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Abstract

We consider the top Lyapunov exponent associated to a dissipative linear evo-
lution equation posed on a separable Hilbert or Banach space. In many applica-
tions in partial differential equations, such equations are often posed on a scale of
nonequivalent spaces mitigating, e.g., integrability (L?) or differentiability (W*?).
In contrast to finite dimensions, the Lyapunov exponent could apriori depend on
the choice of norm used. In this paper we show that under quite general conditions,
the Lyapunov exponent of a cocycle of compact linear operators is independent of
the norm used. We apply this result to two important problems from fluid mechan-
ics: the enhanced dissipation rate for the advection diffusion equation with ergodic
velocity field; and the Lyapunov exponent for the 2d Navier—Stokes equations with
stochastic or periodic forcing.

1. Introduction

Consider the linear evolution equation

d
V@ =LOv@), v(©) =, ey

posed on a Banach space (B, || - ||g), where L(¢) is a time-varying, closed linear
operator (potentially unbounded). Let us assume (1) is globally well-posed and it
gives rise to an evolution semigroup S(¢), namely, a bounded family of solution
operators S(¢) : B — B, t 2 0, such that v(t) = S(¢)vg is the unique solution to
(1) for all fixed initial vg € B.

The Multiplicative Ergodic Theorem (MET) is a powerful tool for characterizing
the asymptotic behavior of systems such as (1) in the case when L(#) depends on
the value of some auxiliary stationary process, e.g., when L(t) is random with
probabilistic law independent of ¢. In this setting and under some mild conditions
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on the operators S(z), the MET asserts that for ‘typical’ realizations of t — L(t),
there exists a value A; € [—o00, 00) and a finite-codimensional subspace FF C B
such that, for all vg € B\ F,

o1
A= lim —log[|S(®)volls - (2)
t—oo t

As B\ F is open and dense in B, it follows that the growth rate A; is experienced
by ‘typical’ initial vy. For further details and a review of the MET in this setting,
see Sect. 2.1 below.

Linear evolution equations such as (1) cover a broad variety of time-dependent
dissipative linear PDE. In this paper, we consider the following example settings:

(i) the advection diffusion equation for a passive scalar advected by a velocity field
evolving according to a “statistically stationary” evolution equation, e.g., the 2d
Navier—Stokes equations with either time-periodic or stochastic forcing; and

(ii) the first variation (linearization) of the 2d Navier-Stokes equations with either
time-periodic or stochastic forcing.

We will discuss both of these examples in more detail in Sect. 1.1 below. Other
relevant examples that can be treated (though not discussed) in this setting are: the
kinematic dynamo equation governing the advection and diffusion of a magnetic
field in a flow, as well as the first variation equation of a wide class of forced
dissipative semilinear parabolic problems, including reaction diffusion equations,
magnetohydrodynamics (MHD), and various dissipative wave equations (see [75]
and [15] for examples and descriptions of these models and more).

Lyapunov exponents along scales of norms

For globally well-posed linear evolution equations as above, it is common to have
global well-posedness on a scale of Banach spaces (B, || - ||5,) fora € [a, b] C R
such that Bg is embedded in B, for all @ < B. Such scales of spaces might
capture varying degrees of integrability, e.g., L? spaces, or spatial regularity, e.g.,
Sobolev spaces W"” or Besov spaces B}, . Each B, comes equipped with its own
norm || - || g, with respect to which one can compute Lyapunov exponents, and so
apriori, the same evolution equation (1) might possess an entire range of Lyapunov
exponents

1
AM(By) = tlggo;log lv@®ll s,

depending on the scale parameter «.

It is evident from (2) that for a finite-dimensional Banach space, the choice of
norm has no effect on the value of A;: in this case, local compactness implies that all
norms on B are equivalent up to a multiplicative constant which vanishes under the
limit of % log. Thus it is often said that in the finite dimensional setting, Lyapunov
exponents are intrinsic to the underlying system in that they do not depend on the
choice of norm. However, local compactness is false in infinite dimensions, and
so it is possible that A1 (By) could depend nontrivially on the scale parameter «.
This casts doubt on the ‘intrinsic’ nature of Lyapunov exponents in the infinite
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dimensional setting, especially when there is no natural or otherwise physically
relevant choice for the space By,.
The following is an informal statement of the main result of this paper:

Informal Theorem. Let (By)ucia,p) be a nested family of Banach spaces, each
with separable dual. Assume that

(a) Bg C By isdense foralla <o < f < b;

(b) S(t) : By — By is a compact (hence bounded) linear operator for all o €
la, b]; and

(¢) sup;eio17 IS@)la satisfies a logarithmic moment condition with respect to the
stationary law governing L(t).

Then, for all B € [a, b] and vy € Bg\{0}, the limit

.1
X(vo) = lim —log [S()volls,

exists and does not depend on a.

This result affirms the idea that for such systems, the Lyapunov exponent is an
intrinsic feature of the system, independent of the choice of norm || - || g, . For full
statements, see Sect.2.2. See Sect.2.3 for a literature review of prior work on this
topic.

Remark 1.1. (Time-transient behavior) Suppose that we are in the setting of the
theorem above, and let e > 0, B € [a, b], and a vector vy € Bg be fixed; we define

1
T, p(vp) = min {T >0: ‘?log S(®)vollpy — A(vo)| < & forall ¢ > T} .

The value T g(vo) is, roughly speaking, the time it takes for the exponent A(vo)
to be ‘realized’ in the norm of Bg to within accuracy &. While our main results
give conditions under which the asymptotic value A(vg) is independent of the norm
| - I B4, the value T, g(vo) can and will, in general, depend on the norm. Indeed, a
prime example of this dependence is passive scalar advection; see the discussion in
Sect. 1.1.1 below. Nevertheless, under stronger but realistic conditions it is possible
to compare these timescales between norms: see Sect.2.1.4 and Corollary 2.8 in
Sect.2.2.1 for precise statements.

1.1. Applications

This paper contains several applications of the main result to systems of interest
in fluid dynamics. We will discuss these applications and their physical relevance
below, deferring detailed statements to Sect.4. While several simplifying assump-
tions are made, e.g., working with periodic domains without boundary, we note that
many of the main ideas discussed below remain valid in broader generality. More-
over, while we work with Hilbert regularity spaces H*, much of what we show
can also be done in spaces like W*” and B, /., which often carry more precise
regularity information.
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1.1.1. Lyapunov Exponents for Passive Scalar Advection Letd > 1 and let
u : [0,00) x T — R< be a time dependent, incompressible velocity field on the
torus T¢, which for the purposes of this discussion will be assumed to be C* in
x locally uniformly in ¢. Let f (¢, x) be a solution to the passive scalar advection
equation

Wf+u-Vi=«Af, fO,x)= folx) 3

for a given mean-zero initial scalar fy : T¢ — R. This equation models the
advection of the scalar density fj (e.g., a dilute chemical concentration or small
temperature variation) by a fluid with velocity field u(z, x) taking into account
molecular diffusivity x > 0. Equation (3) is globally well-posed on the Sobolev
space H" for any r € R, and so gives rise to a linear (nonautonomous) semiflow
S(t) : H" — H" of bounded linear operators. Here, H" is viewed as a Hilbert
space of mean-zero functions (or distributions, if r < 0) g : T¢ — R with the
homogeneous Sobolev norm || f |z = |[(—=A)"/?f||;2 and corresponding inner
product (-, -) gr.

When ¢ — u(t, -) evolves according to some ergodic, stationary process, e.g.,
the Navier—Stokes equations with spatially regular, time-periodic or stochastic forc-
ing, the Lyapunov exponent

.1
J(H") = lim —log || f(1) ]

exists in [—oo, co) with probability 1 for all sufficiently regular initial velocity
profiles u( and for an open and dense set of initial scalars fj.

In the mathematical literature on advection diffusion, special interest is often
taken in interpretations of the growth or decay of || f (¢)|| g~ for various values of r.
When k = 0, the H! norm is naturally connected to the strength of shear-straining
in the fluid (see (5) below), while the ! norm and other negative Sobolev norms
measure the degree to which the scalar f; has been uniformly “mixed” into the
fluid—see, e.g., [22,53,58,74]—and are related to the decay of correlations of the
Lagrangian flow associated to the velocity . The addition of diffusion (x > 0)
somewhat complicates these interpretations: when advection generates small scales,
diffusion can effect decay of the L norm on time scales faster than the diffusive
one. This is known in the mathematics literature as enhanced dissipation; this effect
has been studied in both the physics [8,26,51,55,67] and (somewhat more recent)
mathematics literature [2,3,6,7,18,29,81,89,90].

Despite such varied interpretations of the measurement of various norms, in this
manuscript we prove the following (see Theorem 2.6 below for a precise statement):

Informal Theorem. Assume k > 0 and that u(t, -) is an ergodic, stationary pro-

cess and fol lu(t, )| gr dt satisfies a moment condition for some y > % + 1. Then,
M(H?®) exists for all s € [—y, y] and does not depend on s. In particular,

MHY =LY = rHT). 4)
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For a full statement, see Theorem 4.2 in Sect.4.2 below. To our knowledge,
ours is the first proof of this fact for passive scalar advection, although we note that
it has been predicted before, e.g., by numerical evidence in the recent paper [62],
as well as in [60].

Additional discussion and context

The case k = 0. Key to the validity of (4) is compactness of the solution linear
operators S' : H" — H" for (3) when « > 0. A clear example is provided in the
case k = 0; in this case, (3) is still globally well-posed on H" for all r, and by the
method of characteristics one has

F@) =S80 fo=foo(gH™!

for all fo € L%, where ¢’ : T¢ (9 is the Lagrangian flow associated to the velocity
field u. Note that in this case, S(¢) : L?> — L? cannot be compact, as it is unitary:
SO f, St)g)2 = (f,g)2forall f, g € L? by incompressibility. In particular,
for the L2 Lyapunov exponent, || (£)|| ;2 = || foll 2 forallz = 0,hence A; (L% =0.
On the other hand,

If Ol = 1D TV fll 2 Q)

by incompressibility. When the Lagrangian flow ¢’ associated to u has a positive
Lyapunov exponent on a positive volume, i.e.,

Leb {x e T : lim sup%log | Dy || > o} >0, (6)
1—>00

then || f(f)| g1 can grow exponentially fast, hence A (H 1) > 0. It was recently
shown by the authors and J. Bedrossian in [5] that when u solves the stochastic
Navier-Stokes equations with nondegenerate, white-in-time forcing, the LHS of
(6) has full Lebesgue measure with probability 1.

L? and H' decay rates. When « > 0, standard heat equation energy estimates for
the L? norm immediately imply

M(L?) £ -k <0,

and therefore our result implies the same holds true for A;(H'). At first glance,
this might be surprising in light of the tendency of (32) to form large gradients. It
is however consistent with the energy estimate

o0
/ K|V £(5)]72ds < oo,
0

requiring time integrability of || f;||g1 over [0, oo) for k > 0. We emphasize,
though, that A1 (H') < 0 refers only to time asymptotic behavior, and does not

! Despite a wealth of numerical evidence, in the absence of noise it is a notoriously
challenging open problem to prove that positivity of Lyapunov exponents for incompressible
systems of practical interest. This is already the case for low-dimensional discrete-time toy
models [19] of Lagrangian flow such as the Chirikov standard map [16], for which the
analogue of (6) is a wide-open problem—see, e.g., the discussion in [10,21].
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rule out transient growth in H' on some (k-dependent, potentially quite long) time
scale after which the diffusion dominates (c.f. Remark 1.1 and Sects.2.1.4, 2.2.1).
H~! decay rates. In [3-5], the authors proved the following exponential decay
estimate for (32) when u solves the 2d stochastic Navier-Stokes equation (or any
of a large class of noisy evolution equations):

IfOlg-1 = Dee™ | foll -

Here the deterministic constant > 0 is independent of k and the random variable
D, > 1 has k-independent expectation. Using that S(r) instantly regularizes H !
to H! for t > 0, this readily implies that

MHT) S -y <.

In light of our main result and the results of [3], we conclude that, for the stochastic
Navier-Stokes equations and related models, all Sobolev norms (including L?)
eventually decay no slower than the uniform-in-« exponential decay rate y > 0
(perhaps after an initial x-dependent period of transient growth). This k — 0
singular limit bears a striking similarity to the stochastic stability of the so-called
Ruelle-Pollicott resonances associated to stationary hyperbolic flows [27].

Remark 1.2. We emphasize that we are not the first to apply the MET and related
ideas to passive scalar advection. Froyland et al. have developed data-driven al-
gorithms for identifying coherent structures in incompressible fluids [33], with
applications in the forecasting of oceanic features such as persistent gyres in the
Atlantic ocean [78]. Justifying the use of these algorithms required extending the
MET for compositions of possibly noninjective linear operators, addressed in [32]
in finite dimensions and, e.g., [38] in infinite dimensions. Additional applications
of the MET in this vein include the exploration of almost-sure statistical properties
for random compositions of mappings [23,24].

1.1.2. Lyapunov Exponents for the Navier-Stokes Equations Let u(z, x) be a
mean-zero divergence free velocity field solving the Navier—Stokes equations on
the periodic box T2,

ou+ w-VYu=vAu—-Vp+F, divu=0,

where F'is some spatially smooth, white-in-time or time-periodic forcing term, v >
0 is fixed, and p denotes the pressure that enforces the divergence-free condition.
Under appropriate conditions on the forcing, for all » = 0 this nonlinear evolution
equation gives rise to a stochastic semiflow of C! Frechet-differentiable mappings
®! : H" — H",where H" denotes the Sobolev space of H" (weakly) divergence-
free fields (r = 0 corresponding to L?). Here, w denotes the history of the driving
path. Given an initial g = u(0, -) and an initial divergence-free vg € H”, the vg
derivative v; = (Dy, ®")yg solves the linearized Navier-Stokes equations

v+ (u-V)v+ (v-V)u =vAv—Vg, divv=0,
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with initial data vg. When F is deterministic and time-periodic or when F is stochas-
tic and white-in-time, the MET applies: under mild additional conditions, the H”
Lyapunov exponent

o1
J(H") = lim —log vl

exists with probability 1 and for ‘typical’ initial velocity fields ug, where vy is
drawn from an open and dense subset of H”.2 Since we are working with a first
variation equation, the value A (H") represents the asymptotic exponential rate at
which nearby trajectories converge (A; < 0) or diverge (A; > 0) in the H” norm
as time progresses.

In the study of the 2d Navier—Stokes equations it is often useful to formulate
the equation in terms of vorticity w = curl u,

oow~+ (u-V)Yw =vAw +curl F,

or in terms of the stream function ¢y = A~ Leurl u, which is the Hamiltonian for the
velocity field u = V4t = (—0dyr, dx¥r). Depending on the variable considered, it
is natural to study the associated growth of the perturbation in L? of the associated
variable. Hence, measuring the linearization in H Vg2 or H! corresponds to
measuring the linearization in L? for the vorticity, velocity, or stream function
formulations of the equation.

In the inviscid case (v = 0), it is known that the stability of the equation is
strongly dependent on the whether one is considering L? of vorticity, velocity or
the stream function with some perturbation being stable in L? of the stream function,
but not in L? of velocity or vorticity due to the generation of high-frequencies due to
mixing effects. For the viscid problem v > 0, we prove in this paper the following:

Informal Theorem. Assume that u(t, -) solve the Navier-Stokes equations with
forcing F (either time-periodic or white-in-time) and that the resulting process on
velocity fields is (statistically) stationary and ergodic. Assume fol llee(t, )| gv+2 dt
has finite moments for some y > 2. Then, A\(H®) exists foralls € [y + 1,y + 1]
and does not depend on s. In particular,

MHY =LY =0 H.

For full details, see Theorem 4.12 in Sect.4.3.

There is along and extensive literature on the linear stability or instability of sta-
tionary (time independent) solutions to the Euler and Navier—Stokes equations; see,
e.g., the textbooks [14,25,42,73,86]. Lyapunov exponents, which can be viewed
as analogous to spectra for nonstationary flows, have been employed extensively
in the study of semilinear parabolic problems such as Navier—Stokes, for instance
in providing upper bounds on the dimension of the global attractors— see, e.g.,

2 When F is white-in-time and satisfies mild nondegeneracy conditions (e.g., those in
[41]), the value A1 (H") does not depend on up. When F is time-periodic it is possible that
A1 (H") depends on u(. For more details and discussion, see Sect. 4 below.
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[17,31,76]. Ruelle and Takens proposed dynamical chaos, of which a positive Lya-
punov exponent is a natural hallmark, as a mechanism involved in the transition to
turbulence [56,71]. To this end, Ruelle established an extension of smooth ergodic
theory to dissipative parabolic problems such as Navier—Stokes [70] (see also, e.g.,
[11,52,54]). For numerical studies of Lyapunov exponents in turbulent regimes,
see, e.g., [20,87].

Plan for the paper

Sect.2 covers necessary background from ergodic theory and a full statement of
our main abstract result, Theorem 2.6, the full proof of which is given in Sect. 3.
Full statements and proofs of the assertions in Sect. 1.1 above are given Sect. 4.

2. Abstract Setting and Statement of Results

2.1. Background on the Multiplicative Ergodic Theorem (MET)

The MET is a theorem in ergodic theory, the study of measure-preserving trans-
formations (mpt’s) of a probability space. Here we briefly recall a few basic def-
initions and the statement of the MET itself, and will afterwards provide the full
statement of our main result. Additional context and a brief review of literature is
given at the end of Sect.2.1.

2.1.1. Setting Let (X, .%, m) be a probability space: here X is a set, % a o-
algebra of subsets of X, and m a probability measure. We say that a measurable
transformation 7 : X — X (possible noninvertible) is an mpt if m o T~ = m,
ie,m(T~'A) = m(A) forall A € .#. We can interpret the invariant measure m
as characterizing “equilibrium statistics” for the dynamics described by T': if x is
an X-valued random variable with law m, and given any observable ¢ : X — R,
then the random variables

@(x0), 9 o T(x0), ..., 9o T’ (xp), ...

all have the same law, i.e., {¢ o Tk (x0)}x>( a stationary sequence.

We say that T : (X,.%,m) O is ergodic if, for any A € .#, the invariance
relation 7~'A = A implies m(A) = 0 or 1. Ergodicity is a form of irreducibility:
the phase space X cannot be partitioned into two pieces of positive m-mass which
never exchange trajectories.

Example 2.1. Let B be aseparable Banach spaceandletT : B — B beacontinuous
mapping, e.g., the time-1 solution mapping to a possibly nonlinear, well-posed
evolution equation on B. If A C B is a compact, T-invariant subset’, e.g., a global
attractor for 7', then there exists at least one 7'-invariant, Borel probability measure

3 We call A a T-invariant setif T~1'.4 > A.
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supported on A. Indeed, for any fixed xo € A, any subsequential weak™ limit of
the sequence

1 n—1
n Z(ST%
i=0

is T-invariant.*By standard arguments,’ it follows that there also exist ergodic
T -invariant probability measures supported on A.

2.1.2. The MET Let B be a separable Banach space with norm || - || 5. The MET
concerns cocycles of operators, which for our purposes are compositions of the
form

A" = A(T" ')A 2x) - A(Tx)A(x), n=1,xeX,

where A : X — L(B), L(B) the space of bounded operators on B, is the generator
of the cocycle. We view the composition A’} as being “driven” by the dynamics
T : X — X.The MET describes the asymptotic exponential growth rates

1
Ax,v) := lim —log AVl (7

where they exist, as x ranges over m-typical initial conditions in X and v € B\ {0}.
For simplicity, we assume below that A, is compact for all x € X; otherwise,
we make no additional assumptions, e.g., on the injectivity of A, (we follow the
convention that log0 = —o0). Many proofs of the MET in this setting exist; the
following is taken from [52]; see also [72].

Theorem 2.2. (MET for compact cocycles) Let T : (X, %, m) O be an mpt. As-
sume that A : X — L(B) is strongly measurable® and that A(x) is a compact
linear operator on B for all x € X. Lastly, assume the log-integrability condition

/ log" [[A(x)]| g dm(x) < oc. ®)

Then, for every A, > —00, there exists a (i) functionr;,. : X — Zx>, (ii) for each
i 2 1, afunction A; : {x : ry (x) 2 i} — R satisfying

A(x) > o> A (X)) 2 Acs

4 That such weak* limits exist follows by compactness of .A. That such limiting measures
are T -invariant is straightforward to check: see, e.g., Lemma 2.2.4 of [80]. The above proce-
dure is often referred to as the Krylov-Bogolyubov argument for the existence of T -invariant
measures [48].

5 E.g., Proposition 4.3.2 of [80] and the Krein-Milman Theorem, paragraph I.A.22 in [85].

6 When B is separable, we say thatx — Ay is strongly measurable if itis Borel measurable
w.r.t. the strong operator topology on L(B), or equivalently, when x — Ayv is a Borel
measurable mapping for each fixed v € B. For a summary of alternative measurability
requirements for the MET, see, e.g., [79].
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and (iii) at m-a.e. x € X a filtration
B=:Fi(x) 2 F(x) 2+ 2 F () 2 Fp(x)

by closed, finite-codimensional, measurably varying” subspaces F; (x), F. i (X) such
that

Ax,v) =2ri(x) foralll i <r (x)—1landv € Fi(x)\ Fiy1(x),
AMx,v) = Ay () forallv € Fy,_(x)\ F), (x),

and
lim —l lo ||A"| =l <
n g X F)»c B = /¢

for m-a.e. x € X.
The functions r;_(x), A;(x) are constant along m-a.e. trajectory, as are the
codimensions M;(x) := codim F;;1(x) < oo. Moreover, when T : (X, F,m) O

is ergodic, ;. and the values Ay, - - - , A, are constant over m-a.e. X € X.

It is immediate that the F;(x) are invariant in the sense that

Ay (F;(x)) C Fi(Tx) form — a.e.Xx. ©)

Note that we allow the inclusion to be strict. Observe also that
di(x) := M;(x) — M;_1(x) = codim F;41(x) — codim F;(x) (10)

is the codimension of Fjy1(x) in Fj(x); we refer to d;(x) as the multiplicity of
A (x).

2.1.3. Lyapunov Exponents The values {A;} are called Lyapunov exponents,
while the collection of them is referred to as the Lyapunov spectrum, in analogy with
the spectrum of a single closed operator. The value A, is a cutoff, past which we do
not resolve the spectrum further, while adjusting the value A, lower can potentially
‘uncover’ additional Lyapunov spectrum (i.e., 75, increases as A decreases). Define

r(x) = lim ry (x) = sup ry.(x) € Z>y U {00} . (11)
Ae—>—00 re€R =

To simplify the discussion below, assume 7 : (X, %, m) O is ergodic, so that
r and the {};} are constants. We distinguish three scenarios:

7 Throughout, we consider the space of closed subspaces of B with the Hausdorff metric
d g aus Of unit spheres; see (17) for details. Here, we are asserting that x — F;(x) is Borel
measurable w.r.t. the topology induced by d.

8 Some authors refer to the property (9) as equivariance.
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(a) No Lyapunov exponents are uncovered (r;,. = 0 for all values of cutoff A.). In
this case,

AMx,v) = —00

for a.e. x € X and all v € B. When this occurs, we follow the convention
A = —o00, Fi1(x) ;== B,r =0.

(b) Finitely many Lyapunov exponents Ay > --- > A, > —00,r € Zx>; are
uncovered. Each exponent corresponds to a member of the filtration

B=:Fi(x) 2 B()2 2 F(x) 2 Fu@) D (0)

such that A(x,v) = A; foralli < r,v € F;(x)\Fj4+1(x), while lim, i log
| A% F, .0 ll = —oc. In this case, we follow the convention A, ;| = —o0.

(c) Infinitely many Lyapunov exponents A; > i, > ... are uncovered. In this
case, compactness of A(x), x € X (see, e.g., discussion after Corollary 2.2 in
[70]) implies that lim; A; = —o0, and each exponent corresponds to a member
of the filtration

B=Fi(x)2F(0)2 2 F(x) 2

for which A(x, v) = A; foralli 2 1, v € F;(x)\F;+1(x). The (possibly trivial)
closed space Foo(x) := N; F; (x) has the property that lim,, % log [AY | Foy o)l =
—o0. In this case we follow the convention » = oo.

We note that in all three scenarios, the codimension codim F; is constant along
trajectories {T*x) >0- While if (7', m) is ergodic, codim F; (x) is constant m-almost
surely. B

Remark 2.3. When T : (X, .%, m) O is nonergodic, the limiting value r(x) in (11)
depends on x € X. In particular, X can be subdivided into the T -invariant (possibly
empty) sets {r(x) = 0}, {1 < r(x) < oo} and {r(x) = oo} along which each of
scenarios (a)—(c) holds, respectively.

Remark 2.4. These scenarios are analogous to the situation for the spectrum o (K)
of a compact linear operator K on B: (a) when o (K) = {0} (e.g., K is a compact
shift operator); (b) when o (K) is a finite set containing {0} (e.g., K is finite rank);
and (c) when o (K) is countable and accumulates only at {0} (e.g., K = A~ is the
inverse Laplacian on L2([0, 1]) with Dirichlet boundary conditions). Indeed, when
Ay = K is a fixed compact operator not depending on x, the A; are precisely the
logarithms of the absolute values of the elements of o (K), while the F; are direct
sums of the corresponding generalized eigenspaces.

Example 2.5. LetT : B — B be acontinuous mapping as in Example 2.1 admitting
a compact invariant set A C B and an invariant Borel probability m. Assume in
addition that T is C! Frechet differentiable, and that the derivative D, T is a compact
linear operator (as is the case for a broad class of dissipative parabolic evolution
equations [76]). Theorem 2.2 applies to the cocycle generated by A(x) = D, T €
L(B) (note that by our assumptions, x — log™ | D, T|is a continuous function and



97 Page 12 of 48 Arch. Rational Mech. Anal. (2023) 247:97

A is compact, so (8) holds automatically). It follows that for m-a.e. x € X and for
all v € B, the limit

1
Alx,v) = lim —log||DyT"v|p € [—00, 00)
n—-oon
exists, and if finite, equals one of the values A;(x).

2.1.4. Rate at Which Lyapunov Exponents are ‘“Realized” The MET guaran-
tees convergence of the exponential rates A(x, v) forx € X, v € B as in equation
(7), but this convergence can be badly nonuniform in x € X. While little can be
said at this level of generality, we can at least quantify this nonuniformity as we
show below.

To fix ideas, assume (7', m) is ergodic and r > 0 (scenarios (b) or (c) in
Sect.2.1.3). Fix ani € {1, ..., r}, so by the statement of the MET we have that
Ax,v) = A; for all v € F;(x)\Fi4+1(x). With additional work, it is possible to
show (see [11]) that for any & > 0, one has

|A%v]|p £ De(x)e"* ) ||y 5, (12)
where
— ) A%l B
Del):= 80D = 6%

is finite for m-a.e. x € X.

For corresponding lower bound, note that the convergence of A(x, v) to A;
should be slower as v approaches F;y(x). To account for this, given v € B \ {0}
and a closed subspace F C V, write /8 (v, F) for the unique “angle” in [0, /2]
such that

sin /B v, Fy = inf W =I5 (13)
weF  |v|g
Then,
An
” ” x|'|’”3 > (D, (x) "% sin £B (v, Fiy1(x), (14)
vl
where

"= sin /B (v, F;
D, (x):=sup  sup ¢ (v, Fiy1(x))

n>0vEB\Fiy1 (x) |A%v] g
lvllg=1

is again m-almost surely finite.
Define

D, :=max{D,,D,}, and T;:={D,<¢}, ¢> 1.

e, g
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The sets I'y C X are sometimes referred to as uniformity sets or Pesin sets: when
¢ is chosen sufficiently small, for any fixed £ > 1 we have

o, oMM
[A%vliB ~e e Vg

uniformly over all x € 'y and v € F;(x)\ Fj+1(x) with /B (v, Fi1+1(x)) bounded
away from 0, up to the multiplicative constant £ and ignoring the slowly-growing
factors ¢"¢. This can be very useful, e.g., in smooth ergodic theory where the ex-
ponential expansion/contraction along various directions of B is used to construct
stable/unstable manifolds of smooth systems (see references below). Unfortunately,
despite their importance, little else can be said about D, without additional assump-
tions.

2.1.5. Additional Background and Context for the MET The MET for station-
ary compositions of d x d matrices was first proved by Oseledets [63] in the late
60’s, although investigations on the properties of IID products of d x d matrices
date from the early 60’s [35,36]. There are now many proofs available—see, e.g.,
[66,69,82] and [32]. Since then the MET has been extended in several directions,
e.g., to the asymptotic behavior of random walks on semisimple Lie groups [43]
and on spaces of nonpositive curvature [44].

One of the most significant impacts of the MET has been in smooth ergodic
theory, the study of the ergodic properties of differentiable mappings. For such sys-
tems, the MET implies the existence of stable and unstable subspaces in the moving
frames along “typical” trajectories of the dynamics. Pesin discovered [65,69] soon
after that these could be used in the construction of stable and unstable manifolds,
generalizing directly from the classical theory of stable/unstable manifolds for
equilibria and periodic orbits. This development is at the core of our contemporary
understanding of chaotic dynamical systems and the fractal geometry of strange
attractors [28]. For more discussion, see, e.g., the the textbook [1] or the surveys
[64,84,88].

A part of Ruelle’s work in [70] was a version of the MET for stationary com-
positions of Hilbert space operators. By now, there are many works extending the
MET to various infinite-dimensional settings. Highlights include extensions to sta-
tionary products of compact linear operators on a Banach space [57], dropping
the compactness assumption [77], versions of the MET suited to the first variation
equations of SPDE [52,72], and a version of the MET for compositions of operators
drawn from a vonNeumann algebra [12]; see also, e.g., [9,37,79].

2.2. Statement of Main Results

To start, we will assume

(a) (B, | - lIp) is a Banach space and V C B is a dense subspace;
(b) The space V is equipped with its own norm || - ||y such that

I-ls=1-lv:
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(c) Both (B, || - |lp) and (V, | - |lv) have separable duals. In particular, (B, || - || )
and (V, | - ||v) are separable by a standard argument.

Additionally,

(1) T:(X,Z#,m) O isan mpt;

(2) A: X — L(B) is strongly measurable and A(x) € L(B) is compact for all
x € X;

(3) Therestriction A(x)|y hasrange containedin V and is a compact linear operator
V — V, and moreover, x — A(x)|y is strongly measurable X — L(V); and
finally,

(4) The operator A(x) satisfies the log-integrability condition regarded on both
(B, |l - llg) and (V, || - [Iv), i-e.,

/ logt [|A(x)||pdm(x) < o0
(15)

/1og+ Ay lvdm(x) < oo

Under (1)—(4), the MET as in Theorem 2.2 applies to A’ regarded as a cocycle on
either B or V. Below, for either of W = B or V we write )LLW ,rW and FiW for the
objects in Theorem 2.2 applied to A’ regarded as a cocycle on W.

Theorem 2.6. Under (1)—(4), we have that r¥ (x) = rB(x) for m-a.e. x € X.
Writing r(x) for this common value, the following holds for all i = 1 and m-a.e.
x €f{r =i}

Ay =28 and F'(x)=Ffx)nv.

In particular, for m-a.e. x € X and all v € V, we have that
1 ; . \
lim —log||Afv]lg = lim —log|Afv|v .
n—-oon n—-oon

Note also that scenarios (a), (b) and (c) above are carried over from B to V. For
instance, in the ergodic case, kf? = —o00, rB = 0 (our convention for scenario (a))
holds if and only if 2] = —oo, rV = 0.

Example 2.7. (i) Let T : B — B be a C' Frechet differentiable mapping with
compact invariant set A C B as in Examples 2.1 and 2.5. Assume V C B
is a dense embedded subspace, || - |ly = || - llg. If A(x) = D,T satisfies
assumptions (1)—(4) above, then Theorem 2.6 applies: writing WWix,v) =
lim,,, oo %log |DxT"v|w forx € A,v e Band W = V or B, it follows that

AV, v) =28, v) formae. x €A, andallv € B.

(i) When T is the time-1 mapping for a dissipative semilinear parabolic problem,
e.g., the 2d Navier—Stokes equations, one typically works with a scale of Banach
spaces By, a € [a,b] C R, Bg C By for o < B, e.g., the Sobolev spaces
By = W%2 = H< Fixing B = B, and V = By, it is often the case that
D,T : B — B is compact, and that D, T restricted to V maps into V and
is similarly compact; this is a consequence of parabolic regularity for the first
variation (linearization) equation. In particular, Theorem 2.6 applies. See Sect. 4
for more details in the case of 2d Navier—Stokes.
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2.2.1. Comparison of Uniformity Sets It is natural to attempt to compare the
rate at which Lyapunov exponents are realized between the norms of B and V. Fix

i = 1and assume m{r =i} > 0. Fix ¢ ~0andlet D, DY, W = B,V be as in

e s Dg s
(12), (14), respectively (note that we have not assumed (7', m) is ergodic, so A; (x)

. . . —V
can depend on x). Since || - || < || - ||v, itis of interest to bound D, from above by

Bf and D f from above by Q;/ . We prove such a comparison under the following
additional assumption:

(5) Forall x € X, the range of A, : B — B is contained in V and is bounded as
a linear operator (B, || - [|p) — (V.| - |lv). Moreover, assume that for some
p > 3 we have that

log" || Acllp—v € LP(m). (16)

Corollary 2.8. Assume the setting of Theorem 2.6 and additionally that (16) above
holds. For any § > O, there exists a function Ks : {r = i} — R> such that

Dy (x) £ Ks(x)De,s(x) and DP(x) < Ks(x)DY, ;(x)

hold for any ¢ > 0 and m-a.e. x € {r = i}. The function Ks satisfies the moment
estimate

p(p—3)
p—1

)

/{ >‘}(10g+ Ks)dm <pg 6~ P01 + | 10g+(p||€p(m)) forall g <
r2i
where ¢(x) := ||[Ax|lB—v-

That is, while usually one has little control over BZV, QXV, these terms are
comparable between W = B and V, in a way that can be made explicit in terms
of the L”-norm of log™ ||A.| g v. Viewing V as a “higher regularity” subspace
of B (c.f. the discussion in Sect. 1.1), condition (5) has the connotation that A,
regularizes initial data from B into V. This condition is natural for linear cocycles
derived from dissipative parabolic PDE, and holds for all the applications covered
in Sect. 4 below.

Proof of Corollary 2.8 assuming Theorem 2.6. We restrict attention to the lower

bound for D2 the upper bound on 5: is easier and omitted for brevity. Moreover,
we assume below that (T, m) is ergodic, so the value r = i and the Lyapunov
exponents A; are almost-surely constant (the non-ergodic case is treated similarly
and is omitted for brevity).

To start, observe that forv € F l.V (x), we have

1A%l = AT ol [Arncli5h,
-1
> (DY @ lArals—y) e *ollysin 2 @, Y 0).
Since || - | £ || - |lv, it holds directly from (13) that

lollv£Y (v, Y, (0)) 2 llvllig 28 (v, FY (x)).
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Since V is dense in B and Fl‘jrl =Vn FfH, the closure of Fi‘il (x) in B coincides
with F | (x), hence Z8(v, FY, | (x)) = £B(v, F£ | (x)). We conclude that

-1
143015 2 (DY @l Aolia-y) e H - ollgsin 28w, FE ().

The above estimate holds uniformly over v € Fl.V (x), and so by density of Fl.V (x)
in FI-B (x) we conclude the same holds for v € FiB (x).

It remains to bound ||A7n || p— v from above. Below, we write “<,, <, ,” for
bounds up to a universal multiplicative constant depending only on p, and/or g and
independent of all other parameters, e.g., 8. With G,, :={x € X : |Arny|lp—>v >
e”s}, we have

|| 10g+ (p”ib(m)
(nd)»

by Chebyshev’s inequality, where ¢ (x) := ||Arny||p—v. Since p > 3 > 2, itholds
that ), m(G,) < oo, hence

m(Gn) = m{log™ [[Apny|p—y > né} <

Ns(x) :=max{n = 0: [|[Arny|lp—y > €™}

is almost-surely finite by the Borel-Cantelli Lemma, with the tail estimate
oo
m{Ns >n} < Y m(Go) $p 8 Pn P log" o], -
{=n-+1

For m-a.e. x, we now have

5 . ond
lArncllpsy =€ - [1Vv max [|Azi >y | =" Ks(x).
0<i<N;

Plugging K into our previous estimate, we conclude Qf < Ks Q;/Jr 5» as desired.

It remains to estimate the g-th moment of log™ K, where from here on ¢ < p
is fixed. We have

(log"™ K5(x))? < ) (log" || Agi,3v)?, hence
i<Ns

o0 n
/ (log™ Ks)?dm <33 / (log" | Azi llp—v)? dm(x).
n=0 i=0 ¢ (Ns=n}

Using Holder’s inequality on each summand and that m o T~! = m, we obtain

o0

_ 9

/ (log™ Kp)fdm < llog* ¢l4, > (1 + 1)m{N; = n)) 5
n=0

(o]
—(p— 1+(1-p) (L
Spg PO+ llogtlf,) D TP
n=1

The sum in the RHS is finite iff ¢ < 2252 (note the right-hand quantity is > 0 iff
p > 3). O
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2.3. Comments on Existing Results

To the authors’ knowledge, the first result on the dependence of Lyapunov ex-
ponents on the norm was given in [34], which considered two potentially nonequiv-
alent norms on the same Banach space.

During the preparation of this manuscript, the authors discovered that Theorem
37 in Appendix A of [40] is a version of the main result Theorem 2.6 of this
manuscript. On the other hand, the (short and elegant) proof given in [40] relies
on the invertibility of the base mpt T : (X, B, m) O, while the proof given here,
although longer, is inherently “one-sided” and does not rely at all on invertibility
of T. We also note that the setting of [40] requires only a “quasi-compactness”
assumption on the cocycle, not compactness as we assume here. However, in view
of our intended applications to dissipative parabolic PDE, we have opted for the
sake of simplicity to limit the proof of Theorem 2.6 to the compact case. While not
all details have been checked, the authors are confident an approach analogous to
that given here will work in the quasi-compact setting. Corollary 2.8 appears to be
new.

Lastly, we note that a version Theorem 2.6 for a class of linear delay-differential
equations appears in the paper [59].

3. Proof of Theorem 2.6

In Sect.3.1 we collect some preliminary regarding the Grassmanian of closed
subspaces and a notion of determinant on finite-dimensional subspaces of Banach
spaces. In Sect.3.2 we prove an intermediate result. We complete the proof of
Theorem 2.6 in Sect.3.3.

3.1. Preliminaries

Let (B, || - ||p) be a Banach space. Let Gr(B) denote the Grassmanian of B,
i.e., the set of closed subspaces of B. For k € N, write Gri(B) for the set of k-
dimensional subspaces of B and Grk (B) for the set of closed, k-codimensional
subspaces.

Throughout, Gr(B) is endowed with the metric topology coming from the Haus-
dorff distance

db . (E, E'):max{ sup dist® (e, Sp), sup  distB(e/, SE)}
eeE,|le|lp=1 e'eE’ | ||p=1

A7)

Equation (17) is the usual Hausdorff distance between two closed subsets of a
metric space. In this case, we are taking the usual Hausdorff distance of the unit
spheres Sg := {e € E : |le||p = 1}. Note that for v € B and § C B we write
dist? (v, S) = infges ||v — s|| g for the minimal distance between v and S in the
|| - || g norm. We note that in dB the sets Gry(B), Gr*(B) are clopen in Gr(B)

Haus’

for all k = 1. For additional background, see Section I'V.2 of [45].
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3.1.1. Norm Comparison Let (V, | - ||y) be another Banach space such that
VcBad|-lg=1-lv.

Definition 3.1. For E € Gr(V), define

lvllv

veeroy lVllB

a(E) =

noting 1 £ a(E) < oo automatically by compactness of Sg when dim E < oo (in
particular, the sup is a max).

For our purposes, we will require some degree of control over «(E) as E varies:

Lemma3.2. Let k =2 1 and Ey € Gri(V). Then, E — «(E) is upper semi-
continuous at E = Eq: for any ¢ > 0 there exists § = §(Ey, €) > 0 such that if
dYyus (Es Eq) < 8, then

a(E) S a(Ep) + e.

It is not hard to check that if d};um (E, Eg) < 1,thendim E = dim E( (Corol-
lary 2.6 of Section IV.2 in [45]), hence a(E) < oo automatically. Lemma 3.2 goes
further, asserting that the B and V norms are uniformly equivalent for all E close
enough to Eg in dggus-

Proof of Lemma 3.2. Let E € Gr(V) and assume dV  (E,Ey) < & for some

Haus

6 > 0to be specified. Let v € E, ||v|ly = 1 be so that

1

lvlls

a(E) =

Let vy € Ey, |lvgllv = 1 be such that |[v — vg|ly < 5. We see that

_ lvolls 1 < lvoll B
lvile llvollB lvils

o (E)

a(Eop)

by definition of @ (Eg). Now, [v—vp|lg < [[lv—volly < dandso |[v] g = |lvollg—3.
Using that |[vg||p = a(Eo)~!, we see that

lvolla llvolls _ 1 < 1 .
Ivlls = llvolls =8 1 —8llwll," ~ 1 — Se(Eo)

On taking § > O sufficiently small (depending only on «(Ep) and ¢ > 0), we
conclude a(E) < a(Eg) + ¢ as desired. O

B dV

It is also useful to compare the Hausdorff distances d aus® Uraus:

Lemma 3.3. For any E, E' € Gri(V), k < oo, we have that

dp s (E, E') < 2max{a(E), «(E))d},, (E, E).



Arch. Rational Mech. Anal. (2023) 247:97 Page 19 of 48 97

Proof. Itis straightforward to check thatdist? (¢/, E) < distY (¢/, E) foralle’ € E’.
Since dist? (ae’, E) = |a| dist?(¢/, E) holds for all a € R, we see that

max  dist?(¢, E) £ max |||y dist¥ (Jl€']l} e, E)
ek ¢ || p=1 e'eE' ||| p=1
<a(E) max dist(¢,E).
e'eE e |ly=1

Reversing the roles of E,E, we conclude 8B(E,E
< max{a(E), a(E")}8Y (E, E'), where
8B(E, E') = max { sup  distB (e, E), sup distB (¢, E)} )
e€E . |le|z=1 ek ||| p=1

The desired conclusion now follows from the following standard inequality (c.f.
Section IV.2 of [45]):

$B(E,E"y < d¥ . (E E)<28B(E, E). O

3.1.2. Determinants in Banach Spaces The following is an assignment to each
E € Grig(B) a “volume element” along E.

Definition 3.4. (a) For E € Gri(B),k = 1, we define Volg to be the Lebesgue
measure on E normalized so that

VolB{ve E:|ullp £1}=1. (18)

(b) For a linear operator A : B — B and E € Gri(B),k = 1, we define the
determinant detp(A|E) of A|g : E — B by

Volﬁ(E)(A(S))
det p(A|E) = VolZ(8)
0 else,

A|E injects,

where S C E is any Borel set of positive, finite mg—measure.

We note that the measure Volg on E is characterized uniquely by (i) translation
invariance and (ii) the normalization (18). It follows from this unique characteri-
zation that detp (A|E) is well-defined irrespective of the choice S C E. Below we
recall some basic properties of detg (+|-); for proofs and additional background, see
[9].

In what follows, we define the minimum-norm of A|g by
mp(Alg) :=inf{||Av|lp : v € E, |lv||p = 1}. (19)

Note that if A|g is injective, then finite-dimensionality of E implies that A|g :
E — A(E) is invertible, and therefore we have mg(A|g) = ||(A|z) "}~

9 The measure Volg is sometimes called the Busemann-Hausdorff measure [13] and ap-
pears naturally in Finsler geometry.
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Lemma 3.5. Let E € Gri(B), k = 1.
(a) For bounded linear operators Ay, A> : B — B, we have that
det (A1 A2|E) = det p(A1|A2(E)) det p(A2|E).
(b) If A : B — B is a bounded linear operator and A|g injects, then
mp(Alp)© < det p(A|E) < || Allf.
The following compares detp and dety:

Proposition 3.6. Let V C B be an embedded Banach space satisfying || - |p <
|- lly. Let E € Gri(V),k = 1. Let A : B — B be a bounded linear operator for
which A(E) C V and A|g injects. Then,

det g(A|E) < a(E) det v (A|E), and
det v (A|E) < a(A(E))* det 3(A|E).

Proof. Let D g denote the unit ball of E in the || - || g norm. First, we show that, for
all Borel K C E, we have

Vol2(K) < Vol (K) and Voll(K) < o*(E) VolB(K).

To see this, observe that by uniqueness of Haar measure, there exists ¢ > 0 such
that that VOIZ =c Volg. Let Dg/ denote the unit ball of E in the W norm for
W =V, B. To estimate ¢, we have

1 =Voll.(D}) = ¢ Vol (D)) < ¢ VolB(DE) = ¢,
hence ¢ = 1, while
1 =Vol3(DE) = 7' Vol .(DB) < c7la(E) Vol .(D}) = ¢ 'a(E)*,

hence ¢ < a(E)F.
To obtain the first inequality, observe that by definition of «(E), Vol2(DE) >
a(E)~* and therefore
Vol E)(A(Dg))
Vol2(D})
< a(E)* Vol 5, (A(D})) = a(E)" det y (A|E) .

det 3(A|E) = < Vol ) (A(DY)ae(E)*

For the second inequality, since VolV(Dg ) = VolV(Dg) =1, we find
Vol){ , (A(DE))
Voly,(DB)
< a(A(E)) VoI 1) (A(DE)) = a(A(E))" det (A|E) .

dety(A|E) = < Vol (A(DE))
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3.1.3. Determinants and Lyapunov Exponents Our proof below uses the fol-
lowing characterization of Lyapunov exponents in terms of asymptotic growth rates
of determinants. Assume (B, || - || p) is a separable Banach space, T : (X, %, m) O
isan mpt, and A : X — L(B) is a strongly measurable such that A(x) is compact
for all x € X (the setting of Theorem 2.2). Let x be an m-generic point and let r (x)
be as in (11). Let A; (x), d; (x) denote the Lyapunov exponents and corresponding
multiplicities at x, and B =: F| D Fp(x) D --- denote the corresponding fil-
tration. Recall (see (10)) that d;(x) is the codimension of F;4(x) in Fj(x), and
M;(x) =di(x) + - - -+ d;(x) is the codimension of F;{(x) in B.

Let us define x1(x) = x2(x) = - - - to be the Lyapunov exponents counted with
multiplicity, i.e.,

AMi_ ()1 = = XM;(x) = Ai (X) (20)

for all i < r(x) (here Mo(x) := codim F| = 0 by convention). If r(x) = 0, we
adopt the convention that x;(x) = —oo forall j = I, while if 0 < r(x) < oo, we
define xj(x) = —oo forall j > M,(y)(x). For k = 1 we define

2p(x) == x1(x) + -+ X (x),

with the convention that Xy (x) = —ooif r(x) < oo and k > M, (y)(x).
Below, for a linear operator A : B — B and k = 1 we define

VE(A) = sup{det (A|E) : dim E = k}.

The following characterizes the sums X (x) in terms of the maximal k-dimensional
volume growth V,f (x).

Proposition 3.7. ([9]) Assume the setting of Theorem 2.2.

(a) For m-a.e. x € X and forallk > 1
. H l B an
Yp(x) = lim —logV, (A}).
n—oon

(b) Foralli,k =2 1 and for m-a.e. x € {r 2 i} N{M;_1 < k < M;}, it holds that
if E € Gri(B) and E N F;+1(x) = {0}, then

1
() = lim -~ logdet 5(A%|E). 1)

Equation (21) also holds form-a.e. x € {r = i}N{M, < k}andall E € Grr(B).
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3.2. Main Proposition

Let us assume the setting of Theorem 2.6: (B, || - ||p) and (V, || - ||y) are Banach
spaces with separable duals, where V. C B isdense and || - ||g < || - ||v. We are
givenanmpt T : (X, %, m) O and a strongly measurable mapping A : X — L(B)
satisfying (1)—(4) in Sect.2.2. For simplicity and to spare heavy notation, we will
assume below that (7', m) is ergodic, so that Lyapunov exponents are constant in x.
The nonergodic case requires superficial changes, which we comment on in Remark
3.19 below.

For W = B or V, let r denote the number of distinct Lyapunov exponents
A}V with multiplicities &)V, MY :=d|" +--- +d". Let XJW denote the Lyapunov
exponents counted with multiplicity as in (20), and let £}V = Zf‘:l X/W.

The following is the main step in the proof of Theorem 2.6:

Proposition 3.8. (Main Proposition) Let i = 1.
(a) Ifi < vV, then EAYI.V = Zﬁy

(b) Ifi <rB, then EA‘;.B = Eﬁ_g

The proof of Proposition 3.8 occupies the remainder of Sect.3.2; we complete
the proof of Theorem 2.6 in Sect.3.3.

3.2.1. Measurable Selection of Projectors Next, we will need the following
Lemmas on the geometry of Banach spaces. Below, given a splitting B = E@ F into
closed subspaces E, ' C V, we define g/, F to be the unique oblique projection
onto E with kernel F'.

Lemma 3.9. (Corollary III.B.11 in [85]) Let F € Gr¥(B) for k = 1, then there
exists E € Gri(B)with B = E & F such that

Ime,rlle £V, and |mpellp £ Vk+1.

The following is a version of Lemma 3.9 for a measurable family F'(x), x € X,
of finite-codimensional spaces.

Lemma 3.10. Let (X, %) be a measurable space and let F : X — Gr*(B) be a
measurable family.

Then, there exists ameasurable family E : X — Gry(B) suchthatforallx € X,
(i) V = E(x) @ F(x), (ii) the mapping x + Tg(x)//F(x) IS strongly measurable;
and (iii) we have that |Tg(x)//F(x) | B < Cy = 3Vk + 2forall x € X.
Proof. Separability of B* implies separability of Gr*(B) (Lemma B.12 in [38]; see
also Chapter IV, §2.3 of [45]). Let {F,,} C Gr*(B) be a countable dense sequence
and for each n let E,, be a k-dimensional subspace of B such that ||7g, //F, |3 < Vk
as in Lemma 3.9. Set ¢ = 2D and recursively define

S;={xeX:db, (Fx), F) <&},
n—1

Sp={x € X :df}, (Fx). F) <e}\ | S

m=1
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By the density of {F,} and measurability of x +— F(x), it holds that {S,} is a
countable partition of X by .%-measurable sets. Now, define

E(x):=E, for x¢€s,.

It is immediate that x — E(x) is measurable. Measurability of x — 7g(x)//F(x)
follows from Lemma B.18 of [38]. To estimate || g(x)//F(x) |l B, Proposition 2.7 of
[9] implies that for x € S,

2df s (Fus F(X))

—1 B 2
”7'[17,1//E,1||B _dHaus(F"’ F(x))

[IA

I7E, ) /FoolF I <

for our choice of . Therefore, for x € S,,, e, € E,, [ € Fp,

I7E@)//Feo(en + f)llB = llenllB + I7E, //F) | E B frll B
< @BVE+2llen + fulls -

O

Below we record various additional measurability properties, used freely and
without further mention in Sect. 3.3, below.

Lemma 3.11. Let (B, || - || p) be a separable Banach space andlet M : X — L(B)
be a strongly measurable mapping.

1. (LemmaB.16 of [38])If F : X — Gr(B) is measurable, then x > |M(x)|r)ll B
is measurable. Consequently, the function x — ||M (x)|| p is measurable.

2. (Lemma A.5 of [38]) If M : (X, %) — L(B) is another strongly measurable
mapping, then M' o M : (X, %) — L(B), x = M’'(x) o M(x) is also strongly
measurable.

For additional discussion of strong measurability, see, e.g., Appendices A, B of
[38].

3.2.2. Quotient Cocycle Construction Assumer" > i for some fixedi = 1, and
define F'(x) := Fi‘frl (x). By Lemma 3.10, there exists a measurably-varying family
x +— E(x) of closed, finite-dimensional complements in V to F(x), equipped
with a measurably-varying family of projectors x > nj = TE(x)//F(x) With
||7r)f-||v < Cy := vk +1forall x € X, where k = Ml.V = codim F'(x) is constant
in x. Note that dim E'(x) = codim F'(x) = k.

We define Ax :E(x) —> E(Tx), Ajﬁ : E(x) > E(T"x) as follows:

Ay =75 AdlEqy, A" =Apii 0. 0A,.
We note that invariance of F(x) under A, as in (9) implies the identities

in _ L n
Ax - nT”xAx|E(X) ’

An-‘rl _ AA A" (22)
X = Arnyx O x|E(x)-
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Below we write det (Aﬁ) below for the determinant of Aﬁ cE(x) = E(T"x).
In view of the expression (22), we have that

det v (A") = det y (7r72, 0 A"|E(x)). (23)

Lemma 3.12. For m-a.e. x € X we have that
1 A
Voo 1 n
ZMI.V = nlgrolo " log det v (A%).

The proof uses the following corollary to the MET, which we recall here. Recall
that £V (v, F) € [0, /2] is the angle between v € V \ {0} and a subspace F C V.
For a nontrivial subspace E C V, we write

/Y (E.F) = min{év(v, F):veE\ {0}}.

min

Note that if £ and F share a nontrivial subspace E N F, then 2"

min

(E,F)=0.

Corollary 3.13. For m-a.e. x € X and for any complement E to F(x) in V, we
have that

1
lim — logsin 2. (A"(E), F(T"x)) = 0.
n

n— 00 min

The proof of Corollary 3.13 is contained in, e.g., paragraph “Proof of (h)” in
the proof of Theorem 16 in [39].

Proof of Lemma 3.12. To start, by (23) and multiplicativity of the determinant
(Lemma 3.5(a)), we have that

det v (A") = det y (7T | A" (E (x))) det y (A" | E (x)).

It suffices to check that

1
lim — logdet y (w7 |A"(E(x)) = 0.
n

n—0o0

By Lemma 3.5(b), we have
my (Tl anE@)* < dety (07, [ALE () < [zl

where k := Ml.V and my (JTTL”X |An(E(x))) is the minimum norm defined by (19). The
RHS is uniformly bounded in x, n from above by a constant in k, so it remains to
bound the LHS from below. For this, we use the following estimate which related
the norm of g/, Fv to the distance between v and F. O

Claim 3.14. Let E, F be complementary closed subspaces of the Banach space V .
Then

e pvlly = sin ZY (v, F) |j]ly.
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Proof of Claim. Letv € E’, |v|ly = 1. Writt v = u + w where u € E,w € F.
Then,

. . v—w v—w u
in 2V (0. Fy = g 120V o= wly _ v,
wefF  lvlly lvlly lvlly
Consequently, the above claim implies that

my (T anEw) 2 sin £y (ALE (X)), F(T"x)).

min

Applying Corollary 3.13 completes the proof. O

Proof of Proposition 3.8(a) To start, we check unconditionally that
<yl forall k2>1. (24)

Using Proposition 3.7(b) and the density of V' C B, we can choose a k-dimensional
E C V such that Ef = limy— o %log det g(A%|E). Applying now Proposition
3.6, we have

B . 1 n
¥, = lim —logdet g(AY|E)
n—oon
. k 1
< liminf | —loga(E) + — logdet y (A% |E)
n—o00 n n
1
< lim —log V(A" = %) .
n—-oon

Itremains to check that 2/\‘/4‘/ <3z Z v - For this, observe that with the measurable

selection x +— E(x) as above,l we havé that o (E(x)) < oo m-almost everywhere.
Choose Cp > 0 large enough so that

99
mU) = 100" where U = {a(E(x)) < Cp} C X.
Observe that m(T~'U N U) > % > 0 by T-invariance of m. By the Poincaré
Recurrence Theorem, for m-a.e. x € U N T~1U, there is a sequence of times
ny — oo such that 7% x € U N T~'U for all k. Fixing such an x and sequence
(nr), we estimate

1 ~
Voo b n
EM[V = nh_{lgo . logdet v (A})
14

M.
< lim inf —— loga(E(T"*'x)) + lim inf
n—oo n+ 1 n—00

log det g (A"T!
n+10g63(x )

where in the first line we used Lemma 3.12 and in the second we used Proposition
3.6. The first lim inf goes to 0, as «(E (T"H1x)) < Cy along the sequence of times
n = ng. For the second term, we estimate

det (A" = det p(A7n,) det g(A"|£(r))
Vv A
S a(E(T" )M dety (Apn)Viy (A7)

< (@(ET )| Arnllv)™ VB, (AD)
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using Lemma 3.5(a) and (22) in the first line, Proposition 3.6 in the second line,
and Lemma 3.5(b) in the third line. By construction, along n = n; we have
a(E(T"x)) < Cp. To control the ||A7ny|y term, define g(x) := log™ ||As|lv.
By our assumptions, we have log™ ¢ € L'(m). By a standard corollary of the
Birkhoff Ergodic Theorem (see, e.g., Theorem 1.14 in [83]), it holds that

1
lim —g(T"x) =0 m-ae..
non

In all, we conclude En‘;.‘/ <3z Z y =X Z v» which in conjunction with (24) implies

ELV=E

Proof of Proposition 3.8(b) Since (24) holds for all %, it suffices to check that
ZLB < 23

The proof below is parallel to that of Proposmon 3.8(a), the most notable change
being that we use a quotient cocycle parallel to the space F(x) := Fiil (x). The
following is an analogue of Lemma 3.10 above.

Claim 3.15. There exists a measurable selection x +— E(x) of complement to F(x)
with the properties that for a.e. x, (a) E(x) C V; (b) we have that

1 ~
EMB = hm —logdetV(A”|E(x)) and Zﬁg = lim —logdet p(AZ|E(x));
i n—-oon
(25)

and (c) the projector frxl = TGy satisfies ||frj||3 < Cyy5, where Cy =
Vk+1fork 2 1.
The proof requires the following.

Lemma 3.16. For allm, k 2 1 there exists Cy, . > 0 such that the following holds.
Let {Vi}, C Gr*(B). Then there exists a common complement E € Gry(B) to
each of the Vi, 1 < i < m, such that ||wgv,||p = sin ZB. (E, V))™!' < Cp .

min

Proof of Lemma 3.16. We induct on the codimension k. The base case k = 1 is
Corollary 2.5 in [61]. Assume the induction hypothesis for k and fix {V1, --- , V},;}
of codimension k + 1. For each i < m, let \7, be an arbitrary extension of V; to a
k-codimensional space. Using the induction hypothesis, fix E € Gri(B) such that
sin/B. (E, Vi) 2 sinZB, (E,V;) 2 C, . Define the hyperplanes V/ = E + V;

min min
and, using the basecase k = 1 letv € B be a unit vector with sin ZZ (v, Vl ) 2> C, 11

forall i < m.Letus now bound sin Aflm(E’ V;) from below, where E' := E + (v)

and (v) is the line spanned by v. We compute:
TE )V, = TE//Vi@(v) T T(v)//E®V;
=7V lvi o Ty + Ty v
= |l7e)/villB S CukCm,t + Cint =1 Cr g1 -
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Proof of Claim. The proof is parallel to that of Lemma 3.10. Assume for now that
either 7V = oo or rV < oo and Mr‘f, > Ml.B ; we address the alternative case at the
end. Fix j < rV so that Mj‘./_1 <MP < MV (following the convention M| = 0).
For short, set k := MB l = MV and F(x) =F,; Jrl(x)

Set F(x):=F/, ,(x) C V. Let (F), (F ) denote countable dense sequences

j+1
\4

in Gr'™ (V), GrMi (B), respectively. Set ¢ =

3.16, and

m, with Cp x as in Lemma

Spun=1{x € X :d};,,(F(x), Fy) < e and db, (F(x), F,) < &}.

Refine to a partition S, ,, m,n = 1 of X such that S, , C S’m,,, for all m, n.
Form a B-closed k-codimensional extension F), of F,,. Apply Lemma 3.16 to
obtain a complement E € Gry (B) to both Fj,, F,;I with

m,n

B
sin Z i

(E! ,Fy) =sin/B F)>C2k, sin /B

min

—1
m,n> mm( m,n’ (Em n’ ) Z C2,k‘

Finally, using density of V C B, fix Em,n € Grg (V) so that sin Lﬁm(Em ny Fn) 2
(Cax + 1)~! and sin Aflm(Em 2> Fn) = (Cax 4+ 1)~ This step can be justified
using, e.g., continuity of E +— mg//F as E ranges over the set of complements to
F e Grk(B) (Lemma B.18 in [38]).

One now sets
E(x) = E,, forxeS,.,.

the estimate on the B-norm of J'rxl = )/ Fx) is completely parallel to that

in Lemma 3.10 and is omitted. That E(x) N F(x) = {0} follows from a similar
argument.

The proof is now complete when either rV = oo or rV < oo and Mr‘(, > Ml.B .

When rV < ooand M,v < MB the proof is simpler: every Eg € Gry (V) satisfies
the right-hand equation in (25) by Proposition 3.7(b). So, in this case it suffices to
apply Lemma 3.10 directly to obtain a complement E (x) to F(x). O

Form the quotient cocycle
Av = Adlfy . Al=Api 0.0 Ay,

noting as before that A” = nT,, A= B by invariance of F (x) (equation (9)). The
proof is now largely the same as before with opposite signs: one checks that

.1 ~
Eﬁﬁ = lim —logdet g(A})
as in Lemma 3.12 (no changes needed), and estimates
$B . — lim X logdet (A")
ME T iSoon gaet BLAy

1 - M3
logdet y (A"*!) — lim inf —
logev(x ) — limin p—

> lim sup loga(E(T™))

n—oo N n—oo
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By a recurrence argument parallel to before, the lim inf term is O for a positive
m-measure set of x € X, while the lim sup term is bounded by

det v (A7) = det y (A7ny) det y (A" |E(x))
- ME
> (@B ) mp(Arnal ggnyy)) detv(ALIE)),

using the analogue of (22) for Aﬁ“ in the first line, and Lemma 3.5(b) and Propo-
sition 3.6 in the second line. By another recurrence argument, we can bound the
above parenthetical term from below by a fixed positive constant along an infi-
nite sequence of times n;y — oo for an m-positive measure set of x. Overall, we
conclude 21@8 > 1im, o0 + logdet v (A?| E(x)) = EAVN.

n
1

3.3. Completing the Proof of Theorem 2.6

To prove Theorem 2.6 we first establish the following claims.
Claim 3.17. Ifrv =0, thenr8 = 0.

Proof of Claim. Pursuing a contradiction, observe that if )»f > —oo, then by
the density of V. C B, for m-a.e. x there exists v € V\{0}, |[v|]ly = 1 so that
%log |A%v] g — kf as n — 00. Therefore,

1 1 1
liminf — log ||A%|ly 2 liminf — log |Afv|ly = lim —log ||A%v|lp = Af > —00.
n n n n n.n

That ¥ = 0 implies the LHS limit exists for m-a.e. x and equals —oo, a contra-
diction. O

Claim 3.18. (a) For all i > 1, we have that vV > i if and only if r® > i.

(b) Ifr¥ Z i, then )] = 3% andd} = d} forall 1 < j <.

Proof of Claim 3.18. We will prove below, by induction on i, that ¥ > i implies
rB > and k}./ = Af, d}/ = df forall 1 < j < i. The proof that 78 > i implies
rV > i is identical on exchanging the roles of V and B below; further details are
omitted.

Assume first that 7 = 1: we will show that 78 > 1,18 =1} and df =a/'.
To start, by Proposition 3.8(a) we have

V _ B
Edlv = Edlv , (26)
hence ¥ 5‘, > —oo and B > 1. Applying Proposition 3.8(b), we see that
1
V _ B
Edlg = Zdlg . (27)

To proceed, assume df > dlv. Then, (26) implies dl‘/k}/ = dlv)Lf, hence )\Y =
Af = )1, while combining with (27) gives

B )4 _ vV 14
(dy —dy ))\I—Xdle+1+"'+XdF-
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However, if d? > d|’ this gives acontradiction since x; < A; = A{ forall j > d’.

One can similarly rule out the case d¥ < d}’; we conclude A® = 1} anddf = da .
Assume now the induction hypothesis that for some i > 1, we have that " > i

implies rB > andkf = )L}/,df = d}/ forall j =1,---,i. If rV < i+ 1, there

is nothing to prove. If #V > i + 1, we proceed: Proposition 3.8(a) implies

=8

14 v o
M, M

(28)

since MB = M, it follows that 78 > i + 1, hence by Proposition 3.8(b) we have

V., =xB, . 29
Miﬁ»l Mili—l ( )
If MB | = MY, then (28) implies d}', A}, | = d) 7B | hence 1}, =28 | =

Ai+1- Applying this to (29), we obtain
(dilil - di‘fq-l))\i—i-l = XAYII.V+1 + 4+ XA‘;[_B-

B v v B : T
If d > d; "t or d; > d e then as before we obtain a contradiction, and

14 )
conclude &/, | = dﬁH =:dj41. O

Completing the proof of Theorem 2.6. We have already shown that if ¥ = 0, then
rB = 0 and the proof is complete. We now consider the case rV = oo; the case
0 < r¥ < oo is handled similarly and is omitted.

In this case, Claim 3.18 implies rB = 0o and

©o=a = df =df =4
for all i = 1. It remains to check that the identity
F'(x)=Ffx)nv

holds for a.e. x € X. To start, assume v € Fiv (x)\{0}. Then,

A 2 lim Slog|A%vlly 2 limsup — log [ A%v]l
n—-oo n n—oo N
hence v € FiB. We conclude Fl.V(x) C F,-B x)NV.

For the opposite inclusion, assume v € V' \ Fl.V (x); we will show v € Fl.B (x).
For this, let E C V be a shared M;_;-dimensional complement to both of FiV (x)
and FP(x), and write v = v| + v where vj € F(x),v, € E, noting that
v ¢ Fl.V(x) — v, # 0. Since v; € E, it holds that v ¢ FiB(x), and so
limy— 0 1 log [|A%v, || g Ai1. Meanwhile,

: 1 : 1
lim, 0 & log [|A%v) [l < lim,—o0 L log | AZvlly < A7, and s0

1\

.1 0 .1 0 .1 n
lim —log |A%v]g = max | lim ~log|A%v, ||, lim —log |A%vlls = Aiot,
n—oon n—-oon n—-oon

hence v ¢ FiB (x). This completes the proof. O
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Remark 3.19. (The nonergodic case) We provide here a list of changes needed in
the case when (7, m) is not ergodic. In the following steps, the main difficulty is
to deal with the possibility that the values ", Aivv , diw, etc., all depend on x € X.

1. To start, we can reduce to the case where rV, rB are both constant in x by

restricting the measure m to sets of the form
S=xeX:rVx =k, rP(x)=k8)

for arbitrary pairs kB kY e {0, 1,2, ..., co}. Sets of this form are T -invariant
(17's = S up to m-measure zero sets) and so the restrictions ms(K) :=
m(K NS)/m(S) are T-invariant. Since there are at-most countably many such
sets S, it suffices to prove Theorem 2.6 for each m g separately.

2. Suppose one has already restricted to a set of the form S for some fixed k%, kV.
The volume rates E,fv and multiplicities MiW are now functions of X, and so
the analogue of Proposition 3.8 is to show that

Vs - \% __ v B
Kozi = By 0 =By, @),
Bz = Eﬁig(x)(x) = EXII_B(X)()C).

As in the ergodic case, one starts by showing that k¥ > i allows to con-
struct a cocycle A’;, x € 8, quotienting along F(x) = FzYH (x). One can build
the quotient spaces E (x) using Lemma 3.10 on restricting to sets of the form
{Ml.V (x) = Const.}. The proof of Lemma 3.12 now proceeds with no real
changes. The only change to the remainder of the proof of Proposition 3.8(a)
is that one shows 21‘\111."@) x) = Eﬁiv(x)(x) on a set of the form U N T~1U,
where m(U) > 1 —§. Taking 6 — 0 completes the proof of part (a); part (b) is
treated similarly.

3. One checks that the case k? # k" leads to a contradiction, implying m{r" =
rB} = 1. The arguments in Sect. 3.3 now carry over without substantive changes.

4. Applications

Here we outline in detail our two main applications of our main theorem to the
problems of advection diffusion and the 2d Navier-Stokes equations.

4.1. Preliminaries

Let T¢ denote the d-dimensional torus, d = 2 or 3, parametrized by [0, 2n)d .
For f : T¢ — R, we define the standard L? inner product (f, g) 2= de fgdx

with corresponding norm || f ;2 = (f, f )i/zz. Recall the Fourier transform F f =
f of an integrable f : T¢ — R is given by
f 7% 5 C f(k) = ;/ fx)e *dx
' ’ Qm)? Jra ’
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and that f (0) = 0 if f has zero mean; in this case we view f : Zg — C where
Zg = 7%\ {0}. We define the homogeneous H* norms for s € R

1/2
s = | Dk IforP | .
kezd
d N\ . . .
where |k| := |k|p2 = (Zi:l ki) . This norm is equivalent to the H* norms when

restricted to spaces of mean-zero functions. Since we will only consider mean zero
functions in this paper, we will not make a point to distinguish the homogeneous
and non-homogeneous Sobolev spaces. Lastly, when it is clear from context, all
the above constructions will be applied to divergence free vector-valued functions
in the usual way, namely H® corresponds to the Hilbert space of velocity fields u
whose Fourier transform (k) € C? satisfies (k) - k = 0 for each k € Zg and
|lu]l s is defined as in the scalar case above with | - | instead denoting the norm on
ce.

Fix y > % + 1 and let H = H” be the Sobolev space of HY -regular, mean-
zero, divergence-free vector fields on T¢ with norm || - || > defined above. Note
that y > % + 1 implies the Sobolev embedding H” < W 1%, so all such velocity
fields are at least (globally) Lipschitz. When it is clear from context, we will not
distinguish when a norm is being applied to a scalar valued function or vector valued
one.

4.1.1. Skew Product Formulation In what follows, we will describe a class of
time dependent velocity fields that are subordinate to an ergodic measure preserving
flow. The formulation we present is in the general setting of a skew-product, defined
below, which providing a natural dynamical framework for systems evolving on H
driven by an external forcing, either random or deterministic.

Let (2, %, P) be a probability space and let 67 : 2 O be a flow of measurable
ergodic, P-preserving transformations on €2. Assume that for each 7 = 0, we have
amapping T’ : @ x H O of the form

(o, u) = (0'w, CDZ)(u)),

where &’ : @ x H — His measurable and u — &’ () is continuous forall w € Q.
Moreover, we will assume @/ satisfies QDS)(M) = u and the cocycle property

O =D 0@, 1,r20, (30)

for all @ € . Mappings of the form t’ are referred to as skew product flows
over 0" : Q — Q.

Conceptually, for each € Q we view the (potentially non-invertible) map
@' : H O as describing the evolution of a time-varying incompressible velocity
field

up = @' (uo).
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From this perspective, the set € encodes the set of nonautonomous driving or
forcing paths w = (w(1)),>o and 0" denotes the time shift flow. Equation (30)
reflects that the forcing path evolving from time 7 to time ¢ + r is given by 6’ w.

This framework includes a variety of evolution equations on H, including the
2d Navier—Stokes equations with either stochastic (e.g. white in time forcing) or
deterministic (e.g. time-periodic) driving terms as (see [50] Section 2.4.4 for a
construction of such an RDS in the case of white in time forcing). Higher di-
mensional (d = 3) examples of fluid motion can be considered by adding hy-
perviscosity or by Galerkin truncations. Other models can be formulated in terms
of a skew-product flow and don’t necessarily need to solve a fluid equation, e.g.,
time-stationary fields, time-periodic fields, and time dependent linear combinations
ur(x) =y, uk (x)zk () of fixed, time-independent vector fields {uy }, where {zk )}
are a collection of processes on R (e.g., Ornstein Uhlenbeck processes).

Lastly, throughout what follows we will assume m is a t’-invariant measure on
(2 x H, .# x Bor(H)) such that

m(A x H) =P(A), Ae.Z. 31

The measure m captures the statistics of typical velocity fields (u;) with respect
to the model, while (31) reflects that P is the law of the underlying driving. For
additional discussion on ergodicity and invariance, see Sect.2.1.1.

4.2. Passive Scalar Advection Linear Cocycle

Letz! : Q@ x H — Q x H be as above. Given a fixed initial (w, ug) € Q x H
and ¢ > 0, define u, := ®! (up). For « > 0, we are interested in solutions (f;),>¢
to the passive scalar advection diffusion equation

O fr +ur - Vfy =kAf; (32)

for fixed initial mean-zero scalars fy : T¢ — R. Being a parabolic equation with
Lipschitz velocity field, well-posedness of (32) H* for any s = 0 is classical. One
can extend to H™* by the density of H® in H~*, linearity of the equation, and the
L? duality of H* and H—5.10

Proposition 4.1. For any s € R and (o, ug) € Q2 x H, there is a semiflow of
compact linear operators S, , : H* O,t = 0, such that f; = S|, , fois a
solution to (32) with initial data fy € H®. Moreover, the operators S(’u’u0 form a
linear cocycle over t': forr, t = 0 we have

i = e, © St forall (w,up) € Q2 x H.

w,UQ

Our first result says that for measure-typical velocity fields (u,), the asymptotic
exponential growth (or decay) rate of (f;) exists for any initial scalar fo, and that
‘typical’ initial scalars see only a single exponential growth rate A; independent of
the H* norm one uses.

10° A version of this argument is carried out in the proof of Lemma 4.18.
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Theorem 4.2. Lety’ 2 y > 1+d /2 and assume that there is an invariant measure
mfor t' : Q x HY O that satisfies the mild moment condition

1
/ (/ ||ux||Hy/ds> dm(w, ug) < 0. (33)
0

Let k > 0 be fixed. Then the following hold:

(a) Form-a.e. (w,ug) € QLxHY andforalls € [—y', y'] and mean-zero fy € H*,
the global solution f; = S o to (32) has the property that the limit

w,uo
o1
Mo, uo; fo) = lim —log | fill s+ € [0, 00) (34)

exists and is independent of s € [—y', y'].

(b) If m is also ergodic, then there exists .y € RU {—oo} and N € Z>, each
depending only on k, with the following property: for all s € [—y', y'], for
m-a.e. (w,ug) € 2 x H, and for all fy chosen off of an N-codimensional
subspace of H®, we have

o1
ai = lim —log | fill .
t—>o0 t

Remark 4.3. In contrast to classical parabolic regularity theory, which gives H*
regularity of f; forall s = 0 as long as u, € H locally uniformly in z, Theorem 4.2
requires more quantitative regularity estimates in terms of u;. Consequently, the
range of s to which equality of exponents applies is constrained by the regularity
of u where certain moments are available.

Proof. As an immediate implication of Lemmas 4.17 and 4.18 below, we obtain
that for any —y’ = s = y’, we have that §, , is a semiflow of compact linear

operators in H*. By Lemmas 4.17 and 4.18, equation (33) implies the logarithmic
moment estimate

/ log™t 1S} 4, Il s dm(e, ug) < oo, (35)

which implies that the MET (Theorem 2.2) applies to Sfu’u , as alinear cocycle over
(¢!, m) along integer times ¢. For the limits (34) taken along integer times, parts
(a) and (b) now follow immediately from Theorem 2.6. To pass from discrete to
continuous-time limits in part (a), it suffices!! that the cocycle Sty u, satisfies

logt sup IS5, llms. log® sup ISy Il € L'(m). (36)
[0,1] tel0,1]

0w, u;
t€l0,

This too follows from Lemmas 4.17 and 4.18. O

1 This sufficient condition for passing from discrete to continuous time Lyapunov expo-
nents is classical; see, e.g., [52].
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As discussed in Sect. 1.1.1, at « = 0 equality of exponents does not hold. This
suggests that as k — 0 the “rate” at which the Lyapunov exponent is realized in H*
depends heavily on s. For example, although the exponents in 4! and L? agree and
are negative as t — 00, there is a k-dependent transient timescale along which the
H' norm increases before decay starts [60], while the L norm can only decrease.
Now we provide a way of quantifying this x-dependence. For simplicity, we state
the result in the case when (’, m) is ergodic and the comparison between L? and
H*, s > 0.

Fore > 0, s € [0, y'], define the Lyapunov regularity functions!?
—H 1S5, Il 25
Dg,)((a)7 up) = sup W s

nely

" 18 gin /H' (y, Fiil—sl (x))

H.Y
D (. up) = sup =
nEZzO ” w,u()”HS

(37

Corollary 4.4. Assume the setting of Theorem 4.2, and in addition, that (t*, m) is
2

p~=3p
p—1

1 14
I:=/</ (1+||uf||m)dr) dm(w, ug) < co.
0

Then, for any 8§,k > 0 and —y' < s’ < s < y/, there exists a function Kg/,’f :
Q x H — [1, 00) such that for any

ergodic. Fix p >3 and(0 < g < , and assume the moment condition

!
—H* s's 5 H? H s'ss nH*
D g K(S,K DS+6,K ’ Qs,f( g K(S,K 28+6,K ’

&,k

and the following moment condition holds:
/(log+ Kg:l’f)qdm Spg 807D (1+ (s —s)llogk|+ 7).

The proofis a straightforward consequence of Lemmas 4.17,4.18 and Corollary
2.8.

4.3. 2d Navier-Stokes and Its Linearization Cocycle

We turn attention now to linearization along solutions to evolution equations
governing the dynamics of the velocity field u; itself. While much of what we say
here can be extended to different evolution equations, we focus in this manuscript
on trajectories of the 2d incompressible Navier—Stokes equations on T2:

oru+ W -VYu=vAu—Vp+ F, divu =0. (38)

12 Recall the definition of the minimal angle /7 in (13).
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Here p is the pressure enforcing the divergence free constraint, v > 0 is the kine-
matic viscosity and F is a spatially smooth body forcing which we will take to be
either stochastic and white-in-time or periodic in time. We will assume throughout
that the forcing F and solutions u, are mean-zero on T?.

In what follows, we present two cases where the 2d Navier—Stokes equations
give rise to a skew-product flow 7’ in the sense of Sect. 4.1.1: periodic forcing and
white in time stochastic forcing (both of which we assume to be additive). We will
then study the cocyle associated to its linearization in vorticity form and present
Theorem 4.12 concerning Lyapunov exponents taken in H* as s varies. Since many
of the results below are standard, where appropriate proof sketches are given with
most details omitted.

4.3.1. Periodic Forcing Below, we formulate evolution by the Navier—Stokes
equations in the skew product formulation of Sect.4.1.1 in the case of additive,
time-periodic, spatially regular forcing. In this case, Q2 = S!, where the circle S!
is parametrized by [0, 1) with the endpoints identified. The time shift 8’ : Q O
is given by 8w = w +t mod 1, while the measure P is normalized Lebesgue
measure.

The following well-posedness and regularity results on Sobolev spaces are
classical (see for instance [50,68,75]).

Proposition 4.5. ([50] Theorem 2.1.19)

(i) Fix an integer m > 2 and F € L*([0, c0), H"~1). For each fixed initial
ug € H° and for all ¢ > 0 there exists a unique solutionu € C([e, T]; H™) N
Lz([e, T1; H”‘H)for eache > 0and T = 0. Moreover, there exists a constant
Cy, such that the following inequality holds for each 0 <t < T

t

t
" g +f s" Nugll gm+1ds §f s" | Fs |l gm-1ds
0 0 39)

+ Con (Iloll 2 + 0l 22 + 1 F I g gy 2y + WIS 1)

(ii) For each 0 < r < m, there exists a continuous mapping ®' : Q x H" — H’,
over 0', (2, F,P) such that u; = ®! (uo) is the unique solution to (38) with
initial data uo and forcing Fiy,. Moreover, ' : H" — H' in injective and
C! Fréchét differentiable for all v € Q,t 2> 0.

Since F; is periodic, it is natural to consider the time-one map <I>(1) : L* () since
0'w = w and therefore of = CD(]) 0--:0 (ID(I) for n € Z>. This mapping admits a
compact global attractor A to which solutions converge:

Corollary 4.6. Assume F; € H=HY forallt € [0, 1].

(a) The mapping CID(I) admits a compact global attractor A C H. Precisely, (i)
CID(I)(.A) = A, (ii) <I>(1)|A : A O is a homeomorphism, and (iii) for all ug € H
and w € 2, any subsequential limit u, = limu,, of the trajectory (u,),>
belongs to A. -
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(b) There exist invariant probability measures |4 for (D(l). Moreover, all such invari-
ant measures are supported on A.

Proof sketch. For part (a), equation (39) implies that the time-1 semiflow CDé is
dissipative on H, and so admits a global compact attractor A; see, e.g., Chapter
10 of [68] for further details. Injectivity of QD(I) : A O ([68, Theorem 10.6]) now
implies CD(l) : A O is a homeomorphism. Finally, statement (a)(iii) is immediate
from the definition of a global attractor. Part (b) now follows from (a)(i)—(iii) and
the Krylov-Bogoliubov argument (c.f. Example 2.1). O

Given a <I>(1)-invariant measure i, we define an associated measure m on 2 x H
via

dm(w, u) = dpe(w)dP(w), where g, 1= (PF)it, (40)

and (®g)«p == p o (CI>8’)_1 is the pushforward of the measure p under the map
& We see that the measure m is an ergodic invariant measure for the skew-product
flow v’ (w, u) = (0'w, ®! (1)), and therefore we are in the general setup of Section
4.1.1.

Proposition 4.7. Let (1 be a probability measure on H, and define m and (i, as in
(40)

1. Ifpnis @é-invariant, then m is t'-invariant.
2. If w is ®-ergodic, then m is t'-ergodic

Proof sketch. Part 1 follows from the definitions and [50, Proposition 1.3.27]. For
part 2, it is straightforward from the definitions that u,, is ergodic for CID}U "HO
for all w € Q. From here, it follows that any t’-invariant function ¥ (w, u) is fte-
almost surely independent of u, while ergodicity of P on 2 implies almost-sure
constancy in w, so that in the end v itself is m-almost surely constant. O

4.3.2. White-In-Time Forcing Nextwe consider the white-in-time stochastically
forced case. Specifically, we will assume that the forcing F is the time derivative
of a Brownian process in H:

F =0, E(t,X)ZZUjEj(X)ﬂj(l), (41)

j=1

where {f;} are independent canonical 1d Wiener processes, {¢; } forms an orthonor-
mal basis for H, and the coefficients o = {o;} satisfy ||a||/§2 = Z;’O:l 012 < 00.
This last condition ensures that the process & = &(t, -) is a continuous process
in H. Since &; is not differentiable in time, the Navier—Stokes equations must be

interpreted in a time-integrated sense:
t
Ur — Uo +f ((us - VIug —vAug + Vpg)ds = &,
0

where equality holds in H~! with probability 1.
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In this setting we take €2 to be the space Co(R; H) of continuous one-sided
paths w : Ry — H vanishing at 0, with the standard Borel sigma algebra .
and equipped with a Gaussian measure P whose projection onto basis elements e
through the map w +— (e;, w)u is the canonical Wiener measure. We define the
semiflow 67 : Q O to be the shift map

0'w)s = wiys —wp, 15 € Ry,

which is easily seen to leave the measure P invariant.
The following well-posedness, regularity and construction of an RDS is well-
known (see e.g. [50] §2.4).

Proposition4.8. Letrd =2,y > 1 + % = 2, and suppose that F is of the form
(41) where Zj jz(}“l)ajz < 00 (hence & € H”~" with probability 1). Then, there
exists a measurable mapping ®' : @ x H — H such that u; = ®! (uo) is a strong
pathwise solution to (38) (in the integral sense) with initial data ugy and noise path
w = (&). Moreover, for P-a.e. w, the mapping ®!, : H — H is injective and c!
Fréchét differentiable, and satisfies the cocycle property

QI =) od forallr,t 2 0,andforallw e Q.
Lastly, w — @' only depends on wlo -

That @’ depends only on wjo ;) implies that it is Markovian, in the sense that
u; = @' is a Markov process. We say that a probability measure p on H is a
stationary measure for this Markov process if

E(P))spt = 0.

Existence of such a measure for dissipative RDS is generally guaranteed by a
simple Krylov Bogoliubov argument (see, e.g. [S0]). However, in contrast to the
deterministic forcing case, it is often the case that this measure is in fact unique
under fairly mild conditions on the noise (see e.g. [30,41]). It is well known that
stationary measures (4 are in one-to-one correspondence with the invariant measure
m =P x uon Q x H for the skew product flow t"(w, u) = ('@, Y, (u)).

Theorem 4.9. (a) (Theorem 4.2.9 [50]) Let 1u be a stationary probability measure
for (u;). Then, m = P x u is an invariant measure for the semiflow ' : Q x H.

(b) (Theorem 1.2.1 [47]) If | is the unique stationary measure for (u;), then P x 1
is ergodic for t'.

Moreover depending on the regularity of F; one can obtain moment estimates
of higher Sobolev norms with respect the the stationary measure p. The following
estimate is a consequence of [49] (also c.f. Exercise 2.5.8 [50]).

Proposition 4.10. Suppose i 2 012 < oo for some r 2 y. Then, any stationary
measure | for (38) satisfies the estimate

P
/(SUP ”Mt”H’) dm(w, ug) < oo.
tel0,1]

forall p = 0.
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4.3.3. Linearized Navier—Stokes In either the time-periodically forced or stochas-
tically forced setting, we will assume below that u; = ®! (1) on H. Our main
goal is to study the linearized Navier—Stokes cocycle given by the Fréchét derivative
Dy, ®!, which acts as a linear operator on divergence free velocity fields. Specifi-
cally, given an initial divergence free velocity vo € H (viewed as an infinitesimal
perturbation), the trajectory v; = (Dy, d>£u)vo satisfies the linearized or first varia-
tion equation

v+ (u-Vv+ (v-Vu =vAv—-Vgq, divv=0, 42)

where ¢ is the pressure enforcing the divergence-free constraint on v. Hence D,,, @
is the solution operator to the above linear equation and defines a compact linear
co-cycle on H. By uniqueness of solutions to (42), the D,,,®’, satisfy the cocycle
property

Dy @ = Dy, @), 0 Dy @, forallr,t =0. (43)

To apply Theorem 2.6 in this setting, we want to treat Dy, @’ as a cocycle over
H* for a range of s, given a fixed base ®!, on H = H”, where y > 2 is fixed. The
following summarizes what is needed.

Proposition 4.11. Fix y' = v, w € Q,ug € H and suppose u; = !, (uo) is a
solution to the 2d Navier-Stokes equations (38) in the setting of either Proposition
4.5 or 4.8. Assume that for m-a.e. (w, up) € Q2 x H, the solution u; = @' (ug)
satisfies (u;) € L1 ([0, 0c0), H”'+2). Then:

loc
(a) The mapping D, ®', : H O extends'3 to a compact bounded linear operator
on H* such that v; := D,,, P!, vq is a solution to (42) with initial data vy € H®.
Equation (43) is satisfied as a cocycle on H.
(b) The mapping (w, ug) +— Dy, ., is strongly measurable in H*.

Proof sketch. Since (42)is parabolic (up to acompact perturbation), well-posedness
inH*, s = 0is standard (see [42]), while well-posedness in H™* can be proved via a
duality argument and using linearity of the equation. A priori estimates sufficient to
deduce these statements for a range of s related to the regularity of u are presented
in Sect.4.4.3. O

We are now in position to state our results on the Lyapunov exponents of 2d
Navier—Stokes.

Theorem 4.12. Let v > 0 be fixed. Let t' : H x Q O be the skew product semiflow
associated to the Navier-Stokes equations and let m be a t'-invariant probability
measure that satisfies the following moment condition for somey’ 2y > 1+d /2 =

2:
1
/ (/ ||u,||Hy/+2dt> dm(w, ug) < oo. (44)
0

13 When there is no confusion, we will abuse notation somewhat and write Dy, !, : H® —
H* for the extended operator.

Then:
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(a) For m-a.e. (w, ug) € 2 x Hand forall s € [—y’' + 1, y’ + 1] and mean-zero
divergence free velocity fields vy € H*, the global solution v; = D,,,®! vy to
(32) has the property that the limit

o1
Mw, ug; vo) := tl_l)rgo " log ||ve || s 45)

exists (note the limit — oo is possible) and is independent of s € [—y'+1, y'+1].

(b) If m is also t'-ergodic, then there exists .j € R U {—o0} and d € Z>,
each depending only on m and v, with the following property: for all s €
[—y' + 1,y + 1], for m-a.e. (0, ug) € Q x H, and for all vy chosen off of a
d-codimensional subspace of H®, we have

o1
A1 = lim —log||ve |l gs.
t—oo

Proof. Lemmas 4.19 and 4.20 and the estimate (44) imply immediately that
| Dy, CD}UH g+ satisfies the analogue of the logarithmic moment estimate (35) for
any s € [-y' + 1, ¥’ + 1]. The MET (Theorem 2.2) and Theorem 2.6 apply, im-
plying convergence of the limits (45) and independence from s when taken along
integer times. Passing from discrete to continuous time follows similarly, using the
analogue of (36). O

Remark 4.13. Note that in light of the regularizing properties of Navier—Stokes
the moment condition (44) for solutions to Navier stokes is ultimately a condition
on the regularity of the force. In the periodically forced case, it is sufficient for
F, € H”*! for all r, due the to fact that there is an absorbing ball in H" 12,
However, in the stochastically forced case, we require that F; belongs to H”*2, so
that the moment bound (44) follows from Proposition 4.10 under the condition that

Z . j2(7,+2)02 < 0.

We now apply Corollary 2.8 concerning Lyapunov regularity functlons to the
Navier—Stokes cocycle. For e, v > O and s € [—y' + 1, y' + 1], let Ds v Dgf) :
Q xH — [1, 00) denote the Lyapunov regularity functions for the cocycle Dy, ®!,

defined analogously to (37).

Corollary 4.14. Assume the setting of Theorem 4.12, and in addition, that (1, m)

2— ..
is ergodic. Fix p > 3and 0 < g < 2 p_3lp , and assume the moment condition

1 p
Ip= / < I+ ||urllyy+2)df> dm(w, up) < oo.
0

Then, for any 8,v > Qand —y' +1 < 5" < s < y' + 1, there exists a function
Kg”vs 1 Q x H — [1, 00) such that

H*

BH_K”D D’ <k} DM

e+8,k 0 ek = =e+8,k 0

and the following moment condition holds:

f(log+ Kg:;(s)qdm Spg 8 P7D (14 (s — 5| logv| +T) .
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4.4. Verifying the Moment Conditions

In this section we record and prove the estimates needed to verify the moment
condition (15) to apply Theorem 2.6 to advection diffusion and the 2d linearized
Navier-Stokes equations described above. The techniques are straightforward, em-
ploying tools from Fourier multipliers and paradifferential calculus. It is likely that
the stability estimates (47), (49) and (52), (53) are not sharp and could be improved
with more work.

4.4.1. Preliminary Estimates For each s € R we define the fractional derivative
operator A* to be the Fourier multiplier

FIAS f1(k) := |k[* £ (k).

We begin by proving a fundamental commutator estimate for the advection
operator u - V. While the following techniques are quite standard in the literature
(see for instance [46]), we were unable to find the exact form needed for our analysis.

Lemma 4.15. Let y > %l—i— 1, s € [0, y]. Then, there exists a constant C depending
ony,d suchthat for all mean-zero vector fieldsu € H = H" and mean-zero scalars
f € H®, we have

IA* w-V1flig2 = Clullay | f s -
Here, [A, B] = AB — BA denotes the commutator of two operators A, B.

Proof. By an approximation argument, it suffices to consider the case when f, u
are both C*°. Fixing such f, u, note first that the Fourier transform of [A*, u - V] f
is given by

FIN u- VI =i 3 (G = k=€) fk = 0) (k= 0) - ce)..

tezf

By Parseval’s identity, it suffices to bound this in 62(23). For this, we split this sum
up into two regions |£| < |k|/2 and |£| = |k|/2; we label the Z|€|<\k\/2 term I (k)
and the } 5> ¢ term 11 (k).

When |£| < |k|/2, it holds that |k — €| =~ |k|. It then follows from the mean
value theorem that ||k|* — |k — £|°| < |k — €]°~1|¢|, hence

1K1 S Y elac@)llk — €|tk — 0]

Zezg

By Young’s inequality, it follows that the 22 norm of (I (k)) keZd is bounded by

lull gz || f || s Where we used the fact that [¢| ™" belongs to ¢2(Z3) if r > d/2 and
y =1+ 1sothat |u|l gre1 < ullgr.

When |£| 2 |k|/2, we instead have that |k — £| < |£|. Therefore, ||k|* — |k —
5] < 1) and |€)°7Y < |k — £]°77 since s < y. This gives,

11GOL S Y e @@k — e =+ Fk = o).
KGZS
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Again, by Young’s inequality, this implies that the ¢> norm of (”(k))kezg’ is
bounded by |[u|lgv || flas. O

When dealing with the compact term that arises in linearized Navier-Stokes
equation and its adjoint, we will also require the following Lemma, whose proof is
similar to that of Lemma 4.15 and is omitted for brevity.

Lemmad4.16. Letd =2,y > 14+d/2 =2, and s € [0, y]. Then, there exists a
constant C depending on y such that for all u € H and mean-zero f € H?, the
following estimates hold:

IAS(Au - VYA fll 2 S Cllull gyl £l s,
and

1A 2 (Au - V) fll2 < Cllullgro | f 1.

4.4.2. Advection Diffusion Lets first consider the advection diffusion equa-
tion (32) on T¢ associated to some arbitrary time dependent velocity field u €
L°([0, 1]; H). Our first step is to prove the following quantitative L?> — H*
regularity estimate:

Lemma 4.17. Let u : [0, 1] x T¢ — R? be a time-varying, divergence-free vector
Sfield with u € L°°([0, 1], H). Let (f;):e[0,1] be the solution to (32) with k € (0, 1)
and mean-zero fo € L*. Then, for all s € [0, y], we have that

1
I fillas < /% exp (c fo (1 + el gv) dr) Il foll 12 - (46)

If fo € H®, then
1
sup || fillus = exp (C/ 1+ IIMrIIHV)dT> Il (47)
tel0,1] 0

Proof. We prove below the regularization bound (46); the propagation bound (47)
follows similarly and its proof is omitted.

By an approximation argument, it suffices to prove the above estimate when fj
is C® and u, is a C* vector field for all ¢ € [0, 1]. Foreach ¢t € [0, 1], we consider
the time-dependent operator A”* and note that '/ A%! f, satisfies

0 (PN f) = =N (g -V f) + kP (s Tog(Vie A + k A)AY
where the operator log(y/k A') is defined by the Fourier multiplier
Fllog(vkA") f1(k) = log(/k |k|) f (k).
which is defined on the space of mean-zero f. Note that there exists a C(s) > 0,
independent of k or «, such that s log(/k |k|) < /<|k|2 + C(s), so thatfort € [0, 1]
we have by Parseval’s identity
(A" f,, (sTog(v/Kk AY) + .k AYAS f) 12

= > (slog(Wilkl) = k k) k| F GO S 1l fill 3o

d
keZ
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Using this and that f; is smooth and u;, is divergence-free gives the following ener:
g g g g gy
estimate
d 1, st 2 st st st
= (Bl ) = = A o A - VD) 2
+ N fr, (rlog(ViEAY) + K A)AY fi) g2
S =k A i LA g VIS e + k5 il

S (el A" - 1 fl2 + Wil )

Applying the commutator Lemma 4.15 with s = r¢, assuming ¢ € [0, 1] and using
that y > % + 1, we conclude that

(0 A0) S O el (15 )
In particular,

d st 2

< log (€ £l ) S 1+ el
and integrating ¢ from 0 to 1 completes the proof. O
Lemma 4.18. Let u : [0, 1] x T¢ — RY be a time-varying, divergence-free vector

field with u € L*°([0, 1], H). Let f € C([0, 1]; H™*) be a solution to (32) with
k € (0, 1] and initial fo € H™* for some s € [0, y]. Then, f € L2 and

1
I fill2 < k™% exp (c /O (1+ ||uf||m)dr> Il foll s (48)
and
1
sup || fill - < exp (c f ||uf||mdr) I fll-s - (49)
tel0,1] 0

Proof. As before, we focus below on the proof of (48) and omit that of (49). By an
approximation argument, we can assume fo, u; are C*. Our proof will use the L?
duality of H ™ with H*. To see this, let gg be a smooth, mean-zero function and
let (g;) solve the time reversed equation

08t —u1—1 - Vg = kAg:. (50)
We compute

d
—(&r» f1—1) = (0:&, f1-1) = — (& Or f1-41)

dr
= (u1—r - Vg, fi-t) = —(&, —u1—+ - Vfi+) =0

using (i) that A is self adjoint in the L? inner product and (ii) u - V is skew-adjoint
when u is divergence free. We conclude that ( f1, go) = (fo, g1) . Now,

Ifillzz=sup (fi.go)= sup (fo.g1) = I follu—s sup lgillas,

lgoll 2=1 ligoll 2=1 lgoll 2=1
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treating the go under the sup as an initial condition for (50). By Lemma 4.17, it
holds that

1
lgillas S k™ exp (c/ (1+ ||uf||m)dr)
0

and so

1
I fill2 < k™% exp (c / (1+ ||uf||m)dr) Il foll s
0
as desired. O

4.4.3. Linearized Navier—Stokes It is convenient to work with Navier—Stokes
in vorticity form

dw—+u-Vw =vAw + curl F

where w = curlu, and the velocity u is recovered by the Biot-Savart law u =
A~2(V+tw) =: Kw, where here V- = (—dy, dx) denotes the skew gradient. In
this form, the first variation equation becomes

n—+u-Vn+v-Vw =vAn (&2))
where v, = Kn;.

Lemma 4.19. Letu € L>([0, 1], H)NL' ([0, 1], H'*2), andletn € L>°([0, 1], L?)
be the solution to (51) with initial ny € L2 Then for each s € [0, y], n1 € H®, and
satisfies

1
Il S v exp (c f (1+ ||ur||m+z)dr> Imoll 2.
0

Ifno € HY, then

1
sup Inellas < exp (C/ 1+ ||Mr||m+2)df> Imoll as - (52)
1€[0,1] 0

Proof. Note that since w = Ay and V' = u, we can also rewrite the second
term in 51 in the following more useful form:

on—+u-Vn+ Au - VA_2r; = vAn.
Repeating previous computations, we have
d1
— S el = v (A 0y, (s Tog(VVA) + v A) A ay)

dr 2
- VSt(AStnty (A, uy - Vi)
= v (A e, A (A - VAT y)
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The first and second terms are bounded < v (1+ ||us || v ) || 12

by Lemma 4.16 we have that the third term is

 as before, while

2
SV I st el o

Applying these inequalities and combining all terms, we have shown that

d 2 2
d—IV‘”HmHHu S e e e | 2

The desired conclusion follows as before. The estimate when 79 € H* is similar
and omitted. O

Using a time reversed adjoint argument, we also have the analogue of Lemma
4.18, whose proof we omit.

Lemma 4.20. Letu € L>([0, 1], HY) fory > 1+d/2andletn € L*([0, 1], L?)
be the solution to (51) with initial no € H™* for some s € [0, y]. Then, n € L2,
and satisfies the estimate

1
Il < v exp (c / (1+ ||uf||m+z>dr> e | g5
0

Ifno € H™*, then

1
sup Il < exp <Cf I+ IIMzIIHy+2)df> 7 ll s - (33)
tel0,1] 0
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