
Jia-Liang Le
Department of Civil, Environmental,

and Geo-Engineering,
University of Minnesota,
Minneapolis, MN 55455

Statistical Scaling in
Localization-Induced Failures
The investigation of statistical scaling in localization-induced failures dates back to da
Vinci’s speculation on the length effect on rope strength in 1500 s. The early mathematical
description of statistical scaling emerged with the birth of the extreme value statistics. The
most commonly known mathematical model for statistical scaling is the Weibull size effect,
which is a direct consequence of the infinite weakest-link model. However, abundant
experimental observations on various localization-induced failures have shown that the
Weibull size effect is inadequate. Over the last two decades, two mathematical models were
developed to describe the statistical size effect in localization-induced failures. One is the
finite weakest-link model, in which the random structural resistance is expressed as the
minimum of a set of independent discrete random variables. The other is the level excursion
model, a continuum description of the finite weakest-link model, in which the structural
failure probability is calculated as the probability of the upcrossing of a random field over a
barrier. This paper reviews the mathematical formulation of these two models and their
applications to various engineering problems including the strength distributions of quasi-
brittle structures, failure statistics of micro-electromechanical systems (MEMS) devices,
breakdown statistics of high– k gate dielectrics, and probability distribution of buckling
pressure of spherical shells containing random geometric imperfections. In addition, the
implications of statistical scaling for the stochastic finite element simulations and the
reliability-based structural design are discussed. In particular, the recent development of
the size-dependent safety factors is reviewed. [DOI: 10.1115/1.4065668]

1 Introduction

The phenomenon of localization is a ubiquitous characteristic of
damage and failure of many engineering structures and devices.
Some common examples include damage in concrete specimens
under tension [1,2], formation of a shear band or compression band
in rock specimens under uniaxial compression [3–5], diagonal shear
failure of reinforced concrete beams [6–8], localized buckling of
spherical shells [9–12], trap-assisted tunneling in gate dielectrics
under voltage [13–15], etc. Understanding the physics of these
localization phenomena, which is of critical importance for the
analysis and design of different engineering structures and
processes, has attracted a vast amount of research efforts over the
past half-century. Significant advances have been made in all fronts
of mathematical modeling, numerical simulations, and experimen-
tal characterization of various localization behaviors in failure of
materials and structures.
In structural mechanics, localization as a form of instability can

arise from inelastic material behavior as well as from geometric
nonlinearity. The mathematical analysis of localization instability
due to nonlinear material behavior dates back to Hill’s work on
localized necking in plastic sheets [16]. Rudnicki and Rice
developed a rigorous mathematical approach, (i.e., the acoustic
tensor), for determining the onset of localization instability in the
case of hardening plasticity [17]. The concept of acoustic tensor was
later applied to quasi-brittle materials, which exhibit a strain-
softening constitutive behavior [18,19]. During the same period of
Rudnicki and Rice’s work, Ba!zant pioneered the analysis of the

localization instability for brittle heterogenous (a.k.a. quasi-brittle)
materials [1]. He pointed out that localization instability could lead
to spurious mesh sensitivity in continuum finite element (FE)
simulations. This discovery led to the development of a class of
computational methods, commonly referred to as the localization
limiters, for suppressing themesh sensitivity. Somenotablemethods
include the crack band models [2,20–23], nonlocal integral models
[24–26], and explicit and implicit gradient models [27–31]. The
other important consequence of localization instability in quasi-
brittle materials is the dependence of the failure behavior on the
structure size. This size effect was studied extensively for various
quasi-brittle structures exhibiting different failure modes [32–35].
In addition to nonlinearmaterial behavior, geometric nonlinearity

could also lead to localization instability. A commonly seen
example is the elastic buckling of cylindrical and spherical shells.
Even for a linear material model, the bifurcation analysis of post-
buckling behavior, which usually involves a system of coupled
PDEs, is very complicated [11,12,36]. The analysis of shell buckling
is further complicated by the fact that many shells contain geometric
imperfections leading to a significant reduction in the critical
buckling load. In recent studies, high-fidelity computational models
were used for both deterministic and stochastic analyses of localized
buckling behavior of shells with geometric imperfections (or
defects) [36–39]. These analyses revealed some important features
including the effect of imperfection size on the buckling load, the
influence of defect interaction on the buckling behavior, and the
geometric characteristics of the localized buckling zone.
One common macroscopic feature of the aforementioned

localization-induced failures is that the load capacity of the structure
decreases once the localization occurs. Meanwhile, there are many
possible locations, where localization could happen. The actual
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location of localization zone is intrinsically random. This phenom-
enon indicates that the statistics of the failure load are intimately
related to the stochastic nature of the localization behavior. In fact
the effect of localization on failure statistics has been studied much
longer ago, dating back to da Vinci’s famous speculation on the
effect of length of a rope on its load capacity [40]. About a century
later, Marriott provided a qualitative explanation for this spec-
ulation, in which he stated that such a length effect is plausible if one
considers there is some weak spot in the rope due to material
inhomogeneity [41]. This was the first discussion of what is now
known as the statistical size effect. The quantitative description of
statistical size effect camemuch later. Themathematical foundation
of this size effect was laid down by Fisher and Tippett in their
ground-breaking work on the extreme value statistics [42]. Weibull
independently proposed an extreme value distribution, now referred
to as the Weibull distribution, through extensive experimental
investigations into the strength distributions of porcelain, cotton,
wood, and cement mortar [43]. The Weibull distribution naturally
yields a size effect model, which describes the dependence of mean
structural strength on the structure size [43,44].
Over the past four decades, there has been abundant experimental

evidence showing that the Weibull distribution does not provide
optimumfits of strength distributions ofmany quasi-brittlematerials
including concrete, engineering and dental ceramics, fiber compo-
sites, cold asphalt mixtures, and polycrystalline silicon (poly-Si) at
the microscale [34]. This is because the Weibull distribution is
anchored by the extreme value statistics, which implies that the
localization zonemust be negligibly small as compared to the size of
test specimens. This condition is usually not met for laboratory test
specimens. To address this issue, a finite weakest-link model was
proposed for probability distributions of strength and lifetime of
quasi-brittle materials [45–48]. TheWeibull distributionwas shown
to be the limiting case of the finite weakest-link model. The model
matches well the experimentally measured strength and lifetime
distributions of quasi-brittlematerials. The essential consequence of
the model is that it predicts an intricate size effect on the probability
distribution function of the structural strength. The Weibull size
effect represents the limiting form of the mean size effect curve at
the large-size asymptote.
The finite weakest-link model was derived by considering a set of

discrete and statistically independent random variables, which
represent the random resistances corresponding to the onset of
localization at different possible locations. In recent studies [49–51],
a level excursion model was developed for the statistics of extreme
value of a continuous random field, which exhibits spatial
correlation. Because the model directly deals with the continuous
random field, the model is able to capture the size effect behavior
over the entire size range including the small-size asymptote, which
cannot be predicted by the finite weakest-link model.
Though the recent developments of the finite weakest-link model

and level excursion analysis are motivated by the need for under-
standing the strength distribution of quasi-brittle structures, it was
found that thesemathematical models are applicable to a wide range of
localization-induced failures of engineering structures. This review
paper will discuss the general mathematical framework of the finite
weakest-link model and level excursion analysis, the consequent
statistical scaling behavior, and their engineering applications.

2 Mathematical Framework

Let wc denote the structural resistance defined in a broad sense.
For instance, in structural mechanics, wc usually refers to the peak
load capacity of the structure. In the case of electrical breakdown,wc

could denote the maximum voltage or current that the device can
sustain. Since the failure happens at the onset of localization at one
location, the formation of each potential localization zone would
correspond to one resistance value. The overall resistancewc is equal
to the minimum of the resistance values corresponding to the onset
of localization at all possible locations, i.e.,

wc ¼ minðw1,…,wnÞ (1)

where wi ¼ resistance value for the formation of a localization
zone at location i, and n ¼ number of possible locations of
localization onset in the structure. Due to the random material
heterogeneities (e.g., microstructures), wi are intrinsic random
variables. The randomness of wc is related to the randomness of wi as
well as to the number of possible locations of the localization zone. The
goal is to determine the cumulative distribution function (cdf) of wc.

2.1 Finite Weakest-Link Model. In the simplest setting, we
can consider that wi’s are independent and identically distributed
random variables. Equation (1) indicates that, for the purpose of
calculating the cdf of wc, the structure can be regarded as a chain of
elements, each of which represents one potential localization zone
(Fig. 1(a)). Based on the joint probability theorem, the cdf of wc can
then be written by

1$ Pf ðwÞ ¼ ½1$ P1ðwÞ&n (2)

where Pf ðwÞ ¼ Prðwc ' wÞ ¼ cdf of the resistance of the entire
structure, and P1ðwÞ ¼ Prðwi ' wÞ ¼ cdf of the resistance corre-
sponding to the formation of one particular localization zone.
Equation (2) represents the fact that the structure would not fail if
and only if not a single localization zone has formed.
In the context of extreme value statistics, it is of interest to

consider the limiting case of n ! 1. When n is large, Pf ðwÞ is
determined by the far left tail of P1ðwÞ. By taking the logarithm of
both sides of Eq. (2) and using the fact lnð1$ xÞ ( $x for x ! 0,
we can rewrite Eq. (2) as

Pf ðwÞ ¼ 1$ exp ½$nP1ðwÞ& (3)

Meanwhile, the distribution functionPf ðwÞmust satisfy the stability
postulate [42]. In this postulate, we divide the structure domain into
p subdomains, where each domain contains q number of potential
localization zones. Since the total number of potential localization
zones, n, approaches infinity and p is finite, we must have q ! 1.
Using the joint probability theorem, we can relate Pf ðwÞ to the
failure probability of one subdomain PgðwÞ, i.e.,

1$ Pf ðwÞ ¼ ½1$ PgðwÞ&p (4)

Since both the entire structure and the subdomain contain an infinite
number of potential localization zones, the probability distribution

Fig. 1 Concept of finite weakest-link model: (a) chain model for
macroscopic structure, and (b) hierarchical model for the
resistance corresponding to the formation of one particular
localization zone
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functions Pf ðwÞ and PgðwÞmust be related to each other by a linear
transformation of the random variable, i.e., PgðwÞ ¼ Pf ðapwþ bpÞ,
where ap, bp ¼ constants dependent on the value of p. Therefore,
Eq. (4) becomes

1$ Pf ðwÞ ¼ ½1$ Pf ðapwþ bpÞ&p (5)

Equation (5) is a functional equation, referred to as the stability
postulate. It states that, as n ! 1, Pf ðwÞ converges to a particular
functional form.
Based on Eq. (3), the essential problem is to findP1ðwÞ that would

satisfy the stability postulate (Eq. (5)). The left-tail of distribution
function P1ðwÞ is commonly known as the domain of attraction
[42,52–54]. Gnedenko gave the conditions for function P1ðwÞ to
converge to an extreme value distribution [55]. It has been shown
that three types of tail distributions, namely, the exponential tail, the
polynomial tail, and the power-law tail, can fulfill this requirement
[42,52,53,56]. These distribution tails lead to the Gumbel, Fr"echet,
and Weibull distributions, respectively. Though these three
distributions are not exhaustive, they are sufficient for most (if not
all) practical engineering problems.
Both the exponential and polynomial tail distributions extend to

negative values of the random variable, which cannot be applied to
structural resistance. Therefore, the only choice for Pf ðwÞ is the
Weibull distribution, i.e.,

Pf wð Þ ¼ 1$ exp $n
w$ w0h im

sm0

( )
(6)

where xh i ¼ Macaulay bracket, m ¼ Weibull modulus, s0 ¼
Weibull scale parameter, and w0 ¼ resistance threshold. Without
resorting to the stability postulate, Weibull proposed the power-law
tail distribution for P1ðwÞ and consequently Eq. (6) for the strength
distribution of engineering materials including porcelain, cotton,
wood, and cement mortar, as well as for the probability distribution
of spark voltage between spherical electrodes, through his extensive
experimental campaign [43]. An important result ofWeibull’s work
is the size effect on the mean structural resistance, i.e.,

#wc ¼
ð1

0

wdPf ðwÞ (7)

¼
ð1

0

½1$ Pf ðwÞ&dw (8)

Equation (8) uses the fact that w is non-negative. By substituting
Eq. (6) into Eq. (8), we obtain

#wc ¼ w0 þ s0C 1þ 1

m

" #
n$1=m (9)

where CðxÞ ¼ gamma function. In most cases, we have w0 ¼ 0, and
Eq. (9) leads to a power-law scaling relation: #wc / n$1=m. The
power-law form stems from the fact that here we consider the size of
localization zone to be negligibly small as compared to the overall
structure size (i.e., n is very large). In the absence of a characteristic
length (i.e., size of localization zone), the scaling relation must
follow a power law [35,57,58]. This power-law size effect on the
mean resistance is known as the Weibull statistical size effect. Its
physical significance is that this size effect on the mean behavior is
governed purely by statistics, which cannot be captured by any
deterministic model.
The foregoing analysis focuses on the case of n ! 1, which

corresponds to the framework of the extreme value statistics. For
many structures, the size of localization zone is not negligibly small
as compared to the structure size. In a general setting, wemust treat n
in Eq. (1) to be finite. This leads to the finite weakest-link model,
which has recently been developed for the strength statistics of
quasi-brittle structures. Nevertheless, the modeling framework is

widely applicable to other localization phenomena.When n is finite,
we need to know the entire distribution function P1ðwÞ. As
discussed, P1ðwÞ should have a power-law tail. Clearly, the theory
of extreme value statistics does not provide any information about
the core portion of P1ðwÞ. In recent studies [34,45–48], a
hierarchical statistical model was developed to determine the
functional form of P1ðwÞ (Fig. 1(b)). The model consists of a
hierarchy of bundles and chains representing the averaging and
localization effects at different material scales. The outcome of the
model is that the core of P1ðwÞ can be approximated by a Gaussian
distribution. Therefore, it was proposed to model P1ðwÞ by a
Gaussian-Weibull distribution, i.e.,

P1 wð Þ ¼

w=s0ð Þm w ' wg

$ %
ð10aÞ

Pg þ
rf

d0
ffiffiffiffiffiffi
2p

p
ðw

wg

e$ x$l0ð Þ2=2d20dx w > wg

$ %
ð10bÞ

8
>>><

>>>:

where l0 and d0 are themean and standard deviation of the Gaussian
core if considered extended to $1; rf is a scaling parameter
required to normalize the grafted cdf such that P1ð1Þ ¼ 1, wg ¼
grafting stress, and Pg ¼ ðwg=s0Þ

m ¼ grafting probability. We
further require the continuity of the probability density function
(pdf) at the grafting point, i.e., ½dP1=dw&wþ

g
¼ ½dP1=dw&w$

g
.

By substituting Eqs. (10a) and (10b) into Eq. (1), we calculate the
probability distributions of structural resistance for different values
of n, as shown in Fig. 2(a). Note that, in many localization-induced
failures (one exception is shell buckling, which will be discussed
later), the size of localization zone represents a characteristic length
scale, which is independent of the structure size. Therefore, we can
interpret n as a dimensionless descriptor of structure size. It is seen
that, as n increases, the probability distribution ofwc transitions from
a predominantly Gaussian distribution with a power-law tail to a
Weibull distribution. Clearly, the classical extreme value statistics is
the limiting case of the finite weakest-link model. Since the size of
localization zone is a fixed length scale, the size effect on the mean
structural resistance would necessarily deviate from the power-law,
as shown in Fig. 2(b). An approximate equation was proposed to
describe the mean size effect [34,45,46]

#wc ¼ w0

n1
n
þ n2

n

" #r=m
" #1=r

(11)

wherew0, n1, n2, r ¼constants. Bymatching the small and large size
asymptotic behaviors, these constants can directly be related to the
statistical parameters of the distribution function P1ðwÞ [59]. When
n ! 1, Eq. (11) reduces to #wc / n$1=m, i.e., theWeibull size effect.
Moreover, the finite weakest-link also predicts the size effect on

the standard deviation of wc. Similar to the mean resistance, a
closed-form size effect equation is not possible. It was shown that
the size effect on the standard deviation can be approximated by an
equation similar to Eq. (11) [60], i.e.,

dwc
¼ d0

n3
n
þ n4

n

" #v=m
" #1=v

(12)

where d0, n3, n4, v ¼constants, which can also be determined from
the distribution functionP1ðwÞ [60]. Based onEqs. (11) and (12), we
can calculate the size effect on the coefficient of variation (CoV). It
is clear that, for large values of n, the CoV of wc approaches a
constant, which is a salient feature of the Weibull distribution.
It is evident that the finite weakest-link model is anchored by a

discrete description of spatial randomness of resistance for
individual potential localization zones. As discussed, the model
assumes that the random resistances, wi ði ¼ 1,…, nÞ in Eq. (1), for
the localization onset at individual possible locations, are statisti-
cally independent from each other. Therefore, the details of the
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spatial correlation of resistance are not considered in the model. This
implies that the size of localization zone must be considerably larger
than the correlation length of spatial distribution of resistance. To
remove this constraint, we need to directly consider the possible spatial
correlation among the random resistances wi’s. This leads to the
development of the level excursionmodel,whichwill be discussednext.

2.2 Level ExcursionModel. The spatial correlated resistances
corresponding to the formation of the individual localization zone at
different locations can be mathematically represented by a random
field wlðxÞ. The random field is characterized by the cdf of wl,
denoted by Fwl

ðwÞ, at a local point together with an autocovariance
function. It is important to note that the random value of wl at
location x refers to the resistance of the structure if the localization
zone is centered at x. The autocovariance function involves a length
scale ‘, commonly referred to as the correlation length, which
measures the distance between two points at which the correlation
essentially vanishes. It should be noted that the length scale ‘ is
intimately related to the size of the localization zone as well as the
correlation length of local material resistance [49,51].
By modeling the structural resistances for different potential

localization zones as a random field wlðxÞ, the cdf of overall
structural resistance can be written by

Pf wð Þ ¼ Pr sup
x2X

$ wl xð Þ * $w
n o

(13)

where X denotes the structure domain. Consider the case where
wlðxÞ is a homogenous random field, we can decompose wlðxÞ by
wlðxÞ ¼ #w0 þ dwðxÞ, where #w0 ¼ mean value of w and dwðxÞ ¼
zero-mean homogenous random field. Equation (13) becomes

Pf ðwÞ ¼ 1$ Pr½uðxÞ ' kðwÞ, 8x 2 X& (14)

where uðxÞ ¼ $dwðxÞ and kðwÞ ¼ #w0 $ w. Evidently, the cdf of
structural resistance is equal to the probability that the random field
uðxÞ up-crosses a barrier kðwÞ at least once (Fig. 3). A common
approach is to consider the case of the high barrier, where the
individual crossing events are treated to be statistically independent
[54,61,62]. In this case, the upcrossing events can be modeled by a
Poisson counting process. The noncrossing probability can then be
expressed by [54,62]

Pr u xð Þ ' k wð Þ, 8x 2 X
' (

¼ Fu kð Þexp $ l kð Þ
Fu kð ÞVX

" #
(15)

where lðkÞ ¼ mean crossing rate, and FuðxÞ ¼ cdf of u. The
prefactor FuðxÞ represents the noncrossing probability (survival
probability) at the starting point. By substituting Eq. (15) with
Eq. (13), we have

Pf wð Þ ¼ 1$ Fu kð Þexp $ l kð Þ
Fu kð ÞVX

" #

(16)

To calculate themean crossing rate, we first transform the random
field uðxÞ to an equivalent Gaussian field uGðxÞ [63,64]. Random
fields uGðxÞ and uGðxÞ are related through their cdfs and
autocovariance functions

uGðxÞ ¼ U$1fFu½uðxÞ&g (17)

RF jDxjð Þ ¼
ðþ1

$1
:::

ðþ1

$1
/ y1,…, ynd ,RG jDxjð Þ
) *Ynd

i

F$1
u U yið Þ
' (+ ,

dy1 + + + dynd
(18)

Fig. 2 Scaling of the probability distribution of structural resistance: (a) size effect on the distribution function,
and (b) size effect on the mean resistance

Fig. 3 Level excursion model in two-dimensional
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where UðxÞ¼ standard Gaussian cdf, /ð+Þ¼ joint Gaussian proba-
bility density function (pdf), RFðjDxjÞ and RGðjDxjÞ are the
autocovariance functions of the random fields uðxÞ and uGðxÞ,
respectively, jDxj ¼ distance between any two points, and nd ¼
dimensionality of the problem. It should be noted that it is not always
possible to find an autocovariance function of the equivalent
Gaussian field that would give the target autocovariance function for
the original field. It has been shown that the target autocovariation
function needs to satisfy certain requirements for Eq. (18) to have a
non-negative definite solution of RGðjDxjÞ [64]. Based on this
transformation, the original crossing barrier is transformed for the
corresponding Gaussian field, i.e., kY ¼ U$1½FuðkÞ&.
Themean crossing rate for an nd-dimensional stationaryGaussian

field has been extensively investigated [54,65,66]. The crossing rate
is interpreted as the expected number of local maxima of the field
above the barrier kY per unit size of the domain. Therefore, the mean
crossing rate can be related to the differential topology characteristic
of the excursion set, i.e., the part of the random field uGðxÞ that
protrudes the barrier. The differential topology characteristic is
asymptotically equivalent to the Euler characteristic when the
barrier becomes sufficiently high [65]. Accordingly, the mean
crossing rate can be expressed by [66]

l kð Þ ( exp $k2Y=2
$ %

detKð Þ1=2

2pð Þ ndþ1ð Þ=2 Hnd$1 kYð Þ (19)

where K ¼ the covariance matrix of the spatial gradient of the
random field uGðxÞ, and HkðxÞ ¼ the kth Hermite polynomial,
which can be written as

Hk xð Þ ¼ k!
Xk

j¼0

$1ð Þjx k$2jð Þ

j! k $ 2jð Þ!2j
(20)

The covariance matrix K can be calculated directly from the power
spectral density function of uGðxÞ

Kij ¼
ðþ1

0

:::

ðþ1

0

xixjGYðjxjÞdx1 + + + dxnd (21)

where jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPnd

i¼1x
2
i

p
, and GYðjxjÞ is the one-sided power

spectral density function of uGðxÞ. For an n-dimensional isotropic
randomfield,GYðjxjÞ andRYðjDxjÞ can be further related as [67–69]

GY jxjð Þ ¼
ð1

0

jxjJv gjxjð ÞRG gð Þ
2g
pjxj

" #nd=2

dg (22)

where

Jv xð Þ ¼
x=2ð Þ!ffiffiffi

p
p

C ! þ 0:5ð Þ

ðp

0

cos x cos hð Þ sin hð Þ2!dh (23)

which is the Bessel function of the first kind of order !, and
! ¼ nd=2$ 1.
Similar to the finite weakest-link model, the level excursion

model predicts an intricate size effect on the probability distribution
of structural resistance, and consequently a mean size effect. An
important feature of the level excursionmodel is that it allows for the
construction of the small-size asymptotic behavior of the size effect
on the mean resistance. Because of the spatial correlation of the
random field, the model predicts a vanishing size effect on the mean
structural resistance at the small-size limit [49]. At the large-size
limit (VX ! 1), Eq. (17) indicates that the entire cdf of w is
governed by high barrier (i.e., large values of k or equivalently small
values w). By noting FuðkÞ ¼ 1$ Fwl

ðwÞ and considering small
values of w, Eq. (17) becomes Pf ðwÞ ( 1$ exp f$lðkÞVXg.
Recent studies showed that, if Fwl

ðwÞ has a power-law tail
Fwl

ðwÞ / wm, the mean crossing rate would also exhibit a power-
law behavior in terms ofw, i.e., lðkÞ / wm. Therefore, we conclude
that, at the large-size limit, the level excursionmodelwould predict a
Weibull distribution of w, and a Weibull size effect on the mean
resistance. This result is well expected because the level excursion
model represents a continuum generalization of the weakest-link
model. We may divide the structure domain into a number of
subdomains. If the size of each subdomain is chosen to be
considerably larger than the correlation length of the random field
wlðxÞ, then the minimum resistances of individual subdomains can
be treated as statistically independent from each other. Therefore,
the cdf of overall structural resistance can then be calculated by
using the finite weakest-linkmodel, where each element in the chain
represents a subdomain. The large-size asymptotic behavior of the
level excursionmodel must be the same as that of the finite weakest-
link model.
Figure 4(a) shows the typical size effect curve on the mean

structural resistance predicted by the level excursion model. As
discussed, the resulting mean size effect curve is very similar to that
predicted by the finiteweakest-linkmodel for intermediate and large
size regimes. For small-size regime, the level excursion model is
able to reach zero-size limit. By contrast, theminimumstructure size
that the weakest-link model can handle is the size of a single
localization zone. By using asymptotic matching, the mean size
effect curve on structural resistance predicted by the level excursion
model can be approximated by [49]

Fig. 4 (a) Mean size effect curve of the structural resistance predicted by the level excursion model and (b) comparison with the
measured size effect on the fiber strength [70]
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#wc ¼ w0

D1

Dþ D1
þ D2

Dþ D1

" # r
ndm

( )1=r

(24)

where D ¼ characteristic structure size, w0,D1,D2, r ¼ constants.
Constant D1 is of the order of the correlation length of the random
field wlðxÞ [49].

2.3 Statistical Size Effect. It is clear that both the finite
weakest-link model and the level excursion model predict that, for
the case where the structure features a localization-induced failure
and the location of localization onset is random, the probability
distribution of structural resistance is strongly dependent on the
structure size. This dependence leads to size effects on the mean
resistance as well as on the higher-order statistical moments of
structural resistance. The resulting mean size effect (Eq. (24)),
commonly referred to as the statistical size effect, is particularly
interesting. As mentioned earlier, this size effect is exactly what da
Vinci speculatedwith regard to the length effect on rope strength. In a
recent experiment, the tensile strengths of polyester and polyamide
fibers of different lengths (from1mmto1 km)were investigated [70].
As shown in Fig. 4(b), this experimental result clearly demonstrated a
statistical size effect, which can be well fitted by Eq. (24).
The essential point here is that this size effect arises from the

spatial randomness of the onset of localization. Therefore, such a
mean behavior is of pure statistical nature, which is a unique feature
of localization-induced failures. Clearly, the statistical size effect
would be absent if the location of localization onset is predeter-
mined. One common example in structural mechanics is structures
with a pre-existing crack. In this case, due to stress concentration the
localization zone must form at the crack tip and, therefore, such
structures would not exhibit any statistical size effect [35,71]. As
will be discussed in the subsequent sections, understanding the
probabilistic behavior of localization-induced failures is of critical
importance for the interpretation of experimental results as well as
for the reliability-based structural design.

3 Strength Distribution of Quasi-Brittle Structures

3.1 Finite Weakest-Link Model of Strength Distribution.
One of the most important design considerations for load-bearing
structures is the peak load capacity.Many engineering structures are
made of quasi-brittlematerials, which include concrete, composites,
ceramics, rock, cold asphalt, etc. In various engineering applica-
tions, these materials often exhibit a strain-softening behavior
leading to damage localization. For the analysis of scaling behavior,
it is convenient to express the peak load capacity, Pmax, of the
structure in terms of the nominal strength, which is defined by rN ¼
Pmax=bD (D ¼ characteristic size of the structure, and b ¼ width of
the structure in the transverse direction). For many commonly used
geometries for laboratory testing, such as flexural specimens under
three-point or four-point bending and tension specimens, the peak
load is attained once a localized damage zone is fully formed, which
is typically accompanied by the initiation of a macrocrack. Due to
material heterogeneity, the local material strength is random, and
therefore the location of the onset of localization damage is
uncertain. The finite weakest-link model provides a sound
mathematical tool to model the strength distribution of these
quasi-brittle structures. In this case, the overall structural resistance
wc in Eq. (1) corresponds to the nominal structural strength rN. We
may discretize the structure into a number of representative material
elements, where each element represents a potential localization
zone. Since in general the structure experiences a nonuniform stress
field, we modify Eq. (2) to capture this behavior, i.e.,

Pf ðrÞ ¼ PrðrN ' rÞ ¼ 1$
Yn

i¼1

½1$ P1ðsirÞ& (25)

where si ¼ constants such that sir is equal to themaximumprincipal
stress for element i. When the structure is considerably larger than

the representative material element, Eq. (25) can be rewritten in an
integral form

Pf rð Þ ¼ 1$ exp
1

V0

ð

X
ln 1$ P1 s xð Þr½ &
) *

dV xð Þ
- .

(26)

where V0 ¼ volume of the representative material element, and
sðxÞ ¼ stress field such that sðxÞr ¼ themaximumprincipal stress at
point x. From Eqs. (10a), (10b), and (25), it is clear that, for small
values of r, the cdf of rN can bemodeled by a chain of elements with
a power-law strength distribution, which leads to a Weibull
distribution. For the rest portion of the cdf, it would follow a chain
of Gaussian elements. As the structure size increases, Pf ðrÞ is
governed more dominantly by small values of r, and therefore the
Weibullian portion would occupy a larger portion of Pf ðrÞ.
Eventually, for very large-size structures, the entire distribution
function becomes Weibullian.
Figure 5 shows the experimentally measured strength distribu-

tions of specimens made of different engineering ceramics [72–74]
and their optimum fits by Eq. (26). It is seen that, on the Weibull
scale, the probability distributions of the nominal strength do not
follow a straight line. At low stresses the distribution follows a
Weibull distribution whereas it deviates from the Weibullian
behavior in the intermediate and high probability regimes. The
underlying reason is that, in most cases, the laboratory test
specimens are not sufficiently large as compared to the size of the
representative material element. Therefore, the resulting distribu-
tion function of the nominal strength does not belong to the class of
extreme value statistics and it would necessarily deviate from the
Weibull distribution. By accounting for the non-negligible size of
the representative material element, the finite weakest-link model is
able to provide optimum fits of these strength distributions.
As discussed earlier, the most important prediction of the finite

weakest-link model is the size dependence of the strength statistics.
A recent experiment on the low-temperature flexural failure of
asphalt mixture beams has demonstrated this size effect [59].
Figure 6 shows the measured strength distributions of geometrically
similar beams of two different sizes under three-point bending. A
clear size effect on the strength distribution is observed. It is seen
from Fig. 6 that, as the beams size increases, the lower Weibull
portion of the distribution function becomes more dominant. Note
that the slopes of the Weibull portions of these two specimen sizes
are the same, which indicates that the Weibull modulus is
independent of the structure size. With one set of model parameters,
the finite weakest-link model can fit both strength distributions,
which demonstrates its ability of capturing the size effect on the
strength distribution.

3.2 Level Excursion Model of Failure of Polycrystalline
SiliconMicro-Electromechanical SystemsDevices. In addition to
conventional macroscopic engineering materials, there is also a
surging interest in understanding the strength distribution of
microscale structures and devices, such as the micro-
electromechanical systems (MEMS) structures. Over the last two
decades, significant advances have been made in experimental
testing ofMEMS structures, which led to an improved knowledge of
their probabilistic failure behaviors. The recent development of the
on-chip testing device and slack-chain tester allows the measure-
ments of the statistics of the tensile strength of polycrystalline
silicon (poly-Si) MEMS structures [75,76]. Experiments showed
that the sidewall of poly-Si MEMS specimens has surface grooves,
which can be characterized as a set of V-notches with random
spacings and geometries (Figs. 7(a) and 7(b)). The randomness of
the sidewall geometry inevitably leads to a random stress field for a
given applied load. The existence of the sidewall grooves indicates
that the localized failure must occur somewhere along the sidewalls.
In a recent study [49], a level excursion model was developed to

capture the random stress field and randommaterial strength jointly.
By employing a continuum description of failure behavior, the
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model uses a nonlocal failure criterion. It states that localization
zone forms when the nonlocal tensile stress is greater than the local
material tensile strength, i.e.,

#rðxÞ ¼
ð

X
aðx$ x0Þr1ðx0, yÞdx0dy * ftðxÞ (27)

where

a x$ x0ð Þ ¼ l$1
y 1$ 16

15

" #2 jx$ x0j2

l2x

" #2

(28)

r1ðx0, yÞ ¼ maximum principal stress at location ðx0, yÞ, lx, ly ¼
length constants, andX ¼ nonlocal averaging zone,which is defined
by a rectangular strip of width ly along the entire sidewall. The
nonlocality of the failure criterion physically captures the finite size
of the fracture process zone formed at the incipient of localization
failure. Evidently, the nonlocal stress field is proportional to the
applied far-field tensile loading rN, i.e., #rðxÞ ¼ rNzðxÞ. Due to the
random sidewall geometry, z(x) can be modeled as a random field.
Meanwhile, the spatially random local tensile strength can also be
represented by a random field ftðxÞ. Since the peak load of the
specimen is attained once one localization zone is formed at the
sidewall, the failure probability of the specimen under tensile
loading rN can be expressed by

Pf ðrNÞ ¼ 1$ Pr½rNzðxÞ ' ftðxÞ, 8x 2 Lw& (29)

where Lw denotes the sidewalls of the specimen. By considering that
z(x) and ftðxÞ are homogenous random fields and decomposing them
into their mean values (lz, lft ) and the corresponding zero-mean
random fields (z0ðxÞ, ~ftðxÞ), i.e., zðxÞ ¼ lz þ z0ðxÞ and ftðxÞ ¼
lft þ ~ftðxÞ, Eq. (29) can be rewritten by

Pf ðrNÞ ¼ 1$ Pr½g0ðxÞ ' k, 8x 2 Lw& (30)

where g0ðxÞ ¼ rNz0ðxÞ $ ~ftðxÞ and k ¼ lft $ rNlz.

Fig. 6 Measured size effect on the strength distribution of
flexural specimens made of cold asphalt mixtures

Fig. 5 Measuredstrengthdistributionsof quasi-brittle structures and theiroptimumfitsby theweakest-
link model: (a) sintered a2silicon carbide (SiC) ceramics [72], (b) silicon nitride ceramics (Si3N4) [73],
(c) Si3N4 with sintering additive (Si3N4–Al2O3–Y2O3) [74], and (d) Si3N4 with aluminum additive
(Si3N4–Al2O3–CTR2O3) [74] (all dimensions are in mm)
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Since this is a one-dimensional (1D) problem, Eq. (19) reduces to
the classical result of Rice’s 1D crossing rate [77], where the mean
c r o s s i n g r a t e i s g i v e n b y lk ¼ E½ _gðxÞþjg0ðxÞ ¼ k& ¼Ð1
0 ffg _gðk, fÞdf, where Eð+Þ ¼ expectation operator, superscript
“þ” denotes the positive gradient, _gðxÞ ¼ dgðxÞ=dx, fg _gð+, +Þ ¼ joint
probability density function (pdf) of g and _g. Based on Eqs.
(16)–(19), we first transform g0ðxÞ to an equivalent standard
Gaussian fielduGðxÞ, and themean crossing rate can be estimated by

lk (
d _uGffiffiffiffiffiffi
2p

p /G kGð Þ (31)

where /GðyÞ ¼ pdf of standard Gaussian distribution,
kG ¼ U$1½Fg0ðkÞ&, and d _uG

¼ standard deviation of the spatial
derivation of the equivalent Gaussian field duG=dx. Note that d _uG

can be directly calculated from the power spectral density of uGðxÞ:
d _uG

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ1
$1x2SuG

ðxÞdx
q

, where SuG
ðxÞ ¼ power spectral density

of uGðxÞ. Based on Eqs. (16), (30), and (31), the failure probability
of the uniaxial tensile MEMS specimen can be calculated by

Pf rNð Þ ¼ 1$ Fg0 kð Þexp $
ffiffiffi
2

p

r
d _uG

Fg0 kð Þ/G kGð ÞL

( )

(32)

where L ¼ specimen length.
Based on the measurements of the sidewall geometry [76], the

random sidewall geometry is characterized by the probability
distributions of the spacing of V-notches, the notch angle, and the
notch depth (see Ref. [49] for details). From these information, the
random nonlocal stress field z(x) can be determined from the Monte
Carlo simulations of the random elastic stress field [49]. For the
random field of local tensile strength ftðxÞ, the cdf of local tensile
strength is considered to follow a Gauss-Weibull distribution
described byEqs. (10a) and (10b), and the spatial correlation of local
tensile strength is described by a squared exponential autocovar-
iance function RftðDxÞ ¼ d2s exp ½$ðDx=laÞ2&, where ds ¼ standard
deviation of ft, Dx ¼ distance between two points on the sidewall,
and la ¼ constant, which is of the order of the size of a single silicon
grain. The cdf of ft is calibrated through the optimum fitting of the
measured strength distributions.
Figure 8 shows, on the Weibull scale, the optimum fitting of two

sets of size effect tests on the strength distributions of poly-Si
MEMS specimens by the level excursionmodel. The details of these
tests can be found inRefs. [76] and [78]. It is seen that,with one set of
parameters for the cdf of ft, the model is able to capture the length
effect on the strength distribution. Clearly, none of the specimens
exhibits a strength distribution that can be fitted by a two-parameter
Weibull distribution. Previous studies have suggested using three-
parameter Weibull distribution, which gives an improved fitting as
compared to the two-parameterWeibull model. However, the three-
parameter Weibull distribution cannot provide optimum fits of the
strength distributions of specimens of different sizes by using one set
of parameters. This indicates that the Weibull modulus, scaling
parameter, as well as the strength threshold, must be treated to be

size dependent. The physical justification of such size dependence is
lacking. Therefore, the three-parameter Weibull distribution
remains as an empirical model, which cannot be used for prediction
of strength distribution of MEMS specimens of different lengths.
The aforementioned analysis indicates the importance of the size-

effect test of the strength distributions of specimens. In practice,
experimental testing of strength distribution often involves a limited
number of specimens, which covers only the central range of the
probability. Consequently, in many cases, the measured strength
distribution can be fitted by multiple distribution functions equally
well. One effective means to distinguish the different choices of the
distribution functions is to test the strength distributions of
geometrically similar specimens of different sizes, because the
correct probabilistic model must be able to capture the underlying
statistical size effect on the structural strength. This is a new
perspective on the experimental characterization of strength
distribution of quasi-brittle structures, which is broadly applicable
to the probability distribution of structural resistance associatedwith
localization-induced failures.

4 Implications for Stochastic Finite Element
Simulations of Quasi-Brittle Fracture

The foregoing discussion revolves around the statistical size
effect on the strength distribution of quasi-brittle structures. It was
recently found that this scaling behavior has important implications
for stochastic FE simulations of damage and fracture of quasi-brittle
structures [79–81]. To demonstrate it, let us consider a uniaxial
tension specimen,where thematerial exhibits a bilinear stress–strain
behavior. We divide the specimen into several elements along its
length (Figs. 9(a) and 9(b)). According to the second law of
thermodynamics, only one element will experience strain softening
(damage), and the rest will undergo unloading [1,82]. For a given
stress–strain relationship, the total energy dissipation of the
specimen would vary with the element size. To ensure the
objectivity of the simulation result, we need to adjust the postpeak
tangential stiffness as a function of element size so that the total
energy expended to completely damage an element is always equal
to the energy dissipation for propagating a macrocrack throughout
the element, which is the essential idea behind the crack bandmodel
[2,20]. This leads to the following relation: c ¼ Gf =le where c ¼
area under the stress–strain curve, le ¼ element length, and Gf ¼
mode I fracture energy.
Nowconsider that the tensile strength ftand fracture energyGfof each

element are random variables. As a demonstration, we consider that
total bar length L ¼ 1m and cross-sectional area Ae ¼ 5, 10$4 m2.
Both ft andGf followGaussian distributions. It is assumed that these
two properties are mutually independent, and each property is also
statistically independent across different elements. We take
E¼ 20 GPa, mean tensile strength¼ 2.4MPa, mean fracture
energy¼ 90 J/m2, and the coefficients of variation of ft and
Gf¼ 7.5%. To calculate the load–displacement response, we impose
the equilibrium condition, that is the stress ri in any element is equal
toP=Ae, and calculate the end displacement byD ¼

Pn
i¼1"ile, where

P ¼ applied load, n ¼ L=le, and "i ¼ strain in element i. For each

Fig. 7 (a) Schematic of uniaxial tensile test on poly-Si MEMS specimens and (b) zoom-in view of the sidewall
geometry
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Fig. 8 Optimum fitting of the strength distributions of poly-Si MEMS specimens of different lengths by the
level excursion model: (a) and (b) test data from Ref. [76], and (c) and (d) test data from Ref. [78]

Fig. 9 Analysis of mechanical response of uniaxial tension specimen made of a strain-softening material:
(a) problem setup, (b) stress–strain curve, (c) probability distribution of the peak load capacity, and (d)
probability distribution of total energy dissipation of the bar

Applied Mechanics Reviews NOVEMBER 2024, Vol. 76 / 060801-9
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element, the postpeak portion of the stress–strain curve is adjusted
based on the crack band model.
We consider three element sizes, le ¼ 50, 100, 200mm. For each

case, a total of 200 realizations are used to calculate the stochastic
response of the load–displacement curve. The interest here is to
understand the dependence of the statistics of the peak load Pm and
the total energy dissipation C of the bar on the discretization. It is
evident that Pm is governed by the minimum strength of all the
elements. Since the tensile strengths of the elements are statistically
independent, the cdf of Pm can be calculated by the weakest-link
mode l : PrðPm ' PÞ ¼ 1$ ½1$ P1ðP=AeÞ&n, where P1ðxÞ ¼
strength cdf of a single element. Therefore, the cdf of Pm would
depend on n, or equivalently on the element size le (Fig. 9(c)). On the
other hand, based on the crack band model, the total energy
dissipation C is equal to AeGf , which is independent of the element
size (Fig. 9(d)).
The weakest-link model indicates that, in order to ensure a mesh-

independent cdf of Pm, we must consider that the strength cdf P1ðxÞ
of a single element varies with the element size. This size
dependence can be understood from the failure mechanism.
Consider the element size is larger than the width of the damage
localization zone l0, a material characteristic length. If we further
assume that the correlation length of material strength is less than l0,
P1ðxÞ can bewritten byP1ðxÞ ¼ 1$ ½1$ P0ðxÞ&ne , where ne ¼ le=l0
and P0ðxÞ ¼ strength cdf of a material element of size l0. Evidently,
the strength cdf P1ðxÞ depends on the element size le. Substitution of
the expression of P1ðxÞ into the weakest-link model yields a mesh-
independent prediction of the cdf of Pm.
The foregoing 1D analysis shows that the stochastic FE analysis

of quasi-brittle fracture could still suffer spurious mesh sensitivity
even if a proper energy regularization scheme is implemented. In
addition to energy regularization, special cares are needed for the
formulation of the probability distribution functions of constitutive
properties of the finite element. For instance, in the aforementioned
1D example, the mesh dependence of the predicted probability
distribution of peak load can be suppressed by considering a
weakest-link model of the strength distribution of each single
element, which reflects the localization mechanism. The essential
point is that the probability distributions of the mechanical
properties of the element need to be determined based on the
element’s mechanical behavior. For elements experiencing local-
ized damage, the strength distribution would vary with the element
size, a necessary consequence of the statistical scaling.
We can extend this concept to general stochastic FE analysis of

quasi-brittle fracture. Consider that the spatial variation of random
material properties are described by random fields. Recent studies
have shown that indeed the mapping of random fields of material
properties onto the FE meshes has profound implications for
spuriousmesh sensitivity in stochastic FE analysis [81]. The existing
mappingmethods include (1) the local projection, where the random
value of the constitutive property of the finite element is set to the
value of the corresponding random field at the centroid of
the element, and (2) the local averaging, where the random value
of the constitutive property is calculated by averaging of the
corresponding random field over the domain covered by the finite
element.When the FEmesh size is larger than the correlation length
of material random field, neither of these approaches captures the
statistical scaling of the strength property, and therefore they are not
suitable for modeling the strength properties for the case of damage
localization. As a consequence, these mapping methods lead to
strongmesh dependence in the prediction of the high order statistical
moments of the structural response [80,81].
Hinged by the notion that each finite element represents amaterial

element of a finite size, a mechanistic mapping method was recently
developed [81]. The method uses an adaptive approach, which
directly relates the mapping method to the damage mechanism. It
captures both the weakest-link effect for damage localization and
the statistical averaging for distributed damage. The main
consequence of the model is that the probability distribution
functions of the constitutive properties of the finite element could

depend on the element size, and the size dependence is dictated by
the prevailing damage pattern. For localization-induced failures,
which is common for quasi-brittle structures, this mesh size
dependence of the probability distribution of strength properties
essentially reflects the statistical scaling. Capturing the size
dependence of the statistics of constitutive properties of the finite
element plays an essential role in mitigating the spurious mesh
sensitivity in stochastic FE simulations of quasi-brittle fracture.

5 Stochastic Shell Buckling

Shell buckling is a century old topic in structural mechanics. The
salient feature of shell buckling is that the critical buckling pressure
is highly sensitive to the initial geometric imperfection [83,84]. Due
to the uncertainty in the manufacturing process, the profile of the
initial geometric imperfection is inherently random, and conse-
quently the buckling pressure of the shell is of statistical nature
[85–88]. There has been an increasing interest in understanding the
stochastic aspect of buckling of elastic spherical shells. There is
abundant evidence that spherical shells exhibit a localized buckling
behavior [89]. This localization phenomenon was theoretically
studied for a perfect spherical shell by using the asymptotic
expansion analysis of the initial post-buckling response [12]. For
spherical shells with random geometric imperfections, the localized
buckling zone could occur anywhere on the shell. As indicated by
the mathematical framework presented in Sec. 2, the buckling
pressure of shells would also exhibit a statistical scaling behavior.
Here we briefly review a recent study on the statistical scaling of

the buckling pressure of clamped hemispherical shells with random
geometric imperfections [39]. In this study, the imperfection was
defined as the difference between the radial coordinate of a point on
the shell surface and its nominal radius, and the thickness of the shell
was kept constant. The amplitude of the geometric imperfections
was modeled by a homogenous random field generated over the
spherical surface (Fig. 10). For each realization of the geometric
imperfections, the critical buckling pressure pc of the shell was
calculated by the finite element analysis. The probability distribu-
tion of pc was determined by Monte Carlo simulations. For shell
buckling, it is customary to express the critical buckling pressure in
terms of the knockdown factor jc, which is defined by jc ¼ pc=p0
where p0 ¼ buckling pressure of a perfect hemispherical shell.
The simulation showed that, for a wide range of autocorrelation

lengths, ‘ of the random imperfection amplitude, the average sizeAb

of the localized buckling zone is proportional to R
ffiffiffiffiffi
Rt

p
, where R ¼

shell radius and t ¼ shell thickness [39]. Therefore, the number of
potential buckling locations, N, over the entire hemispherical
surface is proportional to

ffiffiffiffiffiffiffi
R=t

p
. By considering that the buckling

pressures for the formation of a buckling zone at different locations
are statistically independent, the cdf of jc can be expressed by
using the same form of Eq. (2), i.e., Pf ðjÞ ¼ Prðjc ' jÞ ¼
1$

QN
i¼1½1$ P1iðjÞ&, where P1iðjÞ is the probability distribution

of knockdown factor for the formation of a buckling zone at
location i. Recent studies on spherical shells with dimple defects
showed that regardless of the size of the dimple defects the critical
buckling pressure would not fall below a threshold value j0 [36].
This implies that the distribution function P1ðjÞmust also exhibit a
threshold behavior. By assuming that P1is have the same left tail
distribution, the knockdown factor must approach a three-parameter
Weibull distribution when R/t is very large.
For a given random distribution of geometric imperfections, the

probability distribution functionP1ðjÞ is also strongly influenced by
the dimensionless radius R/t. Therefore, one cannot investigate the
statistical scaling in shell buckling by simply changing R/t ratio.
This is very different from the finite weakest-link model of strength
statistics of quasi-brittle structures, in which the size of the
localization zone is independent of the structure size. In a recent
study [39], this statistical size effect was studied by changing the
area of the shell surface that contains the geometric imperfections. In
this way, one can change the number of potential locations of
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localized bucklingwhile keeping a constantR/t (consequentlyP1ðjÞ
is fixed).
Figure 11 presents the simulated probability distributions of

critical buckling pressures of a hemispherical shell (R¼ 20mm,
t¼ 0.2mm, ‘ ¼ 0:12mm)with different areasAI of the imperfection
zone (the imperfection zone equals to whole, one half, one quarter,
and one eighth of the hemispherical surface). To demonstrate the
size effect on Pf ðjÞ, these distributions are plotted on a three-
parameter Weibull paper, and the threshold is determined by
optimum fitting of the probability distribution of jc for the case
where the entire hemispherical surface contains imperfections. It is
clear that, as the imperfection zone size gets smaller, the cdf of jc
deviates considerably from a three-parameter Weibull distribution.
With a decreasing number of potential buckling zones, the
distribution of the knockdown factor would approach P1ðjÞ, which
cannot follow aWeibull distribution. Because if it did, P1ðjÞwould
follow a weakest-link model indicating that the actual localized
buckling zone would be much smaller.

Figure 12 shows that the mean buckling pressure decreases as the
number of potential buckling locations, N, increases. Since the
large-size asymptote of the cdf of critical buckling pressure follows
a three-parameter Weibull distribution, the mean buckling pressure
must approach the threshold pressure j0 as N becomes very large.
Themean size effect on the buckling pressure can be described by an
equation similar to Eq. (11)

#jc ¼ j0 1þ N0

N

" #1=r

(33)

where N0, r ¼ constants. It is seen from Fig. 12 that Eq. (33) fits the
simulated mean size effect very well.
The aforementioned stochastic analysis revealed the dual role of

dimensionless radius R/t in determining the knockdown factor of
spherical shells: (1) it governs the deformation of the shell as
predicted by the equilibrium equations of shell buckling, and (2) it
dictates the statistical scaling of the buckling pressure. Previous
researches in shell buckling has largely focused on deterministic
analysis, and therefore themajority of our understanding of buckling
of spherical shells pertains to the mechanistic role of R/t. By
contrast, the statistical role of R/t (Eq. (33)) was discovered only
lately [39]. This recent finding of statistical scaling in terms of R/t
provides a new understanding of the buckling behavior of spherical
shells with random geometric imperfections, and leads to a more
complete perspective for interpretation of the experimental data on

Fig. 10 Hemispherical shell under external pressure: (a) problem setup and (b) numerically generated
random geometric imperfections

Fig. 11 Simulated probability distributions of the critical
buckling pressure of shells with different sizes of the imperfec-
tion zone

Fig. 12 Effect of the number of potential buckling locations on
the mean buckling pressure

Applied Mechanics Reviews NOVEMBER 2024, Vol. 76 / 060801-11

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
://a

s
m

e
d
ig

ita
lc

o
lle

c
tio

n
.a

s
m

e
.o

rg
/a

p
p
lie

d
m

e
c
h
a
n
ic

s
re

v
ie

w
s
/a

rtic
le

-p
d
f/d

o
i/1

0
.1

1
1
5
/1

.4
0
6
5
6
6
8
/7

3
5
1
3
0
0
/a

m
r_

0
7
6
_
0
6
_
0
6
0
8
0
1
.p

d
f b

y
 U

n
iv

e
rs

ity
 O

f M
in

n
e
s
o

ta
 L

ib
ra

rie
s
 u

s
e
r o

n
 2

6
 J

u
n
e
 2

0
2
4



shell buckling, which are often expressed in terms of the relationship
between the buckling pressure and the dimensionless radius.

6 Electric Breakdown of High–k Gate Dielectrics

The preceding sections focus on structural failures under
mechanical loading. The localization-induced failure also occurs
in breakdown of electronic devices. Recent studies investigated the
statistical scaling in electrical breakdown of high–k gate dielectrics
under both DC and AC voltages [15,90]. In high–k gate dielectrics,
electrons can be trapped in the gate oxide layer. When the trap
density reaches a critical value, a weak localized path is formed
between the gate electrode and the substrate. The Joule heating in the
local breakdown path causes lateral propagation of the leakage
spots, which eventually leads to a significantly increased tunneling
current passing through the layer, commonly known as the hard
breakdown.
To model the probability distribution of the breakdown voltage,

we consider that the gate dielectric is composed of a number of cells
(Fig. 13). The gate dielectric survives under the gate voltage if and
only if all the cells are immune from the trapped-assisted tunneling
process. The breakdown voltage of each cell is inherently random
due to the randomness of the intrinsic defects. Therefore, the
breakdown voltage Vg of the dielectric is equal to the minimum
value of the breakdown voltages of all the cells. By considering the
breakdown voltages of individual cells are statistically independent,
the cdf of Vg can be calculated by using the weakest-link model
(Eq. (2)), in which w represents the applied voltage. It has been
shown that the breakdown voltage of an individual cell follows a
Gauss-Weibull distribution (Eqs. 10(a) and 10(b)), with a grafting
probability of the order of 10$10 $ 10$8 [15]. It is clear that the
breakdown voltage would exhibit a statistical scaling in terms of the
gate area, as described by Eq. (11).

For the design of high–k gate dielectrics, one key consideration is
the device lifetime tf for a prescribed gate voltage V0. To model the
probability distribution of tf, we need to use the relationship between
the growth rate of the tunneling path and the applied voltage. By
using the dielectric breakdown model, a power-law relation was
proposed for the kinetics of the tunneling path, which yields tf V

1
0 /

V1þ1
g (1 ¼ constant) [15]. With this relationship, one can derive the

probability distribution function of device lifetime tf from the cdf of
Vg. It is clear that the statistics of device lifetime can also be
described by a weakest-link model since the device lifetime is equal
to the shortest lifetime of all the potential breakdown cells. The
lifetime distribution of a single cell has a power-law tail, whose
exponent is 1 times smaller than that of the power-law tail of
breakdown voltage distribution. The core of the lifetime distribution
of the breakdown cell follows a Gaussian distribution transformed
by a power-law function [15].
Figure 14 shows the optimum fitting of the measured lifetime

distributions of high-k gate dielectrics by the finite weakest-link
model as well as the two-parameter Weibull model. The model
naturally predicts a strong dependence of the lifetime distribution on
the gate area. Figure 15 shows the experimentally observed effect of
gate area on the median lifetime, which compares well with the
weakest-link model (solid curve in Fig. 15). Similar to the strength
distribution of quasi-brittle structures (Fig. 5), the lifetime
distribution of gate dielectrics deviates significantly from the two-
parameter Weibull distribution. This deviation can be explained by
the fact that, for these gate dielectrics tested, there is approximately
107 number of cells (the area of each cell is around 100 nm2 and the
gate area is about 10$3 mm2). Since the power-law tail of the lifetime
distribution of each cell only extends to a probability of the order of
10$8 or smaller, the lifetime distribution of the gate dielectrics cannot
follow a Weibull distribution. As shown in Fig. 14, if one imposes a
two-parameterWeibull distribution to fit the lifetime distribution, the
design lifetime at low probabilities would be grossly underestimated.

7 Safety Factors for Reliability-Based Structural
Design

The interest in stochastic analysis of failure of engineering
structures is primarily motivated by the need for reliability-based
design. The central idea of reliability-based design is to guard the
structure against a tolerable failure probabilityPc, which is typically
on the order 10$6. The overall failure probabilityPF of the structure,
which takes into account the randomness in both applied loads and
structural resistance, can be calculated by

PF ¼
ð1

0

Pf ðwÞfLðwÞdw (34)

Fig. 13 Schematic of trapping-assisted breakdown mechanism
of high–k gate dielectrics

Fig. 14 Measured lifetimedistributionsofhigh–kgatedielectricsand theiroptimumfitsby theweakest-linkmodel
and the two-parameter Weibull model

060801-12 / Vol. 76, NOVEMBER 2024 Transactions of the ASME

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
://a

s
m

e
d
ig

ita
lc

o
lle

c
tio

n
.a

s
m

e
.o

rg
/a

p
p
lie

d
m

e
c
h
a
n
ic

s
re

v
ie

w
s
/a

rtic
le

-p
d
f/d

o
i/1

0
.1

1
1
5
/1

.4
0
6
5
6
6
8
/7

3
5
1
3
0
0
/a

m
r_

0
7
6
_
0
6
_
0
6
0
8
0
1
.p

d
f b

y
 U

n
iv

e
rs

ity
 O

f M
in

n
e
s
o

ta
 L

ib
ra

rie
s
 u

s
e
r o

n
 2

6
 J

u
n
e
 2

0
2
4



where fLðwÞ ¼ probability density function (pdf) of the applied load
expressed in the same mathematical form as the structural
resistance. As discussed in the preceding sections, for structures
exhibiting localization-induced failures, the cdf of structural
resistance Pf ðwÞ is strongly dependent on the structure size.
Consequently, for a given structure geometry and applied loading, the
overall failure probability PF would vary with the structure size [60].
In reliability-based design, the direct use of Eq. (34) is

cumbersome. One common approach is to use the safety factors,
in which the failure state of the structure for a given failure
probability Pc is described by

#wc=lL ' #f (35)

or
#wc $ kRdwc

lL þ kLdL
' f (36)

where #f, f are the central and nominal safety factors, respectively,
kL, kR ¼ constants, andlL, dL are themean and standard deviation of
the applied load, respectively. The underlying idea here is that the
safety factors set the pdfs of resistance and applied load sufficiently
apart from each other to guarantee a tolerable failure probability Pc

(Fig. 16). The concept of safety factors is attractive in engineering
practice because they only use the mean values and standard
deviations of the structural resistance and the applied load.
It is evident that the safety factors f and #f must be determined to

correspond to the target failure probability Pc. Since PF is size
dependent for localization-induced failures, it is expected that f and

#f must also vary with the structure size. However, in almost all the
existing design procedures for various engineering structures (e.g.,
reinforced concrete structures [91], nuclear claddings for light water
reactors [92]), the safety factors are deemed independent of the
structure size. This implies that, for the same geometry, structures of
different sizes are designed for different levels of failure probability.
Neglecting the size effect on safety factors can cause the structure to
have a failure probability that is orders of magnitude higher than the
targeted value [34,60].
Approximate size effect equations for the central and nominal

safety factors were recently proposed for the case where the
probability distribution of the applied load is nearly Gaussian [60].
These size effect models were derived by matching the small- and
large-size asymptotes. At the small-size limit, both the applied load
and the structural resistance follow a nearly Gaussian distribution.
The far-left power-law tail of resistance distribution contributes
minimally to the failure probability [60]. In this case, the failure
probability PF can be reasonably estimated by using the Cornell
reliability index [93,94], from which the central safety factor can be
expressed by

#f ¼ C1

1$ C2bcxR Dð Þ (37)

where C1,C2 ¼ constants, bc ¼ U$1ðPcÞ ¼ critical value of the
Cornell index for the failure probability Pc, and xR ¼ CoV of
structural resistance, which is size dependent. The expression of
xRðDÞ can directly be obtained from Eqs. (11) and (12).
At the large-size limit, the structural resistance follows the

Weibull distribution which is essentially a power-law function for
the low probability regime (Pf ðwÞ ' 10%). Since the target failure
probabilityPc is low,we can use the power-law function forPf ðwÞ in
Eq. (34), i.e.,Pc ¼

Ð1
0 fLðwÞðw=SÞmdw, fromwhichwe can solve the

Weibull scaling parameter S for a givenPc value. The key point here
is that parameter S is independent of structure size, and therefore the
corresponding mean structural resistance must also be size-
independent. What it follows is that, at the large-size limit, the
safety factors must be size-independent.
Based on the foregoing analysis of the small- and large-size

asymptotes, the size effects on the central and nominal safety factors
can be approximated by the following equations [60]:

#f ¼ C1½1þ C2cbcxRðDÞ&1=c (38)

f ¼ #f
1$ kRxR Dð Þ
1þ kLxL

" #
(39)Fig. 16 Concept of safety factors for reliability-based structural

design

Fig. 15 Effect of the gate area on the median lifetime of high–k gate dielectrics under different applied
voltages: (a) V05 2.7V and (b) V05 2.8V
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where c ¼ constant, and xL ¼ CoV of the applied load. Equations
(38) and (39) indicate that the size effect on the safety factors is
governed by the size effect on the CoV of structural resistance. For
the case where the applied load is non-Gaussian, the forms of Eqs.
(37) and (38) are still applicable except that one would need to
replace the Cornell index by the Hasofer–Lind index [94].

8 Conclusions and Outlook

The probability distribution of the resistance of engineering
structures and devices that exhibit localization-induced failures can
be mathematically treated by the finite weakest-link model in a
discrete framework and the level excursion model in a continuum
framework. These mathematical models provide analytical expres-
sions for the probability distribution of structural resistance, and
offer a quantitative description of the statistical size effect on the
structural resistance. Approximate equations have been developed
for the size effects on the mean and standard deviation of structural
resistance. Both the finite weakest-link model and the level
excursion model have successfully been applied to a variety of
engineering problems including failures of quasi-brittle structures
and MEMS devices, electrical breakdown of gate dielectrics, and
buckling of spherical shells.
The statistical scaling of structural resistance has important

consequences for the reliability-based structural design. It has been
shown that the safety factors in structural design should varywith the
structure size. The size effect on the safety factors is governed by the
size effect on the CoV of structural resistance. However, current
engineering practice does not account for this size dependence. The
consequence of using size-independent safety factors is that
structures of different sizes are actually designed against different
levels of failure probability, which can potentially exceed the
intended tolerable level.
While this paper focuses on the recent developments in

probabilistic models for localization-induced failures, there is a
considerable interest in developing a general probabilistic model of
structural resistance that can be applied to both localized and
distributed failures. A notable recent advancement along this line is
the fishnet model [95–98], in which the structural failure probability
is calculated by explicitly considering the possibility of sequential
formation ofmultiple localized failure zones. The fishnet model was
formulated in a discrete framework, which provided a way to bridge
the finite weakest-link model and the fiber-bundle model for simple
structural geometries. The continuum counterpart of the fishnet
model is a level excursion model, which considers sequential
crossings. To deal with sequential crossings, one would need to deal
with a non-Gaussian, nonstationary random field, a well-known
challenge in stochastic mechanics. Mathematical treatment of the
sequential level crossing model is a worthwhile subject to
investigate in the future, which could lead to a comprehensive
mathematical model for probabilistic structural failures.
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