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Abstract: The wavelength dependence of atmospheric absorption creates range cues in
hyperspectral measurements that can be exploited for passive ranging using only thermal
emissions. In this work, we present fundamental limits on absorption-based ranging under a
model of known air temperature and wavelength-dependent attenuation coefficient, with object
temperature and emissivity unknown; reflected solar and environmental radiance is omitted
from our analysis. Fisher information computations illustrate how performance limits depend on
atmospheric conditions such as air temperature and humidity; temperature contrast in the scene;
spectral resolution of measurement; and distance. These results should prove valuable in sensor
system design.

1. Introduction

It is well known that thermal radiation is ubiquitous since all bodies in nature emit energy. It
is less known that thermal radiation can be used for range estimation. As thermal radiation
propagates, attenuation by atmospheric absorption is by an amount dependent on wavelength
and distance traveled, and this has been exploited for passive ranging [1-7]. Whereas typical
passive ranging based on stereo has performance that degrades sharply with increasing distance
and decreasing scene texture, absorption-based ranging does not depend on scene texture and
has performance that may decay more slowly with increasing distance. Furthermore, with fine
spectral resolution, the influence of emissivity can be separated from atmospheric attenuation
to enable object material identification. By operating in the long-wave infrared (LWIR) range,
this technology can work in daylight and pitch dark since it does not rely on active external light
sources or sunlight.

Whereas most initial developments of absorption-based ranging were for objects significantly
hotter than the air, ranging for natural scenes with typical temperature contrast of around 4 K [8]
is a more challenging problem. Our previous work [9, 10] shows methods that use two or more
spectral channels to recover range, emissivity and temperature for static natural scenes. For
that work, the LWIR measurements were acquired using the best available instruments, which
required long integration times and were limited to a specific spectral range.

In this paper, we address the shot noise-limited sensing model that is appropriate for low
photon count regimes. This is particularly applicable for short integration times, such as when
fast inference is required for autonomous navigation. In contrast to other single-photon detectors,
superconducting nanowire single-photon detectors (SNSPDs) are sensitive to a wide range of
the spectrum, making them suitable for absorption-based ranging by spanning many absorption
lines in the spectrum. Inspired by the potential availability of shot noise-limited single-photon
detection at any desired wavelengths, we aim to understand the ultimate limits of absorption-based
ranging and how to design a sensor that could fully exploit this technique.

In Section 2, we discuss the radiative transfer and sensing model that we analyze. In Section 3,
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we derive the Fisher information and Cramér-Rao bound (CRB) for ranging under a spline model
for the emissivity. This model creates spectrally smooth approximate emissivities and reduces
the number of parameters to avoid an underdetermined inverse problem. In Section 4, we present
an estimator using an approximate likelihood designed for shot noise, using the spline model.
In Section 5, we analyze the tradespace of the problem using Fisher information in the infrared
spectrum from 4 pm to 20 pm, and we evaluate the CRB under different sensor parameters such
as pixel size, solid angle, integration time, and channel resolution. We also examine the influence
of read noise on our performance limits.

2. Emission, Atmospheric Absorption, and Sensing Model

Assuming thermal equilibrium, observed radiance can be expressed using a well-established
atmospheric absorption and emission model [11]. Although most scenes are not strictly at thermal
equilibrium, this assumption yields good approximations when thermal contrast is low [12]. In
this model, the radiance observed at the sensor, Lgps(4), is the sum of two terms: the object
emission Lopj(A) and the air emission L,;; (1), where A represents the wavelength.

An object with temperature Typ,; and emissivity profile £(4) emits a radiance £(1) B(4; Top;),
where B( -;-) is the black-body radiation. As the radiance propagates through the atmosphere to
the sensor, it is attenuated due to atmospheric absorption. The radiance reaching the sensor is
thus given by

Loy (1) = T(/l)g(/l)B(/l;Tobj)7 (1)

where 7(1) is the wavelength-dependent atmospheric transmittance function that represents the
fraction of radiance not lost due to absorption. We assume thermal equilibrium and no scattering;
therefore it follows from Kirchhoff’s law of thermal radiation that the air emissivity is 1 — 7(2).
The radiance reaching the sensor from air with temperature Ty;; is thus given by

Lair(/l) =(1- T(/l))B(/l; Tair)- ()
Following Beer’s law, the atmospheric transmittance 7(1) can be expressed as
7(2) = 107 *WD/10, 3)

where a (1) is the wavelength-dependent attenuation coefficient, in units of dB/m, and d is the
range (between the object and the sensor), in units of meters (m). The attenuation profile is
specific to atmospheric parameters such as gas concentration, pressure, and air temperature; a
detailed explanation and some representative atmospheric models are provided in Section 5.1.

By adding Eq. (1) and Eq. (2) and substituting Eq. (3), the observed radiance in the sensor can
be written as

Lobs (/l) = Lobj (/l) + Lair(/l)
= 107D () B(A; Tory) = B(A; Tai)) + BA; Tiio), @)
where the black-body radiation is

2 x 107%hc? 1

B(4:T) = FE ohc/akeT _ | )

in units of microflicks (uW - sr~'-cm~2-pm™!), where # is the Planck constant and c is the speed
of light.

For calculations, we discretize the model Eq. (4) finely in wavelength using a sampling interval
A, =0.0198 nm. This is fine enough to including a few samples per absorption line; atmospheric
gasses under typical conditions exhibit absorption lines with widths of approximately 1 nm at
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short wavelengths (=~ 4 pm) and 10 nm at long wavelengths (= 17 nm) [13]. The fine resolution
allows us to use Beer’s law and avoid the more complicated form of mean absorption across
wider bands [14]. Then we define photon rate vectors for narrow bands with width Ay as b € RN
and £ € RN, where N is the number of samples in the spectrum,

A
bi(T) = %AAB(/L'; 7),

€ =107 (&b (Topg) = bi(Tair)) + bi(Tair) 6)
in photon rates (photon - s~'-sr~!-cm~2). The spectral resolution of measurement will generally
be much coarser, with K spectral measurements, K < N. The mean photon count vector v € RK
depends on the sensor parameters, including quantum efficiency 7, pixel area A (cm?), solid
angle Q (sr), integration time #4 (s), and channel resolution A1 (nm). The mean photon count in
spectral channel k is

Ck
vi=pi ) b, )
1

1=cy

where pj = nrAQt, is a scale factor and cé{ and ¢} represent the lower and upper indices of the
channel dictated by the channel resolution. In this work, we assume a uniform detector efficiency
and hence that p; = p, with no band dependence. For a chosen channel resolution A4, the
indices are ci = (k — 1)|A41/A] + 1 and ¢ = k| A1/A,], and the number of measurements is
K = [N/[AA/A,]], where | -] indicates rounding to the nearest integer, and [-] is the ceiling
operator. For shot noise-limited sensors, the read noise can be ignored, and the elements of the
measurement vector y € RX can be modeled as independent random variables following Poisson
distribution as

yi ~ Poisson(vy). ®)

In this model, we assume that the reflected environmental radiance is negligible. This is
appropriate for high-emissivity objects since the emissivity and reflectance sum to 1. However,
in the case of low-emissivity objects, it is crucial to consider the contribution of reflected
environmental radiance to prevent model mismatch. In [9], we showed that the reflected sky
radiance can lead to distance overestimation, as spectra of sky radiance and transmittance exhibit
shared absorption lines.

3. Fisher Information and Cramér-Rao Bound

The Cramér-Rao Bound (CRB), defined as the inverse of the Fisher information (FI), gives a
lower bound on the variance of an unbiased range estimate. First, we derive the FI for each
spectral channel assuming that only the range is unknown. Then, unknown parameters from
object emission (emissivity and temperature) are included in the analysis.

Based on the shot-noise model in Eq. (8), the FI in observation yj for the mean photon count
parameter v is inversely proportional to its expected count [15],

1
Fr(vi) = o )

The FI for the range parameter d can be found by reparametrization as

1 (dvy 2 P
F = —_— —_— =
1 ( od ) S

Vk
i=ck

Kk
10 o
Z; 10g(10)ai10 /10 (b (Top) — bi(Twir)) | . (10)
i=c;
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Fig. 1. Representation of emissivity profiles with B-spline basis functions (a) mean
absolute error on ECOSTRESS Database at different B-spline separation, (b) projection
of emisivity profiles onto space spanned by 50 nm-separated B-splines for several
categories in the database: rock (droite gneiss), soil (red-orange sandy soil), mineral
(rivadavite) and vegetation (Abies concolor). The inset shows a zoomed-in view of soil
and mineral profiles.

The sensing model has many parameters. Among these, we assume that the air temperature,
air pressure, and gas concentrations are known and can be used to calculate the atmospheric
attenuation profile @(1). With this knowledge, we seek to jointly estimate object temperature,
emissivity, and range. The problem is still ill-posed since we measure radiance at K spectral
channels for each element in the scene but have K + 2 unknowns: the object’s emissivity spectrum
(of size K), temperature, and range. Therefore, there are many sets of parameters that could fit
the same observed radiance and the Fisher information matrix becomes rank deficient.

The emissivity profiles of objects are typically smoother functions of wavelength than the
absorption features of atmospheric gases [16—18]. We can exploit this to reduce the number of
unknowns and hence make the problem well-posed. Specifically, we constrain the emissivity
profile to be a linear combination of M smooth basis functions. With the basis functions stored
in matrix W € R¥*M e have

e =Wu (11)

for some coefficient vector u € RM . Inspired by [19], cubic B-splines are used to construct
the basis functions. The separation between the B-spline knots is set to 50 nm, where a low
residual error, 0.0004 mean absolute error shown in Fig. 1(a), is achieved on the ECOSTRESS
spectral library [20,21]. Fig. 1(b) shows example emissivities (solid) from ECOSTRESS and
their projections (dashed). The projections can represent the emissivities with almost no error.

To calculate the FI with the object emission spectrum unknown, we define the matrix
VI € REXM*2 constructed by the partial derivatives of the measurements as

o dv om v 9v|
od BTobj Ouy Ouy e Oupy
v O O In v,
ad Ty il a 0
VI = obj i 1753 upm i (12)
Ivk OvK OvK OvK Ivi

od aTobj Ouy Ouy e Aupy
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where the partial derivatives are

u

av; 5 log(10 —a
=P %D)mu)%wmwwxnm—bmnwx (13a)
l=Cj
0v; 0b; (Topy)
- lo_ald/lo J s 13b
OTopj Z O Ty (136)
% _ plo—md/lob[(Tobj), ifi € [cé,c;‘], (130)
og; 0, otherwise,
ov ov
—=WT—. 13d
ou de (13d)
Then using the noise model in Eq. (8), the Fisher information matrix F is given by
F = VI"diag(1/v)VI, (14)

where diag(1/v) is a diagonal matrix with an element-wise inverse of the mean photon count
vector. Since the range parameter is the first element of our parameter vector, the CRB for its
variance is the first diagonal element of the inverse of the Fisher information matrix:

CRB(d) = [F '], . (15)

4. Constrained Maximum Likelihood Estimator

Denoting the likelihood function that captures the shot-noise statistics in Eq. (8) as f(y) and
the emissivity constraint that was discussed in Section 3, the constrained maximum likelihood
estimator MLE is

d,T,5= argmax f(y|d,T,é&) (16)
d,T,.e
s.t. &€=Wu
where p
vi(d, T, g)Yke vk(d-T-e)
f3ld. T8 = | | LT : (17)
k=1 Vk-

Taking the negative logarithm, the problem can be formulated as a minimization:

K
d,T.8=argmin  L(d,T,8) =~ ) yilog(vi(d,T,8)) = v(d, T, 8) (18)
d,T.e =1
s.t. &=Wu

We solve the optimization problem via projected gradient descent [22]. Expressions for the
gradients can be computed using the chain rule, where the partial derivative of the loss function
with respect to mean photon count is

9L vy

“X, (19)

81/, Vi
and partial derivatives of mean photon count with respect to parameters of interest are given in
Eq. (13).
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5. Numerical Results

In Section 5.1, we discuss our atmospheric models including a standard atmosphere and three
extreme-case atmospheres for simulations under a variety of conditions. In Section 5.2, we
analyze the tradespace using the Fisher information at one wavelength to show how scene
parameters affect the available range information, forming the building blocks of the later analysis.
In Section 5.3, we analyze at which spectral bands the Fisher information is concentrated in
the infrared spectrum. In Section 5.4, we analyze the CRB for range, including the sensor
parameters and unknown object emission factors for performance analysis and compare it with
the constrained MLE. In Section 5.5, we introduce read noise to our measurement model and
illustrate its impact on ranging performance limits. Throughout Section 5 we assume unity
detection efficiency at all wavelengths.

5.1.  Atmospheric Models

The atmospheric models and corresponding attenuation profiles are computed using a high-
resolution spectral modeling software package (SpectralCalc') [13] that relies on the high-
resolution transmission molecular absorption database (HITRAN) [23] with approximately
0.0198 nm sampling interval. To analyze the performance trends in a variety of situations, we
used realistic atmospheric models built upon the US Standard atmospheric model [24]. We keep
the pressure constant at 1013 hPa, and set the carbon dioxide volume mixing ratio (VMR) at
4.2 x 107* based on recent earth surface readings [25]. We vary the air temperature and water
vapor concentration to capture the humidity variations in different situations. In particular, we
analyze four different atmospheres with parameters listed in Table 1 and resulting attenuation
functions depicted in Fig. 2. The air temperature changes from —50° C to 17° C, and to 50° C,
in the range of the minimum (= —89° C) and maximum (~ 58° C) air temperature recorded on
earth, according to [26]. We calculate the maximum possible water vapor VMR level for a given
air temperature and pressure based on [27], and vary the VMR levels from 6.9 x 1075 to 5 x 1072
carefully below the maximum VMR level. Increasing the water vapor concentration results
in higher attenuation levels as there are more water vapor molecules to absorb and emit. Air
temperature and pressure affect the width of individual absorption lines [11]; however, natural
variations in surface air temperature and pressure have only small impacts on the attenuation
profiles.

Table 1. Parameters used for the atmospheric models in the simulations; other parameters
are kept the same as in the US standard atmosphere. The resulting attenuation profiles
are shown in Fig. 2.

Parameter  Air Temperature ~Water Vapor VMR  Relative Humidity

Cold —50°C (223K) 6.9 x 1075 97%

Standard  17°C (290K) 1x1072 52%
Hotand Dry  50°C (323K) 1x1073 0.77%
Hotand Humid  50°C (323K) 5% 1072 39%

5.2. Tradespace Analysis at One Wavelength

We use Fisher information analysis to show how scene parameters affect the range information.
For this, we calculate the Fisher information with the finest resolution, the same resolution as that
of the attenuation profiles in Section 5.1, to analyze the effect of scene parameters separately from
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Fig. 2. Attenuation profiles of four atmospheric models used in the simulations.
The water vapor concentration varies from a VMR of 6.9 x 107 to 5 x 1072, and
the air temperature varies from —50° C (223 K) to 50° C (323 K). Carbon dioxide
concentration is set to a VMR of 4.2 x 10~4 (equivalent to 420 ppm) based on recent
readings [25]. Other parameters are kept the same as in the US Standard atmosphere
detailed in [24].

sensor parameters. We show the Fisher information in Eq. (10), normalized by the scale factor
p to achieve a single quantity for available information per s - sr - cm? at a given wavelength,
referred as Fisher information rate Fi/p. There are many scene parameters in Eq. (10) that affect
the amount of information in the spectrum. We divide the scene parameters into two classes: the
object-related parameters, including object temperature, object emissivity, and object range; and
atmospheric parameters, including air temperature and attenuation coefficient.

Fig. 3 shows the Fisher information for the range parameter as a function of the temperature
difference between the object and the air, and the object range. We use the Standard atmospheric
model described in Table 1 for this analysis, but it can be generalized for other atmospheres as
well. The temperature difference between the object and the air varies from —1 K to 3K, and
object range varies from 15 m to 2000 m. The temperature contrast |e; by (Tonj) — bx(Tair)| is
what matters in terms of range information. High contrast between the object emission and
air black-body leads to more information. Note that we define the temperature contrast as the
absolute radiance difference between the object emission and black-body at air temperature,
which is different from temperature difference. As this contrast decreases, the Fisher information
decreases and becomes zero at £xby (Tonj) = br(Tair). Depending on the object’s emissivity, the
object temperature that makes the Fisher information go to zero can change. More clearly, for
high emissivity (¢x = 1), this temperature is close to the air temperature, as shown in Fig. 3(a),
but as the emissivity decreases, the object temperature that makes FI zero increases, as it is
shown in Fig. 3(b). Note that the range information decays exponentially with the true object
range, and closer objects yield more information.

Atmospheric parameters affect the range information mainly because they lead to a change
in the attenuation coefficient and the black-body terms in Eq. (10). Fig. 4 shows the Fisher
information as a function of attenuation and air temperature. The attenuation « X d varies from
0dB to 10dB, while the air temperature varies from —50° C (223 K) to 50° C (323 K). The
object is set to be vegetation (Abies concolor), located at 1000 m, and the temperature difference
with respect to air is fixed at 5 K. The range information as a function of the attenuation coefficient
includes a trade-off between too much attenuation and too little attenuation as can also be verified
from Eq. (10). In the case of very low attenuation, the measurements are not sensitive to range,
thus making the Fisher information approach zero. In contrast, for very high attenuation, light
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Fig. 3. Fisher information rate as a function of object parameters (temperature difference
and range) at a fixed wavelength of 7.5 pm for (a) vegetation (Abies concolor), and
(b) rock (diorite gneiss). The standard atmospheric model from Table 1 is used. The
temperature difference between the object and the air varies from —1 K to +3 K. Object
range varies from 15 m to 2000 m. The information increases as the temperature contrast
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Fig. 4. Fisher information rate as a function of atmospheric parameters (air temperature
and attenuation) at (a) 4 pm, and (b) 17 pm. The object emissivity is set to vegetation
(Abies concolor) at 1000 m with constant 5 K temperature difference with respect to air.
The air temperature varies from —50° C (223 K) to 50° C (323 K). The attenuation
a X d varies from 0dB to 10dB. Low attenuation, @ X d ~ 0, results in low Fisher
information because the measurements are not sensitive to range. For high attenuation,
a X d — oo, the Fisher information decreases again because the object emission does
not reach to the sensor. The optimal attenuation level that maximizes Eq. (10) is 4.3 dB.
For fixed and small temperature differences, increasing air temperature increases the
photon rate both for total count and black-body differences. Total counts increase the
variance under shot noise and the black-body difference increases the Fisher information
resulting in a trade-off that is wavelength dependent. Shorter wavelengths promotes
high air temperature, whereas longer wavelengths promotes low air temperature.
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from object emission does not reach the sensor and the Fisher information approaches zero. The
optimal attenuation that maximizes Eq. (10) is given by a X d = 4.3 dB, which can be calculated
with a gradient analysis [9]. Other than attenuation, the air temperature changes the amount of
range information at a given band based on the black-body terms in Eq. (10). For a fixed and
small temperature difference, both the temperature contrast |gx by (Tobj) — bx (Tair)| and the total
photon rates vy increase with air temperature. The temperature contrast increases the Fisher
information shown in Fig. 3, whereas the higher photon rate increases the variance under shot
noise, leading to a trade-off between these two terms. The trade-off for optimal air temperature is
wavelength dependent as black-body terms are wavelength dependent. Shorter wavelengths tend
to promote higher air temperatures, as shown in Fig. 4(a), whereas longer wavelengths tend to
promote smaller air temperatures, as shown in Fig. 4(b).

5.3. Fisher Information in Infrared Spectrum

The atmospheric attenuation profile is sharp and encodes the range information at specific
wavelengths in the spectrum. Each gas in the atmosphere has a spectral absorption signature that
imposes specific shapes of range information based on the gas concentrations. At sea level, the
spectral range under analysis, 4 jum to 20 jum, is dominated by carbon dioxide and water vapor.
Carbon dioxide-dominated bands are around 4.15 pim to 4.45 pm and 14 ym to 16 pm, while
water vapor is the main absorber for the rest of the spectrum.

Fig. 5 shows the Fisher information rate as a function of wavelength for different atmospheric
models: (a) Cold; (b) Standard; (c) Hot and Dry; and (d) Hot and Humid. The resolution of
each bin is set to 100 nm for visualization purposes. The object parameters are set to vegetation
emissivity (Abies concolor), located at 10 m, 100 m, and 1000 m ranges, and exhibiting a 5 K
relative temperature with respect to air. The spread of Fisher information depends on the range and
the attenuation profile of the atmosphere. For short ranges, high water vapor VMR leads to more
information overall. The most informative wavelengths are at the most absorptive wavelengths,
around 4.15 num to 4.45 nm, 5 pm to 8 pm, and 14 pm to 16 pm for all the models. As the range
increases, the most informative wavelengths shift towards less absorptive wavelengths, depending
on the VMR, because of the trade-off between too much absorption and too little absorption.
For dry conditions, Fig. 5(a) and Fig. 5(c), the most informative bands tend to be in the same
regions. In contrast, for humid conditions, Fig. 5(b) and Fig. 5(d), most informative bands shift
towards less absorptive parts of the spectrum. Depending on the air temperature, some parts of
the spectrum are promoted. For instance, for low air temperature longer wavelengths are more
prominent, whereas for high air temperature shorter wavelengths are more prominent, which can
be verified from Fig. 5(b) and Fig. 5(d).

Fig. 6 shows essential results and conclusions from the spread of the Fisher information in Fig. 5.
For this analysis, we normalize the Fisher information rates with the total Fisher information rate
in the spectrum I (d)/ Zfz 1 Ik (d), to compare the fractions of information coming from different
spectral bands. Fig. 6(a) shows the fraction of total information from 4 pm to 5 jim, 5 pm to 8 pum,
8 um to 13 pm, and 13 pm to 20 nm for the Standard atmospheric model. The bands between
4pm to 5 pm and 8 pm to 13 pm are popular among many applications referred to as mid-wave
infrared (MWIR) and long-wave infrared (LWIR) bands. On the contrary, the band between
5 pm to 8 pm is not that popular because many absorption lines corrupt the measurements if they
are not handled carefully. For ranging in close range, where the optimal attenuation coefficient
is high, 5 pm to 8 nm is the most valuable band. As the range increases, bands with lower
attenuation levels increase their information fraction. The attenuation profile at the band between
8 um to 13 pm is low compared to other parts of the spectrum analyzed. Nonetheless, for long
ranges, around 1000 m to 2000 m, this band contains most of the information.

On the other hand, carbon dioxide is typically more homogeneous around the earth’s atmosphere
than water vapor. Therefore, it could be preferred when true gas concentration levels are not
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Fig. 5. Fisher information rate in log scale (log;o(Fx/p)) for different atmospheric
models: (a) Cold; (b) Standard; (c) Hot and Dry; and (d) Hot and Humid. The object
is set to vegetation (Abies concolor) at 5 K relative temperature and 10 m, 100 m, and
1000 m ranges.

known. The negative side is that carbon dioxide-dominated bands only span a small portion of
the full spectrum. Fig. 6(b) shows the fraction of range information from the carbon dioxide-
dominated absorption bands. For the spectrum range analyzed here, the other fraction of range
information is due to water vapor absorption. Carbon dioxide-dominated bands contain around
20% of the total information in the spectrum except for very cold atmospheric conditions. For dry
conditions such as the Cold atmospheric model, in blue, carbon dioxide-dominated bands contain
more information in close ranges as there is not enough attenuation from water vapor absorption
lines. As the water vapor VMR increases, the fraction of information coming from water vapor
increases, and conversely, the fraction from carbon dioxide bands decreases. Colder air also
promotes the carbon dioxide band in longer wavelengths around 14 pm to 16 pm. Fig. 6(c) shows
the cumulative Fisher information fraction after bands are sorted from most informative to least
informative. Only a small portion of the full spectrum is informative about the range. For short
ranges, after the 20% covered spectrum, we can cover around 90% of the total Fisher information.
For longer ranges, around 1000 m, the information is more spread towards less attenuating bands,
and more bands are required to approach the full amount of information.
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4.15-4.45 ym and 14-16 pm; (c) and (d) cumulative Fisher information after sorting
bands from most informative to least informative.

5.4. CRB Results

Using the CRB, we analyze the performance limits with unknown emissivities as a function
of sensor parameters such as pixel size A (cm?), solid angle Q (sr), integration time #4 (),
and spectral resolution A4 (nm). We analyze an ideal shot noise-limited sensor with pixel size
100 pm?, 2.9 f-number, and 250 p1s integration time, and spectral resolution is varying from
0.1 nm to 100 nm. Fig. 7 shows simulations of CRB at different atmospheric models. The vertical
axis is relative error, /CRB(d)/d. For the object, we use the vegetation emissivity profile (Abies
concolor) at 5K above the air temperature and at 10 m, 100 m, 1000 m range. For all of the
conditions, spectral resolution follows a similar trend. Finer resolution improves the ranging
accuracy. Between 0.1 nm to 10 nm resolution, the change is not very significant, and above
10 nm resolution the performance decays quickly. We note that the absorption line widths are
approximately a few nanometers. For the other sensor parameters, the relative error is proportional
with 1/4/p. Comparing the atmospheric conditions, the worst performance is expected in very
cold environments, Fig. 7(a). Cold weather can hold less water vapor molecules [27], and are
thus, not ideal for ranging especially for close ranges. Other atmospheric models show a very
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Fig. 7. CRB for different atmospheric models: (a) Cold; (b) Standard; (c) Hot and Dry;
and (d) Hot and Humid. The sensor is simulated with pixel size 100 pmz, 2.9 f-number,
250 ps integration time, and spectral resolution varying between 0.1 nm and 100 nm
spanning 4 pm to 20 pm spectral range. The object is set to vegetation (Abies concolor)
at 5 K relative temperature and 10 m, 100 m, and 1000 m ranges.

similar trend with small differences. For the Standard atmosphere Fig. 7(b), and the Hot and Dry
atmospheric model Fig. 7(c), all ranges show a very similar performance curve. For Humid and
Hot weather, Fig. 7(d), short ranges show the best relative error whereas long ranges of 1000 m
and above are harder to resolve. This could be related to high attenuation levels due to high
humidity, and the trade-off between too little attenuation and too much attenuation.

We analyze the performance of the MLE estimator in Fig. 8 comparing it with the CRB
curve. For this analysis, we use the Standard atmosphere and the object is set to vegetation
(Abies concolor) in blue, and mineral (witherite) in red. Both objects are set to 5 K above the
air temperature and 100 m range. The sensor parameters are set to 100 pum? pixel size, 2.9
f-number, 250 p1s integration time, and spectral resolution varying between 0.1 nm and 50 nm
spanning the 7 pm to 9 pm spectral range. We used Monte Carlo simulations with 500 trials to
calculate the MLE deviation. For fine channel resolution, we show that the maximum likelihood
estimator performs near the CRB. As the channel resolution increases, it is harder to distinguish
the sharp atmospheric effects from the smooth emission components. Approximately after
10 nm, the constrained MLE starts to deviate from the CRB. We analyze two emissivity profiles
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simulated with pixel size 100 pm?, 2.9 f-number, 250 pis integration time, and spectral
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The object is set to vegetation (Abies concolor) shown in blue and mineral (witherite)
shown in red. Both objects are set to 5 K above air temperature and 100 m range. The
relative error for MLE is calculated through Monte Carlo simulations with 500 trials.

to see possible mismatches due to representing emissivity profiles with lower dimensional
representations. To analyze the worst-case scenario, we chose the emissivity profile with the
largest residual error in the database, the mineral witherite. Even with the emissivities that show
the largest residual error, the MLE performs near the CRB for fine spectral resolution. Note
that although Fig. 8 predicts better performance for mineral than vegetation for these specific
temperatures, results may vary for other temperature differences between objects and air, as
shown in Fig. 3.

5.5. Effect of Read Noise

Our analysis to this point has neglected the effect of read noise and assumed shot noise-limited
sensing. In this section, we discuss how read noise affects the CRB and show numerical results
for different levels of read noise.

The read noise is typically modeled as additive Gaussian noise that is independent of the signal.
For a read noise of o2, the probability distribution of the measurements from Eq. (8) can be
modified to

yx ~ Poisson(vg) + N (0, 02). (20)

To yield a simple closed form for the Fisher information, we approximate the Poisson distribution
as a normal distribution with matching mean and variance vg. Then the measurements follow a
normal distribution,

Vi ~N(vk,vk+0'2). 21

Following [28], the Fisher information for the parameter vy is

1 1
Fr(vi) = + . 22
ki) vi+ o2 2(vi +02)? @2)
Reparametrizing it for the parameters of interest results in the Fisher information matrix
F = VI" diag(Fi (vk)) VI, (23)

where the partial derivative matrix VI is the same as in Eq. (12), and diag(Fy (vy)) represents
the diagonal matrix with entries F.
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Fig. 9 shows the effect of read noise on CRB for 100 counts and 1000 counts of read noise,
where the integration time varies from 10 ps to 1000 ps. The solid blue curve represents the CRB
assuming only shot noise, and the dashed curves represent the CRB considering both shot noise
and read noise, orange for 100 counts, and yellow for 1000 counts read noise variance. For shot
noise alone, the relative error is inversely proportional to the square root of the integration time.
Adding the read noise into the model leads to more uncertainty overall and causes a deviation
from inverse proportionality with the square root of the integration time. For short integration
times, the read noise plays the dominant factor as its variance is significantly higher than the
shot noise. As the integration time grows, the dominant noise source switches to shot noise and
the gap between considering and not considering read noise diminishes. For integration times
around 100 ps, the shot noise ranges between ~ 100 and ~ 4500 counts per spectral channel and
thus dominates over the read noise levels simulated here.

6. Conclusions

In this paper, we analyzed the performance and trade-offs of absorption-based ranging for a
shot noise-limited sensing model. We presented a constrained MLE that accounts for the shot
noise statistics of the measurements. As the problem is underdetermined, the prior distribution
promoting smoothness for emissivity profile estimates is required for plausible range solutions.
We presented the Fisher information and Cramer-Rao bound formulation for the range. The Fisher
information has a closed-form solution that provides insights, and the CRB shows performance
bounds as a function of the sensor parameters for ranging, accounting for unknown object
emissivity and temperature.

We analyzed the effect of scene parameters on Fisher information at a given wavelength
both for object-related and atmosphere-related parameters. For object-related parameters, the
Fisher information is proportional to squared temperature contrast and decays exponentially with
increasing range. For atmospheric parameters, both attenuation coefficient and air temperature
have a trade-off. Low and high attenuation levels result in low Fisher information as both cases
decrease the signal-to-noise ratio. The optimal attenuation level is at 4.3 dB, making the optimal
attenuation coefficient range dependent as 4.3 dB/d. For fixed temperature differences, both
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the total photon counts and photon counts attributed to temperature contrast increase with air
temperature. The total number of photon counts increases the variance of the measurements,
whereas the temperature contrast increases the sensitivity to range resulting in a trade-off. The
optimal air temperature is wavelength dependent, for shorter wavelengths higher air temperatures
increase the Fisher information, whereas for longer wavelengths lower air temperatures increase
the Fisher information.

We analyze the spread of the Fisher information along the spectrum based on different
atmospheric models such as Cold, Standard, Hot and Dry, and Hot and Humid. All of the
atmospheric models showed a similar trend at short ranges, where the information is concentrated
in the most absorptive bands, around 4.15 pm to 4.45 pm, 5 um to 8 pm and 14 pm to 16 pm. Dry
atmospheric models typically have lower attenuation profiles due to low levels of water vapor
concentration, making it not ideal for short ranges. For long-range applications, dry weather can
be useful as the optimal attenuation coefficient decreases. On the contrary, humid atmospheres
have higher attenuation profiles ideal for short ranges but the information decays very quickly
with increasing range. Cold weather promotes the longer wavelengths such as the carbon dioxide
absorption region between 14 nm and 16 pm, whereas hot weather promotes shorter wavelengths
such as the water vapor absorption region between 5 pm and 8 pm.

For the Standard atmosphere, most of the information is between 5 pm and 8 pm for short
ranges. With increasing range, the 8 im to 13 um range contains the most Fisher information.
There are two carbon dioxide-dominated absorption regions at 4.15 pm to 4.45 num, and 14 pm
to 16 um which might be suitable for absorption-based ranging. One of the advantages of
carbon dioxide is that it is well mixed in the atmosphere, much more homogeneously than water
vapor. However, it is only a small portion of the full spectrum and usually covers less than
20% of the entire Fisher information, except in cold weather. For the Cold atmosphere, the
water vapor content is so low that at short ranges most of the information comes from carbon
dioxide-dominated absorption bands. As the information is concentrated in the absorption bands,
some parts of the spectrum are not very useful. For short ranges, the Fisher information reaches
90% of the total information after 20% of the covered spectrum. The information is more spread
at longer ranges and converges to full information after 40% of the covered spectrum.

We analyze the CRB including the unknown emissivity and object temperature for a shot
noise-limited sensor with pixel size 100 pmz, 2.9 f-number, and 250 ps integration time, and
channel resolution varying from 0.1 nm to 100 nm. Finer resolution results in a lower relative
error for every case. From 0.1 nm to 10 nm the change is not significant, obtaining around 10%
relative error for every case. Some extreme cases such as very dry conditions at short ranges,
and very humid conditions at longer ranges, have slightly worse performance. Above 10 nm
resolution, the deviation quickly grows. For different parameters of the sensor, pixel size, solid
angle, and integration time, the relative error is proportional to 1/+/p. Lastly, we validate the

constrained maximum likelihood estimator that shows a close performance to the theoretical
limit achieved by the CRB.
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