ηµν∂β∂δ − 2∂(µδ

ν)
(β∂δ) + δ

(µ
βδ

ν)
δ)∂

2
]

, (44)

Dµν ≡ ηβδD µν
βδ = ∂µ∂ν − ηµν∂2 = Πµν . (45)

Consequently, the explicit form of (40) becomes: 6

δ2 i∆S2

δhµν(x)δhρσ(x′)

∣∣∣
hµν=0

= 2κ2c2

(D−3

D−2

)[
Πµ(ρΠσ)ν − ΠµνΠρσ

D−1

]
iδD(x−x′)

+
κ2

26 ·3·5·π2
Cαβγδµν

[
ln(a) C ρσ

αβγδ iδ4(x−x′)
]
+O(D−4) , (46)

with the prefactor of the divergence equaling:

2κ2 c2

(D−3

D−2

)
= K × 1

32(D+1)(D−1)(D−2)
. (47)

The divergent contribution to each T i(x; x′) is given in Table 12.

• The 3-point Contribution: Eddington Counterterm
In (10), the Eddington counterterm R2 was decomposed into three pieces.

We shall analyze them in reverse order.

6Taking also into account the usual expansion of the measure factor,
aD−4 = 1 + (D−4) ln(a) +O[(D−4)2].
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- The last of these is the counterterm (13) which is the same as a cosmo-
logical constant and finite:

δ2 i∆S1c

δhµν(x)δhρσ(x′)

∣∣∣
hµν=0

=
κ2H4

64π2

[
−ηµ(ρησ)ν +

1

2
ηµνηρσ

]
a4 iδ4(x−x′) . (48)

- The second of these is the Einstein counterterm (12) whose contribution
to the graviton self-energy is:

δ2 i∆S1b

δhµν(x)δhρσ(x′)

∣∣∣
hµν=0

= D(D−1)c1κ
2H2

{[
ηµ(ρησ)ν − ηµνηρσ

]
D iδD(x−x′)

+
[
2∂′(µην)(ρ∂σ) + ηµν∂ρ∂σ + ∂′µ∂′νηρσ

][
aD−2 iδD(x−x′)

]}
, (49)

where D ≡ ∂µaD−2∂µ. By employing the delta function to express the scale
factor aD−2 as half primed and half unprimed so that:

aD−2 −→ (aa′)
D
2
−1 = aa′

(
1− (D

2
−2) ln(aa′) +O[(D−4)2]

)
, (50)

by moving all scale factors to the left, for example:

D iδD(x−x′) = (aa′)
D
2
−1
[
∂2 + D

2
(D
2
−1)aa′H2

]
iδD(x−x′) , (51)

by extracting a factor of K from the multiplicative prefactor:

D(D−1)c1κ
2H2 = K × D(D−2)H2

128(D−1)
, (52)

we derive the divergences shown in Table 13.
- Finally, we consider the divergences associated with ∆L1a of (11). We

follow the same procedure as for the Weyl countertem and express R −DΛ
as a tensor differential operator acting on a single graviton:

R−DΛ =
1

a2
×Fµν×κhµν +O(κ2h2) , (53)

where the tensor differential operator Fµν
is:

Fµν ≡ ∂µ∂ν − ηµν
[
∂2 − (D−1)aH∂0

]
− 2(D−1)aHδ

(µ
0∂

ν)

+D(D−1)a2H2δµ0δ
ν
0 . (54)
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The operator we actually need is obtained by partially integrating Fµν
to

obtain:

Fµν ≡ ∂µ∂ν − ηµν
[
∂2 + (D−1)aH∂0 + (D−1)a2H2

]
+ 2(D−1)aHδ

(µ
0∂

ν)

+(D−2)(D−1)a2H2δµ0δ
ν
0 , (55)

The resulting second variation of S1a is:

δ2 i∆S1a

δhµν(x)δhρσ(x′)

∣∣∣
hµν=0

= 2κ2c1Fµν
[
aD−4FρσiδD(x−x′)

]
(56)

= 2κ2c1FµνFρσiδD(x−x′) +
κ2

26 ·32 ·π2
Fµν

[
ln(a)Fρσiδ4(x−x′)

]
+ . . . (57)

The multiplicative prefactor is:

2κ2c1 = K × (D−2)

64(D−1)2
. (58)

Table 14 gives the divergences contributed by S1a.

• The 3-point Contribution: Primitive + Counterterm Results
The primitive divergences of the 1-loop graviton self-energy that have

just been evaluated, can be summarized in Table 15 which lists the basis
coefficients T i(x; x′).

Similarly, the counterterm divergences of the 1-loop graviton self-energy
that have just been evaluated, can be summarized in Table 16 which lists the
basis coefficients ∆T i(x; x′).

By adding Tables 15 and 16 we arrive at the residuals shown in Table 17.
A few remarks are in order:

- The residuals actually vanish for tensor factors [µνDρσ
i ] with 13 ≤ i ≤ 21.

- For i = 1, i = 2 and i = 12 the residual vanishes in D = 4.

- For 3 ≤ i ≤ 11 there is a more complicated cancellation scheme based on
the observation:

∆η∂µ = ∂µ∆η + δµ0 . (59)

- Sometimes (for instance, i = 7 and i = 8) this must be done twice before
the ∆η acts on the iδD(x − x′) and vanishes. The clusters of tensor factors
which cancel in this way are:

1. The case of i = 10 and i = 11, which combine to cancel i = 9.

14



2. The case of i = 8, which contributes to i = 6 to produce a ∆η term that
cancels i = 4.

3. The case of i = 7, which contributes to i = 5 to produce a ∆η term that
cancels i = 3.

The final result is displayed in Table 18 with each tensor factor being
proportional to at least one factor of (D − 4). The final step, reported in
Table 19, multiplies by the factor of 1

D−4
in K:

K =
κ2

2π2
× 1

D − 4
+O[(D−4)] , (60)

and then takes the limit of D = 4.

• The 3-point Contribution: Finite Local Contributions
There are six sources of finite, local contributions to the graviton 1-loop

self-energy:

- The local terms arising from the action of two derivatives on the scalar
propagator which is given in equation (32). Upon substituting the local
contribution from (32) into equation (29) and setting D = 4 gives:

3κ2H4

32π2

{
δ
(µ
0η

ν)(ρδ
σ)
0 −

1

2
δµ0δ

ν
0η

ρσ − 1

2
ηµνδρ0δ

σ
0− ηµνηρσ

}
a4iδ4(x−x′) . (61)

- The local terms arising from adding the primitive divergences to the coun-
terterms; they can be found in Table 19:

aa′κ2H2

96π2

{
−
(5
4
∂2 + 2aa′H2

)
ηµνηρσ +

1

2
∂2ηµ(ρησ)ν − a′Hηµνδ

(ρ
0∂

σ)

+aδ
(µ
0∂

ν)ηρσ + ηµν∂ρ∂σ + ∂µ∂νηρσ − 3aa′H2δ
(µ
0η

ν)(ρδ
σ)
0

−a′Hδ
(µ
0η

ν)(ρ∂σ) + aH∂(µην)(ρδ
σ)
0 − ∂(µην)(ρ∂σ)

}
iδ4(x−x′) . (62)

- The local logarithm terms we found in equation (46) from the Weyl coun-
terterm:

κ2

26 ·3·5·π2
Cαβγδµν

[
ln(a) C ρσ

αβγδ iδ4(x−x′)
]

. (63)

- The local terms we found in equation (48) from the finite renormalization
of the cosmological constant:

κ2H4a4

64π2

[
−ηµ(ρησ)ν +

1

2
ηµνηρσ

]
iδ4(x−x′) . (64)
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- The local logarithm terms we found in equation (49) from the Einstein
counterterm:

κ2H2

192π2
aa′ ln(aa′)

{[
ηµ(ρησ)ν−ηµνηρσ

][
∂2+2aa′H2

]

+2
[
−∂(µην)(ρ∂σ)−a′Hδ

(µ
0η

ν)(ρ∂σ)+aH∂(µην)(ρδ
σ)
0+aa′H2δ

(µ
0η

ν)(ρδ
σ)
0

]

+ηµν
[
∂ρ∂σ−2aHδ

(ρ
0∂

σ)+2a2H2δρ0δ
σ
0

]

+ηρσ
[
∂µ∂ν−2aHδ

(µ
0∂

ν)+2a2H2δµ0δ
ν
0

]}
iδ4(x−x′) . (65)

- The local logarithm terms we found in equation (57) from the Eddington
counterterm:

κ2

26 ·32 ·π2
Fµν

[
ln(a)Fρσiδ4(x−x′)

]
. (66)

• The 3-point Contribution: Finite Non-local Contributions
The finite, non-local contributions are of the form:

−i
[
µνΣρσ

nonloc

]
(x; x′) = − κ2

8π4
×

21∑

i=1

{
T i
A(a, a

′, ∂)×
[
µνDρσ

i

]
×ln(µ2∆x2)

+T i
B(a, a

′, ∂)×
[
µνDρσ

i

]
×∂2

[ ln(µ2∆x2)

∆x2

]}
, (67)

where the tensor differential operators in (67) have been defined before in
Table 1. As before, the finite non-local contributions coming from the first
term −iΣ3i in (28) have coefficients T i. Including the three trace terms
−iΣ3ii, 3iii, 3iv gives the full coefficients T i. The relations between these two
sets of coefficients were displayed in (37) and in Table 9; here, since we only
condider finite contributions we can set D=4 in the latter relations.

Our final results for T i
A are given in Table 20, with the trace terms included

to give T i
A in Table 21. Similarly, Table 22 gives T i

B, and Table 23 presents
T i
B.

• The 3-point Contribution: Summary
We conclude this Section by summarizing the various contributions to the

1-loop renormalized graviton self-energy. We organize these according to the
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tensor operators they contain.

- First we gather the contributions coming from expressing the linearized
Weyl tensor and Ricci scalar as 2nd order tensor differential operators con-
tracted into the graviton field - (41) and (53). The resulting contributions
are (63) and (66):

−i
[
µνΣρσ

ren

]
(x; x′) =

κ2

26 ·3·5·π2

[
ln(a) C ρσ

αβγδ iδ4(x−x′)
]

+
κ2

26 ·32 ·π2
Fµν

[
ln(a)Fρσiδ4(x−x′)

]
. (68)

-Next we gather the contributions to the 1-loop graviton self-energy involving
the 21 tensor differential operators of Table 1. There are local contributions
that can be expressed as (34):

−i
[
µνΣρσ

loc

]
(x; x′) =

κ2H2

192π2

21∑

i=1

T i(a, a′, ∂)×
[
µνDρσ

i

]
iδ4(x−x′) , (69)

and are shown in Table 2; as well as non-local contributions that can be
expressed as (67):

−i
[
µνΣρσ

nonloc

]
(x; x′) = − κ2

8π4
×

21∑

i=1

{
T i
A(a, a

′, ∂)×
[
µνDρσ

i

]
× ln(µ2∆x2)

+T i
B(a, a

′, ∂)×
[
µνDρσ

i

]
× ∂2

[ ln(µ2∆x2)

∆x2

]}
, (70)

with the explicit results for the coefficients T i
A(a, a

′, ∂), T i
B(a, a

′, ∂) shown in
Tables 21,23 respectively.

We conclude with a description of the origin of the various entries in Ta-
ble 2. In the 1st column under the name “Residuals” we have included the
contributions of (62) from the renormalization residuals of Table 19, in the
2nd column under the name “ln(aa′)×Einstein” the logarithmic contribu-
tions of (65) coming from the Einstein term, in the 3rd column under the
name “∆Λ” the contributions of (64) from the cosmological constant like
term and of (14) with c3 given by (22) from the cosmological counterterm,
and in the 4th column under the name “Marginal” the contributions of (61)
emanating from the action of the two derivatives on the scalar propagator.
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i Residuals ln(aa′)×Einstein ∆Λ Marginal

1 −5
2
aa′∂2 − 4a2a′2H2 −aa′∂2 − 2a2a′2H2 −9

2
a2a′2H2 −3a2a′2H2

2 aa′∂2 aa′∂2 + 2a2a′2H2 9a2a′2H2 −6a2a′2H2

3 0 2a3a′H2 0 0

4 0 2aa′3H2 0 0

5 −2aa′2H −2a2a′H 0 0

6 2a2a′H 2aa′2H 0 0

7 2aa′ aa′ 0 0

8 2aa′ aa′ 0 0

9 −6a2a′2H2 2a2a′2H2 0 0

10 −2aa′2H −2aa′2H 0 0

11 2a2a′2H 2a2a′H 0 0

12 −2aa′ −2aa′ 0 0

Table 2: Local contributions to each T i(a, a′, ∂) from the various sources.

4 Solving the Effective Field Equations

The linearized effective field equation for the graviton field hµν(x) (6) is:

Dµνρσκhρσ(x) = 8πGT µν(x) +

∫
d4x′ [µνΣρσ](x; x′) κhρσ(x

′) , (71)

where [µνΣρσ](x; x′) is the graviton self-energy in the ′′in− in′′ formalism
[31–39], T µν(x) is minus the variation of the matter action with respect to
hµν(x) and Dµνρσ is the Lichnerowicz operator on de Sitter background:

Dµνρσhρσ =
1

2
a2
[
∂2hµν − ηµν∂2h+ ηµν∂ρ∂σhρσ + ∂µ∂νh− 2∂ρ∂(µhν)

ρ

]

+Ha3
[
ηµν∂0h− ∂0h

µν − 2ηµν∂ρhρ0 + 2∂(µh
ν)
0

]
+ 3H2a4ηµνh00 . (72)
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The purpose of this Section is to use the 1-loop scalar contribution to the
graviton self-energy to solve (71) for 1-loop corrections to plane wave gravi-
tational radiation and for the gravitational response to a static point mass.
The Section begins by giving the ′′in−in′′ form of the 1-loop scalar contri-
bution to [µνΣρσ](x; x′). Then, we explain generally how equation (71) can
be solved for 1-loop corrections to hµν(x). Setting T µν(x) = 0 gives dynam-
ical gravitons, and setting T µν(x) = −δµ0δ

ν
0Maδ3(~x) gives the Newtonian

potential.

4.1 The Graviton Self-Energy

After making the simple conversion from the ′′in−out′′ formalism of Section 3
to the ′′in−in′′ formalism [39], the 1-loop scalar contribution to the graviton
self-energy [µνΣρσ

1 ](x; x′) can be written:

[µνΣρσ
1 ](x; x′) = −κ2Cαβγδµν

960π2

[
ln(a)C′ ρσ

αβγδ δ4(∆x)
]

−κ2Fµν

576π2

[
ln(a)F ′ρσδ4(∆x)

]
− κ2H2

192π2

21∑

i=1

T̂ i(a, a′, ∂)[µνDρσ
i ]δ4(∆x)

+
κ2H2

384π3

21∑

i=1

{
T̂ i
A(a, a

′, ∂)[µνDρσ
i ]× θ(∆η−∆r)

+T̂ i
B(a, a

′, ∂) [µνDρσ
i ] ∂4

[
θ(∆η−∆r)

(
ln[µ2(∆η2−∆r2)]−1

)]}
. (73)

The notation in expression (73) requires explanation:
- The tensor differential operators [µνDρσ

i ] are given in Table 1.

- The coefficient functions T̂ i(a, a′, ∂) and T̂ i
A(a, a

′, ∂) are listed in Table 3,

while the T̂ i
B(a, a

′, ∂) are listed in Table 4.
- The tensor differential operators Fµν and C µν

αβγδ were defined in (41) and
(53-55) respectively by expanding the Weyl tensor and Ricci scalar in powers
of the graviton field hµν .
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i T̂ i(a, a′, ∂) T̂ i
A(a, a

′, ∂)

1 −aa′ ln(aa′)[∂2 + 2aa′H2] −1
4
a2a′2H2∂2∂2

0

−3aa′∂2 − aa′∂2
0 − 6a2a′2H2

2 aa′ ln(aa′)[∂2 + 2aa′H2] 0

+aa′∂2 + 3a2a′2H2

3 2a3a′H2[ln(aa′) + 9
2
] 0

4 2aa′3H2[ln(aa′) + 9
2
] 0

5 −2a2a′H [ln(aa′) + 4] 1
2
a2a′2H2∂0∂

2

6 2aa′2H [ln(aa′) + 4] 1
2
a2a′2H2∂0∂

2

7 aa′[ln(aa′) + 3] −1
2
a2a′H∂0∂

2 + 1
2
a2a′2H2∂2

8 aa′[ln(aa′) + 3] 1
2
aa′2H∂0∂

2 + 1
2
a2a′2H2∂2

9 2a2a′2H2[ln(aa′) + 1] 0

10 −2aa′2H [ln(aa′) + 2] 0

11 2a2a′H [ln(aa′) + 2] 0

12 −2aa′[ln(aa′) + 1] −a2a′2H2∂2

18 0 −3a2a′2H2∂2

19 0 a2a′H∂2

20 0 −aa′2H∂2

21 0 1
2
aa′∂2 − a2a′2H2

Table 3: Coefficients T̂ i(a, a′, ∂) and T̂ i
A(a, a

′, ∂) which appear in expression (73).
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i T̂ i
B(a, a

′, ∂) i T̂ i
B(a, a

′, ∂)

1 − 3∂4

80H2 +
aa′∂2

8
+

aa′∂2
0

8
12 ∂2

40H2 +
aa′

2

2 − ∂4

80H2 − aa′∂2

4
− a2a′2H2

2
13 −3a2a′2H2

2

3 a′2∂2

4
+ 3aa′2H∂0

4
+ a2a′2H2

2
14 3a2a′H

2

4 a2∂2

4
− 3a2a′H∂0

4
+ a2a′2H2

2
15 −3aa′2H

2

5 −a′∂2

4H
− 3aa′∂0

4
+ aa′2H

4
16 −a2

4

6 a∂2

4H
− 3aa′∂0

4
− a2a′H

4
17 −a′2

4

7 3∂2

80H2 +
a∂0
8H

− a2

8
18 3aa′

2

8 3∂2

80H2 − a′∂0
8H

− a′2

8
19 − a

4H

9 −3a2a′2H2

2
20 a′

4H

10 a2a′H
2

21 − 1
20H2

11 −aa′2H
2

Table 4: Coefficient functions T̂ i
B(a, a

′, ∂) which appear in expression (73).

The terms in expression (73) involving summation have the generic form
of coefficient functions of (a, a′, ∂)) multiplying tensor differential operators
[µνDρσ

i ], all acting on three different functions of (x− x′)µ:

δ4(x−x′) , θ(∆η−∆r)

fB(x; x
′) ≡ ∂4

[
θ(∆η−∆r)

(
ln[µ2(∆η2−∆r2)]−1

)]
. (74)

Important relations convert the three functions into one another:

∂4 θ(∆η−∆r) = 8πδ4(x−x′) , (75)

∆η fB(x; x
′) = −2∂0∂

2 θ(∆η−∆r) . (76)

The middle function also obeys the relation:

(∆η∂2+2∂0) θ(∆η−∆r) = 0 . (77)
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4.2 Perturbative Solution

We possess only the single scalar loop contribution to the graviton self-energy
so it is only possible to solve equation (71) perturbatively:

hµν = h(0)
µν + κ2h(1)

µν + κ4h(2)
µν + . . . (78)

We consider the stress tensor to be 0th order so h
(0)
µν obeys the equation:

Dµνρσκh(0)
ρσ (x) = 8πGT µν(x) . (79)

The 1-loop correction we seek obeys:

Dµνρσ κ3h(1)
ρσ (x) =

∫
d4x′ [µνΣρσ

1 ](x; x′) κh(0)
ρσ (x

′) . (80)

The D = 4 contributions from the first two terms of [µνΣρσ
1 ](x; x′) in

expression (73) can be written in terms of linearized curvatures. Relation
(41) implies that the first term is:

−κ2Cαβγδµν

960π2

[
ln(a)

∫
d4x′ C ρσ

αβγδ δ4(x−x′)× κh(0)
ρσ (x

′)

]

= −κ2 Cαβγδµν

960π2

[
ln(a)C

(0)
αβγδ

]
=

κ2∂ρ∂σ
480π2

[
ln(a)C(0) ρµσν

]
, (81)

and relation (53) implies a similar form for the second term:

−κ2Fµν

576π2

[
ln(a)

∫
d4x′ Fρσδ4(x− x′)× κh(0)

ρσ (x
′)

]
= −κ2Fµν

576π2

[
ln(a) a2R(0)

]
.

(82)

4.3 Dynamical Gravitons

Dynamical gravitons are characterized by their 3-momenta ~k and polarization
λ. The graviton field for a dynamical graviton takes the form:

κhµν(x) = ǫµν(~k, λ)e
i~k·~xu(t, k) , (83)

where u(t, k) is the graviton mode function and the polarization tensors take
the same form in cosmology that they do in flat space. In particular, their
temporal components vanish, they are transverse and traceless:

ǫ0µ(~k, λ) = 0 , kiǫiµ(~k, λ) = 0 , ǫii(~k, λ) = 0 . (84)
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The action of the Lichnerowicz operator (72) on such a field is:

Dµνρσhρσ(x) = ǫµν(~k, λ)ei
~k·~x ×

(
− a2

2

)[
∂2
0 + 2aH∂0 + k2

]
u(t, k) . (85)

The general perturbative expansion (78) implies a similar expansion for
the graviton mode function:

u(t, k) = u0(t, k) + κ2u1(t, k) + κ4u2(t, k) + . . . (86)

The point of this sub-section is to compute the 1st order solution u1(t, k).
The canonically normalized 0th order solution is well known:

u0(t, k) =
H√
2k3

[
1− ik

Ha

]
exp

[ ik

Ha

]
=

H√
2k3

(1 + ikη)e−ikη . (87)

Its first two conformal time derivatives are:

∂0u0 =
H√
2k3

[
− k2

Ha

]
exp

[ ik

Ha

]
, ∂2

0u0 =
H√
2k3

[
k2 +

ik3

Ha

]
exp

[ ik

Ha

]
.

(88)
Relations (88) imply four useful identities:

(∂2
0 − k2)u0 = −2ik∂0u0 , (∂2

0 − k2)u0 =
1
2
(∂0 − ik)2u0 , (89)

(∂2
0 + k2)u0 = −2Ha∂0u0 , (∂2

0 + k2)2u0 = 0 . (90)

The right hand side of the effective field equation (71) for dynamical
gravitons (83-84) consists of the two local contributions (81-82) and a series
of local and non-local terms proportional to the 21 tensor differential opera-
tors of Table 1.

- Contributions from the F-term (82): Because dynamical gravitons are
source-free solutions, the linearized Ricci scalar vanishes: R(0) = 0. Hence,
there are no such contributions.

- Contributions from the C-term (81): To evaluate (81) we first make a 3+1
expansion of the derivatives:

κ2∂ρ∂σ
480π2

[
ln(a)C(0) ρµσν

]
=

κ2∂2
0

480π2

[
ln(a)C(0) 0µ0ν

]
− 2κ2∂0∂i

480π2

[
ln(a)C(0) 0(µν)i

]

+
κ2∂i∂j
480π2

[
ln(a)C(0) iµjν

]
. (91)
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Now note that, for dynamical gravitons, the non-zero components of the
linearized Weyl tensor are:

C
(0)
0i0j = ei

~k·~xǫij × (−1
4
)(∂2

0 − k2) u0 , (92)

C
(0)
0ijk = ei

~k·~x
(
ǫijkk − ǫikkj

)
× i

2
∂0u0 , (93)

C
(0)
ijkℓ = ei

~k·~x
(
ǫikδjℓ − ǫkjδℓi + ǫjℓδik − ǫℓiδkj

)
× (−1

4
)(∂2

0 + k2) u0

+ei
~k·~x

(
ǫikkjkℓ − ǫkjkℓki + ǫjℓkikk − ǫℓikkkj

)
× 1

2
u0 . (94)

Substituting (92-94) into (91) and exploiting the properties (84) of the polar-
ization tensor and the identities (89) obeyed by the mode function implies:

κ2∂ρ∂σ
480π2

[
ln(a)C(0) ρµσν

]
=

κ2ei
~k·~xǫµν

480π2

{
−1

8
(∂0+ik)2

[
ln(a)(∂0−ik)2u0

]}

=
κ2ei

~k·~xǫµν

480π2
×(− i

2
)kH2a2∂0u0 . (95)

- Contributions from the “Summation” terms: The remaining terms on the
right hand side of equation (71) all involve sums of the tensor differential
operators [µνDρσ

i ] of Table 1. These can be partially integrated to act on
the factor of hρσ(x

′), whereupon most of the [µνDρσ
i ] give zero because they

access a temporal component, or a divergence, or a trace. Only the case
of [µνDρσ

2 ] = ηµ(ρησ)ν contributes, and a further simplification is that the

coefficient function T̂ 2
A(a, a

′, ∂) vanishes. Each surviving term has a common

factor of ei
~k·~xǫµν which can be canceled out from equations (85) and (95) to

give a scalar equation for u1(t, k):

−a2

2

[
∂2
0+2aH∂0+k2

]
κ2u1 =

κ2H2a2

480π2
×(−i)k∂0u0

− κ2H2

192π2

∫
d4x′ T 2(a, a′, ∂) δ4(x−x′)× e−i~k·∆~xu0(t

′, k)

+
κ2H2

384π3

∫
d4x′ T 2

B(a, a
′, ∂) fB(x; x

′)× e−i~k·∆~xu0(t
′, k) . (96)

(i) For the term in (96) involving the coefficient T̂ 2(a, a′, ∂), it is possible
to obtain an exact result:

T̂ 2(a, a′, ∂) = aa′ ln(aa′)
[
∂2 + 2aa′H2

]
+ aa′∂2 + 3a2a′

2
H2 . (97)
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Performing the delta function integral, and using relations (89-90) gives:

− κ2H2

192π2

∫
d4x′ T̂ 2(a, a′, ∂) δ4(x−x′)× e−i~k·∆~xu0(t

′, k)

= − κ2H2

192π2

{
−a ln(a)(∂2

0+k2)[au0] + 4a4 ln(a)H2u0

−a(∂2
0+k2)[a ln(a)u0]− a(∂2

0+k2)[au0] + 3a4H2u0

}
(98)

=
κ2H2

96π2

{
a4H2u0 + a3H∂0u0

}
. (99)

Expression (87) implies that u0(t, k) approaches a constant at late times:

lim
t→∞

u0(t, k) =
H√
2k3

≡ u∞ . (100)

Expression (88) implies that ∂0u0 falls off like 1/a, so (99) goes like a4.

(ii) For the non-local part of (96) which involves T̂ 2
B(a, a

′, ∂):

T̂ 2
B(a, a

′, ∂) = − ∂4

80H2
− 1

4
aa′∂2 − 1

2
a2a′

2
H2 , (101)

upon substituting (101) in the final term of (96), reflecting the derivatives
and partially integrating to act on u0(t

′, k) we get:

κ2H2

384π3

∫
d4x′ fB(x; x

′)× e−i~k·∆~x

×
{
−(∂′2

0+k2)2

80H2
− 1

4
a(∂′2

0+k2)a′ − 1
2
a2a′

2
H2

}
u0(t

′, k) . (102)

The mode function identities (90) serve to eliminate the derivatives on the
2nd line of (102):
{
−(∂′2

0+k2)2

80H2
− 1

4
a(∂′2

0+k
2)a′− 1

2
a2a′

2
H2

}
u0(t

′, k) = −1
2
a2a′

3
H3∆η u0(t

′, k) .

(103)

At this stage we can exploit relation (76) to simplify the T̂ i
B contribution to:

κ2H2

384π3

∫
d4x′ ∂0∂

2
[
θ(∆η−∆r)

]
× e−i~k·∆~x × a2a′

3
H3u0(t

′, k)

= −κ2H2

96π2
a2H3∂0(∂

2
0+k2)

∫ η

ηi

dη′ a′
3
u0(t

′, k)

∫ ∆η

0

dr r2
sin(kr)

kr
(104)

= −κ2H2

96π2
a2H3

∫ η

ηi

dη′ a′
3
u0(t

′, k) cos(k∆η) . (105)
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The integrand in (105) is a total derivative:

a′
3
u0(t

′, k) cos(k∆η) =
u∞

4H

∂

∂η′

{
a′

2
eikη−2ikη′ +

[
a′

2 − 2ika′

H

]
e−ikη

}
. (106)

If we keep only the upper limit contribution the result is:

−κ2H2

96π2
a2H3

∫ η

ηi

dη′ a′
3
u0(t

′, k) cos(k∆η) −→ −κ2H2

96π2
× a4H2u0(t, k) .

(107)
- The Total Contribution: Combining expressions (95), (99) and (107) gives:

−a2

2

[
∂2
0+2aH∂0+k2

]
κ2u1

=
κ2H2

96π2

{
− ik

10aH
×a3H∂0u0 + a4H2u0 + a3H∂0u0 − a4H2u0

}
(108)

= −a2

2
×κ2H2k2

48π2

{
1 +

[
1− 1

10

] ik

aH
+ . . .

}
. (109)

Equation (109) is easy to solve at late times:

κ2u1(t, k) −→ κ2H2

48π2
×u∞

{
1− 3i

10
( k
aH

)3 ln(a) + . . .
}

. (110)

The fact that there is no growing contribution agrees with previous analyses
[21,22]. It is useful to combine the 1-loop correction (110) with the tree order
result and express both in terms of the “electric” components of the Weyl
tensor:

C0i0j(t, ~x) −→ C
(0)
0i0j(t, ~x)

{
1− 3κ2H2

160π2 ln(a) +O(κ4)
}

(111)

The functional form, although not the sign, resembles the logarithmic en-
hancement induced by inflationary gravitons in the electric field strength of
electromagnetic radiation [11].

4.4 Response to A Point Mass

The symmetries of cosmology are homogeneity and isotropy. Four compo-
nents of the metric are scalar under these symmetries, of which any two can
be gauged away. We choose the two non-zero scalar potentials to be:

κh00 = 2Ψ(t, r) , κhij = −2Φ(t, r)δij , (112)
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so that the invariant element in conformal coordinates is:

ds2 = −a2(1− 2Ψ)dη2 + a2(1− 2Φ)d~x·d~x . (113)

In the spacetime geometry (112-113) the left hand side of the effective
field equation (71):

Eµν ≡ Dµνρσκhρσ , (114)

can be 3 + 1 decomposed to give:

E00 = a2
[
−6a2H2Ψ+ (−2∇2+6aH∂0)Φ

]
, (115)

E0i = a2∂i
[
−2aHΨ+ 2∂0Φ

]
, (116)

Eij = a2∂i∂j
[
−Ψ− Φ

]
+ a2δij

{
(∇2+2aH∂0+6a2H2)Ψ

+(∇2−4aH∂0−2∂2
0)Φ

}
. (117)

Relations (115-117) suggest that we identify four scalar components:

E00 ≡ E1 , E0i ≡ ∂iE2 , Eij ≡ ∂i∂jE3 + δijE4 . (118)

Conservation implies two relations between them:

∂νE
µν + aHδµ0E

ρ
ρ = 0 (119)

=⇒
{
∂0E1 +∇2E2 + aH(−E1+∇2E3+3E4) = 0

∂0E2 +∇2E3 + E4 = 0

}
. (120)

Hence, up to integration constants, any two of the four components (118)
determine the other two.

In the geometry (112-113) the right hand side of equation (71):

Sµν(x) ≡ 8πGT µν +

∫
d4x′ [µνΣρσ](x; x′) κhρσ(x

′) , (121)

must obviously have the same tensor structure (118) as the left hand side:

S00 ≡ S1 , S0i ≡ ∂iS2 , Sij ≡ ∂i∂jS3 + δijS4 . (122)

Therefore we can solve any two of the four scalar equations Ei = Si. The
simplest choice is obviously the combination of i = 2 and i = 3, which implies
first order equations for Ψ and Φ:

2a∂0(aΨ) = −S2−2(∂0−2aH)S3 , 2a∂0(aΦ) = S2−2aHS3 . (123)
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However, one must bear in mind that S2 and S3 alone leave Ψ and Φ unfixed
up to a free function f(r):

∆Ψ(t, r) =
f(r)

a
= −∆Φ(t, r) . (124)

Because the i = 4 equation E4 = S4 vanishes for (124), this ambiguity must
be fixed by appealing to the i = 1 equation, E1 = S1:

∆E1 = 2a∇2f(r) . (125)

For a static point mass M in an expanding universe we find:

T µν(x) ≡ −2
δ

δκhµν(x)

{
−M

∫
dτ

√
−gαβ(χ(τ))χ̇α(τ)χ̇β(τ)

}

hαβ =0

χµ=(τ,~x)

(126)

= −δµ0δ
ν
0Maδ3(~x) . (127)

This is one of those cases for which the i = 1 equation E1 = S1 must be
employed to determine the full 0th order solutions:

Ψ0(t, r) =
GM

ar
= −Φ0(t, r) . (128)

There are three derivatives of Ψ0(t, r) which shall be important in the analysis
that follows:

∂0Ψ0 = −aHΨ0 , ∂2
0Ψ0 = 0 , ∇2Ψ0 = −4πGMδ3(~x)

a
. (129)

- Contributions from the F-term (82) and C-term (81): The linearized Ricci
scalar and Weyl tensor are:

R(0) = −2∇2Ψ0

a2
, (130)

C
(0)
0i0j = (−∂i∂j +

1
3
δij∇2)Ψ0 , (131)

C
(0)
0ijk = 0 , (132)

C
(0)
ijkℓ =

[
2
3
(δikδjℓ−δiℓδjk)∇2−δik∂j∂ℓ+δkj∂ℓ∂i−δjℓ∂i∂k+δℓi∂k∂j

]
Ψ0 . (133)

28



Although the Ricci scalar is proportional to a δ-function, the δ-function con-
tributions to the Weyl tensor (131-133) all cancel. Substituting into ex-
pressions (81-82) and segregating appropriate components yields the local
contributions to S1−3:

S1FC = −κ2(∇2−3aH∂0+9a2H2)

576π2

[
−2 ln(a)∇2Ψ0

]

+
κ2∇2

480π2

[
−2

3
ln(a)∇2Ψ0

]
, (134)

S2FC = −κ2(−∂0+3aH)

576π2

[
−2 ln(a)∇2Ψ0

]
+

κ2∂0
480π2

[
2
3
ln(a)∇2Ψ0

]
, (135)

S3FC = − κ2

576π2

[
−2 ln(a)∇2Ψ0

]
+

κ2

480π2

[
(1
3
∇2−∂2

0) ln(a) Ψ0

]
. (136)

Of these the only contribution that does not vanish away from the origin
comes from S3:

7

S3FC

∣∣∣
~x 6=0

=
κ2H2a2

480π2
×Ψ0(t, r) . (137)

i [µνDρσ
i ]×hρσ(x

′) i [µνDρσ
i ]×hρσ(x

′) i [µνDρσ
i ]×hρσ(x

′)

1 ηµνh(x′) 8 ∂µ∂ν×h(x′) 15 δ
(µ
0∂

ν)×h00(x
′)

2 hµν(x′) 9 δ
(µ
0h

ν)
0(x

′) 16 δµ0δ
ν
0∂

ρ∂σ×hρσ(x
′)

3 ηµνh00(x
′) 10 δ

(µ
0∂ρ×hν)ρ(x′) 17 ∂µ∂ν×h00(x

′)

4 δµ0δ
ν
0h(x

′) 11 ∂(µ×h
ν)
0(x

′) 18 δ
(µ
0∂

ν)∂ρ ×hρ0(x
′)

5 ηµν∂ρ×hρ0(x
′) 12 ∂(µ∂ρ×hν)ρ(x′) 19 δ

(µ
0∂

ν)∂ρ∂σ×hρσ(x
′)

6 δ
(µ
0∂

ν)×h(x′) 13 δµ0δ
ν
0h00(x

′) 20 ∂µ∂ν∂ρ×hρ0(x
′)

7 ηµν∂ρ∂σ×hρσ(x
′) 14 δµ0δ

ν
0∂

ρ×hρ0(x
′) 21 ∂µ∂ν∂ρ∂σ×hρσ(x

′)

Table 5: Contraction of hρσ(x
′) into the 21 tensor differential operators given in Table 1,

which act on the functions (74).

7This is because ∇2Ψ0 = − 4πGM
a

δ3(~x).
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- Contributions from the “Summation” terms: The other three contributions
to the graviton self-energy (73) involve sums over the 21 tensor differential
operators [µνDρσ

i ] listed in Table 1, acting on the three functions of (x−x′)µ

given in expression (74), and contracted into κh
(0)
ρσ (x′). The results of these

contractions are presented in Table 5. It remains to substitute κh
(0)
00 (x

′) =

2Ψ0(t
′, r′) and κh

(0)
ij (x′) = 2Ψ0(t

′, r′)δij, and then identify contributions to
each of the three sources S1−3. Note the relevant contractions:

κh(0)(x′) = 4Ψ0(t
′, r′) , ∂ρ×κh

(0)
ρ0 (x

′) = −2∂0×Ψ0(t
′, r′) ,

∂ρ∂σ×κh(0)
ρσ = 2(∂2

0 +∇2)×Ψ0(t
′, r′) . (138)

Recall that each of the contractions [µνDρσ
i ] × κh

(0)
ρσ (x′) consists of a ten-

sor differential operator acting on xµ and multiplied by the same function
Ψ0(t

′, r′). Therefore, we need only keep track of the factor F i
1−3 which acts

on the functions (74) for each of the three sources. Table 6 gives these fac-
tors for the sources S3 and S2, while Table 7 for the source S1. Because
partially integrating temporal derivatives would produce unwanted surface
terms, whereas there are none for spatial derivatives, we have eliminated
second time derivatives:

∂2
0 = −∂2 +∇2 . (139)

i F i
3 i F i

2 i F i
2

8 4 6 2 17 −2∂0

12 2 8 −4∂0 18 −∂0

17 2 10 1 19 −∂2 + 2∇2

20 −2∂0 11 −1 20 −2∂2 + 2∇2

21 −2∂2 + 4∇2 15 1 21 2∂0∂
2 − 4∂0∇2

Table 6: The first two columns give the non-zero factors contributing to the source S3.
The last four columns present the nonzero factors contributing to the source S2.
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i F i
1 i F i

1 i F i
1

1 −4 8 −4∂2 + 4∇2 15 −2∂0

2 2 9 −2 16 −2∂2 + 4∇2

3 −2 10 2∂0 17 −2∂2 + 2∇2

4 4 11 2∂0 18 −2∂2 + 2∇2

5 2∂0 12 2∂2 − 2∇2 19 2∂0∂
2 − 4∂0∇2

6 −4∂0 13 2 20 2∂0∂
2 − 2∂0∇2

7 2∂2 − 4∇2 14 −2∂0 21 2∂4 − 2∂2∇2 + 4∂2
0∇2

Table 7: Source S1 factors arising from the contractions [00Dρσ
i ]×κh

(0)
ρσ (x′).

- The Source S3: The simplest source is S3, which receives contributions only
from i = 8, 12, 17, 20, 21. Combining information from Table 3 for T̂ i(a, a′∂)

and for [µνDρσ
i ]× κh

(0)
ρσ from Table 6 gives:

S3T ≡ − κ2H2

192π2

21∑

i=1

∫
d4x′ T̂ i(a, a′, ∂)× F i

3 × δ4(x−x′)×Ψ0(t
′, r′) (140)

= −κ2H2a2

192π2

∫
d4x′ 8aa′ δ4(x−x′)×Ψ0(t

′, r′) . (141)

The same two tables give the initial contribution from T̂ i
A(a, a

′, ∂):

S3TA
≡ κ2H2

384π3

21∑

i=1

∫
d4x′ T̂ i

A(a, a
′, ∂)×F i

3 × θ(∆η−∆r)×Ψ0(t
′, r′) (142)

=
κ2H2

384π3

∫
d4x′

{
−aa′∂4+4aa′

2
H∂0∂

2+2a2a′
2
H2∂2

+
[
2aa′

2
∂2−4a2a′

2
H2

]
∇2

}
θ(∆η−∆r)×Ψ0(t

′, r′) , (143)

as well as the initial contribution from T̂ i
B(a, a

′, ∂):

S3TB
≡ κ2H2

384π3

21∑

i=1

∫
d4x′ T̂ i

B(a, a
′, ∂)×F i

3×fB(x; x
′)×Ψ0(t

′, r′) (144)

=
κ2H2

384π3

∫
d4x′

{ 3∂2

10H2
−a′∂0

H
+aa′

2
H∆η− ∇2

5H2

}
fB(x; x

′)×Ψ0(t
′, r′) (145)
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There is some ambiguity in how we describe the three contributions (141),
(143) and (145). For instance, one can exploit relation (75) to convert
the −aa′∂4 in (143) into an additional +4aa′ in (141). Also the factor of
+aa′2H∆η in (145) can be converted by expression (76) into an additional
−2aa′2H∂0∂

2 in (143). When these simplifications are made the result can
be written in terms of particular cases of the four generic integrals which are
defined and evaluated in the Appendix:

S3T + S3TA
+ S3TB

=

− κ2H2

192π2
× 12a2Ψ0 +

κ2H2

384π3

{
(2aH∂0∂

2+2a2H2∂2)×I2A

+2a∂2×I1Aδ − 4a2H2×I2Aδ +
3∂2

10H2
×I0B − ∂0

H
×I1B − 1

5H2
×I0Bδ

}
. (146)

Substituting the relevant results from the Appendix in (146) gives the final
contribution from S3:

S3T + S3TA
+ S3TB

= a2Ψ0

{
− κ2

240π2a2r2
− κ2H2

48π2 − κ2H3ar
24π2

}
. (147)

- The Source S2: The contributions to S2 from T̂ i(a, a′, ∂) and T̂ i
A(a, a

′, ∂)
can be obtained from Tables 3 and 6:

S2T ≡ − κ2H2

192π2

21∑

i=1

∫
d4x′ T̂ i(a, a′, ∂)× F i

2 × δ4(x−x′)×Ψ0(t
′, r′) (148)

= −κ2H2a2

192π2

∫
d4x′

{
ln(aa′)

[
−aa′∂0−2a2a′

2
H2∆η

]
−12aa′∂0

−4a2a′H+12aa′
2
H
}
δ4(x−x′)×Ψ0(t

′, r′) , (149)

S2TA
≡ κ2H2

384π3

21∑

i=1

∫
d4x′ T̂ i

A(a, a
′, ∂)× F i

2 × θ(∆η−∆r)×Ψ0(t
′, r′) (150)

=
κ2H2

384π3

∫
d4x′

{[
aa′∂0−a2a′H+4aa′

2
H
]
∂4 +

[
−2aa′∂0∂

2+2a2a′H2∂2

−4aa′
2
H∂2+4a2a′

2
H2∂0

]
∇2

}
θ(∆η−∆r)×Ψ0(t

′, r′) . (151)
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Similarly, Tables 4 and 6 give the contribution from T̂ i
B(a, a

′, ∂):

S2TB
≡ κ2H2

384π3

21∑

i=1

∫
d4x′ T̂ i

B(a, a
′, ∂)×F i

2 × fB(x; x
′)×Ψ0(t

′, r′) (152)

=
κ2H2

384π3

∫
d4x′

{
−∂0∂

2

4H2
+
[ 3a

4H
− a′

H

]
∂2 +

[
−3aa′+a′

2
]
∂0−aa′

2
H

+
[ ∂0
5H2

− a

2H
+
a′

H

]
∇2

}
× fB(x; x

′)×Ψ0(t
′, r′) . (153)

To simplify expressions (149), (151) and (153) we use the identities (75-76)
and we reduce their total to a sum of the integrals evaluated in the Appendix:

S2T+S2TA
+S2TB

=
κ2H2

384π3

{
2a2H∂2×I1Aδ−(2aH∂2−4a2H2∂0)×I2Aδ

−
(∂0∂2

4H2
+
a∂2

4H

)
×I0B +

( ∂0
5H2

+
a

2H

)
×I0Bδ

}
. (154)

The final answer is:

S2T +S2TA
+S2TB

= a3HΨ0

{
− κ2

80π2a2r2

}
. (155)

- The Source S1: The factors F i
1 needed for the S1 source can be seen in

Table 7. 8 The results are:

S1T ≡ − κ2H2

192π2

21∑

i=1

∫
d4x′ T̂ i(a, a′, ∂)× F i

1 × δ4(x−x′)×Ψ0(t
′, r′) (156)

= −κ2H2a2

192π2

∫
d4x′

{
ln(aa′)

[
−aa′

2
H∂0+12a2a′

2
H2

]

−
[
8a2a′+40aa′

2
]
H∂0 + 44a2a′

2
H2

}
δ4(x−x′)×Ψ0(t

′, r′) , (157)

S1TA
≡ κ2H2

384π3

21∑

i=1

∫
d4x′ T̂ i

A(a, a
′, ∂)× F i

1 × θ(∆η−∆r)×Ψ0(t
′, r′) (158)

=
κ2H2

384π3

∫
d4x′

{[
aa′∂2 + (a2a′−4aa′

2
)H∂0+a2a′

2
H2

]
∂4

+
[
−3aa′∂4+2aa′∇2∂2−(2a2a′−4aa′

2
)H∂0∂

2+2a2a′
2
H2∂2

−4a2a′
2
H2∇2

]
∇2

}
θ(∆η−∆r)×Ψ0(t

′, r′) , (159)

8The factor of δ4(x − x′) in S1T has been used to consolidate factors of a and a′, and
we have suppressed contributions proportional to δ3(~x).
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S1TB
≡ κ2H2

384π3

21∑

i=1

∫
d4x′ T̂ i

B(a, a
′, ∂)× F i

1 × fB(x; x
′)×Ψ0(t

′, r′)

=
κ2H2

384π3

∫
d4x′

{[
− 5a

4H
+

a′

2H

]
∂0∂

2+
[5
4
a2−4aa′ +

1

2
a′

2
]
∂2

−
[
4a2a′−aa′

2
]
H∂0 +

[ ∂2

4H2
− ∇2

4H2
+
( a

2H
− a

H

)
∂0−

1

2
a2+3aa′−a′

2
]
∇2

}

×fB(x; x
′)×Ψ0(t

′, r′) . (160)

We next simplify using the identities (75) and (76), express the result in
terms of the generic integrals evaluated in the Appendix:

S1T+S1TA
+S1TB

=

κ2H2

384π3

{
−a2H∂0∂

2×I1Aδ +
[
2aH∂0∂

2+2a2H2∂2−4a2H2∇2
]
×I2Aδ

−3a∂0∂
2

4H
×I0B −

[3
4
a∂2+

3

2
a2H∂0

]
×I1B

+
[ ∂2

4H2
− ∇2

5H2
−a∂0
2H

]
×I0Bδ −

1

2
a×I1Bδ

}
, (161)

and conclude:

S1T+S1TA
+S1TB

= a4H2Ψ0

{
− κ2H2

80π2a4H4r4

}
. (162)

- Corrections to the potentials Φ and Ψ: The 3rd and final term in expression
(147) is a spatial constant and would therefore be annihilated by the prefactor
of ∂

µ
∂
ν
which S3 carries as seen from (122) . If we drop this term and include

the Weyl contribution (137) to S3, the E3 = S3 equation reads:

−a2(Ψ1 + Φ1) = a2Ψ0

{
− κ2

240π2a2r2
− 3κ2H2

160π2

}
. (163)

Solving for Ψ1 gives:

Ψ1 = −Φ1 +Ψ0

{
κ2

240π2a2r2
+ 3κ2H2

160π2

}
. (164)

Substituting (164) in the E2 = S2 equation, and making some simple manip-
ulations implies:

∂0(aΦ1) = a2HΨ0

{
− κ2

480π2a2r2
− 3κ2H2

160π2

}
. (165)

34



The solution, up to a function f(r), takes the form:

Φ1 = Ψ0

{
κ2

960π2a2r2
+ 3κ2H2

160π2 ×ln(a)
}
+

f(r)

a
. (166)

We can determine the function f(r) by combining the E1 = S1 and E2 = S2

equations to find:

∇2Φ1 = Ψ0

{
κ2

160π2a2r4
− 3κ2H2

160π2r2

}
. (167)

If we choose the integration constant so that Ψ1 agrees with the flat space
limit at the initial time, the two 1-loop potentials are:

Ψ1 = Ψ0

{
κ2

320π2a2r2
− 3κ2H2

160π2 ×ln(aHr)
}

, (168)

Φ1 = Ψ0

{
κ2

960π2a2r2
+ 3κ2H2

160π2

[
ln(aHr)+1

]}
. (169)

5 Epilogue

This re-computation of the MMC scalar loop contribution to the graviton self-
energy was prompted by the recent discovery that a finite renormalization of
the cosmological constant is needed to make −i[µνΣρσ](x; x′) conserved [40].
The absence of this renormalization in the original computation [19] was com-
pounded by the decision to express the result as a sum of conserved tensor
differential operators acting on structure functions [21]. While it was possi-
ble that the two mistakes might have canceled one another, it was obviously
necessary to check. In addition to including the missing renormalization we
have expressed the fully renormalized, ′′in−in′′ result (73) without any pre-
conceptions about its tensor structure. Our solution of the effective field
equations in Section 4 confirms the original finding of no secular 1-loop cor-
rections to graviton mode function [21,22], however, our results (168-169) for
the response to a point mass differ from the previous calculation [23] in two
ways:

1. The coefficient of the ln(a) correction changed to agree with that of the
old ln(Hr) correction so that the two add to give ln(aHr); and

2. We concluded that the large gravitational slip originally reported [23]
is not present.
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We also pushed the calculation of the graviton mode function to include
falling corrections which nonetheless cause the electric components of the
Weyl tensor (111) to experience secular growth compared to the classical
result.

It is significant that all three of our secular 1-loop corrections (111) and
(168-169) have the same coefficient of −3κ2H2

160π2 . This is reminiscent of the
secular 1-graviton loop corrections to the electric field strength of plane wave
photons [11] and to the Coulomb potential [10]. Those effects both had
a renormalization group explanation [40] and we will show, in a follow-up
work [41], that the same applies to (111) and (168-169). Support for this
comes from the observation that all three of these secular corrections derive
from the factors of ln(a) which were induced by the incomplete cancellation
of primitive divergences and counterterms:

(2H)D−4

D−4
− (µa)D−4

D−4
= − ln

( µa

2H

)
+O(D−4) . (170)

for the Einstein counterterm (12) and for the ∂2
0 part of the Weyl counterterm.

We should also comment on the sign of the three secular 1-loop effects.
In each case they reduce the classical result. We believe this might arise from
the inflationary production of scalars sucking energy from the gravitational
sector. Additional support for this supposition comes from the fact that the
scalar loop induces a negative cosmological constant, which is what required
a positive renormalization of the cosmological constant [20], both in order
to make the graviton self-energy conserved and so that the constant “H”
corresponds to the true Hubble parameter.

Finally, a major reason for making this computation was to facilitate the
analysis of graviton loops. It seems inevitable that a finite renormalization
of the cosmological constant is also necessary for them. The fact that we
have seen here that this matters for the scalar loop contribution points to
the need for re-computing the effects of gravitons [12, 13].
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6 Appendix: Figures & Tables

x x′

Fig. 1: Contribution from the two 3-point vertices; graviton lines are wavy, scalar lines

are solid.

x

Fig. 2: Contribution from the 4-point vertex; graviton lines are wavy, scalar lines are

solid.

×
x

Fig. 3: Contribution from the counterterms; graviton lines are wavy.
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i V i

1 ηµρ

∆xD

2 −D∆xµ∆xρ

∆xD+2

3
(D−2)[aHδ

µ
0∆xρ−∆xµa′Hδ

ρ
0]

2∆xD

4
(D−2)aa′H2δ

µ
0δ

ρ
0

4∆xD−2

5 Daa′H2ηµρ

8∆xD−2

6 − (D−2)Daa′H2∆xµ∆xρ

8∆xD

7
(D−4)Daa′H2[aHδ

µ
0∆xρ−∆xµa′Hδ

ρ
0]

16∆xD−2

8
(D−4)Da2a′2H4δ

µ
0δ

ρ
0

32∆xD−4

Table 8: Contributing terms from the doubly-differentiated propagator.

i T i

3 − (D−2)
2

T 3 − 1
2
T 9 + 1

2
T 13 − 1

2
T 15∂0 − 1

2
T 17∂2

4 − (D−2)
2

T 4 − 1
2
T 9 + 1

2
T 13 − 1

2
T 14∂0 − 1

2
T 16∂2

5 − (D−2)
2

T 5 − 1
2
(T 10 + T 11) + 1

2
T 14 − 1

2
T 18∂0 − 1

2
T 20∂2

6 − (D−2)
2

T 6 − 1
2
(T 10 + T 11) + 1

2
T 15 − 1

2
T 18∂0 − 1

2
T 19∂2

7 − (D−2)
2

T 7 − 1
2
T 12 + 1

2
T 16 − 1

2
T 19∂0 − 1

2
T 21∂2

8 − (D−2)
2

T 8 − 1
2
T 12 + 1

2
T 17 − 1

2
T 20∂0 − 1

2
T 21∂2

Table 9: The coefficients T i as linear combinations of the T i ’s.
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i T i(x; x′)

1 ∂4

64(D+1)(D−1)(D−2)
+ Daa′H2∂2

128(D−1)
+ D2(D−2)2a2a′2H4

1024(D−1)

2 ∂4

32(D+1)(D−1)(D−2)
+ Daa′H2∂2

64(D−1)
+ D2(D−2)2a2a′2H4

512(D−1)

3 (D−2)a′2H2∂2

64(D−1)

4 (D−2)a2H2∂2

64(D−1)

5 − a′H∂2

32(D−1)
− D(D−2)2aa′2H3

128(D−1)

6 aH∂2

32(D−1)
+ D(D−2)2a2a′H3

128(D−1)

7 D∂2

64(D+1)(D−1)(D−2)
+ D(D−2)aa′H2

128(D−1)

8 D∂2

64(D+1)(D−1)(D−2)
+ D(D−2)aa′H2

128(D−1)

9 D(D−2)2a2a′2H4

128

10 −D(D−2)a2a′H3

64(D−1)

11 D(D−2)aa′2H3

64(D−1)

12 − ∂2

16(D+1)(D−1)(D−2)
− Daa′H2

32(D−1)

13 (D−2)3a2a′2H4

64

14 − (D−2)2a2a′H3

32

15 (D−2)2aa′2H3

32

16 (D−2)2a2H2

64(D−1)

17 (D−2)2a′2H2

64(D−1)

18 − (D−2)aa′H2

16

19 (D−2)aH
32(D−1)

20 − (D−2)a′H
32(D−1)

21 D
64(D+1)(D−1)

Table 10: Primitive divergences before including the three trace terms.
Act each T i on −K × [µνDρσ

i ]× iδD(x − x′).
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i T i(x; x′)

3 − (D−2)2a′2H2∂2

64(D−1)
− (D−2)2aa′2H3∂0

64
+ (D−2)2(D−4)a2a′2H4

256

4 − (D−2)2a2H2∂2

64(D−1)
+ (D−2)2a2a′H3∂0

64
+ (D−2)2(D−4)a2a′2H4

256

5 (D−2)a′H∂2

32(D−1)
+ (D−2)aa′H2∂0

32
− (D−2)2a2a′H3

64
+ D(D−2)3aa′2H3

256(D−1)
+D(D−2)a2a′2H4∆η

128(D−1)

6 − (D−2)aH∂2

32(D−1)
+ (D−2)aa′H2∂0

32
+ (D−2)2aa′2H3

64
−D(D−2)3a2a′H3

256(D−1)
+D(D−2)a2a′2H4∆η

128(D−1)

7 − (D2−2D−2)∂2

64(D+1)(D−1)(D−2)
− (D−2)aH∂0

64(D−1)
− D2(D−4)aa′H2

256(D−1)
+ (D−2)2a2H2

128(D−1)

8 − (D2−2D−2)∂2

64(D+1)(D−1)(D−2)
+ (D−2)a′H∂0

64(D−1)
− D2(D−4)aa′H2

256(D−1)
+ (D−2)2a′2H2

128(D−1)

Table 11: Primitive divergences after including the three trace terms.
Act each T i on −K × [µνDρσ

i ]× iδD(x− x′).

i ∆T i
2(x; x

′)

1 ∂4

32(D+1)(D−1)2(D−2)

2 − ∂4

32(D+1)(D−1)(D−2)

7 − ∂2

32(D+1)(D−1)2(D−2)

8 − ∂2

32(D+1)(D−1)2(D−2)

12 ∂2

16(D+1)(D−1)(D−2)

21 − 1
32(D+1)(D−1)2

Table 12: Divergent contributions from the Weyl counterterm (46).
Act each ∆T i

2 on −K× [µνDρσ
i ]× iδD(x − x′).
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i ∆T i
1b(x; x

′)

1 D(D−2)aa′H2∂2

128(D−1)
+ D2(D−2)2a2a′2H4

512(D−1)

2 −D(D−2)aa′H2∂2

128(D−1)
− D2(D−2)2a2a′2H4

512(D−1)

3 −D2(D−2)2a2a′2H4

512(D−1)

4 −D2(D−2)2a2a′2H4

512(D−1)

5 D(D−2)2a2a′H3

128(D−1)

6 −D(D−2)2aa′2H3

128(D−1)

7 −D(D−2)aa′H2

128(D−1)

8 −D(D−2)aa′H2

128(D−1)

9 −D(D−2)3a2a′2H4

256(D−1)

10 D(D−2)2aa′2H3

128(D−1)

11 −D(D−2)2a2a′H3

128(D−1)

12 D(D−2)aa′H2

64(D−1)

Table 13: Divergent contributions from the Einstein counterterm (49).
Act each ∆T i

1b on −K× [µνDρσ
i ]× iδD(x− x′).
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i ∆T i
1a(x; x

′)

1 − (D−2)D1D
′

1

64(D−1)2

3 (D−2)2a′2H2D1

64(D−1)

4
(D−2)2a2H2D′

1

64(D−1)

5 − (D−2)a′HD1

32(D−1)

6
(D−2)aHD′

1

32(D−1)

7 (D−2)D1

64(D−1)2

8
(D−2)D′

1

64(D−1)2

13 − (D−2)3a2a′2H4

64

14 (D−2)2a2a′H3

32

15 − (D−2)2aa′2H3

32

16 − (D−2)2a2H2

64(D−1)

17 − (D−2)2a′2H2

64(D−1)

18 (D−2)aa′H2

16

19 − (D−2)aH
32(D−1)

20 (D−2)a′H
32(D−1)

21 − (D−2)
64(D−1)2

Table 14: Divergent contributions from the Eddington counterterm (57).
Act each ∆T i

1a on −K× [µνDρσ
i ]× iδD(x − x′).
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i T i(x; x′)

1 (D2−2D−2)∂4

32(D+1)(D−1)(D−2)
+ (3D3−18D2+24D−16)aa′H2∂2

512(D−1)

− (D−2)(D−3)aa′H2∂2
0

64(D−1)
+ (D−2)(D−4)(D4−48D+64)a2a′2H4

4096(D−1)

2 ∂4

32(D+1)(D−1)(D−2)
+ Daa′H2∂2

64(D−1)
+ D2(D−2)2a2a′2H4

512(D−1)

3 − (D−2)2a′2H2∂2

64(D−1)
− (D−2)2aa′2H3∂0

64
+ (D−2)2(D−4)a2a′2H4

256

4 − (D−2)2a2H2∂2

64(D−1)
+ (D−2)2a2a′H3∂0

64
+ (D−2)2(D−4)a2a′2H4

256

5 (D−2)a′H∂2

32(D−1)
+ (D−2)aa′H2∂0

32
− (D−2)2a2a′H3

64
+D(D−2)3aa′2H3

256(D−1)
+D(D−2)a2a′2H4∆η

128(D−1)

6 − (D−2)aH∂2

32(D−1)
+ (D−2)aa′H2∂0

32
+ (D−2)2aa′2H3

64
−D(D−2)3a2a′H3

256(D−1)
+D(D−2)a2a′2H4∆η

128(D−1)

7 − (D2−2D−2)∂2

64(D+1)(D−1)(D−2)
− (D−2)aH∂0

64(D−1)
− D2(D−4)aa′H2

256(D−1)
+ (D−2)2a2H2

128(D−1)

8 − (D2−2D−2)∂2

64(D+1)(D−1)(D−2)
+ (D−2)a′H∂0

64(D−1)
− D2(D−4)aa′H2

256(D−1)
+ (D−2)2a′2H2

128(D−1)

9 D(D−2)2a2a′2H4

128

10 −D(D−2)a2a′H3

64(D−1)

11 D(D−2)aa′2H3

64(D−1)

12 − ∂2

16(D+1)(D−1)(D−2)
− Daa′H2

32(D−1)

13 (D−2)3a2a′2H4

64

14 − (D−2)2a2a′H3

32

15 (D−2)2aa′2H3

32

16 (D−2)2a2H2

64(D−1)

17 (D−2)2a′2H2

64(D−1)

18 − (D−2)aa′H2

16

19 (D−2)aH
32(D−1)

20 − (D−2)a′H
32(D−1)

21 D
64(D+1)(D−1)

Table 15: Coefficients T i of primitive divergences in (34). Each term acts on
−K× [µνDρσ

i ]× iδD(x− x′).
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i ∆T i(x; x′)

1 − (D2−2D−2)∂4

(D+1)(D−1)(D−2)
+ (D−2)2aa′H2∂2

128(D−1)
+

(D−2)(D−3)aa′H2∂2
0

64(D−1)
+ (D+4)(D−2)2(D−4)a2a′2H4

512(D−1)

2 − ∂4

32(D+1)(D−1)(D−2)
− D(D−2)aa′H2∂2

128(D−1)
− D2(D−2)2a2a′2H4

512(D−1)

3 (D−2)2a′2H2∂2

64(D−1)
+ (D−2)2aa′2H3∂0

64
+ (D−2)2a2a′2H4

64
− D2(D−2)2a2a′2H4

512(D−1)

4 (D−2)2a2H2∂2

64(D−1)
− (D−2)2a2a′H3∂0

64
+ (D−2)2a2a′2H4

64
− D2(D−2)2a2a′2H4

512(D−1)

5 − (D−2)a′H∂2

32(D−1)
− (D−2)aa′H2∂0

32
− (D−2)a2a′H3

32
+ D(D−2)2a2a′H3

128(D−1)

6 (D−2)aH∂2

32(D−1)
− (D−2)aa′H2∂0

32
+ (D−2)aa′2H3

32
− D(D−2)2aa′2H3

128(D−1)

7 (D2−2D−2)∂2

64(D+1)(D−1)(D−2)
+ (D−2)aH∂0

64(D−1)
+ (D−2)a2H2

64(D−1)
− D(D−2)aa′H2

128(D−1)

8 (D2−2D−2)∂2

64(D+1)(D−1)(D−2)
− (D−2)a′H∂0

64(D−1)
+ (D−2)a′2H2

64(D−1)
− D(D−2)aa′H2

128(D−1)

9 −D(D−2)3a2a′2H4

256(D−1)

10 D(D−2)2aa′2H3

128(D−1)

11 −D(D−2)2a2a′H3

128(D−1)

12 ∂2

16(D+1)(D−1)(D−2)
+ D(D−2)aa′H2

64(D−1)

13 − (D−2)3a2a′2H4

64

14 (D−2)2a2a′H3

32

15 − (D−2)2aa′2H3

32

16 − (D−2)2a2H2

64(D−1)

17 − (D−2)2a′2H2

64(D−1)

18 (D−2)aa′H2

16

19 − (D−2)aH
32(D−1)

20 (D−2)a′H
32(D−1)

21 − D
64D+1)(D−1)

Table 16: Divergent coefficients ∆T i of the counterterms in (36). Each term acts on
−K× [µνDρσ

i ]× iδD(x− x′).
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i T i(x; x′) + ∆T i(x; x′)

1 D(D−4)(3D−2)aa′H2∂2

512(D−1)
+ D(D−2)(D−4)(D3+8D−32)a2a′2H4

4096(D−1)

2 −D(D−4)aa′H2∂2

128(D−1)

3 (D−2)2(D−4)a2a′2H4

256
+ (D−2)2a2a′2H4

64
− D2(D−2)2a2a′2H4

512(D−1)

4 (D−2)2(D−4)a2a′2H4

256
+ (D−2)2a2a′2H4

64
− D2(D−2)2a2a′2H4

512(D−1)

5 −D2(D−2)a2a′H3

128(D−1)
+ D(D−2)3aa′2H3

256(D−1)
+ D(D−2)a2a′2H4∆η

128(D−1)

6 D2(D−2)aa′2H3

128(D−1)
− D(D−2)3a2a′H3

256(D−1)
+ D(D−2)a2a′2H4∆η

128(D−1)

7 −D2(D−4)aa′H2

256(D−1)
+ D(D−2)a2a′H3∆η

128(D−1)

8 −D2(D−4)aa′H2

256(D−1)
− D(D−2)aa′2H3∆η

128(D−1)

9 D2(D−2)2a2a′2H4

256(D−1)

10 D(D−2)(D−4)aa′2H3

128(D−1)
− D(D−2)a2a′2H4∆η

64(D−1)

11 −D(D−2)(D−4)a2a′H3

128(D−1)
− D(D−2)a2a′2H4∆η

64(D−1)

12 D(D−4)aa′H2

64(D−1)

13 0

14 0

15 0

16 0

17 0

18 0

19 0

20 0

21 0

Table 17: Sum of Tables 15 and 16. Each term multiplies −K× [µνDρσ
i ]× iδD(x− x′).
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i T i(x; x′) + ∆T i(x; x′)

1 D(D−4)(3D−2)aa′H2∂2

512(D−1)
+ D(D−2)(D−4)(D3+8D−32)a2a′2H4

4096(D−1)

2 −D(D−4)aa′H2∂2

128(D−1)

3 D(D−2)(D−4)2a2a′2H4

512(D−1)

4 D(D−2)(D−4)2a2a′2H4

512(D−1)

5 D(D−2)2(D−4)aa′2H3

256(D−1)

6 −D(D−2)2(D−4)a2a′H3

256(D−1)

7 −D2(D−4)aa′H2

256(D−1)

8 −D2(D−4)aa′H2

256(D−1)

9 (D+2)D(D−2)(D−4)a2a′2H4

256(D−1)

10 D(D−2)(D−4)aa′2H3

128(D−1)

11 −D(D−2)(D−4)a2a′H3

128(D−1)

12 D(D−4)aa′H2

64(D−1)

13 0

14 0

15 0

16 0

17 0

18 0

19 0

20 0

21 0

Table 18: Reduction of Table 17 using ∆η∂µ = ∂µ∆η + δ
µ
0.
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i limD=4
1

D−4
[T i(x; x′) + ∆T i(x; x′)]

1 5aa′H2∂2

192
+ a2a′2H4

24

2 −aa′H2∂2

96

3 0

4 0

5 aa′2H3

48

6 −a2a′H3

48

7 −aa′H2

48

8 −aa′H2

48

9 a2a′2H4

16

10 aa′2H3

48

11 −a2a′H3

48

12 aa′H2

48

13 0

14 0

15 0

16 0

17 0

18 0

19 0

20 0

21 0

Table 19: Final finite residuals. Act each factor on − κ2

2π2 × [µνDρσ
i ]× iδ4(x− x′).
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i T i
A(a, a

′, ∂)

3 aa′3H4∂4

64

4 a3a′H4∂4

64

5 −aa′2H3∂4

96

6 a2a′H3∂4

96

7 a2a′2H4∂2

192

8 a2a′2H4∂2

192

9 −a2a′2H4∂4

32

10 a2a′H3∂4

192

11 −aa′2H3∂4

192

12 −a2a′2H4∂2

96

18 −a2a′2H4∂2

32

19 a2a′H3∂2

96

20 −aa′2H3∂2

96

21 aa′H2∂2

192
− a2a′2H4

96

Table 20: Non-local contributions acting on ln(µ2∆x2) before including the trace terms.
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i T i
A(a, a

′, ∂)

1 aa′H2∂6

768
− a2a′2H4∂4

128
− a2a′2H4∂2

0∂
2

128
+ 7a2a′2H4∆η∂0∂

4

768
− a3a′3H6∆η2∂4

128

3 a2a′3H5∆η∂4

64

4 −a3a′2H5∆η∂4

64

5 aa′2H3∂4

64
− a2a′2H4∆η∂4

384
+ a2a′2H4∂0∂

2

64

6 −a2a′H3∂4

64
− a2a′2H4∆η∂4

384
+ a2a′2H4∂0∂

2

64

7 −aa′H2∂4

384
− a2a′H3∂0∂

2

192
+ a2a′2H4∂2

192

8 −aa′H2∂4

384
+ aa′2H3∂0∂

2

192
+ a2a′2H4∂2

192

9 −a2a′2H4∂4

32

10 a2a′H3∂4

192

11 −aa′2H3∂4

192

12 −a2a′2H4∂2

96

18 −a2a′2H4∂2

32

19 a2a′H3∂2

96

20 −aa′2H3∂2

96

21 aa′H2∂2

192
− a2a′2H4

96

Table 21: Non-local contributions acting on ln(µ2∆x2) in expression (67).
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i T i
B(a, a

′, ∂)

1 − ∂4

3840
− aa′H2∂2

192
− a2a′2H4

96

2 − ∂4

1920
− aa′H2∂2

96
− a2a′2H4

48

3 −a′2H2∂2

192

4 −a2H2∂2

192

5 a′H∂2

192
+ aa′2H3

48

6 −aH∂2

192
− a2a′H3

48

7 − ∂2

960
− aa′H2

96

8 − ∂2

960
− aa′H2

96

9 −a2a′2H4

16

10 a2a′H3

48

11 −aa′2H3

48

12 ∂2

960
+ aa′H2

48

13 −a2a′2H4

16

14 a2a′H3

16

15 −aa′2H3

16

16 −a2H2

96

17 −a′2H2

96

18 aa′H2

16

19 −aH
96

20 a′H
96

21 − 1
480

Table 22: Nonlocal contributions acting on ∂2[ ln(µ
2∆x2)

∆x2 ] before including the trace terms.
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i T i
B(a, a

′, ∂)

1 − ∂4

640
+

aa′H2∂2
0

64
− aa′H2∆η∂0∂

2

192
+ a2a′2H4∆η2∂2

192
− a2a′2H4∆η∂0

48
− a2a′2H4

96

2 − ∂4

1920
− aa′H2∂2

96
− a2a′2H4

48

3 a′2H2∂2

96
+ aa′2H3∂0

32

4 a2H2∂2

96
− a2a′H3∂0

32

5 −a′H∂2

96
− aa′H2∂0

32
+ a2a′H3

48
− aa′2H3

96

6 aH∂2

96
− aa′H2∂0

32
+ a2a′H3

96
− aa′2H3

48

7 ∂2

640
+ aH∂0

192
− a2H2

192

8 ∂2

640
− a′H∂0

192
− a′2H2

192

9 −a2a′2H4

16

10 a2a′H3

48

11 −aa′2H3

48

12 ∂2

960
+ aa′H2

48

13 −a2a′2H4

16

14 a2a′H3

16

15 −aa′2H3

16

16 −a2H2

96

17 −a′2H2

96

18 aa′H2

16

19 −aH
96

20 a′H
96

21 − 1
480

Table 23: Non-local contributions acting on ∂2[ ln(µ
2∆x2)

∆x2 ] in expression (67).
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7 Appendix: Integrals for the Potential

The purpose of this section is to evaluate the integrations needed for Section
4.4. These have the generic form:

IJA(t, r) ≡
∫

d4x′ θ(∆η−∆r)× a′
J
Ψ0(t

′, r′) , (171)

IJB(t, r) ≡ ∂4

∫
d4x′

{
θ(∆η−∆r)

(
ln[µ2(∆η2−∆r2)]−1

)}

×a′
J
Ψ0(t

′, r′) . (172)

Relations (75) and (77) constrain IJA:

∂4IJA = 8πaJΨ0(t, r) ,
(∂2

a
− 2H∂0

)
IJA = ∂2IJ−1

A . (173)

Similarly, expression (76) implies a relation between IJA and IJB:

−2H∂0∂
2IJA = IJ−1

B − 1
a
IJB . (174)

Both the A-Type and B-Type integrand factors:

θ(∆η−∆r) , ∂4
{
θ(∆η−∆r)

(
ln[µ2(∆η2−∆r2)]−1

)}
. (175)

depend only on the conformal coordinate difference (x− x′)µ, so derivatives
can be reflected ∂µ → −∂′

µ. Partially integrating with respect to time pro-
duces surface terms which we will always avoid. On the other hand, causality
compels the integrands to vanish at spatial infinity, so we will partially inte-
grate factors of ∇2 and take advantage of the simplification:

∇′2Ψ0(t
′, r′) = −4πGMδ3(~x′)

a′
. (176)

This implies two additional generic integrations:

IJAδ ≡
∫
d4x′ θ(∆η−∆r)×a′

J ∇′2Ψ0(t
′, r′) , (177)

IJBδ ≡ ∂4

∫
d4x′

{
θ(∆η−∆r)

(
ln[µ2(∆η2−∆r2)]−1

)}

×a′
J ∇′2Ψ0(t

′, r′) , (178)
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obviously related to (171-172):

IJAδ(t, r) = ∇2IJA(t, r) , IJBδ(t, r) = ∇2IJB(t, r) . (179)

The temporal integrations begin at ηi = −H−1, and we will assume that
the coordinate radius from source to observer obeys:

Hr < 1− 1

a
. (180)

- Evaluation of the IJA integral:
We begin by making the change of variable ~x′ = ~x− ~y and then performing
the angular integrations:

IJA = GM

∫ η

ηi

dη′ a′
J−1

∫
d3y

θ(∆η−y)

‖~x−~y‖ (181)

=
2πGM

r

∫ η

ηi

dη′ a′
J−1

∫ ∆η

0

dy y
[
r+y − |r−y|

]
. (182)

We now make use of (180) to decompose the η′ and y integrations of (182)
into regions for which the absolute value |r − y| is either r − y or y − r:

IJA =
4πGM

r

{∫ η−r

ηi

dη′ a′
J−1

[∫ r

0

dy y2+

∫ ∆η

r

dy yr
]
+

∫ η

η−r

dη′ a′
J−1

∫ ∆η

0

dy y2

}
(183)

=
4πGM

r

{∫ η−r

ηi

dη′ a′
J−1

[
1
2
r∆η2 − 1

6
r3
]
+

∫ η

η−r

dη′ a′
J−1 1

3
∆η3

}
. (184)

In acting ∂2 it is useful to exploit the identity:

∂2f(η, r) =
1

r
(∂r−∂0)(∂r+∂0)[rf(η, r)] . (185)

It follows that:

∂2IJA = −8πGM

r

{
r

∫ η−r

ηi

dη′ a′
J−1

+

∫ η

η−r

dη′ a′
J−1

∆η

}
. (186)

Proceeding similarly, it is straightforward to check relations (173).
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- Evaluation of the IJB integral:
The initial reduction of IJB(t, r) is the same as that of IJA, except for the
logarithm and the external derivatives:

IJB =
4πGM

r
(∂2

r−∂2
0)

2 ×
{∫ η−r

ηi

dη′ a′
J−1

[∫ r

0

dy y2
(
ln[µ2(∆η2−y2)]−1

)

+

∫ ∆η

r

dy yr ×
(
ln[µ2(∆η2−y2)]−1

)]

+

∫ η

η−r

dη′ a′
J−1

∫ ∆η

0

dy y2
(
ln[µ2(∆η2−y2)]−1

)}
, (187)

so that we get:

IJB =
4πGM

r
(∂2

r−∂2
0)

2 ×
{∫ η−r

ηi

dη′ a′
J−1

[
−1

3
(∆η3−r3) ln[µ(∆η−r)]

+1
3
(∆η3+r3) ln[µ(∆η+r)]− 2

3
∆η2r − 5

9
r3
]

+

∫ η−r

ηi

dη′ a′
J−1

r(∆η2−r2)
(

1
2
ln[µ2(∆η2−r2)]−1

)

+

∫ η

η−r

dη′ a′
J−1

∆η3
[
2
3
ln(2µ∆η)− 11

9

]}
. (188)

As a result, IJB equals:

IJB = −16πGM

r

{
−2aJ−1

r ln(2µr) + (∂r−∂0)

∫ η

η−r

dη′ a′
J−1

ln(2µ∆η)
}

. (189)

Here ar = (Hr + 1
a
)−1 is the scale factor evaluated at η′ = η − r.
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- Evaluation of the IJAδ and IJBδ integrals:
The δ-function integrals (177-178) are rather simple. For the A-type generic
integral we have:

IJAδ = −4πGM

∫ η−r

ηi

dη′ a′
J−1

, (190)

while the generic B-type integral is:

IJBδ = −4πGM

r
(∂2

r−∂2
0)

2

{
r

∫ η−r

ηi

dη′ a′
J−1

(
ln[µ2(∆η2−r2)]−1

)}
(191)

= −16πGM

r

{
aJ−1
r

r2
+

(J−1)HaJr
r

}
. (192)

- Particular integrals required:
We display here the list of the specific integrals needed for the computation
of the gravitationally induced potentials in Section 4.4.

(i) For IJA we require only J = 2, acted on by either ∂2 or ∂0∂
2:

∂2I2A = −8πGM

r

{
r
H
ln(ar) +

r
H
− 1

H2a
ln( a

ar
)
}

, (193)

∂0 ∂
2I2A = −8πGM

r

{
1
H
ln( a

ar
)
}

. (194)

(ii) For IJB we only need two values of J :

I0B =
16πGM

r

{
Hr + 1

a
ln(2µr)

}
, I1B =

16πGM

r

{
ln(2µr)

}
. (195)

(iii) For IJAδ the only cases we need are J = 1 and J = 2:

I1Aδ = −4πGM

r
× r

H

[
1− 1

ar

]
, I2Aδ = −4πGM

r
× r

H
ln(ar) . (196)

(iv) For IJBδ only the cases of J = 0 and J = 1 are required:

I0Bδ = −16πGM

r
× 1

ar2
, I1Bδ = −16πGM

r
× 1

r2
. (197)
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