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How complex is the structure of quantum geometry? In several approaches, the spacetime atoms are
obtained by the SU(2) intertwiner called quantum tetrahedron. The complexity of this construction has a
concrete consequence in recent efforts to simulate such models and toward experimental demonstrations of
quantum gravity effects. There are, therefore, both a computational and an experimental complexity inherent
to this class of models. In this paper, we study this complexity under the lens of stabilizer entropy (SE). We
calculate the SE of the gauge-invariant basis states and its average in the SU(2)-gauge invariant subspace.
We find that the states of definite volume are singled out by the (near) maximal SE and give precise bounds
to the verification protocols for experimental demonstrations on available quantum computers.
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I. INTRODUCTION

Understanding whether gravity admits a quantum for-
mulation is one of the most intriguing challenges of modern
physics. In the last decade, quantum information theory has
provided new conceptual and mathematical tools to inves-
tigate the structure of spacetime at the quantum scale.
Entanglement entropy has been used to probe the holo-
graphic architecture of spacetime, supporting the idea of
entanglement as an essential resource to the emergence of
classical spacetime geometry [1-5]. Recently, also fostered
by new perspectives in quantum gravity phenomenology,
the use of quantum information tools to design and
investigate experimental evidence for quantum features of
the gravitational field has attracted much attention [6-8].

Within the limits of current experimental technology, the
first widely available quantum computers today allow us to
simulate quantum gravity states, providing suggestions,
predictions, and setup ideas for future experiments [9-11].
In this scenario, we expect nonstabilizer resources to play a
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double key role. Gently speaking, nonstabilizerness is a
core property of quantum states describing the complexity
of the expression of their density operator in a specific
operator basis (in the case of qubit systems, the Pauli
operator basis), and its interplay with entanglement is known
to be the essential ingredient needed to unlock quantum
advantage [12,13]. Recently, this resource has been shown to
be given an entropic meaning, as stabilizer entropy (SE),
making it both computable [14] and measurable [15]. SE
directly affects the cost (in terms of classical resources) of
simulating a quantum state or process: a n-qubit state or
circuit using a number ¢ of nonstabilizer resources can be
simulated with a classical computer at a computational cost
that scales as exp(¢#)poly(n) [16]. In particular, it provides
bounds on the fidelity reachable in experimental realizations
of quantum states [17]. Moreover, SE is involved in the onset
of universal, complex patterns of entanglement [18,19],
quantum chaos [20-23], complexity in the wave function
of quantum many-body systems [24,25], and decoding
algorithms from black hole’s Hawking radiation [26-29].
States and processes with high nonstabilizer resources are
generically exponentially harder to simulate on a classical
computer, and they are harder to certificate in experimental
protocols. An analysis of such resources is therefore vital in
order to assess the simulability of quantum gravity states. At
the same time, we expect such property to provide a new
tool, in addition to entanglement, to investigate the emer-
gence of classical spacetime in quantum gravity.

In this work, we explore the novel direction of looking at
the nonstabilizerness of quantum gravity states in the setting

Published by the American Physical Society
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of nonperturbative theories. We consider a description
of quantum geometry given in terms of spin network states,
a general tool shared by lattice gauge theory [30] and
several background-independent approaches to quantum
gravity (like loop quantum gravity [31,32], state sum
models [33,34], and group field theories [35-37]), where
they provide a gauge-invariant basis for the field. A spin
network is represented by a graph I', with edges and nodes
colored, respectively, by SU(2) spin halves and intertwiner
operators [32].

Each node of the network graph is dual to a quantum
polyhedron geometry, with a number of faces equal to the
valence of the node. We focus on a single 4-valent node,
that is an SU(2)-gauge invariant state corresponding to a
quantum tetrahedron [38—41].

We study the nonstabilizerness of quantum tetrahedron
states using stabilizer entropy (SE) [14]. The first result of
the work is that the states that diagonalize the oriented
volume operator are the ones with highest value of SE: this
result provides a new lower bound for the number of
preparations needed in future experimental setups of quan-
tum gravity states. To our knowledge, at present, this bound,
obtained from the calculated intertwiner states nonstabili-
zerness has not been fully reached yet (see, e.g., the data
from the experiments realized in [9]). As a second result, we
show that the projection into the gauge invariant Hilbert
space associated to the process of constructing the quantum
tetrahedron out of a collection of four qubits inherently
requires nonstabilizer resources. Such resources become an
intrinsic feature of the quantum geometry state, reflecting in
the computational complexity of a simulation of such
processes, in a way that is ultimately dependent on the
structure of the gauge invariant space itself.

The paper is organized as follows. Section II provides
the basic notions of the stabilizer formalism necessary for
our analysis. We recall the definition of Pauli operators, the
Clifford group, and construct the set of pure stabilizer
states, highlighting the necessity to go beyond this set of
states in order to unlock quantum advantage. Then, we
introduce the definition of stabilizer entropy as an entropic
measure of nonstabilizerness of a pure quantum state, as
well as its properties. In Sec. III, we introduce the setting
of quantum gravity. We realize a quantum tetrahedron via
projection into the SU(2) gauge invariant (intertwiner)
subspace of a spin network Hilbert space. We show the
most general intertwiner state for any SU(2) spin — j irrep
and then focus on the case of j = 1/2. In Secs. IV and VI,
we compute the nonstabilizerness of the logical basis and
of the volume eigenstates basis elements. Then, these
numerical results provide an estimate of the upper bound
of the fidelity of the experiment in [9]; we compare our
estimations with the experimental fidelity obtained. In
Sec. V, we extend the analysis to nonstabilizerness of
subspaces, in order to investigate the cost of projection in
terms of nonstabilizer resources. To this end, we introduce

the average SE gap onto a subspace, and we show that this
quantity is directly dependent from the internal structure of
said subspace in the form of its projector. Finally, we apply
our obtained results to the intertwiner subspace and
conclude that imposing the SU(2)-gauge invariance has
an intrinsic cost in terms of nonstabilizer resources.

II. STABILIZER FORMALISM
AND STABILIZER ENTROPY

In this section, we review the stabilizer formalism and its
role in the quantum computation framework.

Let H ~C?®" a n-qubit system and P, be the Pauli
group acting on H. Define the Clifford group C(n) C U(n)
as the normalizer of the Pauli group, namely, C(n) :=
{CeU(n),st. VPP, CPC' =P €P,} [42]. Hence,
given a computational basis {|i)} of H as the common
eigenbasis of the operators belonging to Z, := {1, Z}®",
one can define the set of pure stabilizer states of H as the
full Clifford orbit of {|i)} [43], namely,

STAB = {Cli), CeC(n)}. (1)

Stabilizer states share some properties with regard to the
computational complexity of simulating quantum proc-
esses using classical resources; these properties are
summarized by the Gottesman-Knill theorem, which states
that any quantum process that can be represented with
initial stabilizer states upon which one performs
(i) Clifford unitaries, (ii) measurements of Pauli operators,
(iii) Clifford operations conditioned on classical random-
ness, can be perfectly simulated by a classical computer in
polynomial time [42]. This means that stabilizer states and
Clifford operators are not actually ‘“quantum” from a
computational perspective, since they do not provide any
advantage over classical computers. Since the set of
stabilizer states is by definition closed under Clifford
operations, a certain amount of resources beyond the
Clifford group is needed to prepare a generic state in the
Hilbert space: this quantity is referred to as nonstabilizer-
ness of this state, which has been proven to be a useful
resource for universal quantum computation [44] and for
which several measures have been proposed [43,45]. For
our analysis, we are going to use two entropic nonstabilizer-
ness measures called 2-stabilizer Rényi entropy (SE) [14]
and its linear counterpart. They are defined starting from the
probability distribution Ep(|y)) = d~'tr? (Ply) (w]), with
PeP, and d = dim(H) = 2", associated to the tomogra-
phy of the quantum state y. Then, the 2-stabilizer Rényi
entropy for pure states is defined as

My(jy)) = ~log d|[Ep(|y))|3
= —logd™' > (Ply){y

PEP,

); 2)

126008-2



STABILIZER ENTROPY OF QUANTUM TETRAHEDRA

PHYS. REV. D 109, 126008 (2024)

whereas the linear SE is defined as

Min(ly)) = 1= d||Ep(j))II3
=1-da"' ) (Ply)(y)) (3)

PeP,

Both M, and My, are: (i) faithful, ie., M(y) =0<
w € STAB, otherwise M(y) > 0; (ii) invariant under
Clifford operators, namely M(CyC') = M(y), whereas
M, is also additive under tensor product of quantum
states [14]. Both measures can also be written in a more
compact form,

My(|y)) = — log dirQy®",
Mi(19)) = 1 - drQy®*, 4)

with Q :==d2>, ep, P®*, This construction can be gen-
eralized in a straightforward way to the Pauli group
(namely, the Heisenberg-Weyl group) for qudits, that is,
[-level systems [46], and the SE are defined exactly as in
Eq. (4); see Appendix C for details.

Stabilizer entropies quantify the computational complex-
ity of qubit states by the entropy of the distribution over the
Pauli basis: states with high values of M, or M};, require an
exponential amount of classical resources to be simulated
and hence, are those which may exhibit quantum advantage.

Moreover, a result shown in [17] establishes a bound
between SE and minimum number of copies needed to
achieve a certain fidelity in certification protocols: there-
fore, from a computational perspective, the knowledge of
SE of quantum gravity states is an essential tool to optimize
time and resources involved in the preparation of the states
on a quantum computer, once a desired value of fidelity has
been established.

III. QUANTUM TETRAHEDRON

Spin networks are symmetric tensor network states
defined by a graphs I', labeled by SU(2) irreducible
representations and intertwining operators. In loop quantum
gravity, such states encode the quantum description of the
3D space manifold into purely combinatorial and algebraic
variables [47,48]. More generally, spin networks can be
defined as abstract quantum many-body-like collections of
fundamental quanta of space, connected by maximally
entangled states to describe quantized discrete spatial
geometries [37,49,50].

Consider a given graph I'. To each edge ¢ of I" we
associate a half-integer spin variable j, labeling a
(2j. + 1)-dimensional SU(2) irreducible representation
space H; . At the same time, each N-valent node n carries
an intertwiner state |/,) in the SU(2)-invariant Hilbert
space H; = Invgy() [®Y, H; ], which is the degeneracy
space associated to the recoupling of the N spins meeting

at the node into a singlet (gauge invariant) representation.
A spin-network basis state is the triple |I;{j.};{l,}),
defined by the direct sum over j, of the tensor product of
the gauge invariant states |/,,) at all nodes,

O {jets Un}) = {@}@IL&- (5)

Spin network states can be enriched with a geometric
interpretation: each N-valent node is dual to a (N — 1)-
simplex, represented at the quantum level by the inter-
twiner state. Accordingly, a 4-valent intertwiner state |I)
describes the quantized geometry of a 3-simplex, namely a
quantum tetrahedron [51,52]. In the context of LQG, the
presence of clearly defined geometric operators, such as
the area operator and the volume operator [41,47], further
strengthens the geometric interpretation; in particular, the
volume operator acting on a 4-valent node is given by

<>

2
= () wrem 23030 6
and has a diagonal representation on the intertwiner
basis [53]. Note that this operator is Hermitian but not
positive, since it also keeps information of the space
orientation [34]. The two possible signs split the degen-
eracy between the eigenvalues.

For the sake of our work, we focus on the case of a single
4-valent intertwiner with all spins fixed to the same value j.
The Hilbert space of the tensor product of the four spins j
recoupling into the total spin J can be written as

4

j
H;'@“ - @)D]JHJ, (7)

J=

where the multiplicity spaces (or degeneracy spaces) Djf

consist in the spaces of SU(2)-invariant intetrtwiner states
in the tensor product of the total spin Hilbert space H; with
the individual spins H®*.

A state |I) GIHVSU(Z.) [H}@‘*] can be written as the recou-
pling of four spins |/m) =®%_, |m;) € H?“ into the singlet
(J =0,

K,.M K,—M | =
ijljmz C/mzjm4 m>’ <8)

CKM
Jmjjmy
Clebsch-Gordan coefficients involved in the intermediate
recoupling of the two pairs of spins j into two states with
spin K to ensure the final recoupling into a singlet state, the
magnetic indices M have opposite signs. We use the
shorthand notation » _y;, to indicate the sum running over

where N is a normalization factor and are the

the (2j + 1)* basis element in H?“. In the following, we set
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all spins to the value j = 1/2 (see Appendix C for a short
discussion on the case j # 1/2). In this case, the spin
representation space reduces to Hy = span{|1) =(0),|{)=
|1)} ~ C?; therefore, each spin, which is dual to one of
the faces of the tetrahedron, is described by a qubit. The
Hilbert space of the tensor product of the four 1/2-spins
decomposes as

Hf"‘ = an%fH, =2H, ® 3H, & H,. (9)

The SU(2)-invariant subspace H,, comes with degeneracy
DY /> = 2; hence, any gauge invariant state |/) is a one qubit
state in the two-dimensional intertwiner Hilbert space,

H[ = InVSU(Z) {H?fZ] = H() (&) HO =~ CZ, (10)

where we can choose a suitable basis {|0;), |1)}. We can
represent a 4-valent intertwiner state |I) € H; both in the
computational basis {|0), |1)}®* of the 4-qubits space Hf%
and in the logical basis {|0,),|1,)} €Hy D Hy. In the
following, we will refer to a state |I) written in the logical
basis as a logical intertwiner qubit (LIQ) state [54].

In terms of the computational basis, the expression of the
elements of logical basis can be found using (8). Explicitly,
one finds [9,55]

0,) = %(|01o1> +[1010) = [0110) — [1001)),
) = \%Hoom +11100) £ (0101}
+[1010) + [0110) + [1001))]. (11)

A generic LIQ state is given by the following Bloch
representation,

11(0,¢)) = cosg |0,) + singei¢|ls>, (12)

where 0 € [0, 7] and ¢ €[0,2x) are angles on the Bloch
sphere. Finally, it can be shown [9] that the eigenstates of
the volume operator take the following form:

1

Vi) = \/z(los> —i[1,)). (13)
1 .
Vo) ZE(IOQ +i[1,)), (14)

that means V|V.) = +V,|V,). These states represent
remarkable points on the Bloch sphere, as they are placed
at the equator and their angular coordinates are (6 =3,

¢=1% and (0 =2%,¢ =25).

0y —{#]
0) &
|0) VI l s>
|0) S—D b
FIG. 1. Circuit realization of the intertwiner state |1(0, ¢)). H is

the Hadamard gate, U and V are specific gates depending on 6
and ¢, and the others are CNOT and anti-CNOT gates.

IV. STABILIZER ENTROPY OF A QUANTUM
TETRAHEDRON

We shall investigate whether the basis states of the
gauge invariant subspace H; C H?fz possess SE. In this
sense, we investigate whether the gates of the quantum
circuit associated with the construction of LIQ states |I)
from the computational basis belong to the Clifford group.
Without loss of generality, we can start from the reference
state |0)®* and then look for unitary transformations such
that |0,) = Uy |0)®* and [1,) = U, |0)®*. Using the rela-
tions in Eq. (11), we can express the unitary operators Uy
and U, in terms of a set of unitary gates acting on a
stabilizer reference state in the 4-qubit Hilbert space.
Thereby, it is possible to realize the generic intertwiner
state |1(0,¢)) via the quantum circuit given in Fig. 1 [9]
(see also [56] and [57,58] for different descriptions of
quantum spin network circuits). The only non-Clifford
gates in the circuit are the two special unitary operators, U
and V, which depend on the parameters € and ¢ of the
output state |1(6, ¢)).

Such operators can be written as 2 x 2 matrices [9],

<o Ve +le?

U= . (19)

=Vl + P <

1 _C+ C*_
e ) (16)
Ve PHle PA-c. —¢;

where the coefficients ¢y and c. are given by the following
functions of € and ¢:

2 . 0
Coy = \/;e"ﬁ SinE, (17)

1 1 . 0 0
cy=—= {——e"’b sin—:f:cosi . (18)

N1 IRV R

Our first remark is that the SE of an intertwiner state
|1(0, ¢)) seen from the full space is entirely determined by
the gates U and V, which in general are not Clifford gates.
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FIG. 2. Contour plot of the 2-stabilizer Rényi entropy
M,(|1(0,¢))) as a function of the Bloch sphere angles
0€[0,x] and ¢ €]0,27). The two volume eigenstates, |V )
and |V_), are highlighted in the plot.

Indeed, the calculation of the SE for the LIQ basis states
(see Appendix A for full details) gives

M, (]05)) = 0.
M,(]1,)) = 0,847997. (19)

Hence, a generic superposition of these two basis states will
not be in general a stabilizer state. We can plot the SE of all
the intertwiner states in the basis of the Hilbert space ’H‘f%
as a function of the Bloch sphere representation of the
gauge invariant space H; (Fig. 2). In particular, we remark
the behavior of the volume eigenstates |V_): from the SE
standpoint, they are located at the center of the regions of
maximal nonstabilizerness, and they belong to the same
Clifford orbit, having exactly the same value of SE,

My(|V,,_)) = 1,16993. (20)

We recall that the SE of these states is calculated with

respect to the full Pauli operator basis of H®*, namely the
2

Pauli group of 4-qubits P4. This distinction is necessary
since, as we have seen in Eq. (19), the basis states
themselves are not stabilizer states in H®*, whereas they
are stabilizers in H;. Finally, notice that these states are also
nonseparable in the tensor product structure associated to
H®*, as a demonstration that both entanglement and SE are

2

necessary for the gauge structure [59-62].

V. AVERAGE SE OF SU(2)-GAUGE
INVARIANT SUBSPACE

The reason for having different values of SE in the two
bases states, as shown in Eq. (11), is rooted in the gauge
structure of the intertwiner state. We shall explore and
generalize this result further. The SU(2)-gauge invariant
intertwiner space H; is a subspace of the Hilbert space of
four qubits Hf’4. However, the SE in a particular basis state

has hardly any physical meaning as any superposition of
states in H; is allowed and SE is not constant in any given
subspace. To associate SE in a meaningful way to a
subspace, one is also confronted with the choice of the
Pauli basis with respect to the SE must be computed. To be
concrete, if one has a state |y) € H;, do we want to know
the SE of this state as a state expressed in the computational
basis of H®* or in the computational basis of H, given
by {10,).[1,)}?

In the construction of a quantum gauge theory, one starts
with an ambient Hilbert space H,,,. The gauge constraints
are expressed as local projectors IT®) and the gauge
invariant subspace is the global projection over all the
local gauge constraints,

7_(G = HGHtot’ (21)

with Tl := [, ¢,

We associate to a subspace Hg its average SE with
respect to the Heisenberg-Weyl basis {D} ¢ L(H;). In
this notation, i = 0 refers to the Heisenberg-Weyl basis in
H.o» While i = G refers to the gauge invariant Hilbert space
Hg. With this notation, the linear SE is Ml(iig(y/) =
1 — d;tr[Qy®4],i€{0,G} and the operator,

i — R4
0 = Y0l @
(p.9)

is defined accordingly with the corresponding Heisenberg-
Weyl (see Appendix C for details) basis. The average SE in
the subspace H is then defined as

Mi=Ey MY (yy,) (23)

lin
=1- ditf[Q(i)EUGW%)g]’ (24)

with Ey, - denoting the unitary group average with respect to

the Haar measure over Hg, and yy;, :== Ugyp U TG In order to
perform the Haar average over the subspace H; we need
the following:

Lemma 1. Given any Hilbert space H = Hy @ Hx, with
dim(H) = d and dim(Hy) = dk, the unitary Haar average
of k copies of the state over the subspace Hy is given by

126008-5
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Eywis = cp(d. dp) Y Eyyd", (25)

with Ur €eU(Hp), U€U(H), T the projector onto He,
w €Hg and cg(d, dg) = (“7)(ED)

A proof of this lemma is given in Appendix B 2. Based
on the above lemma, we obtain the general result,

Mi =1- dici(d’ di)tr[Q(i)Hgé‘lEUW%M]’ (26)

where now [E; denotes the Haar average over the full
unitary group on H,.

Equation (26) shows explicitly how the gauge structure
enters the SE through the projector I1;. When i = G, this
projector becomes the identity map and the average SE has
no recollection of the gauge structure. In order to quantify
the amount of SE due to this structure, we define the
SE-gap as

AM(Hg) = M° — MC

0 G
= [EUGMl(in) (U/Uo) - [EUGMl(in)<WUG)~ (27)

For a general SU(2)-gauge structure, namely the spin j
intertwiner states, the projector I1; reads (see Appendix C)

I, = |0s><0s|+|1s><1s|+"'+|2js><2js|' (28)

Let us now specialize these formulas to the case of
Jj = 1/2, that is, the quantum tetrahedron. Using Lemma 1,

with k=4, H="H®, Hzp="H, and II, = [0,)(0,| +

2
[1,)(1,] being the projector onto the intertwiner space,
(see Appendix B for details), we find

M = 17/45. (29)

Now, notice that the logical states |0),|l,) in the
Pauli basis in which Z; = |0,)(0,| — |1,)(1,| are obviously
stabilizer states with zero stabilizer entropy. Nevertheless,
even according to this Pauli basis, there will be a nonzero
value for the average stabilizer entropy. This space is
just a generic qubit C> from the point of view of
the stabilizer entropy. The average SE in this space is
thus just the average stabilizer entropy of a qubit, namely

M = [EU,Ml(iI,,)<‘//U,> = 1/5, as calculated in [14] (we also
explicitly show this calculation in Appendix B).
Putting the pieces together, we are able to calculate the

average SE gap, which reads
AM(H;) = 8/45. (30)
Avalue of AM(H;) greater than zero tells us that projecting

a generic 4-qubit state onto this gauge invariant subspace
has a cost in terms of nonstabilizer resources.

In particular, this means that the gauge structure bears a
cost in terms of simulability, which is very important as one
scales the system to many nodes.

VI. SIMULATIONS OF QUANTUM
GRAVITY STATES

Very recently, quantum gravity states have been physi-
cally implemented on quantum computers [9,10], and in
particular, quantum tetrahedra states. The very first layer of
difficulty that must be faced in a laboratory when attempting
to conduct a quantum experiment (including one regarding
simulations of quantum gravity states) is the preparation of
an initial state that is faithful to the theoretical one |y).
Typically, a large initial sample must be prepared, resulting
in a mixed output i from the processor. Ensuring the correct
functioning of quantum devices in terms of the accuracy of
the output requires a certification protocol [63]; one of the
possible measures of the quality of the realization  of a
state |y) is the fidelity F(|y), ) = tr(pyr) that measures
the precision of preparation. It is known that SE can provide
useful indications in an experimental setting.

In this last section, we argue that the numerical results
found in (19) and (20) have a direct use in the recent
results on quantum gravity states simulations. Indeed, we
can use the SE of these states to estimate the maximum
fidelity achievable with a given number of preparations or,
conversely, the minimum number of preparations needed
to achieve a desired value of fidelity within a desired
error [17].

In [9], the authors present a realization of the intertwiner
states |0,),|1,) as of Eq. (11) as well as the volume
eigenstates |V,),|V_) on a 5-qubit (Yorktown) and a
15-qubit (Melbourne) IBM superconducting quantum com-
puter. By performing ten rounds of 1024 quantum mea-
surements, they obtained fidelity values ., of the prepared
states with respect to the theoretical ones. As anticipated in
Sec. II, the explicit lower bound on the number N}},‘i" of
preparations needed to achieve an accuracy e, with a
probability of failure 9, is related to the SE of the theoretical
state |y) as follows:

i 3) exelots )] (31)

Inverting this relation, one can get an upper bound on the
maximum achievable fidelity with a given number of
preparations N with failure probability 6,

Fonax < 1= %m (%) exp [Mzz("’)]. (32)

As one can see from the Table I, the experimentally
obtained data for the fidelity is perfectly compatible with
the bounds provided by the SE. However, the authors used
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TABLE 1. Comparison between the experimentally obtained
results of the fidelity in [9] and the bounds given by Egs. (31)
and (32). F .« is calculated using N = 10240 and the probability
of failure & is inferred using the Bienaymé-Cebysév inequality
assuming the statistical error ¢ as the variance of the probability
distribution.

|I> ‘Fexp o M2 (1 - 6) fmax N{,‘T/lin
|0,) 0,906 0,005 0 0,05 0,973 835
1) 0,916 0,007  0,847997 0,05 0,959 2441
V) 0918 0,000 1,16993 0,05 0,952 3535
[V_) 0917 0,008 1,16993 0,05 0,952 3450

many more copies than the minimum shown in the table.
However, it is important to note that the constraints
provided by Egs. (31) and (32) are purely theoretical,
hence independent of the inherent noise sources peculiar to
the specific implementation protocols and hardware used in
the experimental setting at hand. Nevertheless, by consid-
ering the SE of the states one wishes to prepare, the
hardware resources and the number of preparations can be
managed more efficiently in future experiments of quantum
gravity states.

VII. DISCUSSION

In this paper, we have shown that the gauge invariant
structure of quantum geometry states has a cost in terms of
nonstabilizer resources. This implies that simulations of
quantum geometry states can run more efficiently on a
quantum computer and that preparations of future experi-
ments can be more efficient if the nonstabilizer property of
the state is taken into account. Moreover, we have seen that
eigenstates of the oriented volume have near-maximal
amount of SE: this begs the question of why such states
possess greater quantum complexity, suggesting that a
correspondence between entanglement and geometry in
quantum gravity may extend at a deeper layer of quantum-
ness [64]. Concretely, the first step to answer this question
will be to repeat this analysis for a generic spin-j inter-
twiner and see if, also in that setting, the volume eigenstates
are states with maximum SE. A further intriguing direction
to explore is the role of nonstabilizer resources when taking
into account the quantum state associated to an actual spin
network, that is a collection of intertwiners describing a
quantum simplicial complex: in that general setting, one
should expect additional nonstabilizer resources coming
from the graph structure, that is the adjacency matrix,
describing the connectivity and the nontrivial additional
geometrical degrees of freedom described by the holono-
mies dressing the links. In particular, in this sense, we
expect that nonstabilizerness can be further used to char-
acterise the transition amplitudes, that is the evolution, of
quantum geometry states (see, e.g., [10]).

In general terms, the dependence of the SE gap from the
projector onto the intertwiner subspace opens to more
wide-reaching questions: how does the gauge structure
affect nonstabilizerness in a more general setting? Can we
use this formalism to characterize the SE of other quantum
gauge theories? Does Abelianity (or lack thereof) of the
gauge group play a role in the nonstabilizer resources of the
gauge invariant subspace?
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APPENDIX A: CALCULATION OF THE SE
OF THE INTERTWINER BASIS STATES

In this section, we show the details of the calculations of
the SE of the intertwiner basis state, namely the south and
north poles of the Bloch sphere (i.e., # = 0 and 6 = 7).
Recalling the circuit realization of the intertwiner states in
(Fig. 1), we focus on the unitary operators U, V,, U;, V;
involved in the preparation of basis states |0,) and |1;),
which can be calculated by inserting in Eq. (17) ¢ = 0 and
0 = 0, z, respectively,

o= (50) a0
(9 sl 7)o

(A1)

U1:

Notice that, with the exception of the unitaries that we
just calculated, all the gates involved in the circuit in (Fig. 1)
are Clifford gates. Hence, to estimate the magic of an
intertwiner state, we can focus our analysis on the reduced
2-qubit system given by the action of CVy(Uy, ® 1) on
|0)®2, where CV, is the controlled-V, gate. The reduced
circuit is represented in Fig. 3.

This circuit returns the realization of |0,) as a 2-qubit
state,

(110) = [11)). (A3)

|OS>2 =

1
V2

FIG. 3. 2-qubit circuit with the nontrivial contribution to the
magic of an intertwiner state.
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In this way, we rule out all trivial contribution to the
nonstabilizerness, isolating only the significant ones.

For the particular case of |0,), we can prove that the
magic produced by the operators U and V is 0; i.e., |0;) is
a stabilizer state. Let us write the matrix form of the
operators,

0 0 10
0 0 01
o®T=1_ 0 00 (A4)
0 -1 00
10 0 o0
01 0 0
CVy = L (AS)
00 -5 -5
1 1
00 5 -%

We consider the state y = [0,), (0
Pauli basis reads

», which in the

1
Vo, =5 Z Tr(wo,P)P

PeP,
1
:Z(H®H—H®X—Z®H+Z®X). (A6)
The magic of the basis state is
My(yo,) = —logd™ Z tr* (yo, P). (A7)

PEP,

Since the trace of the product of Pauli matrices is equal to d
only if the product returns 1 @ 1 and 0; otherwise, among
the terms of the sum in (A7), there are only four non-
vanishing contributions, which are the ones with P equal to
one of the terms in the Pauli decomposition of the state.
Equation (A7) returns

d d d d

Namely, the intertwiner state |0;) is a stabilizer state.
We now repeat the same procedure for the state |1;).
First, we realize the operators as matrix,

20 %0
0 2 o L
3
U, ®1 = V3 (A9)
1 2
~L o0 2o
1 2
0 -L o0 \ﬂ

1 0 0 0
01 0 0

1 1
00 7% %

The action of this operators on |0)®? returns

|1.Y>2=@om—%nm—%m» (Al1)

We write the state v/ as

"erihiexilioz-2xo1
V.= 3 3 3

X @ X-2X@Z+Y @V 421
3 3 3 3
1 2
—§Z®X+§Z®Z). (A12)

There are ten nonvanishing contributions to the magic of
this state, each of which is equal to the fourth power of one
of the coefficients of (A12). Direct calculation returns

M (yy,) = 0,847997. (A13)

APPENDIX B: AVERAGE SE GAP

In this section, we show the details of the calculations of
the average SE gap shown in Sec. V,

AM(H,) = EyMY) (wy) — EuMY (),

lin lin

(B1)

with E;; denoting the unitary group average with respect to
the Haar measure, M\ () i= 1 — dtrQVy®* i = {0,1}

lin
being the linear SE, d; being the dimensions of the Hilbert
spaces involved (recall that d; is the dimension of the gauge
invariant intertwiner space, hence d; = 2, whereas d,, is the

dimension of the ambient 4-qubit space, thus, d, = 16), and

1
I — ®4
Q() Iy ZP
I Pep,
1
Q<O) - ? Z P®4? (B2)
OrPep,

with P, being the Pauli group on n qubits modulo the
phases.

1. Haar averages and calculation of M’

We start by calculating [EUMl(iIn> (wy) since it is the
simplest one: plugging the definition of My, in the Haar

average reads
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EyMy) (wy) = Eyl — drQy @

lin

=1 —djirQUE, U®*y® UT®,  (B3)
since the Haar average is linear. Our focus, then, is on

evaluating
SPU = EytrQUyt, (B4)
In general, carrying out the Haar average of operators of
the form U®*XUT®* X € L(H®*) requires the knowledge
of the commutant of the k-tensored representation of the
unitary group, according to Schur’s Lemma. By the Schur-
Weyl duality, the basis of the full commutant of U®* is
constituted by the permutation operators acting over the k
copies of the Hilbert space of interest. In particular,

the average of the k copies of a state is carried out in
detail in [65] and reads

d+k—-1

E,, U®ky®kyi®k —
U v k

-1
) Mk, (BS)
with

1
k
Hgyzn = E Z T,, <B6)

‘mesS;

EytrQDy®

= [(d; +3)(d; +2)(d; + 1)d,]”

being the projector onto the subspace of H®*, which is
symmetric under permutations of k objects. The result of
this average is to be expected by the fact that operators
belonging L(H®¥) of the form y®* are actually symmetric
under permutation operators, so the weight associated to
each of this operators must be the same and is hence only
determined by the normalization.

The permutation operators relative to x €S, can be
written in the computational basis of H®K, namely
{liy.. i) }¢ ) in this way,

(B7)

Notice that the permutation operators are invariant under
k-copies of unitary operators U®: this means that such
operators will have the same expression in any basis of
H®k. Now, starting In our case, we are interested in the
Haar average of four copies of the state, namely,

d+3\11
[Euw%"‘:( A ) EZT,,

= [(d; +3)(d; +2)(d; + 1)d;]” ltrQ sym

‘mES,
=[(d+3)(d+2)(d+1)d "> T, (B8)
TES,
Substituting this expression in Eq. (B4), we get
p Z > uP®TL (B9)

I zes, PeP,

In order to tackle this calculation, one calculates the sums of the Pauli operators permutation by permutation: by means
of example, we show the calculation for one permutation, but the treatment is similar for all of them. Let us take, say, the
3-cycle (123): the permutation operator associated to this permutation reads

T 123) Z|kl}l (ijkl; (B10)
ijkl
hence,
QT (153 = Z ZtrP®4|k1]l (ijkl|
1 P€P2 ijkl
7 Z > (Pl (i) e(Pli) () (Pl (k) _tr(Pl1)1])
IPE[P’Z ijk l
o Z > (Pl (i)ee(Pli) (] (PLj) (k| )erP
IPEIPZ ijk
*Ztr k) (e (|2) () ee(1) (k)
ljk
1
*Zfskz Jk:d*Z@'k:l’ (B11)
ljk 1 Jjk
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where we used the fact that ), |/)(I| = 1 and trP = d,6p ;.
Executing similar calculations for the other 23 elements of
S4 and summing all the contributions, one gets

4d? +12d; + 8 2
E, trODy® — 1 I _ . B2
or@Twy di(d;+1)(d;+2)(d;+3) 5 (B12)
hence,
1
EuMiy (wy) = 1 = dErQy@* = 2. (BI3)

2. Haar averages on subspaces: Proof of Lemma 1
Let generic H = Hjy @ Hx Hilbert space decomposed

in two orthogonal subspaces, with dim(H) =d, Hy =
span{|1), ..., |dg)} and Hx = span{|dg + 1), ...,|d)}, and
the projector Iz onto Hy being
dp
M =Y [i)(i (B14)
i=1

Applying the formula shown in Eq. (B8), the average onto
the subspace Hp reads

dp +k—1\"11
= (M)

JIES]\

(B15)

whereas if we calculate the average onto the full Hilbert
space H, we get

d+ k-1
[EUU/k—< >

Now, it suffices to check that the action of k copies of the
projector onto the permutation operators representation on
the full Hilbert space gives the permutation operators
representation on the subspace Hy. Applying the expres-
sion shown in Eq. (B7) for the permutation operators to this
case, we get

=Y T,

zreSk

(B16)

g, = Z Mgz (iy)).. Hglz(iy)) (iy ... i
{if.. iy} e {Ld}*
(B17)
One then notices that
i) ifie{l,d
my = { et )
0  otherwise
hence, Eq. (B17) reduces to
ek T, = S zliy i)y i | = TR, (B19)
(i € {1dV

Using this result, Eq. (B15) reads

dp+k—1
et (") A

ﬂESk

dR+k—1> ®k1
T,
(" PP

dp+k—1\"1(d+k—1
k k

5 <d+]1§— 1)—'H§k%2n
= CR(d’dR)H}?k[EUV’gk (B20)
with
o(d. dg) <dR —i—kk - 1>—1 <d+lk<— 1) (B21)
which completes the proof. n

3. Calculation of M°

In this subsection, we use the result of Eq. (B20) to
calculate [EUMl(m> (wy), which reads

0
EyMiy (yy) = 1 - doEy, ey, r@ O Uy E U,
(B22)

and in particular, we focus on the evaluation of

SPO) = wQOEy, er, UP WU (B23)

Using the formula in Eq. (B20), Eq. (B23) reads

SP©) = ¢,trQ® Uy @484,

Hfm[Eu eUHP") (B24)
2

with TT; = |0,) (0] + |1,)(1,]. We can plug the generic
formula shown in Eq. (B8) and getting

SPO = ¢)[d(d + 1)(d +2)(d + 3)] QOIS T,

TES,

Dd|wrQOnp*ty "1t

TES,

= [(d; +3)(d; +2)(d; +

(B25)

The relevant difference between this calculation and that
carried out in Eq. (B13) is the representation of the
permutation operators T.: they now read

> Ixligiskil,))(

iyofs oKl

iSjSkSlsl’ (B26)

with all indices belonging to {|0,),|1,)} as written in
Eq. (11). These are indeed operators acting on Hi@“, but
2

they are not the full permutation operators of H®*, since the
2

indices of the sums do not run on all the basis elements of
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H®*, but only on the intertwiner basis elements.

Slibstituting this expression [and the one in Eq. (B20)]
in Eq. (B23), we get

SPO) — [(d, +3)(d; +2)(d; + 1)d)]™!

o Z > wPTL (B27)
071'654 PeP,
|
1
rQOTY = ?Z > (aliy)|Plig)

O P lS.lSkSlS

This sum is constituted by products of matrix elements of
16 x 16 matrices between two intertwiner basis elements,

which are 16-component vectors in the original H®* basis.
2

By separately calculating the four possible matrix elements
for each and every of the 256 operators of P, (namely,
{(05]P105). (0s|P15). (15| P|0y). (15[ P[15) } pp,), and com-
bining them according to the permutation z, and them
summing over the Pauli operators P, one is able to compute
objects of the form (B28). Repeating this method for the
24 permutation operators of S, and summing the results,
one gets

EytrQ©y®* (B29)

Yy :@;

hence,

K.M K.—-M
ijljmz C]m3]m4

,0 ->
( Jmyjmy ]m3]m4
{m}

+oF1200),

m)

30>

M="1 1)

where the states {|0,), |1,),...,|2j,)} form a set of mutu-
ally orthogonal basis elements in the singlet subspace of the
Peter-Weyl decomposition of the original Hilbert space.
Hence, the projector on the gauge invariant subspace is

(€2)

Cl M C] -M -7

jmyjmy jm3]m4

The previous observation renders the calculation of
objects like trQW T slightly more difficult, since we
cannot exploit the completeness relationship of basis
elements like we did in Eq. (BI1), simply because
{]0,),|1,)} is not a complete basis for H®*. However,

2
by pure brute-force methods, we are able to evaluate this
object. We proceed permutation by permutation, as before:
the trace of Q(¥) with a single permutation operator reads

() |Pljs) (m (k) |Plkg) (7 (L) [PIL). (B28)

(0) 4_17

0
in (Wy) =1- dotrQ) % TS

EyM (B30)

and finally, we can evaluate the average SE gap, which reads

17 1 8
M(H;) = EgMy (yo) = EuMyg () = 5 === 5=
(B31)

APPENDIX C: SE OF 4-VALENT INTERTWINER
WITH GENERIC SPIN

In this section, we introduce a generalized version of the
stabilizer entropy for qudit systems, following the lines
of [46]. This generalization is needed since the dimension
of the intertwiner Hilbert space associated with a quantum
tetrahedron with all spins equal to j € 5 1s 2j + 1, accord-
ing to Peter-Weyl’s theorem. Indeed, we can write explic-
itly the intertwiner state in (8) as

2j,.M 2]—M
-+ Z chmllmz Jm3]m4| >>

M==2j {m}
(C1)

For j # 1/2, this implies that the intertwiner Hilbert
space is not a 2-level system; thus, the usual formulation of
stabilizer entropy for qubit systems cannot be applied to
such a case.

In order to establish a definition of stabilizer entropy for
generic qudit systems, we introduce the generalization of
Pauli group, namely the discrete Heisenberg-Weyl group.
Consider an one-dimensional Hilbert space H ~C/,/€N
and the space of linear operators acting on it, namely £(H):
we define the boost and shift operators X, Z € L(H) as
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Xlph=lien (C3)

Z|j) = o’|j), (C4)

withw = €. The Heisenberg-Weyl operators are defined as

D( ) = T PIZP X1, (CS)

pg
with 7 = . They form a basis for £(H), given by the 12
operators {D ooy = Idp, D, )|P. q € Z;}, where the ortho-
gonality relation reads

Df

) = 1000

(D o Bad (C6)

p-q)
Finally, the Heisenberg-Weyl group is defined as the group
generated by such operators,

= {Dpg})- (C7)
Notice that for [ = 2, the Heisenberg-Weyl group reduces to
the usual Pauli group for qubit systems.

The Heisenberg-Weyl group acting on a n-qudit system
is simply given by the tensor product of n copies of the
Heisenberg-Weyl group for one qudit,

_ «K' .M ~+K'—M' ~K.M K—M | =\ /=1
I = C ¢; ijljmz ij3jm4 ><

jm' jmly
KK MM {im}{i'}

Jjmy i,

I —l «K'.M' ~*K' —
d oo, i o,

D) €Dy K.K' .MM’ { }{'}

D) = pVe". (C8)

Any n-qudit state w € H®" can be written in the
Heisenberg-Weyl basis as follows:

Z Ztrll/Dﬁ‘_i

pEZ jez!

) (C9)

'hl
Ql

with d:=dim(H®") =[". We can define the nor-

malized expected value of a n-qudit pure state over the

discrete Heisenberg-Weyl operators as Ep_ (lw)) =
d™"(y|D; 5 |w)?*, and the a-stabilizer Rényi entropy on

qudit systems reads

(1-a)™ log Z Z“Dﬁa

pezigez:

M, (ly)) = —logd.

(C10)

In order to compute the SE of a quantum tetrahedron
state with j # 1/2, we can refer to (8) and write the
intertwiner density matrix and its tomography in the
Heisenberg-Weyl basis,

', (C11)

WekM M e(|im) (| D 5.2)) D (C12)

jmlij Jmszjmy

where the sums over K and K’ run from 0 to 2, and the ones over M and M’ run, respectively, from —K to K and from —K’

to K;d=

(2j + 1)* is the dimension of the Hilbert space over which the trace is performed.
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