AN EFFICIENT SCALAR AUXILIARY VARIABLE PARTITIONED PROJECTION
ENSEMBLE METHOD FOR SIMULATING SURFACE-GROUNDWATER FLOWS

NAN JIANG* AND YING LI f

Abstract. We propose an efficient, partitioned, scalar auxiliary variable rotational pressure correction backward Euler
(SAV-RPC-BE) ensemble scheme for simulating surface-groundwater flows modeled by the Stokes-Darcy equations. The ro-
tational pressure correction method decouples the Stokes equations into one elliptic equation for the fluid velocity and one
Poisson equation for the pressure at each time step. We incorporate the recently-developed SAV approach and the ensemble
time-stepping method to further decouple the computation of the free flow region and the porous media region. The ensemble
scheme results in only one common coefficient matrix shared by all realizations at each time step. Hence, efficient direct/iterative
block solvers can be used to greatly reduce the computation cost. The stability analysis shows that the SAV-RPC-BE ensemble
scheme is long-time stable under three parameter conditions without any time step constraints. Some numerical experiments
are presented to support the theoretical results and show the effectiveness of the proposed scheme.

1. Introduction. In recent decades, the research on efficient numerical methods for the coupling of
groundwater flows with surface flows (the Stokes-Darcy problem) has been developed a lot. The Stokes-Darcy
model involves free flows governed by the Stokes equations and porous media flows governed by the Darcy
equation. Let Dy denote the free flow region and D, denote the porous media region, where Dy, D, C R?
are both open, bounded domains. The two regions lie across each other on the interface I. The Stokes-Darcy
model is: to find the fluid velocity u(x,t), the fluid pressure p(x,t) and the hydraulic head ¢(x,t) that satisfy

up — vAu+ Vp = fr(z,t),V-u =0, in Dy,
Sopr — V- (K(2)Ve) = fp(z,t), in Dy, (1.1)
&(z,0) = ¢o(x), in D, and u(z,0) = up(x), in Dy,
é(x,t) =0, in 9D,\I and u(z,t) =0, in Dy\I.

The Stokes-Darcy model is coupled across the interface by three interface conditions ([1], [19], [36]). The
first is the conservation of mass across I

u-ny —KVe-n, =0. (1.2)
The second interface condition is the balance of normal force across I
p—ving-Vu-ng = go. (1.3)

The third interface condition is the Beavers-Joseph-Saffman condition on the tangential velocity

—vT; - Vu -y = %B;é?uﬁ (1.4)
Here, iy, denotes the outward unit normal vector on I associated with Dy/,, where ny = —n,. g is the

gravitational acceleration constant, I is the hydraulic conductivity tensor, v is the kinematic viscosity, Sy
is the specific mass storativity coefficient. The above four coefficients are all positive. K is assumed to be
symmetric positive definite (SPD).

Efficient numerical simulation of the time-dependent Stokes-Darcy model faces two intrinsic difficulties.
The first difficulty arises from the coupling of the viscous flow governed by the Stokes equations and the
porous flow governed by the Darcy equation. There have been numerous research works devoted to accurate
and efficient numerical methods for decoupled schemes of the Stokes-Darcy model, e.g., [34, 37, 47, 48, 49].
However, typical time-stepping methods usually suffer from a restrictive time step condition [16, 25]. The
time step condition usually comes from the decoupling of two subdomain flows and cannot be avoided without
adding stabilizations [24].

The scalar auxiliary variable (SAV) approach was first studied in [52, 53] for gradient flows. The idea
of it is to introduce a new scalar auxiliary variable (SAV) with an explicit treatment of the nonlinear term,
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leading to an unconditional energy-stable scheme. For nonlinear Navier-Stokes equations, this idea has been
realized in [28, 27, 30, 32, 41, 42, 43]. For linear Stokes-Darcy equations, the SAV approach is used to cancel
out the coupling terms, which usually cause time step constraints in the stability analysis. The long-time
stability without any time step conditions for first order and second order schemes was proved in [29, 31].

The second challenge is the incompressibility constraint in the Stokes equations, which couples the fluid
velocity and the pressure. To decouple the fluid velocity and the pressure in incompressible flows, projection
methods have been widely used, following the pioneering works of Chorin [4] and Temam [55] in the late
1960s. Projection methods have generated significant interest among researchers in recent decades, see, for
instance, [6, 11, 12, 50, 51]. A comprehensive review on various projection-type methods can be found in
[10]. This paper focuses specifically on pressure correction methods, which are the most commonly used
projection methods. They usually involve two sub-steps per time step: (i) explicitly treating the pressure
gradient in the momentum equation to solve for an intermediate velocity field and (ii) correcting the pressure
by projecting the intermediate velocity onto the divergence-free space.

Pressure correction methods are typically computationally efficient, as only one elliptic equation for the
velocity and one Poisson equation for the pressure are solved at each time step. However, this efficiency
comes at the cost of degraded pressure approximation due to the artificial Neumann boundary condition not
satisfied by the exact pressure. A modified pressure correction scheme with a divergence term added to the
pressure update was introduced in [54] via a predictor-corrector procedure. This method is often referred
to as the rotational pressure correction (RPC) method in the literature. Both numerical experiments and
error analysis in [13] show that this method improves the pressure approximation. The rotational pressure
correction method is adopted in [9] for the Stokes equations with open boundary conditions. It is presented
in this paper that the RPC scheme plays an important role in approximating the Stokes equations with open
boundary conditions since the standard pressure correction scheme is not well-suited for such scenarios. More
recently, researchers have found that when employing pressure correction schemes, setting only Neumann
boundary condition for pressure may cause some stability issues for interface problems, see [17, 18]. In
[18], the authors studied and analyzed pressure correction schemes for the Fluid-Structure Interaction (FSI)
problem. In this paper, they imposed the Dirichlet boundary condition for the pressure on the interface when
solving the pressure Poisson equation. This is inspired by the similarity between the interface condition of the
FSI model and the open boundary condition of the time-dependent Stokes equations. The idea of imposing
Dirichlet boundary conditions for pressure is also adopted in [38, 39] for pressure correction methods of the
coupled Stokes-Darcy model. In [9], the open boundary condition is described as

1 Iy
pn — §VVun\I =0, (1.5)
where 7 is the unit outward normal of the Stokes model. This is similar to the interface boundary condition

for the balance of force (1.3) of the Stokes-Darcy model described above. If we impose Dirichlet boundary
conditions on the interface, we will have two series of boundary conditions on pressure

M| _ 8pn| _ _ 8p1| - 8p0| (1.6)
aﬁf an\I - aﬁf 8Df\[ - - 8ﬁf 6Df\[ - aﬁf 8Df\f7 .
p"r=p"lr = =p'lr =9I (1.7)

These conditions are usually not satisfied by any exact solutions and will lead to poor pressure approxi-
mation. In this paper, we adopted the rotational pressure correction scheme to improve the bad pressure
approximation due to inconsistent boundary conditions described above. The projection sub-step of the
RPC scheme is described as follows.

un+1 _ ,an-&-l

At
Voutt =0,

1~ _ 1
u"" - nplopg =0, 2" =0,

8Zn+1
Tﬁfh’mf\] =0,

+ Vet =0,

p"t =T gt VT (1.9)
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where 4! denotes the intermediate velocity and x is a tunable positive coefficient. The pressure p"t! is
updated with an additional term vV - 4! compared with the standard pressure correction method.

Our motivation for pursuing efficient simulations arises from the necessity of conducting ensemble sim-
ulations that consider uncertainties in initial conditions and forcing terms within the Navier-Stokes model.
A recent ensemble algorithm was proposed in [20, 23] to address this issue, which simultaneously solves all
realizations, reducing the computational cost of ensemble simulations. The algorithm is characterized by
that all realizations share a common coefficient matrix for different right hand sides (RHSs), which makes
it possible to use efficient block solvers such as block CG to save both the computer storage and the com-
putational time. This ensemble time-stepping idea was further extended to simulate other PDE problems
including the natural convection problem [7, 8, 21], heat equation [7, 44, 45], convection-diffusion equation
[40], MHD flow [2, 3, 26, 46] and turbulent modeling [5, 22]. For the Stokes-Darcy model, uncertainties are
mainly from difficulties in measuring accurate parameters, e.g., the hydraulic conductivity tensor K(z). The
first-order ensemble schemes were studied in [16, 25]. Besides that, some higher-order ensemble schemes were
also studied and proved to be highly efficient and unconditionally stable [24, 33]. In this paper, we consider
the ensemble algorithm to compute an ensemble of J Stokes-Darcy systems corresponding to J different
parameter sets (Kj,ug?,gzﬁ?, frirfpi)s 3 =1,...,J. The goal is to find J corresponding solutions (u;,p;, ®;)
to the Stokes-Darcy model:

Ujt — I/AUj + ij = ffJ(l‘,t), V- u; = 0, in Df,
Sopje — V- (K:J(Z‘)V(bj) = fp7j(a:,t), in D, (1.10)
¢i(z,0) = qﬁg(ac), in D, and u;(z,0) = u(;(:v), in Dy.
We extend the study of the first-order ensemble scheme by involving the rotational pressure correction (RPC)
method and the SAV approach to further increase the efficiency of the algorithm. First, we define scalar
auxiliary variables r;(t) by

t
i (t) :ea:p(—f), j=1,...,J. (1.11)
These new unknowns make it possible to cancel out the coupling terms that usually cause time step conditions
in the analysis of partitioned methods. Note that real solutions r;(¢) are the same for all realizations, but
discrete solutions r} are different. We also have

d .
ik - —lr-+%(01(%¢j)—CI(“jv%‘))v (1.12)

dt T eﬂfp(—T)

where the coupling term c; is an integral defined over the interface,
cr(u,¢) = g/d)u Ty ds.
I

The discrete form of equation (1.12) plays an important role in decoupling the free flow region and the porous
media region in partitioned methods. Inspired by the idea in [9], we propose the semi-discrete scheme of
our SAV rotational pressure correction (RPC) algorithm based on the backward Euler (BE) time-stepping
as follows.

ALGORITHM 1.1. (SAV-RPC-BE ensemble scheme) Step 1: Given p?, ul,u}, ¢}, find (ﬂ?/+1,¢?+1) €
Xy x X, and r;”rl such that ¥(v,9) € Xy x X,

anrtl oy prtl
J J ~n+1 = (mmtl |~ = J n
At U ; +V(Vuj Vo) g +2i:/1771(uj ) (v-Ti) ds+ 6xp(*t7?:1)61(v7¢j)

+3 [[s = a0 ds = (5.9 0) = (F71 o), (1.13)
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¢n+1 ¢n B 1 B . ’I";—H_l .
950\ Sy v) 9 RV YY), +g (06 —R)Ve;, W), = 2o enl@ )
p
= g(f3 ), (1.14)
M = (cr(@it, o) —cr(@?, ¢7th)) (1.15)
At T 7 egcp(—t"%) I\U5 @ 1\Uj; @ ) .

where

J J
~ 1 QaBJS 1
K:—g K, = ——, —E 1.16
szl J 7]17] \/m J = aJ ( )
Step 2: Given ﬂ?“, find Z?H € My such that Vg € My

n 1 ~n
(VZJ +1avq)f = _E(v : uj+1aQ)f7

1 (1.17)
0zj | 0
78%0 DI .

Update u;-”rl € Xy and p;-”rl €Qy by

W =t - AVt (1.18)
p?“ "+1+pj XVV-U?H. (1.19)

Definitions of corresponding spaces will be introduced in the following section.

The remainder of this paper is organized as follows. Section 2 provides some mathematical preliminaries
and defines some notations. Section 3 proves the long-time stability of the SAV-RPC-BE ensemble scheme
under three parameter conditions. Section 4 presents the numerical implementation of the SAV-RPC-BE
ensemble algorithm. Section 5 presents numerical experiments to verify our theoritical results. Section 6
gives a conclusion.

2. Notation and preliminaries. We denote the L?*(I) norm by |.|[; and the L*(Dy/,) norms by
I|.Il #/p; the corresponding inner products are denoted by (.,.)¢/,. Further, we denote the Hl(Df/p) norm by
l.Ili,7/p and by (.,.)1 /p the corresponding inner product. Let Cp and Cp) be the Poincaré constants of
the indicated domains. The following Poincaré inequalities are used in the proof.

lullf < CrslVuly  and  {¢]l, < CrpllVol,

To discretize the Stokes-Darcy problem in space by the finite element method, we choose conforming
velocity, pressure, and hydraulic head spaces:

Xhc Xp={ve (H(Dy) :v=00n ODAI},
Q} C Qs = H'(Dy),
X} Cc X, ={¢v e H'(Dy):¢p=0o0n 9D,\I}.

Here we choose Q}} C H'(Dy) as suggested in [11] since we are dealing with the projection step as a Poisson
equation. We denote M}’ CMy={qeQs:q=0o0n I} as the finite element space of pressure increment.
X }L and X;j are separate FEM spaces; continuity across the interface I is not assumed. The Stokes velocity-

pressure finite element spaces, (X }‘,Q?), are assumed to satisfy the usual discrete inf-sup condition for
stability of the discrete pressure, e.g., [14], [15], [35].



We propose a partitioned rotational pressure correction (RPC) ensemble scheme based on the SAV
approach for the fast computation of the Stokes-Darcy model. The fully discrete algorithm with the backward
Euler (BE) time-stepping is constructed as follows.

ALGORITHM 2.1. (SAV-RPC-BE ensemble Method) Step 1: Given Py

@Y, o) € Xp x X, and v such that V(vy, ¥n) € Xy x X,

n -n n
uly, uly, and (;Sj’h, find

n+1
u h — U h n on ~ ~ r; n
(JAt’,vh>f +u(Vag it Vo) + E /m BT (o T) ds + ﬁ 1(Vh: €50

30 [ =@ 207 ds = (0¥ 00 = (573 0n)y, (1)

¢T'L+l - 95 7 n 7 n T‘T'L+1 ~n
95 (M,m 0 (RVO5 Vo) 49 (06 = K)o, Vin), = — g —=er(iif, vn)
p

At exp(— )
= g(f3 5 on)ps (2.2)
Pt 1 1
J i _ _ 1 o1 n+1 9
At TTJ + emp(_tn%) ( ( ]h 7¢] h) ( jh7¢ h ))7 ( 3)
where

J J
1 apJjs _ 1
— 77.’. = —, 77 = — 77) (24)
J; I y/’TZ’]Cj’Ti ! J]; -
Step 2: Given ug‘zl, find z”+1 € Mf such that Yqp, € Mf

n 1 ~nn
(V24 Van) s = (Vo @t an)ss
6zn+1 (25)

0.
87lf |3Df \I —

Update u”+1 € Xf and 10”+1 € Q? by

uﬁgl = ﬂ?;:l — AtVz?Zl, (2.6
pﬁ;l = zﬁ;l +pip —xvV- u"+1. (2.7)

The method fully decouples the computation of fluid velocity, pressure and hydraulic head, which greatly
improves the computing efficiency. Moreover, since it is an ensemble algorithm, at each time step, all real-
izations share the same coefficient matrix (for u;, ¢;, p; respectively). This further reduces the computation
time.

3. Unconditional stability of SAV-RPC-BE ensemble method. Let k:j’mm(x),lffmm(x) be the
minimum eigenvalues of K;(z), K(z), respectively, and p(z) be the spectral radius of fluctuation of the
hydraulic conductivity tensor K;(z) — K(x), which means [K;(x) — K(x)]2 = pj(z) since K;(x),K(z) are
symmetric. To obtain the stability of Algorithm 2.1, we define the following notations which will be used in
the proof:

’ 2’

i = max i (@) =A@ n = e gl = ming(a),
— ! 7 .
p;"‘” = gruré%x IKj(z) — K(2)], prr = 1<]<XJ P;mw ) Fmin = grenﬂr; Fimin (1)



Based on the idea of stability analysis in [17], we introduce a sequence {£7),} € Q? defined by

Mt = xwV a4+ €7, with €7, 11 =0

which will be used in the following stability proof.

(3.1)

THEOREM 3.1 (Unconditional stability of Algorithm (2.1)). Taking p?7h|1 = 0, if the following parameter

conditions are satisfied,

npPe <, < Rn, X<

2
d7

where the space dimension d = 2,3, then for any N > 0, we have

a7 + Z st =l + (1= 25 At Z IV 17

+9Soll$ull5 + gSoZ||¢>"“— 2+ gt VO, |12 + g At (kin — p

+ AtZ”"””/ TN, 7) ds + APV, +pt 4 N2

2At Z | n+1|2

< lug wllF + gSollsg ully + 7II§?,hII?« + [

+ —H@h\\f +1r P + Z [t — |

+ gAtp™* ||V 60 h||2+Ath"”"/ 0 7)) ds + AR [V(D, + €13

N-1 0123 N-—1 2
Aty MR Ay Sy 153 5
n=0 (1 7) n=0 ( min )

Proof. First setting v, = Uﬁ;lv (I

T — s =@t - a2
2At e oAL 1 h f
n+1 7,77+1
+ /n "+1 ds + 701(”‘2‘1, ’-fh) I —
Z v e;z:p( tn;:1) J, J el‘p(*t";fl

gSO n gSO gSO n n
+ A G = S ehally + S A 1955 — ohall;
+ (R Vet — (074, V-t s

¢"+1 for (2.1)-(2.2) in Step 1, we get

(3.2)
maz’ Z ”V¢n+1H2
(3.3)
( ] h7¢n+1)
(3.4)

-3 / Mig — ), - R @) ds — g((K — K)Vl,, Vorih),

<f;j1,~yzl>f+g<f”“ &)

Multiplying (2.3) by r}-’“ gives
+1
1 n+1|27 1 2 4 1 |Tn+1 "2 l|rn+1|2: T;'l ( ( n+1
DI YN 2At exp(_tn%) Yih

o) = er (@, 0510 )

(3.5)



Next, plugging (2.6) into (2.5) gives
@t = Van) = —(V -t an) s, Van € M. (3.6)
Integration by parts yields

(Vougyt = Vgt an) s + /D (@' =) fpands = (V@i an)y, Yo € M. (3.7)
f

Thanks to ﬂ;;{lbpf\l = u?j{l\apf\l =0 and ¢p|; = 0, the above equation reduces to
(Vougit = Veagitan) s = —(V -yt an)g, Yan € My (3.8)
Thus, we have
(V-uftt an)p = 0, Van € My (3.9)

Taking advantages of (3.1) and (2.7), we can rewrite (2.6) as

n+1 +AtV(pn+1 +€n+1) n+1 +AtV(p;Lh +€j h) (310)
Since zﬁtlh = 0, we have
S A AR T ((pﬁl +EN = )+ é“?,h)) 1 =0. (3.11)

By taking p9 ,[r = £ ,|r = 0, the above equation can be rewritten as
pﬁ:l nH\I = pg nt fg wlr = = P?,h + f?,h|1 =0. (3.12)
Taking inner product with itself of (3.10), due to (3.12) and a?j;l|an\I = U,;L)-;’;1|3Df\1 =0 we get

Il M1 + ANV (55" + AT — 286V -3, (" + €50y
= [y 7 + ANV @5y + E)lIF — 286V @55, (055 + €5n))s- (3.13)

By the definition of M}‘, (p;");l f”“) € M}L Using (3.9), the above equation reduces to

[l 503+ APV W)+ DG = @517 + ARV 05, + &1l — 286V - @ f (0F 4+ E73)) 5
(3.14)

Then by (a — b,b) = 3(a? — b*> — (a — b)?), the last term on the RHS of the above equation can be rewritten
as

—2AU(N - (pF + En)) p = —2AUN @ Pl ) p = 280V - a L €8 5
= 20UV - T P — 27&(5"“ SRS,
— AUV T Pl )y — [Hs““nf lEzall3 = gt = ral3] - (3.15)
Plugging (3.15) back into (3.14) and dividing it by 2A¢, (3.14) can be rewritten as

~n+1 n+1 " 1 n 1 n+1 n
~(V- @ p)s = mt (11 = g ||f)+—(||v<p H IR = IV @+ €13

7o (165 =1 hnf) NV . (3.16)



Here using the inequality ||V - v|| < v/d|| V]|, the troublesome ||V - ~"+1||f can be bounded as
IV - @yt lF < diivagy i3 (3.17)
Based on the above estimate, adding equations (3.4), (3.5) and (3.16) yields

dxz/

n+1 ~n+1 2 ~n+1

e h||f+2m| =l v = IV
~n+1 A2 QSO n41 950 2 950 ntl

+ 3 s+ SRR~ SRRl + SRr 105 — ohul
+g(KVS Vi), +—(||V( GO — IV + €I )

1 71
+ 5 (I3 — ggal)

1 1
- ’I"L+12 n2 n+1 42 - ﬂ+12 318
+2At'7“ = s P i — a2 4 (3.18)

<2 / Mg — )@ T @EL -7 ds — g((K — K)V T, VEriD),

(f}fjl, ui s +g<f;tj1,¢”“> .

Applying Cauchy-Schwarz and Young’s inequalities to the source terms, we get for any constant a; > 0,
/81 > 07

(3t + 9t o
<cpf|\f;: A s+ Rl 17655

gOPp

LN G + aavlIVES G +
! ph B 4ﬂ1 min

< 4a s £ 3H12 + Brghmin |V 12 (3.19)

Two fluctuations terms are bounded as follows. Using the algebraic inequality ab < %(a2 +b?),

~o (06 K995 9055") <9 [ I963uIK; ~ RLIVO e

gp

< g™’ / VG012 VoTE oda < [Hw W2+ 1902 (3.20)

=32 s =0 i) (it ) s < 3 s =l AT Rl
—~ J1
K3

< Zn?jﬂ’ /I |a§iha||ﬂﬁ;1 Tilds < Z 771'2' {/I(ﬂzh - 73) ds+/( ;“,’;1 ﬂ)st] . (3.21)
i i

Based on above estimates, (3.18) becomes

n le ~n d .
2At (” v P H“jﬁh”?‘) + 2At”“ﬁ1 —uiplf 4+ (1= a1 = f)uHV el
950 ( n+1 ) 950 | i1 . max »
B 1- - min
+ 200 (I 1 — I63al2) + 2ot — 65l + (1 = 1 — G905

i h||}+2"l W [ (i) s

—min 2 mazx’
Zm {/(Nﬁl ﬁ) d‘s_/[( J - 7) dS}JFZm 7712 ]/I(ﬂ;{h-ﬁ-)?ds
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At
+ 5 (195 + 13 = 1905 + 1) + 5 (1651 = 165415)

1

1
n+1 2 n 2 n+l n 2 = 7_L+1 2
+2At i 2At| +2At|r A
QCP
n+1 2 P n+1
< TELIFTE + A

To obtain stability, the following conditions need to be satisfied.

dX nmzn nmaw pmaz'
1-— - = > L = > 1-— — =
aq 5 = 0, 9 9 >0, ( 51 oo

) > 0.
Given that x, n ;“‘”3 and pm‘”/ are all positive, we take the following parameter constraints.

2 - / .
O < X < = pmaac < kmin, ,},’ZTLCLJC S ﬁzmzn

d’
Since oy and B are arbitrary positive constants, we set

d
m=s0-%) p=c0-2)

Then the inequality (3.22) reduces to

1 1 1 dx
n+1 n |12 ~n+1 n |2 ~ +1
oAt (| ||f [l j,h‘lf)+2At|u;‘L,h *Uj,h||f+§(1 ) HV i ||f
gSO ( n+1 2 ) gSO n+1 n 12 1 pmaz’ n+1 2
- - i a 1 I mzn

gp™ n n e 1 2 )2 a2
+ 5 (||V¢ +1||2_||V¢j)h||12,) —I—Zi: 5 [/1 (uj"gl Ti> ds—/j(uj)h.n) ds}

A T n n
+ 5 (195 + 03 = 195+ §13) + 5, (16515 = 16515)
1 1
n+1(2 n 2 n+1 n 2 - 'r_LJrl 2
toad 2At‘ + 2At|r "+ Tlrﬂ |
2
QCP
5 n+1(12 ,P n+1
g 5 o VR ki N .
2(1 _ dTX)Z/”ff’ ”f Q(kmzn — pmaz )||fp7_] Hp

Summing up from n =0,..., N — 1, and multiplying by 2At, we find for any N > 0,

3 + Z =l + (- a0 Y v
— n=0
N-1

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

+9Soll67 5 + 950 Z 675" = &7ally + gAtp™ IV O, 7 + 9A (Rinin — o™ Z IV} 5 Il

+Atz—mm/ ujy, - n) ds + ALV (i + ENIF

N-1

oAt N
PP Y It =P - D It
n=0 n=0

At
+ ;Hg\f
At
< a9, 13 + 9Soll 69,112 + 7||§?,h||fv + |rY)?

gD T+ A [ @7 s+ ARIV S+ €017

9

(3.27)



N-1 2 N-1 2

CP,f n+1/2
+Atz (l_dl)y||ff7j Hf+AtZ
2

n=0 n=0 ( min

+1
ma:v ) ||f1:7.7 Hp

Finally, since V(pj-\)]h + 55\1 )= Vz ot V(p 4 5] 1), we obtain the desired result. O

4. Numerical implementation. Let

rt
Spte e at sty = a et
exp(—=4+)
Instead of solving the original algorithm, we solve the following four subproblems for ﬂ?ﬁl, (i;?jlrl,

U;L—;tlyfybn—‘_l respectively.
Sub-problem 1): Find 477! € X" satisfying Vv, € X,
J;h f 7

1 /.. -
At (“yZl,vh)vaV(VU]h Vo) g + E :/m )(on - 7i) ds
n 1 n — ~n ~ ~ n
(ffjlv n)f+ At (u_j,ha Uh)f - E /I(le',j - Ui)(uj,h “Ti) (v - 7)) ds + (pj,ha V- Uh)f )

~n+1 _ n+l
Wiy loppg = aj™

(Sub-problem 2): Find g?)ﬁ;l € Xxl; satisfying V 1, € X"

So (4 .

Sr (G o) +o(kvaE Vi),
S _

=g(fpr " n)p + g - ( i), — 9((K; = K)V 1, Vibn),

2 _ pn+1
¢Zh lop,\r = b}

(Sub-problem 3): Find 12?2‘1 € XJ’} satisfying Vv, € Xj’},

1
N (“;‘Zl,vh) + (Vi Vo) s +Z/m )(on - T5) ds = —cr(vn, $jn);

vn+1 _
Ujh ‘an\I =0.

(Sub-problem 4): Find (5??;1 € X satisfying V o5, € X))

So /o . B
% (qu»zl’wh)p T g(lCV%.f, Vbn)p = cr(tf p,, ¥n),

7 1
¢;LJ;§ lop,\1 = 0.

Now we need to derive an equation for S]T-"H.

n+1
T tntl
gift=—2——, = P = eap(— ) SPH 4.2
J exp( n+1> T exp( T ) J ( )
Multiplying (2.3) by r]m'l gives
n+1 n n+1
roT =k 1 T
J J . n+l |~ ntl2 J n+1 n n+ly) _
At Tj + |r' | eacp( tn+1) ( ( ]h 7¢] h) ( ],hv(bj’h )) 0. (43)

Plugging (4.2) into (4.3) gives

S 1
+ )(J“)Q—*T

(At At o S;H_l ( ( ?217¢J h) ( ]h7¢n+1)) = Oa
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1 1 2tn+1 n+1 1 tn+1 n+1
== (Kt + ?)exp(—T) (S5 )? — At jexp(— T —) S}

1 1 1 1 1 1 1
— s (c,(uyf + ST @) — eg (@, 9+ ST )) —0.

At last, we obtain the equation for S;L“ as

S;.‘“ (A;}+IS;1+1 n B}‘H) —0, — S;_H—l _ _i::, (4.4)
J
where
Al _ (Ait n %)ezp(*Qt;j_l) CI(U?Jﬁl,% h) +er(i ar h7¢n+1),
B = —Crteap(~ ") — e (@, 00) + e (i, 15

~n+1 vn+1 n+1 ¢n+1 Sn+1

After getting @7, ", a7y ", ¢, can be computed directly using formula (4.4), and then we have

Jsh 7 %3
~nt+l _ ~ntl +1yn+1 +1 _ Intl +1 Yn+1
ayy =y + ST ¢t =ont + ST qS” : (4.5)

Given ﬂﬁgl we can solve the pressure Poisson equation for Z”Jr1 € M i

1 an
(V25 Van) = —Kt(v' "han),  Van € MY,
8Zn+l (46)

Jsh
o~ =0.
(97’Lf |8Df\[

Then (u ”Zl,pyzl) are updated as follows.

+1 _ ~n+1 +1
ulyt =gy — AtV (4.7
pﬁ;l = zj"?;l +piy —xvV- u"+1. (4.8)

5. Numerical experiments.

5.1. Convergence test. We consider testing the convergence of the model on Dy = (0,1) x (1,2),
D, =(0,1) x (0,1), with interface I = [0,1] x {1}. We set the physical parameters, g, v, So, apys, equal to
one, the tunable parameter y = 0.25. For the hydraulic conductivity tensor, we have

<[ 4]
b
0 ki
where j = 1,...,J. For simplicity in the construction of exact solution, we assume that kq1, koo are positive

independent of spatial coordinates. The exact solution, as described in [33], is constructed as following:

u(z,y,t) = (ua(z,y,1), uz(z,y,t)),
uy(z,y,t) = (2%(y — 1) + exp( (y/\/k11) )) cos(t)
us(z,y,t) = (gm(l —y)® + kaa(2 - WSln(mﬂ)) cos(t),
@y, 1) = (2 — 7 sin(mz)) sin(0.57y) cos(?)
)

d(z,y,t) = (2 — wsin(mx))(1 — y — cos(my)) cos(t).

Initial conditions, boundary conditions and forcing terms are chosen according to the exact solution. To test
the convergence rate, we set time step size T' = 5.0 and At = h. The convergence rate is expected to be
O(At + h) = O(h) = O(At). This result is verified in Table 5.1.
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Table 5.1: Errors and Convergence rate of SAV-RPC-BE ensemble algorithm for u, p and ¢ with J = 3,
At=hand T =5.0

h |leen, — u] fl’ll Rate ||up — quI’lz Rate |jup — u||g’13 Rate

1/8 208x10°' - 2.09x 1071 - 211x 1071 -

1/16  1.02x107' 1.02 1.03x1072 1.03 1.03x 10! 1.03
1/32 498x1072 1.04 4.99x1072 1.04 500x10"2 1.05
1/64 247x10°2 1.01 247x10"2 1.01 247x10°2 1.02

h lpn —pllis"  Rate |lpn —p||73> Rate |pn—pl|52> Rate

1/8  1.29x 107t - 1.28 x 1071 - 1.28 x 1071 -

1/16 5.88x 1072 1.13 571x107? 117 561x1072 1.19
1/32 3.03x1072 0.96 290x 1072 0.98 2.81x1072 1.00
1/64 1.60x 1072 092 1.54x1072 0.91 1.50x 1072 0.90

h llon =@l Rate |én — ¢l Rate [én —ollz7  Rate
1/8 6.90 x 1072 - 3.79x 1072 - 443 x 1072 -

1/16 357 x 1072 095 1.97x1072 0.94 220x107% 1.00
1/32 1.81x1072 098 1.00x 1072 098 1.10x 1072 1.00
1/64 9.01x 1072 1.00 4.95x107% 1.00 5.49x 1073 1.00

Table 5.2: CPU time and mean error of ¢ at final time T'=1 with h = 1/64, At = 1/64

‘ SAV-RPC-BE ensemble ‘ SAV-RPC-BE non-ensemble

J | [E[¢n — ¢lll;r  CPU time | [[E[p, — ¢]l|m CPU time
1 5.70 x 1073 345s | 5.70x 1073 40.1 s
10 5.45 x 1073 151.4s | 5.82x1073 389.8 s
100 | 5.00 x 1073 692.4s | 5.68x 1073 4232.7 s

5.2. Efficiency test. We then test the efficiency of the SAV-RPC-BE ensemble method and compare
it with the corresponding non-ensemble method. For efficiency tests in this section, we still use the exact
solutions and parameters stated in the previous section. The varying hydraulic conductivity tensor values
ki, and k3, are uniformly distributed in the interval [1,2]. We set h = 1/64, At = 1/64 and the final time
T = 1.0. CG solver is used to solve the non-ensemble algorithm since the coefficient matrix is symmetric
positive definite while block CG solver is used to solve the ensemble algorithm. We list the results of SAV-
RPC-BE ensemble method and the results of SAV-RPC-BE non-ensemble method under same conditions
except for varying numbers of samples: J = 1,10, 100. As illustrated in Table 5.2 and 5.3, both algorithms
reach the same level of accuracy for u and ¢ respectively while huge differences exist in the computation
time. The CPU time of the SAV-RPC-BE ensemble method is around 86.0%, 38.8% and 16.4% of the CPU
time of the SAV-RPC-BE non-ensemble method when J is 1, 10 and 100 respectively. The advantage of
the ensemble scheme is obvious compared with the non-ensemble one when J is large. This is because the
ensemble scheme shares a common coefficient matrix for all the realizations and the associated system with
different right hand sizes (RHSs) can be solved simultaneously by the block CG solver.

5.3. Stochastic example. Next, we consider the stochastic Stokes-Darcy model with random hy-
draulic conductivity tensor K(x,y,w), which is a correlation function constructed as follows

kll(xayaw) 0
0 k22(xay>w) '
12

K(z,y,w) =



Table 5.3: Mean error of u and p at final time T' =1 with h = 1/64, At = 1/64.

‘ SAV-RPC-BE ensemble ‘ SAV-RPC-BE non-ensemble

J | Elun —ulller [Elpn = plllz, | IE[un — | g IE[pr — plllL,
1 2.21 x 1072 1.39 x 1072 2.22 x 1072 1.39 x 1072
10 2.21 x 1072 1.40 x 1072 | 2.21 x 102 1.40 x 102
100 | 2.21 x 102 1.39 x 1072 | 221 x 1072 1.39 x 102

Table 5.4: CPU time for sparse-grid method with J = 241 collocation points, T'= 1.0, h = 1/64, At = 1/100.

SAV-RPC-BE ensemble SAV-RPC-BE non-ensemble

CPU time 3125.5 8 12906.0 s
Percentage 24.2% 100%

ki1 (2, w) = koo (,y,w) = ag + o/ A Yo(w) + Z o/ Ai[Yi(w) cos(imz) + Yo, 1i(w) sin(irz))],

where \g = @, A = \/ELCe’(mic>2 for i = 1,--- ,ns. Yo, -+ ,Ya,, are independent and identically
uniformly distributed in the interval [—\/3, \/3], so they have zero mean and unit variance. In the above KL
expansion of random variables k11 (z, y,w), koo (z,y,w), we take ny = 2, so there are totally 5 uncorrelated
variables Yp, Yy, -+ ,Ys. The other values are taken as L. = 0.25, ag =1, o = 0.15. We set Dirichlet

boundary condition and initial condition by

u(z,y, t,w) = (u1(z,y,t,w), ua(x,y,t,w)),
ui(z,y,t,w) = Yo(w)(y* — 2y + 1)cos(t),
us(z,y, t,w) = Yi(w)(2* — z)cos(t),
d(z,y,t,w) = Yo(w)ycos(t).

The problem is associated with the forcing terms

fr = Ws(w)zy, Ys(w)zy),  fp = Ya(w)zy.

The SAV-RPC-BE ensemble method in this test is incorporated with the multi-grid method to approximate
the stochastic Stokes-Darcy model. Sample points are selected by the sparse grid collocation method utilizing
the Smolyak formula and Gaussian quadrature rule. The construction of sparse grids follows open source
sparse grid codes found in:http://www.sparse-grids.de. We set h = 1/64 and dt = 1/100, J = 241
collocation points at accuracy level 4. The simulation at time 7" = 1.0 is shown in Figure 5.1. It shows that
the ensemble scheme and the non-ensemble scheme obtain almost the same simulation results. The results
of the computation time of corresponding simulations are listed in Table 5.4

5.4. Realistic example. Next, we apply the proposed method to a more realistic simulation of sub-
surface flows in a karst aquifer, inspired by test 5.3 in [16]. As shown in Figure 5.2, the free flow region
Dy is a Y-shape conduit that has a curvy interface with the porous media region D,. The closed curvy
boundary of Dy is ABCDEFGH with A= (0,0.8), B = (0,0.55), C = (0.5,0.4), D = (0.6,0), £ = (0.85,0),
F =(0.75,0.45), G = (1,0.5), and H = (1,0.7).

Let interface I = D, N Dy. Physical parameters are chosen the same as the convergence test. Set source
terms to be zero and ¢ = 0 on 9D,\I. Inflow/outflow boundary conditions of u are

up =91, us=0, on AB
u= up =0, us =352, on DE
uy =83, up=0, on GH

13



SAV-RPC-BE ensemble SAV-RPC-BE non-ensemble

1.8
16
14

1.2

Fig. 5.1: Simulation at T'= 1.0 , with h = 1/64, At = 1/100 by SAV-RPC-BE ensemble (left), SAV-RPC-
BE non-ensemble (right) with J = 241 collocation points. Count from left to right: figures 1 and 3 are
streamlines of expectations of flow velocity u and v = —KV ¢, figures 2 and 4 are expectations of pressure p
and hydraulic head ¢.

Fig. 5.2: curvy domain for simulating the karst aquifer

where s1, so and s3 are constants. In numerical experiments, we take time step ¢t = 0.005, space steps
h = 0.022, and the simulation solutions are computed at T = 1.0.

Set boundary conditions s; > 0, s, < 0, and s3 > 0 so that the subsurface fluid flows in through AB
and out through DE and GH. Figure 5.3 and 5.4 plot expectations of fluid flow velocity E[u], porous media
flow velocity E[v], pressure E[p] and hydraulic head E[¢] computed under different boundary conditions or
magnitude of hydraulic conductivity. In Figure 5.3, We keep the same outflow velocity so = —1, s3 = 1 while
varying the inflow velocity s; = 1, 2 and 3. One can see that compared with the balanced inflow/outflow
rate in Figure 5.3 (middle), less inflow rate in Figure 5.3 (left) causes more water to be pushed into the
conduit from the porous media region, which happens during a dry season; more inflow rate in Figure 5.3
(right) causes more water to be pushed into the porous media from the conduit, which happens during a
rainy season.

We also consider setting small values for hydraulic conductivity /C and specific mass storativity coefficient
So, which is more meaningful to better align with realistic cases. We set Sy = 107> and agjs = 0.1. We
compare the effect of different K. See K = 10° % I in Figure 5.4 (top), K = 1072 % I in Figure 5.4 (middle)
and K = 10~ x I in Figure 5.4 (bottom). The simulations basically follow the same pattern but slower flow
speeds in the Darcy domain are observed as expected when hydraulic conductivity decreases.

14
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Fig. 5.3: Left: expectations of the fluid flow velocity E[u] and porous media flow velocity E[v]. Right:
expectations of pressure E[p] and hydraulic head E[¢]. SAV-RPC-BE ensemble algorithm with inflow velocity
s1 = 1 (top line), s; = 2 (middle line), s3 = 3 (bottom line), fixed s = —1, s3 = 1, and fixed hydraulic
conductivity K =1.0xZ.

6. Conclusion. We constructed a first-order rotational pressure correction ensemble scheme using
the idea of SAV for efficiently computing the Stokes-Darcy model. The SAV-RPC-BE ensemble scheme is
extremely efficient due to two reasons: i) the fully decoupled computation of velocity, pressure, and hydraulic
head resulting in smaller linear systems; ii) all ensemble members share the same coefficient matrix. The
algorithm is proved to be long-time stable under three parameter conditions without any time step conditions.
The numerical experiments show that the algorithm is first order as expected. The superiority of the ensemble
algorithm over the non-ensemble algorithm is also demonstrated in numerical tests. Realistic examples on a
curvy geometric domain simulating the karst aquifer is also presented.
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