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Abstract

We introduce a mathematical formulation of feature-informed data assimilation (FIDA). In FIDA, the

information about feature events, such as shock waves, level curves, wavefronts and peak value, in dy-

namical systems are used for the estimation of state variables and unknown parameters. The observation

operator in FIDA is a set-valued functional that involves a search process over a function of state variables,

which is fundamentally different from the observation operators in conventional data assimilation. We

present three numerical experiments, in which shocks and expanding waves are observed features. These

examples serve to demonstrate FIDA’s ability to estimate model parameters from such noisy observations.
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1. Introduction

Data assimilation (DA) is routinely used in many fields of science and engineering to combine a

mathematical model of the system of interest with observations. Its goal is to obtain an “optimal”

estimator/predictor of the system’s behavior by using observational data to improve the knowledge of the

model’s structure and/or parameters. The probabilistic framework provides a natural means to quantify5

uncertainty in model predictions and experimental errors, both of which are ubiquitous. It describes

the system parameters and model predictions in terms of their respective probability density functions

(PDFs), which are informed by the model and data via the Bayes rule (see representative surveys [1, 2, 3, 4]

for an overview of the field). Alternative approaches to Bayesian DA include particle filters [5, 6], various

versions of (e.g., ensemble) Kalman filter [7, 8], four-dimensional variational DA [9, 10], and variational10

DA on statistical manifolds [11, 12].

The relative performance of these and other DA strategies depends on the model’s degree of non-

linearity and the type of observational data. The model’s nonlinearity might cause its output, e.g., the

state variables, to become discontinuous and/or highly non-Gaussian (possibly multi-modal), degrading
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the performance of such computationally efficient DA techniques as Kalman filters. That is one reason15

why successful applications of DA to problems with discontinuous solutions and shocks are relatively

scarce [13, 14].

The data type enters the DA formulation through an observation operator, which accounts for noise

in the data and ensures that observations can be quantitatively compared with the model’s predictions.

Standard DA algorithms are designed to handle observations whose operator is a function of the state20

variable at a given space-time location. However, some data are equipped with a functional or a nonlocal

operator that depends on the environment in a region in space. That is typical of satellite observations,

whose assimilation has remained a challenge for several decades [15] because the observation operator is

difficult to model or the operator’s dimension is too high for DA algorithms.

We focus on problems in which observational data are associated with a discontinuity or an extreme25

value of state variables, e.g., shock waves, level curves, wavefronts and peak value. A representative

example of such problems is detonation phenomena; they exhibit shock waves whose locations are ob-

served from images [16], without collecting any measurements of the state variables (e.g., pressure or

temperature). Other applications of this kind are a combustion wavefront [17] and a peak-to-peak plot

of chemical reactors [18, 19]. Typical data of this kind capture key features of the phenomena (e.g., a30

shock location, a spatial sub-domain in which the state variable exceeds a certain threshold) and might

possess a non-differentiable observation operator that involves a search process over a function of the state

variables. The need in a variety of disciplines and applications to assimilate feature based information

motivates us to introduce a general mathematical formulation of feature-informed DA (FIDA) and to

explore essential mathematical concepts as well as effective computational tools for FIDA.35

In Section 2, a conventional formulation of DA is briefly introduced as background, followed by the

formulation of FIDA problem in which the observation operator is a set-valued functional in an infinitely

dimensional space. In Section 3, we report results of our numerical experiments, which suggest that the

information content of feature data might be sufficient to estimate states or parameters that are not

measured directly. Main conclusions drawn from this study are summarized in Section 4.40

2. Problem Formulation

The formulation of a DA problem consists of a forward model, e.g., deterministic partial-differential

equations or PDEs; a probabilistic representation of the model error; an observation operator that relates

the observables to the model predictions; and a probabilistic model of the observation noise. The goal

of DA is to combine the observations (e.g., sensor data or images) and the forward model’s predictions45

to obtain an optimal estimator of the state of the system as it evolves in time. It can also be applied to

identify unknown parameters in the forward model.
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2.1. Conventional DA

Consider a dynamical system described, at any space-time point (x, t) ∈ RNx × R, by Nv state

variables u(x, t) = {u1(x, t), . . . , uNv
(x, t)}. The spatiotemporal evolution of u(x, t) is governed by

PDEs, which contain NP uncertain parameters (random variables) P ∈ RNP . To make the dependence

of the state variables u on a realization p of random parameters P explicit, we write u(x, t; p). A

suitable discretization method transforms these PDEs into ordinary differential equations (ODEs). As

an illustrative example, let {x1,x2, · · · ,xM} be a set of M grid points in space. Let

U(t; p) =


u(x1, t; p)

u(x2, t; p)

. . .

u(xM , t; p)

 ∈ RN , N = Nv ·M (2.1)

be a discretized trajectory at the grid points. Then, the governing PDEs are approximated with coupled

ODEs

dU

dt
=M(t,U,p) + w(t), (2.2)

where M : RN → RN is the discretized forward model, and w(t) ∈ RN is a random model error. The

solution U(t,p) represents the state of the system (e.g., temperature, pressure, and flow speed) at t at50

the grid points.

Let y ∈ RNy represent a collection of Ny observations at time t,

y(t) = H(U(t; p)) + ν(t), (2.3)

where the function H : RN → RNy is the observation operator, and the random process ν(t) ∈ RNy

represents sensor noise. The observation operator H(·) encapsulates the relationship between the obser-

vation y and the system state U. For example, if a sensor capable of recording all Nv state variables

were placed at the grid point x1, then H is a linear function

H(U) =
[

I 0 · · · 0
]

U, (2.4)

where I is the identity matrix and 0 is square matrix of zeros, both of dimension Nv × Nv. The mea-

surement can take place at multiple points in space and a measurement location may not be at the grid

points. In any case, H is a function defined on RN .

The goal of DA problem (2.2) is to numerically estimate the values of U(t; p) and p by combining55

the observations y with the ODE model for U(t; p).
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2.2. Feature-informed DA

For systems operating in harsh environments, such as inside a rotating detonation engine, collecting

data on the system state is challenging, if not impossible. On the other hand, the location and propagation

of some “eye catching” characteristics, or feature events, such as shock waves, wavefronts and peaking,

can be observed. FIDA problem replaces the observation operator H in (2.3) with

H : u(·, t; p)→ {x∗ : “feature event takes place at (x∗, t)”} (2.5)

and observations y(t) with Y(t)

Y(t) = {x∗ + v(t) : “feature event takes place at (x∗, t)”}. (2.6a)

Here, v(t) ∈ RNx is the random error associated with the identification of the feature locations, whose

values differ for different x∗ at the same t. One of the goals of this study is to demonstrate that the

observations Y(t) may contain sufficient information to estimate the system’s state and parameters. If a

feature event represents a shock or discontinuity taking place at (x∗, t), then the data are

Y(t) = {x∗ + v(t) : ‖∇u(x∗, t; p)‖ > V } , (2.6b)

where V > 0 is a large number. The observation operator H in (2.6b) is described by the norm of the

gradient. Such data can also represent a wavefront where a state variable changes significantly in space,

e.g., a combustion wavefront. Another example is data in the form of images, from which one captures

the location of maximum points. In this case,

Y(t) = {x∗ + v(t) : u(x, t; p) ≤ u(x∗, t; p) for all x} . (2.6c)

In yet another example, one might supplement the data in (2.6a) with additional information, e.g., the

maximum value of the state variables, u∗ = maxx u(x, t; p),

Y(t) = {(x∗ + v1(t),u∗ + v2(t)) : u(x, t; p) ≤ u(x∗, t; p) for all x} , (2.6d)

where v1(t) ∈ RNx and v2(t) ∈ RNv represent sensor noise associated with the observation of x∗ and u∗,

respectively. A final example is the data in the form of a level surface, the set of points in space in which

the value of the state variable u equals a constant C ∈ RNv ,

Y(t) = {x∗ + v(t) : u(x∗, t; p) = C} . (2.6e)

Level surfaces are often used to identify boundaries such as the invariant sets of dynamical trajectories

or boundary layers in fluid mechanics. In general, wavefronts, maximum value and level surfaces may

be characterized by functions other than u(x, t; p). The formula defining an observation operator should60
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be customized for each application to follow the physics and mathematical rules. Several examples of

feature informed observations in engineering systems can be found in [20].

While the observation operator H in the standard DA, e.g., in (2.3), is a vector-valued function from

RN to RNy , the FIDA observation operator H in (2.5) is not a function defined on a finite-dimensional

space. Instead, it is a functional defined on the space of integrable functions that contains weak PDE65

solutions, u(x, t; p). The functional formulation admits a variety of features including shocks and dis-

continuities. In other words, H involves a search process over a function of the state variables, whereas

H is a function of the state variables. These search processes are difficult to linearize and, hence, pose

challenges for the DA techniques, such as extended Kalman Filter (EKF) [7], 3DVAR and 4DVAR [9],

that require access to the derivatives of the observation operator. Moreover, rather than being a vector70

of a fixed dimension, H is a set consisting of all points at which a feature event takes place, i.e., H is a

set-valued functional. the number of points in Y(t) can be finite and change with time t, as in (2.6c), or it

can be infinite, as in (2.6e). The unordered observation data in the set Y(t), accompanied by its variable

cardinality, restrict the ensemble-based estimation of covariance matrices essential to DA methods like

ensemble Kalman filter (EnKF) [1] and unscented Kalman filter (UKF) [21]. A notable exception are75

cases in which the observations Y are known to be singleton sets and, hence, can be treated as a scalar

observation under the UKF framework, which allows for DA in black-box settings.

This complexity of the observation operator H brings both opportunities and challenges to research.

The data expressed in terms of differential inequalities, as Y in (2.6b)–(2.6d), should be expected to

have lower information content than the equality-based data y in (2.2). This poses the question of ob-80

servability/identifiability of the system from Y. An effective FIDA can provide estimation for systems

in harsh environments where the only data available are observations of features such as shock waves.

The infinite-dimensional nature of the space of measurable functions makes it imperative to ensure com-

putational efficiency and algorithmic scalability. Learning-based approaches have emerged as promising

methodologies to address the curse of dimensionality in the context of solving high-dimensional differ-85

ential equations [22, 23]. For DA, a neural network surrogate for systems with continuous solutions is

introduced in [24]. The use of machine learning techniques for tackling high-dimensional FIDA problems

provides a compelling avenue for future research. Since a shock wave occurs in nonlinear systems only,

the performance of the Kalman filter, which is proved to be optimal for linear dynamical systems, is

not guaranteed and the optimality of estimation is difficult to achieve. FIDA calls for introduction of90

additional mathematical tools, such as set-valued analysis. Overcoming the challenges and developing

FIDA algorithms are topics for long-term research that cannot be fully covered in one article. The goal

of this paper is to introduce the mathematical problem formulation and to demonstrate by examples that

feature-informed observations do provide valuable information for the purpose of estimating unknown

state variables and parameters.95
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3. Numerical Experiments

We present one- and two-dimensional examples of FIDA, in which noisy observations of the shock

dynamics, Y(t), are assimilated to reduce uncertainty in the model and initial condition parameters. The

first example is the inviscid Burgers equation with a single shock; this problem admits an analytical

solution. The second example deals with an initial condition for which the inviscid Burgers equation100

develops multiple shocks; no analytical solution is available for this case. The third example is the two-

dimensional shallow-water equation, which is subject to an initial condition that results in a discontinuous

solution.

In each example, the ground truth is the solution of the corresponding equations with the given

parameter values, ptrue, from which relevant features are extracted. Observations Y are then generated105

by corrupting their ground-truth counterparts with random noise.

To simplify the presentation, the governing PDEs are solved numerically with a constant time step size

∆t, and feature information is assimilated after every time step tk = k∆t (k = 1, 2 . . . ). Let Yk denote

the feature observations at the kth time step and Y0:k = {Yi : i = 0, ..., k} denote the corresponding

sequences up to time tk.110

We use the Bayesian framework to sequentially assimilate observations. At the kth step, given poste-

rior PDF fPk−1|Y0:k−1
at (k− 1)th step and model dynamics, the prior beliefs fPk|Y0:k−1

on the uncertain

parameters are updated in light of the current observation Yk. The posterior PDF fPk|Y0:k
(p) at the kth

assimilation step is linked to the prior PDF fPk|Y0:k−1
and, thus, to its counterpart at the previous step,

fPk−1|Y0:k−1
(p), via the Bayesian update,

fPk|Y0:k
=
fYk|Pk,Y0:k−1

fPk|Y0:k−1

fYk|Y0:k−1

=
fYk|Pk

fPk|Pk−1
fPk−1|Y0:k−1

fYk|Y0:k−1

,

where fPk|Y0:k
, fYk|Pk

, and fPk|Pk−1
are referred to as filter density, likelihood function, and transitional

PDF, respectively. This gives

fPk|Y0:k
∝ fYk|Pk

fPk|Pk−1
fPk−1|Y0:k−1

. (3.1)

Various DA techniques estimate the posterior PDF fPk|Y0:k
using (3.1) under different assumptions.

For example, the Kalman filter [8] assumes linear dynamics and Gaussian distribution for all PDFs

involved. The resulting posterior PDF is also Gaussian and characterized by the updated mean and

covariance obtained from the Kalman filter. EKF [7] and UKF [25, 26] integrate the Kalman filter with

nonlinear models using a first- and second-order approximation, respectively, of the nonlinear dynamics,115

while maintaining the assumption that all PDFs involved are Gaussian. In comparison, a particle filter
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(PF) [27] is based on a discrete approximation of the PDFs, but makes no assumption about the model

dynamics or PDFs involved.

As discussed in section 2.2, observation operators characterized by a search process and set-valued

observations inhibit the direct application of most of the established DA methods. An exception, systems120

with a singleton set as feature observation, allows the use of UKF, as we do in the first example. The

latter deals with the inviscid Burgers equation subject to an initial condition that gives rise to a single

shock, whose position is used as the observation. The observation operators in the second and third

examples result in non-singleton sets with varying cardinality and, hence, cannot be treated with UKF.

We use a PF, with a likelihood function customized to account for set-valued observations, to assimilate125

the feature data in these examples. Our PF implementation follows [28, 27] and is described below for

completeness.

3.1. Particle Filter

The PF relies on a weighted discrete approximation of the PDF. At the kth time step, the joint PDF

fPk
(p) of the uncertain (random) parameters Pk ∈ RNP is approximated by

fPk
(p) ≈

Npar∑
j=1

wjδ(p− pjk), (3.2)

where {p1
k, . . . ,p

Npar} is a set of Npar points (aka “particles”) in the sample space of Pk, δ(·) is the

NP-dimensional Dirac delta function, and the weights {w1
k, . . . , w

Npar

k } satisfy
∑Npar

j=1 wjk = 1. PFs use

importance sampling to determine {pjk, w
j
k}
Npar

j=1 . Specifically, the particles pjk are drawn from a so-called

importance density qPk
(p) that has the same support as fPk

(p), and the weights wjk are computed as

wjk =
fPk

(pjk)

qPk
(pjk)

, j = 1, . . . , Npar. (3.3)

Assimilation of feature data Y0:k to improve the knowledge of the parameters Pk is tantamount to

replacing the PDF fPk
(p) with the conditional PDF fPk|Y0:k

(p), which are obtained using (3.1).130

In analogy to (3.2) and (3.3), the conditional PDF fPk−1|Y0:k−1
is approximated as

fPk−1|Y0:k−1
(p) ≈

Npar∑
j=1

wjk−1δ(p− pjk−1), wjk−1 =
fPk−1|Y0:k−1

(pjk−1)

qPk−1|Y0:k−1
(pjk−1)

, (3.4)

with importance density qPk−1|Y0:k−1
(p). At kth step, (3.4) is used to decompose qPk|Y0:k

(p) as qPk|Y0:k
=

qPk|Pk−1,Y0:k
qPk−1|Y0:k−1

, which gives a recursive relation for the weights using (3.1),

wjk =
fPk|Y0:k

(pjk)

qPk|Y0:k
(pjk)

∝
fYk|Pk

(pjk)fPk|Pk−1
(pjk)

qPk|Pk−1,Y0:k
(pjk)

fPk−1|Y0:k−1
(pjk−1)

qPk−1|Y0:k−1
(pjk−1)

∝
fYk|Pk

(pjk)fPk|Pk−1
(pjk)

qPk|Pk−1,Y0:k
(pjk)

wjk−1.

(3.5)
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It is common, e.g., [27], to deploy the transitional density fPk|Pk−1
as the importance density factor,

qPk|Pk−1,Y0:k
, such that qPk|Pk−1,Y0:k

= fPk|Pk−1
. This yields the weight-update rule,

wjk ∝ fYk|Pk
(pjk)wjk−1, (3.6)

which we use in the ensuing examples. The likelihood density, fYk|Pk
, is central to the design of PFs and

is tailored to the problem under consideration.

Algorithm 1: Particle filter implementation of recursive parameter estimation

Data: Npar,Ω, Nsteps

Result: {pj∗
k=Nsteps

, wj∗
k=Nsteps

}Npar

j=1

/* generating particles and weights {pj∗
0 , w

j∗
0 }

Npar

j=1 to approximate fP0|Y0 */

for j = 1 to Npar do

pj∗
0 ∼ UNP(Ω);

wj∗
0 = 1/Npar;

end

/* recursive parameter estimation with PF */

for k = 1 to Nsteps do

{pj∗
k , w

j∗
k }

Npar

j=1 = PF({pj∗
k−1, w

j∗
k−1}

Npar

j=1 ,Yk)

end

At initiation of the recursive filtering for parameter estimation, i.e., at step k = 0, the (empty) set

Y0 contains no measurements and the filter density fP0|Y0
is assumed to be multivariate uniform over a135

hyper-rectangle Ω ⊂ RNP . Since Npar particles pj∗0 (j = 1, . . . , Npar) drawn from this PDF are i.i.d, each

particle is assigned a uniform weight wj0 = 1/Npar (j = 1, . . . , Npar). The PDF fP0|Y0
, approximated

via (3.2) with {pj∗0 , 1/Npar}
Npar

j=1 , serves as the starting filter density for PFs.
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Algorithm 2: FIDA via a particle filter with resampling

Data: {pj∗
k−1, w

j∗
k−1}

Npar

j=1 , Yk

Result: {pj∗
k , w

j∗
k }

Npar

j=1

/* PF: propagation and weight update */

for j = 1 to Npar do

pj
k = pj∗

k−1 + δpk;

wj
k = fYk|Pk

(pj
k)w

j∗
k−1;

end

/* Normalizing the weights */

t =
∑Npar

j=1 wj
k;

for j = 1 to Npar do

wj
k = wj

k/t

end

/* Resampling */

/* Initialize cumulative weight sum: cj , j = 1, ..., Npar */

c1 = w1
k;

for j = 2 to Npar do

cj = cj−1 + wj
k;

end

i = 1;

y1 ∼ U [0, 1/Npar];

for j = 1 to Npar do

yj = y1 + (j − 1)/Npar;

while yj > ci do

i = i+ 1;

end

pj∗
k = pi

k;

wj∗
k = 1/Npar;

end

To avoid the degeneracy phenomenon, wherein most of the particles are assigned a negligible weight140

after a few steps, the particles are resampled after each assimilation step: the particles with lower

weights are eliminated with high probability, and those with higher weights are duplicated. Resampled

particles are identified by the superscript ∗. At kth step, the process involves drawing Npar samples

pj
∗

k (j = 1, . . . , Npar) from the filter density fPk|Y0:k
, approximated via (3.2) with propagated particles

and their associated weights {pjk, w
j
k}
Npar

j=1 at first. However, since the particles pj∗k are i.i.d. samples145

from this PDF, they have equal weights wj∗k = 1/Npar and, hence, fPk|Y0:k
is approximated by (3.2)

with {pj∗k , 1/Npar}
Npar

j=1 , such that fPk|Y0:k
(pj∗k = plk) ≈ wlk (l = 1, . . . , Npar). The later approximation of
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fPk|Y0:k
is used to propagate the particles forward.

For a deterministic model, e.g., for (2.2) without noise (w ≡ 0), the state vector u(t) at any time

t is completely determined once values of the parameter vector p are specified. While these uncertain

parameters do not change with time, the PF introduces artificial dynamics to avoid the loss of diversity

among the particles [28]. At kth step, evolution of the parameter vector pk is described by

pk = pk−1 + δpk, (3.7)

where δpk ∈ RNP is zero-mean Gaussian white noise with covariance matrix Σk. Consequently, the

transitional PDF fPk|Pk−1
is NP-dimensional Gaussian. Since elements of the parameter vector p are150

independent, the covariance matrix Σk is diagonal. The entries on the diagonal of Σk decay with k to

aid the convergence.

Algorithm 1 describes the overall FIDA setup, including the spawning of initial particles at k = 0 and

recursive parameter estimation at k = Nsteps. Output {pj∗Nsteps
, wj∗Nsteps

}Npar

j=1 approximates the posterior

density fPk|Y0:Nsteps
after all the observations, Y0:Nsteps , are assimilated. Assuming the parameters are155

identifiable from feature data, the posterior PDF fPk|Y0:Nsteps
should center around the true parameter

ptrue. We use the mean and the 5th and 95th percentile region around the mean to judge the accuracy

and spread, respectively, of the PDF fPk|Y0:Nsteps
. Algorithm 2 details the implementation of PF along

with the resampling procedure.

3.2. Example 1: Inviscid Burgers equation with a single shock160

Consider a scalar state variable u(x, t) whose dynamics is governed by the hyperbolic conservation

law

∂u

∂t
+
∂f(u)

∂x
= 0, f(u) =

u2

λ
. (3.8)

The value of the parameter λ in the flux function f(u) is uncertain; the true state is defined by λ = 2,

i.e., by the inviscid Burgers equation. Equation (3.8) is defined on the infinite domain, |x| < ∞, and is

subject to the initial condition u(x, 0) = uin(x). The initial state uin(x) is an inverted ramp function

uin(x) =


ul x ≤ 0

ul − αx 0 < x ≤ xr

ur x > xr,

(3.9)

with the upper and lower limits ul = 2 and ur = 1, and with α = (ul−ur)/xr; the value of the parameter

xr is uncertain, the true value is xr = 1 (Figure 1). The two uncertain parameters are concatenated into

the parameter vector P = [λ, xr]
>, and for any parameter realization p the solution’s dependence on

parameters is emphasized by using the notation u(x, t; p).
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This forward model admits an analytical solution (see Appendix A for details). It is divided into two

parts, before and after the breaking time t∗ = λ/(2α), which is defined as the time when the characteristics

first intersect and the shock develops. The solution before the break time, t < t∗, is given by

u(x, t; p) =


ul x ≤ 2ult/λ

ul − αx
1− 2αt/λ

2ult/λ ≤ x ≤ xr + 2urt/λ,

ur xr + 2urt/λ ≤ x

t ≤ t∗. (3.10a)

For t ≥ t∗, it is given by

u(x, t; p) =


ul x < xsh

(ul + ur)/2 x = xsh,

ur x > xsh

t > t∗, (3.10b)

with

xsh(t) =
ul + ur
λ

t+
xr
2
, t ≥ t∗. (3.10c)

This solution is observed over domain x ∈ [−1, 9], which is discretized with ∆x = 0.01 into N = 1000165

nodes xm = −1 + m∆x (m = 1, . . . , N), resulting in the solution vector U(t; p) = [u(x1, t; p), . . . ,

u(xN , t; p)]> of dimension N . The system is advanced in time with time step ∆t = 0.05, i.e., U(t; p) is

evaluated at times tk = k∆t. The base-state solution, U(t; ptrue), is shown in Figure 1.

A feature in this example is the shock position, xsh(t), characterized by the observation operator

H : U(t; p)→
{
x∗ : x∗ =

ul + ur
λ

t+
xr
2

}
. (3.11)

Noisy feature observations,

Yk =

{
Yk ≡ x∗k + v(tk) : x∗k =

ul + ur
λtrue

tk +
xtrue
r

2
, tk = k∆t

}
, (3.12)

are generated by corrupting the ground-truth prediction of xsh(tk) in (3.10c) (the solution corresponding

to the parameter values ptrue = [λtrue = 2, xtrue
r = 1]>), with Gaussian zero-mean white noise v(t) whose170

standard deviation is σobs = 0.1. Note that x∗ represents the shock location, xsh, only after the shock

initiation, tk ≥ t∗; at earlier times (tk < t∗), it represents the center of the transition zone between ul

and ur.

We use Algorithms 1 and 2 to estimate the parameter values ptrue from the set of noisy observations

of the shock position, Yk. The PDF of the initial parameter distribution, fP0
, is approximated via (3.2)175

with Npar particles pj0 = [λj0, x
j
r0]> (j = 1, . . . , Npar). These are generated by independently drawing

Npar samples, λj and xjr for j = 1, . . . , Npar, from uniform PDFs, λj ∼ U [1.9, 2.4] and xjr ∼ U [0.6, 1.1].
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Figure 1: Initial condition u(x, 0) = uin (Left) and the corresponding solution u(x, t) (Right) for the true state (λ = 2 and

xr = 1) in Example 1. Noisy observations of the shock location, xsh(tk), at discrete times tk are shown by the red dots in

the right image.

The choice of a uniform importance density qP0
assigns equal weights wj0 = 1/Npar to each particle pj0.

Since Y0 = ∅ (no observations), fP0|Y0
= fP0 .

For the subsequent DA steps (k ≥ 1), we choose the Gaussian likelihood function,

fYk|Pk
=

1√
2π σobs

exp

[
− (yk − µk)2

2σ2
obs

]
, (3.13)

with the mean µk that coincides with the observed position of the shock, µk = Yk, and yk denotes the

shock position at time tk evaluated using (3.11) with parameters Pk. For the jth particle, the model (3.10)

yields predictions of the system state, U(tk; pjk), and the shock location, xsh(tk; pjk). Hence,

fYk|Pk=pj
k

=
1√

2π σobs

exp

[
−

(xsh(tk; pjk)− Yk)2

2σ2
obs

]
, j = 1, . . . , Npar. (3.14)

The 2× 2 diagonal covariance matrix Σk, used for advancing parameters forward via (3.7), is defined by180

Σk(1, 1) = Σk(2, 2) = (2.5× 10−3)/k, and Σk(1, 2) = Σk(2, 1) = 0.

FIDA is performed using PFs with Npar = 200, 500, and 1000 particles. (The PFs with larger Npar

reuse the particles from the PFs with lower Npar to facilitate the convergence study.) The PF with

Npar = 200 particles is terminated when the sum of the standard deviations of the parameter estimators,

σλ + σxr , falls below the prescribed tolerance, εoff = 0.1. Figure 2 demonstrates that this occurs at time185

toff = 4.75, which is used as the final time for the PFs with Npar = 500 and 1000 particles.
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Figure 2: Cut-off time for Example 1.

Since the observation operator H in (3.11) results in a singleton set at any given time, it is treatable

with UKF [26, 21]. For comparison with the PF estimators, the UKF-based parameter estimation is

curtailed at toff = 4.75. Figure 3 shows the convergence of the PF and UKF estimators of λ and xr

(decay of the σλ and σxr estimates) with the amount of assimilated data, i.e., with the number of the190

DA time steps. The estimates of λ and xr converge to their true value, λtrue = 2 and xr = 1. However,

the convergence rates for the λ and xr are different: while the spread in the estimates of λ drops steadily

as more data are assimilated, the estimates of xr improve only in the first few DA steps and show no

improvement in the subsequent steps. The analytical expression for the feature observations, Eq. (3.12),

reveals that the feature varies linearly with xr and is inversely proportional to λ. As a result, they are195

more sensitive to the value λ than to that of xr. Moreover, the effect of deteriorating observation quality

is reflected in the volatile estimators with large variance (enhanced noise levels). Conversely, lower noise

levels result in correct and stable estimators.

Overall, these figures demonstrate that the estimates of λ and xr converge to their true values, λ = 2

and xr = 1 for sufficiently large value of Npar. Hence, the information content of the feature (shock200

location) is sufficient to identify the unknown model parameters.
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PF(Npar = 500)

<latexit sha1_base64="3TzjoM1orUcVJHvOIqYFDJOTwLg=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJWHUjFAVxJRXsBdoQJtNJO3RyYeZELCErN76KGxeKuPUZ3Pk2Ti8Lbf1h4OM/53Dm/F4suALL+jbm5hcWl5ZzK/nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178c1hv3TCoehXcwiJkTkG7IfU4JaMs199rAHiCtXmXFG3fMMZEZPsdlyzp0zYJVskbCs2BPoIAmqrrmV7sT0SRgIVBBlGrZVgxOSiRwKliWbyeKxYT2SZe1NIYkYMpJR2dk+EA7HexHUr8Q8Mj9PZGSQKlB4OnOgEBPTdeG5n+1VgL+mZPyME6AhXS8yE8EhggPM8EdLhkFMdBAqOT6r5j2iCQUdHJ5HYI9ffIs1I9K9kmpfHtcqFxM4sihXbSPishGp6iCrlEV1RBFj+gZvaI348l4Md6Nj3HrnDGZ2UF/ZHz+AKebl/I=</latexit>

PF(Npar = 500)

<latexit sha1_base64="8w+IwScl5mGHUSKx5m4bq5+0G8M=">AAACB3icbZDJSgNBEIZ74hbjNupRkMYgxEuYEbeLEBTEk0QwCyTD0NPpSZr0LHTXiGGYmxdfxYsHRbz6Ct58GzvLQRN/aPj4q4rq+r1YcAWW9W3k5uYXFpfyy4WV1bX1DXNzq66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178c1hv3TCoehXcwiJkTkG7IfU4JaMs1d9vAHiCtXmWlG3fMMZEZPse2ZVkHrlm0ytZIeBbsCRTRRFXX/Gp3IpoELAQqiFIt24rBSYkETgXLCu1EsZjQPumylsaQBEw56eiODO9rp4P9SOoXAh65vydSEig1CDzdGRDoqena0Pyv1krAP3NSHsYJsJCOF/mJwBDhYSi4wyWjIAYaCJVc/xXTHpGEgo6uoEOwp0+ehfph2T4pH98eFSsXkzjyaAftoRKy0SmqoGtURTVE0SN6Rq/ozXgyXox342PcmjMmM9voj4zPHxmnmCg=</latexit>

PF(Npar = 1000)

<latexit sha1_base64="8w+IwScl5mGHUSKx5m4bq5+0G8M=">AAACB3icbZDJSgNBEIZ74hbjNupRkMYgxEuYEbeLEBTEk0QwCyTD0NPpSZr0LHTXiGGYmxdfxYsHRbz6Ct58GzvLQRN/aPj4q4rq+r1YcAWW9W3k5uYXFpfyy4WV1bX1DXNzq66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178c1hv3TCoehXcwiJkTkG7IfU4JaMs1d9vAHiCtXmWlG3fMMZEZPse2ZVkHrlm0ytZIeBbsCRTRRFXX/Gp3IpoELAQqiFIt24rBSYkETgXLCu1EsZjQPumylsaQBEw56eiODO9rp4P9SOoXAh65vydSEig1CDzdGRDoqena0Pyv1krAP3NSHsYJsJCOF/mJwBDhYSi4wyWjIAYaCJVc/xXTHpGEgo6uoEOwp0+ehfph2T4pH98eFSsXkzjyaAftoRKy0SmqoGtURTVE0SN6Rq/ozXgyXox342PcmjMmM9voj4zPHxmnmCg=</latexit>

PF(Npar = 1000)

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit> �

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit> �

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit> �

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit> �

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="U/T00+jyMZ9Kl0Rl7hLjpCzDTp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfZUr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtxdI3r</latexit> x
r

<latexit sha1_base64="U/T00+jyMZ9Kl0Rl7hLjpCzDTp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfZUr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtxdI3r</latexit> x
r

<latexit sha1_base64="U/T00+jyMZ9Kl0Rl7hLjpCzDTp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfZUr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtxdI3r</latexit> x
r

<latexit sha1_base64="U/T00+jyMZ9Kl0Rl7hLjpCzDTp8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfZUr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtxdI3r</latexit> x
r

Figure 3: Convergence of the PF estimators of the uncertain parameters λ (top row) and xr (bottom row) with the amount

of assimilated data or the number of DA time steps in Example 1. The results are shown for PFs with Npar = 500 (first

column), 1000 (second column), 2000 (third column) particles, and with UKF (fourth column).

3.3. Example 2: Inviscid Burgers equation with multiple shocks

To investigate FIDA’s ability to handle multiple shocks, we consider the Burgers equation (3.8) subject

to the initial condition

u(x, 0) =



sin(αx), −4 ≤ x ≤ −1

β −1 < x < 1

sin(γx), 1 ≤ x ≤ 4

0, |x| > 4.

(3.15)

In addition to the uncertain model parameter λ (3.8), the parameters α, β and γ are uncertain as well;

they are arranged in the parameter vector P = [λ, α, β, γ]>. The true parameter values used in data

generation are ptrue = [2, π, 2, π]>. An analytical solution for this initial-value problem is not available;205

instead, we solve it numerically using the causality-free algorithm [29] with the help of the chebfun

library [30] in MATLAB.

The space is discretized with ∆x = 0.01 and the state variable u(x, t; p), where p is a realization of

the random variable P, is monitored over the domain x ∈ [−4, 4] at N = 800 nodes xm = −4 + m∆x
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(m = 1, . . . , N), yielding the state vector U(t; p) = [u(x1, t; p), . . . , u(xN , t; p)]>. The system is advanced210

with time step ∆t = 0.1, yielding the solution at at times tk = k∆t (k ≥ 0). Figure 4 exhibits the initial

condition under true parameters ptrue and the corresponding solution U(t; ptrue).
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Figure 4: Initial condition u(x, 0) = uin (Left) and the corresponding solution u(x, t) (Right) for the true state (λ = 2,

α = γ = π, and β = 2) in Example 2. The red dots in the right image show noisy observations of the shock location, xsh(t),

at discrete times t.

Also shown in Figure 4 are noisy feature observations, i.e., “observed” shock positions. In lieu of

an analytical expression for the shock locations, we compute them by evaluating the first and second

derivative of the numerical solution u(x, t; p) using chebfun [30]. The latter records all the points in the

computational domain at which the first and/or second derivatives blow up (exceed some arbitrarily large

number M); these points form the exact set of shock positions described by the observation operator

H : U(t; p)→
{
x∗ :

∂u

∂x
(x∗, t; p) ≥M or

∂2u

∂x2
(x∗, t; p) ≥M

}
. (3.16)

The observation set,

Yk =

{
x∗ + v(tk) :

∂u

∂x
(x∗, tk; ptrue) ≥M or

∂2u

∂x2
(x∗, tk; ptrue) ≥M

}
, (3.17)

is obtained by corrupting the elements of the feature set corresponding to the true parameters ptrue with

zero-mean Gaussian white noise v(t) with standard deviation σobs = 0.1. An arbitrary large number M

in (3.16) is a parameter for the observation model. The chebfun library, used in this example, approx-215

imates one-dimensional functions to machine precision, and the built-in function for exact calculation
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of derivatives identifies the points of discontinuities; hence, an explicit value of the threshold M is not

needed. The resulting set of feature points is a finite non-singleton set, and the number of elements in

the set varies with time as new shocks develop and old ones coalesce. For example, Figure 4 shows that

the number of observed shocks at time tk, N sh
k , grows from N sh

1 = 3 (at t = 0.1) to N sh
3 = 7 (at t = 0.3)220

and then falls to N sh
10 = 5 (at t = 1). The cardinality of the observation set also varies with the uncertain

parameters at any given time. This prohibits ensemble-based estimation of covariance matrices, and UKF

cannot be used.

Feature observations in the set Yk are assimilated using Algorithms 1 and 2 to improve the estimate of

uncertain parameters p. The PDF of uncertain parameters at t = 0, conditioned on Y0 = ∅, fP0|Y0
= fP0

,

is approximated using (3.2) with {pj∗0 , w
j∗
0 }

Npar

j=1 . The particles pj∗0 (j = 1, . . . , Npar) are drawn from

multivariate uniform distribution UNP (Ω) with NP = 4 and Ω = [1.6, 2.1]× [3, 3.5]× [1.9, 2.4]× [3, 3.5];

these samples are assigned equal weights, wj∗0 = 1/Npar (j = 1, . . . , Npar), in accordance with Algorithm 1.

These particles are advanced in time (k ≥ 1) using (3.7) with δpk, whose diagonal covariance matrix Σk

has entries Σk(i, i) = (2.5 · 10−3)/k (i = 1, . . . , 4). The likelihood function fYk|Pk=pj
k

is defined as the

product

fYk|Pk=pj
k

=

n(Lj
k)∏

l=1

[
max
x∗∈Yk

1√
2π σobs

exp

(
−

(Ljk(l)− x∗)2

2σ2
obs

)]
, (3.18)

where n(Ljk) and Ljk(l) denote, respectively, the cardinality and lth element (in any fixed order) of the

set Ljk = H : U(tk; pjk).225

PFs with Npar = 200, 500, and 1000 particles are employed to carry out FIDA; the particles approx-

imating fp0|Y0
for PFs with smaller Npar are recycled in PFs with larger Npar to enable convergence

study. The PF with the smallest number of particles, Npar = 200, assimilates feature observation until

the sum of the standard deviations of the estimators falls below the stipulated cutoff, εoff = 0.2, as shown

in Figure 5; the corresponding time toff = 1.4 is used as the stopping time for the PFs with Npar = 500230

and 1000. The standard deviations of the estimators based on the PF with Npar = 200 decay initially

and then plateau around time t = toff (Figure 5).

Figure 6 demonstrates the performance of FIDA-based estimators of the uncertain parameters p as

more feature observations are assimilated via PFs with different numbers of particles. The parameter

estimators initially move towards the corresponding true values and variance decays as the observations235

are assimilated. However, after a few steps (generally around k = 5), there are only marginal variations

in the estimated value and its variance, and sometimes estimators even deviate from the true value (e.g.,

λ for the PFs with Npar = 200, 1000). This suggests that after a few assimilation steps, additional

observations neither refine the parameter estimates nor result in variance decay.

Improvement in the PF’s estimator accuracy with Npar is negligible and signifies that the number of240
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Figure 5: Cut-off time for Example 2.

particles is not a bottleneck for the current example. Different decay rates of parameters along with their

converged standard deviation values, also evident from Figure 5, indicate the differences in the degree of

observability of those parameters.

As in the previous example, feature observations provide useful information that improves the estimate

of uncertain parameters in the model. Not all parameters benefit equally from those observations and,245

after a few assimilation steps, additional observations only marginally improve the estimators.

3.4. Example 3: Shallow-water equations with discontinuous initial condition

Two-dimensional shallow-water equations,

∂h

∂t
+
∂hu

∂x
+
∂hv

∂y
= 0 (3.19a)

∂hu

∂t
+

∂

∂x

(
hu2 +

1

2
gh2

)
+
∂huv

∂y
= 0 (3.19b)

∂hv

∂t
+
∂huv

∂x
+

∂

∂y

(
hv2 +

1

2
gh2

)
= 0, (3.19c)

describe the spatiotemporal evolution of the three state variables, u(x, t) = {h, u, v}: height of the fluid

column, h(x, t), and two components of the vertically-averaged flow velocity, u(x, t) and v(x, t). The

model parameter g is uncertain, with its true value set to gtrue = 10. Equations (3.19) are defined for

t ∈ R+ and x = [x, y]> ∈ [−2.5, 2.5] × [−2.5, 2.5] and are subject to non-reflective boundary conditions,
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t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="cOujRofkTL582yDc7dnibWzdxI4=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaT42ghFN66kgn1AG8JkOm2HTiZh5kZaQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3niAWXIPjfFsrq2vrG5uFreL2zu7evn1QauooUZQ1aCQi1Q6IZoJL1gAOgrVjxUgYCNYKRrdTv/XElOaRfIRJzLyQDCTvc0rASL5duve7wMaQxkRl+BpXHce3y07FmQEvEzcnZZSj7ttf3V5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYKknItJfObs/wiVF6uB8pUxLwTP09kZJQ60kYmM6QwFAvelPxP6+TQP/KS7mME2CSzhf1E4EhwtMgcI8rRkFMDCFUcXMrpkOiCAUTV9GE4C6+vEya1Yp7UTl/OCvXbvI4CugIHaNT5KJLVEN3qI4aiKIxekav6M3KrBfr3fqYt65Y+cwh+gPr8weX5JOB</latexit>

Npar = 200
<latexit sha1_base64="DLbGpNWXdilKMJ4wHauNa2a9DS4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIVS9C0YsnqWA/oA1hs922SzebsDuRlpC/4sWDIl79I978N27bHLT6YODx3gwz84JYcA2O82UVVlbX1jeKm6Wt7Z3dPXu/3NJRoihr0khEqhMQzQSXrAkcBOvEipEwEKwdjG9mfvuRKc0j+QDTmHkhGUo+4JSAkXy7fOf3gE0gjYnK8BWuOY5vV5yqMwf+S9ycVFCOhm9/9voRTUImgQqiddd1YvBSooBTwbJSL9EsJnRMhqxrqCQh0146vz3Dx0bp40GkTEnAc/XnREpCradhYDpDAiO97M3E/7xuAoNLL+UyToBJulg0SASGCM+CwH2uGAUxNYRQxc2tmI6IIhRMXCUTgrv88l/SOq2659Xa/Vmlfp3HUUSH6AidIBddoDq6RQ3URBRN0BN6Qa9WZj1bb9b7orVg5TMH6Besj2+cdpOE</latexit>

Npar = 500
<latexit sha1_base64="ZpBv9dXbJNXhPMCTB4OrGsGkV8Q=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTiayMU3biSCvYBbQiT6aQdOpmEmRuxhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wSJ4Boc59sqLC2vrK4V10sbm1vbO/buXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZFpC95yCkBI/l2+dbvAnuELCFqjC+x6ziOb1ecqjMFXiRuTiooR923v7q9mKYRk0AF0brjOgl4GVHAqWDjUjfVLCF0SPqsY6gkEdNeNj1+jA+N0sNhrExJwFP190RGIq1HUWA6IwIDPe9NxP+8TgrhhZdxmaTAJJ0tClOBIcaTJHCPK0ZBjAwhVHFzK6YDoggFk1fJhODOv7xImsdV96x6endSqV3lcRTRPjpAR8hF56iGblAdNRBFI/SMXtGb9WS9WO/Wx6y1YOUzZfQH1ucPCmmTug==</latexit>

Npar = 1000

<latexit sha1_base64="cOujRofkTL582yDc7dnibWzdxI4=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaT42ghFN66kgn1AG8JkOm2HTiZh5kZaQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3niAWXIPjfFsrq2vrG5uFreL2zu7evn1QauooUZQ1aCQi1Q6IZoJL1gAOgrVjxUgYCNYKRrdTv/XElOaRfIRJzLyQDCTvc0rASL5duve7wMaQxkRl+BpXHce3y07FmQEvEzcnZZSj7ttf3V5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYKknItJfObs/wiVF6uB8pUxLwTP09kZJQ60kYmM6QwFAvelPxP6+TQP/KS7mME2CSzhf1E4EhwtMgcI8rRkFMDCFUcXMrpkOiCAUTV9GE4C6+vEya1Yp7UTl/OCvXbvI4CugIHaNT5KJLVEN3qI4aiKIxekav6M3KrBfr3fqYt65Y+cwh+gPr8weX5JOB</latexit>

Npar = 200
<latexit sha1_base64="DLbGpNWXdilKMJ4wHauNa2a9DS4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIVS9C0YsnqWA/oA1hs922SzebsDuRlpC/4sWDIl79I978N27bHLT6YODx3gwz84JYcA2O82UVVlbX1jeKm6Wt7Z3dPXu/3NJRoihr0khEqhMQzQSXrAkcBOvEipEwEKwdjG9mfvuRKc0j+QDTmHkhGUo+4JSAkXy7fOf3gE0gjYnK8BWuOY5vV5yqMwf+S9ycVFCOhm9/9voRTUImgQqiddd1YvBSooBTwbJSL9EsJnRMhqxrqCQh0146vz3Dx0bp40GkTEnAc/XnREpCradhYDpDAiO97M3E/7xuAoNLL+UyToBJulg0SASGCM+CwH2uGAUxNYRQxc2tmI6IIhRMXCUTgrv88l/SOq2659Xa/Vmlfp3HUUSH6AidIBddoDq6RQ3URBRN0BN6Qa9WZj1bb9b7orVg5TMH6Besj2+cdpOE</latexit>

Npar = 500
<latexit sha1_base64="ZpBv9dXbJNXhPMCTB4OrGsGkV8Q=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTiayMU3biSCvYBbQiT6aQdOpmEmRuxhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wSJ4Boc59sqLC2vrK4V10sbm1vbO/buXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZFpC95yCkBI/l2+dbvAnuELCFqjC+x6ziOb1ecqjMFXiRuTiooR923v7q9mKYRk0AF0brjOgl4GVHAqWDjUjfVLCF0SPqsY6gkEdNeNj1+jA+N0sNhrExJwFP190RGIq1HUWA6IwIDPe9NxP+8TgrhhZdxmaTAJJ0tClOBIcaTJHCPK0ZBjAwhVHFzK6YDoggFk1fJhODOv7xImsdV96x6endSqV3lcRTRPjpAR8hF56iGblAdNRBFI/SMXtGb9WS9WO/Wx6y1YOUzZfQH1ucPCmmTug==</latexit>

Npar = 1000

<latexit sha1_base64="cOujRofkTL582yDc7dnibWzdxI4=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaT42ghFN66kgn1AG8JkOm2HTiZh5kZaQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3niAWXIPjfFsrq2vrG5uFreL2zu7evn1QauooUZQ1aCQi1Q6IZoJL1gAOgrVjxUgYCNYKRrdTv/XElOaRfIRJzLyQDCTvc0rASL5duve7wMaQxkRl+BpXHce3y07FmQEvEzcnZZSj7ttf3V5Ek5BJoIJo3XGdGLyUKOBUsKzYTTSLCR2RAesYKknItJfObs/wiVF6uB8pUxLwTP09kZJQ60kYmM6QwFAvelPxP6+TQP/KS7mME2CSzhf1E4EhwtMgcI8rRkFMDCFUcXMrpkOiCAUTV9GE4C6+vEya1Yp7UTl/OCvXbvI4CugIHaNT5KJLVEN3qI4aiKIxekav6M3KrBfr3fqYt65Y+cwh+gPr8weX5JOB</latexit>

Npar = 200
<latexit sha1_base64="DLbGpNWXdilKMJ4wHauNa2a9DS4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIVS9C0YsnqWA/oA1hs922SzebsDuRlpC/4sWDIl79I978N27bHLT6YODx3gwz84JYcA2O82UVVlbX1jeKm6Wt7Z3dPXu/3NJRoihr0khEqhMQzQSXrAkcBOvEipEwEKwdjG9mfvuRKc0j+QDTmHkhGUo+4JSAkXy7fOf3gE0gjYnK8BWuOY5vV5yqMwf+S9ycVFCOhm9/9voRTUImgQqiddd1YvBSooBTwbJSL9EsJnRMhqxrqCQh0146vz3Dx0bp40GkTEnAc/XnREpCradhYDpDAiO97M3E/7xuAoNLL+UyToBJulg0SASGCM+CwH2uGAUxNYRQxc2tmI6IIhRMXCUTgrv88l/SOq2659Xa/Vmlfp3HUUSH6AidIBddoDq6RQ3URBRN0BN6Qa9WZj1bb9b7orVg5TMH6Besj2+cdpOE</latexit>

Npar = 500
<latexit sha1_base64="ZpBv9dXbJNXhPMCTB4OrGsGkV8Q=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTiayMU3biSCvYBbQiT6aQdOpmEmRuxhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wSJ4Boc59sqLC2vrK4V10sbm1vbO/buXlPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLye+K0HpjSP5T2MEuZFpC95yCkBI/l2+dbvAnuELCFqjC+x6ziOb1ecqjMFXiRuTiooR923v7q9mKYRk0AF0brjOgl4GVHAqWDjUjfVLCF0SPqsY6gkEdNeNj1+jA+N0sNhrExJwFP190RGIq1HUWA6IwIDPe9NxP+8TgrhhZdxmaTAJJ0tClOBIcaTJHCPK0ZBjAwhVHFzK6YDoggFk1fJhODOv7xImsdV96x6endSqV3lcRTRPjpAR8hF56iGblAdNRBFI/SMXtGb9WS9WO/Wx6y1YOUzZfQH1ucPCmmTug==</latexit>

Npar = 1000

<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵

<latexit sha1_base64="z3fSZhQd0ElA8KAp0OAq6CESVzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv53RAN7VVrbt2dgSwTryA1KNDsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM+OnZATq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5mousg5zLNDEo2XxRlgpiETD8nfa6QGTG2hDLF7a2EDamizNh8KjYEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGHJ7hFd4c6bw4787HvLXkFDOH8AfO5w/HFo6u</latexit>

�
<latexit sha1_base64="z3fSZhQd0ElA8KAp0OAq6CESVzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv53RAN7VVrbt2dgSwTryA1KNDsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM+OnZATq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5mousg5zLNDEo2XxRlgpiETD8nfa6QGTG2hDLF7a2EDamizNh8KjYEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGHJ7hFd4c6bw4787HvLXkFDOH8AfO5w/HFo6u</latexit>

�
<latexit sha1_base64="z3fSZhQd0ElA8KAp0OAq6CESVzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv53RAN7VVrbt2dgSwTryA1KNDsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM+OnZATq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/vE5mousg5zLNDEo2XxRlgpiETD8nfa6QGTG2hDLF7a2EDamizNh8KjYEb/HlZfJ4Vvcu6xf357XGTRFHGY7gGE7BgytowB00wQcGHJ7hFd4c6bw4787HvLXkFDOH8AfO5w/HFo6u</latexit>

�

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

<latexit sha1_base64="tji/2Ce4EKg8fiYajCvyE8eoyQ8=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDKZTBuaScYkI5ShP+HGhSJu/R13/o2ZdhbaeiBwOOdccu8JEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Nvc7T1RpJsWDmSTUj/FQsIgRbKzU7XMbDXFlUK25dXcGtEy8gtSgQHNQ/eqHkqQxFYZwrHXPcxPjZ1gZRjidVvqppgkmYzykPUsFjqn2s9m+U3RilRBFUtknDJqpvycyHGs9iQObjLEZ6UUvF//zeqmJrv2MiSQ1VJD5R1HKkZEoPx6FTFFi+MQSTBSzuyIywgoTYyvKS/AWT14m7bO6d1m/uD+vNW6KOspwBMdwCh5cQQPuoAktIMDhGV7hzXl0Xpx352MeLTnFzCH8gfP5A3baj5s=</latexit>

�
<latexit sha1_base64="tji/2Ce4EKg8fiYajCvyE8eoyQ8=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDKZTBuaScYkI5ShP+HGhSJu/R13/o2ZdhbaeiBwOOdccu8JEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Nvc7T1RpJsWDmSTUj/FQsIgRbKzU7XMbDXFlUK25dXcGtEy8gtSgQHNQ/eqHkqQxFYZwrHXPcxPjZ1gZRjidVvqppgkmYzykPUsFjqn2s9m+U3RilRBFUtknDJqpvycyHGs9iQObjLEZ6UUvF//zeqmJrv2MiSQ1VJD5R1HKkZEoPx6FTFFi+MQSTBSzuyIywgoTYyvKS/AWT14m7bO6d1m/uD+vNW6KOspwBMdwCh5cQQPuoAktIMDhGV7hzXl0Xpx352MeLTnFzCH8gfP5A3baj5s=</latexit>

�
<latexit sha1_base64="tji/2Ce4EKg8fiYajCvyE8eoyQ8=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDKZTBuaScYkI5ShP+HGhSJu/R13/o2ZdhbaeiBwOOdccu8JEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Nvc7T1RpJsWDmSTUj/FQsIgRbKzU7XMbDXFlUK25dXcGtEy8gtSgQHNQ/eqHkqQxFYZwrHXPcxPjZ1gZRjidVvqppgkmYzykPUsFjqn2s9m+U3RilRBFUtknDJqpvycyHGs9iQObjLEZ6UUvF//zeqmJrv2MiSQ1VJD5R1HKkZEoPx6FTFFi+MQSTBSzuyIywgoTYyvKS/AWT14m7bO6d1m/uD+vNW6KOspwBMdwCh5cQQPuoAktIMDhGV7hzXl0Xpx352MeLTnFzCH8gfP5A3baj5s=</latexit>

�

Figure 6: Convergence of the estimators of the uncertain parameters λ, α, β, and γ in Example 2.

which allow outflow from the simulation domain. The initial state of the system is

h(x, 0) =

hin

√
x2 + y2 ≤ r0

hout

√
x2 + y2 > r0,

(3.20a)

u(x, 0) = 0, v(x, 0) = 0, (3.20b)

where hout = 1 and r0 = 0.5. The remaining parameter in the initial condition, hin, is uncertain and

its true value is htrue
in = 25. With this specification, the uncertain parameter vector is P = [hin, g]>

and the corresponding true parameter vector is ptrue = [25, 10]>. The dependence of the state variables

on any parameters realization p is explicated by using the notation u(x, t; p), h(x, t; p), u(x, t; p), and

v(x, t; p). The simulation domain [−2.5, 2.5] × [−2.5, 2.5] is discretized with a square 250 × 250 mesh,

yielding M = 250 · 250 grid points xm (m = 1, . . . ,M). The discretized state-variables vector

U(t; p) = [h(x1, t; p), . . . , h(xM , t; p), u(x1, t; p), . . . , u(xM , t; p), v(xM , t; p), . . . , v(xM , t; p]>, (3.21)

of dimension N = 3M , is advanced forward in time, with time step ∆t = 0.05, using PyClaw library [31].

Features in this example are an expansion wave (discontinuities in the fluid depth h), identified using
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Figure 7: Temporal snapshots of water height, h(x, t), and observed shock radius, rsh(t), for the shallow-water equations

in Example 3.

the gradient ∇h = [∂xh, ∂yh]> via the observation operator

H : U(t,p)→ {x∗ = (x∗, y∗) : ‖∇h(x∗, t; p)‖2 ≥ ζ}, (3.22)

for some finite ζ. The value of ζ depends on the grid size and the range of magnitudes of h(x, t) over

the field of interest. It can be treated as a calibration parameter for the observation model and governs

the accuracy of the feature data estimated through computations, in lieu of experimentally observed

feature information. In the results reported below, we set ζ = 0.01. For values far away from ζ = 0.01,

the observation operator either misses the points on the discontinuity contour (ζ > 0.01) or captures

spurious points (ζ < 0.01). The observation set in (3.22) comprises all points lying on the (discretized)

contour of discontinuity. Given the problem’s radial symmetry, the discontinuity in h(x, t) occurs along

circular contours expanding outwards with time (Figure 7). A noisy observation of the expansion wave,

mimicking those observed from images, is described (at time tk) by

Yk = {x∗ + v(tk) :
∥∥∇h(x∗, t; ptrue)

∥∥
2
≥ ζ}, (3.23)

where v(tk) ∈ R2 is zero-mean Gaussian white noise vector, whose diagonal covariance matrix has entries

σobs = 0.1 on the diagonal.250
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Feature observations Yk are assimilated using Algorithms 1 and 2 to estimate ptrue. The covariance

matrix Σk of the random perturbation δpk in (3.7) is a 2 × 2 diagonal matrix, whose non-zero entries

are proportional to the square of the range of the corresponding parameter in Ω: as Σk(1, 1) = (27 −

18)2/(100k) = 0.81/k and Σk(2, 2) = (11− 6)2/(100k) = 0.25/k. The initial parameter distribution fP0
,

equivalent to filter density fP0|Y0
, is approximated via (3.2) using {pj∗0 , w

j∗
0 = 1/Npar}

Npar

j=1 . Particles pj∗0

(j = 1, . . . , Npar) are sampled from a bivariate uniform distribution U2(Ω) with Ω = [18, 27]× [6, 11]. For

ensuing steps (k ≥ 1) with noisy feature observation Yk, we choose the Gaussian likelihood function,

fYk|Pk=pj
k

=
1√

2π σobs

exp

(
−

(r(Ljk)− r(Yk))2

2σ2
obs

)
, (3.24)

for jth particle pjk and corresponding observation set Ljk = H : U(tk; pjk) in (3.22). Here, for any set S

of points x∗, r(S) ≡ max{‖x∗‖2 : x∗ ∈ S}. Thus defined, r(S) represents the distance of the farthest

point from the origin and parameterizes the circular expanding wave by the distance (radius) of the point

farthest from the origin.

We use PFs with Npar = 200, 500, and 1000 particles to assimilate feature data. Initial particles pj0255

(j = 1, . . . , Npar) from the PFs with smaller Npar are recycled in the PFs with higher Npar. For each

PF, feature data are assimilated after every time step ∆t, starting at k = 1 and concluding at k = 5

corresponding to the stopping time toff = 0.25.
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Figure 8: Convergence of the estimators of the uncertain parameters hin and g in Example 3.

The results of the assimilation process are presented in Figure 8. Compared to other examples,

The number of observations and, consequently, assimilation steps needed to obtain accurate estimates260

of the parameters p (k = 1, . . . , 5) is lower than in the previous two examples. As the number of
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particles in the PF, Npar, increases, the estimates of p improve; yet, Npar has negligible effect on the

prediction uncertainty of these estimators, as quantified by the 95% confidence intervals. Overall, feature

observations do carry sufficient information to estimate the uncertain parameters.

4. Summary265

Our study is intended to highlight the importance of a distinct class of DA problems in which observa-

tions come in the form of features, such as dynamics of shocks and wavefronts, maximum values, and level

surfaces. The main difference between the conventional DA and FIDA lies in the observation operator.

Much of current research on DA focuses on the developments of computationally tractable algorithms for

handling the nonlinearity of a forward model [32], treating the observation operator as an afterthought.270

In FIDA, the observation operator is a highly nonlinear functional involving a search process over a func-

tion of the state variables that results in set-valued outputs. Nonlinearity of the observation operators

and set-valued outputs present hitherto unaddressed challenges, including the question of whether the

information content of feature observations is sufficient for parameter estimation and error-propagation

analysis.275

We present three numerical experiments in which shocks and expanding waves are observed features.

These examples serve to demonstrate FIDA’s ability to estimate model parameters from such noisy

observations and to highlight the need for future research. As expected, our results reveal that some

model parameters are more readily estimated by FIDA than others. This finding suggests the need for

future research on identifiability and observability in the FIDA context, especially when the observation280

operator involves inequalities.

Particle filters, primarily used in our examples as the DA engine, are not scalable, and their applica-

bility to computationally expensive forward problems is limited; the development of efficient algorithms

tailored for FIDA is a priority. The ability to assimilate feature data from multiple sources and in multiple

formats, or using different kinds of features simultaneously, is also of interest in many applications.285
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Appendix A. Analytical Solution for Example 1290

The solution to (3.8)–(3.9) with arbitrar λ follows the analytical strategy available for the inviscid

Burgers equation (λ = 2) [33]. It is presented here for the sake of completeness. Characteristic curves
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x(t) for (3.8) satisfy

dx

dt
= L(u), L(u) ≡ 2u

λ
; x(0) = ξ, (A.1)

where the number ξ ∈ R provides a label for individual characteristics. Along any characteristics, the

state variable u(x, t) is constant,

du(x(t), t)

dt
=
∂u

∂t
+
∂u

∂x

dx

dt
=
∂u

∂t
+ L(u)

∂u

∂x
= 0. (A.2)

Accounting for initial condition (3.9),

u(x(t), t) = u(ξ, 0) = uin(ξ). (A.3)

Hence, it follows from (A.2) that

dx

dt
=

2uin(ξ)

λ
or x = ξ +

2uin(ξ)

λ
t. (A.4)

Differentiating (A.3) and (A.4) with respect to x and t, and eliminating the partial derivatives of ξ,

∂u

∂x
=

λu′in(ξ)

λ+ 2tu′in(ξ)
,

∂u

∂t
= −2u′in(ξ)uin(ξ)

λ+ 2tu′in(ξ)
. (A.5)

These expressions satisfy (3.8) and, hence, provide a valid solution. However, this solution breaks down

when λ+ 2tu′in(ξ)→ 0; the earliest time at which this occurs, t∗, is called a break time:

t∗ = min
x

∣∣∣∣ λ

2u′in(x)

∣∣∣∣ & u′in(x) < 0 =⇒ t∗ =
λ

2α
. (A.6)

It marks the instance when the characteristics first intersect.

For t < t∗, combining (3.9) with (A.4) yields

x =



2ul
λ
t+ ξ ξ ≤ 0

2(ul − αξ)
λ

t+ ξ 0 < ξ ≤ xr
2ur
λ
t+ ξ ξ > xr.

(A.7)

Using (A.7) to eliminate ξ in (A.3) gives the solution before break time t∗,

u(x, t < t∗) = uin

(
x− 2uin(ξ)

λ
t

)
=


ul x ≤ 2ult/λ

ul − αx
1− 2αt/λ

2ult/λ ≤ x ≤ xr + 2urt/λ

ur xr + 2urt/λ ≤ x.

(A.8)

For t ≥ t∗, intersection of characteristics causes shocks. The characteristics first intersect, and shocks

originate, at point (x∗, t∗), where

x∗ = ult
∗ = urt

∗ + xr. (A.9)
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If xsh(t) denotes shock position at time t, then at break time xsh(t∗) = x∗. The shock speed S is given

by the Rankine-Hugoniot condition,

S ≡ dxsh

dt
=
f(u2)− f(u1)

u2 − u1
=

1

λ
(ul + ur), (A.10)

where u1 and u2 are values of the variable on either side of the shock. Integrating (A.10) and using the

condition xsh(t∗) = x∗, yields an equation for the shock evolution,

xsh(t) =
ul + ur
λ

t+
ul − ur

2α
=
ul + ur
λ

t+
xr
2
. (A.11)

Consequently,

u(x, t ≥ t∗) =


ul x < xsh

ul + ur
2

x = xsh

ur x > xsh.

(A.12)
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[5] P. Fearnhead, H. R. Künsch, Particle filters and data assimilation, Annual Review of Statistics and300

Its Application 5 (2018) 421–449.
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