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Photon-emission-correlation spectroscopy is an indispensable tool for the study of atoms, molecules,

and, more recently, solid-state quantum defects. In solid-state systems, its most common use is as an indi-

cator of single-photon emission, a key property for quantum technology. Beyond the single-photon purity

of an emitter, however, photon-correlation measurements can provide a wealth of information that can

reveal details about its electronic structure and optical dynamics that are hidden by other spectroscopy

techniques. This tutorial presents a standardized framework for using photon-emission-correlation spec-

troscopy to study quantum emitters, including discussion of theoretical background, considerations for

data acquisition and statistical analysis, and interpretation. We highlight important nuances and best

practices regarding the commonly usedg(2)(τ=0)<0.5 test for single-photon emission. Finally, we

illustrate how this experimental technique can be paired with optical-dynamics simulations to formulate

an electronic model for unknown quantum emitters, enabling the design of quantum control protocols and

assessment of their suitability for quantum information science applications.
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I. INTRODUCTION

Quantum defects originate from substitutional atoms,
vacancies, or impurity-vacancy complexes in solid-state
lattices. They can exhibit quantum coherent spin and opti-
cal properties and thus comprise foundational elements in
quantum information science [1–3]. Quantum defects are a
subset of the larger category of quantum emitters, systems
hosting discrete electronic states that interact with indi-
vidual photons. Examples include quantum dots, which
are highly optimized single-photon sources for quantum
photonics [4,5] and quantum communication [6,7], fluo-
rescent single molecules [8], and solid-state point defects
[1]. The latter category includes quantum defects that also
exhibit spin coherence, which can couple to other classical
and quantum degrees of freedom. For example, fluorescent
nanodiamonds containing quantum defects have advanced
the field of quantum sensing [9–11] and quantum regis-
ters in diamond are optically interfaced quantum memories
supporting multiqubit quantum algorithms [12–15].
Inspired by the well-known examples of quantum dots
[16,17] and diamond color centers [18,19], the list of
established quantum defect systems has grown to include
defects in silicon carbide [20–22], emitters in layered
materials [23] such as hexagonal boron nitride [24]and
transition-metal dichalcogenides [25], and rare-earth ions
[26]. Most solid-state defect systems remain unexplored,
however, and many promise potential advantages for quan-
tum information applications in terms of scalability, device
integration, optical properties, spin properties, and quan-
tum coherence [2,3,27]. In each case, controlling and
harnessing the quantum properties of a defect requires a
detailed understanding of its electronic structure as well
as its optical and spin dynamics, presenting formidable
obstacles for efficient experimental or theoretical charac-
terization.
Photon-emission-correlation spectroscopy (PECS) is a
valuable and often underutilized technique for elucidat-
ing the optical and spin dynamics of a quantum emitter.
PECS involves analyzing photon time correlations in the
optical emission from a fluorescent system, as shown in
Fig.1. It is widely used to verify single-photon emission
associated with quantum emitters through the observation
of photon antibunching [28–33].As a steady-state mea-
surement requiring only constant excitation, single-photon

detectors, and suitable timing electronics, PECS is rela-
tively simple to implement and yet it can provide a wealth
of information about the optical dynamics of an emitter,
including excited-state lifetimes and radiative and nonra-
diative relaxation pathways, as well as spin and charge
dynamics.
This paper describes the application of PECS as a
general-purpose characterization tool for solid-state quan-
tum emitters. We present application-specific guidelines
for reliable data acquisition, analysis, and interpreta-
tion. In particular, we demonstrate how PECS can be
used to reliably confirm single-photon emission and to
hypothesize a model of the electronic states and opti-
cal dynamics of the system, enabling an assessment of
the suitability of the emitter for quantum technology
applications.

II. BACKGROUND

The method of optical-intensity-correlation spectro-
scopy was pioneered by Hanbury Brown and Twiss, when
they recorded time-correlated photons while developing
a new intensity-interferometry technique to measure the
diameter of stars, marking the first observation of the
bunching of thermal light [34]. Subsequently, Glauber’s
foundational paper [35] laying the theoretical framework
for higher-order quantum correlation functions launched
the field of quantum optics. The observation of photon
antibunching in emission from trapped ions by Kimble
et al.confirmed the quantum-mechanical nature of light
[28,36] and numerous further experiments revealed phe-
nomena including quantum jumps [37] and nonclassical
light fields [38]. The connection between coherence and
intensity-correlation spectroscopy has also made it a use-
ful tool for characterizing lasers to confirm the onset of
lasing [39–41].
The technique has also found purchase in single-
molecule spectroscopy [42], where past innovations in
microscopy unveiled a new realm of molecular physics
[43]. PECS has facilitated exploration of intra- and inter-
molecular dynamics [44] that had previously been unre-
solvable for systems with fast time scales or low quantum
yields [45]. Arguably, the largest contribution of PECS to
single-molecule spectroscopy has been the development
of fluorescence-correlation spectroscopy (FCS), which is
widely used to resolve physical and kinetic dynamics such
as diffusion rates, molecule size and orientation, blinking,
and binding kinetics [31,46].
The emergence of quantum information science and the
promise of more photostable single-photon sources has
driven the application of PECS beyond single molecules
to solid-state systems such as the nitrogen-vacancy (NV)
center in diamond [29,42] and quantum dots [47]. The
application of PECS to solid-state systems has since grown
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FIG. 1. An experimental overview. (a) Laser light is focused through a microscope objective onto a quantum defect in a solid-state
crystal (gray block). The resulting fluorescence from the defect is emitted isotropically and collected through the objective as the
signal. Background photons arising from surface fluorescence and other fluorescent defects are also collected. (b) The full process of
PECS is illustrated. Starting in the upper left, excitation from a laser source causes the system to evolve between different electronic
states, emitting a photon when passing through a radiative transition. The emitted photons (yellow circles) are collected into a photon
time series, which includes experimental noise such as timing error, represented by light gray circles, and background photons (orange
circle). Time correlations are calculated between either all photons or only subsequent photons to make up the autocorrelation or
waiting-time distribution, respectively. Corrections and analysis of the photon-emission statistics help to paint a clearer picture of the
internal-dynamics model of the emitter.

to include many other materials as a part of the search for
optimal platforms for quantum technologies.

A. The autocorrelation function

While higher-order intensity correlations can be use-
ful for studying many-body interactions and multipho-
ton states [48–50], the primary method of characterizing
photon correlations is through the second-order intensity-
correlation function, often called the autocorrelation func-
tion. In its most general form, the autocorrelation function
is given by

g(2)(τ )=
I(t)I(t+τ)

I(t)2
, (1)

whereI(t)is the intensity at timet,τis the time delay
between two intensity measurements, and represents the
time average of the enclosed quantity [51].
There are two important types of correlation that can
appear in a measurement ofg(2)(τ ). Regions where
g(2)(τ ) <1 indicate a decreased probability of detect-
ing two photons separated byτ. This phenomenon is
referred to as antibunching and corresponds to a quan-
tum source with a sub-Poissonian photon distribution [51].
Regions whereg(2)(τ ) >1, indicating increased detection
probability, are referred to as bunching and correspond to

a super-Poissonian photon distribution. Any region where
g(2)(τ )=1 corresponds to uncorrelated Poissonian light.

B. Single-photon emitters

A single-photon emitter (SPE) is a quantum system
that emits one photon at a time. Single photons are a
key requirement for many quantum information technolo-
gies [52,53]. In particular, single-photon purity, the extent
to which a system creates a pure single-photon-number
state, influences the security of quantum communication
protocols [54,55] and error rates in photonic quantum
computing and simulation [52]. High-purity single-photon
emission is also a prerequisite for realizing indistin-
guishable single photons [56], which form the basis for
linear-photonic quantum information processing protocols
[57–59] or quantum repeaters [60]. Single-photon emis-
sion manifests in PECS measurements as an antibunching
dip at zero delay. The characterization of antibunching
through PECS enables precise measurements of photon
purity for SPEs [52]

C. Optical dynamics of quantum defects

The potential of quantum defects extends far beyond
their use as SPEs. When the electronic or optical dynam-
ics of a defect depend on internal orbital and spin states,
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these states become accessible as matter qubits for use
in the storage or processing of quantum information. The
challenge in exploring new materials and defect systems is
that a plethora of dynamical phenomena, including radia-
tive and nonradiative transitions between electronic levels,
spin dynamics, intersystem crossings to metastable states,
and ionization or recombination charge transitions, may
occur under different conditions, or all in combination.
Signatures of these phenomena manifest in the bunch-
ing dynamics of PECS measurements. As a result, PECS
presents a versatile framework in which to hypothesize
and test dynamical models. In this section, we briefly dis-
cuss these phenomena and their importance for quantum
information science.
Spin states are desirable as quantum-mechanical degrees
of freedom because they are insulated from most envi-
ronmental noise yet manipulable through spin resonance
techniques, striking a balance between control and coher-
ence [61]. When spin states couple coherently to light,
they form a light-matter interface that is integral for quan-
tum communication and distributed quantum computing
as an interface between static and flying qubits [62,63].
Even when the optical coupling to spin states is incoher-
ent, as in the case of the intersystem crossing between
triplet and singlet states in the NV center, spin-dependent
optical dynamics can be used for spin initialization [64]
and readout [65]. Quantum sensing similarly takes advan-
tage of the intrinsic sensitivity of orbital and spin states to
external fields, together with optical readout [66,67]. Many
defects feature distinct spin manifolds separated by elec-
tric dipole forbidden transitions. Forbidden transitions to
shelving states with long lifetimes can allow a state to be
stored and protected in quantum memories [68].
Especially in wide-band-gap host materials, defects can
exist in multiple stable charge states. Once the charge
dynamics of a defect are understood and can be controlled,
they present new opportunities for optical and electrical
control, including electrical generation of single photons
[69] and long-term information storage [70]. Charge states
coupled to spin states can also be harnessed to signifi-
cantly improve the efficiency of state initialization [71]
and optical readout [72] for quantum computing or quan-
tum sensing, or to enable photoelectric spin readout in
microelectronic devices [73].
More generally, detailed understanding of the electronic
structure of an emitter, along with its radiative and non-
radiative dynamics, can also allow the design of additional
resonant excitation schemes that improve spin readout effi-
ciency [74] or achieve higher photon indistinguishability
and entanglement [75].

III. THEORY

PECS involves exciting and collecting emission from
quantum emitters, often using a confocal microscope,

as shown in Fig.1(a). The experimental situation is
similar for different types of emitters, including quantum
dots, single molecules, and quantum defects, since these
are all much smaller than the optical diffraction limit.
Figure1(b)presents an overview of the acquisition and
analysis of PECS data. The process begins with the internal
dynamics of the quantum emitter system, which we assume
is initially unknown. The evolution of this unknown sys-
tem in response to excitation determines the timing of
photon emission. The goal of PECS analysis is to infer
the optical dynamics from the experimental data and ulti-
mately to develop a theoretical model for the quantum
system.

A. Types of photon correlation

There are two types of photon intensity correlation that
are often measured in experiments [see Fig.2(a)]. In addi-
tion to the autocorrelation function [Eq.(1)], which repre-
sents the likelihood of receiving any two photons separated
by a specific time delay, the waiting-time distribution,
W(τ ), depends only on correlations between subsequent
photons. Intuitively,W(τ )dτrepresents the probability
of detecting two subsequent photons with a time delay
betweenτandτ+dτ. Hence,W(τ )depends both on the
dynamics of the system of study and on details of the
experimental setup, such as the collection efficiency. On
the other hand,g(2)(τ )captures correlations between all
photons in the time series and reflects the full counting
statistics of the system alone, independent of the collection
efficiency.
Figure2(a)depicts the experimental setups used to
acquireW(τ )andg(2)(τ ). The optical excitation is the
same for both cases, as is the use of a beam splitter in the
collection path to address detector dead time (see Sec.IV).
However, the manner in which the collected photons are
processed differs. ForW(τ ), an incoming photon is regis-
tered as a start pulse, starting the clock until a subsequent
photon is registered as a stop pulse. This time difference
is then collected into a histogram of photon time delays.
As a result, the method of acquiringW(τ )is referred to
as histogram mode. On the other hand, forg(2)(τ ), the
arrival time of each photon is recorded, which requires
a multichannel high-timing-resolution machine, such as
a time-correlated single-photon counter, as well as addi-
tional processing to yield the correlations. WhileW(τ )is
often simpler to acquire experimentally,g(2)(τ )is more
straightforward to analyze for meaningful results.

B. Two-level model

The internal evolution of the states of an emitter is deter-
mined solely based on the initial conditions, electronic
states, and transition rates between the states. The emis-
sion of a photon is dependent on which transitions are
radiative. Therefore, an analytic expression that captures
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FIG. 2. A comparison of the histogram mode and the full
counting statistics. (a) A schematic depicting the experimental
setup for measuring the histogram mode and the full counting
statistics. A snapshot in time shows photons and electric pulses
traveling left to right. A beam splitter directs the photon stream
into two separate detectors (semicircles), each of which corre-
sponds to a channel. In histogram mode, one channel acts as
a start pulse for a ramp circuit and the other is a stop pulse.
Additional start (stop) pulses that occur before (after) the stop
(start) pulse are neglected. For the full counting statistics, a
time-correlated single-photon counter (TCSPC) tags the absolute
times of photon arrivals at each channel. (b) The effect of collec-
tion efficiency and pump rate on the shape of the waiting-time
distribution for a two-level system. The collection efficiency is
represented by differently colored shaded regions and the pump
rate relative to the emission rate is represented on a spectrum
from solid [maximally different pump and emission rates (α→
1)] to dashed [pump rate = emission rate (α=0)] lines. The solid
black curve representsg(2)(τ/τ1). The dashed black curve repre-
sents the waiting-time distribution at unity collection efficiency
and equal pump and emission rates, at which point it is the far-
thest from approximatingg(2)(τ ). The traces are normalized by
the pump rate and collection efficiency for ease of comparison.

the photon time correlations must be a function of the state
of the system over time and must reflect which transitions
are radiative. The simplest model to consider is a two-level
model, consisting of an excited state and a ground state.

The system transitions from the ground state to the excited
state at a rategethat is dependent on the excitation source
and then decays through a radiative transition from excited
to ground at an intrinsic rate ofeg, emitting one photon
each time it decays. Initially, we assume unity collection
efficiency (C=1) in which every transition from the excited
state to the ground state corresponds to a detected photon.
We subsequently relax that assumption.
To derive an expression forW(τ ), we must consider
the probability of receiving the first subsequent photon at
timet2, given that a photon was received at timet1.For
a two-level model, this is equivalent to the probability of
the system starting in the ground state at timet1and then
evolving to the excited state at timetafter delayτ=t−t1
and decaying back to the ground state at delayτ=t2−t1,
integrated over all possible excitation times:

W(τ )=
τ

0

dτPe→g(τ−τ)Pg→e(τ). (2)

Here,

Pa→b(t)= abe
− abt (3)

is the normalized probability density function (PDF) for
a transition from state|ato|bwith transition rate ab.
Therefore, for a two-level system with unity collection
efficiency, the waiting-time distribution is given by

W(τ )=
ge eg

ge− eg
(eegτ−e− geτ). (4)

To derive an equivalent expression forg(2)(τ ),wemust
consider the probability of receivinganyphoton at time
t2, given that one was received at timet1. For any model
with a single radiative transition, this is equivalent to
Pe(t2|Pg(t1)=1), the probability of being in the excited
state at timet2, given that the system was in the ground
state att1. Normalized by the steady-state population of the
excited state,P∞e, this gives the autocorrelation function,

g(2)(τ=t2−t1)=
Pe(t2|Pg(t1)=1)

P∞e
, (5)

so thatg(2)(τ )=1 corresponds to uncorrelated light and
any deviations from 1 correspond to positive or negative
correlations.
The time-dependent probability of the occupation of
each state is determined by the transition rates. Therefore,
the probability of excited-state occupation can be found by
solving a system of coupled ordinary differential equations
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(ODEs), which for a two-level model is

dPg

dt
=− gePg(t)+ egPe(t), (6a)

dPe

dt
= gePg(t)− egPe(t). (6b)

Solving with the initial conditions of

Pg(0)=1 (7)

results in the expression for autocorrelation from a two-
level model,

g(2)(τ )=1−e−(eg+ ge)τ. (8)

C. Generalizing to models withn>2 levels

In order to capture more complicated dynamics, models
withn>2 levels are necessary. Experimentally observed
optical dynamics can often be the product of multiple
electronic levels involving additional radiative and nonra-
diative transitions.
One example of a multilevel model, a three-level model,
might include a two-level model with an additional nonra-
diative pathway from the excited state to a third metastable
state and then to the ground state. In the following, we con-
sider the general cases of multilevel models with a single
radiative transition and unity collection efficiency.
In the case ofW(τ ), the addition of nonradiative decay
pathways requires accounting for all possible combina-
tions of nonradiative loops through electronic states that
can occur before the emission of a second photon after
delayτ. For a general system withnpossible nonradiative
decay pathways from the excited state back to the ground
state,

W(τ )=Pg→e(τ )∗Pe→g(τ )

∗

⎛

⎝1+

∞

k=1

⎡

⎣
n

i=1

hi(τ )

∗k
⎤

⎦

⎞

⎠. (9)

Here,hi(τ )is the PDF for evolution through each nonra-
diative decay loop,i, starting and ending in the ground state
with a total durationτ,and

h(τ )∗n=h(τ )∗h(τ )∗···∗h(τ )

n

. (10)

The prefactor of Eq.(9)represents the PDF of traveling
through the radiative loop one time, while the part enclosed
in parentheses represents all possible combinations of non-
radiative loops. With increasingly complex models, the
evaluation ofW(τ )quickly becomes intractable.
The generalization ofg(2)(τ )to multilevel models is

more straightforward. As in the case of the two-level

model, for anyn-level electronic structure, the full dynam-
ics are given by a system ofncoupled differential equa-
tions. This system of equations can be summarized by the
rate equation,

Ṗ=GP, (11)

wherePis a vector of state-occupation probabilities andG
is the transition-rate matrix. Each off-diagonal element of
the rate matrix,Gij, wherei=j, is the total transition rate
into state|ifrom state|j. Each diagonal elementGii=
− j=iGjiis the total transition rate out of stateiand thus
preserves probability. Examples of transition-rate matrices
can be found in AppendixE. The time-dependent popula-
tion of each state can be obtained by solving Eq.(11), with
the initial condition set immediately following emission of
a photon [Eq.(7)for systems with a single ground state
and Eq.(B4)for multiple ground states].g(2)(τ )can then
be calculated from Eq.(5), lettingPebe the population of
the excited state from which the radiative transition occurs.
Additional derivations of the waiting-time distribution as a
function of collection efficiency and for multilevel models
can be found in AppendixA. Discussion of autocorrelation
for models with multiple radiative transitions can be found
in AppendixB.

D. Relationship betweenW(τ )andg(2)(τ )

W(τ )andg(2)(τ )can be analytically related, as both sets
of correlations originate from the same physical process,
and the correlations contained inW(τ )make up a subset
of all those included ing(2)(τ ). As a result,g(2)(τ )can
be constructed fromW(τ )through an infinite sum of self-
convolutions [76]:

g(2)(τ )=W(τ )+W(τ )∗W(τ )+···

=L−1
L{W}(s)

1−L{W}(s)
(t), (12)

whereLis the Laplace transform andsis a complex
frequency parameter. This is due to the fact that the
probability of receiving two photons separated by timeτ
withmintermediate detection events is equivalent tom
convolutions of the probability of receiving consecutive
photons.
Equation(12)shows howW(τ )can be thought of as a

first-order approximation ofg(2)(τ ). This relationship has
led to the occasional practice of usingW(τ )andg(2)(τ )
interchangeably in experiments. However,W(τ )depends
dramatically on the apparent brightness of the signal (see
AppendixA), whileg(2)(τ )does not. Therefore, the accu-
racy of this approximation is tied to the setup collection
efficiency,C,andα, the relation between the pump rate
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(ge) and radiative decay rate (eg),

α=
|eg− ge|

eg+ ge
, (13)

both of which impact apparent brightness.
Figure2(b)illustrates the effect ofCandαon the shape
ofW(τ )and its comparison tog(2)(τ )(solid black line)
for a two-level model. Each shaded region depicts a set of
W(τ )curves at a particularC, as a function ofα. Within
a shaded region, the shape ofW(τ )ranges from a solid
colored line, representingW(τ )for a system in which the
pump rate is significantly higher or significantly lower than
the decay rate (α→ 1), to a dashed line, representing a
system in which the two rates are equal (α=0). A lower
collection efficiency generally leads to a closer approxima-
tion ofg(2)(τ ). On the other hand, adjusting the excitation
power so that the pump rate approaches the emission rate
causesW(τ )to diverge fromg(2)(τ ). The difficulty in
determining the experimental quantities ofCandαmake it
challenging to assess the validity of approximatingg(2)(τ )
withW(τ) in practical situations. Further, the dependence
ofW(τ )on these three independent variables makes it dif-
ficult to decouple collection efficiency from transition rates
when measuring an unknown system. For this reason, it is
almost always preferable to acquireg(2)(τ )for quantita-
tive analysis. Therefore, the remainder of this text focuses
on the use ofg(2)(τ ).

E. Single-photon emission

PECS is an ideal measurement to characterize single-
photon emission. An ideal SPE can only emit one photon at
a time and hence the probability of observing two photons
with zero delay and, correspondinglyg(2)(0), must equal
zero. This fact is typically justified by quantum optics
arguments. For a photon-number state|nwith exactlyn
photons,

g(2)(0)=
n̂(̂n−1)

n̂2
=
(n−1)

n
. (14)

Using this relationship, it is apparent thatg(2)(0)=0for
n=1 and thatg(2)(0)≥0.5 forn≥2. Hence, it has
become common practice to check whether the measured
g(2)(0)of an emitter is less than 0.5.
However, the use of the so-called “0.5 criterion” is
questionable, since it does not accurately reflect the sit-
uation encountered in most experiments with quantum
emitters. As derived, Eq.(14)applies to photon-number
states, which only occur if photons are emitted by identi-
cal two-level emitters into the same spatial and temporal
modes [51]. In typical experiments, however, uncorre-
lated emission fromnindependent nonidentical emitters

does not create photon-number states. Hence, the crite-
rion for establishing single-photon emission needs to be
reevaluated.
Generalizing Eq.(5), the autocorrelation function mea-
sured fromnemitters is proportional to the sum of a
correlated probability that two photons are received from
the same emitter and an uncorrelated probability that two
photons are received from different emitters. In the case
where emitterihas brightnessIi, this gives

g(2)(τ;n)

=

n

i=1

Ii
n
k=1Ik

⎛

⎝
(Pie(t2|P

i
g(t1)=1)

Pi,∞e
+

n

j=i

Ij
n
k=1Ik

⎞

⎠.

(15)

Asτapproaches 0 (ast2approachest1), the first term goes
to zero, giving the normalized expression forg(2)(0)from
multiple emitters:

g(2)(0;n)=

n
i=1

n
j=iIiIj

( n
k=1Ik)

2
=
( n

k=1Ik)
2− n

k=1I
2
k

( n
k=1Ik)

2
.

(16)

Fornemitters with identical brightness,Ij=I∀j, this
derivation returns Eq.(14). However, Eq.(14)only holds
in the case of emitters with identical brightness. For exam-
ple, in the case wheren=2, Eq.(16)reduces to

g(2)(0; 2)=
2I1I2

(I1+I2)2
. (17)

IfI2>I1such thatI2=I1+δ,wefind

g(2)(0; 2)=
1

2+ δ2

2I1(I1+δ)

. (18)

The second term in the denominator is always positive and
henceg(2)(0)<0.5.
Quantum emitters are typically not identical. Even when
they are the same species, a variety of factors, including
proximity to surfaces and alignment of the excitation or
emission dipoles, can influence their observed brightness.
Hence, theg(2)(0)<0.5 criterion is insufficient to identify
single-photon emitters. It can be erroneously satisfied even
when multiple emitters are present.
In contrast, a measurement of the ideal relationship
g(2)(0)=0 would confirm single-photon emission. In
order to apply this stricter criterion to experiments, it is
necessary to account for systematic and stochastic errors
that can lead to measurements ofg(2)(0)>0 even for a
SPE. SectionIVshows how to account for these effects
in order to achieve values ofg(2)(0)=0 within quantified
uncertainties for a SPE.
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IV. EXPERIMENTAL CONSIDERATIONS

The experimental acquisition and analysis of photon-
emission statistics present a number of challenges that
must be considered in conjunction with the idealized
theory from the previous section. A proper experiment
involves processing significant amounts of data and one
must account for the timing resolution of detectors and
correct for systematic experimental artifacts. Here, we
discuss the experimental setup for the collection of photon-
emission statistics, highlight an efficient algorithm to aid in
calculatingg(2)(τ )from photon arrival times, and describe
how to correct for the dominant sources of experimental
error, i.e., background photons that did not come from the
emitter and detector timing jitter.

A. Acquisition

Photon-emission-statistics measurements of quantum
emitters are typically acquired using a confocal micro-
scope. In contrast to a wide-field microscope, a confocal
arrangement rejects background emission from regions of
the sample outside a diffraction-limited volume around
the emitter of interest and it directs the collected pho-
tons to a single detector channel that can be optimized
for detection efficiency and timing resolution. Most detec-
tors suffer from dead time, which is a period following
each photon-detection event during which the detector is
blind to subsequent photons. In order to measure dynamics
within the detector dead time, a beam splitter is introduced
in the emission path, directing the photon stream into two
different, but nearly identical, detectors [see Fig.2(a)].
In this way, the autocorrelation function of the original
photon stream is directly related to the cross-correlation
function calculated across the two detectors, each corre-
sponding to a channel. WhileW(τ )can be acquired by
measuring only relative times through start-stop collec-
tion,g(2)(τ )requires time tagging of each photon-detection
event and subsequent calculation of the photon correlations
across the two channels.

B. Data processing

A brute-force calculation of the cross-correlation func-
tion for a large set of time-tagged data is extremely time
consuming even for modern computers. Fortunately, Lau-
renceet al.have described a more efficient algorithm [77].
Rather than individually iterating through all photon pairs
between channels and binning the results into the photon-
correlation function, the algorithm of Laurenceet al.uses
the fact that the data are sorted in time bins to substan-
tially reduce the processing time. Their method also allows
for arbitrarily defined bins that are not equally sized. In
interpreting PECS data, it is often useful to utilize logarith-
mically varying time bins, in order to visualize and analyze
correlations occurring at widely varying time scales.

We incorporate the algorithm developed by Laurence
et al.into a library ofMATLAB functions for calculating
and visualizing the autocorrelation function obtained from
raw PECS data. In addition tog(2)(τ ), the library functions
also calculate the time-averaged steady-state intensity over
the course of acquisition, which can be referenced to
control for experimental factors such as fluctuations in
emitter stability and setup drift. Blinking, in particular, is
a common problem for quantum emitters. Blinking emit-
ters stochastically switch between two or more brightness
levels due to changes in their electronic state or fluc-
tuations in their local environment. Our PECS analysis
code allows for the data to be thresholded according to
the time-averaged intensity, with the autocorrelation func-
tion calculated separately for different brightness levels.
This can enable detailed studies of optical dynamics even
for stochastically blinking emitters. Setup drift can typi-
cally be reduced by implementing a tracking scheme that
periodically adjusts the microscope alignment between
successive autocorrelation measurements.
Our implementation of the algorithm of Laurenceet al.

also returns the statistical uncertainty of a PECS measure-
ment. The algorithm iterates through photons in channel A,
calculating correlations with bins in channel B. The uncer-
tainty in PECS data is dominated by shot noise; hence, if
the number of photons recorded in a given bin isM, the
Poissonian uncertainty is

√
M. To calculateg(2)(τ ), each

bin is normalized by its time-averaged expected number
of counts,IAIBTw, whereIAandIBare the time-averaged
count rates in each channel,Tis the total acquisition time,
andwis the bin width. Hence, the experimental uncertainty
ing(2)(τ )is

=

√
M

IAIBwT
. (19)

Equation(19)can be used to determine what acquisition
times are necessary to achieve a desired uncertainty in
g(2)(τ )given the intensity of an emitter. As an illustra-
tive example, for the emitter in Fig.3(a)withIA≈IB≈
40 kcounts/s andw=0.35 ns, the data are acquired for
600 s in order to achieve ≈0.05.
For additional detail about the processing algorithm and
a discussion of asymmetric errors, see AppendixC.A
PYTHONimplementation of the algorithm of Laurenceet
al.can be found in Ref. [78].

C. Correcting for background signals

Once the correlations have been processed, the next step
involves correcting the data for background. Background
photons can arise from dark counts of the detection sys-
tem, fluorescence of the host material, or other sources of
room light. These background signals result in an inflated
likelihood of observing uncorrelated light. As a result,
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FIG. 3. Background and timing-jitter correction to verify
single-photon emission in hexagonal boron nitride (h-BN). (a)
The raw photon-emission-statistics data from an emitter inh-BN.
(b) The transverse intensity trace across theycross section of the
PL scan in inset taken at the focus plane. The white scale bar
in the inset shows 1μm. The signal (Iem) and background (Ibg)
are denoted by arrows and are extracted from the fit. (c) (lower
panel) The background-corrected data and fit (orange) and the
extractedg(2)(τ )after background and timing-jitter correction
(green). Convolution of the fully corrected data with the mea-
sured instrument response function (upper panel) gives the black
dotted line. (d) The value ofg(2)(0)from the fit before correc-
tions (blue), after background correction only (orange) and after
background and timing-jitter correction (green). The uncertain-
ties ing(2)(0)are 68% confidence intervals propagated from the
corresponding best fits.

background signals compress theg(2)(τ )function toward
1, decreasing the extent of deviation above or below 1 at
all delays.
The effect of a background signal with average intensity
Ibgong

(2)(τ )for an emitter of intensityIemcan be derived
following a similar logic to the derivation of Eq.(15). This
results in the background incorporated expression [29],

g(2)meas(τ )=1−ρ
2+g(2)(τ )ρ2, (20)

where ρ=Iem/(Iem+Ibg). As a result, correcting for
background only requires measuringρThis can be
achieved in various ways, including measuringIbgat a
point outside the diffraction-limited volume around the
emitter, fitting the spatial profile of the emitter to obtain
IbgandIem, or fitting excitation-power-dependent pho-
toluminescence intensity data using a known saturation

function for the emitter and a linearly scaling background
component.
Figure3(a)shows an example of rawg(2)(τ )data
acquired from an emitter in room-temperature hexagonal
boron nitride (h-BN) prior to any corrections. Figure3(b)
illustrates the process of fitting an intensity line trace in
order to measureρso that background correction can be
performed. Transverse intensity line traces across thexand
ycross sections (data for theycross section are shown) of
the two-dimensional photoluminescence (PL) scan of the
emitter at the focal plane (inset) are fitted using Gaussian
functions, with the peak amplitude and offset of the fits
giving the values for signal and background, respectively.
The background is then corrected by solving Eq.(20)for
g(2)(τ ). In Fig.3(c), the orange data points and the orange-
shaded fit show the resultingg(2)(τ )data and fit following
background subtraction.
The emitter shown in Fig.3contributes 99% of the total
signal, so background photons have a minimal effect on
the shape ofg(2)(τ )and the value ofg(2)(0)[see Figs.
3(c)and3(d)]. However, this is not always the case. In
many situations, background photons can be a dominant
source of systematic error. This can be partially mitigated
by adjusting the acquisition time to account for the effect
of background on error ing(2)(τ ), bg≈ /ρ2[79]. In
these cases, it can also be helpful to quantify the excitation
power dependence of the emission rate. Since the emitter
signal typically saturates with increased excitation power,
whereas background signals scale linearly, one can select
an excitation condition where the signal-to-background
ratio is maximized. Most emitters are characterized by sat-
uration functions that approximate the empirical form [80],

I(p)=
Isatp

psat+p
+Bp, (21)

wherepis the excitation power,Isatis the saturation inten-
sity,psatis the saturation power, andBis the prefactor for
the contribution from the background. Often, the acquisi-
tion of photon-emission statistics close to saturation power
balances the desire for highρand sufficient signal to min-
imize shot noise. In a two-level system, the saturation
power corresponds to the situation when the excitation rate
equals the emission rate: eg= ge. However, one must
also consider the fact that the antibunching and bunching
time scales are generally a function of the excitation power,
as described in Sec.III.

D. Correcting for timing jitter

Detector timing jitter, also known as the instrument
response function (IRF), is the distribution of the electronic
response time of the detector system to signal an event after
photon arrival. Integrating the IRF over a time range gives
the probability of the detector registering a photon event
within that time window after the photon is received. The
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IRF of an ideal detector system is a delta function but for
a realistic experiment, the distribution will have a nonzero
width. While timing jitter can arise from any electronics
in the system that add arrival time uncertainty, the choice
of detector typically makes the largest contribution to the
IRF [81]. Commonly used single-photon avalanche diode
detectors typically have IRF widths ranging from 100 ps to
1ns.
The timing error manifests in theg(2)(τ )trace as a con-
volution of the timing-error distribution with the actual
g(2)(τ )signal from the emitter, i.e.,

g(2)meas=IRF∗g
(2). (22)

The convolution changes the measured value ofg(2)(0)and
the shape ofg(2)(τ )at small delays comparable to the IRF
width.
Correction for the timing jitter requires measurement of
the IRF of the setup. The IRF can be obtained by collecting
the distribution of detection times from a highly attenuated
(approximately 0.1 photons per pulse), pulsed laser source
with a pulse width much less than the specified timing jit-
ter of the detectors. When using two detectors to measure
photon-emission statistics, the IRF of both detectors can be
acquired by measuring the autocorrelation from the pulsed
source. This measurement will give a convolution of the
timing distributions of the two detectors and the shape of
the pulsed source. However, when the optical pulse width
is much less than the IRF width, it can be neglected. While
some IRFs can be approximated as Gaussian, the shape
of the IRF can vary depending on the detector and the
functional form may not always be obvious [82].
Once the IRF of the setup is measured, theg(2)(τ )data

can be compensated for its systematic effects. One method,
deconvolution, involves solving Eq.(22)forg(2)(τ ). How-
ever, deconvolution amplifies noise and complicates prop-
agation of experimental uncertainty. Therefore, it is often
preferable to incorporate the measured IRF into a fitting
function to be compared directly with the measuredg(2)(τ )
data. This can be accomplished by including the numeri-
cal convolution of the measured IRF within the empirical
fit function forg(2)(τ ). This method requires that the mea-
sured IRF andg(2)(τ )be processed with the same, uniform,
time-bin width. The true time scales of the emitter and
uncertainties can be extracted from the resulting best fit.
Figure3(c)illustrates an example of IRF correction.

The measured IRF data are shown in red (top) and are
binned with a 350-ps bin width, as are the measuredg(2)(τ )
data (orange, bottom), here shown after background cor-
rection but before IRF correction. The green line displays
the IRF-correctedg(2)(τ )empirical best fit. The black dot-
ted curve, which is a convolution of the green line and
IRF, aligns closely with the data and is used to determine
best-fit parameters and uncertainties using a least-squares

fitting method. Because the IRF and background correc-
tions both reduce the value ofg(2)(0), it is possible to
extract a negative best-fit value. This is a consequence of
experimental uncertainties which, if quantified properly,
should be accounted for within the confidence interval of
g(2)(0).

E. Quantifying the effects of timing jitter

The extent of the effect of the IRF on the shape ofg(2)(τ )
hinges on how its standard-deviation width,σ, compares to
the internal time scales of the emitter. In the cases where
σ τ1, in whichτ1denotes the shortest time scale to
emit subsequent photons (typically, the antibunching time
scale), the faster dynamics of the emitter can be obscured
by the timing jitter.
The combination of bunching and antibunching dynam-
ics on different time scales can further complicate the
effects of the detector IRF. Figure4illustrates an exam-
ple of the effect of a Gaussian IRF with widthσong(2)(τ )
of an emitter represented by a three-level (two-time-scale)
model:

g(2)(τ )=1−(1+β2)e
−|τ|/τ1+β2e

−|τ|/τ2, (23)
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with antibunching time scaleτ1, bunching time scaleτ2,
and bunching amplitudeβ2. The left-hand side of the figure
depicts the value ofg(2)(0)as a function of different param-
eters and the right-hand side depicts the effect on the
whole shape ofg(2)(τ )for select combinations. A dashed
line shows the threshold for measuringg(2)(0)=0.5.The
upper two panels examine the effect for different bunching
amplitudes at a fixed ratio ofτ2/σ=30. Hence in these
cases, the bunching time scale is much larger than the IRF
width. Nonetheless, the higher the bunching amplitude,
the greater effect the convolution of the IRF andg(2)(τ )
have on the measuredg(2)(τ )at low times, an effect that
is amplified for lowτ1/σ. The lower two panels examine
the effect of the ratioτ1/σfor fixedβ2=1.5. Asτ1→ σ
from above, the measured value ofg(2)(0)increases and
the width of the antibunching dip at short delays decreases.
For systems with more than three levels, we would expect
similar effects, with the IRF impacting measurements of
g(2)(0)and the shortest time scale,τ1, the most. These
effects exemplify how IRF correction can play a critical
role in extracting the actual value ofg(2)(0)and confirm-
ing single-photon emission. An example of such a case is
illustrated by theh-BN emitter in Fig.3(d).

V. ANALYSIS

The ability to analyze PECS data in order to infer the
internal dynamics of an emitter requires an understanding
of how stochastic evolution through radiative and nonra-
diative states in an electronic model leads to features in
g(2)(τ ).
The rate equation governing the population dynamics,
Eq.(11), is a first-order linear ODE, with general solutions
of the form

P(t)=A0v0+

n−1

i=1

Aie
λitvi. (24)

Here, theλiare the eigenvalue rates, theviare the eigen-
vectors, and theAiare constants determined by the initial
condition. For ann-level system with a single excited state,
the excited-state probability is

Pe(t)=A0(v0·̂e)+

n−1

i=1

Ai(vi·̂e)e
λit. (25)

The probability-conserving condition of jGij=0 means
that there will always be a zero eigenvalue,λ0,anda
null eigenvector,v0, corresponding to the solution of the
steady-state equation,

0=GP. (26)

The nonzero eigenvaluesλican be real or complex,
depending on the properties ofG. If complex eigenvalues

do appear, they occur in conjugate pairs due to the real
non-negative transition rates. In this way, the general solu-
tion remains real. In all cases, the real part of any nonzero
eigenvalues will be negative [83]. Therefore, from the
eigenvalues, we can define a set of time scales governing
different processes,τi=−1/Re(λi), whereτi>0. Given
an initial condition corresponding to the system configura-
tion following the detection of a photon, we can follow Eq.
(5)to obtain a general form of the autocorrelation func-
tion. Normalizing Eq.(25)to the steady state, with the
assumption of no background such that any detected pho-
ton projects the system into the ground state, this results in
the following general empirical formula:

g(2)(τ )=1+

n−1

i=1

βie
−τ/τi, (27)

whereβi=Ai(vi·̂e)/P
∞
e are constants,P

∞
e =A0(v0·̂e)is

the steady-state excited-state population, andnis the num-
ber of states. Equation(27)defines a curve that starts at 0
forτ=0 and decays tog(2)→ 1asτ→∞.
Antibunching arises when emission of consecutive pho-
tons is delayed as the excited state is repopulated, leading
to a decreased likelihood of photons separated by short
times. Empirically, it is captured by terms in Eq.(27)with
negative prefactors. In the case of a two-level model, anti-
bunching occurs on the time scale ofτ1=1/(ge+ eg),
representing the time to evolve from the ground state to the
excited state and back to the ground state again. Bunch-
ing dynamics, on the other hand, arise from transitions to
nonradiative states, which delay the emission of a photon,
such as transitions between charge or spin manifolds. Such
processes can result in the excited-state population(s) of
the emitter evolving nonmonotonically toward the steady
state, leading to bunching in the autocorrelation trace. Note
that while bunching shows an increase in correlations rel-
ative to the steady state, it results from a decrease in
overall emission. When multiple nonradiative states with
different lifetimes participate in the dynamics, the auto-
correlation function features multiple resolvable bunching
time scales. In some situations, multiple radiative excited
states can lead to multiple antibunching terms and complex
eigenvalues associated with the antibunching dynamics
[84]. However, such situations are uncommon and multiple
antibunching rates are typically difficult to resolve experi-
mentally. Therefore, it is typically appropriate to assume
a single antibunching time scale, with a corresponding
empirical model,

g(2)(τ )=1−β1e
−τ/τ1+

n−1

i=2

βie
−τ/τi, (28)

where all theβiare positive. Given PECS data from an
emitter with an unknown level structure and dynamics,

010202-11



REBECCA E. K. FISHMANet al. PRX QUANTUM4,010202 (2023)

the set of models for variedncan be fitted to the data
and a statistical comparison based on the Akaike infor-
mation criterion (AIC), the Poisson likelihood, or the chi-
squared statistic can determine the most appropriate model
to describe the data. A determination ofnin this way places
a lower limit on the number of electronic levels involved in
the dynamics. Additional details on fit comparisons using
the AIC can be found in AppendixD. Additional discus-
sion of Poisson likelihood in counting experiments can be
found in Refs. [85,86]. Potential electronic models can be
further narrowed down by measuringg(2)(τ )at different
powers and fields and comparing with simulations, as we
describe in the next subsection.

A. Simulating photon-emission statistics

Simulations ofg(2)(τ )provide a means of testing poten-
tial models that explain features observed in experimental
data. The time-dependent state populations of a given
model, consisting ofnstates with transition rates desig-
nated by then×nmatrix,G, are governed by the rate
equation, Eq.(11). In principle, the system of equations
can be solved analytically according to Eq.(24). In prac-
tice, the dynamics can be efficiently simulated using a
numerical ODE solver.
For a simulation ofg(2)(τ ), the initial conditions are the
state of the system immediately following the detection of
a photon. In a model with a single radiative transition from
excited|eto ground state|g, assuming that background
photons can be neglected (this is the case if the experi-
mentalg(2)(τ )have been background corrected), the initial
condition is simplyPg(0)=1, with all other state popula-
tions equal to zero at timet=0. The numerical solution
of Eq.(11)yields the time-dependent state populations,
P(t). The steady-state populations,P∞, can also be found
by numerically solving Eq.(26). Once the time-dependent
and steady-state populations are found, quantities such as
the PL intensity,

IPL=GgePe, (29)

andg(2)(τ )[Eq.(5)] can then be calculated. The simula-
tion can also be adapted to account for models involving
multiple radiative transitions. Details on the simulations in
such cases can be found in AppendixE.
This simulation tool can be linked with various physical
models to compare simulations across changing experi-
mental parameters such as excitation power and fields.
Power dependence can be modeled by running multiple
simulations at different excitation powers, in which any
changes to transition rates that are dependent on the excita-
tion power are incorporated into the transition-rate matrix
for each simulation. For example, a pumped transition
from a ground to an excited state might have a linear
dependence on a power parameter and can be defined to

be adjusted accordingly as the power changes. In a similar
manner, the electric or magnetic field dependence of pho-
ton statistics can be simulated by defining transitions that
are a function of a field parameter. For example, spin-
dependent transition rates could change as a function of
external magnetic field due to the spin Hamiltonian of the
system.
Figure5shows examples of simulated autocorrelation
traces for four different models with varying excitation
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FIG. 5. Simulatedg(2)traces for four different physical mod-
els. The effects of increasing (red) or decreasing (yellow) the
excitation power and a lower (light blue) or higher (dark blue)
angle of the magnetic field ong(2)(τ )vary depending on the
model. (a) The three-level model with a pumped transition (solid
red arrow) to the excited state and fixed nonradiative transition
rates (dashed arrows) to a metastable state. (b) The three-level
model with power-dependent transitions (solid red arrows) to and
from a metastable state. (c) The five-level model with a pumped
transition to the singlet excited state and spin-dependent tran-
sitions (blue arrow) to and from a metastable spin triplet. (d)
The nine-level model of a NV center with both spin-dependent
and power-dependent transitions. Radiative transitions are shown
as wiggly arrows. The insets in (c) and (d) show the effects
of changing power (top inset) and magnetic field angle (bot-
tom inset) separately for each model. The yellow, black, and red
curves in (a)–(c) depict excitation pump rates, respectively, half,
equal to, and double the radiative decay rate of each model. The
magnetic field parameters are chosen in order to qualitatively
represent different degrees of spin mixing, with black, light blue,
and dark blue curves corresponding to zero, medium, and high-
spin mixing, respectively. The black curves are identical between
the top and bottom insets, and the parameters are chosen such that
the black curves for each model are qualitatively the same across
(a)–(c) and approximate the amplitude and peak position of (d).
More detail on the simulation parameters can be found in TableI.
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powers and magnetic fields. The transition rates for each
model are chosen so that the black curves in Figs.5(a)–5(c)
are qualitatively the same as each other and similar to
the black curve in the more complex model of Fig.5(d).
However, the simulatedg(2)curves for the models in
Figs.5(a)–5(c)vary in qualitatively distinct ways as a
function of the excitation power and the magnetic field.
Thus, in comparison with experimental PECS data, these
simulations can be varied to help narrow down potential
models.
Figure5(a)depicts a basic three-level system, the sim-
plest model that can host both antibunching and bunching
dynamics. The single radiative transition is denoted by the
wiggly arrow. A single power-dependent transition, desig-
nated by the solid red arrow, is varied in order to simulate
g(2)(τ )for high (red), medium (black), and low (yellow)
excitation powers.

Figure5(b)shows a three-level model similar to that
in Fig.5(a), but in this case the transitions to and from
the metastable third state also depend on the excitation
power. This will be the case, for example, if the metastable
state represents a different charge configuration than the
ground and radiative excited state, which can be accessed
through optically pumped ionization and recombination
transitions. Varying the excitation power differentiates
between the models in Figs.5(a)and5(b), as the bunch-
ing time scaleτ2changes dramatically as a function of
the power in Fig.5(b), in comparison to Fig.5(a), where
the dominant power-dependent change is the bunching
amplitude. Experimental observations ofg(2)(τ )as a func-
tion of the excitation power can be compared with such
models to determine the nature of the nonradiative transi-
tions and extract their scaling with the optical excitation
power.

In Fig.5(c), spin-dependent transitions are introduced
to the model, represented by the blue arrow. Here, varying
a magnetic field angle that mixes the spin eigenstates of
the metastable state can differentiate between the models
in Figs.5(a)and5(c), the traces of which exhibit similar
power-dependent behavior. The magnetic-field-dependent
bunching dynamics (shown in blue) arise from the spin-
dependent transitions in Fig.5(c). These spin-dependent
transitions can sometimes be exploited to optically initial-
ize and measure the spin state. Hence, PECS measure-
ments showing a variation in response to external magnetic
fields can indicate the presence of optically addressable
spin states.

As more is known about a system and its dynamics,
PECS simulations can be extended to quite complex sit-
uations. Figure5(d)depicts a nine-level simulation of
a NV center, including both optically driven ionization
and recombination transitions as well as magnetic-field-
dependent spin transitions. A table of simulation param-
eters and additional details can be found in AppendixE.

VI. PECS IN PRACTICE

The methods outlined thus far for measurement, analy-
sis, and simulation ofg(2)(τ )can be employed systemati-
cally alongside other tools to identify potential electronic
models for unknown emitters. Figure6illustrates several
experimental and theoretical techniques that can be used in
conjunction to deduce the electronic structure and optical
dynamics of a quantum emitter.
Often, the first step is to characterize the basic opti-
cal properties of an emitter. Typical measurements include
PL emission spectra, autocorrelation to check for single-
photon emission, and the PL intensity as a function of the
excitation power to characterize saturation. These prelimi-
nary measurements can provide information about radia-
tive transitions such as the number of transitions, their
lifetimes, and the strength of vibronic coupling, but they
give little insight into nonradiative transitions.
Measurement of the polarization dependence of the PL
intensity can give further clarity on radiative transitions
by revealing their symmetry. For polarization-absorption
measurements, the excitation polarization angle is varied
and the collected PL intensity is recorded as a func-
tion of the excitation polarization angle. For polarization-
emission measurements, the sample is excited at a fixed
polarization and a filter in the collection path is varied to
filter the PL emission according to the polarization angle.
These polarization measurements help clarify the number
of dipole transitions and their orientations [88,89]. Struc-
tured light beams with radial or azimuthal polarization can
also reveal dipole orientation [90]. Knowledge of dipole
orientation with respect to the crystal axes can help sin-
gle out potential point groups and can be a key piece of
information when considering chemical models in cases
where the defect chemistry is unknown [91]. Additional
information about higher-lying excited states can be gained
through polarization measurements at various excitation
wavelengths in relation to the zero-phonon line [84,92,93].
The lower-left quadrant of Fig.6depicts examples of
these basic spectroscopic techniques applied to an emitter
inh-BN from Patelet al.[84]. In that work, the authors
observed a single zero-phonon line and a phonon side-
band consistent with a vibronic transition through a single
optical dipole. This observation was further supported by
the emission polarization measurement (black squares),
which showed high polarization visibility. However, the
measured PL intensity as a function of the excitation polar-
ization (green circles) was not aligned with the emission
and the visibility was reduced. Hence, the optical excita-
tion and emission did not occur through the same optical
dipole transition. This measurement implies the presence
of previously hidden excited states in the excitation path-
way.
Initial characterization can also include measurements
tailored toward specific properties of interest. For example,
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FIG. 6. A nonexhaustive chart of the tools to study quantum emitters. A variety of techniques, both experimental and theoretical,
can give information about the electronic structure and optical dynamics of a quantum emitter. Tools that help clarify electronic
structure include experimental techniques, such as PL spectroscopy and polarization-dependent PL, and theoretical techniques of
molecular-orbital theory andab initioenergy calculations. Tools that help uncover optical dynamics include theoretical techniques
such as PECS simulations andab initiotransition-rate calculations, which should be supplemented with experimental techniques such
as field-dependent emission and PECS measurements. The images in the lower-left quadrant depicth-BN data adapted from Patelet
al.[84]. The images in the lower-right quadrant depicth-BN data adapted from Exarhoset al.[87].

measurements that help identify optical spin signatures,
such as magnetic-field-dependent PL, can single out emit-
ters with optically addressable spin states. Any features of
interest that are identified in initial characterization steps
can be expanded upon through additional study, including
acquisition and analysis of photon-emission statistics as a
function of external fields.
Theoretical tools such as molecular-orbital theory and
ab initiocalculations can be applied together with exper-
imental techniques to construct a baseline model for the
electronic structure of the emitter. The crystal structure
of the host material and its point groups constrain the
types of level structures that can exist within the mate-
rial. The symmetries of the crystal lattice, supplemented
with information about the optical dipoles and from ana-
lyzed photon-emission statistics, can help narrow down
the model parameters, including the number of electronic
levels, the number of spin or charge manifolds, and the
characteristics of transitions. Density-functional theory
can point to likely defect chemistries through quantitative
estimates of formation energies, which can be com-
pared with experimental spectroscopic measurements of
the emitter to predict the likelihood of different defect
candidates.
PECS measurements and simulations can be key to
evaluating hypothesized models. Measurement ofg(2)(τ )

at different optical excitation powers and applied mag-
netic fields and quantification of how the time scales and
bunching amplitudes change accordingly help unveil dis-
tinct dynamical processes. For example, Neuet al.have
measured photon-emission statistics at different excitation
powers to help develop an electronic model for silicon-
vacancy centers in diamond [94]. Their observation of a
bunching time scale with a nonlinear power dependence
has led them to suggest an excitation-power-dependent
deshelving process involving an additional excited state.
As another example, Patelet al.have proposed an indi-
rect excitation mechanism to account for a nonlinear power
dependence of the antibunching rate observed for sev-
eralh-BN emitters [84]. Using PECS simulations, Patel
et al.have also clarified the effect of additional optically
pumped transitions on the bunching rates and amplitudes.
These simulations have allowed the authors to distin-
guish between emitters with metastable states accessed
through optically pumped or spontaneous transitions. In
general, power-dependent PECS measurements can reveal
the presence of nonradiative states and their associated
lifetimes.
Meanwhile, PECS measurements as a function of
externally applied magnetic fields can reveal the ener-
getics and dynamics of spin states. As an illustra-
tive example, the lower-right panel of Fig.6shows
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magnetic-field-dependent PL and PECS data from anh-BN
emitter observed by Exarhoset al.[87]. In this case,
the steady-state PL variations in response to applied dc
magnetic fields suggested the presence of spin states and
spin-dependent optical transitions. Field-dependent PECS
measurements revealed that the decreases in PL were cor-
related with increases in bunching amplitude but with
no change in bunching time scale. Molecular-orbital the-
ory has also provided some insight into the electronic
structure of the emitter. Using selection rules from the
symmetry group of the defect, the authors have narrowed
down the possible models to two options, which they
were able to distinguish between through PECS simu-
lation of both models. As a result, Exarhoset al.have
shown that the magnetic field dependence of autocorrela-
tion bunching amplitudes and time scales is consistent with
a spin-dependent intersystem crossing. Simulated PECS
data can be empirically fitted using Eq.(28)to quantita-
tively compare time scales and bunching amplitudes with
those observed in experimental data. In addition, the mea-
sured PL data can be compared with simulations as a
function of the optical power or the applied field. Dynami-
cal information gained through PECS measurements and
simulation can be further supplemented throughab ini-
tiocalculations, which can give quantitative estimates of
vibronic coupling strengths, electron capture rates, ion-
ization cross sections, and nonradiative transition rates
[95,96].
The process of studying a quantum emitter using the
tools in Fig.6should be iterated until there is enough
experimental information to support a particular proposed
model and simulations can reproduce phenomena that are
similar to those observed. The result may still be an
approximation of the true underlying model. However,
in revealing key properties of the emitter, the outcome
of the combined experimental and theoretical approaches
can provide enough of a foundation to begin to realize
applications.
The formulation of a structural and dynamical model
of a quantum emitter is crucial to harnessing properties
for quantum technologies. A deeper understanding of a
system allows its strengths to be connected with partic-
ular applications. For example, emitters hosting excited
states with short optical lifetimes may be useful as sin-
gle photon sources or in applications that require a
high signal-to-noise ratio, such as quantum communi-
cation. Conversely, long-lived electronic spin states can
serve as quantum memories for applications that require
the storage of quantum states such as quantum regis-
ters for quantum repeaters. Magnetic-field-sensitive tran-
sitions can be utilized for quantum sensing. With a more
complete idea of the properties and optical dynamics
of the emitter, it becomes possible to evaluate how its
strengths and weaknesses compare to those of existing
platforms.

VII. CONCLUSIONS

PECS is an easy-to-implement experimental technique,
but it remains under-utilized. In this tutorial, we discuss the
theoretical foundation and application of PECS for quan-
tum emitters, highlighting the potential of PECS to reveal
optical dynamics when supplemented with other spectro-
scopic techniques. While standard optical-characterization
techniques provide information about radiative transitions,
the nonradiative transitions, which PECS is particularly
suited to resolve, are often those the properties of which
are leveraged for various quantum technologies.
With proper attention to acquisition, analysis, and inter-
pretation, PECS can provide detailed information about
the electronic structure and dynamics of a quantum emit-
ter that allows for the design of efficient quantum control
protocols. Here, we discuss a number of tools for the com-
munity to use for acquisition, analysis, simulation, and
interpretation of PECS. Expanding the set of available
quantum emitters and host materials, each with specific
advantages, will lead to continuous advances in science
and technology.
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APPENDIX A: WAITING-TIME ADDITIONAL
DERIVATIONS

This appendix contains additional derivations ofW(τ).
The first deals with the effect of imperfect collection effi-
ciency onW(τ )and the second discusses an example of
derivingW(τ )for models withn>2 levels. In particular,
we explore the cases of a two-level system with imper-
fect collection efficiency and a three-level system with one
nonradiative transition and perfect collection efficiency.

1. Collection-efficiency dependence

The derivation of the waiting-time distribution in Eqs.
2–4assumes the condition of perfect collection efficiency.
However, in a realistic experiment, the setup collec-
tion efficiency,C, significantly impacts the probability of
receiving consecutive photons. Thus, a derivation ofW(τ )
that accurately captures experimental realities must incor-
porateC. For simplicity, we show the derivation for a
two-level system.
As with perfect collection efficiency, we consider the
probability that the system starts in the ground state,
evolves to the excited state, then decays back to the ground
state after delayτ, emitting a photon. However, in this
case the system can evolve through any number of cycles
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between excited and ground before the detection of a sub-
sequent photon. Additional multiplicative factors,Cand
1−C, account for the respective probabilities that the
subsequent photon is detected or is not detected once
it is emitted and we integrate and sum over all possi-
ble combinations of losingnphotons before detecting
the next photon. This is equivalent to the infinite sum of
convolutions,

W(t)=
C

1−C
(1−C)Pg→e(t)∗Pe→g(t)

+(1−C)2Pg→e(t)∗Pe→g(t)∗Pg→e(t)∗Pe→g(t)

+··· , (A1)

wherePa→b(t)is given by Eq.(3).
Equation(A1)can be evaluated in Laplace space follow-
ing the general relation for an infinite sum of convolutions
of the same function,h(t),

h(t)+h(t)∗h(t)+··· =L−1
L{h}(s)

1−L{h}(s)
(t), (A2)

whereLis the Laplace transform andsis a complex
frequency parameter.
Therefore, definingh(t)as

h(t)=(1−C)Pg→e(t)∗Pe→g(t), (A3)

the probability that the system evolves but a photon is not
received yields the collection-efficiency-dependent expres-
sion forW(τ )for a two-level system:

W(τ )=
2C eg ge

−4C eg ge+(eg+ ge)2
e[(− eg+ ge)/2]τ

sinh
1

2
−4C eg ge+(eg+ ge)2τ. (A4)

This relation betweenCandW(τ )for a two-level model is
illustrated in Fig.2.

2. Systems withn>2 levels

Compared tog(2)(τ ), which is more straightforward to
generalize from a two-level to a multilevel model,W(τ )
requires a unique derivation for each specific electronic
model and can be difficult to evaluate. Here, we con-
sider the most basic example of a three-level model with
both a radiative and nonradiative pathway to the ground
state and perfect collection efficiency. As with the deriva-
tion for imperfect collection efficiency, there is a need
to account for all cases where the system evolves to the
ground state but a photon is not detected. In this case, a
delay in receiving a subsequent photon stems from the non-
radiative transition through a third metastable state to the

ground state. The system can evolve through any number
of nonradiative cycles prior to the emission of a subsequent
photon.
Starting with Eq.(9), we define the PDF of a full non-
radiative cycle, from the ground state to the excited state,
then to the metastable state, and back to the ground state,
as

h(t)=Pg→e(t)∗Pe→m(t)∗Pm→g(t), (A5)

where the subscriptmindicates the metastable third state.
The waiting-time distribution for a three-level model is
then given by

W(t)=Pg→e(t)∗Pe→g(t)(1+h(t)+h(t)∗h(t)+···),
(A6)

which can be evaluated using Eq.(A2). Additional model
complexity, such as other nonradiative decay pathways
or imperfect collection efficiency, further complicates the
derivation ofW(τ ). However, such features are common
in realistic models. As a result, autocorrelation presents a
more tractable tool for measuring the optical dynamics of
realistic models.

APPENDIX B: AUTOCORRELATION FROM
MULTIPLE RADIATIVE TRANSITIONS

In the main text, we simplify the discussion by limit-
ing it to models with a single radiative transition. While
this suffices in many situations, it also is common for sys-
tems to have multiple radiative transitions, whether they
be due to different spin states or charge manifolds or some
other mechanism. In all cases, the transition-rate matrix,
G, still determines the state evolution according to the
rate equation, Eq.11. However, the initial condition,P0,
which is the state immediately following photon emission,
is dependent on which transitions are radiative. Similarly,
optical dynamics such as intensity are also affected, which
in turn impacts the autocorrelation function.
In order to account for the effect of multiple radia-
tive transitions ong(2)(τ ), we introduce the transition
collection-efficiency matrix,C.Cis made up of individ-
ual elements,Cij, that give the probability of detecting
a photon from each transition from statejto statei.Cij
can take on values from 0 to 1, with fractional values
accounting for different collection efficiencies for different
transitions, which might arise from polarization-selection
rules or different emission wavelengths.
With the collection-efficiency matrix defined, PL can
be calculated. The steady-state rate at which photons are
detected from a transitionjtoi(Iij) depends on the steady-
state population of statej(P∞j), the transition rate from the
statejto statei(Gij), and the probability of collecting a
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photon from that transition (Cij):

Iij=CijGijP
∞
j. (B1)

The total steady-state photoluminescence (IPL), which is
the average rate at which photons are detected from any
transition, is given by summing over the photon-detection
rates from all transitions:

IPL=

n

ij

Iij. (B2)

Therefore, the probability of detecting a photon from a

specific transition fromjtoi(P
∞(j→i)
γ ) is given by the

fractional contribution of that transition to the total PL:

P∞(j→i)γ =
Iij

IPL
=
CijGijP

∞
j

n
ijCijGijP

∞
j

. (B3)

As a result, the distribution of states following the detec-
tion of the photon is a column vector,P0, with components
given by the probability of detecting a photon from any
transition into statei:

Pi0=

n

j

P∞(j→i)γ =

n

j

CijGijP
∞
j

n
ijCijGijP

∞
j

. (B4)

As discussed in the main text, the autocorrelation func-
tion is proportional to the probability of receiving any
photon at timet2, given that one was received at timet1.
Therefore, writingg(2)(τ )for multiple radiative transitions
requires accounting for the time-dependent populations of
all radiative states and the transition rates and collection
efficiency of the transitions out of those states. With the
initial state given by Eq.(B4)and properly normalized to
the steady state, this gives the equation for autocorrelation
from multiple radiative transitions:

g(2)(τ=t2−t1)=
n
i
n
j=iCijGijPj(t2|P(t1)=P0)

n
i
n
j=iCijGijP

∞
j

.

(B5)

In the case of a single radiative transition, this reduces to
Eq.(5). Autocorrelation data from emitters with multiple
radiative transitions can still be captured by the empiri-
cal fit, Eq.(27), with the possibility that multiple radiative
transitions could lead to multiple antibunching time scales.

APPENDIX C: ALGORITHM FOR PROCESSING
PHOTON CORRELATIONS

The time-tagged data acquired by two detectors and a
time-correlated single-photon counter (TCSPC) consists
of two separate time series detailing the arrival times

of all photons detected by each detector during acquisi-
tion. The photon-statistics processing code and an exam-
ple can be found in Ref. [97]. The processing algorithm
TTTR_cross_correlation(parsedData,opti-
ons)basedonLaurenceet al.[77], uses the input of two
time series along with various processing parameters to
calculate the normalized correlations and their uncertain-
ties. The algorithm uses binary search functions defined
within it to bin and count correlations, thus avoiding the
need to iterate through all individual events and signif-
icantly reducing the processing time. Additional features
include processing of average count rates to track stability
during measurement and an option for partitions to process
correlations between different blinking states separately.

1. Preparing the data

Certain TCSPCs store photon time series in particu-
lar file formats, which must be parsed before running the
processing algorithm. The functionTTTR_import_PTU
(filenames)takes time series stored in a.PTUfile
format and stores the data and metadata as aMATLAB
structure,TTTRData, which is then fed to the function
TTTR_extract_channel_times(TTTRData,op-
tions)to convert the.PTUdata into aMATLAB array
of times. These are output into thePARSEDDATAstructure
containing the times and total number of counts for each
channel, global resolution, and total acquisition time.

2. Defining processing parameters

TheOPTIONSstructure allows the user to define pro-
cessing parameters. These set the range (tauLimits)
and resolution (tauRes) over which the correlations will
be calculated. The resolution should be chosen such that
it is smaller than the fastest time scale desired for mea-
surement. Since decreasing the resolution also increases
the uncertainties, which are Poissonian and depend on the
number of counts per bin, scans that require finer resolution
may require greater acquisition time. The choice of resolu-
tion and limits also affects the processing time, so a balance
must be struck between the resolution, the magnitude of
uncertainties, and the processing time.
Other parameters in the options structure includetRes
to specify the resolution for count-rate calculations,
tauAxisto choose a specific axis over which cross cor-
relation will be calculated,countRateRangesto parti-
tion blinking data based on intensity,tFlagto partition
the time axis for count-rate calculations, andverbose
andstatusbarto enable command-window and pop-up
updates.

3. Algorithm detail

The algorithm first constructs two time axes,tauAxis
andtAxis, defining the bins over which the correlations
and average counts rates will be calculated, respectively.
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The delay time axis,tauAxis, is constructed from the
processing parameters defined in the options structure.
tAxisis constructed based on the total acquisition time
and resolution,tRes. The count rates in each channel are
calculated by counting the number of events in each bin
thattAxisdefines and dividing by the bin width. The
overall count rate for each channel,avgRate, is calcu-
lated from the total counts and total measurement time of
the channel in order to compute the normalization factor
forg(2)(τ )(see Sec.IV B).
To process the cross correlations between the two chan-
nels, the algorithm iterates through each time-tagged pho-
ton event in the channel with fewer events, referred to
as channel 1. With each iteration, the zero-delay refer-
ence point for the bins defined bytauAxisis updated
according to the time of the current photon event,t0. Then,
events in channel 2 are binned according totauAxis,
withτ=0 corresponding tot0, and the numbers of pho-
tons that fall within each bin in channel 2 are counted as
the correlations.

4. Outputs

The processing algorithm outputs a structure,T2data,
that contains the axis of delay times, raw correlated data,
normalizedg(2)(τ ), and errors. If count rates are calcu-
lated, the output structure will also include the time axis
for count rates, the average count rates over the acquisi-
tion time, and flags for partitioning the time axis. Figure7
contains examples of processing-code outputs along with a
demonstration of several features of the code, including log
and linear binning options, the calculation of count rates,
and separate processing of different blinking states.

5. Additional complexity

The algorithm offers options of both log and linear pro-
cessing of the correlations, with examples of the resulting
outputs shown in Fig.7(a)and inset, respectively. Linear
binning allows for resolution of features at low times and
log binning allows for resolution of time scales at both
short and long times. Log binning is achieved by pre-
defining bins with logarithmic spacing prior to calculating
correlations.
The processing algorithm also contains functionality
for processing different blinking states of an emitter to
extract state-specific optical dynamics. Time partitions can
either be predefined with flags usingtFlagin the options
structure or can be calculated based on intensity thresh-
olds specified bycountRateRangesin the options
structure. In the latter case, the specified threshold for
the partitions is applied to the time-dependent intensity
data as demonstrated in Fig.7(b), where a threshold of
32 kcounts/s separates a bright state at approximately 40
kcounts/s from a dark state at approximately 3 kcounts/s.
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FIG. 7. The output of time-tagged time-resolved data pro-
cessed for photon correlations, shown for an example case of
an emitter inh-BN with blinking. (a) The raw photon-emission-
statistics data from an emitter inh-BN processed with logarith-
mic bins. The inset shows the same data processed on a linear
scale. The dashed line denotesτ=10 ns. (b) The intensity versus
time data binned at 0.01 s, displaying partitioning at 32 kcounts/s
between an on (orange) blinking state and an off (blue) blink-
ing state. (c) The photon-emission-statistics data from the same
photon time series as (a) processed on a logarithmic scale based
on intensity thresholding in (b). Bunching dynamics are mainly
present in the photon-emission statistics of the dark state (blue),
whereas the data processed for the bright state (orange) adheres
more closely to a two-level model. (d) The photon-emission-
statistics data processed on a linear scale based on the intensity
thresholding in (b).

The correlations for each state can then be calculated sep-
arately, resulting in two different autocorrelation traces
shown in Fig.7(c)on a logarithmic scale and Fig.7(d)on
a linear scale.
In the processing algorithm, upper and lower errors
(±) are calculated for each bin according to the Poisson
error with asymmetric errors,

±=
M+1

4
±1
2

IAIBwT
, (C1)

for bins with close to zero counts, at which point the
Poisson error [Eq.(19)] gives inaccurate results [98],
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APPENDIX D: AKAIKE INFORMATION
CRITERION

When analyzing experimental data for newer or
unknown emitters, the electronic level structure and
dynamics of the emitter are often unknown. As a result,
a fitting routine often must be implemented to determine
which empirical model best fits the data and its features.
The AIC can be used as a measure of relative quality to
identify a model that, in a comparative sense, captures the
dynamics best. In order to implement it, the data are fit-
ted to several models of Eq.(27), varyingn, the number
of electronic levels. For a model withffit parameters, the
AIC is given by

AIC=2f−2ln(L). (D1)

For a nonlinear fit with normally distributed errors, the log-
likelihood function is given by,

ln(L)=0.5 −N ln(2π)+1−ln(N)ln

n

i=1

x2i ,

(D2)

whereNis the total number of data points andx2iare the
residuals.
In order to compare models, the AIC for each model is
calculated and compared. The model with the lowest AIC
represents the model most likely to be correct, while the
relative likelihood for the other models can be calculated
as

exp
AICmin−AICi

2
. (D3)

The AIC can be supplemented with other measures of fit
such as reduced chi-squared to empirically determine the
best choice ofn.

APPENDIX E: OPTICAL-DYNAMICS
SIMULATION

The optical-dynamics simulationsimulate_auto-
correlation(ModelPars,SimPars,Opts), takes
the input of an electronic model defined by states, the
transition rates between them, and the photon-collection
efficiencies of the transitions and returns the populations of
each state given an initial condition. Optical dynamics such
as the photon statistics and photoluminescence are also cal-
culated. The simulation is executed through theMATLAB
ODE solver,ODE15S. The simulation code and an example
can be found in Ref. [98].

1. Defining the model

The electronic model is defined through three inputs:
the number of levels (nLevels), the transition rates

between levels (G), and the collection-efficiency matrix
(C), all of which are passed to the function through
theModelParsorSimParsstructure. The transition-
rate matrix,G, defines the transition rates between levels
for a single experimental condition at a fixed excitation
power and a fixed magnetic field.Gtakes the form of
annLevelsbynLevelsmatrix with off-diagonal ele-
mentsGijgiving the transition rates from state|jto state
|iand diagonal elementsGiigiving the negative sum of
all rates leaving state|i. The columns ofGall sum to
0. The collection-efficiency matrix,C,isannLevelsby
nLevelsmatrix with elements 0≤Cij≤1 denoting the
fractional probability of collecting photons from the tran-
sition from state|jto state|i. A nonradiative transition
would be denoted byCij=0, while a radiative transition
would haveCij= , where is the collection efficiency
from that transition.

2. Simulation detail

The steady-state populations are calculated fromG
using theMATLAB NULL() function and normalized such
that the sum of all steady-state populations is 1. PL is
calculated from the steady-state populations and theC
matrix [see Eq.(29)]. The eigenrates ofGare calcu-
lated through theMATLABfunctionEIG()and ordered and
identified as real or imaginary rates. The minimum and
maximum eigenrates are used to determine a range of the
time values (t) to input to the ODE solver. The initial con-
ditions are set according to Eq.(B4). The ODE solver,
ODE15S, is run using the inputs of the rate equation, the
transition-rate matrix, and the initial conditions. A com-
parison between the steady-state populations calculated
through the null vector and through the ODE solver can
be used as an estimate of simulation error,perr.

3. Simulation outputs

The steady-state populations, steady-state PL, eigenval-
ues ofG, time-dependent populations of states, and vectors
ofg(2)andtare all returned in theSIMPARSstructure.

4. Additional complexity

Multiple simulations can be executed by feeding mul-
tiple pairs ofGandCmatrices defining different models
or model conditions to theSimParsstructure. The num-
ber of elements inSimParsdetermines the number of
simulations that will be run. Transition rates dependent on
physical interactions with fields such as spin or charge phe-
nomena can be defined prior to execution of the simulation
such that the model incorporates additional phenomena.
The transition rates between states can be defined as spin
states that are dependent on an applied magnetic field,B.
This takes the form of defining the spin-field interaction
through the Hamiltonian and calculating how an applied
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TABLE I. The simulation parameters for Fig.5.

Three-level model Three-level model
(spontaneous (pumped

Parameter transitions) transitions) Five-level model Nitrogen-vacancy model

kex(MHz) [25,50,100] [25,50,100] [25,50,100] [13.125,26.25,52.5]
kr(MHz) 50 50 50 75
kisc0(MHz) 5 5kex 4.9995 5
kisc0,out(MHz) 2.5 2.5kex 2.5 3.11
kisc±(MHz) ··· ··· 2.5×10−4 60
kisc,out±(MHz) ··· ··· 0.025 2.75
kion/krec ··· ··· ··· 3kex/2.25kex
Bamplitude (G) ··· ··· 46 300
Bangle (degrees) ··· ··· [0,30,60] [0,15,50]

field leads to a change of basis, represented by a change in
transition rates from spin-dependent states.

5. Simulation detail for Fig.5

The curves in Fig.5are simulated using the method
described above. The simulation parameters used to gener-
ate Fig.5can be found in TableI. Here, the excitation rate
is given bykex, the emission rate is given bykr, and the
rates to and from the intersystem-crossing (isc) metastable
state arekisc0andkisc0,out, respectively. For models with
spin states in the metastable state, such as the five-level
model and the NV model,kisc0(kisc0,out) specifies the zero-
B-field transition rate to (from) themS=0 spin-triplet
sublevel, whilekisc± (kisc,out±) specifies the zero-B-field
transition rate to (from) themS=±1 spin sublevels.kion
andkrecare the ionization and recombination rates to and
from NV0and NV−.TheB-field angle is given with
respect to the defect axis. Power-dependent transitions
are shown as a multiple ofkex. For models with spin-
dependence (five-level and NV), the Hamiltonian specified
is for the case of a spin-1 triplet configuration with a single
symmetry axis and takes the form

H=gμBB·S+D S2z−
1

3
S(S+1), (E1)

wheregis the isotropicgfactor,μBis the Bohr mag-
neton,Bis the magnetic field vector,Dis the zero-field
splitting, andSandSzare spin-1 operators. For the five-
level model simulation, we assumeD=1000 MHz for the
spin-triplet metastable state. For the NV center, the val-
ues used aregES=2.01,gGS=2.0028,DES=1425 MHz,
andDGS=2859 MHz, where “ES” and “GS” refer to the
excited and ground state, respectively. When a magnetic
field is applied to a model with spin states, the interac-
tion between the spin states and the field, as defined by the
Hamiltonian, results in spin mixing. In the NV model, the
inner product of the excited-state and ground-state eigen-
vectors adjusts the baseline excitation (kex) and emission
(kr) rates to give the distribution of excitation and emission

rates between the ground and excited spin states. Similarly,
for both the NV and the five-level model, other spin-
dependent transition rates such as the intersystem-crossing
rates (kisc) specified in TableIare adjusted according to the
new calculated spin projections in a magnetic field.
The transition-rate matrices for each black curve in Figs.
5(a)–5(c)are, respectively, as follows:

⎡

⎣
−50 50 2.5
50 −55 0
0 5 −2.5

⎤

⎦, (E2a)

⎡

⎣
−50 50 2.5
50 −55 0
0 5 −2.5

⎤

⎦, (E2b)

⎡

⎢
⎢
⎢
⎣

−50 50 2.5 0.025 0.025
50 −55 0 0 0
0 4.9995 −2.5 0 0
0 0.00025 0 −0.025 0
0 0.00025 0 0 −0.025

⎤

⎥
⎥
⎥
⎦
.(E2c)
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