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ABSTRACT

Deep neural networks (DNNs) have been shown to perform well on exclusive,
multi-class classi cation tasks. However, when different classes have similar
visual features, it becomes challenging for human annotators to differentiate them.
This scenario necessitates the use of composite class labels. In this paper, we
propose a novel framework callddlyper-Evidential Neural NetworkHENN)

that explicitly models predictive uncertainty due to composite class labels in
training data in the context of the belief theory call®dbjective LogiqSL).

By placing a grouped Dirichlet distribution on the class probabilities, we treat
predictions of a neural network as parameters of hyper-subjective opinions and
learn the network that collects both single and composite evidence leading to
these hyper-opinions by a deterministic DNN from data. We introduce a new
uncertainty type calledaguenessriginally designed for hyper-opinions in SL to
quantify composite classi cation uncertainty for DNNs. Our results demonstrate
that HENN outperforms its state-of-the-art counterparts based on four image
datasets. The code and datasets are availablatets://github.com/
Hugol101/HyperEvidentialNN

1 INTRODUCTION

In various applications, particularly those dependent on data from low-quality sensors or high-quality
data with insuf ciently distinct features to separate some individual classes, the resulting data often
exhibits signi cant vagueness and ambiguijl{son, 2001, Ng et al, 2011). For example, in security
surveillance, grainy images from store cameras may not provide clear enough resolution to accurately
distinguish between different individuals or activities, necessitating the use of composite class labels
to address this uncertaintyl(ison, 2007). Similarly, in the eld of medical imaging, a radiograph
displaying features suggestive of multiple possible diagnoses may require composite labels to capture
this uncertainty Allison, 2007) effectively. When different classes have similar visual features in
image datasets, it becomes challenging for human annotators to differentiate them. An ambiguous
image, such as a blurry one where an annotator cannot distinguish between a husky and a wolf, may
be labeled with both classefshusky, wolfy. The composite label implies that the image belongs to
husky or wolf, but not both. When training data consists of composite class labels, existing DNN
methods face the following challenges: (a) how to train a DNN model based on a training set with
composite labels; (b) how to train a DNN to predict the composite labels that human annotators
could provide; and (c) how to quantify the predictive uncertainty of a DNN due to the evidence of
composite labels collected from the training set.
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In current literature, partial label learningdng et al.202Q Hong et al, 2023 has been proposed to
address the rst challenge. It aims to train a DNN that can disambiguate the partially-labeled training
samples and predict singleton class labels for testing data. To address the second challenge, conformal
prediction {fovk et al, 2005 Romano et a).202Q Angelopoulos et a]2027) is typically considered
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in safety-critical applications (e.g., computer vision based medical diagnostics) and aims to provide

a composite set that covers the true class label (e.g., the true diagnosis) with high probability (e.g.,
90%). A composite set generated by a conformal prediction method is due to high entropy in the

predicted class probabilities rather than composite class labels in the training set.

To the best of our knowledge, limited work has been conducted to address the third challenge.
For predictive uncertainty quanti cation, several types/sources of predictive uncertainty have been
studied in deep learning: model uncertainty (mutual information between model parameters and
the predicted class probabilitieS€¢peweg et al2018 Malinin & Gales 2019), data uncertainty
(entropy of the predicted class probabilitiésa(, 2016), con dence (the largest predicted class
probability (Hendrycks & Gimpegl2017), vacuity (uncertainty due to lack of evidenciséang

2014 Shi et al, 2020), and dissonance (due to con icting evidengééo et al. 2020). However, it

lacks an effective uncertainty measure (here we naageenegsthat can quantify the uncertainty
associated with predictions of a DNN due to composite class labels in the training set. For example,
if the prediction (e.g., a singleton class or a composite class) of a DNN for a given input sample is
based on evidence collected from training samples mostly labeled to composite sets, the vagueness
should be high. If the collected evidence is from training samples mostly labeled to singleton classes,
the vagueness should be low.

We propose a new framework callelyper Evidential Neural NetworfHENN) that explicitly models

the predictive uncertainty of a DNN due to composite class labels in the training set. HENN is
designed based on the theory of Subjective Logisténg2016 and aims to predict the evidence
parameters of a hyper-opinion regarding the classi cation of the input sample. A hyper-opinion
de nes a belief mass distribution on the composite sets of singleton classes and an uncertainty mass
and can be equivalently represented by a grouped Dirichlet distribution (GDD). We introduce a new
uncertainty measure based on hyper-opinions, originally designed ing8kiig2016 Jgsang et gl.

2018, to quantify thevaguenessf a DNN. Our contributions are three-fold: (1) We propose a novel
framework (HENN) that can quantifyfaguenessa new uncertainty type for measuring the predictive
uncertainty of a DNN due to composite class labels in the training set. (2) We propose a new loss
function, uncertainty partial cross entropy (UPCE), for HENN training. UPCE is a generalization of
the well-known uncertainty cross-entropy (UCEgfsoy et a] 2018 Bilos et al, 2019 designed for
singleton class labels. We provide a theoretical analysis of UPCE and propose a regularization term
to future improve the effectiveness of UPCE for HENN learning. (3) We conduct extensive empirical
analyses on four image datasets to demonstrate the effectiveness of the HENN in comparison with
ve competitive baselines.

2 ReLATED WORK

Evidential Neural Networks (ENNS) (Sensoy et al2018 202Q Ulmer et al, 2023 are deterministic
neural networks that predict subjective opinions (Dirichlet distributions, equivalently) about the
classi cations of the input samples. The predicted subjective opinions can be used to quantify
predictive uncertainties, such as vacuity (due to lack of evidence) and dissonance (due to con icting
evidence). PriorNet\(alinin & Gales 2018 2019 and PosteriorNetZharpentier et /2020 are in

this category. Whilé&3engs et al(2022) investigated the aw of second-order uncertainty estimation

of ENNs because of the lack of ground truth of target distribution, many applicatiensi(al, 2023

Sun et al, 2023 Park et al, 2023 Sapkota & Yy 2023 show the usefulness of ENNs in recent years.

Partial label learning aims to train a DNN that can disambiguate the partially-labeled training
samples and predict singleton class labels for testing data. Average-based méthods @l, 2011)

treat each candidate label as equally important during training. Conversely, identi cation-based
approachesHeng et al.202Q Xu et al, 2021, Wang et al. 20223 Qiao et al, 2023 Yan & Gugq,
20234gh; Hong et al, 2023 aim to disambiguate the effect of noisy labels and maximize outputs
based on the most likely “ground-truth” lab&8oft label learning aims to aggregate labels collected
from multiple annotators to create probabilistic or “soft” labels for training data and learn a DNN for
singleton class predictions based on the soft labels in the trainingRlatar§on et 312019 Collins

et al, 2022. However, both partial and soft-label learning methods are limited to singleton-class
predictions but not composite set predictions. Their learned models do not provide uncertainties
associated with singleton-class predictions due to composite class labels in the training set.

Composite set prediction. E-CNN (Tong et al, 2027) could do set prediction for any possible
combinations among all singleton classes based on Dempster-Shafer theory. RaR®oulos
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et al, 202]) is a state-of-the-art conformal prediction method that gives more stable predictive sets by
regularizing the small scores of unlikely classes after Platt scaling. However, these methods predict
composite sets for data instances with large probabilities for multiple classes. This means that their
locations in the representation space are near the decision boundary of the DNN. In contrast, HENN
predicts composite sets for data instances near the training instances with composite labels. These
two methods are considered baselines in our empirical study.

3 HYPER-OPINIONS AND EVIDENTIAL UNCERTAINTY MEASURES

3.1 HYPER-OPINIONS IN SUBJECTIVE LOGIC AND GDD

In the Dempster—Shafer Theory of Evidence (DS dfer 1976, class probabilities in the Bayesian
theory are generalized to belief masses in subjective opinions. It assigns belief masses to subsets
of a ground set of exclusive possible states or classes (cal@ddirt). One can then express °

do not knowby assigning all belief masses to the whole domain as an opinion for the truth over
possible classes. SL formalizes the DST's notion of belief assignments usiygee-opinion More

speci cally, letY = f1;:::; K g denote the class domain with the cardinakty LetR () denote the
reduced power set of (called ‘hyper-domaity), which is the set of the power set ¥fthat excludes
fYgandf,g . LetC(Y) denote the set of composite se®(Y) = R(Y) nff 1g; ;fKgg A
hyper-opinion! = (b;u) assigns a belief mass to each element (singleton class or composite
set)S 2 R(Y) and provides an uncertainty masswtéalledvacuity These mass values are all
non-negative and sum up to one, i.e., X

u+ bs =1: 1)

S2R (Y)
A belief masshs is computed using the evidence for each eleng R(Y). S represents a
singleton class if it has a single class element (&g, f 1g); otherwise, it represents a composite set
(e.q.,S=1f1;29). Letes 0 be the evidence derived f&, then the beliebs and the uncertainty
massu are computed as: b= S and u= 5: @
p T T
WhereT = s2r(v) & * K. The uncertainty massis inversely proportional to the total evidence:

s2r(v) €- When the total evidence is O, the belief mass for eafeeds to be 0, and the

uncertainty mass is 1. In contrast to Bayesian modeling terms, we de eeitlencéas a measure of

the accumulated support from training samples, indicating that the input sample should be categorized
into a particular singleton class or composite set. The accumulated support can be interpreted as the
weighted aggregated number of training samples that support this class or composite set. Unlike a
simple count of samples, evidence is typically weighted. This means that not all samples contribute
equally to the evidence. For instance, some samples might be more informative or reliable than
others, and the network learns to weigh their contribution to the evidence accordingly.shigws
examples of high uncertainties for different types and their corresponding probability density plots
for 3-class classi cation.

A hyper-opinion can be equivalently reprﬁ,sented by a hyper-Dirichlet distribution of the class-

probability vectorp 2 ¢, where = fpj ,_; px =1 andpg 2 [0; 1]gis theK -dimensional
simplex. Itis characterized by class-speci ¢ concentration parameter§ 1; ; k]and set-
speci ¢ concentration parameters= [ Cs]s2 ¢ (vy- The probability density function (pdf) for possible
values of the class-probability vectpris given by
\4 X cs

pc 5 forp2 k; 3

. - 1 Y( Kk 1
HyperDir (pj ;c) = Z, Py

k=1 s2c(Y) k2s
whereZy, is the normalization constant that has no analytical form. The concentration parameters
of a hyper-Dirichlet distributiomdyperDir (pj ;c) can be mapped to the evidence parameters of a
hyper-opinion as follows: y = e +1 fork = 1; ;K andcs = es5;8S 2 C(Y).

This paper considers an important special instance of Hyper-Dirichlet distribution: the grouped
Dirichlet distribution (GDD), as it offers the practical appeal of an analytical normalization factor
that can be easily calculated. GDD assumes that the composite €4t¥)represent a partition
of the ground set of singleton classes, 25 1S1;::;;S g, where[ ;_; §; = Y and§\Sj = ;,
8i;j 2f1;::; g, andi 6 j. Letq denotecs; . The pdf of GDD has the following form:
; 1 ¥ 1 Y X S
GDIpj ;c)= Z [ posforp2 «; (4
k=1 j=1 128
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h i
whereZ = Qj 1B gy, B fig, = P 12s, | G,andB() is betafunction.
We aim to design and train evidential neural networks that can effectively predict the hyper-opinions
about the uncertainty-aware classi cation of the input sample. As discussed in the following subsec-
tion, the predicted hyper-opinions can quantibguenesand other uncertainty types.

Relations with multinomial opinions and Dirichlet distribution. A hyper-opinion is a generalized
version of themultinomial opiniorthat assigns belief masses to singleton classes but not to composite
sets (gsang et §12019. In particular, if there is no evidence for the composite se@ (i), then

es = 0,8S 2 C(Y): It follows thatc = 0 and the resulting hyper-opinion only assigns belief
masses to singleton classes, and the corresponding Hyper Dirichlet distridyperDir ( ;0) is
equivalent to the Dirichlet distributioBir ( ).

3.2 VAGUENESS ANDOTHER EVIDENTIAL UNCERTAINTY MEASURES BYHYPER-OPINIONS

SL explicitly represents second-order probabilistic uncertainty through a hyper-opinion consisting of
a belief mass distribution oR (Y) and uncertainty mass. A hyper-opinion can be used to quantify
different types of uncertainty, such as vagueness (due to composite evidence), vacuity (due to lack of
evidence), and dissonance (due to con icting evidence).VEgrienessncertainty measure (also
named total vague belief mass) of a hypes—(opinion can be estimated as:

vagt)= . bs: (5)
An opinion is totally vague whewnag(! ) = 1, and is partially vague whebi< vag(! ) < 1. An
opinion has mono-vagueness when only a single composite set has (vague) belief mass assigned to it.
On the other hand, an opinion has pluri-vagueness when several composite sets have (vague) belief
masses assigned to them.

Thevacuityuncertainty corresponds to the uncertainty magsa hyper-opinion and is calculated as
vaq(! ) = K=T in EqQ.2. Thedissonancef a hyper-opinion can be derived from the same amount

of con icting evidence for different singleton classes or composite sets (séel EgApp.) for

its estimation based on the hyper-opinion). The vaguewnag@ ) is different from the vacuity

vac(! ) in that vagueness results from existing evidence of composite sets that fail to discriminate
between speci ¢ singleton classes, but vacuity re ects the lack of evidence for any singleton classes
and composite sets. A totally vacuous opinion does not contain any vagueness by de nition. The
vaguenessag(! ) is different from the dissonanahss(! ) in that vagueness is due to evidence on
composite sets, whereas dissonance re ects con icting evidence collected from different singleton
classes or composite sets. It is possible that an opinion has a high vaguenesagé.g.= 1) but a

low dissonance (e.gdiss(! ) = 0). Hyper-opinions can contain vagueness, whereas multinomial
opinions never contain vagueness. The ability to express vagueness is thus the main aspect that
makes hyper-opinions different from multinomial opinions.

Table 1: An example of hyper-opinion with low vacuity and dissonance but high vagueness.

S 2 R (Y) '
\J flg f 29 f 3g f1,29 f1,3 f 2,3y ‘ u vac (!) diss (!) vag (! )
Evidenceeg 3 0 0 0 0 24
! ‘ Belief Massbg ‘ 01 0 0 0 0 0.8 ‘ 01 ‘ 01 02 08
Evidenceeg 3 12 12 0 0 0
2 ‘ Belief Massbg ‘ 01 04 04 0 0 0 ‘ 0.1 ‘ 0.1 0.744 0

Tab.1 provides two examples/(= f1;2;3g; K = 3). The rst example of hyper-opinion re ects

high vagueness. There is high evidence observed on the compodite 3gtand it causes high
vagueness. There is also con icting evidence betwielgnandf 2; 3g that contributes to dissonance.
However, the evidence dr?; 3g dominates the evidence dig, the dissonance is low. The total
evidence is large fok = 3, and it results in low vacuity. The second example is a hyper-opinion with

low vagueness and high dissonance, where the evidence in classes 2 and 3 is equally distributed on
singletons instead of a composite set and becomes the con icting evidence between the two classes.

4 HYPEREVIDENTIAL NEURAL NETWORK

In this section, we will present a novel hyper-evidential neural network (HENN) that predicts a
hyper-opinion about the classi cation of the input feature vegtoiThe predicted hyper-opinion
can be used to quantify different types of predictive uncertainty, such as vagueness, vacuity, and
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Evidence e Uncertainty
Horse [mmmmm 21.0 Husky 5 {058, 0.16, 0.04]
\ HENN Husky 73| vag=0
23S Wolf i 07 dis =0.03
y Husky, Wolf) Tl — Vit

Husky

Horse Ji 09 P =[0.1,0.45, 0.45]

(a) Con dent (b) Dissonance
Husky 124 vag=0.01

HENN | —> Wolf jmmm 119 | N dis =083
{Husky, Wolf} 0.02 Horse' Wolf
Horse i 11 Husky
Husky 147 P =[0.1,0.45,0.45]
— > | HENN [—> wot i 165 > vag=08
of ) dis =0.56
. Husky, Wolf) [N 203 | orse Wolf
(c) Vacuity (d) Vagueness
P: projected probability vag: vagueness uncertainty dis: dissonance uncertainty
Examples of different uncertainties. Different predictive uncertainties from HENN.

Figure 1:Left Different probability densities corresponding to speci ¢ uncertainty type for 3-class classi cation
(Brighter colors mean higher density). Each corner represents a class. (a) A con dent prediction. (b) Con icting
evidence exists for two classedigsonancer data uncertainty). (c) Uniform Dirichlet distribution with no
evidence for known classes (i.e., OOD inputgduityuncertainty). (d) There is enough evidence to exclude one
class but still fail to determine the nal prediction from the rest of the clasRéght The rst example shows

a con dent prediction w/ovaguenesand lowdissonanceThe other two examples have the same projected
probabilities but different sources of uncertainties. One is caused by con icting eviddisser{anck and

the other one is caused by vague evidence only for the nal decision from tfiélasky, Wolfy (vaguenegs
Fig.(d) is drawn by grouped Dirichlet distribution, not ordinary Dirichlet distribution.

dissonance, as discussed in Secfich We consider the scenario where the composite sets form
a partition of the ground set of singleton classes; fSi;:::; S g, and the hyper-opinion can be
equivalently represented by a grouped Dirichlet distribution. Formally, the HENN is de ned as a
functionf (; ): RP ! RX*  mappinganinput 2 RP tothe evidence vect@2 RX* , where
are the network parameteess= [ ey €K ;€s,; ;es ] andec andes, refer to the predicted

evidence values of the singleton cldsand the composite s&, respectively. The architecture
of HENNSs for classi cation is similar to classical neural networks. The only difference is that the
softmax layer is replaced with an activation layer (e.g., Softplus or ReLU) to ascertain non-negative
and unbounded output that is considered as the evidence vector for the predicted hyper-opinion (or
grouped Dirichlet distribution, equivalently). Based on the predicted evidence vector, we can then
predict the singleton class or composite set that has the largest evidence:

m =argmaXiy 1.0k + g (6)
If m2fl, ;Kg, then the prediction is a singleton class; otherwise, it is the composite set
Sm k 2 S. We can also transform the evidence veaao a grouped Dirichlet distribution
GD[pj ;c) based on the mapping between the paraméters) ande: =[e;+1; ;ex +1]

andc = [es,; ;es ]. The relations between this distributi@DD ;c), the class probability
vectorp, and the class labglhave the form:
y Cat(p); p GDD ;c); e=f(x;); @

whereCat(p) is a categorical distribution on the class variapleThe expectation of the class-
probability vectomp has the form:

X .
P:=Ep comj ;olPl; Pk = Elp] = *; T], 1(k2Sj) fork2fl, ;Kg (8
j= i
P P o _
where o = ;1 j, 5 = s, b | = s *G. Then, use as the projected class
probability vector, we can also predict the singleton class with the largest projected class probability:
y=argmaXyos 1.2k gpk: (9)

Relations with ENNs: ENNs (a.k.a prior networks\{alinin & Gales 2018) and their variants

(e.g., posterior network<harpentier et al2020) are deterministic neural networks that predict the
multinomial opinion (Dirichlet distribution, equivalently) about the singleton class label of the input
sample. In comparison, HENNs are deterministic neural networks that predict the hyper-opinion
(GDD, equivalently) about the classi cation of the input sample into a singleton class or composite
class label. As discussed in Sectidre, hyper-opinion has the ability to express the vagueness
uncertainty (due to evidence collected from composite labels in the training data), but multinomial
opinions never contain vagueness. HENNs are designed to handle composite labels in the training
set and can quantify the composite classi cation uncertainty using the vagueness measure, whereas
ENNSs can not. In addition, as multinomial opinion is a special instance of hyper-opinion, by setting
the evidence on composite sets to zero, HENNs include ENNs as a special instance.

5



Published as a conference paper at ICLR 2024

4,1 THE LOSS FUNCTION ANDREGULARIZATION FORHENN LEARNING

LetD = f(x(;y()gN, denote a training set, whexerefers to the input ang 2 f 0; 1g¥ refers

to the binary vector representation of a singleton class label or composite set label. For instance,
y() =[0;1;1; 0] represents a composite set labz]l3g for the samplé andy() =[0;0; 1; 0]
represents a singleton class laBeln the related task of partial label learningdqur et al, 2017),

the partial cross-entropy (PCE) is used as a loss function for learning a softmax-based NN based on
composite set (or called partial) labels: X

PCEpy) = log(" . ¥pu); (10)

wherep refers to the class probability vector predicted by the softmax layer of the NN. When
a singleton class label, the PCE loss becomes equivalent to the standard cross-entropy (CE) loss:

CHp;y) = Ezl ¥« logpk. As the output of a HENN is a GDD qf, we propose a new loss
function, namely, Uncertainty Partial Cross Entropy (UPCE), to learn the parameters of a HENN:
UPCEX;y; )= Ep comj o) [PCEP;Y)]; (11)

where refers to the network parameters of the HENN. We note thaidfa singleton class label,

and we replace GDD with the Dirichlet distribution, then the UPCE loss becomes equivalent to the
default UCE loss used in learning ENNSCEX; ¥) = E, pir(pj )[CEP; ¥)]. Our proposed UPCE

loss has the foIIovP]/ing analytical foirm (see our Propositidnin App. B.2 for derivations):

UPCEX;y; )= (&) () LkyPke> 1)+
, , X . , , [ , (12)
(&M (D 8 10" 28) 1k ke =1);

j=1

example respectively. In particular( ) is digammafunction, § = i=1 j(i) = k Wk+ keWk

- . iy _ P i
denotes the sum of all positive strength parameters foi-thesample, g} = s, ,(') is the

sum of strength parameters corresponding all singleton classes in the p&ititibar simplicity,
we let |c representC-th  corresponding to one of a composite label in thefist; :::; S g which
contains the singleton ground truth, and denote 1S-th corresponding to the singleton target.

where the rst term corresponds to composite example and tBe second term refers to singleton

Our proposed UPCE loss function has the lower bound (see ProposiionApp. C.1):
UPCEX;y; ) PCHE; cowj ;o[PLy; ): (13)

It follows that the minimization of the UPCE loss ensures the minimization of the PCE loss between
the projected class-probability vectBgpgyj .c)[P] and the composite set labgl This result
indicates a favorable property of UPCE: The HENN with the UPCE loss function is optimized
to output high projected probabilities for the classes belonging to the composite set label but low
projected probabilities for the other classes.

However, as shown in Propositidnwe observed an issue with the UPCE loss function in differenti-
ating the evidence values of singleton classes and composite sets. In particulay, istaeromposite

set label, the learned HENN based on UPCE tends to predict large evidence values for both the
composite set labat and for all the singleton classes belonging to the composite set. Similarly, when

y is a singleton class label, the learned HENN based on UPCE tends to predict large evidence values
for this singleton class and all the composite set that contains this singleton class as an element.

Proposition 1 (Properties of the empirical UPCE risk functiomhssume that the universal ap-
proximation property (UAP) holds for a HENN, i.e., the network can learn an arbitrary mapping

function from the illgput feature vectarto the evidence vect@. Then, the empirical UPCE risk

functionR(f)= 1 L, UPCEx(™;y(; ) approaches the in murd if the solution * satis es

the following properties, witle = f (x; ?): (1) 8(x;¥) 2 D, wherey denotes a singleton class
label, k 2 [K], the predicted evidence values! +1 andes, ! +1;8S 2 S, such that
k 2 Sj; and (2)8(x;¥y) 2 D, wherey denotes a composite set lati|, the predicted evidence
valueseg, | +1 andec! +1;8k2S;.

To address the previous issue, we propose the following KL-divergence regularization term (see
App. B.3 for derivations) to make the evidence output more at:

Reg(x;y; )= KL GDIpj ;c)kGDIpj1*;0 ) ; (14)
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whereKL( ) is KL-divergence, and = y+ (1 ¥) andc = (1 y) c arethe GDD
parameters after the removal of ground-truth parameters from the predicted paramatels. This
regularization term is designed to enforce misleading evidence from the false single and composite
classes in andc to be as small as possible. The regularized UPCE loss function has the form:
X ) ) ) )

LOy= o0 " upcEx iy )+ Regx iy ) (15)
where is the tradeoff coef cient. As indicated in Propositi@rbelow, the HENN, when trained
using the aforementioned regularized UPCE loss, tends to predict high evidence for the ground-truth
singleton class/composite set while predicting low evidence for other elements. Stochastic gradient
descent (i.e., Adam) is adopted to optimize the regularized loss function. The pseudocode is shown
in App.(Algo. 1).

Proposition 2 (Effectiveness of the regularization telRReg(x;y; )). Following the UAP assump-
tion, the regularized empirical UPCE risk de ned in Ed.5) approaches the in mum O if the
solution ? satis es the following properties: 18(x;y) 2 D, wherey is a singleton class la-
belk 2 [K], the predicted evidence valugs! +1 ande ! 0;8t 2 S| [K]nk; and 2)
8(x;y) 2 D, wherey denotes a composite set lat8| the predicted evidence valueg ! +1
ande ! 0;8t2S[ [K]nS.

The proofs of the Propositions are shown in Apgp2andC.3, respectively. This is consistent with

the fact that the Dirichlet distribution is a special instance of GDD. As a generalized framework of
ENN, the HENN learned based on UPCE will perform similarly to the ENN learned based on UCE
when trained based on the same dataset with only singleton class labels.

Limitations and discussions.In essence, the proposed HENN is the GDD extension of evidential
deep learningImer et al, 2023 that is based upon Dirichlet distributions. The propositions
demonstrate the need for the KL regularization term in the cost function so that only evidence for
the corresponding ground truth class can grow large. While the assumption of UAP in the above
propositions may not hold in practice, the analysis does demonstrate how UPCE requires the KL
regularization term to moderate the evidence. An ablation study is discussed in Segtion
empirically demonstrate the need for the regularization term.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

Datasets & PreprocessingTinylmageNet (Fei-Fei et al, 2015, Livingl7 (Santurkar et a/2027),
Nonliving26 (Santurkar et al.2021), andCIFAR100 (Krizhevsky & Hintony 2009 are used in

the experiments. Each dataset has class hierarchy relation. For example, CIFAR100 has 100
subclasses which are grouped into 20 disjointing superclasses. Superclasses are utilized to generate
composite class labels because of their semantic and visual similarities. We rst select a xed
number of composite class labels, denoteMasThen several random subclasses for each selected
superclass will be chosen. A subset of the selected images will be blurred by the Gaussian Blurring
operation RichardWebster et gl2019 to generate vague images, and the corresponding set of
categories/subclasses of these vague images will be the new label (composite instead of singleton) of
these vague images to build the dataset. Detail is presented irEApp.

Baselines DNN is the traditional deep neural network modENN (Sensoy et a/.2018) is the
evidential network that only deals with traditional singleton domains as DNN does. We also use UCE
loss and KL regularizer for a fair comparison for ENN. In practice, it is necessary to set a threshold
value of predicted conditional class probabilities to generate set predictions for DNNs and ENNs.
(see AppE.3). E-CNN (Tong et al, 2021) could do set prediction for any possible combinations
among all singleton classes based on DSAPS (Angelopoulos et a) 2027) leverages conformal
prediction to generate a prediction set to ensure the size of the predicted set is as small as possible.
PiCO (Wang et al.2022f) applies contrastive learning into partial label learning problem.

Implementation. Both HENN and ENN use Softplus as the activation layer. Since HENN is model-
agnostic, we consider three pre-trained backbones: Ef cientNet3 & Le, 2019, ResNet501(e

et al, 2015 and VGG16 Eimonyan & Zissermgr2015 for HENN model and all other baselines for

a fair comparison. Model agnoistic property experiments are represented i Apioe to the space

limit. To generate composite examples for baselines, we create duplicate training examples with
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Table 2: Results (%) based on Gaussian kernel siz& @ CIFAR100 and tinylmageNe{The
average of three runs is provided, and the con dence interval is included in the App. due to space limitations.)

tinylmageNet living17 nonliving26

M Methods OverJS CompJS  Acc| OverJS CompJS  Acc| OverJS CompJS  Acc
DNN (Tan & Le, 2019 83.4 66.9 79.8| 88.1 81.0 83.3|] 85.6 62.0 82.9
ENN (Sensoy et a)2019 75.9 63.5 80.7| 88.0 72.3 84.5| 85.0 52.9 84.5

10 | E-CNN (Tong et al, 2021) 334 31.1 68.2| 305 36.8 65.7| 283 35.8 60.6
RAPS (Angelopoulos et a)2021) 73.1 43.6 79.8| 86.4 61.3 83.3| 827 46.3 82.9
PiCO (Wang et al, 2022f) 57.2 35.6 64.3| 625 43.7 65.2| 61.8 42.6 64.8
HENN (ours) 84.4 93.4 82.5 88.8 96.5 85.6 86.9 96.8 85.4
DNN (Tan & Le, 2019 84.3 67.3 79.5| 88.1 84.8 80.2| 85.6 68.9 81.5
ENN (Sensoy et a)2019 83.5 60.7 81.2| 88.0 78.3 82.4| 854 62.6 82.9

15 | E-CNN (Tong et al, 2021) 325 33.3 68.4| 31.6 37.3 65.5| 29.8 35.1 60.1
RAPS (Angelopoulos et a)2021) 68.1 45.6 79.5| 855 66.5 80.2| 8338 56.1 81.5
PiCO (Wang et al, 2022f) 56.8 35.3 64.6| 61.4 43.1 64.8| 61.5 425 64.6
HENN (ours) 84.6 90.6 81.6 88.8 96.6 85.7 86.9 96.2 84.1

different singleton labels in the composite set. We adopt grid search based on a held-out validation set
to select the best hyperparameters for each competitive method. Please refer fo/4ppdetails.

Evaluation Metric. Jaccard Similarity (JS)Z@ffalon et al, 2012 is used to evaluate a model's

performance in predicting a set of classéS(y; ) = %, wherey is the predicted set of classes
andy is ground-truth set of classes. Eithry or both can be a single class or a set of two or
more classes. A model identi es a datapoint as composite if two or more classes are predicted

and singleton otherwise. We compare HENN's perfggmance with baselines in terms of different
average JSDverJS:averaged JSs afil test samplesg- Nt JIS(y®M;90)). CompJSaveraged

JSs of composite samples the model identi gs, Ne JS(y(); 9M), wherelen (9(0) > 1. Here

Ne= XY 1(len (9) > 1) denotes the number of examples which are predicted as composite
sets. Accuracy is used to evaluate the projected singleton label predigtion The Area Under

the Receiver Operating CharacteristdJROC, the larger the better) is to measure the different
uncertainties in discriminating between true composite and true singleton samples.

5.2 EXPERIMENTAL RESULTS

For each dataset, we consider different numbers of composite class labels during tiisidg;
15, 20, and multiple Gaussian kernel sizes of blurring operatiod;3 5,7 7. Due to the space
limit, some additional experiments including CIFAR100 are presented in App.

Classi cation. Tab.2 shows the results of composite predictions on tinyimageNet, livingl7 and
nonliving26 in terms of OverJS, CompJS (for composite prediction) and accuracy (for singleton
prediction) based on Gaussian kernel size83 HENN outperforms other baselines in terms of
OverJS (over 1% for tinylmageNet) and CompJS. In particular, the improvement of CompJS is
signi cant (over 15-20% for three datasets). This validates that HENN is not only able to recognize
vague images, but also differentiate different vague images. In particular, both RAPS and E-CNN
underperform HENN in terms of compJS. This is because RAPS and E-CNN are inclined to make set
predictions if they are unsure about the nal prediction. In addition to the vague images, there might
be other dif cult (not vague) images in which E-CNN and RAPS cannot make a single decision.
Therefore, compared to DNN, more examples will be wrongly predicted as composite sets. On the
other hand, Tal® also demonstrate the ef cacy of HENN in singleton prediction (Bdn terms of

Acc. The improvement is over 2-5% for three datasets. PiCO performs worse than HENN because
the composite labels in its setting are randomly ipped, and it might not be able to deal with blurring
images during training. In summary, HENN can generate high-quality composite prediction and
accurate singleton label classi cation. It is practical to consider a limited number of composite sets
due to the majority of clearly labeled data. So our experiments do not encounter the combinatorial
complexity issueZX ).

Analysis of confusion between multiple classes. The ROC curves depicted in Fig.show-
case performances of various uncertainty indicators, navegyenes®f HENN, vacuity and
dissonancef ENN, andentropyof DNN, in identifying confusion between multiple classes when
some samples have composite labels, and some have singleton labels (see more! ianBig.
Fig. 5 in App.). For both datasets, HENNigguenessutperforms the other uncertainties, as
indicated by its larger AUC score and smallest error region, making it a highly effective dis-
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criminator between composite and singleton samples and a successful indicator of confusion be-
tween a set of classes when there is composite evidence. RAPS and E-CNN, however, do not
provide any measurement to evaluate these uncertainties. BMNRsty similar to epistemic
uncertainty, which is more useful for OOD detection (Fig.and is not suitable to our case.
While dissonanceand entropyare better than
vacuity, they are still inferior tovaguenessA

data point with highdissonances usually lo- 7T
cated in the decision boundary, and a point wittg o2/
high vaguenesgan also be close to the deci-Los| |
sion boundary. However, the verse does nq_?t_o_4
apply forvaguenessbecauseaguenessould ¢ |/
also be decided by the labeling bias of the an- |~
notators, but not purely by their closeness to °, . .7 0 T TEYRY ST

the decision boundary between the associated  raise positive Rate False Positive Rate

singleton classes. For instance, an annotator(y) cCIFAR100M =15  (b) tinylmageNeM =15

who has extensive knowledge about different

cat breeds (i.e., Tabby, Egyptian, Persian), wiligure 2:ROC curves of separating composite and sin-

still annotate them as singletons, even if they ageton examples among different measuremerdague-

near decision boundaries. However, this annot@ssof HENN, vacuity anddissonanceof ENN, and

tor may give composite labels for other animaintropyof DNN on based on kernel size 7.

breeds, such as dog breeds (i.e., Husky, Malamute, Samoyed), that he may not be knowledgeable
about. For this reason, a data point with high dissonance may likely have low vagueness.

o
>

. | P
— Vagueness (AUC=1.00) / — Vagueness (AUC=1.00)
,*— Vacuity (AUC=0.31) 0.21 /', — vacuity (AUC=0.35)

— Dissonance (AUC=0.97) (,/—~— Dissonance (AUC=0.98)
— Entropy (AUC=0.89) 0 — Entropy (AUC=0.85)

True Positive Rate

Effect of regularization. To show the effec-
tiveness of KL divergence regularization, wdable 3: Model performance of different regular-
compare different regularizations and UPCRation onM =15, and kernel size: 77 on nonliv-
loss without any regularization in TaB.HENN- ing26.

KL refers to the HENN with the proposed

regularization (Eql4). HENN-Ent refers to Methods | OverJs  CompJS  Acc
the HENN with the entropy of GDD as the HENN-only-UPCE | 78.25 6280  84.96
regularizationReg = H GD[pj ;c) (see HENN-KL-Dir 86.66 94.15  82.13
App. B.4). HENN-KL-Dir refers to the HENN v go.cs 9444 8633

. . . HENN-KL 86.93 94.78 85.19
using KL-divergence only for singleton classes

Reg = KL Dir (pj ) . Generally, the compar-
ison of their performances is HENN-KIHENN-Ent > HENN-KL-Dir > HENN-only-UPCE.
App. F.4illustrates the coef cient effect of the KL regularizer.

Effect of varying numbers of composite la-
bels. To investigate the effect of ratio of com-
posite class labels during training, we vary_** el
M = f10; 15, 20g in experiments. Fig3 shows g, o
OverallJS and Accuracy regarding the numbefes| == fuo| - e

of composite sets. Regularized HENN outper-==| = w

forms other baselines for these two metrics. In ™ vumberof composite ses ** Number of Composite Sets
particular, with the increase of number of com-

posite sets, the gap between HENN and base- (&) OverJS (b) Accuracy

lines is enlarging in terms of accuracy (F&), Figure 3:0verJs and Accuracy trends vs. the number
which demonstrates the advantage of HENN. of composite labels in tinylmageNet.

6 CONCLUSION

In this work, we propose a novel hyper-evidential network framework (HENN) designed to predict
hyper-opinions and quantify predictive classi cation uncertainty caused by composite class labels
(introduced awvaguenegdy utilizing composite training examples. This framework is capable of
identifying either a singleton class or a composite set with the highest belief, and it can predict the
singleton class with the greatest projected class probability. Extensive empirical ndings show that
HENN outperforms other competitive methods, demonstrating its effectiveness and potentiality.
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A NOTATIONS

For clear interpretation, we list main notations used in this paper and their corresponding explanation,
as shown in Tablé.

Table 4: Important Notations and Descriptions

Notation Description
Y Domain of singleton elements or classes
R(Y) Hyper-domain ofy
C(Y) Domain of composite classes
D = f(x(M;yM)gN, Training data with siz&l
B(), (), (), 1() Beta function, Gamma function, Digamma function, trigamma function
Dir () Dirichlet distribution with strength
GDD ;c¢) Grouped Dirichlet distribution with strength and composite evidenae
K; M Total number of singleton (composite) classes
Z Normalizing constant of the Grouped Dirichlet distribution
K K -dimensional simplex,e., «k := fpjp =[p1; Pk 12 [0;1]¢ andkpk; =1g
y Singleton ground truth label
bs Vague belief mass of valu@ in R (Y)
u Vacuity of evidence in a hyper-opinion

Total number of partitions
Total number of elements iR (Y), i.e, the total no. of singleton and composite classes

A small error
! Hyper-opinion of a random hyper-variabte2 R (Y)
x The feature vector of thieth sample
¥ Binary vector ovef 0; 1g¢
b=[hb;:; bk ;bs;;ibs ]| Belief mass distribution oveR (Y)
e=[ep; e ]I Observed evidence vector ovR(Y), e =[e; TeK ek 41 ; ;e ]I
p=[p;:npk] Class probability vector ovef
=[ un k] Strength vector of a Dirichlet distribution or the singleton part in grouped Dirichlet distribution
S An element as a set in hyper-domain (singleton or composite)
S=1S1;:5S g The set of partitions
S j -th composite set in GDD
c=[c;c ] Evidence vector for the partitions B
f(x@; ) HENN parameterized by that takesc!) as input
IS Singleton ground-truth index
IC Composite ground-truth index
L() Uncertainty loss function w.r.t. parameters
UPCE ) UPCE loss
Reg( ) KL-divergence regularizer
() Natural parameter based on(only in Appendix)
(c) Natural parameter based or{only in Appendix)
u(p) Suf cient statistic of natural parametel ) (only in Appendix)
v(p) Suf cient statistic of natural parameter(c) (only in Appendix)
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B DERIVATIVES OF LOSSFUNCTION

B.1 EXPECTATION OFGDD

Theorem. Letx GDR2( ;c) with 2 partitions,x 2 ,, where , denotes th@-dimensional
simplex, =( 1; ; n)l isthe strength parameter, amd= (c1;c)! is the composite evidence
parameter. LeB;; S, denote the 2 partitions. The momenkgfis given by

E(xi)= — —X 1(i 2S;)+ 1(i 2 S,) (16)
Sl 2
where g, = 25, 11 S = 25, 11 1) 2 and jparedenedas 1 = g, +Ci; 2=

s, T C; 12= 1+ »2,andl() denotes the indicator function.

According to the above Theorem which is from the book of Dirichlet and Related Distributians (
et al, 2011), analogy from two partitions to multiple partitions, we can get &up the main paper:

L X
Elpk] = — — 1(k2s))
0o . _ Sj
j=1
= P
where 0= o j, 5 = 5, nand = 5 +g.

B.2 UPCELoss oFGDD

Proposition A1 (Analytical form of UPCE) Given thei-th samplg(x();y()) 2 D, and a HENN
f(; ), the Uncertainty Partial Cross Entropy (UPCE) loss for this sample can be formulated as the
following analytical form:

. . X
UPCEX" ;¥ )= B, cppj (r:etny( 109 wepx)
k=1
h x i .
= " () WPk > D+

X _ X _ X _ i _
GOy W (M Dy 1y 25)) 1(ky ke = 1)

j=1 j=1 125 |

P
where j = 5 1t G.

Proof. The formal formulation of UPCE loss is formulated as follows.

X
UPCE )= E, gpgpj ():ctiny( 109 ¥ipk)
h x i h N _
=E log pM 1(kyVky > 1)+ E logpl 1(kyVky = 1) (17)
I:yl(i):l {Z
I {7 } Term 2
Term 1

We need to get the log expectationsrm 1and Term 2above to calculate the UPCE loss. The
following is to explain how we can derive these two terms.

Given the PDF of GDBGDpj ;c) (Eg.4) we can rewrite it in the form of exponential family:
pO; )= h(x)exp( u(x) A()) (18)
with natural parameters, suf cient statisticu(x), and log-partitionA( ).

Construct the pdf of GDD as exponential family:
p(x; ) =exp(log GDpj ;c)): (19)
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The logarithm term can be constructed as:

Y X Cj
o] logZ

k 1

¥
logGDipj ;c)=log  p,
k=1 j=1 125
)6 1 X X Cj
= logp* ~+ log pi logZ (20)
k=1 j=1 125
X X
= («k 1)logpc + ¢ log p logZ:
k=1 j=1 125

Note that Gamma function has the transition relation between Beta function:

(a)(b=B(a;bh(a+b); (21)
which can be generalized to multiple variabl&&ifphy, 2022 as follows,
QK—:L ( ak)
B(ar;az;iak) = —FL—— (22)

Therefore, the normalizing constant:

Y
4

B f 105s, fig

B
23
QBSj( ) Qﬁl( N (23)

j:l( 12S ) ( j=1 i)

=1
Y

Now de ne the log-partitiomA( ;c) as follows:

Q
X - .
logZ = log s () +log P12 ()
= ( i2s, | ( =1 1)
X Y X X Y X
= log (1) log ( N+log () log ( i)
j=1 125 j=1 125 j=1 j=1 (24)
X X X X X
= log (1) log ( )+ log ( ;) log ( i)
j=1 125 j=1 125 j=1 i=1
= A( ;o)
Supposex = 1, = 1=[ 1 Lupk 1, ufp)=[log ps;logp,;::;logpk ]
and | = ¢, =c=[cyusc],v(p)=[log |5, Pi;log ., Piilog .5 P, then
the PDF of GDD would be in the form of exponential family as follows:
_ hx X X i
GDIpj ;c)=exp (k Dlogpc+ ¢glog( p) A( ;c)
hk:l j=1 12S i (25)

=exp () u+ ©' v(p) A( ;0):
We can identify that ( ); (c)gare natural parameteifsy (p); v(p)g are corresponding suf cient
statistics, respectively.
According to the property with respect to the exponential family, we can state that

dA( ;c) _ dA( ;o). dA( ;c) _ dA( ;c),

Elu(p)d = - G Eeyl= s

(26)
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Since ; = P q,so% = 1(k 2 Sj). In addition, since (x) = %Iog ( x), the log
expectatiorE[u (p)k] in Eq.26 would be:
Elog(pe) = 2419
P k P
_X @ s log () X @og ( ips; ) X @og(( ;) @og(( - i)
i @« i1 @kP - @« @«
X X X X : X X
) lzsjgog( L ( ')‘Ig@lJ' (J)% (D! %
j=1 k j=1 128 k j=1 K j=1 j=1 =K
X X X X X X
= (k) 1(k2S)) ( 1) L(k2S))+ (i) 1k2s)) | i) Uk2s))
j=1 j=1 12S j=1 j=1 j=1
X X X X
= () ( 1) 1(k2Sj)+ () 1kz2s;) ( i)
j=1 12s j=1 j=1
X X X
= () C j)+ (i) ) 1(k2S;):
j=1 j=1 125§
Similarly, with the leverage dE[v(p);]in Eq. 26,
X )
@A ;c)
E[l =
[Og(lzs. pl)] @P b b
X @ s, 00 () X @og( s, ) X @og(( ;) @o9(( o i)
=1 @c R @c =1 @c @c
_X @og(( ;) @og(( 4 i)
=1 @¢ @c 28)
P
_@og(( ) X @ a
@r o @
@ ., er
X
= () g

Thus, we successfully derive the essential compofent 1(Eq.28) andTerm 2(Eq.27), which

can be used to calculate UPCE loss as follows,

UPCE )= E, gpppj (hciny( 109 ¥ipx)
h X N h
=E log p” 1(kyVky > 1)+ E
I:yl(i)=1
h x i _
= ") () Wy Vk> D
j=1
h x _ _
C D ("
j=1 j=1
where j = 5 1t G.
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B.3 KL DIVERGENCE ASREGULARIZATION

Let KL( ) denote the KL-divergence of two distributions. According to the Appendix CLBrimer
et al.(2023, the KL-divergence of two GDD distributions can be written as:

KL GDIpj ;c)jiGDpj ;c) =E |ogm
GDDpj ;c)
(29)
= E logGDDpj ;c) E logGD[pj ;c) :
Since we derived the entropy of GDD distribution in B§, we have
X h i X h X i
EllogGDpj ;c)]=log Z( ;c) ( « 1)E logpx GE log p; (30
k=1 j=1 125
By putting the above term into the EgP, we now have:
KL GDipj ;c)jjGDmpj ;c)
X h i X h X i
= logZ( ;c)+ (« 1E logpc + GE log p
k=1 j=1 125
X h i X h  x i (31)
logZ( ;¢)+ (« 1)E logpc + GE log p
k=1 j=1 125
Z( :0) X h i X h X i
=log o— (« ®Elogpc + (G ¢G)E log p :
(:c) k=1 j=1 12S
]
Therefore, we derive the following regularization basedz®{pj1X ;0 ),
KL GDIpj ;c)jjGDpj1*;0 )
X h i X h x i (32
=logz(1;0) logz( ;c)+ (« 1E logpx + GE log p ;
k=1 j=1 125
h p i

whereE [logp«] andE log 125, P are derived in Eg27 and Eq.28 respectively, x = yx +

1 w) k is the Dirichlet parameter after removal of the non-misleading evidence from the
predicted parameters, speci cally, we skip the comparison of, with 1 giveny = k fork 2 [K].
¢ =( ) ¢ ascomposite evidence parameter with the target class setting to bg @ foi.

B.4 ENTROPY OFGDD

We can derive the entropy ¢f a GDD distribution from its de nition, and by using the component
E[logp«] andE log I2s, P which are derived in EQR7 and Eq28respectively, the full analytical
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form can be derived:

Hlp]= E logGDDpj ;c)

¥ . Y X .
= E logz *+log p* ‘+log P
k=1 j=1 125
h li hx X cii
=logZz E logp, * E log pi
k=1 j=1 12S
X h i X h X i
=log Z ( « 1)E logpx G E log pr
k=1 j=1 125 |
X X X X
=log Z (v« 1 () j)+ (i) ) 1(k2S;)
k=1 j=1 j=1 12S |
X h X i
GE log p
j=1 125§
X X X X X X
=log Z (v DO+ (. D C ) (« 1) (i) N 1k2s))
k=1 k=1 j=1 k=1 j=1 128§
X X
g (i) C )
i=1 j=1

C THEORETICAL ANALYSIS OF LOSSFUNCTION

C.1 CoNVEXITY OF CE & PCE

To prove the convexity of CE and PCE loss with respect to class probabilities, we only need to
shlgw that the second-order derivative of both losses is non-negative. For CEHgssr) =

Ezl v« logpk, sincepyk  Oandyx Oforanyk 2f1;2;:::;Kg:

d d Yk
CE = —CE= — lo = =
B an. dpcl Yelogpd = o

(34)
d d Yk Yk

CEo= —cP=_—[ X*1=2 o
i dpx % de[ pk] p?

By Eq. 34, we can know that the Hessian matrix is diagonal and positive semi-de nite. Hence, the
CE loss is convex.

P
For PCE los®CHp;y) = log( -, YxPx), we have:

pce= S pcE= p Tk
dpk i=1 Yi Bj

PCE= -PCE= w ( yp) *w=(Pg ) O
Px j=1 j=1 YiPi

whereyy is thek-th element in the binary vecter representing classesi(Y). Analogously, PCE
loss is convex and thus follows Jensen's inequality.

Proposition A2 (Lower Bound of UPCE) Given any instancéx;y), and a HENNf ( ; ), the
Uncertainty Partial Cross Entropy (UPCE) for this sampl®CHEXx; y; ) has the following lower
bound:

UPCEX;y; ) PCHE, copj :olPLY: ): (36)
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Proof. SincePCHp;¥; ) is convex (proved earlier), it is straightforward to get the following
inequality through Jensen's inequality:

h [

UPCHEX;Y; )= Ep opmj ;) PCHP:Y; )

PCHE, comj ¢RIy ):

37)

O

C.2 PrRoOF oFPrRoOPOSITION]

Proposition 1 (Properties of the empirical UPCE risk functiomhssume that the universal ap-
proximation property (UAP) holds for a HENN, i.e., the network can learn an arbitrary mapping

function from the illgput feature vectarto the evidence vect@. Then, the empirical UPCE risk

functionR(f)= 1 L, UPCEx(™;y("; ) approaches the in murd if the solution * satis es

the following properties, witle = f (x; ?): (1) 8(x;¥) 2 D, wherey denotes a singleton class
label, k 2 [K], the predicted evidence values! +1 andes, ! +1;8S 2 S, such that
k 2 Sj; and (2)8(x;y) 2 D, wherey denotes a composite set latil the predicted evidence
valueseg, | +1 andec! +1;8k2S;.

p,y N N
Proof. Given the HENN with empirical risk aR(f) = & L, UPCEx®;y(; ), we can
show that one of the optimal risk minimizers can always predict non-con dent evidence while still

maintain the property regarding the loss minimizer for arbitrary examples in the training set.

First, we show the properties hold for a UPCE loss minimizer. Since opinions in Subjective Logic rely

on estimating evidence to form subjective opinions and re ect structural knowledge, it is necessary

to have accurate and consistent evidence output that supports a subset of the hypothesis space.
Based on this de nition, the composite evidence should not be too large given only singleton training
examples, and vice versa. Nonetheless, Proposition 1 states that for a given date;goindifferent
minimizers trained with the samégP CBbjective can end up with different evidence predictions.

As UPCE loss is convex in terms of evidence, we consider analyzing the impact of output evidence
on UPCE loss. We start with partial derivatives because the UPCE loss is multivariate differentiable.
For clarity, we've organized our proof into two parts: one dealing with a single ground-truth scenario,
and the other with a composite ground-truth.

Case 1 Under singleton ground-truth assumption.

Ideally, under the singleton ground-truth assumption, we anticipate that, as the singleton ground-truth
evidence increases, the UPCE loss should decrease. When composite evidence increases, the UPCE
loss should increase, i.%@UPCB 0;8 2 [K] and@—@;UPCE 0;8 2 [ ]. This expectation is

rooted in the fact that the UPCE loss is multivariate differentiable. If we explicitly write the partial
derivative for composite evidence ( 2 [ ]) with singleton ground-truth, we will have

Cupce= @ © ) (W Oy (i) wy2s)
— = — j IS I 1+ G y j
@c @c i, J j=1 125 125 J j
@ X X X @ X
=@ 7 T g T ayesp @ ¢ v 38
@c ', j=1 j=1 @c 125 | 39
X X X X _
= 1 K+ G) Ly 2Sj) 1( 1+ 6)1( =)
k=1 j=1 j=1 125 |
d (x)

where 1()is 1(X) = =5, known as the trigamma function, which is positive and monotonically
decreasing of0; +1 ) (Qi1 & Berg, 2013. Next, we will go through different composite set labels to
simplify the partial derivative.

If the partial derivati\@ taken is rlgpt for the composite class label including the singleton ground-truth,
then @ UPCE=  1(' oy «k* =5 G)-Since « 1,g 0,and y()ispositive on(0;+1 ),
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it follows that@—@;UPCE> 0: However, if the partial derivativ% taken is exactly for the composite set
label inl_c,ludingthe singleton ground-truth,th&UPCE: 1( :le Kkt =1 G) iz 1y 2

Si) 12s, I+ ¢)1( =1j).Since x 1l,¢ 0,and 1() is monotonically decreasing on
(0;+1 ), therefore 1( Ezl kK + j=1 C])< j=1 l(yZSj) 1( 125 I+Cj)1( =j)ht

follows that@—@;UPCE< 0: This outcome, which is not desirable, reveals that the optimal HENN has

the potential to increase the composite evidence output, even in cases where the singleton ground-
truth does not apply. Remember that in EdSubjective Logic determines the subjective opinion
based on evidence. Therefore, this approach to prediction can negatively impact the quanti cation

of uncertainty and further affect the classi cation accuracy that relies on evidence-related projected
class probabilities.

Under the same singleton ground-truth assumption, the partial derivative for singleton evidence
( 2[K]is:

X X X X

@ @
—UPCE= — ( i) (18)+ ( ) ( +¢) 1(y2Sj)
@ @ P21 : ® j=1 25 | 125 o ]
(39)
X X X
= a2 ) 10wl =19+ Ly25)1( 255)( N ()
j=1 j=1 125

Following the same spategy, if the partial derivative taken is nst for the singleton ground-truth
classpther%E: 1 g D* = 2 28)10 28)( 1( e, 1) 1( ). Since
i 125, 1, the dereasing monotonicity of trigamma function gives 125, N i(j)>0.
So the partial derivativ%E> 0. If the Bartial derivBtive is for the singleton ground-truth,
wg can rewrite the equation &F<F= (" ,_; ) o Ly 2 8))1( 2 %) () +
J.zlpl(yzsj)l( 2S;) 1 125, 1) 1( 18)1( = 1S) . Noting that ; <= = and
IS< s, 1,SOWe know tha%'% 0 by decreasing monotonicity of trigamma function.
Hence, for8(x;y) 2 D, with xed nite values of c and except for either ground-truth singleton

evidence or for both the singleton ground-truth evidence and the composite evidence including the
singleton ground-truth, the limits

X X
lim UPCE= lm (o) (w)*+ (( N ()Is2sy) G
(S (S =1 125 |
X X (40)
lm UPCE= Im (o) (w+ (( D (i)is2s)) oo
o +1 Gl +1; =1 125
1S2S 1S2S |

hold.

Recall that ¢ = e + 1, and trigamma function 1( ) is also strictly convex. Therefore, rewrite the
concentration parameters as evidence8f{ar, ) 2 D, wherey is a singleton class labkl2 [K],
whene, ! +1 andes, ! +1;8S 2 S, suchthak 2 S;, we will haveUPCEx();y(); )
approaches the in mum 0. It is worth noting that the in mum can also be approached when solely
maximizing the singleton ground-truth evidence. Hence, with different evidence predictions causing
the same loss for the same learning objective, hyper-opinions derived from the evidence will also
become inconsistent.

Case 2 Under composite ground-truth assumption.

If we assume the ground-truth is a composite class label, we expect that as the composite ground-truth
evidence increases, the UPCE loss decreases, in contrast, if any singleton evidence increases, the
UPCE loss should increase. Mathmatically, our gogi3sUPCE< 0;8 2 [ ], andg2-UPCE

0;8 2 [K]. For composite ground-truth, the partial derivative with respectto 2 [ ]is known

as:
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X
— UPCE= @c ( i) (o)
(41)
= i) 1(c)1( =1C)

If thlg partial derivative taken is for a composite class label that is not the groundﬁlﬂiPCE:

1( j=; j).Since ; > 0,and () is positive on(0; +1 ), it follows that@%UPCD 0. This
means the HENN will compress non-related cgnposite evidence. Nonethgeless, the partial derivative
for the composite ground-truth '@%UPCE: 1( =1 ) 1(P.c). Since -1 1> c and

1() is monotonically decreasing ¢f; + 1 ), it follows that 4( = i)< 1(1c)1( =1C),
@—@ZUPCE< 0, indicating HENN will only enlarge the evidence of ground-truth among all composite
set classes during training.

Similarly, the partial derivative for singleton evidence ( 2 [K]) under composite ground-truth is:

X
@QUPCE: @@ (,-=1 i) (o)
(42)
= 1 i) 1( 2Sic) 1( 10);
j=1

If the partial derivative tgken is not for the singleton class included in the composite ground-truth,

then@@UPCE: @ﬂ (" j= i) > O.Incontrast, if the partial derivatige is with respect to the

singIeE)n class included in composite gﬁound-truth,t@QnUPCE: &2 () 1)

Since =1 1> e then we have 1 ( i=1 i)< 1(1c), @—@SUPCE< 0, which causes the
confusion. In other words, the UPCE loss guides HENN to enlarge the evidence of composite
ground-turth and the singleton classes included in the ground-truth.

Now given nite xed values of andc except for either the,c or ¢,c with several other i included
in composite ground-truth, we have the limits:

X
lim UPCE= _lim ( o) ()aICc=j) ! o

cic! + cc! +1 )
j=1
X (43)
lim UPCE= Iim ( o) (pHac=j) ! o
cc! +1; cc! +1; .
KD+l k! o+l j=1
k2S c k2s c

If we convert the parameters back to evidence space, then the limits show 8@t fg9) 2 D, where

y is a composite class labg], theUPCHEx(); y(): ) approaches the in mum 0 as the predicted
evidence valuess, ! +1 ande¢! +1 ;8k 2 S;. The in mum value can also be approached

by only maximizing the composite evidence for the ground truth. Again, with different evidence,
predictions correspond to the same empirical loss for the same composite learning objective, causing
unreliable issues in subjective opinion modeling.

After proving 2 cases of inconsistent evidence predictions regarding the optimal loss minimizer, we
prove that the risk minimizer can be approximated by a UPCE loss minimizer for each training data
point. This step is crucial for connecting the empirical risk minimizer with the loss minimizer and for
highlighting the inconsistency in evidence predictions made by the empirical risk minimizer HENN.
Under the assumption of universal approximation property (UARbEnkq 1989 Leshno et al.
19939, suppose the HENN has the capability to produce suf cient non-linearity to estimate any
functions in the evidential space, we can have at least one optimal HENIN?) (orf  for short)
such that

X h i X h i

R(f )= inf R(f)= inf Ni UPCEx"; ¢ ) = Nl inf UPCEX ;¢ )+ (44)
i=1 i=1
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This equation connects the empirical risk minimizer and the loss minimizer on each train-
ing data. To prove Eqi}), we apply the assumed UAP. Note thaPCEx();y®; ) =
UPCEf (x(M; ); (). we aBbrewate them bMP(r},E') for simplicity. SinceUPCEX;y; )

inf UPCEX;y; ), we havel 1, UPCED & [, inf UPCED | and a trivial conclusion

is inft L, upc#) 1N infUPCE)

Now recall the universal approximation property demonstrates the existence of a function that can
approximate any function within the same function space. Applying assumed UAP to our setting, it
states for anyx;y) 2 D, and arbitrary functiog(x;y; ) =inf UPCEf (x; );¥y), there exists an
optimal HENN can approximaig( ) by mapping input features to evidericéx; 7). s.t.

supkg(x;y; ) UPCEf(x; 7);p)k<; 8> O (45)
X5y

Because of the relationy > cand s, > s, the form of UPCE loss based on digamma functions
in Eq.(L2) determines its positive value, according to the increasing monotonicity of digamma
function on(0; +1 ).

Given the limits shown in Eg40) and Eq.43), we know that the in mum of UPCE is 0, EdL§) can
be rewritten as:
SUpUPCHf (x; °);y)<: 8> 0 (46)
X5y

Based on the inequality

0< iw inf UPCE" infixq UPCH! <7X\I = ; (47)
N i=1 N i=1 N i=1 o

with both lower bopynd and upper bound as 0, accord‘gg to the squeeze theorem, the exchangeability

of inf operatorsN iN:l inf UPCEX;y; ) = inf 1 iz; UPCHEX;y; ) = 0 holds for each
training data point, and the Ed4) is proved.

Knowing the existence of an empirical minimizer for all observations also works as the loss minimizer
on each training data point, the HENN should always predict evidefice ?) = ( ~;€);8(x;y) 2
D, s.t.

UPCHEf (x; ?);y)! infUPCE=0; 8(x;y)2D (48)

We can conclude that the properties derived from the analysis of the UPCHR& ; y; ) for
arbitrary(x;y) D also holds for the HENN with empirical rigR(f ) under the assumption of
UAP.

O

C.3 PROOF OFPROPOSITIONZ2

Proposition 2 (Effectiveness of the regularization teReg(x; y; )). Following the UAP assump-
tion, the regularized empirical UPCE risk de ned in Ed.5) approaches the in mum O if the
solution ? satis es the following properties: 18(x;y) 2 D, wherey is a singleton class la-
belk 2 [K], the predicted evidence valugs! +1 ande ! 0;8t 2 S| [K]nk; and 2)
8(x;¥) 2 D, wherey denotes a composite set lal®| the predicted evidence valueg ! +1
ande ! 0;8t2S|[ [K]nS.

Proof. To address the inconsistent prediction issue of our evidence output, the KL-divergence between
the predicted GDD and a at GDD is introduced as a regularizer. All 0 evidence for each element in
the hyper-domain composes a at GDD@®[pj1X ;0 ). In following section, for simplicity, we ab-
breviateKL GD[pj ; c(‘))kGDIIijlK 0 ) by KL( ;c®), UPCEx®;y(®); ) by UPCE),

and letfK ] denotef 1;:::;; K g, [ ] denotef 1; :::; g. Now the optimal regularized generalization risk

is

23



Published as a conference paper at ICLR 2024

R(f )! inf Ni UPCEx®;y(M; Y+ KL( ;)
i=1
N . o
= inf N UPCE) +  KL( @;cl)) (49)
i=1
) N i=1 N i=1 ,

According to the partial derivatives and the convexity of UPCE loss proved in séctibwe already

have two special limits for singleton ground truth as shown in4i).(Correspondingly, to make

UPCE loss approach its in mum value with compaosite ground-truth, there are also two special limits

mentioned in Eq43). Multiple choices to minimize the UPCE loss imply different combinations of
andc can become the loss minimizer and output by HENN.

Consider the KL-divergence between predicted GDD and at GDD

4 o
. . o . GDpj M;c®)
(1. )y = (). o) ——x) '~ Jdn:
KL( ;ct) GDj ;¢! log GD}IK:0) :

K

(50)

Itis straightforward to have its minimizer when the valum%m is 0. This indicates that

we aim to minimize the difference betweef) and1X , as well as betweeel!) and0 . Predicting
at GDD except for the evidence of the ground-truth to make the KL-divergence reach the minimum
value of 0. Therefore,

argmin KL( :c(M) 51)
= (;0): «k=1;k61S;k2[K];c=0 [ ( ;¢): = 1K;c,- =0;j61C;j2[]:

Note that the feasible region of the output evidence for minimizers of UPCE loss and the KL-

divergence overlaps, which illustrates that both in mums can be approached simultaneously. Specif-

ically, for singleton ground-truth, the intersection of feasible evidence between KL-divergence

minimizer and UPCE loss minimizeri§ ;c): ¢ =1; s! +1;k6 IS;k2 [K];c= 0 g.

In contrast, the intersection for composite ground-truth can be writtéf as) : = 1¥;¢ =

O;cc! +1;j61IC;j2[].

The overlap of feasible evidence towards the lower bound of the UPCE loss, along with its regularizer,

also erE\bIes the application of the Uniform Approximation Property (UAP) to the regularizer, with

inf L iNzl Reg = & iNzl inf Reg . Based on the assumed UAP, there exists con guratfon

such that HENN is an empirical UPCE loss minimizer for each training data point. Within the feasible

evidence region for minimizing the UPCE loss with the learning objective is improved when

considering the overlap in evidence outputs. This suggests the presence of an optimal con guration
? within the feasible range of°that can attain the minimal KL-divergence at every training data

point without hurting the optimality for empirical UPCE risk. By focusing on learnifigwe nally

can get the optimal regularized HENN given UAP assumption holds.

Therefore, we can move the in mum operator into the empirical risk,
" #
1 X . 1 X o
R(f )! inf = UPCE) + = KL( D;c®)
i=1 i=1 (52)

=Ni inf UPCE) +  inf KL( (V;cM)) ;

As proved in sectiolt.2, based on the assumption of UAP, there exists a regularized loss minimizer for
each data point, which also works as the empirical regularized minimizé&r forf (x (V) ; y(D)gN,, .
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Table 5: Dataset Statistic.

Dataset | CIFAR100 tinylmageNet Livingl7  Nonliving26

Image Resolution| 32 32 64 64 224 224 224 224
# superclasse 20 29 17 26
# subclasse 100 200 68 104
Training set size 45k 90k 79.56k 119.5k
Validation set size| 5k 10k 8.84k 13.3k
Test set size 10k 10k 3.4k 5.2k

# SELECTED composite classesf20,15,1¢ ~ £20,15,1¢ {1510 f20,15,1@

Algorithm 1 Pseudo-code of HENN (one epoch)

Require: Training datased = f(x:y1)gjL; ; HENN modelf (; ); tradeoff coef cient ; learning rate
; the number of sampling dabd; Batch sizejB j;
1: Initialize model parameters.
2: foriter=1, 2, ... ,do
3:  Sample a mini-batcB from D

4:  Generate the evidence veced? 2] (e 2 RBI ) e = f(x(; )

5. for each(x":y) 2 B do

5: /lbased on Grouped Dirichlet Distribution (GDD)

6: Get the UPCE loss for this examplCE" ( ) via Eq.12

7 Get the entropy regularization for this exampleg!) ( ) via Eq.14

8: Get the loss for this exampled) () = UPCE)( )+ Reg®( )

9: end for P

10:  Getthe loss for all examples in this batch B:( ) = 35 BILO).
11:  Update model parametersiia gradient descent® = rb ()

12: end for

By replacing the empirical risk minimizer with the regularized loss minimizer. We focus on loss
minimizer that produces:
h i
UPCE+ Reg! inf UPCE+ Reg =inf UPCE+ inf Reg (53)

Clearly, optimal regularized HENRN(x; ) = ( ~; ) will take the intersection of the feasible space
for approaching minimal UPCE loss and regularizer, thatise) = ( ;¢): «=1;k6 IS;k 2
KL ! +1;¢=0 [ (;¢): =1X;¢=0;j61ICj2[]cc! +1 . Convert
parameter space back to evidence space, then we can xfegr) 2 D wherey is a singleton
class labek 2 [K], the predicted evidence has the formepfl +1 ,e ! 0;8t2 S| [K]nk.
For8(x;y) 2 D, wherey denotes a composite class lalsg] the predicted evidence should be
es, ! +1 ande ! 0;8t2S[ [K]nS.

O

D RELATIONS WITH ALEATORIC AND EPISTEMIC UNCERTAINTIES

Epistemic and aleatoric uncertainties are two broad categories used to classify existing predictive
uncertainty measures. Epistemic uncertainty is due to a lack of evidence or knowledge in the
training data — it is &nown unknown It is reducibleby collecting more data. In comparison,
aleatoric uncertainty is due to the inherent complexity of the data (e.g., wrong labels, incomplete
or partial labels, and other data randomness) — it isllenown unknown It is irreducible by
collecting more data (e.g., the stochasticity of a dice roll cannot be reduced by observing more rolls),
assuming the same measurement precision in the collected@at@(16. The aforementioned
evidential uncertainties, including vacuity, vagueness, and dissonance, and other uncertainty measures,
such as model uncertainty (mutual information between model parameters and the predicted class
probabilities), data uncertainty (entropy of the predicted class probabilities), and con dence (the
largest predicted class probability) can be classi ed to epistemic and aleatoric uncertainties based
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on whether they can be reduced by collecting more data. In particular, the vacuity and model
uncertainty fall into the category of epistemic uncertainty, and the dissonance and vagueness belong
to the category of aleatoric uncertainty. The dissonance is irreducible by collecting more con icting
evidence. The vagueness is irreducible when we use the same measurement precision (sensor
and annotator) to collect extra training data due to the invariant underlying distribution for getting
composite labels. A recent workli et al, 2020 demonstrates that the entropy of the predicted class
probabilities can be decomposed into two distinct sources of uncertainty: vacuity and dissonance.
As con dence is correlated with this entropy, both data uncertainty and con dence may involve a
mixture of epistemic and aleatoric uncertainties.

D.1 EXAMPLE ABOUT EVIDENCE

In medical diagnostics, the presence of 24 pieces of composite evidence could suggest that there
are approximately 24 similar cases resulting in disedsgdased on the current observation. This
implies that the cases are identi ed as having either disease 2 or 3, but without speci c information

to distinguish between them. Conversely, 3 instances of class 1 evidence indicate that 3 similar
cases have been identi ed as disease 1. In such scenarios, doctors might not have a clear preference
between diseases 2 and 3, while maintaining a con icting opinion between diseasé 2; 8gdor

this observation.

D.2 DISSONANCE INHYPER-OPINION

Given a hyper-opinion with non-zero belief masses, the dissonance measure can be estimated as:
P !
diss(! ) = bs SR (¥);S% S d(S4S 9bso Bal (bso; bs)

S2R (Y) so2R (v);so s d(S4S 9bso

whereBal(S%S) =1 j bso bsj=(bso+ bs), andd(S4S 9 is the size of the symmetric difference
betweerS andS° (Jgsang et g12019.

(54)

E REPRODUCIBILITY

E.1 DATASET

Table 5 shows detailed statistics for four datasets we used. In particular, tinyimageNet has 29
superclasses because we keep all superclasses which have 2-3 subclasses only.

We useCIFAR100 (Krizhevsky & Hintory 2009, tinylmageNet (Fei-Fei et al, 2019, Livingl7 (San-

turkar et al, 2021), andNonliving26 (Santurkar et a)2021) in our experiments. CIFAR100 has 100
classes containing 600 images each (500 for training and 100 for testing, and the image siZ2js 32

The 100 classes in this dataset are divided into 20 disjoint superclasses, each with 5 unique subclasses.
Note that we compose composite class labels within the same superclass. Dataset tinyimageNet
has 200 classes containing 550 images each (500 for training and 50 for testing, and the image
size is 64 64). We generate the hierarchy information of tinyimageNet and generate superclasses
according to the existing ImageNet class hierarchy - WordNdtgr, 1999. In addition, it usually

can be challenging to distinguish between different classes due to their similar visual features. While
WordNet is a hierarchy based on semantic relationships between words, rather than visual similarities.
Therefore, Living17 and Nonliving26 are considered because their class hierarchy is generated based
on visual and semantic similarities. Both of them are subsets of ImageNet datasgtdt al.2009

with an image size 224224. Refer to Table 5 and 6 in their paper for more information.

We split the original training set into a training and a validation set according to the ratio 9:1.
Therefore, the number of images per class will be: 450/50/50 for training/validation/test set for
CIFAR100, similarly for other datasets.

E.2 DATASET PREPROCESSING

For each dataset, the rst step isto select vague images. To achieve that, rst, wéedaperclasses
randomly from all superclass candidates as SELECTED composite classes in our experiments. For
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each SELECTED composite class, 2 or more subclasses belonging to this superclass will be selected
randomly as components of the composite class label. Given the designed composite class labels, we
can further select a fraction of images under each of the singleton classes included in the domain of
composite classeés(Y). The selected examples are therefore expected to be converted to composite
examples by applying Gaussian-blurring and label replacement to introduce vagueness. When
selecting images to blur, for each selected singleton class, we balanced the number of singleton
images remaining and the number of composite examples converted. Please check our code for
implementatiort.

The selected vague examples will be blurred by Gaussian Blurring operation. To apply the Gaussian
blur operation, there are two parameters to ketnel _size and varianceigma . We use three
differentkernel _size s@ 3;5 5;7 7), andsigma is determined by the default relation
between them in PyTorclsigma =0:3 ((kernel _size 1) 05 1)+0:872

We used 2 methods for data augmentation following a typical computer vision setting. First, each
image is applied to a random horizontal ip with the ipping probability @b. After that, a random

corp is introduced for each image with a size3@ 32 and padding of 4. Then, resize images

to 224 224 because the pretrained model is trained by Imageletd et al. 2009 which is

224 224, we need to match the input size for model predictions. We apply regular data augmentation
approaches and normalization to the data. Data augmentation approaches are only applied to the
training set. For validation and test sets, we only use resize and normalization.

E.3 IMPLEMENTATION

Baselines.DNN and ENN cannot predict set directly. In practice, it is necessary to set a threshold to
make set prediction for DNN and ENN. The prediction set should consist of all classes with softmax
probabilities larger than or equal to the pre-de ned threshold.

In addition, DNN and ENN are only able to deal with singleton class labeled examples and cannot
deal with composite class label during training. Note that there are vague images with composite
class labels during training. To make baselines can handle these examples, and to avoid removing
training examples, we duplicate composite examples and provide them singleton class labels which
are from the subclasses of composite class labels. This ensures that all classes remain exclusive.
For example, assuming there is an imageith the composite class label A,B during training, we
duplicatex and take image& with the singleton class label A and the same image with the singleton
class label B as input for model training.

HENN: Pseudo-code of HENN is shown in Algorithin

E.4 HYPERPARAMETERS TUNING

We list all related methods and their corresponding hyperparameter settings below. For our method
and all other baselines, we adopt Adafigma & Ba, 2014) as optimizer with parameterg = 0:9,

2 =0:999 weight decay is 0, = 1e 8 provided in Kingma & Ba, 2014). The number of epochs
for all experiments is set to 100. Other hyperparameters used in this paper mainly are learning rate
and weight of entropy regularizer. Grid search is leveraged to determine the best hyperparameters
based on a held-out validation set for each speci ¢ experiment. Speci calfp . the learning
rate is chosen frorhle-5, 1le-4, le-® the cutoff is chosen frorh0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3,
0.35, 0.4, 0.45, 0% (2) ENN. the learning rate is chosen frdme-5, 1e-4, 1le<® the weight of
entropy regularizer is chosen fronf 1, 1e-1, 1le-2, le-3, 1le-4, lg:8he cutoff is chosen frori
for i in range(0, 0.02, 0.001)] . (3) E-CNN. the learning rate is chosen frdre-5,
le-4, 1e-8; the optimizer is Nadam. (RAPS. Keq is chosen froni 1, 2, 5, 10, 50; is chosen
fromfO0, 1e-4, 1le-3, 0.01, 0.02, 0.05, 0.2, 0.5, 04, 1is chosen fronf0.1, 0.2, 0.3, 04. (5)
PiCO. learning rate is chosen frofde-5, 1e-4, 1le-® (6) HENN. the learning rate is chosen from
fle-5, 1e-4, 1e@and the weight of regularizeris chosen fronf 1, 1e-1, 1e-2, 1e-3, le-4, 1€:5

1Our code:https://github.com/Hugo101/HyperEvidentialNN
2https://pytorch.org/vision/main/generated/torchvision.transforms.
functional.gaussian_blur.html
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A xed number of epochs is given, and the highest validation accuracy is used to determine the best
epoch.

For HENN, validation accuracy means the classi cation accuracy including the additional composite
class labels on hyperdomain, such as 215-class classi cation in tinylImageNet dataset. Even though
we report multiple metrics, such as OverJS, CompJS, and Acc, we use validation accuracy to select
the model. We use the Best validation accuracy to evaluate and determine which combination of
hyperparameters to use.

For DNN, there are two sets of hyperparameters. The rst set includes the hyperparameter of
general DNN: learning rate (we only tune this hyperparmeter for now). The second set includes the
hyperparameter used to generate set prediction: the cutoff on class probability. For example, if there
are only three classes and the prediction of the DNN for one test ima§@.&:0.3, 0.4. If the

cutoff is 0.3, then the set i$class 1, class@®

For the rst set, use the accuracy on the validation set to tune. Note that it is always 100-class
classi cation after using duplicates for vague examples. Each duplicated image has its own class
label. For example, for one training/validation image that has a set label: class 1, class 3. We will
create two duplicates of this image labeled class 1 and class 3, respectively. For the second set, use
the overJS on the validation set to tune. Here, we will replace duplicates with the images with vague
labels in the validation set, in order to calculate the overJsS.

F ADDITIONAL EXPERIMENTAL RESULTS

F.1 ADDITIONAL RESULTS

Table6, 11, 12 show composite and singleton prediction results for different Gaussian kernel s3ze 3

5 5,7 7 for CIFAR100 and tinyimageNet dataset, and Tahl®, 10 show composite and singleton
prediction results for living17 and nonliving26 dataset, which represents consistent observation as in
main paper.

Table 6: Results (%) based on Gaussian kernel siz& @ CIFAR100 and tinylmageNe{The
average and 95% con dence interval of three runs are provided.)

CIFAR100 tinylmageNet
M ‘ Methods OverJds CompJs Acc OverJS CompJS Acc
DNN (Tan & Le, 2019 86.8 036 686 142 843 051 | 83.4 038 66.9 093 79.8 032
ENN (Sensoy et a)2018 84.4 028 423 123 848 022 | 759 031 635 126 80.7 0.27
10 E-CNN (Tong et al, 2027) 385 074 342 263 732 092 | 334 083 31.1 238 68.2 0.92
RAPS (Angelopoulos et al2027) 815 033 51.1 141 843 051 | 73.1 037 43.6 096 79.8 0.32
PiCO (Wang et al, 20225 59.6 038 28.3 441 63.6 048 | 57.2 039 356 353 64.3 063
HENN (ours) 86.5 047 90.4 363 86.5 053 | 84.4 044 934 257 825 0.72
DNN (Tan & Le, 2019 86.6 0.35 71.6 1.43 82.2 0.39 84.3 043 67.3 1.43 79.5 0.35
ENN (Sensoy et a)2018 84.2 027 47.8 125 83.8 037 | 83.5 020 60.7 1.14 812 0.26
15 E-CNN (Tong et al, 2027) 33.2 074 313 343 68.6 093 | 325 083 33.3 352 684 0.95
RAPS @Angelopoulos et al2021) 815 036 54.1 144 822 039 | 68.1 044 456 152 79.5 0.35
PiCO (Wang et al, 2022 58.4 074 255 432 613 050 | 56.8 0.38 35.3 353 64.6 0.64
HENN (ours) 86.8 0.28 90.1 436 85.8 0.19 | 84.6 045 90.6 261 81.6 071
DNN (Tan & Le, 2019 86.8 035 754 165 80.3 035 | 84.0 033 57.9 1.06 815 0.36
ENN (Sensoy et a)2018 83.3 023 53.7 114 819 019 | 574 029 419 111 589 0.36
E-CNN (Tong et al, 2027) 28.6 078 23.7 325 73.6 087 | 23.3 086 224 251 67.8 0.97
20 RAPS (Angelopoulos et al2027) 80.5 035 56.7 154 80.3 035 | 76.1 042 41.1 147 815 0.36
PiCO (Wang et al, 2022 575 071 29.1 445 619 056 | 57.5 041 39.6 366 653 0.71
HENN (ours) 86.7 0.17 90.2 1.36 86.3 0.34 84.9 0.40 90.7 2.87 81.7 0.69

F.2 MODEL-AGNOSTICPROPERTY

Table 7 shows model agnostic performance (%)Mr=10, and kernel size: 55 on CIFAR100,
including con dence interval for three different runs. It demonstrates different methods' performance
based on ResNet50 and VGG16 on CIFAR100. HENN outperforms other approaches, for example,
the Acc of HENN surpasses that of DNN by 2% for CIFAR100. The consistent observation is
demonstrated based on different backbones, which validates the model agnostic property of our
proposed approach.
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Table 7: Model agnoistic performance (%) bh=10, and kernel size: 55 on CIFAR100. The
average and 95% con dence interval of three runs are provided.)

ResNet50(He et al, 2015 VGG16 (Simonyan & Zissermar2015
Methods ‘ OverallJS CompJS Acc OverallJS CompJs Acc
DNN 82.0 0.26 56.7 1.29 80.6 0.21 77.6 0.32 53.3 1.35 75.2 0.38
ENN (Sensoy et a)2018 80.1 028 46.7 1.32 80.9 025 | 74.6 033 42.7 141 76.2 043
RAPS (@Angelopoulos et a]2021) 718 026 40.1 1.31 80.6 021 | 66.4 034 355 1.38 75.2 0.38
HENN (ours) 82.9 034 857 241 81.1 032 | 784 037 785 283 77.7 047

Table 8: Results (%) of BREEDS-living17 based on two Gaussian kernel sizesaverage and 95%
con dence interval of three runs are provided.)

Gaussian kernel size: 33 Gaussian kernel size: 5
M Methods OverJS CompJS Acc OverJS CompJS Acc
DNN (Tan & Le, 2019 88.1 028 81.0 174 83.3 029 | 884 033 804 078 83.2 043
ENN (Sensoy et aJ2018 88.0 0.19 723 041 845 012 | 88.0 016 70.9 1.07 84.6 0.01
10 | E-CNN (Tong et al, 2021) 30.5 067 36.8 1.34 657 086 | 30.4 1.34 358 088 65.7 0.42
RAPS (Angelopoulos et al202]) 86.4 027 61.3 156 83.3 0.29 | 85.8 033 60.7 0.89 83.2 043
HENN (ours) 88.8 039 96.5 072 856 1.24 | 887 035 969 081 85.9 0.33
DNN (Tan & Le, 2019 88.1 039 848 162 80.2 034 | 884 023 845 108 80.6 048
ENN (Sensoy et al2019 88.0 003 783 065 824 036 | 87.8 023 754 238 84.7 160
15 | E-CNN (Tong et al, 2021) 31.6 145 37.3 158 655 082 | 33.3 1.21 351 091 64.8 1.12
RAPS (Angelopoulos et al2021) 85.5 035 66.5 072 80.2 034 | 859 042 67.6 062 80.6 0.48
HENN (ours) 88.8 0.17 96.6 065 85.7 1.27 | 889 014 975 049 854 178

Table 9: Results (%) of BREEDS-nonliving26 based on two different Gaussian kernel 3izes. (
average and 95% con dence interval of three runs are provided.)

Gaussian kernel size: 33 Gaussian kernel size: 5%
M Methods OverJS CompJS Acc OverJS CompJS Acc
DNN (Tan & Le, 2019 85.6 032 62.0 035 829 033 | 86.0 026 64.0 1.60 83.0 0.12
ENN (Sensoy et 22019 85.0 049 529 274 845 043 | 85.0 048 528 379 84.2 0.76
10 | E-CNN (Tong et al, 2027) 28.3 068 35.8 423 60.6 097 | 29.6 074 37.1 393 60.8 0.76
RAPS (Angelopoulos et al2027) 82.7 0.36 46.3 1.01 829 0.33 | 83.4 042 495 143 83.0 0.12
HENN (ours) 86.9 0.13 96.8 057 854 035 | 87.0 012 96.2 170 85.3 0.39
DNN (Tan & Le, 2019 85.6 039 689 030 815 016 | 855 050 67.3 341 814 055
ENN (Sensoy et 22019 85.4 026 62.6 159 829 021 | 853 008 619 131 83.2 0.35
15 | E-CNN (Tong et al, 2027) 29.8 122 351 441 60.1 087 | 289 073 35.1 467 60.3 0.84
RAPS @ngelopoulos et 2j2021) | 83.8 042 56.1 028 815 016 | 83.7 043 55.9 059 81.4 0.55
HENN (ours) 86.9 003 96.2 114 84.1 030 | 86.9 021 95.6 1.09 84.8 0.40
DNN (Tan & Le, 2019 86.7 034 745 032 80.3 015 | 86.5 042 76.2 041 79.8 0.23
ENN (Sensoy et 22019 85.9 043 68.3 213 81.7 035 | 86.0 049 67.9 244 822 0.73
20 | E-CNN (Tong et al, 2021) 29.8 092 351 243 605 081 | 28.6 075 36.8 346 60.9 0.65
RAPS (Angelopoulos et al2021) 82.4 041 57.7 032 80.3 0.15 | 84.1 023 57.8 045 79.8 0.23
HENN (ours) 87.4 022 945 046 855 041 | 875 017 945 100 85.3 045

Table 10: Results (%) of Gaussian kernel size7n Living17 and Nonliving26.The average and
95% con dence interval of three runs are provided.)

Livingl7 Nonliving26
M Methods OverJS CompJS Acc OverJS CompJS Acc
DNN (Tan & Le, 2019 88.4 024 79.0 105 833 049 | 858 034 63.8 148 829 0.19
ENN (Sensoy et al2019 87.9 023 71.0 099 844 023 | 853 029 54.6 142 84.1 0.33
10 | E-CNN (Tong et al, 2021) 30.4 098 36.7 165 655 1.87 | 28.2 074 355 143 59.4 291
RAPS (Angelopoulos et al2021) 85.9 032 60.8 1.72 83.3 049 | 83.5 037 53.6 1.73 82.9 0.19
HENN (ours) 88.7 036 96.0 082 85.3 0.28 | 86.8 007 959 322 85.0 0.49
DNN (Tan & Le, 2019 88.4 035 832 231 80.2 079 | 858 011 70.6 1.20 81.2 063
ENN (Sensoy et al2019 88.1 022 783 020 827 1.00 | 854 014 62.1 076 83.0 057
15 | E-CNN (Tong et al, 2021) 30.5 047 36.6 184 65.6 299 | 281 059 35.6 197 60.1 2.86
RAPS (Angelopoulos et a2021) 85.7 0.38 66.9 1.33 80.2 0.79 | 83.7 046 56.0 0.84 81.2 0.63
HENN (ours) 88.7 029 97.1 033 84.4 1.71 | 86.9 021 948 142 85.2 055
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Table 11: Results (%) of Gaussian kernel size5%n CIFAR100 and tinylmageNet (based on one
run).

CIFAR100 tinylmageNet
M ‘ Methods OverJS CompJS  Acc| OverJS CompJS Acc
DNN (Tan & Le, 2019 86.5 65.3 83.8 83.9 46.0 83.2
ENN (Sensoy et aJ201§ 83.1 58.8 84.5 54.8 43.1 56.1
10 | E-CNN (Tong et al, 2021) 28.5 22.4 742 234 21.3 68.2
RAPS (Angelopoulos et a]2021) 80.5 49.8 83.8 72.5 43.7 83.2
HENN (ours) 85.9 88.7 83.1 86.2 85.0 83.5
DNN (Tan & Le, 2019 86.2 69.9 82.4 83.2 50.4 82.3
ENN (Sensoy et aJ2019 82.8 58.4 84.5 52.8 47.6 55.7
15 | E-CNN (Tong et al, 2021) 28.7 234 70.2| 233 21.2 68.5
RAPS @ngelopoulos et a]2021) 80.2 52.6 82.5| 75.0 435 82.3
HENN (ours) 86.1 85.4 84.2 86.2 83.3 82.3
DNN (Tan & Le, 2019 86.2 73.1 80.6 83.2 53.8 81.7
ENN (Sensoy et a)2018§ 82.4 65.3 82.3 57.7 21.6 59.1
20 | E-CNN (Tong et al, 2021) 28.6 23.6 735| 234 225 68.2
RAPS (Angelopoulos et a]2021) 78.8 55.2 80.6 75.4 40.2 81.7
HENN (ours) 86.7 82.5 83.4 85.5 81.0 83.1

Table 12: Results (%) of Gaussian kernel size7/bn CIFAR100 and tinylmageNet (based on one
run).

CIFAR100 tinylmageNet
M ‘ Methods OverJS CompJS  Acc| OverJS CompJS Acc
DNN (Tan & Le, 2019 86.2 62.4 83.8| 837 44.8 83.3
ENN (Sensoy et 22019 82.4 30.5 84.8| 46.2 43.4 83.3
10 E-CNN (Tong et al, 2027) 28.5 22.4 74.2 23.6 21.8 68.0
RAPS (Angelopoulos et a]2021) 80.0 49.3 83.8 715 43.9 83.3
HENN (ours) 87.0 82.7 85.8 84.3 86.9 83.8
DNN (Tan & Le, 2019 85.7 64.2 82.5 83.6 52.1 82.5
ENN (Sensoy et a/201§ 82.5 39.6 83.6| 48.0 42.3 82.4
15 | E-CNN (Tong et al, 2021) 28.7 234 70.2| 235 21.9 68.2
RAPS (Angelopoulos et a]2021) 78.3 51.6 82.5 73.8 43.5 82.5
HENN (ours) 86.4 79.9 84.3 84.1 83.0 83.5
DNN (Tan & Le, 2019 85.3 69.8 80.5 83.5 56.4 81.7
ENN (Sensoy et 22019 81.5 44.6 81.8 433 41.2 81.7
20 | E-CNN (Tong et al, 2021) 28.6 23.7 73.4| 233 215 68.2
RAPS @ngelopoulos et a]2021) 74.4 53.2 80.5| 741 39.3 81.7
HENN (ours) 85.5 81.0 80.7 83.9 81.2 83.1

F.3 SEPERATION OFSINGLETON AND COMPOSITEEXAMPLES
Fig. 4 and5 show comprehensive ROC curves for CIFAR100 and tinyimageNet based on different

M s and different Gaussian kernel sizes, which indicates/imtienesss the best indicator compared
to other different uncertainty measurements.
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Figure 4: ROC curves of separating composite examples and singleton examples among different
measurementsiaguenessf HENN, vacurity of ENN, dissonancef ENN, andentropyof DNN on
CIFAR100 for different numbers of selected composite classes and kernel sizes ("Ker” represents
"kernel size”).
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Figure 5: ROC curves of separating composite examples and singleton examples among different
measurementsiaguenessf HENN, vacurity of ENN, dissonancef ENN, andentropyof DNN on
tinylmageNet for different numbers of selected composite classes and kernel sizes. ("Ker” represents
"kernel size”)
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F.4 ABLATION STUDY ON REGULARIZER

To explore the effect of Regularizer for singleton evidence, we try different tradeoff coef ciefots

KL regularization in our HENN method. Experiments are conducted on CIFAR100 with a pre-trained
Ef cientNet-b3 model and a xed learning rate 1e-5. The results are represented inTabéthout

this regularization term, the CompJS is 0, which means that the model does not predict composite
prediction, and the Acc is 78.5%. The reason is minimizing UPCE loss solely cannot provide suf cient
composite evidence output for those composite sets. In this way, the composite examples will have
relatively low accuracy compared to singleton ones. If the coef cieimcreases, demonstrating a
larger preference on at GDDs instead of UPCE minimizer, the evidence for singleton classes will
reduce to be at as we proved in Proposition 2. Therefore, the CompJS will no longer be zero since
the model tend to replace confusing singleton evidence for composite examplés.1 gives us the

best performance on both the composite prediction metrics (OverJS, CompJS) as well as singleton
prediction accuracy (Acc). This means that HENN can predict composite class labels but also has
good singleton class label prediction. This ablation study veri es the importance of the regularization
term and shows a ne-tuned tradeoff hyperparameter can provide reliable composite and singleton
prediction simultaneously. In addition, the OverallJS remains high across different choicgs of
demonstrating the robustness of our method.

Table 13: Effect of Regularizer: Different trade-off coef cienton CIFAR100 with pretrained
Ef cientNet-b3 model and 1e-5 learning rate.

| OverdJS CompJS Acc

0 76.4 0.0 78.5
0.01| 836 76.3 85.1
0.1 87.9 87.7 85.3
1.0 81.8 72.0 79.7

F.5 ADDITIONAL RESULTS

Table 14: Results (%) of NAbirds based on the pre-trained Ef cientNet-b3 backboimeayerage
and 95% con dence interval of three runs are provided based on three runs.)

Methods | Overls CompJS Acc

DNN (Tan & Le, 2019 77.38 019 35.24 352 78.04 0.27
ENN (Sensoy et a)2019 76.72 056 37.46 239 78.45 0.31
HENN (ours) 80.01 0.37 71.42 143 80.14 035

F.5.1 EPERIMENTS ONFINE-GRAINED DATASET: NABIRDS

We also conduct experiments on one ne-grained dataset: NAbifals lorn et al, 2019. It has

555 different categories of birds and each category has around 50 images for both training and test
set. According to the provided class hierarchy information, these 555 subclasses can be divided
into 404 groups (superclasses). After Itering out superclasses which has only a single subclass, the
same procedure as previous four datasets (TinylmageNet, Living17, Nonliving26, and CIFAR100) is
applied to randomly select 10 composite class labels. Tiabhows results based on the ne-grained
dataset NAbirds\(an Horn et al. 2015. Consistent with previous experiments on four datasets,
HENN outperforms DNN and ENN for a large margin in terms of CompJS. And HENN also performs
better in terms of OverJS and Acc.

F.5.2 REAL-WORLD DATASET WITH COMPOSITE CLASS LABELS

We admit that the datasets with Gaussian blurring are semi-synthetic. From a sizable pool of
applicants, we selected 23 students from our department and tasked them with annotating images in
the CIFAR10 dataset and one subset of tinylmageNet (renamed as tinylmageNet-20), categorizing
each as either a singleton class or a composite set. This effort successfully resulted in a real-world
dataset enriched with human-annotated singleton and composite label$5 $abws results based
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Table 15: Results (%) on CIFAR10 based on two backborég gverage and 95% con dence interval
of three runs are provided based on ve runs.).

ResNet18 Ef cientNet-b3
Methods OverJS CompJS Acc OverJS CompJS Acc
DNN (Tan & Le, 2019 79.73 0.33 40.10 7.06 82.17 054 | 92.53 0.11 53.59 3.15 96.49 0.21
ENN (Sensoy et a]201§ 67.09 0.75 46.80 006 82.75 0.19 | 77.84 386 54.83 059 96.82 0.38
E-CNN (Tong et al, 2021) 59.68 0.62 31.84 081 66.23 1.47 | 63.65 0.93 34.74 291 68.98 0.72
RAPS (Angelopoulos et aJ2021) | 62.60 0.46 33.80 486 82.17 0.54 | 65.70 0.80 39.40 229 96.49 0.21
HENN (ours) 80.74 0.17 51.44 1.02 83.03 0.14 | 93.38 0.06 72.87 1.25 97.52 0.04

Table 16: Results (%) on tinyimageNet-20 based on the ResNet18 backbbaavérage and 95%
con dence interval of three runs are provided based on ve runs.).

ResNet18
Methods OverJS CompJS Acc

DNN (Tan & Le, 2019 40.03 0.29 24.70 185 42.20 1.24
ENN (Sensoy et aJ20189 | 36.44 165 22.78 148 42.45 1.15
HENN (ours) 42.43 0.78 25.32 1.87 43.93 1.23
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Figure 6: AUC curves of different uncertainty types: Vagueness, Vacuity, Dissonance, and Entropy
for two datasets. (a) CIFAR10 based on ResNet18 training from scratch; (b) CIFAR10 ne-tuned on
pre-trained Ef cientNet-b3; (c) tinyimageNet-20 based on ResNet18 training from scratch.

on real-world dataset CIFAR1Qrizhevsky & Hinton (2009 based on two backbones. HENN
outperforms DNN and ENN for a large margin. Fighand 6b show AUROC curves and scores for
different metrics: vagueness, dissonance, vacuity, and entropy. It demonstrates that vagueness is a
good indicator to identify whether the image is singleton-labeled or composite-labeled, indicating
HENN's advantage.

F.5.3 ANOTHERDATA CORRUPTION

Table 17: Results (%) of BREEDS-Living-17 based on the pre-trained Ef cientNet-b3 backbone.
(The average and 95% con dence interval of three runs are provided based on three runs).

Methods | Overls CompJS Acc

DNN (Tan & Le, 2019 87.28 0.23 74.61 257 84.35 0.36
ENN (Sensoy et a)2019 87.46 0.34 69.44 325 85.38 0.28
RAPS (Angelopoulos et aJ2021) | 85.38 0.32 62.10 0.26 84.35 0.36
HENN (ours) 88.09 0.21 96.33 354 86.12 0.37

Besides the Gaussian blurring we used, the Bicubic transformation was also examined as detailed in
Tabl17. The ndings from this analysis align consistently with the result of the experiment based on
Gaussian blurring.

F.5.4 (QseESTubyY ON HENN TRAINED WITH EXCLUSIVE SINGLETON CLASS DATA

Tabl18 presents the accuracy results from the ENN and HENN methods trained and evaluated on
CIFAR100 with only singleton class data (without Gaussian blurring and label replacement) across 5
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Table 18: Case Study: HENN Trained with Exclusive Singleton Class Data.

Methods | ENN HENN
Acc(%) | 85.82 1.0 8581 2.4

trials each. The mean accuracy and the standard deviation are reported. Under a traditional singleton
classi cation setting, HENN still shows comparable performance in terms of accuracy compared to
ENN model. A notable advantage of HENN is its ability to quantify an additional type of uncertainty
compared to ENN with minimal performance degradation observed even if the training data consists
of exclusive singleton ones.

F.5.5 (CAsSE STuDY ON EVIDENCE OUTPUT

In this section, we show the effect of the regularization coef ciefity demonstrating its impact

on the output evidence throughout a case study. To verify our intuitions for Proposition 2, we set
experiments to inspect the non-zero ratio of both singleton evidence and composite evidence among
all testing examples. A small positive threshold value of 10 # is introduced to determine
whether the mean singleton or composite evidence is non-zero while adapting to the computation
precision in practice. In other words, for each testing data point, we calculate the predicted evidence
f(x; )=( ;c),and ba,;ed on the given hyper-domain, it is feasiblgz to get mean evidence in

singleton domain = JY% kazjl k,» and the composite domain= ﬁ :El(Y ¢, De ne the
indicator function of non-zero singleton prediction as
1, if ; 1, ifc ;
gsngl( )= gcomp(c) = (55)

0; otherwise 0; otherwise

§ - _1 P N test (i) - _1 P N test (i) i

and the non-zero ratios angsng = Neo  i=1 Osngl( )"'; NZeomp = New i1 Ocomp(C)'" by taking
the mean of all testing samples. The case study is carried out on CIFAR100 with Ef cientNet-b3
backbone with the same setting as in previous sections. By controlling regularization coef cient

at different levels of value, the predicted evidence from HENN is listed in Te®lendicating
that larger regularization can adjust the evidence distribution to be more balanced between singleton
and composite parts. Oppositely, a lower regularization coef cient or without any regularization can
result in concentrating predictive evidence only on the singleton part.

Table 19: Case Study: Effectiveness of regularization term on evidence distribution.

‘ NZsngl NZcomp

0.01 | 71.52% 71.72%
10 4 | 100.0% 0.04%
10 & | 100.0%  0.2%
0 100.0%  0.3%

Empirical veri cation of Propositions 1 and Eq.14. Our case study on CIFAR100 in App.5.5
demonstrates observations consistent with our propositions: (1) HENN trained based on UPCE and a
training set consisting of only singleton class labels predicts non-zero evidence on composite class
labels forl4:4% of the training samples even that the training set does not have evidence of composite
class labels to accumulate, and (2) The HENN trained based on UPCE and a training set consisting
of only composite class labels predicts non-zero evidence on singleton class lald€i&®66 of

the training samples even that the training set does not have evidence of singleton class labels to
accumulate. Our proposed regularization can avoid these unexpected behaviors. The UAP for neural
networks has been studieldeshno et al.1993h and recently used in the theoretical analyses of
ENN-related paper for graph datélén Hart et al, 2023.
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