GENERIC ALIGNMENT CONJECTURE FOR SYSTEMS OF
CUCKER-SMALE TYPE

ROMAN SHVYDKOY

ABSTRACT. The generic alignment conjecture states that for almost ev-
ery initial data on the torus solutions to the Cucker-Smale system with
a strictly local communication align to the common mean velocity. In
this note we present a partial resolution of this conjecture using a sta-
tistical mechanics approach. First, the conjecture holds in full for the
sticky particle model representing, formally, infinitely strong local com-
munication. In the classical case the conjecture is proved when N, the
number of agents, is equal to 2. It follows from a more general result
stating that for a system of any size for almost every data at least two
agents align.

The analysis is extended to the open space R™ in the presence of
confinement and potential interaction forces. In particular, it is shown
that almost every non-oscillatory pair of solutions aligns and aggregates
in the potential well.

1. INTRODUCTION

The problem of emergence refers to appearance of patterns in systems
with self-organization governed by local rules of communication, see [1, 8, 13]
for extensive surveys. For models incorporating alignment forces, it means
convergence to a common velocity vector (or consensus in the interpretation
of opinion dynamics),

(1) _max |vi(t) — o] = 0, as t — oo.

i=1,...,
In this note we address the question in the context of the Cucker-Smale
system introduced in [3, 4]

i‘i:’(}i, .TZ'EQ

2 1 Y
@) Uy = N;Qb(l‘i —xj)(vj —vi), wv; €R",

where ¢ € C! is a radially decreasing kernel, and € is an ‘environment’,
typically R™ or a compact manifold. In the open space case {2 = R" the
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following criterion was proved in [3] and further refined and extended in
7, 6, 2, 15, 5].

Theorem 1.1. Suppose ¢ has heavy tail: fooo o(r)dr = co. Then all so-
lutions to (2) align exponentially fast to the mean velocity v = % Z;VZI vj,
while the flock remains bounded

max |v; — 9] < Ce 0, max |z; — z;| < D.
i=1,..,.N ij=1,..,N

The heavy-tail condition is sharp.

In what follows we seek to analyze the situation when the kernel is com-
pletely local, i.e.

(3) supp ¢ = By, (0), for 79 > 0.

In the open space the counterexample to Theorem 1.1 is obvious — two
agents initially separated by a distance larger than ry and sent in the op-
posite directions will never come to alignment. It is therefore more natural
to address the problem either in the presence of a confinement force (or
other constraining mechanisms such as mutual attraction) or in the context
of a compact environment such as periodic domain = T". Still, under
completely local protocol (3) there always exists a class of solutions that
consist of disconnected and misaligned agents. For example, on T" one can
consider a pair of agents x1,xy revolving around two parallel geodesics at
a distance > ry with different velocities. In the case of a confinement force
F = —VU(x) agents may satisfy decoupled Hamiltonian systems

(4) T = v, vy = =VU (),

without communicating. All these examples are exceptional because they
are either described by oscillatory dynamics without alignment (4) or as
in the case of the torus, fill a set of measure zero in the ensemble space
']I‘nN x RnN‘

Our approach here is largely motivated by the latter example. We adopt
the methodology of the statistical mechanics where solutions to (2) are
viewed as trajectories in the ensemble space

x=(z1,...,zn) €T, v=(v1,...,0n) € R™,

Generic long time behavior of the system will be viewed relative to the
classical Lebesgue measure on TN x R™V. In the example presented above
agents do not interact, and therefore they follow a Euclidean line periodized
on the torus

(5) x(t) =xo +tvp mod 2w, v(t) = vy.

Since they don’t fill the torus densely, leaving the open set U; j{|z;—x;| < o}
unfilled, such solutions must have rationally dependent velocity coordinates
of vg, and hence form a negligible set of data. The latter is a classical result
in ergodic theory due to Kronecker, see [10] for a recent overview.
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Theorem 1.2 (Kronecker). The Euclidean line (5) densely fills a k-dimensional
subtorus of T™N where

nN
k= dimg Y Qv).

j=1

Based on these observations we put forward the following conjecture (see
also the discussions in [14, 8, 16, 5]).

Conjecture 1.3 (Generic Alignment Conjecture). For almost every initial
data (xg,vo) € T™ x R™V solutions to the system (2) align
max |v; — vj| — 0.

7‘7

The conjecture will be demonstrated in full for the sticky particle model,
which formally corresponds to the case when ¢ = oo for r < rg. The char-
acter of dynamics here is of course quite different from the soft interaction
model as every communication effectively results in reduction of the number
of agents. The final formation would consist of a number of non-interacting
clusters and the Kronecker criterion applies, see Section 2.

In general, our approach will be to study volume compression under the
solution map (xg,vg) — Si(x0,vp). The basic idea is to view alignment as
convergence to the diagonal set D = {v : v; = --- = vy} which has measure
zero. So, shrinking of a volume element to 0 is necessary for alignment
outcome. The Euclidean distance of v to D is exactly the classical quadratic

variation
N
Vo = Z v — ;[

ij=1
which satisfies a dissipation law
(6) —vg —2 Z $(a; — az)|vs — v;|.
i,j=1

So, Vs plays the role of entropy — a measure of disorder of the velocity field
of the flock. Using an argument based on the Poincare Recurrence Theorem
we establish the following alternative: generically either the agents are not
interacting at all from the beginning or they interact sufficiently strongly
to compress the volume element to zero. Since the non-interacting agents,
according to Kronecker, form a negligible set, we conclude that generically
at least one pair of agents keeps interacting infinitely many times during the
evolution of the ensemble, and hence, will align. This, in particular, leads
to the resolution of the conjecture when N = 2, see Section 3.

Theorem 1.4. For almost every (xg,vo) € TN xR"™ the solution contains

a pair of agents that align. Consequently, for N = 2 the Generic Alignment
Conjecture holds.
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A similar methodology applies to the open environment 2 = R" in the
presence of confinement or potential interaction forces. The results of [12, 11]
show that the generic behavior here is oscillatory. In the local case consid-
ered here, it results in a possible positive-measure set of clusters which does
not align. A similar alternative, however, holds: generically, outside the
natural set of decoupled oscillators (4) the volume element shrinks to zero,
see Proposition 4.1. As a result, in the confinement case any two-agent
system will align and congregate generically, at least when the potential is
quadratic, see Theorem 4.3. For the model with pair-wise potential interac-
tions we obtain the same result but for a much more general class of pairs
(¢, U) which includes the 3Zone model with repulsion - alignment - attrac-
tion forces all present, see Theorem 4.5 and the discussion afterwards. In
particular, we find that alignment and convergence of separation |z1 — x2]
to the potential well occurs generically for every non-oscillatory data. This
extends the near-equilibrium result proved in [11] to a global statement, see
Corollary 4.7.

2. STICKY PARTICLE MODEL

We illustrate the validity of the conjecture on a simpler example of the
sticky particle model which corresponds to the situation when communica-
tion is extremely strong within its range:

00, || < 71o;
(7) P(z) = {

0, |.T| >10.

The sticky particle dynamics obeys the following rules:

— if two agents z;, x; approach distance 7o, their velocities switch instan-
taneously to the average %(vl +v;). From that point on the agents are stuck
together for rest of the time.

— more generally, we say that clusters C',...,CK

each consisting of par-

ticles xf, i=1,..., Iy, k=1,..., K collide at time t* if for all ¢ < t* one
has |zF — m§| > rg for all 4,j and k # [, and at ¢t = t* for each pair k # [
there exists 4,j such that ]mf — xé] = rg. If clusters have been traveling
with velocities v!,..., v, respectively, a new cluster is formed at time t*

traveling with velocity

. K
8 v = I [oF.
® |Il|+"'+|IK’;|k|

Proposition 2.1. For almost every initial data (x,v) € T x R™™ the
sticky particles congregate in a single cluster. Hence, the Generic Alignment
Congecture holds.

Proof. We can actually specify which data results in single clusters: those
vo’s that have rationally independent coordinates, i.e. there is no q €
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Q™ \{0} such that q - vg = 0. Note that the rationally dependent data
is a countable union of hyperplanes in R™V, so it is Lebesgue-negligible.

Now, let vy be rationally independent. Suppose it results in more than
one clusters, and we consider a time T beyond which no further gluing
occurs. Let us consider two distinct ones C', C? traveling with velocities v!
and v2, respectively. According to the averaging rule (8) both v! and v? are
rational convex combinations of the original set of velocities

(9) vl = Z qiVi, v? = Z q;v;j-

iz, €Ct j:ijC2

Since C' and C? never come closer than the communication distance 7o,
neither does any pair of particles in each cluster. Let us fix 2! € C' and
x2 € C%2. They travel at constant velocities v' and v? respectively, and
|zt — 22| > 7o for all t > T. The above implies that the Euclidean line

zt(t) — 2%(t) = 2X(T) — 2*(T) + (t — T)(v" —v*) mod 2n

is non-ergodic. By Theorem 1.2 this implies that the coordinates of v! —
v? are rationally dependent. In view of (9), vq is rationally dependent, a

contradiction.

Remark 2.2. Considering a more general model with arbitrary distribution
of masses {m;}¥ |, the averaging rule changes to

K

1
10 = Mok,
(10) v .”’1+---+.“KI; kv

where M; are the masses of the clusters. Proceeding as in the proof of
Proposition 2.1 we obtain a pair of momenta

1 1
AT P N S S
Ziil‘iecl i i eCl Zj:achCQ i j:

so that the coordinates of v! — v? are rationally dependent. Since there are
only finitely many possible momenta (11) we conclude that vg belongs to
a negligible set of data, and hence Proposition 2.1 still holds for this more

general model.

O

3. CUCKER-SMALE ENSAMBLE

Let us consider now the classical system (2) with smooth kernel ¢. The
alignment of a solution (x,v) can be interpreted as convergence of v to the
diagonal subspace D = {v : v; = --- = vy}. It is easy to show that the
square-distance of a field v to D is given precisely by the 2-variation

N
(dist{v,D})> = Y [v; — v;[* 1= V.
i,j=1
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The 2-variation is a natural entropy of the system which obeys the following
law

(12) *V2 -2 Z $(as — aj)|vi — v;.
i,j=1
Thus, the distance between v and D is non-increasing.

Since T™V x D is a measure-zero set it is expected that the volume element
under the dynamics of (2) will shrink to zero. This is not exactly the ulti-
mate alignment statement but it is a necessary condition for the conjecture
to hold.

Let us denote for short ¢;; = ¢(x; — ;). The divergence of the ensemble
field given by (2) is given by — >, .; ¢j. So, the Jacobian of the Cucker-
Smale transformation Si(xo,vo) = (x(¢), v(t)) is given by

(13) dethvSt exp —/ Z¢zy

0 i

Showing that the Cucker-Smale ensemble shrinks volumes to 0 comes down
to proving the following proposition.

Proposition 3.1. We have

oo
/ > ¢ij(s, %0, vo) ds =
0 i#j
for a.e. (xq,vo) € TN x R™V,
Proof. With a slight abuse of notation for a set £ C T™ x R™ we denote
by |F| its Lebesgue measure.

Suppose that the conclusion of the proposition is not true, then there
exists a subset F C T™Y x R™ with |F| > 0 and M > 0 such that

(14) / Z¢z] S XOaVO s< M,

i#£]
for all (xg,vo) € F. In particular, this implies that for any F C F we have
(15) B > [S:(F)| = emlF.

We can also assume without loss of generality that F' is bounded, thus there
exists R > 0 such that ' C TV x {max; |v;| < R} = Qr. Note that by the
maximum principle, Si(F') C Qg for all t > 0 as well.

We now show that all agents emanating from set F' are generically rg-
separated. This will be the content of the following two lemmas.

Lemma 3.2. Let us fix a 6 > 0 and consider the set
Gs = Uizi{(x,v) 1 |x; — x| <ro— 6}
Then |F N Gs| = 0.
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Proof. Suppose, on the contrary that |[FFNGs| > 0. According to (15) for any
F C F the action of the transformation S, (F), n € N scales the measure of
F only by a fixed factor. Thus, the Poincare Recurrence Theorem applies
(the classical statement asks for a measure preserving transformation, but
only uses the fact that if S,,(A)’s are disjoint, then |A| = 0. This clearly holds
in our case too, see [9]). It says that for almost every point (x,v) € F'NGs
the action Sy, (x,Vv) returns to F' N G5 infinitely many times. Let us fix any
such point (x¢,vo) € F'NGs. So, Sp,(X0,vo) = (x(ng),v(ng)) € FNGs
for some subsequence ng. In particular (x(ng),v(ng)) € Gs. This means
that for every k there exists iy, # ji such that |z;, (ng) — =, (ng)| < ro — 6.
Since all the velocities are bounded by R, there exists a time interval [
independent of k such that |z;, (ng + s) — xj,(ng + s)| < 19 — /2 for all
s € I. Since ¢ is properly supported on B,,, see (3), this further implies
that ¢, j, (ng +s) > co for some ¢g > 0 and all s € I. Consequently,
> iz $ij(ny 4+ 8) > ¢ for all k and s € I. This clearly contradicts (14).

([

Lemma 3.3. For almost any initial condition (xo,vo) € F we have |z;(t) —
xj(t)] = ro for alli# j and all t > 0.

Proof. It follows from Lemma 3.2 that
|F\{(x,v) : |z; —x;| > 10,Yi # j}| = 0.

By the semigroup property we have the inclusion Sy (~F )C F for any ¢ > 0.
Thus, by countable selection, there exists a subset F' C F, |F| = |F| such
that .

Si(F) C{(x,v): |z; —xj| >ro,Vi# 5}, VteQy.
By continuity,

Sy(F) c{(x,v): |zi—xj| =ro,Vi # 4}, Vt=0.

This proves the lemma. ([

According to Lemma 3.3, since all ¢;; = 0 for almost any initial condition
in F', the trajectories represent straight Euclidean lines periodized on the
torus

x(t) =x0 +tvp mod 27
with all the agents being separated by rg. This means that the trajectory is
not dense on T™V, and hence, by the Kronecker criterion of Theorem 1.2, v
must have Q-dependent coordinates. Such data cannot fill a set of positive
measure. Hence, |F| = 0. O

To harvest the consequences of just proved proposition let us prove the
following lemma.

Lemma 3.4. If for some i # j, we have

/ ¢i5(s,%0, vo) ds = 00,
0
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then the agents align, |v; —v;j| — 0.

Proof. The lemma follows in two steps. First, we have the following law for
the 1-variation (see [13])

d 1
(16) V1=;|v,~—vj\, &Vl <—N;¢ij\vi—vj| = 1.

In particular,

(17) /000 Zi(s)ds < 0.

Next, let compute evolution of an individual difference

d 1 1
&‘Ui —v;* = N > dirlve — vi) - (vi —v5) — N > din(vr —v5) - (v — vj)
p k

In the first sum we single out the k¥ = j term and in the second k = 7 term.
The two result in

d 1 1
&h}i —v* = —N@'jm’ —i|* + N > ik —vi) - (vi —v5)

k#j
1
N D biklve —vj) - (vi = vy),
ki

and hence

d 1

ah)i — Uj‘ § —N(ﬁiﬂvi — Uj‘ + 211.
Applying Gronwall’s Lemma, and in view of the assumption and (17), we
arrive at the conclusion. O

In view of Proposition 3.1, for almost every data there exists i # j which
fulfills the Lemma 3.4. Hence, at least two agents must align, and Theo-
rem 1.4 is proved.

3.1. Clustering Conjecture. For any initial data (xg,vg) € TN x R™V
the w-limit set of the trajectory, w(xg, vp), consists of solutions with constant
entropy Va. According to (12) the dissipation must vanish. This causes
clustering: if |z; — x;| < 79, and hence ¢;; > 0, then v; = v;. So, agents
with different velocities must be separated at least by the communication
distance rg. Moreover, all the velocities are constant and all agents travel
along straight lines x; = x;(0) + tv; mod 27. If we sort all agents into
clusters C',...,CX which collect agents with the same velocities, then for
any x3, € C*, 2; € C', k # I, we have v, # v; and |z — 27| > ro. Denoting
v1,...,VK all the different velocities in this cluster system we conclude by
the Kronecker criterion that

(18) it - (vp —vp) =0,
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for some r;; € Q™. By Galilean invariance we can also mod out the momen-
tum by imposing another equation

(19) > Ik, =0.
k

The system (18) - (19) has 1K (K — 1) + n equations imposed upon nk
unknowns. Generically such a system will be overdetermined if K > 2n.
So, we conclude that most likely the number of clusters in the limiting state
of the system does not exceed 2n. This is a weaker form of the Generic
Alignment Conjecture.

Congecture 3.5 (Clustering Conjecture). For almost every initial datum
(XQ, Vo) S TnN X ]RnN

the solution to the system (2) forms at most 2n clusters.

4. POTENTIAL FORCES

Let us explore application of the method to the Cucker-Smale system
on the open environment R™V x R™ with additional potential forces. We
consider two classes of such forces: confinement and mutual interactions.
Let us start with the first case.

4.1. Dynamics under confinement force. The system is given by
T = v,
N
(20) o1
b = NZ¢  — vi) = VU(x),
7j=1
where the potential U is assumed to be radial and confining
U(r) — oo, as r — oo.

The total energy which given by
E=K+P,

1 &, 1 &
K= m;yv” , P= N;U(a;i)
satisfies the same dissipative law
d 1 -
(22) w2 > bl —aj)lvi — vy

4,j=1

(21)

Hence, it remains bounded. This implies that in the confinement case the
flock remains bounded in both space and velocity directions (although the
diameter may heavily depend on N). To put it qualitatively, let us fix an
energy level £ > (0 and consider the sub-level set

QB) = {(x,v) e RN x R"V . £ < E}.
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We can see that Q(F) is a bounded subset of the ensemble space and remains
invariant under the action of the semigroup S;. Note that potential forces
have no impact on the Jacobian of the transformation .S;, and the formula
(13) remains the same. Consequently, the arguments of Lemma 3.2 and 3.3
apply on every sub-level set Q(FE) to show that for almost any initial data
(x0,vo) € R™ x R™V the following dichotomy holds: either |z;(t) —z;(t)| >
ro for all i # j and all t > 0, or [ >ij ¢ijds = co. The first alternative
may hold for a set of positive measure. Let us denote it

(23)  H = {(x0,v0) € R™ x R™ : |z;(t) — x;(t)| = ro Vi # j, Vt >0}

Solutions in ‘H will not interact through alignment, ¢;; = 0, so the dynamics
is described by N decoupled Hamiltonian systems:

924 xz = Uy,
(34 Ui~ Zove
So, we can state the dichotomy above as follows.

Proposition 4.1. For almost every (xq,vo) € R™ x R"™\H, we have

oo
/ quij(s,xo,vo) ds = o0.
0 i
In particular, it holds for almost every initial data for which |x9 — J:?] <o
for at least one pair of i # j.

In terms of the action of Sy, Proposition 4.1 can be interpreted more
geometrically: the semigroup Sy acts invariantly and measure preserving on
H, while it contracts volumes to 0 as t — oo on the complement R™V x
R™ \H. Despite this contractivity, the generic long time behavior is still
more complicated than just convergence to the same velocity. We illustrate
this by a simple example.

Example 4.2. Suppose we have a three-agent system x1, x2, x3, evolving un-
der the quadratic potential U = %rz. Let (z3,v3) belong to a set of high
energy data I’ which oscillate according to

T3 = v3, U3 = —3,

and such that |z3(t)] > R > 1 for all t > 0 and all (z3,vJ) € F. Such
a set has positive measure |F| > 0 in R” x R", if n > 1. Let ¢ has a
communication range R/2 and ¢(r) = A for r < R/4, and A > 1. Under
such strong communication, any small initial data (29, 29;v9,v9) € R? x R?
with [(29,29;0?,v9)| < ¢ < R/4 will never leave a é-neighborhood of the
origin as it will be confined to the low energy set (e). Hence, the pair
(z1,x2) will never interact with x3. However, the pair of interactive agents
21, 2o will undergo constant alignment interaction as ¢12 = 1. According to
[12], |z1 — 22| + |v1 — v2| < e~ for some ¢ > 0. Thus, the configuration
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data (x,Vv) starting on the set F' x B, of positive measure will never achieve
complete alignment.

Building upon this example one can construct systems of any number of
agents N which generically achieve aggregation into an arbitrary number of
clusters K < N, with K = N corresponding to the data in the oscillation
set H. Since in all these examples there is always a pair of agents that
does align, one is naturally led to believe that a similar statement to that of
Theorem 1.4 can be proved in the confinement case as well. The one crucial
link that is missing, however, is the analogue of Lemma 3.4. In other words,
even knowing that for some pair of agents fooo ¢ij(s)ds = oo we cannot
conclude the alignment due to the lack of the V;-law (16).

Nonetheless, this issue can be circumvented for a two agent system with
quadratic confinement.

Theorem 4.3. Suppose N = 2. Suppose that ¢(r) = 0 is a smooth radially

decreasing kernel, and U(r) = %7“2. Then for almost every initial datum

(x0,vo) € R2" x R?™\H the solution to the system (20) aligns and aggregates
|x1 — za| + |1 — v2| = 0.
Proof. Let us denote for short vio = v1 — vo and x12 = x1 — x2. We have
V12 = —Q12012 — T12, T12 = V12,
and the energy law reads
%(|U12|2 + Jz12)?) = —2¢12|v12|*.

We supplement the energy with the communication-weighted cross-product
term with a small factor € > 0 to be determined later. So, let us define

X = Q12712 - V12.
Then

(712 - v12)?

X = 2¢/12W + ¢r12|vi2]? — dralr12]? — diaw1a - V12

The first term is negative, so we will drop it. In the last we use that ¢ is
bounded and apply the generalized Young inequality,

. 1
X < c1012|v12)? — §¢12!$12!2-

Let us consider the modified energy £ = [v12|? + |712|? + X and note that
for € > 0 small £ ~ €. Combining the above computations, we obtain

d = € =
&5 < —¢12|via)? — §¢12\$12\2 < —c912€.

The result follows from Proposition 4.1 and Gronwall’s Lemma.
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4.2. Dynamics under potential interactions. Let us now consider the
potential interaction force

Ti = Vi,

25 N N
(25) z';i:%ng)(xi—xj)(vj—vi)—%ZVU(zi—xj),
=1 i=1

where as before the potential U is assumed to be radial and attracting at
long range

U(r) — oo, as r— oo.
The total energy which is given by

E=K+P,

26 1 O 1 O
(26) ’CZEZ!WP, PZW,ZU(%)
i=1 i,j=1
The total energy satisfies the same law (22).
Let us note that the dynamics under (25) is generically unbounded in the
z-direction thanks to the conservation of momentum and linear transport
of the center of mass:

N
d _ _ 1
&U:O, v:NZ;Ui,
(27) |
d__ _ 1
ax:’l}, ZE:NZI'Z

1

s
I

So, to make it bounded it is necessary to mode out the momentum by the
Galilean invariance thereby restricting the system to the null-space

RNV x RN = {(x,v) : 7 =5 = 0}.
The semigroup S; restricted to this space will leave the subenergy sets Q(FE)
invariant, and will be confined to a bounded region in (z, v)-space depending
only on F.
The next step is to compute the divergence of the field given by (25)

restricted to RE}N X R{}N . The following lemma shows that the divergence
is the same as in the unrestricted case.

Lemma 4.4. Denting by F the field defined by (25) on RFYN x REN we have
. n
leRgNXRgN F= —N Z ¢Zj
i#]
Proof. Since the divergence is independent of coordinate system, the easiest

way to see it is to consider the Cartesian system on the first NV — 1 copies
of R™, and consider the last R™ as a “slave” space given by

TN =—%1—-—TN-1, UN=—U1—: " —UN-1.
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Since the z-component is independent of the v-component, we can see that
we only have to compute the divergence in first N — 1 coordinates of the
v-equation. Let us write, for i < N — 1,

N
v = NZ¢1§ ¢1N<Z'Uk_vz>_NZ _$j7

So, taking divergence with respect to v;, we obtain

n N1 2n
N Z éf%'jfﬁ%w

j=lj#i

Summing up over i = 1,..., N — 1 we obtain

2n N-1 o V-l o N1
—*Z@j Z¢1N *Z¢ij—ﬁz¢iN—NZ¢m

J# J#i i=1 i=1

¥ 2

i#]
This proves the lemma. O

So, since Q(E) is a bounded set when restricted on R2Y xREY | Lemma 3.3
applies, and hence we obtain exact same statement as Proposition 4.1 on
the null space. By Galilean invariance it extends to the full configuration
space R™ x R™V as well simply because the projection on the null space
would send a set of positive measure to a set of positive measure. So, the
set of points for which the conclusion fails must have measure 0.

Let us note that for the quadratic potential U = %TQ the dynamics on
the null space coincides with the confinement case. So, in general, the set of
oscillations H may have a positive measure. We project, however, that the
Generic 2-agent Conjecture will be valid for the system (25) as well.

For N = 2 the result of Theorem 4.3 can be restated in a much more
general form, and it has several interesting consequences that we will discuss
below.

Theorem 4.5. Let N = 2. Suppose that ¢ is a smooth radial kernel, and
U € W2(R") is a radial potential U = U(r) = 0 such that

loc
(28) U'(r)¢'(r) <0, Vr=0,
and for all R > 0 there exists cg > 0 such that
(29) U'(r)* > crlU(r)],  ¥r<R.

Then for almost every initial datum (Xo,vo) € R*™® x R2"\H the solution to
the system (20) satisfies

U(xy — x2) + |v1 — v2| — 0.
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Proof. The proof is almost identical to that of Theorem 4.3. In view of the
oddness of VU we have

U12 = —p12v12 — VU(212), T12 = 012,
thus,
d 2 2
a(|7112| + U(x12)) = —2¢12|vi2|”.
Define
X = ¢12VU(212) - v12.
Then
. / / (xl? : v12)2 2
X = 2¢'(lz12))U (‘Q:HDW — $12|VU (712)]

— ¢1VU (212) - v12 + $12D°U (z12)012 - V12
where we used that VU (x12) = U’ (|x12]) ‘2;. In view of (28) the first term
is non-positive, and can be dropped. The term —¢2, VU (x12) - v12 is treated
as earlier. And in the last term we simply use the boundedness of D?U on
bounded sets. So, we obtain

. 1
X < chialvial® — §¢12WU(3012)!2-

So, for any € < g9 we have

d
a(lml2 +ex + U(z12)) < —cera(|vial® + VU (12)?).
In view of (29) we have
lvi2|* +ex + U(z12) S [vi2]® + VU (z12) %,

and so

a(|7)12|2 + X + U(.CU12)) < —CE¢12(|2112|2 + EX + U(xlg)).
So, by Gronwall’s Lemma,

Iimsup[|v12|2 +ex + U(ﬂ?lz)] <0, Ve<ey.

t—o0
Notice, however, that x is uniformly bounded in time thanks to the fact
that the diameter remains bounded. So, from the above

lim s.up[|v12|2 +ex + U(zi2)] = lim sup[\vlg\Q + U(z12)] — ce.
t—o0 t—o0

So,
limsup[|via|* + U(z12)] < cg, Ve < e,

t—o00

and the theorem follows. O
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Theorem 4.5 describes ultimate outcome for solutions in many various
scenarios. Let us discuss a few.

To start, let us note that the assumption (29) simply means that near any
zero point U(¢) = 0 the order of contact is at most quadratic, U(r) ~ |r—¢|7,
B < 2. Otherwise, U has no critical points.

So, in our first scenario we assume that U(r) = (r — £9)% for r < £y + 4,
and otherwise U is monotonely increasing. Hence, (29) holds. Let us also
assume that ¢ is monotonely decreasing to zero on r < rg (here ry and ¢y
are in no relation to each other). Then (28) also holds. The result implies
that in this situation generically,

(|lx1 — 22| — o)+ + |v1 — v2| — 0.

So, the separation between agents decreases to a value < £y, and the agents
align. Moreover, if £y < rg, then for a generic solution starting from some
time t* we have ¢12 > § > 0. We can then conclude 1/t-decay rate of the
energy. Indeed, let us modify the proof of Theorem 4.5 slightly, where we
set € = £(t) < &g to be a decreasing function of time with |¢/| < ce?. Then
from time t* we have

%amr? +ex + Ul12)) < —c2()(jv1af? + [VU (212)]?) + €'x
< —c(e(t) = 2(®) (o2l + VU (212)*)

N

ce(t)(|vi2]? + ex + U(z12)).

N | —

By Gronwall’s Lemma, we have

v1a]? + U(z12) < e = dm 4 e (e,

The optimal rate is obtained with the choice ¢ = é

This represents an extension on the results obtained in [11] for global
communication kernels to a completely local case, albeit only for a two
agent system. Let us summarize it.

Corollary 4.6. Let N = 2. Suppose U is an attraction potential described
above. Then for almost every initial datum (xg,vq) € R?" x R?"\'H

(|1 — 22| — o)+ + |v1 — v2| — 0.
Moreover, if £y < ro, then there exists C > 0 such that
C
VIt

The above results hold generically for any initial data with |:B(1) — m8| < 19.

(|lxg — 2] — o)+ + |v1 — vo| <

It is notable that the condition |2 — 29| < r¢ imposes no restriction
on the initial velocities. So, for example, one can send the agents in almost
opposite directions with fast momenta, where they surely separate and travel
long distances vastly exceeding their ¢-communication zones. Yet, under the
attraction force with probability 1 they still come back and eventually align.
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Our second example pertains to the attraction-alignment-repulsion 3Zone
model. Suppose that for some £y < /1

1
(smooth and decreasing, 1y < iﬁo,
1
2 —
(30) Ur) = = bl Sl <7<t
0, fo<r <4,
r =4l >,

In the range ro < %Eo we do not specify any exact rule as long as U € C?
near the origin as a function on R™ and U is radially decreasing. Next,
suppose that ¢'(r) > 0 for r < £y, and ¢'(r) < 0 for r > ¢1. In particular,
¢ can be simply non-increasing everywhere and is a constant in the range
r < £y. Then Theorem 4.5 applies.

Corollary 4.7. Let N = 2. Suppose U, ¢ are as described above. Then for
almost every initial datum (xg,vo) € R?™ x R?"\H

diSt{‘Jq — :C2|, [fg,gl]} + |’U1 - Ug’ — 0.

Furthermore, if ro > {1, the above convergence comes with the rate

C

dist{|z1 — x3|, [0, l1]} + |v1 — vo| < ,
{lz1 — @2l, [lo, £1]} + |v1 — v2 B

t>0.

;

In particular, the results hold generically for any initial data with |29 — 29| <
To.

A striking application can be seen in the case when £y = ¢1 and rg > £p.
This corresponds to another situation addressed in [11] where it was shown
that

In'/2(t)
t Y

|21 — 22| — fo| < [v1 — o

<
Vit

provided initially

(31) |29 — 23] — bo| + 0] — 3| <,

and the communication range is infinite, rg = co. We can see that this result
holds globally and even for a finite rg by Corollary 4.7. Near the potential
equilibrium (31) the condition |29 — 2| < 7 is satisfied automatically and
without any requirement on velocities.

5. STATEMENTS AND DECLARATIONS

Data sharing is not applicable to this article as no datasets were generated
or analyzed during the current study.
This work was supported in part by NSF grant DMS-2107956.



(1]

(9]
(10]
(1]
(12]
(13]
(14]

(15]

[16]

17

REFERENCES

G. Albi, N. Bellomo, L. Fermo, S.-Y. Ha, J. Kim, L. Pareschi, D. Poyato, and
J. Soler. Vehicular traffic, crowds, and swarms: From kinetic theory and multiscale
methods to applications and research perspectives. Math. Models Methods Appl. Sci.,
29(10):1901-2005, 2019.

J. A. Carrillo, M. Fornasier, J. Rosado, and G. Toscani. Asymptotic flocking dynamics
for the kinetic Cucker-Smale model. SIAM J. Math. Anal., 42(1):218-236, 2010.

F. Cucker and S. Smale. Emergent behavior in flocks. IEEE Trans. Automat. Control,
52(5):852-862, 2007.

F. Cucker and S. Smale. On the mathematics of emergence. Jpn. J. Math., 2(1):197—
227, 2007.

H. Dietert and R. Shvydkoy. On Cucker-Smale dynamical systems with degenerate
communication. Anal. Appl. (Singap.), 19(4):551-573, 2019.

S.-Y. Ha and J.-G. Liu. A simple proof of the Cucker-Smale flocking dynamics and
mean-field limit. Commun. Math. Sci., 7(2):297-325, 2009.

S.-Y. Ha and E. Tadmor. From particle to kinetic and hydrodynamic descriptions of
flocking. Kinet. Relat. Models, 1(3):415-435, 2008.

S. Motsch and E. Tadmor. Heterophilious dynamics enhances consensus. SIAM Rewv.,
56(4):577-621, 2014.

M. G. Nadkarni. Basic ergodic theory, volume 6 of Texts and Readings in Mathematics.
Hindustan Book Agency, New Delhi, third edition, 2013.

Hee Oh. Euclidean traveller in hyperbolic worlds. Notices Amer. Math. Soc.,
69(11):1888-1897, 2022.

R. Shu and E. Tadmor. Anticipation breeds alignment. Arch. Ration. Mech. Anal.,
240(1):203-241, 2019.

R. Shu and E. Tadmor. Flocking hydrodynamics with external potentials. Arch. Ra-
tion. Mech. Anal., 238(1):347-381, 2020.

Roman Shvydkoy. Dynamics and analysis of alignment models of collective behavior.
Necas Center Series. Birkhduser/Springer, Cham, [2021] (©)2021.

Roman Shvydkoy. Global hypocoercivity of kinetic Fokker-Planck-Alignment equa-
tions. Kinet. Relat. Models, 15(2):213-237, 2022.

E. Tadmor and C. Tan. Critical thresholds in flocking hydrodynamics with non-
local alignment. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci.,
372(2028):20130401, 22, 2014.

Eitan Tadmor. On the mathematics of swarming: emergent behavior in alignment
dynamics. Notices Amer. Math. Soc., 68(4):493-503, 2021.

851 S MORGAN ST, M/C 249, DEPARTMENT OF MATHEMATICS, STATISTICS AND
COMPUTER SCIENCE, UNIVERSITY OF ILLINOIS AT CHICAGO, CHICAGO, IL 60607
Email address: shvydkoy@uic.edu



	1. Introduction
	2. Sticky particle model
	3. Cucker-Smale ensamble
	3.1. Clustering Conjecture

	4. Potential forces
	4.1. Dynamics under confinement force
	4.2. Dynamics under potential interactions

	5. Statements and Declarations
	References

