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Abstract

Physics-Informed Neural Network (PINN) has proven itself a powerful tool to obtain the nu-
merical solutions of nonlinear partial differential equations (PDEs) leveraging the expressivity
of deep neural networks and the computing power of modern heterogeneous hardware. How-
ever, its training is still time-consuming, especially in the multi-query and real-time simulation
settings, and its parameterization often overly excessive. In this paper, we propose the Gener-
ative Pre-Trained PINN (GPT-PINN) to mitigate both challenges in the setting of parametric
PDEs. GPT-PINN represents a brand-new meta-learning paradigm for parametric systems. As
a network of networks, its outer-/meta-network is hyper-reduced with only one hidden layer
having significantly reduced number of neurons. Moreover, its activation function at each hid-
den neuron is a (full) PINN pre-trained at a judiciously selected system configuration. The
meta-network adaptively “learns” the parametric dependence of the system and “grows” this
hidden layer one neuron at a time. In the end, by encompassing a very small number of net-
works trained at this set of adaptively-selected parameter values, the meta-network is capable
of generating surrogate solutions for the parametric system across the entire parameter domain
accurately and efficiently.

1 Introduction

The need to efficiently and accurately understand the behavior of the system under variation of a
large number of underlying parameters is ubiquitous in many query type of applications e.g. un-
certainty quantification, (Bayesian) inverse problems, data assimilation or optimal control/design.
The parameters of interest may include material properties, wave frequencies, uncertainties, bound-
ary conditions, the shape of the domain, etc. A rigorous study of the behavior of the system and its
dependence on the parameters requires thousands, perhaps millions of simulations of the underlying
partial differential equations (PDE). Each accurate and robust simulation of the underlying com-
plex physical phenomena is often time consuming, and the massively repeated simulations needed
become computationally challenging, if not entirely untenable, when using traditional numerical
methods. Two techniques stand out in addressing this challenge, the more traditional and rigorous
reduced order modeling and the more nascent deep neural networks.

The reduced basis method (RBM) [30, 38, 17, 44, 23, 15], a projection-based model order re-
duction approach [4], belongs to the first category. It was developed to generate a computational
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emulator for parameterized problems whose error compared to the full problem is certifiable; this
rigorous accuracy guarantee is a relatively unique ability among reduced order model algorithms.
Once generated, the RBM emulator, using the results of the original method at carefully prese-
lected parameter values, can typically compute an accurate solution with orders-of-magnitude less
computational cost than the original method. This is achieved through an offline-online decompo-
sition, where the parameter values are selected and reduced solution space constructed in an offline
preparation/training phase via a greedy algorithm, allowing the rapid online computation of the
surrogate solution for any parameter values.

Deep learning algorithms are increasingly popular in this context as well. Using data generated
by many queries of the underlying system, one can train a deep neural network (DNN, a highly
nonlinear function composed of layers of parameterized affine linear functions and simple nonlinear
operations) to provide a surrogate for the parameter to solution map. Physics-informed neural net-
works (PINNs), popularized by [41], adopt DNNs to represent the approximate solutions of PDEs.
Unlike typical data-driven deep learning methods that do not build in physical understanding of
the problem, PINNs incorporate a strong physics prior (i.e. PDESs) that constrains the output of
the DNN. The key advantages of PINNs, over traditional numerical solvers, include that they are
able to solve the PDE without discretizing the problem domain, that they define a function over
the entire continuous spatial-temporal domain, and that they can rely on automatic differentiation
[3, 29] toward residual minimization. Thanks also to the enormous advances in computational
capabilities in recent years [1, 43|, PINNs have emerged as an increasingly popular alternative to
traditional numerical methods for PDEs.

However, issues of PINNs remain [46]. Among them, vanilla PINNs are usually significantly
slower than the classic numerical methods due to the training of the, what is usually substantially
parameterized, neural network. The main purpose of this paper is to use strategies inspired by the
classical and mathematically rigorous RBM techniques to significantly shrink the size of PINNs
and accelerate solving parametric PDEs with PINNs. Just like RBM, the proposed solvers have an
initial investment cost. Moreover, this initial investment cost is proportional to the cardinality of the
discrete parameter domain for problems with truly high-dimensional parametric dependence. This
reduction strategy therefore can not avoid the curse-of-dimensionality. There have been approaches
such as those reviewed and developed in [18] that can delay the curse-of-dimensionality for RBM.
They can be adopted in our context as well. However, they are capable of providing significant
computational savings in problems where a PDE must be solved repeatedly or in real-time thanks
to the fact that their marginal cost is of orders of magnitude lower than that of each PINN solve.

The jump from the vanilla PINN to the proposed Generative Pre-Trained PINN (GPT-PINN)
parallels that from the traditional Finite Element Method (FEM) to RBM. To the best of our knowl-
edge, it represents a first-of-its-kind meta-learning approach for parametric systems. Its infrastruc-
ture is a network of networks. The inner networks are the full PINNs. Its outer-/meta-network is
hyper-reduced, in comparison to the inner networks, with only one hidden layer where the inner
networks are pre-trained and serve as activation functions. The meta-network adaptively “learns”
the parametric dependence of the system and “grows” this hidden layer one neuron/network at a
time. In the end, by encompassing a very small number of networks trained at this set of adaptively-
selected parameter values, the meta-network is capable of generating surrogate solutions for the
parametric system across the entire parameter domain accurately and efficiently, with a cost inde-
pendent of the size of the full PINN. The design of network architecture represent the first main
novelty of the paper. To the best of our knowledge, this is the first time whole (pre-trained)
networks are used as the activation functions of another network. The adoption of the training
loss of the meta-network as an error indicator, inspired by the residual-based error estimation for
traditional numerical solvers such as FEM, represents the second main novelty.



The rest of the paper is organized as follows. In Section 2, we review the RBM and PINN. In
Section 3, we detail our design of GPT-PINN, and also remark on recent efforts about accelerating
PINNSs in the parametric PDE setting. We present numerical results on three parametric PDEs in
Section 4 demonstrating the accuracy and efficiency of the proposed GPT-PINN. Finally, concluding
remarks are given in Section 5.

2 Background

2.1 Reduced Basis Method

RBM is a linear reduction method that has been a popular option for rigorously and efficiently
simulating parametric PDEs. Its hallmark feature is a greedy algorithm embedded in an offline-
online decomposition procedure. The offline (i.e. training) stage is devoted to a judicious and
error estimate-driven exploration of the parameter-induced solution manifold. It selects a number
of representative parameter values via a mathematically rigorous greedy algorithm [5]. During the
online stage, a reduced solution is sought in the terminal surrogate space for each unseen parameter
value. Moreover, unlike other reduction techniques (e.g. proper orthogonal decomposition (POD)-
based approaches), the number of full order inquiries RBM takes offline is minimum, i.e. equal
to the dimension of the surrogate space. To demonstrate the main ideas, we consider a generic
parameterized PDE as follows,

Flux,u) = f, zeQCR (1)

Here F encodes a differential operator parameterized via u € D C R% together with necessary
boundary and initial conditions. The parameter can be equation coefficients, initial values, source
terms, or uncertainties in the PDE for the tasks of the uncertainty quantification, etc. F can
depend on the solution and its (space- and time-) derivatives of various orders. We assume that
we have available a numerical solution u(x; ) € X} obtained by a high fidelity solver, called Full
Order Model (FOM) and denoted as FOM(p, X},), and X}, is the discrete approximation space the
numerical solution u belongs to.

A large number of queries of u(-; ) can be prohibitively expensive because the FOM(u, X})
has to be called many times. Model order reduction (MOR) aims to mitigate this cost by building
efficient surrogates. One idea is to study the map

po= (e, p) € Xy

and devise an algorithm to compute an approximation uy (-, #) from an N-dimensional subspace
Xn of X}, such that
un (-, p) =~ u(-,p) for all p € D

This reduced order model (ROM) formulation at a given p is denoted by ROM(u, Xy ), and is
much cheaper to solve than FOM(u, X;,) and can be conducted during the Online stage.



Algorithm 1 Classical RBM for parametric PDE (1): Offline stage
Input: A (random or given) p!, training set = C D.
Initialization: Solve FOM(u!, X},) and set X1 = span {u(-; uq)}, n = 2.
1: while stopping criteria not met, do
2: Solve ROM(pt, X,,—1) for all p € = and compute error indicators A,_1(p).
3: Choose p" = argmax Ap_1(p).
4: Solve FOM(p,,, XL;LL) and update X,, = X,,—1 @{u(; )}

5: Set n < n—+ 1.
6: end while

Output: Reduced basis set X, with IV being the terminal index.

The success of RBM relies on the assumption that u(-; D) has small Kolmogorov N -width [34],
defined as

dy|u(;D) = inf su inf ||u(-,p)—0v
VD)= il s o ) ol
N=

A small dy means that the solution to eq. (1) for any p can be well-approximated from Xy that
represents the outer infimum above. The identification of a near-infimizing subspace Xy is one
of the central goals of RBM, and is obtained in the so-called Offline stage. RBM uses a greedy
algorithm to find such Xy. The main ingredients are presented in Algorithm 1. The method
explores the training parameter set = C D guided by an error estimate or an efficient and effective
error indicator A, (p) and intelligently choosing the parameter ensemble {p”} _, so that

XN _Span{u(7l~‘l’ )}n 1> and UN 7/"’ ch 7/‘1‘ (2)

An offline-online decomposed framework is key to realize the speedup.

Equipped with this robust and tested greedy algorithm, physics-informed reduced solver, rigor-
ous error analysis, and certifiable convergence guarantees, RBM algorithms have become the go-to
option for efficiently simulating parametric PDEs and established in the modern scientific com-
puting toolbox [35, 30, 38, 17] and have benefited from voluminous research with theoretical and
algorithmic refinement [28, 33, 2, 27, 44, 23]. One particular such development was the empirical
error indicator of the L1-based RBM by Chen and his collaborators [8] where A,,_;(u) was taken
to be ||c(u)||;. Here c(p) is the coefficient vector of uy (-, ) under the basis {u(:; ,un)}flvzl and |||,
represents the /!-norm. As shown in [8, 7], c(u) represents a Lagrange interpolation basis in the
parameter space implying that the indicator A, represents the corresponding Lebesgue constant.
The L1 strategy to select the parameter samples then controls the growth of the Lebesgue con-
stants and hence is key toward accurate interpolation. This strategy, “free” to compute albeit not
as traditionally rigorous, inspires the greedy algorithm of our GPT-PINN, to be detailed in Section
3.

2.2 Deep neural networks

Deep neural networks (DNN) have seen tremendous success recently when serving as universal
approximators to the solution function (or certain quantity of interest (Qol) / observable) [20,
32, 11, 19, 39, 9, 50, 45]. First proposed in [20] on an underlying collocation approach, it has
been successfully used recently in different contexts. See [40, 42, 21, 26, 11, 10, 16] and references
therein. For a nonparametrized version (e.g. eq. (1) with a fixed parameter value), we search for a



neural network Wyy(x) which maps the coordinate x € R? to a surrogate of the solution, that is
Unn(X) & u(x).

Specifically, for an input vector x, a feedforward neural network maps it to an output, via layers
of “neurons” with layer k corresponding to an affine-linear map C}, composed with scalar non-linear
activation functions o [14]. That is,

WnEx)=CgoooCx_1...... oo o (C1(x).

A justifiably popular choice is the ReLU activation o(z) = max(z,0) that is understood as
component-wise operation when z is a vector. For any 1 < k < K, we define

Crzr, = Wiz + b, for Wi € de‘*'l)(dk, 2K € de, by € R+1

To be consistent with the input-output dimension, we set d; = d and dx = 1. We concatenate the
tunable weights and biases for our network and denote them as

0= {Wg,bp}, V1<EkE<K.

K—1
We have § € © € RM with M = " (dj, + 1)dp41. We denote this network by
k=1
NN(dy, da, -, dx). (3)

Learning \IJGNN(X) then amounts to generating training data and determining the weights and biases
0 by optimizing a loss function using this data.

2.3 Physics-Informed Neural Network

We define our problem on the spatial domain Q@ C R? with boundary 02, and consider time-
dependent PDEs with order of time-derivative k = 1 or 2.

atkk (x,1) + Fu(x,1)] = 0 x € Q, t € 0,7,
G(u)(x,t) =0 x € 99, telo,T), (4)
u(x,0) = uo(x) x € Q.

Here F is a differential operator as defined in Section 2.1 and G denotes a boundary operator.
The goal of a PINN is to identify an approximate solution u(x,t) via a neural network W, (x,t).
Learning 6 € RM requires defining a loss function whose minimum 6* leads to \I/%*N approximating
the solution to the PDE over the problem domain. PINN defines this loss as a sum of three parts,
an integral of the local residual of the differential equation over the problem domain, that over the
boundary, and the deviation from the given initial condition,
A 2
o +u6x,0) — w003 do+ [ 1G0)Gxt)§ d
2 o0

During tralmng, we sample collocation points in certain fashion from the PDE space domain (2,
space-time domain €2 x (0,7"), and boundary 92 x [0,T], C, C 2 x [0,T] and Cy C 92 x [0,T] and
C; C Q, and use them to form an approximation of the true loss.

J(u)* u(x,t) + F(u)(x,1)

Lons (W) =7 3 ﬁwaNxx,t)w(w&N)(x,w2+
ol (x,t)€Co 2 ) (5)
2 2 o], + g 3 [whnee0 - w0

(x,t)€Co



When the training converges, we expect that »CPINN(‘I’?\]N) should be nearly zero.

3 The GPT-PINN framework

Inspired by the RBM formulation eq. (2), we design the GPT-PINN. Its two components and design
philosophy are depicted in Figure 1. As a hyper-reduced feedforward neural network NN(2,n,1)
with 1 < n < N (see eq. (3) for the notation), we denoted it by NN*(2,n,1). A key feature is
that it has customized activation function in the neurons of its sole hidden layer. These activation
functions are nothing but the pre-trained PINNs for the corresponding PDEs instantiated by the
parameter values {u', u? -, u"} chosen by a greedy algorithm that is specifically tailored for
PINNs but inspired by the classical one adopted by RBM in Algorithm 1. The design of network
architecture represents the first main novelty of the paper. To the best of our knowledge, this is
the first time a whole (pre-trained) network is used as the activation function of one neuron.
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Figure 1: The GPT-PINN architecture. A hyper-reduced network adaptively embedding pre-
trained PINNs at the nodes of its sole hidden layer. It then allows a quick online generation of a
surrogate solution at any given parameter value.

3.1 The online solver of GPT-PINN

We first present the online solver, i.e. the training of the reduced network NN*(2,n, 1), for any given
p. With the next subsection detailing how we “grow” the GPT-PINN offline from NN*(2,n,1) to
NN"(2,n+1,1), we have a strategy of adaptively generating the terminal GPT-PINN, NN"(2, N, 1).
Indeed, given the simplicity of the reduced network, to train the weights {c1(p), -, cn(p)}, no
backpropagation is needed. The reason is that the loss function, similar to eq. (5), is a simple func-
tion containing directly and explicitly {c1(p), - , ¢, ()} thanks to the reduced network structure



of GPT-PINN. In fact, we denote by \IJ(’NiN (z,t) the PINN approximation of the PDE solution when
p = pt. Given that u,(x,t;p) ~ S0 ¢;(p) Wy (2,1)!, we can calculate the GPT-PINN loss as a
function of the weights c(u) as follows.

k n _ n ' 2
LN = || (Z cz-m)\lﬂN’N) (c.t) + F (Z cim)wm) (1)) +
ol (x,t)EC, i=1 i=1 2
. ., ©
ir > g(ZCi(“)‘I’ﬁN>( T Z 1) T (%, 0) — u(x)
|Ca| (x,t)€Cp i=1 ’C | xeC; 9

The online collocation sets C;, C Q x [0,T], Cj C 052 x [0,T] and C] C € are used, similar to
eq. (5), to generate an approximation of the true loss. They are taken to be the same as their full
PINN counterparts C,,Cg,C; in this paper but we note that they can be fully independent. The
training of NN"(2,n,1) is then simply

c+c—06,Ve E%&FE\I( ) (7)

Here ¢ = (c1(p), -, cn(p))” and 6, is the online learning rate. The detailed calculations of eq. (6)
and eq. (7) are given in A for the first numerical example. Those for the other examples are very
similar and thus omitted. We make the following three remarks to conclude the online solver.

1. Precomputation for fast training of NN"(2,n,1): Due to the linearity of the derivative
operations and the collocation nature of loss function, a significant amount of calculations of eq. (6)
can be precomputed and stored. These include the function values and all (spatial and time)
derivatives involved in the operators F and G of the PDE eq. (4):

8k

97,'
\IJNN(C) atk

(\1/ ) () (k=1o0r2), ViUl (C)((=1,2,---) for C = CT,C5,CL. (8)
Once these are precomputed, updating ¢ according to eq. (7) is very efficient. It can even be made
independent of |C].

2. Non-intrusiveness of GPT-PINN: It is clear that, once the quantities of eq. (8) are extracted
from the full PINN, the online training of NN"(2,n, 1) is independent of the full PINN. GPT-PINN
is therefore non-intrusive of the Full Order Model. One manifestation of this property is that, as
shown in our third numerical example, the full PINN can be adaptive while the reduced PINN may
not be.

3. The error indication of NN"(2,7n,1). One prominent feature of RBM is its a posteriori error
estimators/indicators which guides the generation of the reduced solution space and certifies the
accuracy of the surrogate solution. Inspired by this classical design, we introduce the following
quantity that measures how accurate NN*(2,n,1) is in generating a surrogate network at a new
parameter p.

An(e(m) £ LERN (e (). (9)

1t is typical of RBM to orthogonalize the basis functions which enhances the numerical robustness of the reduced
solver, a linear solve (sequence of linear solves) for the linear (resp. nonlinear) problems. However, our reduced solver
presented here does not appear to suffer from the lack of orthogonality. This might be attributed to the fact that
our reduced solver is a gradient descent approach, as done by other neural networks-based methods, with a relatively

small learning rate as opposed to linear solves. However, we do expect that orthogonalization of {\I/ﬁTN (z,t)} may
become necessary for equations more complicated than those tested in this paper.



We remark that this quantity is essentially free since it is readily available when we train NN*(2,n, 1)
according to eq. (7). The adoption of the training loss of the meta-network as an error indicator,
inspired by the residual-based error estimation for traditional numerical solvers such as FEM,
represents the second main novelty of this paper.

3.2 Training the reduced network GPT-PINN: the greedy algorithm

Algorithm 2 GPT_PINN for parametric PDE: Offline stage
Input: A (random or given) !, training set Z¢paim C D, full PINN.

1: Train a full PINN at p' to obtain \IleNlN. Precompute quantities necessary for Vcﬁgﬁ)\%\] at
collocation nodes C;, Cj, and CJ, see eq. (8). Set n = 2.

2: while stopping criteria not met, do

3: Train NN"(2,n —1,1) at p for all g € Etrain and record the indicator Af,y(c(p)).

4: Choose p" = arg max Ayn(c(p)).

Strain

5: Train a full PINN at pu” to obtain ‘IfeNnN. Precompute quantities necessary for VCEE&TN at

collocation nodes C/, Cj, and C;, see eq. (8).
6: Update the GPT_PINN by adding a neuron to the hidden layer to construct NN*(2,n,1).
T: Set n < n+ 1.
8: end while

Output: GPT_PINN NN*(2, N, 1), with N being the terminal index.

Traini = Select ! € =¢rain randomly
T p-Training set =¢pain i
A full PINN for a given p n = 1. Setup empty GPT-PINN.

Train GPT-PINN(2, n, 1) at ft € Zrain Solve full PINN at " for Wi ") (x, t)

recording code and terminal loss €= Update GPT-PINN by adding the n** neuron
(c(p), Al (c())) with W ¥ (x, t). We have GPT-PINN(2, n, 1)

* &Repeat /

+1 _
max  Ayn(c(p)) < etol? p" = argmaxye=, . Ann(c(p))
HE=train No
n<—n-+1

lYes

END

Figure 2: Flowchart of the GPT-PINN Offline training stage.

With the online solver described in Section 3.1, we are ready to present our greedy algorithm. Its
main steps are outlined in Algorithm 2 with its flowchart provided in Figure 2. The meta-network



adaptively “learns” the parametric dependence of the system and “grows” its sole hidden layer one
neuron/network at a time in the following fashion. We first randomly select, in the discretized
parameter domain Ziyain, one parameter value pu! and train the associated (highly accurate) PINN
\IfﬁllN. The algorithm then decides how to “grow” its meta-network by scanning the entire discrete
parameter space Sy and, for each parameter value, training this reduced network (of 1 hidden
layer with 1 neuron \I’%IN). As it scans, it records an error indicator Ay (c(p)). The next parameter
value p? is the one generating the largest error indicator. The algorithm then proceeds by training
a full PINN at u? and therefore grows its hidden layer into two neurons with customized (but
pre-trained) activation functions \IIGNIN and \I/ﬁfN. This process is repeated until the stopping criteria
is met which can be either that the error indicator is sufficiently small or a pre-selected size of the
reduced network is met. At every step, we select the parameter value that is approximated most
badly by the current meta-network. We end by presenting how we initialize the weights c(p) when
we train NN*(2,7 — 1,1) on Line 3 of Algorithm 2. They are initialized by a linear interpolation of
up to 2% closest neighbors of p within the chosen parameter values {u', ..., u™V'}. Recall that d
is the dimension of the parameter domain.

3.3 Related work

The last two to three years have witnessed an increasing level of interest toward metalearning of
(parameterized or unparameterized) PDEs due to the need of repeated simulations and the remark-
able success of PINNs in its original form or adaptive ones. Here we mention a few representative
ones and point out how our method differentiates from theirs.

Metalearning via PINN parameters. In [31], the authors adopt statistical (e.g. regression)
and numerical (e.g. RBF/spline interpolation) methods to build a surrogate for the map from
the PDE parameter g to the PINN parameter (weights and biases, 6). They are shown to be
superior than MAML [12] for parameterized PDEs which was shown to outperform LEAP [13] in
[37]. Both are general-purpose meta-learning methods. However, the online solver (i.e. regression
or interpolation) of [31] ignores the physics (i.e. PDE). The method assumes that the p-variation
of the PINN weights and biases is analogous to that of the PDE solution.

DeepONet. Aiming to learn nonlinear operators, a DeepONet [22] consists of two sub-networks, a
branch net for encoding the input function (e.g source/control term, as opposed to PDE coefficients)
at a fixed number of sensors, and a trunk net for encoding the locations for the output functions.
It does not build in the physics represented by the dynamical system or PDE for a new input.
Moreover, it is relatively data-intense by having to scan the entire input function space such as
Gaussian random field or orthogonal polynomial space.

Metalearning loss functions. Authors of [36] concern the definition of the PINN loss func-
tions. While it is in the parameterized PDE setting, the focus is a gradient-based approach to
discover, during the offline stage, better PINN loss functions which are parameterized by e.g. the
weights of each term in the composite objective function. The end goal is therefore improved PINN
performance e.g. at unseen PDE parameters, due to the learned loss function configuration.
Metalearning initialization. In [52], the authors study the use of a meta network, across the
parameter domain of a 1-D arc model of plasma simulations, to better initialize the PINN at a new
task (i.e. parameter value).

MetalNO. The recent meta-learning approach for transferring knowledge between neural operators
[51] aims to transfer the learned network parameters 6(u) between different g with only the first
layer being retrained. Its resulting surrogate is fully data-driven, i.e. with no physics built in for a
new value p.

PRNN. The physics-reinforced neural network approach [6] builds the map p — c(p) via re-



gression (i.e. no physics during the online evaluation for a new ) although PDE residuals were
considered during the supervised learning of the map via labelled data.

Our proposed GPT-PINN exploits the p-variation of the PDE solution directly which may
feature a Kolmogorov N-width friendlier to MOR approaches, see Figure 3, than the weights and
biases. This is, in part, because that the weights and biases lie in a (much) higher dimensional
space. Moreover, the meta-network of our approach, being a PINN itself, has physics automatically
built in in the same fashion as the underlying PINNs. Lastly, our approach provides a surrogate
solution to the unseen parameter values in addition to a better initialization transferred from the
sampled PINNs. Most importantly, our proposed GPT-PINN embodies prior knowledge that is
mathematically rigorous and PDE-pertinent into the network architecture. This produces strong
inductive bias that usually leads to good generalization.
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Figure 3: A motivating example showing that the solution matrix of a parametric PDE
{u(-, u™)}2%, exhibits fast decay in its singular values (indicating fast decay of the Kolmogorov
N-width of the solution manifold) while the network weights and biases manifold {6(p™)}2%, does
not.

4 Numerical results

In this section, we present numerical results of the GPT-PINN applied to three families of equations,
the Klein-Gordon equation, the Burgers’ equation, and the Allen-Cahn equation. All simulations
are run on a desktop with AMD Ryzen 7 2700X CPU clocked at 4.0GHz, an NVIDIA GeForce RTX
2060 SUPER GPU, and 32 GB of memory. Python version 3.9.12 was used along with common
numerical packages and machine learning frameworks such as NumPy (v1.23.4), PyTorch (v1.11.0),
TensorFlow (v2.10.0), and for GPU support CUDA v11.6 was installed. Previous literature [48,
24, 25, 49] has shown common difficulties in the use of baseline (non-adaptive) PINNs for the
approximation of the Allen-Cahn equations. We have therefore adopted the Self-Adaptive PINNs
(SA-PINNs) formulated by [25] in section 4.3 to acquire accurate approximations by the full PINN,
later used by the GPT-PINN. The tuned hyperparameters of the full PINNs include the activation
functions and the learning rates. The code for all these examples are published on GitHub at
https://github.com/skoohy/GPT-PINN. Throughout the experiments of sections 4.1 to 4.3, we
calculate and report various losses and errors. They are defined in Table 1.
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Largest Loss The worst-case training loss max LShi(c(w)) of NN*(2,7,1)

HEStrain
Terminal Losses Training losses LSKK (c(p)) of NN*(2,7,1) (for more statistics)
HNNT(Q,n, (1) — qfﬁfﬁ)(;ﬂ,t)H
Largest Error The worst-case testing error max 2
HE=test

]
HNNr<2,n,1)(x,t) - \IIGN(,GL)(x,t)H " 2

Terminal Errors Testing errors (for more statistics)

H\I]i'('(r) (=, t>H2

Point-wise Error Absolute error for a given s,

NN (2, N, 1) (z, t) — U8 (x,t)(

Table 1: Exact meaning of the loss and error quantities reported in Section 4.

4.1 The parametric Klein-Gordon Equation
We first test the Klein-Gordon equation parameterized by (a, 8,7) € [-2, —1] x [0,1] x [0, 1],

Ut + QUgy + Bu+yu? + zcos (t) — x?cos® (t) =0, (x,t) € [~1,1] x [0, 5],
u(—1,t) = —cos(t), wu(l,t)=cos(t),
u(z,0) =z,
ug(x,0) = 0.

(10)

The full PINN is a [2,40,40, 1]-fully connected network with activation function cos(z) that is
trained using uniformly distributed collocation points with |C,| = 10,000, |Cs| = 1,024 (512 per
boundary), |C;| = 1,024 (512 for each of u(z,0) and u:(z,0)). A learning rate of 0.0005 is used with
the ADAM optimizer and the maximum number of epochs being 75,000. The parameter training
set Zirain 1S a tensorial grid of size 10 x 10 x 10 for a total of 1000 parameter values. Up to 15
neurons are generated by the greedy algorithm producing GPT-PINNs of sizes [2,1,1] to [2, 15, 1].
The GPT-PINNS are trained at the same set of collocation points as the full PINN (i.e. Cp,; = Cpos
for pos € {0,0,i}) but with a learning rate of 0.025 and (much smaller) 2000 epochs.

\\\\\\\\\\\\\\\

—— Median
—— Average |]
—— Minimum
—— Maximum

—e— Adaptive Neurons
—— Uniform Neurons [}

1071,

Terminal Losses

1074

23S 7O 161112131415 12734 56 78 9101112131415

Number of Neurons Number of Neurons

Figure 4: Klein-Gordon Equation training: The adaptively chosen parameter values (Left), worst-
case GPT-PINN training losses (Middle), and the Box and Whisker plot of all adaptive GPT-PINN
training losses (Right) during the outer-layer greedy training.

11



PINN Solutiona= —1.5, 3=0.5, y=0.5

1.0

0.84

0.63

0.42

0.21

0.00

-0.21

-0.42

-0.63

-0.84

Figure 5: Klein-Gordon Equation: First three full PINN solutions found by the GPT-PINN that
are used as the activation functions.

The GPT-PINN generates 15 neurons, i.e. full PINNs at {(a;,3;,7:)}2;. These parameter
values and the worse-case offline training loss LSHk (c(u)) after 2000 epochs as we increase the
number of neurons (i.e. size of ¢(u)) in the hidden layer of GPT-PINN are shown in Figure 4.
Figure 5 shows the first three PINN solutions adaptively selected by GPT-PINN. It is clear that
the sampled parameter values are toward the boundaries of the domain and that the decrease in
training loss is exponential. Both features are consistent with typical RBM results. Moreover, we
emphasize that to achieve 3 digits of accuracy across the parameter domain, we only need to train
the full PINN 15 times. This contrast with pure data-driven approaches inherits that of RBM with
POD approaches in that RBM requires much less full-order solves. In comparison, we sample the
parameter domain uniformly (i.e. without the greedy approach of GPT-PINN), it is clear from
Figure 4 Middle that the adaptive “learned neurons” performs 2 to 3 times better than the non-
adaptive “uniform neurons”. The fact that the latter performs reasonably well underscores the
power of our novel idea of using pre-trained PINNs as activation functions.

Next, we test the GPT-PINN on =i consisting of 200 randomly selected parameter values
distinct from the adaptively chosen “learned neurons” and “uniform neurons”. Figure 6 displays
the largest error for each size of the GPT-PINN. The trend is again exponential. Finally, to show
the efficiency of the method, we plot in Figure 6 Right the cumulative run-time when both the full
PINN and the (reduced) GPT-PINN are repeatedly called. The starting point of the GPT-PINN
line reflects all offline preparation time. It is clear that the GPT-PINN line increases very slowly
reflecting the fact that its marginal cost is tiny. In fact, it is about 0.0022 of that of the full
PINN. The intersection points reflect how many simulations would it be worthwhile to invest in
GPT-PINN. We remark that future work includes driving the intersection point down to essentially
comparable to the number of neurons in GPT-PINN, which is the absolute minimum it could be.

Last but not least, we show the training losses as functions of epochs in Figure 7 for both the full
PINN and GPT-PINN. We note the interesting phenomenon that the GPT-PINN loss decreases
more smoothly than the full PINN. To give a sense of the error distribution, we also plot the
point-wise error of the GPT-PINN solution.

4.2 The parametric viscous Burgers’ Equation

Next, we test GPT-PINN on the Burgers’ equation with one parameter, the viscosity v € [0.005, 1].

Up + Uty — vug, =0,  (x,t) € [-1,1] x [0,1],
u(—1,t) =u(1,t) =0, (11)

u(z,0) = —sin (7).
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Figure 6: Klein-Gordon Equation testing: Worst-case test error of the GPT-PINN of various sizes
(Left), Box and Whisker plot of all adaptive GPT-PINN testing errors (Middle), and cumulative
run time of the full PINN versus the GPT-PINN (Right).
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Figure 7: Klein-Gordon Equation: Full PINN training loss (Left) and GPT-PINN training loss
(Right) as functions of epochs for various parameters. Plotted in the middle are the point-wise
errors of the corresponding GPT-PINN solution.
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The full PINN is a [2, 20, 20, 20, 20, 1]-fully connected network with activation function tanh(z)
that is trained using uniformly distributed collocation points with |C,| = 10,000, |Cy| = 400 (200
per boundary), |C;| = 200. A learning rate of 0.005 is used with the ADAM optimizer. A maximum
number of 60,000 epochs is run with a stopping criteria of 2 x 10~° implemented on the loss values.
The parameter training set is a uniform grid of size 129 in the v-domain. Up to 9 neurons are
generated by the greedy algorithm producing the reduced GPT-PINNs of sizes [2,1,1] to [2,9, 1].
The GPT-PINNs are trained at the same set of collocation points as the full PINN but with a
learning rate of 0.02 and 2000 epochs. The solutions of eq. (11) develop near-discontinuities as

time evolves when v is small. In this scenario, (lll,(i,iN) is of little value in the training of GPT-
PINN when z is close to these large gradients. We therefore exclude the collocation points where
‘(\IlﬁllN) is within the top 20% of all such values. That is

xrxT

Cpos = Cpos \ {x : )(Qfﬁ;,\l)m (l’)‘ > 0.8 max ) (Wﬁ;N)m (x)‘} , pos € {0,0,i}.

We remark that this ad-hoc approach would be less effective when handling discontinuity that
moves with the parameter. That task typically requires nonlinear model order reduction strategies.
Since the proposed GPT-PINN is based on the linear reduction philosophy of RBM, it will require
a significantly larger number of meta neurons when applied to moving discontinuities as is due
to the slow decay of the Kolmogorov N-width. However, transformation strategies such as those
proposed in [47] can be incorporated. This important task constitutes one of our future works.

2 986 5 4 1 7 3
0.005 $p=e-o=o—e O O O $1.0
Vv
—e— Adaptive Neurons 1071 —— 'Z':;::ge
1071 —e— Uniform Neurons " — Minimum
@ g 102 —— Maximum ||
3 g ‘i
¢ g 1073 3
© £
102k 1074 3
. . | . . ‘ . 10—5_ ‘ . ! ‘ ! ! ! ‘ L
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

Number of Neurons Number of Neurons

Figure 8: Burgers’ Equation training: The adaptively chosen parameter values (Top), worst-case
GPT-PINN training losses (Bottom Left), and the Box and Whisker plot of all GPT-PINN training
losses (Bottom Right) during the outer-layer greedy training.

The GPT-PINN generates 9 neurons, i.e. full PINNs at {;}}_;. These parameter values and
the worse-case offline training loss LShk (c(p)) after 2000 epochs as we increase the number of
neurons (i.e. size of c(u)) in the hidden layer of GPT-PINN are shown in Figure 8. Figure 9
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Figure 9: Burgers’ Equation: First three full PINN solutions found by the GPT-PINN that are
used as the activation functions.

shows the first three PINN solutions adaptively selected by GPT-PINN. We observe behavior that
is similar to the Klein-Gordon case and consistent with typical RBM results. The adaptive “learned
neurons” again perform 3 to 4 times better than the non-adaptive “uniform neurons” which already
perform reasonably well, underscoring the power of our novel idea of using pre-trained PINNs as
activation functions.
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Figure 10: Burgers’ Equation testing: Worst-case test error of the GPT-PINN of various sizes
(Left), Box and Whisker plot of all adaptive GPT-PINN testing errors (Middle), and cumulative
run time of the full PINN versus the GPT-PINN (Right).

Next, we test the GPT-PINN on 25 parameter values. Figure 10 displays the largest error for
each size of the GPT-PINN. The trend is again exponential. Finally, to show the efficiency of the
method, we plot in Figure 10 Right the cumulative run-time when both the full PINN and the
(reduced) GPT-PINN are repeatedly called. It is clear that the GPT-PINN line increases very
slowly (a relative speed of 0.009 in comparison to the full PINN) and that it is worthwhile to invest
in GPT-PINN for a very modest number (12) of queries. We again show the training losses as
functions of epochs in Figure 11 for both the full PINN and GPT-PINN. We note again that the
GPT-PINN loss decreases more smoothly than the full PINN. This result also verifies the efficacy
of our initialization strategy since the starting loss of the GPT-PINN is already very low.
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Figure 11: Burgers’ Equation: Full PINN training loss (Left) and GPT-PINN training loss (Right)
as functions of epochs for various parameters. Plotted in the middle are the point-wise errors of
the corresponding GPT-PINN solution.

4.3 The parametric Allen-Cahn Equation
Finally, we test the Allen-Cahn equation parameterized by (A, €) € [0.0001,0.001] x [1, 5]

Up — Mgy +e(u® —u) =0, (z,t) € [-1,1] x [0,1]
w(—1,t) = u(1,t) = -1 (12)

u(z,0) = 22 cos (7).

The SA-PINN [25] is a [2, 128,128,128, 128, 1]-fully connected network with activation function
tanh(z) that is trained on collocation points distributed by a Latin hypercube sampling with |C,| =
20,000, |Cs| = 200 (100 per boundary), |C;| = 512. A learning rate of 0.005 with 10,000 epochs
of ADAM optimization followed by 10,000 epochs of L-BFGS optimization with a learning rate of
0.8 is used. The parameter training set is a grid of size 121 uniform parameter values. Up to 9
neurons are generated by the greedy algorithm producing the reduced GPT-PINNS of sizes [2, 1, 1]
to [2,9,1]. The GPT-PINNs are trained at the same set of collocation points as the SA-PINN but
with a learning rate of 0.0025 and 2000 epochs.

The GPT-PINN generates 9 neurons, i.e. SA-PINNs at {(e;, \;)}}_;. These parameter values
and the worse-case offline training loss LSRX (c(u)) after 2000 epochs as we increase the number
of neurons (i.e. size of ¢(u)) in the hidden layer of GPT-PINN are shown in Figure 12. Figure 13
shows the first three PINN solutions adaptively selected by GPT-PINN.

Next, we test the GPT-PINN on 25 parameter values. Figure 14 displays the largest error
for each size of the GPT-PINN and the cumulative run-time when both the SA-PINN and the
GPT-PINN are repeatedly called. It is clear that the GPT-PINN line increases very slowly (at a
relative speed of 0.0006) and that it is again worthwhile to invest in GPT-PINN for a very modest
number (9-10) of queries. We show the training losses as functions of epochs in Figure 15 for both
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Figure 12: Allen-Cahn Equation training: The chosen parameter values (Left), worst-case GPT-
PINN training losses (Middle), and the Box and Whisker plot of all GPT-PINN training losses
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Figure 13: Allen-Cahn Equation: First three SA-PINN solutions found by the GPT-PINN that are
used as the activation functions.
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Figure 15: Allen-Cahn Equation: SA-PINN training loss (Left) and GPT-PINN training loss
(Right) as functions of epochs for various parameters. Plotted in the middle are the point-wise
errors of the corresponding GPT-PINN solution.

the SA-PINN and GPT-PINN, with the latter again decaying more smoothly.

5 Conclusion

The proposed Generative Pre-Trained PINN (GPT-PINN) is shown to mitigate two challenges faced
by PINNSs in the setting of parametric PDEs, namely the cost of training and over-parameterization.
Being a hyper-reduced network with activation functions pre-trained full PINNs, GPT-PINN rep-
resents a brand-new meta-learning paradigm for parametric systems. With two main novelties, the
design of network architecture including its special activation functions and the adoption of the
training loss of the meta-network as an error indicator, and via tests on three differential families
of parametric equations, we have shown that encompassing a very small number of well-chosen net-
works can generate surrogate PINNs across the entire parameter domain accurately and efficiently.
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A Detailed gradient of loss function for the Klein-Gordon case
GPT-PINN

With the GPT-PINN formulation and considering the types of boundary and initial conditions for
the equation given by eq. (10), the loss function eq. (6) becomes

0’ - 0’ 0? . 9t
ot2 (Z Ci(M\I’NN) (x,t) toss (Z Ci(ﬂ)‘I’NN> (x,t)+
i=1
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with given u(x,t) for (x,t) € C5 and u(x,0) and u¢(x,0) when x € C. The m'™ component of
VLSRR (€) needed for the GPT-PINN training eq. (7) then reads:

OLENN(€) 2 - i i i - i\2 2 2
e = ol Z Z (ciPf, + aci Py, + BeiPY) + 'y(ZciP )"+ xcos (t) — x” cos” (t)

(x,)ecs \ Ni=1 i=1

.<ng+apm+ﬂpm+2y chpl P’”)) ‘CQT‘ > ((icipi_u(x,t)>Pm>

i=1 O (x,tyecy \ Ni=1
n
\crr 3 ((Z@pz_u<x,0>) ) > ((Z >>pm>
xeCy i=1 x€eCy
for m = 1,...,n. Here, for shortness of notation, we denote \IlgNiN (x,t) by Pi(x,t) and omit (x,1).

For every full PINN P? identified by GPT-PINN, we would then just need to store the values of
P(CoUCHU(C] x{0})), Pp(Cr), Pu(Cr), PI(C x{0})

for efficient online GPT-PINN training step of eq. (7).
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