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Abstract: The wavelength dependence of atmospheric absorption creates range cues in10

hyperspectral measurements that can be exploited for passive ranging using only thermal11

emissions. In this work, we present fundamental limits on absorption-based ranging under a12

model of known air temperature and wavelength-dependent attenuation coefficient, with object13

temperature and emissivity unknown; reflected solar and environmental radiance is omitted14

from our analysis. Fisher information computations illustrate how performance limits depend on15

atmospheric conditions such as air temperature and humidity; temperature contrast in the scene;16

spectral resolution of measurement; and distance. These results should prove valuable in sensor17

system design.18

1. Introduction19

It is well known that thermal radiation is ubiquitous since all bodies in nature emit energy. It20

is less known that thermal radiation can be used for range estimation. As thermal radiation21

propagates, attenuation by atmospheric absorption is by an amount dependent on wavelength22

and distance traveled, and this has been exploited for passive ranging [1–7]. Whereas typical23

passive ranging based on stereo has performance that degrades sharply with increasing distance24

and decreasing scene texture, absorption-based ranging does not depend on scene texture and25

has performance that may decay more slowly with increasing distance. Furthermore, with fine26

spectral resolution, the influence of emissivity can be separated from atmospheric attenuation27

to enable object material identification. By operating in the long-wave infrared (LWIR) range,28

this technology can work in daylight and pitch dark since it does not rely on active external light29

sources or sunlight.30

Whereas most initial developments of absorption-based ranging were for objects significantly31

hotter than the air, ranging for natural scenes with typical temperature contrast of around 4 K [8]32

is a more challenging problem. Our previous work [9, 10] shows methods that use two or more33

spectral channels to recover range, emissivity and temperature for static natural scenes. For34

that work, the LWIR measurements were acquired using the best available instruments, which35

required long integration times and were limited to a specific spectral range.36

In this paper, we address the shot noise-limited sensing model that is appropriate for low37

photon count regimes. This is particularly applicable for short integration times, such as when38

fast inference is required for autonomous navigation. In contrast to other single-photon detectors,39

superconducting nanowire single-photon detectors (SNSPDs) are sensitive to a wide range of40

the spectrum, making them suitable for absorption-based ranging by spanning many absorption41

lines in the spectrum. Inspired by the potential availability of shot noise-limited single-photon42

detection at any desired wavelengths, we aim to understand the ultimate limits of absorption-based43

ranging and how to design a sensor that could fully exploit this technique.44

In Section 2, we discuss the radiative transfer and sensing model that we analyze. In Section 3,45



we derive the Fisher information and Cramér-Rao bound (CRB) for ranging under a spline model46

for the emissivity. This model creates spectrally smooth approximate emissivities and reduces47

the number of parameters to avoid an underdetermined inverse problem. In Section 4, we present48

an estimator using an approximate likelihood designed for shot noise, using the spline model.49

In Section 5, we analyze the tradespace of the problem using Fisher information in the infrared50

spectrum from 4 µm to 20 µm, and we evaluate the CRB under different sensor parameters such51

as pixel size, solid angle, integration time, and channel resolution. We also examine the influence52

of read noise on our performance limits.53

2. Emission, Atmospheric Absorption, and Sensing Model54

Assuming thermal equilibrium, observed radiance can be expressed using a well-established55

atmospheric absorption and emission model [11]. Although most scenes are not strictly at thermal56

equilibrium, this assumption yields good approximations when thermal contrast is low [12]. In57

this model, the radiance observed at the sensor, 𝐿obs (𝜆), is the sum of two terms: the object58

emission 𝐿obj (𝜆) and the air emission 𝐿air (𝜆), where 𝜆 represents the wavelength.59

An object with temperature 𝑇obj and emissivity profile 𝜀(𝜆) emits a radiance 𝜀(𝜆)𝐵(𝜆;𝑇obj),60

where 𝐵( · ; · ) is the black-body radiation. As the radiance propagates through the atmosphere to61

the sensor, it is attenuated due to atmospheric absorption. The radiance reaching the sensor is62

thus given by63

𝐿obj(𝜆) = 𝜏(𝜆)𝜀(𝜆)𝐵(𝜆;𝑇obj), (1)

where 𝜏(𝜆) is the wavelength-dependent atmospheric transmittance function that represents the64

fraction of radiance not lost due to absorption. We assume thermal equilibrium and no scattering;65

therefore it follows from Kirchhoff’s law of thermal radiation that the air emissivity is 1 − 𝜏(𝜆).66

The radiance reaching the sensor from air with temperature 𝑇air is thus given by67

𝐿air (𝜆) = (1 − 𝜏(𝜆))𝐵(𝜆;𝑇air). (2)

Following Beer’s law, the atmospheric transmittance 𝜏(𝜆) can be expressed as68

𝜏(𝜆) = 10−𝛼(𝜆)𝑑/10, (3)

where 𝛼(𝜆) is the wavelength-dependent attenuation coefficient, in units of dB/m, and 𝑑 is the69

range (between the object and the sensor), in units of meters (m). The attenuation profile is70

specific to atmospheric parameters such as gas concentration, pressure, and air temperature; a71

detailed explanation and some representative atmospheric models are provided in Section 5.1.72

By adding Eq. (1) and Eq. (2) and substituting Eq. (3), the observed radiance in the sensor can
be written as

𝐿obs (𝜆) = 𝐿obj (𝜆) + 𝐿air (𝜆)
= 10−𝛼(𝜆)𝑑/10 (𝜀(𝜆)𝐵(𝜆;𝑇obj) − 𝐵(𝜆;𝑇air)) + 𝐵(𝜆;𝑇air), (4)

where the black-body radiation is73

𝐵(𝜆;𝑇) = 2 × 10−4ℎ𝑐2

𝜆5
1

𝑒ℎ𝑐/𝜆𝑘B𝑇 − 1
(5)

in units of microflicks (µW · sr−1·cm−2·µm−1), where ℎ is the Planck constant and 𝑐 is the speed74

of light.75

For calculations, we discretize the model Eq. (4) finely in wavelength using a sampling interval
Δ𝜆 = 0.0198 nm. This is fine enough to including a few samples per absorption line; atmospheric
gasses under typical conditions exhibit absorption lines with widths of approximately 1 nm at



short wavelengths (≈ 4 µm) and 10 nm at long wavelengths (≈ 17 µm) [13]. The fine resolution
allows us to use Beer’s law and avoid the more complicated form of mean absorption across
wider bands [14]. Then we define photon rate vectors for narrow bands with width Δ𝜆 as b ∈ R𝑁
and ℓ ∈ R𝑁 , where 𝑁 is the number of samples in the spectrum,

𝑏𝑖 (𝑇) =
𝜆𝑖

ℎ𝑐
Δ𝜆𝐵(𝜆𝑖;𝑇),

ℓ𝑖 = 10−𝛼𝑖𝑑/10 (𝜀𝑖𝑏𝑖 (𝑇obj) − 𝑏𝑖 (𝑇air)) + 𝑏𝑖 (𝑇air), (6)

in photon rates (photon · s−1·sr−1·cm−2). The spectral resolution of measurement will generally76

be much coarser, with 𝐾 spectral measurements, 𝐾 ≪ 𝑁 . The mean photon count vector 𝝂 ∈ R𝐾77

depends on the sensor parameters, including quantum efficiency 𝜂𝑘 , pixel area 𝐴 (cm2), solid78

angle Ω (sr), integration time 𝑡𝑑 (s), and channel resolution Δ𝜆 (nm). The mean photon count in79

spectral channel 𝑘 is80

𝜈𝑘 = 𝜌𝑘

𝑐𝑢
𝑘∑︁

𝑖=𝑐𝑙
𝑘

ℓ𝑖 , (7)

where 𝜌𝑘 = 𝜂𝑘𝐴Ω𝑡𝑑 is a scale factor and 𝑐𝑙
𝑘

and 𝑐𝑢
𝑘

represent the lower and upper indices of the81

channel dictated by the channel resolution. In this work, we assume a uniform detector efficiency82

and hence that 𝜌𝑘 = 𝜌, with no band dependence. For a chosen channel resolution Δ𝜆, the83

indices are 𝑐𝑙
𝑘
= (𝑘 − 1) ⌊Δ𝜆/Δ𝜆⌉ + 1 and 𝑐𝑢

𝑘
= 𝑘 ⌊Δ𝜆/Δ𝜆⌉, and the number of measurements is84

𝐾 = ⌈𝑁/⌊Δ𝜆/Δ𝜆⌉⌉, where ⌊·⌉ indicates rounding to the nearest integer, and ⌈·⌉ is the ceiling85

operator. For shot noise-limited sensors, the read noise can be ignored, and the elements of the86

measurement vector y ∈ R𝐾 can be modeled as independent random variables following Poisson87

distribution as88

𝑦𝑘 ∼ Poisson(𝜈𝑘). (8)

In this model, we assume that the reflected environmental radiance is negligible. This is89

appropriate for high-emissivity objects since the emissivity and reflectance sum to 1. However,90

in the case of low-emissivity objects, it is crucial to consider the contribution of reflected91

environmental radiance to prevent model mismatch. In [9], we showed that the reflected sky92

radiance can lead to distance overestimation, as spectra of sky radiance and transmittance exhibit93

shared absorption lines.94

3. Fisher Information and Cramér-Rao Bound95

The Cramér-Rao Bound (CRB), defined as the inverse of the Fisher information (FI), gives a96

lower bound on the variance of an unbiased range estimate. First, we derive the FI for each97

spectral channel assuming that only the range is unknown. Then, unknown parameters from98

object emission (emissivity and temperature) are included in the analysis.99

Based on the shot-noise model in Eq. (8), the FI in observation 𝑦𝑘 for the mean photon count100

parameter 𝜈𝑘 is inversely proportional to its expected count [15],101

𝐹𝑘 (𝜈𝑘) =
1
𝜈𝑘
. (9)

The FI for the range parameter 𝑑 can be found by reparametrization as

𝐹𝑘 (𝑑) =
1
𝜈𝑘

(
𝜕𝜈𝑘

𝜕𝑑

)2
=

𝜌∑𝑐𝑢
𝑘

𝑖=𝑐𝑙
𝑘

ℓ𝑖

©­­«
𝑐𝑢
𝑘∑︁

𝑖=𝑐𝑙
𝑘

10
log(10)𝛼𝑖10−𝛼𝑖𝑑/10 (𝜀𝑖𝑏𝑖 (𝑇obj) − 𝑏𝑖 (𝑇air))

ª®®¬
2

. (10)
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(a) MAE on ECOSTRESS emissivity database
at various B-spline separations

(b) Projections of example emissivities

Fig. 1. Representation of emissivity profiles with B-spline basis functions (a) mean
absolute error on ECOSTRESS Database at different B-spline separation, (b) projection
of emisivity profiles onto space spanned by 50 nm-separated B-splines for several
categories in the database: rock (droite gneiss), soil (red-orange sandy soil), mineral
(rivadavite) and vegetation (Abies concolor). The inset shows a zoomed-in view of soil
and mineral profiles.

The sensing model has many parameters. Among these, we assume that the air temperature,102

air pressure, and gas concentrations are known and can be used to calculate the atmospheric103

attenuation profile 𝛼(𝜆). With this knowledge, we seek to jointly estimate object temperature,104

emissivity, and range. The problem is still ill-posed since we measure radiance at 𝐾 spectral105

channels for each element in the scene but have 𝐾 +2 unknowns: the object’s emissivity spectrum106

(of size 𝐾), temperature, and range. Therefore, there are many sets of parameters that could fit107

the same observed radiance and the Fisher information matrix becomes rank deficient.108

The emissivity profiles of objects are typically smoother functions of wavelength than the109

absorption features of atmospheric gases [16–18]. We can exploit this to reduce the number of110

unknowns and hence make the problem well-posed. Specifically, we constrain the emissivity111

profile to be a linear combination of 𝑀 smooth basis functions. With the basis functions stored112

in matrix W ∈ R𝑁×𝑀 , we have113

𝜺 = Wu (11)

for some coefficient vector u ∈ R𝑀 . Inspired by [19], cubic B-splines are used to construct114

the basis functions. The separation between the B-spline knots is set to 50 nm, where a low115

residual error, 0.0004 mean absolute error shown in Fig. 1(a), is achieved on the ECOSTRESS116

spectral library [20,21]. Fig. 1(b) shows example emissivities (solid) from ECOSTRESS and117

their projections (dashed). The projections can represent the emissivities with almost no error.118

To calculate the FI with the object emission spectrum unknown, we define the matrix119

∇I ∈ R𝐾×𝑀+2 constructed by the partial derivatives of the measurements as120

∇I =



𝜕𝜈1
𝜕𝑑

𝜕𝜈1
𝜕𝑇obj

𝜕𝜈1
𝜕𝑢1

𝜕𝜈1
𝜕𝑢2

. . .
𝜕𝜈1
𝜕𝑢𝑀

𝜕𝜈2
𝜕𝑑

𝜕𝜈2
𝜕𝑇obj

𝜕𝜈2
𝜕𝑢1

𝜕𝜈2
𝜕𝑢2

. . .
𝜕𝜈2
𝜕𝑢𝑀

...
...

...
...

...
...

𝜕𝜈𝐾
𝜕𝑑

𝜕𝜈𝐾
𝜕𝑇obj

𝜕𝜈𝐾
𝜕𝑢1

𝜕𝜈𝐾
𝜕𝑢2

. . .
𝜕𝜈𝐾
𝜕𝑢𝑀


, (12)



where the partial derivatives are

𝜕𝜈 𝑗

𝜕𝑑
= 𝜌

𝑐𝑢
𝑗∑︁

𝑖=𝑐𝑙
𝑗

− log(10)
10

𝛼𝑖10−𝛼𝑖𝑑/10 (𝜀𝑖𝑏𝑖 (𝑇obj) − 𝑏𝑖 (𝑇air)), (13a)

𝜕𝜈 𝑗

𝜕𝑇obj
= 𝜌

𝑐𝑢
𝑗∑︁

𝑖=𝑐𝑙
𝑗

10−𝛼𝑖𝑑/10𝜀𝑖
𝜕𝑏𝑖 (𝑇obj)
𝜕𝑇obj

, (13b)

𝜕𝜈 𝑗

𝜕𝜀𝑖
=

{
𝜌10−𝛼𝑖𝑑/10𝑏𝑖 (𝑇obj), if 𝑖 ∈ [𝑐𝑙

𝑗
, 𝑐𝑢
𝑗
];

0, otherwise,
(13c)

𝜕𝝂

𝜕u = W⊺ 𝜕𝝂

𝜕𝜺
. (13d)

Then using the noise model in Eq. (8), the Fisher information matrix F is given by121

F = ∇I⊤diag(1/𝝂)∇I, (14)

where diag(1/𝝂) is a diagonal matrix with an element-wise inverse of the mean photon count122

vector. Since the range parameter is the first element of our parameter vector, the CRB for its123

variance is the first diagonal element of the inverse of the Fisher information matrix:124

CRB(𝑑) = [F−1]1,1. (15)

4. Constrained Maximum Likelihood Estimator125

Denoting the likelihood function that captures the shot-noise statistics in Eq. (8) as 𝑓 (y) and
the emissivity constraint that was discussed in Section 3, the constrained maximum likelihood
estimator MLE is

𝑑, 𝑇, 𝜺̂ = argmax
𝑑,𝑇,𝜺

𝑓 (y|𝑑, 𝑇, 𝜺) (16)

s.t. 𝜺 = Wu

where126

𝑓 (y|𝑑, 𝑇, 𝜺) =
𝐾∏
𝑘=1

𝜈𝑘 (𝑑, 𝑇, 𝜺)𝑦𝑘 𝑒−𝜈𝑘 (𝑑,𝑇,𝜺)
𝑦𝑘!

. (17)

Taking the negative logarithm, the problem can be formulated as a minimization:

𝑑, 𝑇, 𝜺̂ = argmin
𝑑,𝑇,𝜺

L(𝑑, 𝑇, 𝜺) = −
𝐾∑︁
𝑘=1

𝑦𝑘 log(𝜈𝑘 (𝑑, 𝑇, 𝜺)) − 𝜈𝑘 (𝑑, 𝑇, 𝜺) (18)

s.t. 𝜺 = Wu

We solve the optimization problem via projected gradient descent [22]. Expressions for the127

gradients can be computed using the chain rule, where the partial derivative of the loss function128

with respect to mean photon count is129

𝜕L
𝜕𝜈𝑖

= − 𝑦𝑖
𝜈𝑖

+ 1, (19)

and partial derivatives of mean photon count with respect to parameters of interest are given in130

Eq. (13).131



5. Numerical Results132

In Section 5.1, we discuss our atmospheric models including a standard atmosphere and three133

extreme-case atmospheres for simulations under a variety of conditions. In Section 5.2, we134

analyze the tradespace using the Fisher information at one wavelength to show how scene135

parameters affect the available range information, forming the building blocks of the later analysis.136

In Section 5.3, we analyze at which spectral bands the Fisher information is concentrated in137

the infrared spectrum. In Section 5.4, we analyze the CRB for range, including the sensor138

parameters and unknown object emission factors for performance analysis and compare it with139

the constrained MLE. In Section 5.5, we introduce read noise to our measurement model and140

illustrate its impact on ranging performance limits. Throughout Section 5 we assume unity141

detection efficiency at all wavelengths.142

5.1. Atmospheric Models143

The atmospheric models and corresponding attenuation profiles are computed using a high-144

resolution spectral modeling software package (SpectralCalc1) [13] that relies on the high-145

resolution transmission molecular absorption database (HITRAN) [23] with approximately146

0.0198 nm sampling interval. To analyze the performance trends in a variety of situations, we147

used realistic atmospheric models built upon the US Standard atmospheric model [24]. We keep148

the pressure constant at 1013 hPa, and set the carbon dioxide volume mixing ratio (VMR) at149

4.2 × 10−4 based on recent earth surface readings [25]. We vary the air temperature and water150

vapor concentration to capture the humidity variations in different situations. In particular, we151

analyze four different atmospheres with parameters listed in Table 1 and resulting attenuation152

functions depicted in Fig. 2. The air temperature changes from −50◦ C to 17◦ C, and to 50◦ C,153

in the range of the minimum (≈ −89◦ C) and maximum (≈ 58◦ C) air temperature recorded on154

earth, according to [26]. We calculate the maximum possible water vapor VMR level for a given155

air temperature and pressure based on [27], and vary the VMR levels from 6.9× 10−5 to 5× 10−2
156

carefully below the maximum VMR level. Increasing the water vapor concentration results157

in higher attenuation levels as there are more water vapor molecules to absorb and emit. Air158

temperature and pressure affect the width of individual absorption lines [11]; however, natural159

variations in surface air temperature and pressure have only small impacts on the attenuation160

profiles.161

Table 1. Parameters used for the atmospheric models in the simulations; other parameters
are kept the same as in the US standard atmosphere. The resulting attenuation profiles
are shown in Fig. 2.

Parameter Air Temperature Water Vapor VMR Relative Humidity

Cold −50◦ C (223 K) 6.9 × 10−5 97%

Standard 17◦ C (290 K) 1 × 10−2 52%

Hot and Dry 50◦ C (323 K) 1 × 10−3 0.77%

Hot and Humid 50◦ C (323 K) 5 × 10−2 39%

5.2. Tradespace Analysis at One Wavelength162

We use Fisher information analysis to show how scene parameters affect the range information.163

For this, we calculate the Fisher information with the finest resolution, the same resolution as that164

of the attenuation profiles in Section 5.1, to analyze the effect of scene parameters separately from165
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Fig. 2. Attenuation profiles of four atmospheric models used in the simulations.
The water vapor concentration varies from a VMR of 6.9 × 10−5 to 5 × 10−2, and
the air temperature varies from −50◦ C (223 K) to 50◦ C (323 K). Carbon dioxide
concentration is set to a VMR of 4.2 × 10−4 (equivalent to 420 ppm) based on recent
readings [25]. Other parameters are kept the same as in the US Standard atmosphere
detailed in [24].

sensor parameters. We show the Fisher information in Eq. (10), normalized by the scale factor166

𝜌 to achieve a single quantity for available information per s · sr · cm2 at a given wavelength,167

referred as Fisher information rate 𝐹𝑘/𝜌. There are many scene parameters in Eq. (10) that affect168

the amount of information in the spectrum. We divide the scene parameters into two classes: the169

object-related parameters, including object temperature, object emissivity, and object range; and170

atmospheric parameters, including air temperature and attenuation coefficient.171

Fig. 3 shows the Fisher information for the range parameter as a function of the temperature172

difference between the object and the air, and the object range. We use the Standard atmospheric173

model described in Table 1 for this analysis, but it can be generalized for other atmospheres as174

well. The temperature difference between the object and the air varies from −1 K to 3 K, and175

object range varies from 15 m to 2000 m. The temperature contrast |𝜀𝑘𝑏𝑘 (𝑇obj) − 𝑏𝑘 (𝑇air) | is176

what matters in terms of range information. High contrast between the object emission and177

air black-body leads to more information. Note that we define the temperature contrast as the178

absolute radiance difference between the object emission and black-body at air temperature,179

which is different from temperature difference. As this contrast decreases, the Fisher information180

decreases and becomes zero at 𝜀𝑘𝑏𝑘 (𝑇obj) = 𝑏𝑘 (𝑇air). Depending on the object’s emissivity, the181

object temperature that makes the Fisher information go to zero can change. More clearly, for182

high emissivity (𝜀𝑘 ≈ 1), this temperature is close to the air temperature, as shown in Fig. 3(a),183

but as the emissivity decreases, the object temperature that makes FI zero increases, as it is184

shown in Fig. 3(b). Note that the range information decays exponentially with the true object185

range, and closer objects yield more information.186

Atmospheric parameters affect the range information mainly because they lead to a change187

in the attenuation coefficient and the black-body terms in Eq. (10). Fig. 4 shows the Fisher188

information as a function of attenuation and air temperature. The attenuation 𝛼 × 𝑑 varies from189

0 dB to 10 dB, while the air temperature varies from −50◦ C (223 K) to 50◦ C (323 K). The190

object is set to be vegetation (Abies concolor), located at 1000 m, and the temperature difference191

with respect to air is fixed at 5 K. The range information as a function of the attenuation coefficient192

includes a trade-off between too much attenuation and too little attenuation as can also be verified193

from Eq. (10). In the case of very low attenuation, the measurements are not sensitive to range,194

thus making the Fisher information approach zero. In contrast, for very high attenuation, light195
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(a) Vegetation (𝜀 ≈ 0.97)
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(b) Rock (𝜀 ≈ 0.94)

Fig. 3. Fisher information rate as a function of object parameters (temperature difference
and range) at a fixed wavelength of 7.5 µm for (a) vegetation (Abies concolor), and
(b) rock (diorite gneiss). The standard atmospheric model from Table 1 is used. The
temperature difference between the object and the air varies from −1 K to +3 K. Object
range varies from 15 m to 2000 m. The information increases as the temperature contrast
|𝜀𝑘𝑏𝑘 (𝑇obj) −𝑏𝑘 (𝑇air) | increases. At 𝜀𝑘𝑏𝑘 (𝑇obj) = 𝑏𝑘 (𝑇air), the measurements are not
sensitive to range, and the Fisher information is zero. Depending on the emissivity of
the object this temperature can change. The Fisher information decays with 10−𝛼𝑘𝑑/5
as the range increases.
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(b) 𝜆 = 17 µm

Fig. 4. Fisher information rate as a function of atmospheric parameters (air temperature
and attenuation) at (a) 4 µm, and (b) 17 µm. The object emissivity is set to vegetation
(Abies concolor) at 1000 m with constant 5 K temperature difference with respect to air.
The air temperature varies from −50◦ C (223 K) to 50◦ C (323 K). The attenuation
𝛼 × 𝑑 varies from 0 dB to 10 dB. Low attenuation, 𝛼 × 𝑑 ≈ 0, results in low Fisher
information because the measurements are not sensitive to range. For high attenuation,
𝛼 × 𝑑 → ∞, the Fisher information decreases again because the object emission does
not reach to the sensor. The optimal attenuation level that maximizes Eq. (10) is 4.3 dB.
For fixed and small temperature differences, increasing air temperature increases the
photon rate both for total count and black-body differences. Total counts increase the
variance under shot noise and the black-body difference increases the Fisher information
resulting in a trade-off that is wavelength dependent. Shorter wavelengths promotes
high air temperature, whereas longer wavelengths promotes low air temperature.



from object emission does not reach the sensor and the Fisher information approaches zero. The196

optimal attenuation that maximizes Eq. (10) is given by 𝛼 × 𝑑 = 4.3 dB, which can be calculated197

with a gradient analysis [9]. Other than attenuation, the air temperature changes the amount of198

range information at a given band based on the black-body terms in Eq. (10). For a fixed and199

small temperature difference, both the temperature contrast |𝜀𝑘𝑏𝑘 (𝑇obj) − 𝑏𝑘 (𝑇air) | and the total200

photon rates 𝜈𝑘 increase with air temperature. The temperature contrast increases the Fisher201

information shown in Fig. 3, whereas the higher photon rate increases the variance under shot202

noise, leading to a trade-off between these two terms. The trade-off for optimal air temperature is203

wavelength dependent as black-body terms are wavelength dependent. Shorter wavelengths tend204

to promote higher air temperatures, as shown in Fig. 4(a), whereas longer wavelengths tend to205

promote smaller air temperatures, as shown in Fig. 4(b).206

5.3. Fisher Information in Infrared Spectrum207

The atmospheric attenuation profile is sharp and encodes the range information at specific208

wavelengths in the spectrum. Each gas in the atmosphere has a spectral absorption signature that209

imposes specific shapes of range information based on the gas concentrations. At sea level, the210

spectral range under analysis, 4 µm to 20 µm, is dominated by carbon dioxide and water vapor.211

Carbon dioxide-dominated bands are around 4.15 µm to 4.45 µm and 14 µm to 16 µm, while212

water vapor is the main absorber for the rest of the spectrum.213

Fig. 5 shows the Fisher information rate as a function of wavelength for different atmospheric214

models: (a) Cold; (b) Standard; (c) Hot and Dry; and (d) Hot and Humid. The resolution of215

each bin is set to 100 nm for visualization purposes. The object parameters are set to vegetation216

emissivity (Abies concolor), located at 10 m, 100 m, and 1000 m ranges, and exhibiting a 5 K217

relative temperature with respect to air. The spread of Fisher information depends on the range and218

the attenuation profile of the atmosphere. For short ranges, high water vapor VMR leads to more219

information overall. The most informative wavelengths are at the most absorptive wavelengths,220

around 4.15 µm to 4.45 µm, 5 µm to 8 µm, and 14 µm to 16 µm for all the models. As the range221

increases, the most informative wavelengths shift towards less absorptive wavelengths, depending222

on the VMR, because of the trade-off between too much absorption and too little absorption.223

For dry conditions, Fig. 5(a) and Fig. 5(c), the most informative bands tend to be in the same224

regions. In contrast, for humid conditions, Fig. 5(b) and Fig. 5(d), most informative bands shift225

towards less absorptive parts of the spectrum. Depending on the air temperature, some parts of226

the spectrum are promoted. For instance, for low air temperature longer wavelengths are more227

prominent, whereas for high air temperature shorter wavelengths are more prominent, which can228

be verified from Fig. 5(b) and Fig. 5(d).229

Fig. 6 shows essential results and conclusions from the spread of the Fisher information in Fig. 5.230

For this analysis, we normalize the Fisher information rates with the total Fisher information rate231

in the spectrum 𝐼𝑘 (𝑑)/
∑𝐾
𝑘=1 𝐼𝑘 (𝑑), to compare the fractions of information coming from different232

spectral bands. Fig. 6(a) shows the fraction of total information from 4 µm to 5 µm, 5 µm to 8 µm,233

8 µm to 13 µm, and 13 µm to 20 µm for the Standard atmospheric model. The bands between234

4 µm to 5 µm and 8 µm to 13 µm are popular among many applications referred to as mid-wave235

infrared (MWIR) and long-wave infrared (LWIR) bands. On the contrary, the band between236

5 µm to 8 µm is not that popular because many absorption lines corrupt the measurements if they237

are not handled carefully. For ranging in close range, where the optimal attenuation coefficient238

is high, 5 µm to 8 µm is the most valuable band. As the range increases, bands with lower239

attenuation levels increase their information fraction. The attenuation profile at the band between240

8 µm to 13 µm is low compared to other parts of the spectrum analyzed. Nonetheless, for long241

ranges, around 1000 m to 2000 m, this band contains most of the information.242

On the other hand, carbon dioxide is typically more homogeneous around the earth’s atmosphere243

than water vapor. Therefore, it could be preferred when true gas concentration levels are not244
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Fig. 5. Fisher information rate in log scale (log10 (𝐹𝑘/𝜌)) for different atmospheric
models: (a) Cold; (b) Standard; (c) Hot and Dry; and (d) Hot and Humid. The object
is set to vegetation (Abies concolor) at 5 K relative temperature and 10 m, 100 m, and
1000 m ranges.

known. The negative side is that carbon dioxide-dominated bands only span a small portion of245

the full spectrum. Fig. 6(b) shows the fraction of range information from the carbon dioxide-246

dominated absorption bands. For the spectrum range analyzed here, the other fraction of range247

information is due to water vapor absorption. Carbon dioxide-dominated bands contain around248

20% of the total information in the spectrum except for very cold atmospheric conditions. For dry249

conditions such as the Cold atmospheric model, in blue, carbon dioxide-dominated bands contain250

more information in close ranges as there is not enough attenuation from water vapor absorption251

lines. As the water vapor VMR increases, the fraction of information coming from water vapor252

increases, and conversely, the fraction from carbon dioxide bands decreases. Colder air also253

promotes the carbon dioxide band in longer wavelengths around 14 µm to 16 µm. Fig. 6(c) shows254

the cumulative Fisher information fraction after bands are sorted from most informative to least255

informative. Only a small portion of the full spectrum is informative about the range. For short256

ranges, after the 20% covered spectrum, we can cover around 90% of the total Fisher information.257

For longer ranges, around 1000 m, the information is more spread towards less attenuating bands,258

and more bands are required to approach the full amount of information.259
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Fig. 6. Fraction of total Fisher information for (a) different bands at 4 µm–5 µm,
5 µm–8 µm, 8 µm–13 µm, and 13 µm–20 µm; (b) carbon dioxide-dominated bands at
4.15–4.45 µm and 14–16 µm; (c) and (d) cumulative Fisher information after sorting
bands from most informative to least informative.

5.4. CRB Results260

Using the CRB, we analyze the performance limits with unknown emissivities as a function261

of sensor parameters such as pixel size A (cm2), solid angle Ω (sr), integration time 𝑡𝑑 (s),262

and spectral resolution Δ𝜆 (nm). We analyze an ideal shot noise-limited sensor with pixel size263

100 µm2, 2.9 f-number, and 250 µs integration time, and spectral resolution is varying from264

0.1 nm to 100 nm. Fig. 7 shows simulations of CRB at different atmospheric models. The vertical265

axis is relative error,
√︁
𝐶𝑅𝐵(𝑑)/𝑑. For the object, we use the vegetation emissivity profile (Abies266

concolor) at 5 K above the air temperature and at 10 m, 100 m, 1000 m range. For all of the267

conditions, spectral resolution follows a similar trend. Finer resolution improves the ranging268

accuracy. Between 0.1 nm to 10 nm resolution, the change is not very significant, and above269

10 nm resolution the performance decays quickly. We note that the absorption line widths are270

approximately a few nanometers. For the other sensor parameters, the relative error is proportional271

with 1/√𝜌. Comparing the atmospheric conditions, the worst performance is expected in very272

cold environments, Fig. 7(a). Cold weather can hold less water vapor molecules [27], and are273

thus, not ideal for ranging especially for close ranges. Other atmospheric models show a very274
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Fig. 7. CRB for different atmospheric models: (a) Cold; (b) Standard; (c) Hot and Dry;
and (d) Hot and Humid. The sensor is simulated with pixel size 100 µm2, 2.9 f-number,
250 µs integration time, and spectral resolution varying between 0.1 nm and 100 nm
spanning 4 µm to 20 µm spectral range. The object is set to vegetation (Abies concolor)
at 5 K relative temperature and 10 m, 100 m, and 1000 m ranges.

similar trend with small differences. For the Standard atmosphere Fig. 7(b), and the Hot and Dry275

atmospheric model Fig. 7(c), all ranges show a very similar performance curve. For Humid and276

Hot weather, Fig. 7(d), short ranges show the best relative error whereas long ranges of 1000 m277

and above are harder to resolve. This could be related to high attenuation levels due to high278

humidity, and the trade-off between too little attenuation and too much attenuation.279

We analyze the performance of the MLE estimator in Fig. 8 comparing it with the CRB280

curve. For this analysis, we use the Standard atmosphere and the object is set to vegetation281

(Abies concolor) in blue, and mineral (witherite) in red. Both objects are set to 5 K above the282

air temperature and 100 m range. The sensor parameters are set to 100 µm2 pixel size, 2.9283

f-number, 250 µs integration time, and spectral resolution varying between 0.1 nm and 50 nm284

spanning the 7 µm to 9 µm spectral range. We used Monte Carlo simulations with 500 trials to285

calculate the MLE deviation. For fine channel resolution, we show that the maximum likelihood286

estimator performs near the CRB. As the channel resolution increases, it is harder to distinguish287

the sharp atmospheric effects from the smooth emission components. Approximately after288

10 nm, the constrained MLE starts to deviate from the CRB. We analyze two emissivity profiles289
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Fig. 8. CRB and MLE comparison for Standard atmospheric model. The sensor is
simulated with pixel size 100 µm2, 2.9 f-number, 250 µs integration time, and spectral
resolution varying between 0.1 nm and 50 nm spanning 7 µm to 9 µm spectral range.
The object is set to vegetation (Abies concolor) shown in blue and mineral (witherite)
shown in red. Both objects are set to 5 K above air temperature and 100 m range. The
relative error for MLE is calculated through Monte Carlo simulations with 500 trials.

to see possible mismatches due to representing emissivity profiles with lower dimensional290

representations. To analyze the worst-case scenario, we chose the emissivity profile with the291

largest residual error in the database, the mineral witherite. Even with the emissivities that show292

the largest residual error, the MLE performs near the CRB for fine spectral resolution. Note293

that although Fig. 8 predicts better performance for mineral than vegetation for these specific294

temperatures, results may vary for other temperature differences between objects and air, as295

shown in Fig. 3.296

5.5. Effect of Read Noise297

Our analysis to this point has neglected the effect of read noise and assumed shot noise-limited298

sensing. In this section, we discuss how read noise affects the CRB and show numerical results299

for different levels of read noise.300

The read noise is typically modeled as additive Gaussian noise that is independent of the signal.301

For a read noise of 𝜎2, the probability distribution of the measurements from Eq. (8) can be302

modified to303

𝑦𝑘 ∼ Poisson(𝜈𝑘) + N (0, 𝜎2). (20)

To yield a simple closed form for the Fisher information, we approximate the Poisson distribution304

as a normal distribution with matching mean and variance 𝜈𝑘 . Then the measurements follow a305

normal distribution,306

𝑦𝑘 ∼ N(𝜈𝑘 , 𝜈𝑘 + 𝜎2). (21)

Following [28], the Fisher information for the parameter 𝜈𝑘 is307

𝐹𝑘 (𝜈𝑘) =
1

𝜈𝑘 + 𝜎2 + 1
2(𝜈𝑘 + 𝜎2)2 . (22)

Reparametrizing it for the parameters of interest results in the Fisher information matrix308

F = ∇I⊤diag(𝐹𝑘 (𝜈𝑘))∇I, (23)

where the partial derivative matrix ∇I is the same as in Eq. (12), and diag(𝐹𝑘 (𝜈𝑘)) represents309

the diagonal matrix with entries 𝐹𝑘 .310



10 200 400 600 800 1000

Integration time ( s)

10
-1

10
0

R
e
la

ti
v
e
 E

rr
o
r

Shot Noise

Shot & Read Noise (
2
 = 100)

Shot & Read Noise (
2
 = 1000)
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Fig. 9 shows the effect of read noise on CRB for 100 counts and 1000 counts of read noise,311

where the integration time varies from 10 µs to 1000 µs. The solid blue curve represents the CRB312

assuming only shot noise, and the dashed curves represent the CRB considering both shot noise313

and read noise, orange for 100 counts, and yellow for 1000 counts read noise variance. For shot314

noise alone, the relative error is inversely proportional to the square root of the integration time.315

Adding the read noise into the model leads to more uncertainty overall and causes a deviation316

from inverse proportionality with the square root of the integration time. For short integration317

times, the read noise plays the dominant factor as its variance is significantly higher than the318

shot noise. As the integration time grows, the dominant noise source switches to shot noise and319

the gap between considering and not considering read noise diminishes. For integration times320

around 100 µs, the shot noise ranges between ≈ 100 and ≈ 4500 counts per spectral channel and321

thus dominates over the read noise levels simulated here.322

6. Conclusions323

In this paper, we analyzed the performance and trade-offs of absorption-based ranging for a324

shot noise-limited sensing model. We presented a constrained MLE that accounts for the shot325

noise statistics of the measurements. As the problem is underdetermined, the prior distribution326

promoting smoothness for emissivity profile estimates is required for plausible range solutions.327

We presented the Fisher information and Cramer-Rao bound formulation for the range. The Fisher328

information has a closed-form solution that provides insights, and the CRB shows performance329

bounds as a function of the sensor parameters for ranging, accounting for unknown object330

emissivity and temperature.331

We analyzed the effect of scene parameters on Fisher information at a given wavelength332

both for object-related and atmosphere-related parameters. For object-related parameters, the333

Fisher information is proportional to squared temperature contrast and decays exponentially with334

increasing range. For atmospheric parameters, both attenuation coefficient and air temperature335

have a trade-off. Low and high attenuation levels result in low Fisher information as both cases336

decrease the signal-to-noise ratio. The optimal attenuation level is at 4.3 dB, making the optimal337

attenuation coefficient range dependent as 4.3 dB/𝑑. For fixed temperature differences, both338



the total photon counts and photon counts attributed to temperature contrast increase with air339

temperature. The total number of photon counts increases the variance of the measurements,340

whereas the temperature contrast increases the sensitivity to range resulting in a trade-off. The341

optimal air temperature is wavelength dependent, for shorter wavelengths higher air temperatures342

increase the Fisher information, whereas for longer wavelengths lower air temperatures increase343

the Fisher information.344

We analyze the spread of the Fisher information along the spectrum based on different345

atmospheric models such as Cold, Standard, Hot and Dry, and Hot and Humid. All of the346

atmospheric models showed a similar trend at short ranges, where the information is concentrated347

in the most absorptive bands, around 4.15 µm to 4.45 µm, 5 µm to 8 µm and 14 µm to 16 µm. Dry348

atmospheric models typically have lower attenuation profiles due to low levels of water vapor349

concentration, making it not ideal for short ranges. For long-range applications, dry weather can350

be useful as the optimal attenuation coefficient decreases. On the contrary, humid atmospheres351

have higher attenuation profiles ideal for short ranges but the information decays very quickly352

with increasing range. Cold weather promotes the longer wavelengths such as the carbon dioxide353

absorption region between 14 µm and 16 µm, whereas hot weather promotes shorter wavelengths354

such as the water vapor absorption region between 5 µm and 8 µm.355

For the Standard atmosphere, most of the information is between 5 µm and 8 µm for short356

ranges. With increasing range, the 8 µm to 13 µm range contains the most Fisher information.357

There are two carbon dioxide-dominated absorption regions at 4.15 µm to 4.45 µm, and 14 µm358

to 16 µm which might be suitable for absorption-based ranging. One of the advantages of359

carbon dioxide is that it is well mixed in the atmosphere, much more homogeneously than water360

vapor. However, it is only a small portion of the full spectrum and usually covers less than361

20% of the entire Fisher information, except in cold weather. For the Cold atmosphere, the362

water vapor content is so low that at short ranges most of the information comes from carbon363

dioxide-dominated absorption bands. As the information is concentrated in the absorption bands,364

some parts of the spectrum are not very useful. For short ranges, the Fisher information reaches365

90% of the total information after 20% of the covered spectrum. The information is more spread366

at longer ranges and converges to full information after 40% of the covered spectrum.367

We analyze the CRB including the unknown emissivity and object temperature for a shot368

noise-limited sensor with pixel size 100 µm2, 2.9 f-number, and 250 µs integration time, and369

channel resolution varying from 0.1 nm to 100 nm. Finer resolution results in a lower relative370

error for every case. From 0.1 nm to 10 nm the change is not significant, obtaining around 10%371

relative error for every case. Some extreme cases such as very dry conditions at short ranges,372

and very humid conditions at longer ranges, have slightly worse performance. Above 10 nm373

resolution, the deviation quickly grows. For different parameters of the sensor, pixel size, solid374

angle, and integration time, the relative error is proportional to 1/√𝜌. Lastly, we validate the375

constrained maximum likelihood estimator that shows a close performance to the theoretical376

limit achieved by the CRB.377
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