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ABSTRACT

We investigate properties of large-scale solar wind Alfv�enic fluctuations and their evolution during radial expansion. We assume a strictly
radial background magnetic field B k R, and we use two-dimensional hybrid (fluid electrons, kinetic ions) simulations of balanced Alfv�enic
turbulence in the plane orthogonal to B; the simulated plasma evolves in a system comoving with the solar wind (i.e., in the expanding box
approximation). Despite some model limitations, simulations exhibit important properties observed in the solar wind plasma: Magnetic field
fluctuations evolve toward a state with low-amplitude variations in the amplitude B ¼ jBj and tend to a spherical polarization. This
is achieved in the plasma by spontaneously generating field aligned, radial fluctuations that suppress local variations of B, maintaining
B � const. spatially in the plasma. We show that within the constraint of spherical polarization, variations in the radial component of the
magnetic field, BR lead to a simple relation between dBR and dB ¼ jdBj as dBR � dB2=ð2BÞ, which correctly describes the observed evolution
of the rms of radial fluctuations in the solar wind. During expansion, the background magnetic field amplitude decreases faster than that of
fluctuations so that their the relative amplitude increases. In the regime of strong fluctuations, dB � B, this causes local magnetic field rever-
sals, consistent with solar wind switchbacks.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0177754

I. INTRODUCTION

Since its first prediction by Parker in 19581 and then its detection
by spacecraft,2 the solar wind constitutes a unique laboratory for
plasma physics, including fundamental processes such as the non-
linear dynamics of large-amplitude MHD waves and turbulence.3

Large-scale solar wind fluctuations, especially in the fast wind, are
known to be Alfv�enic,4,5 with high correlation degree between changes
in the velocity and magnetic field, consistent with a unidirectional flux
of anti-sunward Alfv�en waves. One of the most remarkable and still

not fully understood properties of the these highly-Alfv�enic streams

observed at various heliocentric distances from the Sun5,6 is the fact

that low frequency magnetic field fluctuations, dB, have large ampli-

tudes dB ¼ jdBj which are often of the same order as the underlying

magnetic field, dB � jB0j; however, the total field magnitude B ¼ jBj
¼ jB0 þ dBj displays a much smaller variance and is observed to

remain remarkably constant.
Geometrically, this means that while the direction of the magnetic

field vector B changes continuously, the tip of the vector stays on a
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sphere of approximately constant radius.7,8 As a consequence, fluctua-
tions cannot be described as simple planar waves.9 Large amplitude
waves propagating in one direction with total field B ¼ const: are an
exact solution of the ideal MHD equations (e.g., Refs. 10 and 11), sug-
gesting a sort of local equilibrium in the plasma. How this condition is
achieved in the turbulent expanding solar wind and how it is then
maintained during expansion in the interplanetary space, is still an
open question. Following its geometrical implication, the regime under
which the magnetic field fluctuates with little changes in its intensity B
is referred to as spherical polarization.

In this work, we use hybrid (fluid electrons, kinetic ions) simula-
tions that include the effect of spherical expansion to investigate the
onset of spherical polarization in a solar wind-like plasma with
dB=B � 1 and its evolution with radial distance. We initialize the sys-
tem with a spectrum of balanced Alfv�enic fluctuations (fluctuations
with same magnetic and kinetic energy contributions and vanishing
cross-helicity), with polarization in the plane orthogonal to the main
magnetic radial field B0 ¼ B0R̂. Although this is a reduced and simpli-
fied system (2D geometry) and our initial conditions do not capture
the whole solar wind complexity, these simulations are remarkably
successful in reproducing some of the main properties of spherical
polarization and almost constancy of the magnetic field intensity
observed in the solar wind plasma.

The paper is organized as follows: first, in Sec. II, we introduce
the concept of spherical polarization and summarize its properties as
seen in the solar wind. Then, in Sec. III, we recall the main properties
of the expanding box model and the expected radial scaling for both
background and fluctuating quantities; in Sec. IV, we describe the sim-
ulation setup and present results obtained by investigating the evolu-
tion of 2D turbulent Alfv�enic fluctuations in the expanding solar wind.
We then discuss in detail the evolution of fluctuations in the radial
(field-aligned) component of the magnetic field and its role in both
driving spherical polarization and the generation of magnetic field
reversals (switchbacks) that are frequently observed in the near-Sun
environment.12 In Sec. IVD, we show that the evolution observed in
simulations, and to a good degree in solar wind observations, is fully
characterized by a simple model for dBR that directly derives from the
condition of constant B. We then discuss our results in broader context
of solar wind studies in Sec. V and summarize the main achievements
of this work as well as future extensions in Sec. VI.

II. SPHERICAL POLARIZATION OF ALFV�ENWAVES
AND SOLAR WIND OBSERVATIONS

The idea behind the development of spherical polarization is sim-
ple and summarized in the cartoon of Fig. 1. Transverse magnetic field
fluctuations dB? with small amplitude dB? cause only small changes
in the total magnetic field intensity (left); however, if their amplitude
grow relatively to the background field B0 (centre)—as expected for
expansion—changes to total B become significant. In a large-
amplitude regime, a spatially modulated fluctuating dB? would per-
turb analogously also the total field B. To avoid this, fluctuations can
develop a field-aligned component dBk as they gradually grow in
amplitude, such that the total magnetic field vector is kept on a spheri-
cal surface of constant radius B (right), leading to constant intensity B.

Spherical polarization then introduces finite variations
dBk ¼ jdBkj, which can reach dBk � dB?; however, they do not com-
press the field; on the contrary, they make the total magnetic field
more spatially uniform and the resulting magnetic and plasma

pressures are then both constant.11 Spherical polarization can also be
seen as a more general state of arc-polarized Alfv�en waves.13

Solar wind large amplitude magnetic field fluctuations displaying
almost constant magnetic field magnitude are indeed characterized by
spherical polarization.14 An example of this dynamics is shown in
Fig. 2, with data from the FIELDS instrument15 of the Parker solar
probe (PSP) during its first perihelion,16 at approximately 0.15AU.
Observations refer to a subinterval of approximately 6 h with almost
constant magnetic field magnitude, when the underlying field B0 was
nearly radial with an average magnitude B � 80 nT; however, the
same qualitative pattern is observed most of the time in the inner
Heliosphere, especially closer to the Sun—see, e.g., Ref. 17 for a more
detailed description of the level of spherical polarization observed by
PSP. The left panel shows the typical signature of spherical polarization
as a scatterplot of the radial and normal components in RTN coordi-
nates; the pattern is the 2D projection of the 3D polarization sphere
for the magnetic field vector. To better appreciate the spherical polari-
zation state, the right panel shows the scatterplot of BR as a function of

the total transverse component B? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2
T þ B2

N

p

. Data identify a cir-

cular shell defined by B ¼ const.; the thickness of the shell provides a
measure of the constancy of B.

As a consequence of this dynamics, in the solar wind, during peri-
ods of spherical polarization, magnetic field fluctuations can be seen as
almost pure rotations of the magnetic field vector; as dB=B � 1, they
make large angles with respect to the direction of the underlying refer-
ence field—here approximately aligned with R as the interplanetary
magnetic field is approximately radial near the Sun—and cover a sig-
nificant fraction of the spherical shell. The portion of the spherical shell
covered by the fluctuations varies as a function of heliocentric distance
and becomes wider at large distance.18 Because of this geometrical con-
dition, fluctuations are one-sided in the field-aligned magnetic field
component,19 leading to an asymmetric long tail in its probability den-
sity function (PDF) (an example is shown in Sec. IVD of this work
and will be discussed later in more detail).

Under the constant B regime just described, if dBk becomes large
enough and comparable to B0, then they can induce local polarity
reversals in the field. Such magnetic structures—called switchbacks—
characterized by a local reversal and no, or small,20,21 field compres-
sion are very commonly observed in the solar wind, especially in the
near-Sun regions.16,22,23 We can indeed appreciate some large

FIG. 1. Cartoon showing the evolution of transverse Alfv�enic magnetic field fluctua-
tions into spherical polarization with constant total field B. Small amplitude fluctua-
tions (left) can grow relatively to the background field B0 during solar wind radial
expansion, reaching dB? � B0 (centre). The subsequent large-amplitude fluctua-
tions are expected to cause big variations in the field intensity, unless variations in
the field-aligned component are also developed, maintaining B on a spherical sur-
face of constant radius B (right). For large enough dB, leading to dBk � B0, this
process induces the formation of local magnetic field reversals (switchbacks).
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excursions of B in Fig. 2, leading to local changes in the sign of BR. The
emergence of spherical polarization, as shown in Fig. 1, then provides
a natural way for magnetic field switchbacks to form in the expanding
solar wind.24–27

While constructing a configuration of large amplitude fluctua-
tions, with spherical polarization—i.e., with at the same time constant
jBj andr � B ¼ 0—can be more easily achieved for structures of lower
dimension, it is not trivial in 3D, where discontinuities embedded in
the plasma are a frequent, although not necessary, outcome.28

Interestingly, a numerical method to construct a configuration of
spherical polarized fluctuations, which share some similarities with the
approach used in this work, has recently been proposed:29 starting
from a low-amplitude configuration, perturbations are grown secularly
under the constraint of maintaining constant B. We use a conceptually
similar approach, starting from lower amplitude and following expan-
sion while dB=B grows in time; however, the simulation evolves self-
consistently and no external constraint is imposed here to the plasma
to dynamically preserve B ¼ const:.

When considering an initial ensemble of fluctuations with con-
stant magnetic field intensity, even most extreme structures, like
switchbacks, remain stable for a long time;30 this confirms that the
constant B condition is indeed a long-lasting MHD solution state that
can only degrade through wave–wave interactions (e.g., parametric
instabilities31–33) or kinetic processes that can impact the plasma equi-
librium beyond ideal-MHD. Moreover, while spherical polarization
can be seen as a local condition, the fact that such a state is maintained
during solar wind expansion over a wide range of distances from the
Sun, implies that this state not only influences local plasma dynamics
but also the overall radial scaling of the fluctuations.

Large-amplitude Alfv�enic fluctuations in the solar wind populate
the low frequency part of the electromagnetic spectrum, often referred
to as the 1/f range (corresponding to scales in the range of tens of
minutes to hours). This is considered as the reservoir of energy for a
turbulent cascade that extends down to the small kinetic scales of the
plasma. While in the 1/f range fluctuations in the transverse compo-
nents of the magnetic field dB? display a WKB-like behaviour34,35 and
their power dB2

? decays as R�3 consistent with wave-action

conservation,10 this is typically not observed for the power in the
field-aligned component dBk—which can be reasonably identified
by dBR near the Sun, where the interplanetary magnetic field is pre-
dominantly radial. Unlike the perpendicular fluctuations, the
power of radial magnetic field fluctuations dB2

R can be found to
decay either slower or faster than the adiabatic WKB prediction.36

This suggests that some different mechanism regulates the evolu-
tion of radial fluctuations in the solar wind and the aim of this
paper is to characterize it.

III. THE EXPANDING BOXMODEL AND RADIAL
SCALING

A. The hybrid expanding box (HEB) code and main

radial scaling in the model

We use the hybrid-PIC code (kinetic ions, fluid electrons)
CAMELIA37,38 with an expanding box model implemented39,40 mim-
icking the effect of spherical expansion onto the radial motion of a
small plasma parcel. The resulting hybrid expanding box (HEB)
model41 can then be used to successfully couple large-scale expansion
with local microphysics.42–45

The expanding box model describes the evolution of a parcel of
plasma leaving the Sun with law

R ¼ R0 þ Ut; (1)

where R is the radial coordinate, R0 ¼ Rðt ¼ 0Þ; U ¼ R0=t exp is the
constant velocity of the expansion, and texp is the characteristic expan-
sion time, so that

R ¼ R0ð1þ t=t exp Þ: (2)

The initial distance from the Sun R0 doubles after an expansion
time texp.

While expanding, the size L of the transverse dimensions of the
box, here along x and y, grows linearly with distance

Lx;y / R: (3)

FIG. 2. Solar wind magnetic field measurements from the PSP mission during first perihelion at 0.15 AU displaying spherical polarization. Data shown are from a sub-
interval with almost constant local magnetic field magnitude. Left: scatterplot of radial BR and normal BN magnetic field component in RTN. Right: radial BR vs orthogonal
fluctuations B? .
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On the contrary, the dimension of the box along the radial, LR, remains
constant (this is however absent in this work, as limited to 2D).

The code mimics a radial spherical expansion at constant speed
U, therefore the number density n scale as

n / R�2: (4)

We include a strictly radial background magnetic field B0, so that its
magnitude B0 follows:

B0 / R�2: (5)

Note that the same scaling applies to the magnitude of the mean field
hBi during the simulation—where the average here and in the rest of
the paper means spatial averaging in the box at a given simulation
time. In the HEB model,41,46 a source term appears in the induction
equation for B, leading to a 1=R2 scaling for the radial component of
B0 and hBi, like in the MHD expanding box.39

The local Alfv�en speed, VA / B0=
ffiffiffi

n
p

, then scales as

VA / R�1: (6)

For magnetic flux conservation, in the HEB model, transverse mag-
netic field components scale as

B? / R�1: (7)

Since we assume a radial background field B0, it then remains radial
all the time. Note however that, as discussed below, we expect that
transverse fluctuations of the magnetic field initialized on top of B0

will evolve according to Eq. (7).
Particle physical scales increase with radial distance R: the initial

proton inertial length dp0 is used to normalize length in the simulation,
and it scales as dpðRÞ / R. Note that this means that, due to Eq. (3),
perpendicular scales in the simulation box remain constant in units of
the local inertial length, L?=dp ¼ const:. This implies that wavevectors
of fluctuations orthogonal to B0 maintain the same physical scale dur-
ing a simulation and so modes initialized at MHD scale at t¼ 0 main-
tain wavelengths in a constant ratio with ion kinetic scales.

In terms of temporal scales, the unit of time is the inverse of the
initial proton cyclotron frequency Xcp0, while the local cyclotron fre-
quency scales asXcp / R�2.

B. Definition of reference magnetic field

and fluctuations

In the simulation, magnetic fields are expressed in units of the
underlying background, or main, magnetic field B0, which has magni-
tude B0R ¼ 1 at R¼R0 and decays as B0 ¼ B0R=R

2. As we initialize
the system with in-plane (x, y) magnetic field fluctuations that are sta-
tistically axisymmetric and since the background is strictly radial, we
have hBxi ¼ hByi ¼ 0 at all times. Since the average out-of-plane
radial component scales as hBRi / R�2 because ofr � B ¼ 0, it there-
fore means that the mean magnetic field hBi also scales as 1=R2 and
that this can be identified by B0. Fluctuations DB can then be defined
with respect to B0, such that B ¼ B0 þ DB, with hDBi ¼ 0.

On the other hand, the magnitude B decays more slowly than B0,
because jBj ¼ jB0 þ DBj and therefore B > B0 all the time. We can
then define a reference Bm with magnitude Bm ¼ hBi (the average of
the magnetic field intensity at each distance R) and directed along R

Bm ¼ BmR̂: (8)

Such a reference field is closer to the one used in observations—where
the background field B0 is not known a priori—to describe spherical
polarization and takes into account the fact that also in the simulation,
the surface over which we expect spherical polarization has radius B
and not B0. In terms of Bm, fluctuations are defined as

B ¼ Bm þ dB: (9)

Note that in principle dB is now different from the previous DB. Since
the reference field is aligned with R̂, the difference between DB and dB
relies only in the definition of fluctuations along the radial direction
(DB? ¼ dB?). In particular, while hDBRi ¼ 0 by construction,
hdBRi 6¼ 0, reflecting the one-sided nature of field-aligned fluctuations
under the constraint of spherical polarization.19

In this work, unless differently stated, we will use dBR as defined
by relation (9), as we want to describe magnetic fluctuations as rota-
tions on the sphere; it is then appropriate to consider dBR as rotation
away from Bm as defined above, rather than with respect to B0.

C. The scaling of magnetic field fluctuations and WKB

Some different scaling with respect to that for the background
fields is expected for their fluctuations. In this work, we initialize the
system with a set of in-plane Alfv�enic-like fluctuations dB on top of
the background out-of-plane B0 ¼ B0R̂. Using the WKB approxima-
tion for low frequency MHD Alfv�en waves, we can expect that for
wave-action conservation, the wave transverse magnetic field fluctua-
tions follow:10,47

dB2
? / R�3: (10)

For such a scaling in the fluctuations, we expect that for a purely radial
background magnetic field, they decay more slowly than the mean
field and therefore

dB?=B0 / R�1:5=R�2 ¼
ffiffiffi

R
p

: (11)

This scaling is relevant for the near-Sun solar wind above the Alv�en
radius, in regions where the interplanetary magnetic field can be con-
sidered approximatively radial; it predicts the relative level of fluctua-
tions with respect to B0 to increase with heliocentric distance,
approaching dB?=B0 � 1 during expansion. The scaling of Eq. (11)
can indeed be observed near the Sun, inside 0.3AU,48 while observa-
tions beyond 0.3AU are consistent with a roughly constant fluctuating
level dB=B.49

The above scaling is expected for Alfv�enic fluctuations that prop-
agate along the background field with parallel k-vectors and finite fre-
quencyx. On the other hand, in the 2D reduced geometry used in this
work, the main magnetic field B0 is out of the plane, and we describe
only perpendicular k-vectors. Fluctuations then correspond more to
an almost zero-frequency set of turbulent fluctuations, orthogonal to
B0. In the absence of a significant kk, propagation along the magnetic
field is inhibited (although we can still capture some local propagation
along projection of bended field lines in the simulation plane), and we
do not expect the WKB scaling of relations (10) and (11) to hold.
Instead, in our system, for slowly varying, quasi-static Alfv�enic struc-
tures, we expect the transverse dB to follow the magnetic flux conser-
vation (7) and then
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dB? / R�1: (12)

This behavior has been indeed checked and confirmed for dB? in the
simulation.

From initial conditions, in-plane fluctuations dominate the total
fluctuating dB, and we expect at all times

dB � dB? / R�1 (13)

this leads then to a different increase in the relative amplitude dB=B0

with respect to the WKB

dB=B0 / R�1=R�2 ¼ R: (14)

In summary, also in the reduced system, we can expect a constant
increase in the relative level of fluctuations, although this is faster than
in the propagating WKB case, as from relation (14), dB=B0 increases
linearly with R. Note however that this behavior (relative growth of the
fluctuations) is still qualitatively similar to what occurs in the real solar
wind, while the faster rate at which dB=B0 increases in the simulation
allows us to more efficiently capture this effect saving some computa-
tional time.

D. Fluctuations in the radial component dBR

While the radial evolution of the orthogonal magnetic field fluc-
tuations can be reasonably well predicted in terms of scaling discussed
in Sec. III C, the evolution of the field aligned fluctuations is less obvi-
ous. As we assume a radial background magnetic field, we label the
out-of-plane, field aligned fluctuations as dBk ¼ dBR in the follow-
ing.50 Note that dBR fluctuations are absent in the initial condition,
however, due to the non-uniform fluctuations dB that are present at
t¼ 0, implying some initial modulation of the magnetic field intensity
jBj, we expect some level of field-aligned fluctuations dBR to be rapidly
generated in the system due to compressive effects.

For magnetic flux conservation, one can expect that fluctuations
in BR would then decay as the main field B0 / R�2; however, this is
not what is typically observed in the solar wind plasma, due to the
presence of wave couplings. While dBR would have a R�2 scaling in
the absence of any coupling with the velocity field, the fact that dBR

and dVR can be correlated due to the Alfv�enic nature of the structures,
introduces some differences. The radial component of the velocity VR

is expected to remain constant for mass flux conservation, implying
the same for its variance dVR � const:. On the other hand, introduc-
ing an Alfv�enic coupling between dBR / R�2 and dVR

ffiffiffi

q
p / R�1, we

can argue that the two fluctuating contributions should adjust on an
intermediate radial scaling between�2 and�1,

dBR / R�1:5; (15)

which, remarkably, is analogous to the solar wind WKB scaling for the
transverse dB? in Eq. (10). So, in solar wind radial expansion, we can
expect variations in all B components, at large scale, to decay approxi-
mately as WKB. In reality, as already stated, in situ observations show
that fluctuations in the radial component dBR follow a somewhat dif-
ferent scaling.

In the simulation scenario here discussed, since B0 / R�2 and
n / R�2, we can also expect a behavior close to Eq. (15) to hold for
dBR fluctuations in the case that some effective Alfv�enic coupling for
the out of plane fluctuations is in place and maintained during

expansion. Alternatively, if dBR variations are not dynamically cou-
pled to the rest of the fluctuations, we would expect them to decay
as fast as R�2, like the main field B0. As we will see in the following,
we observe in the simulation, especially at the beginning, a less
steep evolution than those above, indicating that in the scenario
here investigated, dBR decays more slowly than expected, or, con-
sistently, that an additional source of field-aligned fluctuations is
active during expansion.

IV. HEB RESULTS

A. Simulation setup

We initialize runs with a superposition of in-plane Alfv�enic-like
fluctuations, with equal energy in magnetic and velocity fields and van-
ishing cross-helicity. To achieve this, Alfv�en modes in Fourier space,
each of them with equal velocity dVk and magnetic field dBk ampli-
tudes and such that k � dVk ¼ k � dBk ¼ 0, are distributed with ran-
dom phases in physical space. Without expansion, this setup allows for
a rapid onset of a turbulent cascade in the simulation,51,52 with many
properties matching solar wind observations.

We have performed multiple runs with different box sizes, spatial
resolution, rms amplitude, and plasma beta. All these share analogous
evolution and main outcomes; these remain solid also varying the
expansion time texp. We show and discuss here results from a simula-
tion which is representative of this behavior. The box size is 21282 in
the plane (x, y), with a spatial resolution of Dx ¼ Dy ¼ 0:5dp0, corre-
sponding to a domain of initial size L ¼ 1064dp0. Note that this
domain mostly covers MHD scales, as we are interested here in the
fluid response of the plasma to expansion, and kinetic scales are then
not well resolved as we are not interested in sub-ion dynamics. We use
1000 particles-per-cell (ppc) and the initial proton beta is bp ¼ 0:1;
the electron beta is be ¼ bp. The initial spectrum is composed of eight
modes in both kx, ky, in the range ½kmin; kmax� with kmindp0 ¼ 0:006
and kmaxdp0 ¼ 0:047; the amplitude is the same of all modes and equal
to 10�2, so that the axisymmetric initial spectrum is PðkÞ / k and the
initial rms of the imposed fluctuations is�0:23. The background mag-
netic field B0 is along the radial direction R, the direction of the solar
wind velocity, out of the simulation plane.

We use an expansion time t exp ¼ 500X�1
cp0, where Xcp0 is the pro-

ton cyclotron frequency in R0. For computational reasons, this models
a faster expansion than in the real solar wind (a factor 10–100 slower);
however, it still ensures a good enough scale separation between slower
secular changes occurring on timescales of a fraction of texp and proton
dynamics which occurs on a few X

�1
cp . Moreover, as we focus our

investigation on MHD scales, ion-scale effects do not play an impor-
tant role in the simulation. A faster expansion time is also likely mak-
ing MHD non-linear interaction slower than in the real solar wind;
however, as discussed in the following, we can still see the formation of
a turbulent cascade in the simulation, an indication that non-linear
interactions are not completely artificially suppressed and can play a
role in the dynamics. On the other hand, having a fast enough expan-
sion allows us to explore a wider range of radial distance and to cover
a factor 10 in distance in a single simulation. This means that setting
R0 to approximately 0.15AU (corresponding to first PSP perihelion),
we can simulate expansion up to almost 2AU; this enables compari-
sons of the results with both near-Sun and past 1AU observations, ide-
ally with in situ data from PSP, Helios, and Ulysses spacecraft.
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B. Evolution overview

The initial evolution of the simulation is qualitatively similar to
the non-expanding case, e.g., Franci et al.:51,52 initial conditions are
quickly relaxed toward a turbulent state, characterized by a broadening
of the spectrum of the fluctuations reaching ion scales. During the
early stage of this relaxation, various events of magnetic reconnection
are typically observed,53 which contribute to the development of a tur-
bulent cascade toward and beyond ion scales.54,55 A Kolmogorov-like
power law then develops in the power spectrum of magnetic fluctua-
tions, although the timescale for this process is longer than in the non-
expanding case, due to the decay of the amplitude of the fluctuations
with distance. We observe a peak in the out-of-plane current (a diag-
nostic for the strength of turbulent activity) at about t � 1500Xcp0,
corresponding to R � 4R0.

Figure 3 shows an overview of the evolution of the fluctua-
tions during the simulation. The left panel shows the in-plane com-
ponent of the magnetic field fluctuations dB? at an intermediate
distance R ¼ 5R0, showing the typical pattern of 2D turbulence,
with vortical structures and sheets generated as a result of the
relaxation of the initial condition. In the present study, the focus is
on larger MHD scales and sub-ion scales are not well resolved; the
power spectrum of magnetic fluctuations (shown in the middle
panel) is centered on MHD scales, displaying a short inertial range
with slope close to �5/3 (the magnetic spectrum shown at the bot-
tom, in red line, is compensated by k5=3), followed by a break near
kdp � 1, as expected.52

At larger scales, corresponding to the energy injection, the spec-
trum is characterized by the large-amplitude fluctuations that we
address in this work; these are the fluctuations that dominate the rms
values that will be discussed in the following. As indicated by the spec-
trum of the ion velocity (blue line), fluctuations are characterized by
an excess of magnetic energy with respect to kinetic. This is a typical
feature of 2D MHD turbulence and observed previously in hybrid
simulations.51

The right panel shows the evolution of the rms of the normal-
ized fluctuations dB=B as a function of radial distance; as expected,
the level increases from the initial rms �0:23 and starts approach-
ing dB=B � 1 in a few expansion times. In agreement with Eq. (14),

the growth is initially linear (dashed line); however, it starts deviat-
ing from the prediction as the level of dB=B0 gradually increases.
The dash-dotted line shows the expected evolution for dB=B based
on the full magnetic field B ¼ B0 þ dB; as expected, this provides a
better description of the evolution when entering a regime where
dB � B0. On the other hand, fluctuations in the field magnitude B
remain much smaller than those in the components (orange line in
the middle panel), confirming a weakly compressible regime. The
implications of this behavior will be investigated in detail in Secs.
IV C–IV E.

C. Radial scaling of the fluctuations

Figure 4 shows a more comprehensive summary of the evolution
of the magnetic field and its fluctuations over the whole distance range,
shown as average rms values as a function of R. In the top panel, the
black and red lines encode the total magnetic field intensity B and the
rms of the fluctuations dB. At the beginning, they decay as R�2 and
R�1, respectively, which are the expected scaling according to (5)
and (12). This leads to the mentioned increase in dB=B, red line in the
bottom panel. The picture changes when dB and B become of the
same order. At that point, the magnitude of the total field B ¼ jBj
¼ jB0 þ dBj is no longer scaling as R�2 and starts following a shal-
lower profile, due to the contribution of the fluctuations, which have a
slower decay with distance. Eventually, both B and dB adjust on an
intermediate scaling that is somewhat between R�1 and R�1:5; this
later phase corresponds to a slowing down in the growth of dB=B, sug-
gestive of some saturation around unity. Obviously, dB=B � 1 is the
asymptotical limit for when dB � B0, so that jBj � jdBj and the effect
of the mean field B0 becomes negligible. This stage is however not
reached in the simulation—at R ¼ 10R0, when B0 ¼ 0:01 the dB rms
is only a factor 2 larger; on the other hand, it is interesting that the
change of behavior in dB=B occurs already when B � dB.

The blue lines in Fig. 4 refer to the field-aligned radial fluctuations
dBR. These are initially zero, but a finite level of dBR is quickly gener-
ated in the box as a response to the relaxation of the initial conditions.
Despite initial modes are Alfv�enic and incompressible, their superposi-
tion leads to an initial modulation of the total magnetic field B in
the box. Shortly after the start of the run, this drives some fast

FIG. 3. Overview of the evolution of magnetic fluctuations during expansion. Left: map of the amplitude of the in-plane fluctuations dB? at R ¼ 5R0. Middle: Power spectrum
of normalized fluctuations: dB=B0 (red), dv=VA (blue) and djBj=B0 (orange), at the same distance R ¼ 5R0 as in the left panel; the magnetic spectrum compensated by k5=3

is shown at the bottom. Right: Evolution of the average level of the fluctuations dB=B as a function of R (red); the dashed line shows the prediction dB=B0 / R [Eq. (14)], while
the dash-dotted line refers to the expected evolution of dB=B where B is the total magnetic field intensity (background plus fluctuations).
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magnetosonic perturbations in the simulation plane that cause the
generation of the out-of-plane dBR. These are identified by a direct
correlation between density and field aligned fluctuations in the initial
phases—note however that at later times, this compressible coupling
in the field-aligned fluctuations is lost in favor of the weakly compress-
ible spherical polarization condition. Once generated, fluctuations in
the radial magnetic field component are supported by the turbulent

cascade that is developing but are maintained at a significantly lower
amplitude with respect to the dominant transverse components dB?.
In the first phase of the expansion, dBR follows a scaling that is signifi-
cantly less steep than the expected R�1:5 of relation (15), and in the
central part of the simulation in particular, there is a strong relative
increase in the radial fluctuations (dBR constant with R), leading to a
significant rapid increase in the ratio dBR=dB (bottom panel); such a
behavior is analyzed in detail in Secs. IVD and IVE. Finally, similarly
to dB?, also the ratio dBR=B approaches a sort of saturation in the last
phase. This corresponds to a phase when the radial scaling of dBR is
close to R�1:5, as it is the case also for dB and B.

D. Emergence of spherical polarization

The relative scaling of the fluctuations and the gradual evolution
of their polarization can be better appreciated by looking directly at
the scatterplot of the magnetic field in a plane that contains BR and
one of the transverse directions BT (either Bx or By). This is shown in
the left panel of Fig. 5, where different colors encode different radial
distances. The amplitude of the fluctuations decays with distance;
therefore, the scatterplot pattern shrinks with increasing R. It is inter-
esting to note that an arc-like shape is already visible after 1 expansion
time (2R0), suggesting that the plasma starts tending toward a spheri-
cal polarization already in the initial stages, when the effects of expan-
sion on dB=B are not too strong yet. As expansion proceeds, the
relative importance of variations in BR with respect to the initially
dominant transverse dB increases; moreover, dBR variations are corre-
lated with the transverse dB and not symmetric in the resulting change
in BR. Instead, they systematically produce a larger bending of the ini-
tial arc-shaped distribution of the data points and the polarization of B
corresponds to the projection of a sphere into the plane for larger R.
Data points are shown until a distance of R ¼ 6:5R0; as discussed in
the following, at larger distances, the shape of the spherical region
identified by the points does not change significantly.

FIG. 4. Top panel: radial profile of the total magnitude B (black) and of the rms of
the total dB (red) and radial dBR (blue) fluctuations. Bottom panel: radial profile of
the dB=B (red), dB?=B (black) and dBR=B (blue) ratios.

FIG. 5. Left panels: Projection of the magnetic fluctuations in the (BT, BR) plane where T is one of the transverse directions, for different radial distances encoded by different
colors. A distinct arc-like polarization is visible since the initial stage, evolving toward the 2D projection of a spherical surface at larger distances. Right: projection in the plane
ðB?; BRÞ, where fluctuations are normalized to the local average magnitude hBi for each R; a subset of distances from the left panel is shown, with the same color code.
Black data refer to R ¼ 1:5R0.
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To better appreciate the gradual emergence of spherical polariza-
tion, the right panel of the figure shows an analogous plot, where
amplitudes have now been normalized to the local average hBi, so that
the background BR field is of order 1. In this case, we plot BR against

the total transverse amplitude dB? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2
x þ B2

y

q

, to highlight that

points approximately lie on a spherical shell of constant radius. This
corresponds well to the picture previously discussed using the cartoon
of Fig. 1.

At large distances, when reaching the regime dB � B, there start
to be variations in the radial component BR that have same amplitude
as the transverse B?. Due to the constraint of spherical polarization,
some data points then evolve into negative BR values.

Before proceeding further, it is worth considering why spherical
polarization emerges so clearly in a system that has low cross-helicity.
Indeed, spherical polarization, constant B, is an MHD solution for
states at high cross-helicity rc, i.e., dominated by Alfv�en waves propa-
gating in only one direction, either parallel or anti-parallel to B0. A
jrcj ¼ 1 regime is characterized by vanishing non-linear interactions
in the MHD equations, and therefore, the constant B state is the stable
solution discussed in Sec. II. By contrast, a regime with rc � 0 should
display strong non-linear interactions (turbulent cascade) and spheri-
cal polarization is not a solution.

We initialize the simulation with a set of balanced Alfv�enic fluc-
tuations with random phases and vanishing normalized cross-helicity

rc ¼ 2dv? �db?
dv2?þdb2?

, where db ¼ dB=
ffiffiffiffiffiffiffiffi

4pq
p

, with q the mass density.56,57

Initially and at all later times hrci ¼ 0, consistent also with the evolu-
tion in non-expanding simulations; fluctuations also develop an aver-
age negative residual energy—excess of fluctuating magnetic field
energy with respect to kinetic energy—also consistent with previous
2D simulations (Fig. 1 in Ref. 51).

The top panel of Fig. 6 shows the PDF of the cosine of the angle h
between db? and dv?; cosðhÞ ¼ db? � dv?=ðjdb?jjdv?jÞ, at the
same distance as in Fig. 3 (R ¼ 5R0). We can appreciate that while on
average rc is zero, transverse fluctuations db? and dv? are strongly
aligned. This if confirmed by the spatial distribution of rc in the simu-
lation shown in the middle panel. We can see that since the early phase
of the expansion (R ¼ 3R0), fluctuations become organized in regions
of high cross-helicity (red and blue patches); this same evolution is
seen also without expansion51 and is consistent with solar wind obser-
vations in intervals of balanced turbulence.58,59 While on average
hrci ¼ 0, large-scale structures are locally characterized by non-zero
positive and negative values of rc. These regions of high correlation
between dv? and db? and weaker non-linear terms interact with each
other and are bounded by frontiers with rc � 0 where non-linear
terms are larger. This offers a more detailed interpretation of the
dynamics in the simulation: while the plasma is expanding and dB=B
grows, regions of opposite rc interact and undergo a turbulent cascade
at their boundaries. This leads to the turbulent evolution and the spec-
trum in Fig. 3; we have indeed verified that, beyond a distance
R � 4R0—when turbulent activity is fully developed—fluctuations at
kdp� 0:2 decay faster than geometrical expansion, supporting the
presence of an additional turbulent dissipation. By contrast, fluctua-
tions at larger scales continue to decay close to the non-dissipative
prediction by Eq. (13) all the time. This is consistent with the fact that
according to Fig. 6, large scales are organized in patched of high cross-
helicity, and thus do not undergo strong non-linear interactions, do

not partake into the cascade and survive a long time. These are the
fluctuations that then grow to dB=B � 1 and dominate in rms values;
as they are characterized by weak MHD non-linear terms, they develop
spherical polarization as shown in Fig. 5.

An example of one of such magnetic structures is indicated by
the black box in the map and shown in the bottom panel. We can
appreciate how fluctuations in this large-scale vortex, which displays
jrc � 1j overall, are distributed following an arc shape, indicative of
the spherical polarization non-linear solution. Remarkably, this is true
for either positive and negative rc within the structure (blue and red
points in the figure), as there is a change of sign in rc within it due to a
sign change in Bx (but not in vx).

E. Generation of dBR, evolution and switchbacks

Figure 7 shows the PDF histogram of the radial fluctuations dBR

at different times, encoded with colors from black to red. Values are
normalized to the local value of B0 to highlight the relative change with
distance. The distribution is initially narrow and symmetrical around

FIG. 6. Top panel: PDF of cos ðhÞ, where h is the angle between db? and dv? , at
R ¼ 5R0 (same distance shown in Fig. 3). Middle panel: contour map of rc at an
earlier stage of the expansion: R ¼ 3R0. Bottom panel: polarization Bx � BR in the
subregion encoded by the black box in the middle panel. In the scatterplot, color
blue or red indicate whether points have rc > 0 or rc < 0, respectively.
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zero; this corresponds to the distribution of the small level of radial
fluctuations that is generated by relaxation of the initial conditions. As
the plasma expands, a wider range of radial fluctuations is generated,
in response to the growth of amplitude of the transverse fluctuations
dB?. The shape of the histogram becomes gradually more asymmetric
and a longer tail of negative dBR arises with distance, as expected for
spherical polarization discussed in Sec. II.

For comparison, the right panel of Fig. 7 reports as an example
the PDF of solar wind magnetic fluctuations taken over 3 days centered
around the first PSP perihelion (discussed in Sec. II), at a distance of
0.15AU. Note that Fig. 2 displayed a shorter subset of this interval.
Fluctuations in the normal and radial components of B are shown.
Radial dBR fluctuations are calculated as dBR ¼ BR � Bm, where Bm is
the average magnitude hBi in the interval. Bm corresponds to the
average radius of the polarization sphere during the whole interval
considered; dBR so defined are well suited to describe changes in
the magnetic field like in Fig. 2—i.e., almost-pure rotations on the

B � const. sphere. To better compare with the left panel, fluctuations
have been then normalized to the average magnitude Bm, with a sign
change. It is possible to appreciate that with this definition, both dBR

(red) and dBN (black) PDFs have a peak near zero. While fluctuations
in the normal component are approximately symmetric, radial fluctua-
tions are strongly one-sided and have a long asymmetric tail, as
required for spherical polarization and consistent with the evolution
observed in the simulation. A cutoff at jdB=Bmj ¼ 2 visible in the PDF
of dBR is also a consequence of spherical polarization.

60

Note that at larger distances, the tail in the histogram of dBR in
the simulation becomes large enough to reach values of the order of
�B0. This is consistent with B excursion observed in the solar wind
(right panel) and correspond to local reversals of the magnetic field
polarity. To explore this feature more in detail, in Fig. 8 (left panel), we
show a cut through the simulation box at different times (radial distan-
ces); like in Fig. 5, colors from black to red indicate small and large R,
respectively. Fluctuations are normalized to the local value of the

FIG. 7. Left: Histogram of the amplitude of the radial fluctuations dBR as a function of distance and normalized to local B0. Different colors encode different R, as in Fig. 5.
Right: histogram of the fluctuations in the solar wind radial (red) and normal (black) magnetic field components in RTN coordinate, measured by PSP at first perihelion; fluctua-
tions are normalized to the average magnitude Bm ¼ hBi in the interval and dBR fluctuations are calculated as described in the text.

FIG. 8. Example of 1D cuts through the simulation box taken at different radial distances; different colors encode different R, as in Fig. 5. Left: BR component normalized to the
local BR0. Right: total B, normalized to the average intensity hBi at each R; the thin dashed black profile shown in the right panel encodes the red profile in the left panel, corre-
sponding to the largest distance.
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magnetic field B0, so that BR � 1 for all profiles. At first (black/purple),
we can see that there is little modulation of the radial components of
the magnetic field; however, as the amplitude of the turbulent struc-
tures is amplified at larger distances (green/blue), we can appreciate
again the one-sided nature of the emerging fluctuations: large negative
peaks in BR are formed (orange/red), some of them bringing the local
total BR ¼ B0 þ dBR below zero (polarity reversal).

By comparison, the normalized total magnetic field intensity
B=hBi (right panel) displays more modest variations, with a much lim-
ited growth with radial distance. For reference, note that the two panels
have different normalization, as jBj > B0, due to the presence of fluc-
tuations on top of B0; these have been chosen so that resulting normal-
ized quantities are both order 1. Also, note that variations in total B are
not necessarily related to a large dBR modulation; the thin dashed
black profile shown in the right panel encodes the red profile in the left
panel, corresponding to the largest distance. We can see how the larg-
est variations in B are not always colocated with the largest dBR—on
the contrary places where BR reverses have often reasonably smooth B.

To explore more in detail the shape of the structures with largest
dBR, Fig. 9 shows some cuts of typical BR reversals through their main
axes. The BR profile is shown in blue, while the total magnetic field B
in black. There are quite small variations in the total intensity B, and
they remain of similar amplitude throughout the structure, while on
the contrary, the transverse field, B? undergoes a large modulation,
dB? � B. As discussed, this is because variations in radial component

BR compensate for the transverse modulation, at least at first order,
leading to a less variable total B, such that the magnetic field vector
change results overall in a rotation of the field, rather than a compres-
sion. Interestingly, the resulting BR profile, characterized by a localized
region of reversed polarity bounded by two sharp rotations (rotational
discontinuities), is consistent with the shape of magnetic switchbacks
observed in the solar wind.16,61 Once again, it is a consequence of
spherical polarization and the almost constancy of the total magnetic
field, as discussed also by Ref. 24.

V. MODELING RADIAL FLUCTUATIONS

A. A phenomenological model for dBR and constant B

Based on the phenomenological properties described in Sec. IV, it
is possible to derive a simple model for the scaling of dBR. Let us con-
sider first the condition of constancy of the total magnetic field inten-
sity splitting B into its radial and transverse components

B2 ¼ jBR þ B?j2 ¼ B2
R þ B2

? ¼ const: (16)

Because the constant here is the average value of B2 and since we have
defined Bm ¼ hBi, the relation can be simply rewritten as

B2
R ¼ B2

m � B2
?; (17)

which is simply stating the constraint of spherical polarization for the
components. It is clear that in order for this to be satisfied in the
domain at each time step, BR and B? need to spatially adjust such that
when B? increases, BR decreases, and vice versa. Such variations corre-
spond to pure rotation of the magnetic field vector; the minimum
value at the r.h.s. is for B? ¼ Bm, corresponding to a B rotation of 90�

from the radial. However, it is still possible for B to rotate beyond 90�

by changing the sign of BR: this is when the rotation becomes a switch-
back (negative BR).

To prove that such a relation holds overall in the simulation since
the initial stages, the top panel of Fig. 10 shows a zoom in of a region
of the box at t¼ 700, corresponding to R ¼ 2:4R0. The color contour
encodes the intensity of B?; there are large amplitude variations and
modulation shown corresponds to structure with B? � B0. The other
two panels show some cuts through this region, along the x-axis. In
each panel, we show the total field intensity B, the perpendicular com-
ponent of the field B? (red) and the radial component BR (blue); there
is a clear anti-correlation between BR and B?, such that the resulting
total field intensity has a much smaller modulation. Note that this is
true for both types of structures present in the plot, vortex-like and
sheet-like, such that the examples displayed are representative of the
general properties of the magnetic structures in the domain, regardless
of their precise shape—spherical polarization is well reproduced every-
where. A possible exception is constituted by sites of magnetic recon-
nection, like on one of the edges of the vortex shown in the middle
panel; we can see that at this localized reconnecting structure the con-
dition B � const: is less well satisfied—as expected—although there is
still a good anti-correlation between BR and B?.

We can turn now to considering the constraint on the radial
fluctuations dBR. Let us first split B in terms of background field B0

(along the radial direction) and a fluctuating part DB, such that
DB2 ¼ DB2

R þ DB2
?

B2 ¼ jB0 þ DBj2 ¼ B2
0 þ 2DBRB0 þ DB2 ¼ const: (18)

This is a quadratic relation for DBR and, once again the constant is B2
m.

FIG. 9. Two examples of particularly large deflections in the magnetic field gener-
ated during expansion and associated with a local BR reversals. In both panels,
local 1D cuts along x in the box show: BR (blue), B? (red) and the total field inten-
sity B (black), normalized to the local B̂0 ¼ B0=R

2. Both examples are for
R ¼ 6:4R0.

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 31, 032901 (2024); doi: 10.1063/5.0177754 31, 032901-10

VC Author(s) 2024

 0
1
 A

u
g
u
s
t 2

0
2
4
 1

4
:3

4
:4

7



As we want to describe magnetic fluctuations as rotations on the
sphere and as done in the rest of the paper, we consider dBR as rota-
tions away from Bm, hence we can write fluctuations as

B ¼ Bm þ dB: (19)

Writing the analogous of Eq. (16) using (19), we then have

B2 ¼ B2
m þ 2dBRBm þ dB2 ¼ const: (20)

In this formulation, the constant B2
m cancels out and the relation can

be simply rewritten as

dBR ’ �dB2=2Bm: (21)

Remarkably, Eq. (20) directly provides a relation for the amount of
fluctuations dBR that are required in each point in space to balance the
main fluctuations dB and ensure then a constant B profile (see also
Ref. 25 for a detailed discussion of this formula in the case of propagat-
ing Alfv�en waves). The constraint of constant magnetic field intensity

B2 then introduces a local correlation between the amount of fluctua-
tions dB2 and the field-aligned radial component dBR, with a negative
sign.

We can estimate the level of rms radial fluctuations dBs
R required

for spherical polarization as a function of radial distance by then taking
the spatial average of Eq. (17) in the simulation box at any distance R

dBs
R ¼ hdB2=2Bmi: (22)

Such an estimate of the level dBs
RðRÞ can be directly compared to the

measured profile of the rms of dBR in the simulation, to verify how
well the phenomenological relation (17) is satisfied.

Figure 11 shows the comparison between dBR and dBs
R. The

agreement between the predicted about of radial fluctuations dBs
R

(black) and the one measured in the simulation (cyan) is pretty good,
and the two curves follow the same radial trend. This suggests that
after an initial phase of adjustment when radial fluctuations are gener-
ated, they then evolve following relation (17) all the time during
expansion. In other words, the amount of fluctuations dBR supported
locally in the plasma at any distance R is constrained by the condition
of spherical polarization and is almost exactly the amount needed to
maintain structures with B ¼ const: as best as possible for the domain.

B. Howwell is constant Bmaintained?

To evaluate the level of fluctuations in the magnetic field intensity
expected from Eq. (20), we consider the quadratic variations dðB2Þ
� B2 � B2

m as

FIG. 11. Top panel: Comparison between the measured dBR (blue) radial profile
and the predicted dBsR by relation (22) (black); the scaling of dB? (red) is also
shown for reference. Lower panel: radial profiles of ratios dBR=dB? and dBsR=dB?
between radial and transverse fluctuations. The ratio is a measure of the spread on
the polarization sphere.

FIG. 10. Top panel: B? contour for a subregion of the simulation bow. The dashed
and dot-dashed horizontal lines show 1D cuts displayed in the other panels.
(Middle) Profiles of B (black), BR (blue) and B? (red) along cut 1. (bottom) Profiles
of B, BR and B? along cut 2.
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dðB2Þ ¼ B2 � B2
m ¼ 2dBRBm þ dB2 (23)

implying that fluctuations in B2 are directly related to the total level
of imposed fluctuations dB2 and the field-aligned perturbation
dBR, through a factor 2Bm. In a small-amplitude regime
(dB 	 Bm), variations in B2 are linear in the field-aligned perturba-
tions dBR. In the large-amplitude regime (dB � Bm), we expect dB

2

to also contribute. In fact, Fig. 12 shows both terms on the right-
hand side of Eq. (23), dB2 (black) and 2dBRBm (red), as average val-
ues as a function of R; we can note that, as soon as dBR fluctuations
are generated, the two terms are maintained of the same order all
the time. Based on that, one would expect the rms of left-hand side
term dðB2Þ to be of the same order too; on the contrary, the latter is
significantly lower amplitude and drops more quickly with dis-
tance. This is because, as discussed, in the r.h.s spatial average
h2dBRBm þ dB2i the term 2dBRBm can have a negative sign and
locally cancel out with dB2. This reduces fluctuations in B2 and
keeps the total intensity closer to constant [small dðB2Þ on the l.h.s.
of (23)], in order to maintain spherical polarization.

How well can then B2 ¼ const: be maintained? Fig. 12 also shows
the radial profile of dB2

R, which is indeed smaller, as expected since sec-
ond order in the field-aligned perturbation; we can see that asymptoti-
cally, perturbations in the field magnitude dðB2Þ adjust to the same
level

dðB2Þ � dB2
R: (24)

This seems to be the lowest level of fluctuations in B2 generated
through spherical polarization for a given level of transverse dB2

?
imposed initially and transported radially by expansion, i.e., without
dissipation.

The lower panel of Fig. 12 shows the square root of quantities in
the upper panel normalized to the local average intensity of the field B.
A slow increase in djBj=B with radial distance is also consistent with
solar wind observations at larger distance.17,62

C. Comparison with radial trends observed in situ

Since the simple formula for dBR based on constant B2 discussed
above can successfully describe the simulation results, we want to
check if a similar constraint holds also in the solar wind. Relation (17)
can be considered a more general relation for any system where spheri-
cal polarization is observed, including then highly Alfv�enic solar wind
streams. Remarkably, this prediction for dBR at any R is just based on
the scaling for dB2 and B; we can then apply it to observed radial scal-
ing, as those investigated by Tenerani et al.36 These authors have found
that, in the large-scale 1/f range, while the dominant transverse fluctua-
tions scale closely to the adiabatic WKB prediction in the Alfv�enic
solar wind, the radial fluctuations can decay either faster or slower
thanWKB depending on heliocentric distance.

Near the Sun the scaling of the total magnetic field B ¼ B0 þ dB

follows a steeper slope than at larger distances, B / R1:6 (see, e.g.,
Ref. 63) and an almost-WKB scaling dB2

? / R�3 is observed. Using
relation (17) to estimate dBR, it implies: dBR ¼ dB2=2B � R�1:4

(dB2
R / R�2:8), hence less rapidly than dB2

? and the WKB prediction.
Indeed, this is what is typically observed for the fast solar wind in the
inner heliosphere based on Helios observations. On the contrary, in
the polar wind observed by Ulysses at larger distances, where the mag-
nitude of the total magnetic field B is observed to decay with a shal-
lower slope, closer to B / R1:4 (see, e.g., Ref. 64), a WKB scaling for
dB2

? implies: dBR ¼ dB2=2B / R�1:6, so faster than dB? and the
WKB prediction R�1:5. This is also in agreement with in situ observa-
tions, where, at larger distances dB2

R is found to decay faster than R�3

(Ref. 36).
For the same dataset of Ref. 36, authors observed a different evo-

lution for the subset of fluctuations with the largest amplitude (typi-
cally switchbacks, with dBR � dB? � B). In Helios data, the scaling of
dB2

? for switchback is observed to be close to R�3:4. Coupling this to
the scaling of B � R�1:6 to get the corresponding prediction for dBR,
we now obtain a faster decay than R�3 also for the radial fluctuations;
this is then consistent with the fact that, near the Sun, all components
of the field decay faster than WKB when considering only the largest
variations/switchbacks.36

D. Toward the full sphere?

The good agreement of both simulations and solar wind data
with the simple relation (17) for the level of radial (field-aligned) fluc-
tuations as a function of distance suggests that this can be used to track
the evolution of spherical polarization in the solar wind during expan-
sion. Note that the same would apply to both 2D (arc-like) and 3D
(spherical) structures in the plasma. A reasonable question, given the
continuous secular increase in dB? with respect to B0 caused by expan-
sion, is whether the evolution shown in Fig. 5 can continue until fluc-
tuations have a polarization that covers completely the local sphere
with constant B. To assess this, an important aspect to consider is the
ratio of radial-to-transverse fluctuations dBR=dB?, which represents a
measure of the portion of the constant B spherical surface that is popu-
lated by the fluctuations as a function of radial distance.

FIG. 12. The top panel shows the scaling of the rms of dB2 (black), dBsR (red) and
of the B2 fluctuations (orange); the scaling of second order dB2R is shown in blue.
The lower panel shows the same quantities normalized to the local average mag-
netic field intensity Bm.
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The bottom panel of Fig. 11 shows the evolution of this ratio and
compares it to the prediction Eq. (17). After an initial rapid growth, we
see that the ratio continues to increase more slowly and tends to satu-
ration. This is consistent with the evolution of dB=B and dBR=B
already discussed in Fig. 4 and can be now revisited according to rela-
tion (22): when dB=B � 1 at large distance, both dB and B, and thus
also dBR—because of the constant B constraint—evolve with approxi-
mately similar scaling. The consequence of this behavior is that when
dB=B � 1 all ratios described above tend to a constant value, then
slowing down (freezing) changes in the aspect ratio of spherical polari-
zation dBR=dB?.

We argue that this behavior, observed in the simulation, is also
consistent with the evolution of spherical polarization observed in the
solar wind (see, e.g., Villante49). In situ observations show that the fluc-
tuating level dB=B is smaller closer to the Sun48 and so is the portion
of the constant B sphere populated by Alfv�enic fluctuations.18 Despite
large rotations of B with large dBR leading to polarity changes (switch-
backs) are frequent inside 1AU,16,65 as shown in Fig. 7, they constitute
a tail in the distribution of the rotation angles for measurements close
to the Sun; most of the background fluctuations are characterized by
smaller rotations,60 corresponding to a smaller average dB=B. At larger
distance, the average dB=B grows—as expected from Fig. 4—and fluc-
tuations spread more on the sphere of constant B.18 However, they do
not spread over the whole polarization sphere, and in the solar wind
fluctuations seem to saturate at a dB=B level with a fixed dBR=dB?
ratio, which represents the aspect ratio of the observed polarization
sphere. This is consistent with our prediction of a slow variation of the
dB?=dBR ratio when dB and B follow similar radial scaling, and then
also dB � dBR.

VI. DISCUSSION

We review here the main results from this work, as well as its lim-
itations. First, it is remarkable that these simulations naturally evolve
toward a regime with more constant total field B and spherical polari-
zation. In particular, it is interesting that this can be achieved in a
reduced 2D geometry, where propagation along the mean field is
inhibited. This seems to suggest that the state of spherical polarization
is a more general regime that can emerge in plasmas with large-
amplitude fluctuations, including low cross-helicity states. Its evolution
is related to Alfv�enicity, but not necessarily linked to propagation and
finite parallel k-vectors. We are not suggesting here that our reduced
system really captures the complex full-3D expansion dynamics, where
additional effects like the rotation of k-vectors due to expansion and
the Parker spiral shape of the interplanetary magnetic field can play a
role in shaping the evolution.27,66 Moreover, our initial conditions
(orthogonal k-vectors with purely transverse Alfv�enic fluctuations,
vanishing cross-helicity) may not reproduce appropriately initial con-
ditions of the real solar wind. However, the fact that both systems tend
to the same attractor—spherical polarization—despite their differ-
ences, suggests that once this is reached, the two descriptions may
share several properties. This is promising because it means that we
can use this type of simulations to explore further the key processes
driving spherical polarization and the regime of almost constant mag-
netic field intensity in the solar wind.

In fact, despite the fact that the simulation is successful in reach-
ing this regime and the good agreement highlighted in Secs. I–V, a big
question remains about the physical causes of such evolution; what
really drives constant B and relation (17) in the plasma? This

important question will be subject of some dedicated forthcoming
studies. The fact that this regime can be effectively observed in kinetic
simulations suggests that its modeling is favored by a kinetic treatment
of the plasma (at least in the hybrid approximation including ion
kinetics) and in particular by the inclusion of compressible effects asso-
ciated with the evolution of MHD fluctuations and their possible
damping. On the other hand, it has been shown that MHD expanding
simulations24 and modeling including the solar wind acceleration
region26 performed in a fluid compressible regime can recover switch-
backs as generated by expansion; this seems to indicate that a fully
kinetic description is probably not required and that processes govern-
ing the onset of spherical polarization can be—at least partially—of
fluid origin. It is also clear that any attempt of describing spherical
polarization should include some treatment of field-aligned fluctua-
tions and their coupling with transverse ones, thus suggesting that a
model beyond incompressible MHD is needed, at least within the
framework analyzed here, as otherwise fluctuations in BR—initially
absent—would not be generated.

Another aspect to consider concerns the coupling between mag-
netic and velocity fluctuations. We have seen that spherical polariza-
tion in our 2D simulations leads to magnetic field switchbacks.
However, the regime here investigated is constituted by an equal
amount of counter-propagating Alfv�enic fluctuations—vanishing
cross-helicity. It is remarkable, and perhaps surprising, that such a
B � const. state can be recovered in a system with balanced Alfv�enic
fluctuations (zero cross-helicity rc), as spherical polarization is an
MHD solution for the state dominated by unidirectional Alfv�enic fluc-
tuations, corresponding to rc6 1. However, we have shown that,
within our setup, despite overall hrc ¼ 0i in the domain, fluctuations
evolve such that large-scale regions of opposite cross-helicity form,
each of them characterized by vanishing non-linearities and by local
spherical polarization (Fig. 6). This seems to suggest that spherical
polarization can be a more general attractor for systems with
dB=B � 1, not limited to those with high cross-helicity.

On the other hand, an aspect potentially related to cross-helicity
and the reduced 2D geometry is that—unlike solar wind switch-
backs22,23,65—in this work, BR reversals are not associated with radial
velocity enhancements (jets), due to the lack of a strong Alfv�enic cou-
pling in the radial magnetic and velocity components. This a known
feature of 2D hybrid simulations of Alfv�enic turbulence, also without
expansion.67 It is likely that in order to explore further properties of
solar wind switchbacks and their kinetics, one should address the high
cross-helicity regime and the fully 3D scenario, thus including parallel
k-vectors for the fluctuations.

It is also worth stressing that total B is kept constant only to some
approximation in our simulations. While in the first part of the runs
the emergence of spherical polarization is well characterized by an
almost constant magnetic field intensity (see local cuts in Figs. 8–10),
the condition of B ’ const: is much less well satisfied in the final
stages. In fact, when dB > B0 and B � dB, as discussed, relation (17)
then implies dBR � 1=2dB; therefore also dBR � B and residual dB2

R

variations are not small anymore compared to B. This may explain
why the relative variance of compressive fluctuations dðB2Þ shown in
the bottom panel of Fig. 12 reaches 50% at the end of the simulation.
Note that in the solar wind, despite fluctuations in Alfv�enic streams
maintain a quite good level of spherical polarization all the time,
an increase in djBj=jBj with radial distance is observed.17,62,68
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We hypothesize that this can be due to the same effect just discussed,
although in the simulation the degradation of B � constant occurs
earlier due to the faster relative growth of transverse fluctuations with
respect to WKB [Eq. (11) vs Eq. (14)].

A parametric study should be performed to identify the regime
more favorable for spherical polarization. We have performed prelimi-
nary runs with different values of the proton and electron beta, and
this will be the subject a forthcoming study. Initial results are reported
in Fig. 13 for four runs with different initial proton beta
bp ¼ 0:02; 0:1; 0:25; 0:5, where the last case is the simulation pre-
sented in the rest of the paper. The initial electron beta is taken equal
to the proton one in each run. The top panel shows the ratio in radial-
to-perpendicular fluctuations that is measured as a function of the
radial distance; the average dBR=dB? at each R provides a measure-
ment of the fraction of the polarization sphere that is populated by
fluctuations. Note that as we know that magnetic compressibility
(related to the ratio dBR=dB?) in a turbulent MHD cascade is signifi-
cantly enhanced when transitioning from fluid to ion scales (see, e.g.,
Ref. 69), in Fig. 13, we have only selected large-scale k-vectors, above
the turbulent inertial range and far from ion scales. For example, in the
case shown in Fig. 3, fluctuations with k< 0.15. We can see that at
large distances, when spherical polarization has developed, the asymp-
totic level of dBR=dB? is different for each simulation (note that we do
not show the first data point, as dBR ¼ 0 in R0). On the other hand,
when plotted as a function of bp, in the lower panel, data points are

better ordered, suggesting that beta plays a role in setting the level of
relative radial-to-transverse fluctuations that can be observed, with the
largest variation occurring around b � 1. Such a dependence on b is
potentially consistent with other works24,25 and will be the subject of
future studies.

We conclude this Sec. VI by mentioning that spherical polariza-
tion may have an impact also on the statistics of the fluctuations and
correlations at large scales. As discussed in Ref. 18, a system with fluc-
tuations homogeneously spread on the full polarization sphere—
meaning that switchbacks events are as frequent as periods with field
along the background direction—would imply some decorrelation in
the fluctuations. On the other hand, this does not occur in our simula-
tions, and the system tends to a regime where ratios between the rms
of the fluctuations are only slowly changing at larger distance. As a
consequence, the portion of sphere populated by magnetic fluctuations
gets almost frozen at large distance, preventing the decorrelation pro-
cess mentioned above. This implies that some finite long-range corre-
lation is maintained among fluctuations at large scales during
expansion; some long-range memory is indeed needed to explain the
presence of a 1/f range in the solar wind spectrum of Alfv�enic fluctua-
tions. Therefore, we suggest that the saturation of spherical polariza-
tion seen in simulations, also consistent with solar wind observations,
could play a role in the evolution of the large-scale spectrum in the
solar wind.

VII. CONCLUSION

We have presented results from 2D hybrid expanding box (HEB)
simulations of Alfv�enic-like fluctuations with an out-of-plane mean
magnetic field. Fluctuations start with relatively low amplitude, but
their amplitude decreases slower than the background field due to
expansion so that they reach large relative amplitudes. We have then
studied the evolution with radial distance leading to the emergence of
spherical polarization and the formation of polarity reversals (switch-
backs). We summarize here below the main finding of this
investigation.

First, we have shown that 2D turbulence with Alfv�enic-like fluc-
tuations and a mean field B0 out of the simulation plane naturally
evolve toward a state of approximately constant magnetic field inten-
sity and spherical polarization. To our knowledge, this is the first time
that is shown and discussed for a kinetic model. Spherical polarization,
corresponding to an ideal MHD non-linear solution, is a robust out-
come of these runs and is maintained while in-plane fluctuations dB?
are grown relatively to the mean field by the secular forcing of radial
expansion. Remarkably, this state can develop also in a system with
zero cross-helicity rc, as long as local sub-regions of high cross-helicity
are formed, consistent with solar wind observations in intervals with
overall balanced turbulence, which also show the presence of patches
of highly imbalanced states within them.58

Second, when the plasma approaches dB=B � 1, the amplitude
of dBR fluctuations required to maintain B � const: increases and
leads to regions with dBR > B0, so that some polarity reversals are gen-
erated locally. These features resemble magnetic field switchbacks seen
in situ in the solar wind and display some of their main characteristics:
large B deflections with almost constant magnitude B and BR reversals.
The mechanism producing these structure by the amplification of pre-
existing Alfv�enic fluctuations is analogous to that described by MHD
models24–26 and confirms that solar wind switchbacks can be formed
by expansion. However, the conditions studied here are different (2D

FIG. 13. The top panel shows the average ratio of radial to perpendicular fluctua-
tions dBR=dB? as a function of radial distance for four simulations with different ini-
tial bp. The lower panel shows the same quantities as a function of bp.
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geometry, no propagation along the main field, vanishing cross-
helicity) and then suggest that the generation of magnetic field rever-
sals in a slowing varying magnetic field with increasing dB=B is a more
general feature in plasmas and potentially of wider application than
the near-Sun solar wind.

Third, the spherical polarization state can be efficiently described
by a simple relation (17) for the radial magnetic field fluctuations

dBR ¼ �dB2=2B: (25)

This relation simply states that the condition B¼ const. holds every-
where in the plasma.10,11 This condition can be used to express the
predicted average amount of dBR fluctuations that can be observed as
a function of heliocentric distance in the solar wind just based on the
total dB and B. We have verified that the predicted average level
dBs

RðRÞ is in very good agreement with the rms of dBR observed in the
simulations at all times. Remarkably, this relation reproduces also
fairly well the main trend in the radial scaling of the variance of dBR

observed in solar wind streams.36 In particular, it explains the phe-
nomenological result that while the variance of the transverse fluctua-
tions dB? approximately follow the WKB scaling (R�1:5), the radial
fluctuations dBR follow a shallower scaling closer to the Sun (Helios
observations) and a steeper one in the polar wind at larger distances
(Ulysses).

Finally, we have discussed the asymptotic limit of the scaling and
dynamics summarized above. The relative increase in dB=B leads to a
stage when dB � B0, meaning that the total magnetic field B has com-
parable contribution from both the mean field B0 and the fluctuations.
The distance at which this occurs depends obviously on the initial con-
ditions; however, in the simulations, the evolution after this point is
such that the total magnetic field intensity B ¼ jB0 þ dBj scales with
an intermediate law between the mean field B0 / R�2 and dB / R�1.
This results in B decaying roughly like dB and as a consequence the
ratio dB=B tends to saturate near 1 at this stage. The change in the
growth of dB=B has an impact also on the ratio dBR=dB, which can be
considered a measure of the portion of the polarization sphere popu-
lated by the magnetic fluctuations. In fact, the phenomenological rela-
tion discussed above, dBR ¼ dB2=2B, when BðRÞ � dBðRÞ also
implies that dBRðRÞ � dBðRÞ and then that their ratio becomes frozen.
In our opinion, this is an important aspect of the evolution of spherical
polarization with distance: in the initial stage of expansion (i.e., in
regions closer to the Sun), the continuous growth of dB=B leads to a
rapid spread of the magnetic field fluctuations on the polarization
sphere; this is well visible in the solar wind by comparing the distribu-
tion of B on the sphere at different radial distances from the Sun.18

However, such a trend would lead to a complete and uniform spread
of the pattern of the magnetic field vector on the polarization sphere
and this is not observed. Instead, Ulysses measurements in the polar
wind at larger radial distance suggest that the portion of sphere popu-
lated by the fluctuations stops growing at large distances, consistent
with the freezing of the aspect ratio dBR=dB found in this work. This
aspect will be addressed in a dedicated forthcoming work.
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