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We present new maximally-local two-nucleon interactions derived in delta-less chiral effective field
theory up to next-to-next-to-next-to leading order that include all contact and pion-exchange contri-
butions to the nuclear Hamiltonian up to this order. Our interactions are fit to nucleon-nucleon phase
shifts using a Bayesian statistical approach, and explore a wide cutoff range from 0.6−0.9 fm (∼ 440
MeV to ∼ 660 MeV). These interactions can be straightforwardly employed in accurate quantum
Monte Carlo methods, such as the auxiliary field diffusion Monte Carlo method. Together with lo-
cal three-nucleon forces, calculations with these new interactions will provide improved benchmarks
for the structure of atomic nuclei and serve as crucial input to analyses of exciting astrophysical
phenomena involving neutron stars, such as binary neutron-star mergers.

I. INTRODUCTION

Violent astrophysical explosions involving neutron
stars (NSs), like supernovae and NS mergers, are fasci-
nating phenomena to study for nuclear physics. NSs and
their mergers explore nuclear matter reaching the high-
est densities in the cosmos, making them ideal laborato-
ries to elucidate strong nuclear interactions. These inter-
actions manifest themselves in the form of the nuclear-
matter equation of state (EOS), which connects NSs with
nuclear experiments, e.g., at the Facility for Rare Iso-
tope Beams (FRIB) or the Relativistic Heavy-Ion Col-
lider (RHIC). Recently, exciting multi-messenger analy-
ses, combining state-of-the-art nuclear theory with excit-
ing astrophysical data, have provided a wealth of new
information on the EOS [1–8]. These analyses used con-
straints on the EOS of dense matter that were obtained
from many-body calculations using interactions from chi-
ral effective field theory (EFT) [9–11]. Chiral EFT pro-
vides a systematic expansion of nuclear interactions and
is connected to the fundamental theory of strong interac-
tions, quantum Chromodynamics. While there has been
a lot of progress in recent years to improve chiral EFT
constraints, it is crucial to reduce uncertainties of theo-
retical models for nuclear interactions to fully exploit the
multitude of anticipated data from NS observations and
nuclear experiments in the coming years.
One way to achieve this goal is to perform calcula-

tions at higher orders in the chiral EFT expansion. In
this paper, we introduce a new family of local chiral
EFT two-nucleon (NN) interactions at next-to-next-to-
next-to-leading order (N3LO) that can be employed in
quantum Monte Carlo (QMC) computational methods.

∗ rsomasun@syr.edu
† itews@lanl.gov

QMC methods are among the most precise and accurate
many-body methods [12] but they require local interac-
tions as input. In the past, local interactions from chiral
EFT have been developed up to next-to-next-to-leading
order (N2LO) in the delta-less approach [13, 14] and, in-
cluding short-range pieces at N3LO, in the delta-full ap-
proach [15, 16]. Fully-local chiral interactions have also
recently been developed in the delta-less approach where
all available local operators up to N3LO were considered,
even those that would be connected by antisymmetriza-
tion and the Fierz rearrangement freedom (FRF) [17].
In particular, four leading-order (LO) operators, 8 local
next-to-leading order (NLO) operators, and all 11 local
N3LO operators were considered while all nonlocal pieces
and their associated physics were not included.

Here, instead, we will develop maximally local inter-
actions for use in QMC methods while using FRF [18].
Local chiral EFT interactions up to N2LO, developed
following our approach, have been used in QMC meth-
ods and provide a good description of atomic nuclei with
A ≲ 20 [19, 20] and dense matter [21–23]. However, un-
certainties in these calculations are still sizable and result
from both the truncation of the chiral series and regula-
tor artifacts. These uncertainties limit inferences of, e.g.,
differences in charge radii of mirror nuclei that can be
connected with the neutron-skin thickness of lead [24],
which was recently inferred from measurements by the
PREX collaboration [25] and has been used to constrain
the EOS [6, 26, 27]. Similarly, present uncertainties
affect estimations of the nuclear symmetry energy and
other properties of dense matter [23]. Forthcoming astro-
physics constraints from gravitational-wave (GW) obser-
vatories will provide precision data on dense matter [28]
and it is key that uncertainties in many-body calcula-
tions at low densities are reduced to enable best-possible
analyses of these exciting new data. Here, we focus on
developing novel maximally local N3LO NN interactions
that can be straightforwardly used in QMC calculations
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of various nuclear systems. In a forthcoming paper, we
will include the parameter-free N3LO three-nucleon (3N)
interactions [29, 30], the charge-symmetry and charge-
independence breaking corrections, and full QMC calcu-
lations of many-body nuclear systems. Calculations at
higher orders in the EFT expansion are expected to re-
duce theoretical uncertainties by a factor of ∼ 2 [31].
The interactions developed here include a set of 21

contact operators, out of which 4 are nonlocal. All pion-
exchange interactions are local and fully included in the
Hamiltonian. The local interactions developed here ex-
plore a wide range of cutoffs, R0 = 0.6 − 0.9 fm (∼ 440
MeV to ∼ 660 MeV), in order to reduce the impact of
regulator artifacts. This is an important aspect of our
calculation since previous studies have shown that reg-
ulator artifacts from local regulators are larger than for
nonlocal regulators [18, 21, 32]. High-cutoff interactions
have smaller regulator artifacts and can easily be em-
ployed in QMC calculations, in contrast to most other
many-body methods that require softened interactions
for convergence. Our N3LO interactions, which we name
N3LOLA-09 to N

3LOLA-06, are fit to NN scattering phase
shifts using the method of Bayesian inference. This al-
lows us to explicitly model EFT truncation uncertainties
when performing the fits and we show how these un-
certainties evolve with the cutoff R0. We also perform
least-squares fits to the NN scattering phase shifts that
do not incorporate EFT truncation uncertainties. The
comparison between the two ways of fitting indicates the
importance of modeling the EFT truncation uncertain-
ties when chiral interactions are calibrated to data. We
demonstrate that local high-cutoff (hard core) interac-
tions perform better than their softer counterparts, in
the sense that they better reproduce NN scattering phase
shifts and lead to smaller EFT truncation uncertainties.
Finally, we show that although our interactions are not
fit to the properties of the deuteron, our model predic-
tions for these are in good agreement with experimental
data, especially for our high-cutoff interactions.
This paper is organized as follows. In Sec. II, we give

the explicit form of the Hamiltonian that we use in this
work. The couplings of this Hamiltonian are fit to NN
scattering phase shifts and the details of this fit are given
in Sec. III, where we discuss both the Bayesian fit as
well as the least-squares fit. We also show how the np
phase shifts and their associated theoretical uncertainties
change with increasing the chiral order and varying the
cutoff. In Sec. IV, we use our interactions to study the
properties of the deuteron. Our main conclusions and
summary are presented in Sec. V

II. N3LO HAMILTONIAN FROM CHIRAL EFT

In this section, we give the detailed expressions for
the Hamiltonian along with the local regulators that we
have employed in this work. Since there are four nonlo-
cal contact operators in our Hamiltonian, we present the

momentum-space expression for all the contacts that we
use. The pion-exchange terms and the local regulators,
on the other hand, are treated in coordinate space.

A. Chiral EFT and QMC methods

In atomic nuclei and nuclear matter below about twice
the nuclear saturation density, chiral EFT is currently
the main framework to describe nuclear interactions in
a systematic order-by-order expansion [9–11]. The chiral
EFT framework provides consistent NN, 3N, and multi-
nucleon interactions, based on a low-momentum expan-
sion of nuclear forces in powers of the nucleons’ momenta
Q over the breakdown scale Λb, which determines where
chiral EFT becomes inapplicable. High-momentum pro-
cesses, that would be resolved at momenta above the
breakdown scale, are absorbed into a set of coupling
constants, the strengths of which are adjusted to repro-
duce experimental data. The advantages of chiral EFT
over other approaches are that it (i) allows us to quan-
tify theoretical uncertainties [31, 33, 34] and (ii) pro-
vides consistent NN and many-body interactions, i.e.,
the same processes between different particles are de-
scribed by the same LECs and operators. Order by order,
predictions become more accurate and precise by a fac-
tor of 2 − 3 at the cost of more involved calculations.
Chiral EFT is valid for relative nucleon momenta below
∼ 500 − 600 MeV [31], translating into densities below
about twice the nuclear saturation density [22].
Solving the nuclear many-body problem is a challeng-

ing task that requires advanced computational tools.
QMC methods are among the most precise nuclear many-
body methods [12] and use stochastic techniques to ex-
tract ground-state properties of nuclear systems, provid-
ing exact solutions with only statistical uncertainties [19].
This is the main benefit over other computational meth-
ods whose additional approximations can lead to sys-
tematic uncertainties. However, QMC methods require
local1 interactions as input, i.e., interactions with no
derivatives acting on the wave functions, to nonpertur-
batively solve the nuclear many-body problem. While
chiral EFT is traditionally formulated in a nonlocal way
and has been used to construct NN interactions to N3LO
and beyond [35, 36], local chiral EFT interactions have
been introduced only in the past decade [13, 15, 17]. Lo-
cal interactions have so far been developed up to N2LO
in chiral EFT [13] on the same footing as nonlocal inter-
actions. In addition, maximally-local interactions with
selected N3LO contributions have been developed [15]
but these typically do not include N3LO pion-exchange
contributions. Finally, recent work saw the development
of local N3LO interactions where all nonlocalities were
neglected and replaced by local operators where possi-
ble, even when the latter are connected by FRF [17].

1 Note that small nonlocalities can be treated perturbatively.
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Here, we develop, for the first time, complete maximally-
local NN interactions at N3LO in chiral EFT that are
suited for QMC calculations, i.e., interactions that ac-
count for all short- and long-range contributions and all
necessary local and nonlocal pieces up to that order, us-
ing FRF. While FRF is violated when local regulators
are applied [17, 18], this effect induces regulator artifacts
that take the form of interaction pieces of higher order
in the EFT expansion, and hence, decrease in size. We
have shown that the most sizable regulator artifacts at
LO can be absorbed by the regular interactions pieces
at NLO [18]. Similarly, artifacts at NLO and subleading
artifacts at LO can be absorbed at N3LO. Hence, the
remaining artifacts are of order (Q/Λc)

6, and can be ex-
pected to be small. Furthermore, we study interactions
at large cutoffs where these regulator artifacts further
decrease in size. For these reasons, regulator artifacts in
the NN sector are small in this work.

B. Maximally-Local Hamiltonian at N3LO

The chiral EFT Hamiltonian is given in terms of a
momentum expansion and can be decomposed into short-
range contact pieces and long-range pieces mediated by
one and multiple pion exchanges,

V (ν) = V
(ν)
cont + V (ν)

π , (1)

where ν is the chiral order, indicating the power (Q/Λb)
ν .

1. Contact interactions

Up to N2LO, the contact interactions can be fully
expressed using only local operators and the nonlocal

spin-orbit interaction that can be treated by QMC meth-
ods [13, 14, 21, 37]. The leading-order (LO) momentum-
independent contact interactions are given by

V
(0)
cont = CS + CTσ1 · σ2 , (2)

where two out of four possible operators are chosen [14,
18]2. The remaining two operators are linearly dependent
due to the required antisymmetry of the wave function
in nuclear systems. Any two out of these four operators,
describing both NN S-wave interaction channels, can be
selected using FRF [18].

At NLO, the contact interaction is momentum depen-
dent. For initial and final nucleon momenta p and p′,
momentum transfer q = p′ − p, and momentum trans-
fer in the exchange channel k = (p′ + p)/2, the NLO
interaction is given by

V
(2)
cont = C1 q

2 + C2 q
2τ 1 · τ 2 + C3 q

2σ1 · σ2 (3)

+ C4 q
2σ1 · σ2τ 1 · τ 2 +

i

2
C5 (σ1 + σ2) · (q × k)

+ C6 (σ1 · q) (σ2 · q) + C7 (σ1 · q) (σ2 · q)τ 1 · τ 2,

where, again, a subset of 7 out of 14 operators has been
chosen. At NLO, the operators are selected such that the
interaction is fully local except for the spin-orbit interac-
tion. Other choices are possible, too, which lead to non-
local or partially local interactions [35, 36, 38–40]. There
are no new contact operators that appear at N2LO.

We now turn to N3LO where there are total of 30 pos-
sible contact operators [39],

V
(4)
cont = α1 q

4 + α2 q
4τ 1 · τ 2 + α3 q

4σ1 · σ2 + α4 q
4σ1 · σ2τ 1 · τ 2 (4)

+ α5 k
4 + α6 k

4τ 1 · τ 2 + α7 k
4σ1 · σ2 + α8 k

4σ1 · σ2τ 1 · τ 2

+ α9 q
2k2 + α10 q

2k2τ 1 · τ 2 + α11 q
2k2σ1 · σ2 + α12 q

2k2σ1 · σ2τ 1 · τ 2

+ α13 (q × k)2 + α14 (q × k)2τ 1 · τ 2 + α15 (q × k)2σ1 · σ2 + α16 (q × k)2σ1 · σ2τ 1 · τ 2

+
i

2
α17 q

2(σ1 + σ2) · (q × k) +
i

2
α18 q

2(σ1 + σ2) · (q × k)τ 1 · τ 2

+
i

2
α19 k

2(σ1 + σ2) · (q × k) +
i

2
α20 k

2(σ1 + σ2) · (q × k)τ 1 · τ 2

+ α21 q
2 σ1 · q σ2 · q + α22 q

2 σ1 · q σ2 · q τ 1 · τ 2 + α23 k
2 σ1 · q σ2 · q + α24 k

2 σ1 · q σ2 · q τ 1 · τ 2

+ α25 q
2 σ1 · kσ2 · k + α26 q

2 σ1 · kσ2 · k τ 1 · τ 2 + α27 k
2 σ1 · kσ2 · k + α28 k

2 σ1 · kσ2 · k τ 1 · τ 2

+ α29 σ1 · (q × k)σ2 · (q × k) + α30 σ1 · (q × k)σ2 · (q × k)τ 1 · τ 2 .

2 In this case, isospin-dependent operators are neglected.
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Note, that terms ∼ (q · k)2 can be expressed in terms of
q2k2 and (q×k)2, and hence, do not have to be included
explicitly. Also, the last two operators are related to a
squared spin-orbit operator and the angular momentum
operator by

1

2
((σ1 + σ2) · (q × k))

2
= σ1 · (q × k)σ2 · (q × k) (5)

+ (q × k)2 .

Due to FRF, we can again choose a subset of 15 oper-
ators from this complete set. When selecting the subset,
however, it is crucial to choose operators in such a way
that upon antisymmetrization the complete operator set
is recovered. Hence, for example, a nonlocal tensor op-
erator cannot be replaced by a central local interaction
piece as physics-information at that order would be lost.
Here, we choose the following subset of operators:

V
(4)
cont = D1 q

4 +D2 q
4τ 1 · τ 2 +D3 q

4σ1 · σ2

+D4 q
4σ1 · σ2τ 1 · τ 2 +

i

2
D5 q

2(σ1 + σ2) · (q × k)

+
i

2
D6 q

2(σ1 + σ2) · (q × k)τ 1 · τ 2

+D7 q
2 σ1 · q σ2 · q +D8 q

2 σ1 · q σ2 · q τ 1 · τ 2

+D9 q
2k2 +D10 q

2k2τ 1 · τ 2 +D11 (q × k)2

+D12 (q × k)2τ 1 · τ 2 +D13 k
2 σ1 · q σ2 · q

+D14 k
2 σ1 · q σ2 · q τ 1 · τ 2

+D15 σ1 · (q × k)σ2 · (q × k) . (6)

Note that operators D1 to D8 are local and D9 to D15 are
nonlocal. The coordinate space expressions of the local
operators are given in Appendix A.
We can further reduce the number of nonlocal contacts

as it has been found that there are redundancies among
the 15 contact operators at N3LO [36, 41]. By perform-
ing a unitary transformation (UT) on the Hamiltonian,
we can decrease the number of independent nonlocal con-
tacts to 4 [36]. Following Ref. [36], we consider the fol-
lowing unitary operator,

U = eγ1T1+γ2T2+γ3T3 , (7)

where Ti are the 3 antihermitian generators of the UT
and γi are the corresponding transformation angles. Sim-
ilarly to Ref. [36], we choose the following generators:

T1 =
mN

2Λ4
b

k · q , (8)

T2 =
mN

2Λ4
b

k · q τ 1 · τ 2 , (9)

T3 =
mN

2Λ4
b

(σ1 · kσ2 · q + σ1 · qσ2 · k) τ 1 · τ 2 . (10)

Note that Eqs. (8), (9) and (10) constitute one choice of
basis for the UT and other choices are possible due to
FRF. For example, Ref. [36] replaces the operator τ 1 ·τ 2

by σ1 ·σ2 in Eq. (9) and, τ 1 · τ 2 with I in Eq. (10). We
need to apply the UT only to the LO Hamiltonian since
the UT, when applied to the higher-order interactions,
will induce terms at order Q5 and above which is beyond
the desired accuracy for this work. The shift in the LO
Hamiltonian is given by

δH0 = U†H0U −H0

=
∑

i

γi[H
0, Ti] + . . .

=
∑

i

γi[(H
kin + V

(0)
1π + V

(0)
cont), Ti] + . . . , (11)

where the dots represent terms above the accuracy of our

calculation. It can be shown that [V
(0)
1π , Ti] and [V

(0)
cont, Ti]

only induce shifts to contact operators of order Q0 and
Q2 and therefore do not need to be considered explic-
itly [36]. On the other hand, the commutator with the
kinetic energy generates order Q4 terms, see Ref. [36]:

∑

i

γi[H
kin, Ti] =

γ1
Λ4
b

(k · q)2 +
γ2
Λ4
b

(k · q)2τ 1 · τ 2 (12)

+
γ3
Λ4
b

(k · q)(σ1 · kσ2 · q + σ1 · qσ2 · k)τ 1 · τ 2 .

Using the identity

(k · q)2 = q2k2 − (q × k)2 , (13)

and Eq. (10) of Ref. [36],

(k · q)(σ1 · kσ2 · q + σ1 · qσ2 · k) = −(q × k)2σ1 · σ2

+ q2σ1 · kσ2 · k

+ k2σ1 · qσ2 · q

+ σ1 · (q × k)σ2 · (q × k) , (14)

we can express Eqs. (11) and (12) as

δH0 =
γ1
Λ4
b

q2k2 +
γ2
Λ4
b

q2k2τ 1 · τ 2 (15)

−
γ1
Λ4
b

(q × k)2 −
γ2
Λ4
b

(q × k)2τ 1 · τ 2

−
γ3
Λ4
b

(q × k)2σ1 · σ2τ 1 · τ 2

+
γ3
Λ4
b

q2σ1 · kσ2 · kτ 1 · τ 2

+
γ3
Λ4
b

k2σ1 · qσ2 · qτ 1 · τ 2

+
γ3
Λ4
b

σ1 · (q × k)σ2 · (q × k)τ 1 · τ 2 .

Note that some of the new operators,

{(q × k)2σ1 · σ2τ 1 · τ 2, q
2σ1 · kσ2 · kτ 1 · τ 2,

σ1 · (q × k)σ2 · (q × k)τ 1 · τ 2} , (16)
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are not explicitly chosen in Eq. (6), but they are linearly
dependent operators, see Eq. (4). Therefore, we do not
need to consider them explicitly any further.
Having carried out the UT and including the shift to

the Hamiltonian, the N3LO contact interaction is now

V
(4)
cont = D1 q

4 +D2 q
4τ 1 · τ 2 +D3 q

4σ1 · σ2

+D4 q
4σ1 · σ2τ 1 · τ 2 +

i

2
D5 q

2(σ1 + σ2) · (q × k)

+
i

2
D6 q

2(σ1 + σ2) · (q × k)τ 1 · τ 2

+D7 q
2 σ1 · q σ2 · q +D8 q

2 σ1 · q σ2 · q τ 1 · τ 2

+

(

D9 +
γ1
Λ4
b

)

q2k2 +

(

D10 +
γ2
Λ4
b

)

q2k2τ 1 · τ 2

+

(

D11 −
γ1
Λ4
b

)

(q × k)2

+

(

D12 −
γ2
Λ4
b

)

(q × k)2τ 1 · τ 2

+D13 k
2 σ1 · q σ2 · q

+

(

D14 +
γ3
Λ4
b

)

k2 σ1 · q σ2 · q τ 1 · τ 2

+D15 σ1 · (q × k)σ2 · (q × k) . (17)

The variables γ1, γ2 and γ3 are completely arbitrary pa-
rameters of the UT and can be chosen to remove non-
local operators. The parameter γ1 can be chosen to be
either −Λ4

bD9 or Λ
4
bD11, removing either of the two corre-

sponding contact operators. Similarly, γ2 can be chosen
as either −Λ4

bD10 or Λ4
bD12. Finally, γ3 can be set to

−Λ4
bD14

3. Therefore, we see that using the UT we can
remove all but 4 nonlocal operators.
In this paper, we set γ1 = −Λ4

bD9, γ2 = −Λ4
bD10 and

γ3 = −Λ4
bD14. The nonlocal part of the N3LO contact

interaction then consists of only 4 operators:

V
(4)
cont,nonlocal = D̃11 L

2 + D̃12 L
2τ 1 · τ 2

+ D̃13 k
2 σ1 · q σ2 · q

+ D̃15 (σ1 ·L)(σ2 ·L) , (18)

where we have used the total orbital angular momentum
operator L = (q × k). We will refer to our maximally
local N3LO interactions with this choice of 4 nonlocal
operators by N3LOLA-09, N

3LOLA-08, N
3LOLA-07, and

N3LOLA-06, where the number refers to the cutoff in
coordinate space. We have also considered other pos-
sible choices for the set of 4 nonlocal operators, see Ap-
pendix B, but found the set chosen in this work to be best
suited for QMC methods because three operators can be
directly mapped into the 18 operator channels of the phe-
nomenological Argonne V18 (AV18) interaction [42] that
has been used extensively in QMC simulations.

3 In fact, due to the Fierz ambiguity, γ3 can be used to remove
also other nonlocal operators, see Eq. (16).

In summary, our N3LOLA interactions contain 21 con-
tacts in total, out of which 4 are nonlocal. The corre-
sponding 21 LECs are determined by fits to np phase
shifts, see Sec. III for details.

2. Pion-exchange interactions

The long-range and intermediate-range parts of the nu-
clear interactions in chiral EFT are mediated by pion
exchanges. All pion-exchange interactions to N3LO are
either fully local or accompanied by the spin-orbit op-
erator, and thus, we directly give the coordinate space
expressions here.
Without loss of generality, the pion-exchange part of

the Hamiltonian can be decomposed as

Vπ = VC(r) +WC(r)τ 1 · τ 2

+ (VS(r) +WS(r)τ 1 · τ 2)σ1 · σ2

+ (VT (r) +WT (r)τ 1 · τ 2)S12

+ (VLS(r) +WLS(r)τ 1 · τ 2)L · S , (19)

where S12 = (3σ1 · r̂ σ2 · r̂−σ1 ·σ2) is the tensor operator
and S is the total spin operator.
At LO, only the one-pion exchange (OPE) contributes

to the Hamiltonian. It is given by [13, 14, 17],

WS(r) =
g2Am

2
π

48πf2π

e−x

r

WT (r) =
g2A

48πf2π

e−x

r3
(3 + 3x+ x2), (20)

where x = mπr, mπ is the pion mass, gA is the axial-
vector coupling constant, and fπ is the pion decay con-
stant. Here, we use the charge-independence breaking
form of the OPE as we have done before, see Ref. [14] for
details.
At NLO and beyond, Vπ receives contribution from

two-pion exchange (TPE) diagrams. For these TPE
pieces, we employ the expressions using spectral-function
regularization (SFR) [13, 17, 39]. Under this representa-
tion, the TPE potential is written in terms of spectral
functions as

VC(r) =
1

2π2r

∫ Λ̃

2mπ

dµµe−µrImVC(iµ) (21)

VS(r) = −
1

6π2r

∫ Λ̃

2mπ

dµµe−µr[µ2ImVT (iµ)

− 3ImVS(iµ)]

VT (r) = −
1

6π2r3

∫ Λ̃

2mπ

dµµe−µr(3 + 3µr + µ2r2)

× ImVT (iµ)

VLS(r) =
1

2π2r3

∫ Λ̃

2mπ

dµµe−µr(1 + µr)ImVLS(iµ),
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III. ANALYSIS OF NN SCATTERING

In this work, the 21 operator LECs are determined by
fits to np phase shifts, while in the future we will explore
fits directly to scattering data. We perform the fits di-
rectly in momentum space using the formalism developed
in Ref. [45]. This allows us to fit interactions that include
nonlocal pieces, which is crucial at N3LO. We take the
phase-shift values from the Nijmegen partial-wave analy-
sis (NPWA) [44], and incorporate EFT truncation uncer-
tainties by performing Bayesian fits to these data. Bayes’
theorem defines the posterior P as

P =
L ×Π

Z
, (25)

where Π is the prior distribution on the LECs, L is the
Likelihood function that incorporates information from
the phase shifts, and the evidence Z can, in principle,
be used to perform model comparison. However, in this
work we treat Z as a normalization constant for a given
set of model assumptions. We take the prior Π to be uni-
form everywhere in parameter space, because the LECs
size can vary strongly as we vary the cutoff. Furthermore,
we employ a Gaussian model for the Likelihood function,

L ∝
∏

i

exp

{

−
1

2

(

Xexp
i −Xtheo

i

σi

)2}

, (26)

where the product over i indicates a product over all con-
sidered partial waves and kinematic variables (lab ener-
gies). The variable X denotes an observable which, in
this case, is the phase shift for a given lab energy and
partial wave. The uncertainty σi receives two contribu-
tions,

σ2
i = σ2

i,exp + σ2
i,theo , (27)

where σi,exp are taken to be the uncertainties provided
by the NPWA [44] and the σi,theo represent theoretical
uncertainties. In this work, we model these uncertainties
as the EFT truncation uncertainty, since other sources
of theoretical uncertainties are subdominant [33]. We as-
sume that the truncation uncertainty can be well repre-
sented by the prescription of Epelbaum et al. [33] (EKM),
which was shown in Ref. [46] to give very similar uncer-
tainty estimates in matter when compared with the more
involved Gaussian process algorithms for uncertainty es-
timation [31, 34]. The EKM truncation uncertainty for
the observable X at N3LO is given as

∆XN3LO
EKM = max

(

Q5
∣

∣XLO
∣

∣, Q3
∣

∣XLO −XNLO
∣

∣, (28)

Q2
∣

∣

∣
XNLO −XN2LO

∣

∣

∣
, Q

∣

∣

∣
XN2LO −XN3LO

∣

∣

∣

)

,

where Q ≡ max(mπ,p)
min(Λb,Λc)

. Here, p is a typical momentum of

the system under study in the center of mass frame, Λb is
the breakdown scale which we take to be 600 MeV [34],

and Λc is the momentum-space cutoff. Expressions sim-
ilar to Eq. (28) hold at all orders. In this work, we take
σi,theo = ∆Xi,EKM for all partial waves.
For the fits at N2LO and N3LO, we set XLO = 0 be-

cause we have otherwise found very poor Bayesian fits
at high lab energies, with many samples including reso-
nances or spurious bound states. The reason for this is
that, due to the large differences between the data and
the LO predictions at high lab energies, the EKM uncer-
tainty estimates are dominated by the poor LO predic-
tions and are very large, removing the constraining power
of any high-energy data points and leading to spurious
structures. Hence, we treat the LO contribution as an
outlier in the expansion, see also Ref. [47] for a similar
treatment of the LO predictions.
Evaluating the EKM uncertainty, Eq. (28), at a given

order requires knowledge of the phase shifts at all lower
orders. Therefore, as an initial step to performing
Bayesian fits, we first determine the LECs via a least-
squares minimization of the objective function

χ2 =
1

m

∑

i

(

Xexp
i −Xtheo

i

σi,exp

)2

, (29)

where m is the number of experimental data points in-
cluded in the fit. At LO, the least-squares optimizations
are done by fitting to the 1S0 and 3S1 partial waves up
to a lab energy of Emax = 50 MeV. At NLO and N2LO,
we fit the 1S0,

3S1, ϵ1,
1P1,

3P0,
3P1, and

3P2 partial
waves up to Emax = 150 MeV. For these orders, we fit
to phase shift values at energies specified in Ref. [14]. At
N3LO, we additionally include 3D1, ϵ2,

1D2,
3D2, and

3D3 in the fit and we fit up to Emax = 250 MeV, ad-
ditionally including points at 200 MeV and 250 MeV 4.
The results of these fits serve as an order-by-order esti-
mate of the EFT convergence that is used to estimate the
EKM uncertainty (28) which, in turn, is used as an input
for our Bayesian fits. Note that the χ2 function used in
the least-squares fit does not incorporate theoretical EFT
truncation uncertainties. Therefore, the least-squares fits
also serve as complementary analyses to the Bayesian fits
and can be used to estimate the importance of modeling
EFT truncation uncertainties when chiral EFT interac-
tions are calibrated to scattering phase shifts.
In Fig. 1, Panel (a) shows the local component of our

N3LO interactions in the 1S0 channel, with the LECs
determined via the above mentioned least-squares fits.
The interaction becomes increasingly hard for smaller
R0 because the LO 1S0 spectral LEC C̃1S0 increases
rapidly with decreasing R0, see panel (b) of Fig. 1.

4 For the least-squares fit at R0 = 0.7 fm alone, we chose Emax =
350 MeV in order to remove a spurious resonance in the 1P1

channel at E ∼ 350 MeV. We verified that this change of Emax

has a negligible effect on the phase shifts below 350 MeV in all
other channels.
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LEC Maximum posterior estimate Least-squares fit

0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

CS [fm2] 2.371 4.784 13.293 27.649 3.698 5.436 15.28 27.595

CT [fm2] 0.785 0.79 2.503 2.304 1.029 0.704 2.552 2.742

C1 [fm4] -0.098 -0.001 0.276 0.365 0.167 0.088 0.416 0.352

C2 [fm4] 0.129 0.011 0.032 0.013 0.086 0.003 0.023 0.016

C3 [fm4] 0.031 0.009 0.075 0.003 0.013 -0.003 0.077 0.004

C4 [fm4] -0.0 -0.019 0.011 0.03 0.025 -0.019 0.004 0.031

C5 [fm4] -1.765 -2.01 -2.358 -2.231 -2.047 -2.072 -2.309 -2.168

C6 [fm4] 0.043 0.07 0.154 0.241 0.118 0.074 0.16 0.291

C7 [fm4] -0.171 -0.15 -0.175 -0.186 -0.217 -0.144 -0.165 -0.179

D1 [fm6] -0.013 0.007 0.019 0.023 -0.009 0.007 0.029 0.023

D2 [fm6] 0.01 0.006 0.007 0.008 0.025 0.007 0.01 0.008

D3 [fm6] -0.012 -0.012 -0.006 -0.004 -0.02 -0.017 -0.006 -0.005

D4 [fm6] -0.004 0.0 0.007 0.008 0.009 0.007 0.012 0.009

D5 [fm6] 0.111 0.032 -0.01 -0.053 0.148 0.076 0.009 -0.058

D6 [fm6] 0.042 0.035 0.026 0.01 -0.037 -0.01 0.001 0.001

D7 [fm6] 0.042 0.033 0.031 0.024 0.07 0.036 0.037 0.029

D8 [fm6] -0.051 -0.03 -0.028 -0.019 -0.069 -0.036 -0.032 -0.02

D̃11 [fm6] 0.005 -0.09 -0.101 -0.092 -0.163 -0.133 -0.12 -0.092

D̃12 [fm6] -0.059 -0.009 -0.007 -0.004 -0.064 -0.007 -0.005 -0.006

D̃13 [fm6] -0.033 -0.042 -0.036 -0.032 -0.083 -0.044 -0.035 -0.037

D̃15 [fm6] -0.001 -0.008 0.005 0.015 0.061 0.037 0.023 0.016

TABLE II. LECs for our N3LOLA interactions for different cutoffs. We give results obtained from the Bayesian analyses (left)
and least-squares fits (right). For the former, the quoted LECs correspond to the maximum of the posterior distribution.

again, illustrates the importance of incorporating theo-
retical uncertainties when EFTs are calibrated to exper-
imental data. Also, note that the uncertainties decrease
significantly with the chiral order as well as when de-
creasing R0, which is consistent with our results for the
phase shifts. Our N3LOLA interactions reproduce the
experimental deuteron binding energy within theoretical
uncertainties for all considered cutoffs.

In Fig. 7, we show results for the deuteron wave func-
tion. In the top row, we show the coordinate space wave-
function in the S-wave ψL=0(r) and D-wave ψL=2(r).
Note that these wavefunctions are related to their com-
ponents u(r) and w(r), which are sometimes reported
in the literature [15, 36, 39], as ψL=0(r) = u(r)/r and
ψL=2(r) = w(r)/r. In the bottom row, we show the
momentum-space representation of the wavefunctions in
the S-wave ψ̃L=0(p) and D-wave ψ̃L=2(p), showing the
squared momentum-space wavefunctions in a logarithmic
scale. As our fitting code is written in momentum space,
we first solve for the momentum-space wavefunctions and

then obtain the coordinate-space representations as,

ψL=0(r) =

√

2

π

∫ ∞

0

dpp2j0(pr)ψ̃L=0(p), (30)

ψL=2(r) =

√

2

π

∫ ∞

0

dpp2j2(pr)ψ̃L=2(p) . (31)

In coordinate space, our models do not contain any
oscillations in the wave function at intermediate or
large r, unlike some chiral interactions developed in the
past [38, 39]. Interactions at different cutoffs are iden-
tical at large r but have different small-r behavior. In
the D-wave, the harder interactions, i.e. N3LOLA-06 and
N3LOLA-07, lead to more pronounced peaks as compared
to their softer counterparts N3LOLA-08 and N3LOLA-
09. In momentum space, we see that the harder interac-
tions generally have a more significant high-momentum
tail which could have implications for the description of
electron scattering experiments [48].
We have used the deuteron wave functions at N3LO to

calculate other deuteron observables, which we show in
Table III. We give results for both our Bayesian fits (at
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Observable Bayesian fit Least-squares fit Experiment

0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

Ed [MeV] −2.1+0.2
−0.2 −2.1+0.1

−0.2 −2.2+0.1
−0.1 −2.2+0.1

−0.1 -2.119 -2.177 -2.189 -2.205 -2.224575(9)

Qd [fm2] 0.270+0.005
−0.005 0.268+0.004

−0.005 0.268+0.004
−0.004 0.268+0.003

−0.003 0.278 0.269 0.265 0.264 0.2859(3)

ηd 0.024+0.002
−0.002 0.024+0.002

−0.002 0.024+0.001
−0.001 0.025+0.001

−0.001 0.0247 0.0244 0.0241 0.0233 0.0256(4)
√

⟨r2⟩dm [fm] 1.97+0.06
−0.06 1.99+0.05

−0.05 1.98+0.04
−0.04 1.97+0.03

−0.03 1.983 1.975 1.973 1.97 1.9753(11)

AS [fm−1/2] 0.85+0.03
−0.03 0.87+0.03

−0.02 0.87+0.02
−0.02 0.88+0.02

−0.02 0.860 0.875 0.878 0.882 0.8846(9)

Pd [%] 6.5+0.8
−0.8 6.0+0.7

−0.6 6.3+0.5
−0.5 6.1+0.4

−0.4 6.64 6.00 6.16 6.26 —

TABLE III. The properties of the deuteron for our N3LOLA interactions, for different cutoffs. For the Bayesian fit, the error
bars are quoted at the 95% CL. Here, Ed is the binding energy, Qd is the quadrupole moment, ηd is the asymptotic D/S ratio,
√

⟨r2⟩dm is the root-mean-square matter radius, AS is the asymptotic S-wave normalization and Pd is the D-state probability.

related simulations. Our results will enable astrophysi-
cal tests of nuclear physics models under conditions that
cannot be attained in any terrestrial experiment. More-
over, our calculations will provide valuable theoretical
benchmarks for nuclear experiments measuring, e.g., the
neutron-skin thickness of nuclei (CREX and PREX) or
the nuclear symmetry energy (FRIB). The present LIGO
observing run, that started in May 2023, and future nu-
clear experiments at FRIB emphasize the ideal timing for
these studies.
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Appendix A: Fourier transformations of local N3LO contact operators

In this appendix, we give the coordinate-space representation of the local operators quoted in Eq. (6). We construct
the Fourier transformation for typical regulators of the form f(r) = a exp(−(r/R0)

n); see Sec. II C for the specific
value of a and n used in this work.

1. Local operators ∼ q: D1 - D4

Let us denote by Vτ,σ the part of the operator that contains the spin-isospin operator structures (momentum-
independent part) as well as the LEC. Then, the operators proportional to D1 - D4 (see Eq. (6)) have the form
Vτ,σ · q4. Upon Fourier transformation, we find

Vτ,σ∆
2δR0

(r) = n

[

−
(n+ 1)(n− 1)(n− 2)rn−4

Rn
0

+
n(7n+ 1)(n− 1)r2n−4

R2n
0

−
2n2(3n− 1)r3n−4

R3n
0

+
n3r4n−4

R4n
0

]

a exp(−(r/R0)
n) . (A1)
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2. Local operators ∼ q2L · S: D5 and D6

We now transform the N3LO spin-orbit term Vτ iq
2(σ1 +σ2) · (q× k) with S = σ1 +σ2. As in the NLO case [14],

we employ the test function |ψ⟩:

⟨r| Ô
(4)
LS |ψ⟩ =

∫

d3p

(2π)3
d3p′

(2π)3
d3r′eip

′·re−ip·r′

⟨p′| ÔLS |p⟩ψ(r
′)

= iVτ

∫

d3q

(2π)3
d3k

(2π)3
d3r′q2S · (q × k) ei

q

2
·(r+r′)eik·(r−r′)ψ(r′)f(q2)

= iVτ

∫

d3q

(2π)3
d3k

(2π)3
d3r′q2ϵabcSaqbkc e

i q

2
·(r+r′)eik·(r−r′)ψ(r′)f(q2)

= iVτ

∫

d3q

(2π)3
d3k

(2π)3
d3r′q2ϵabcSaqb e

i q

2
·(r+r′)

(

i∂′ce
ik·(r−r′)

)

ψ(r′)f(q2)

p.i.
= −iVτ

∫

d3q

(2π)3
d3k

(2π)3
d3r′q2ϵabcSaqb

(

i∂′ce
i q

2
·r′

ψ(r′)
)

eik·(r−r′)f(q2)ei
q

2
·r

= −iVτ

∫

d3q

(2π)3
q2ϵabcSaqb

(

i∂ce
i q

2
·rψ(r)

)

f(q2)ei
q

2
·r

= −iVτ

∫

d3q

(2π)3
q2ϵabcSaqb (i∂cψ(r)) f(q

2)eiq·r (antisymmetry of ϵ)

= −Vτ ϵ
abcSa∂b

(
∫

d3q

(2π)3
q2 f(q2)eiq·r

)

(i∂cψ(r))

= −Vτ ϵ
abcSa∂b (∆δR0

) (i∂cψ(r)) = −Vτ ϵ
abcSa∂b

(

2∂rδR0

r
+ ∂2rδR0

)

(i∂cψ(r))

= Vτ

(

∂3rδR0

r
+

2∂2rδR0

r2
−

2∂rδR0

r3

)

L · Sψ(r) . (A2)

3. Local operators ∼ q2S12: D7 and D8

Next, we FT the tensor operators of the form Vτ q
2σ1 · q σ2 · q:

∫

d3q

(2π)3
f(q2)Vτ q

2σ1 · q σ2 · q e
iq·r

= Vτσ
i
1σ

j
2∂a∂a∂i∂j

∫

d3q

(2π)3
f(q2) eiq·r = Vτσ

i
1σ

j
2∂a∂a∂i∂jδR0

(r)

= Vτσ
i
1σ

j
2∂i∂j

(

2∂rδR0
(r)

r
+ ∂2rδR0

(r)

)

= Vτσ
i
1σ

j
2∂i

(

rj
2∂2rδR0

(r)

r2
− rj

2∂rδR0
(r)

r3
+ rj

∂3rδR0
(r)

r

)

= Vτσ
i
1σ

j
2

(

δij
(

∂3rδR0
(r)

r
+

2∂2rδR0
(r)

r2
−

2∂rδR0
(r)

r3

)

+rirj

(

∂4rδR0
(r)

r2
+
∂3rδR0

(r)

r3
−

6∂2rδR0
(r)

r4
+

6∂rδR0
(r)

r5

))

= Vτ

(

σ1 · σ2

(

∂3rδR0
(r)

r
+

2∂2rδR0
(r)

r2
−

2∂rδR0
(r)

r3

)

+3σ1 · r̂ σ2 · r̂

(

∂4rδR0
(r)

3
+
∂3rδR0

(r)

3r
−

2∂2rδR0
(r)

r2
+

2∂rδR0
(r)

r3

))

. (A3)

Appendix B: Testing different sets of nonlocal

operators

In this work, we have chosen a set of four nonlocal op-
erators specified in Eq. (18), leading to the construction

of the interactions N3LOLA-09 to N3LOLA-06. However,
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as discussed in Sec. II B 1, other choices for these nonlo-
cal pieces are possible due to FRF and the freedom in
choosing the parameters of the UT. In this appendix, we
will briefly investigate four other possible sets of nonlo-
cal operators, with the cutoff fixed at R0 = 0.9 fm, and
comapre them with N3LOLA-09.

The alternative sets, Set 1 to Set 4, are defined by the
choice of 4 nonlocal operators as follows:

VSet 1 = D̃9 q
2k2 + D̃10 q

2k2τ 1 · τ 2

+ D̃13 k
2 σ1 · q σ2 · q

+ D̃15 (σ1 ·L)(σ2 ·L) , (B1)

VSet 2 = D̃9 q
2k2 + D̃12 L

2τ 1 · τ 2

+ D̃13 k
2 σ1 · q σ2 · q

+ D̃15 (σ1 ·L)(σ2 ·L) , (B2)

VSet 3 = D̃10 q
2k2τ 1 · τ 2 + D̃11 L

2

+ D̃13 k
2 σ1 · q σ2 · q

+ D̃15 (σ1 ·L)(σ2 ·L) , (B3)

VSet 4 = D̃11 L
2 + D̃12 L

2τ 1 · τ 2

+ D̃14 k
2 σ1 · q σ2 · qτ 1 · τ 2

+ D̃15 (σ1 ·L)(σ2 ·L). (B4)

An important consideration in choosing the opera-
tor set is regarding the perturbativeness of the nonlocal
pieces, which is important for their application in QMC
calculations. In Fig. 8, we show the differences between
the phase shifts in several partial waves for these inter-
actions and the predictions with all nonlocal parts set to
zero. By examining these differences, we can judge the
relative strength of the nonlocal terms, i.e. the extent to
which the full solution is determined by the local oper-
ators alone. While the question of the perturbativeness
of the nonlocal operators depends on the observable in
question, this phase shift analysis might already indicate
the sets of nonlocal operators that would be best suited
for a perturbative treatment in many-body calculations.
Generally, all sets perform comparably well, while Set 3
and the N3LOLA-09 are the only sets giving a reason-
able behavior in the 1P1 partial wave. Set 3 seems to be
slightly more perturbative in the P waves but N3LOLA-
09 performs better in the S and D wave channels. This
indicates that the choice of nonlocal operators made in
this work, Eq. (18), might be well suited for applications
to many-body nuclear systems.
Appendix C: Operator LECs at LO, NLO and N2LO

In this appendix, we give the operator LECs that we
have obtained from our phase shifts analyses at LO, NLO
and N2LO. The LECs are quoted in Tables IV, V and VI.
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LEC Maximum posterior estimate Least-squares fit

0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

CS [fm2] 0.666 1.971 4.196 8.641 1.299 2.679 4.965 9.157

CT [fm2] 0.467 0.508 0.699 1.426 0.684 0.749 0.951 1.607

C1 [fm4] -0.001 -0.05 -0.097 -0.211 -0.057 -0.04 -0.072 -0.172

C2 [fm4] -0.034 0.024 0.035 0.072 0.127 0.096 0.072 0.064

C3 [fm4] -0.093 -0.095 -0.087 -0.096 -0.092 -0.086 -0.081 -0.08

C4 [fm4] 0.06 0.073 0.103 0.156 0.112 0.108 0.122 0.151

C5 [fm4] -1.948 -1.991 -2.23 -2.897 -2.158 -2.168 -2.354 -2.948

C6 [fm4] 0.303 0.208 0.18 0.196 0.287 0.23 0.2 0.202

C7 [fm4] -0.479 -0.353 -0.308 -0.356 -0.507 -0.406 -0.353 -0.361
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