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THE NEUMANN PROBLEM FOR FULLY NONLINEAR SPDE
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We generalize the notion of pathwise viscosity solutions, put forward by
Lions and Souganidis to study fully nonlinear stochastic partial differential
equations, to equations set on a sub-domain with Neumann boundary con-
ditions. Under a convexity assumption on the domain, we obtain a compar-
ison theorem which yields existence and uniqueness of solutions as well as
continuity with respect to the driving noise. As an application, we study the
long time behaviour of a stochastically perturbed mean-curvature flow in a
cylinder-like domain with right angle contact boundary condition.
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1. Introduction. The focus of this paper is the Neumann problem for the equation given
by

(1.1)

⎧
⎪⎪⎨

⎪⎪⎩

du = F
(
D2u,Du,u, x, t

)
dt +

m∑

i=1

Hi(Du) · dζ i in " × (0, T ],

Du · n = 0 on ∂" × [0, T ],

where " ⊂ Rd is a given subdomain, F : Sd × Rd × R × Rd × [0, T ] → R is degenerate
elliptic, H : Rd → Rm is sufficiently regular, and ζ : [0, T ] → Rm is a fixed continuous path.
We provide more precise assumptions in what follows.

In the case when ζ is sufficiently regular (say C1), this equation is covered by the classical
framework of Crandall–Lions viscosity solutions (e.g., [5]). Our interest in this paper is to
treat the “rough” case, where we only assume that ζ is a continuous function, so that ζ̇ (t)
does not make sense as a pointwise function (this is also known as the “stochastic” case, since
a major motivation is to apply the theory for cases when ζ is the realisation of a stochastic
process such as Brownian motion, which is naturally an irregular object).

These equations were introduced in a series of works by Lions and Souganidis [21–24],
who explained how to extend the theory of viscosity solutions to deal with such irregular
terms; see [32] for a comprehensive overview. A number of applications were also discussed
in these works, among them the level-set formulation of the motion of hypersurfaces when the
dynamics are perturbed by a stochastic noise (this includes in particular the case of stochastic
mean curvature flow). Other recent developments include the analysis of qualitative behavior,
for instance, long-time behavior, regularity/regularization by noise, and finite/infinite speed
of propagation [9, 11, 12, 25]; the construction of numerical schemes [30]; and applications
to stochastically perturbed mean curvature flow [26, 33].

Several new tools and techniques are required to extend the already well-developed vis-
cosity solution theory to the setting of equations driven by rough multiplicative noise. Many
of the aforementioned works take advantage of the spatial homogeneity of the Hamiltonians
Hi and the translation invariance of the spatial domain, which is taken to be the whole space
Rd or the torus. Some recent works treat equations in which this homogeneity is broken by
considering x-dependent Hamiltonians [8, 28, 29]. The treatment of equations with (x, t)-
dependence is by now standard in the classical viscosity solution theory, with well-posedness
holding under quite general structural assumptions on the nonlinearities. By contrast, if the
noise coefficients Hi in (1.1) depend on x, the analysis must be completely revisited on ac-
count of the wild behavior of the term dζ . As a consequence, quite particular restrictions are
put on the Hamiltonians in those works, for instance a separated structure h(Du) + f (x), or
a “metric” structure in which H is scalar valued, convex, and coercive.

The main purpose of the present paper is to further the scope of the pathwise viscosity
solution theory to “inhomogenous” settings, by considering in particular the Neumann prob-
lem for (1.1) on a subdomain " ⊂ Rd . To our knowledge, this is the first treatment of fully
nonlinear SPDEs with boundary conditions (apart from the periodic boundary conditions on
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the torus, which may be recast as a problem on the whole space). In analogy to the setting
of x-dependent Hamiltonians, many of the simplifications that are used in the analysis of the
homogenous problem on the whole space are no longer available. We are able to prove well-
posedness results that are, while new and sufficiently general for the applications we have in
mind, somewhat more restrictive than in the standard, “nonrough” setting. The most notable
such restriction is that we only treat convex ". The Hamiltonian, meanwhile, require certain
structural assumptions.

Boundary value problems for (deterministic) fully nonlinear equations are by now a classi-
cal topic. In particular, the definition of Neumann boundary conditions in the viscosity sense
goes back to Lions [18], who obtained a comparison principle for first-order equations. This
was then extended by various authors to more general cases, such as second-order equations
(in particular of geometric type) and fully nonlinear boundary conditions, see for instance
[1–3, 14, 16, 17].

The Neumann boundary condition for (1.1) is relevant for the case of geometric equations,
in which case the level sets of the solutions u model the motion of hypersurfaces with a
prescribed normal velocity that is rough in time. The imposition of the boundary condition is
then equivalent to requiring that the contact angle of the hypersurface with the boundary be a
right angle.

1.1. Well-posedness results: Method of proof and main difficulties. We define a notion of
(sub/super) solution for the boundary value problem (1.1). Following the Lions–Souganidis
theory, we make use of specific test functions in order to deal with the singularity of dζ .
Crucially, just as in the classical viscosity solution theory, the boundary condition has to be
understood in a weak sense (see the discussion at the beginning of Section 2.3 below). We
show that our definition is consistent with the classical one when ζ is C1, and satisfies a
stability property under half-relaxed limits.

We then proceed to prove well-posedness results for this notion of solution. The domain "
is assumed to be C1 and convex (see below for a discussion of this second assumption), and
F is taken to satisfy “standard” assumptions from the theory of viscosity solutions, which
encompass, for example, the nonlinearity arising from the level-set equation for mean cur-
vature flow. As is usual in the Lions–Souganidis theory of “rough” viscosity solutions, the
Hamiltonian H requires more assumptions than in the classical case. We assume either that
H ∈ C2 with D2H bounded, or each Hi is equal to a difference of convex functions, a con-
dition which is introduced already in [22]. In the latter case, we also need some stronger
conditions: either " is a half-space, the convexity of " satisfies a nondegeneracy condition
(see (4.9) below), or H is radial. A polynomial growth assumption for H is needed as well;
in this paper, we assume quadratic growth for simplicity, but this can be generalized (see
Remark 4.1 below).

We then prove the following:

• Comparison: if u and v are respectively a sub- and super-solution of (1.1), then

sup
(x,t)∈"×[0,T ]

{
u(x, t) − v(x, t)

} ≤ sup
x∈"

{
u(x,0) − v(x,0)

}
.

• Continuity with respect to the noise: if, for n ∈ N, (un)n∈N are solutions of (1.1) driven
by given signals ζ n ∈ C([0, T ],Rm) which converge uniformly, as n → ∞, to ζ ∈
C([0, T ],Rm), then un n→∞−−−→ u locally uniformly, where u is a solution of (1.1) corre-
sponding to ζ .

These statements imply the existence of a unique solution to the initial value problem for
(1.1) for arbitrary continuous ζ and initial datum u0. As is usual in the viscosity solution
theory, the proof of the comparison principle also yields some additional information on the
solutions. For instance, we also obtain in the case where F is independent of (u, x, t):
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• Spatial continuity: if u0 is uniformly continuous, any solution u of (1.1) is uniformly con-
tinuous in x, with a modulus which does not depend on ζ .

• Monotonicity in the path variable: if the Hi are convex and, ζ 1(0) = ζ 2(0) and ζ 1 ≤ ζ 2 on
[0, T ], then the corresponding solutions satisfy u1 ≤ u2 on " × [0, T ].
In order to explain the specific difficulties and the need for our assumptions, due to the

presence of both the boundary condition and the irregularity of ζ , we describe now the strat-
egy of proof for the comparison principle. As usual in the viscosity solution theory, we double
the variables and apply maximum principle arguments to a quantity of the form

sup
x,y∈"

{
u(x, t) − v(y, t) − $(x, y, t)

}

for well-chosen test functions $. The fact that ζ is irregular means there is little flexibility in
choosing $, and, in order to “cancel out” the rough term in the dynamics, $ must be smooth
in the (x, y)-variable and a solution of the doubled equation

(1.2) d$ =
m∑

i=1

(
Hi(Dx$) − Hi(−Dy$)

) · dζ i .

The family of test functions that we use are indexed by two small parameters δ, ε > 0,
which each play a different role. We will have, roughly,

(1.3) $(x, y, t) ≈ |x − y|2
2δ

+ εd"(x) + εd"(y),

where d" is the signed distance to ". Thus, δ corresponds to a penalization outside of the di-
agonal, and the ε-term ensures that the test function is a strict super-solution of the boundary
condition on ∂". A large part of this work is devoted to constructing a test function $ that
solves (1.2), while also behaving as in (1.3) on a sufficiently long time interval.

The main difficulty is that the time interval on which the desired constraints hold shrinks
with δ, and, therefore, in the well-posedness proofs, we take first ε → 0 and then δ → 0.
This is contrary to the classical setting, where the parameters are balanced in some way. It
is for this reason that we must assume " is convex, and why we can only deal with the case
of the homogeneous Neumann boundary condition. Note, in particular, that, if " is convex,
then x )→ |x − y|2/2δ is always a super-solution of the homogenous Neumann boundary
condition.

The construction of the test functions ($δ,ε)δ,ε>0 is determined by the precise assumptions
on the Hamiltonian H . When H ∈ C2, their analysis, via the method of characteristics, is
rather straightforward (see Section 3).

In the case when each Hi is a difference of convex functions, we use C1,1-regular test
functions defined by Hopf-type formulae, in which case proving that they satisfy all the prop-
erties that we need requires a more involved analysis. To explain the difficulty, let us assume
for simplicity here that m = 1 and H is convex. Then a candidate for the test function $δ,ε ,
defined for t in a neighborhood of some fixed t0 ∈ [0, T ], is

sup
p,u,v∈Rd

{
(p + u) · x − (p − v) · y − δ

|p|2
2

− εψ∗
(

u

ε

)
− εψ∗

(
v

ε

)

+ (ζt − ζt0)
(
H(p + u) − H(p − v)

) − γ
(
H(p + u) + H(p − v)

)}
.

(1.4)

Here, γ > 0 is some small parameter and ψ is a certain uniformly convex regularization of
the signed distance function to " (see (2.2) below).
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In view of the uniform concavity in (p,u, v) of the function inside the supremum, one
can check that (1.4) is C1,1 in (x, y) and solves (1.2) as long as |ζt − ζt0 | ≤ γ . The main
difficulty is in proving that this test function is a supersolution of the boundary condition, for
an appropriate choice of γ depending on δ. As it turns out, however, this may not necessarily
be the case, even when ζt = ζt0 .

We overcome this issue by “pushing” the supremum (p,u, v) attained in (1.4) in a con-
venient direction. This is done by adding to |p|2/2 some convex function ℓ(p). The precise
choice of ℓ(p) depends on the more particular cases described above, that is, when " is a
half space or nondegenerately convex, or when H is radial. The precise construction of the
test functions, and the proofs of their specific properties, are laid out in Section 4.

1.2. Long-time behavior for stochastic mean curvature flow. As an application of our
comparison and stability estimates, we study the qualitative long-time behaviour of a stochas-
tically perturbed mean-curvature flow in a convex cylinder-like domain " = D ×R. Namely,
we consider a bounded hypersurface *(t) ⊂ " which satisfies a right angle boundary condi-
tion on ∂" and evolves according to the normal velocity

V (t) = −κ + dB(t),

where κ is the mean curvature and B = (B(t))t≥0 is a scalar Brownian motion. We show that,
for large times, * is arbitrarily close in the Hausdorff distance to a (possibly fat) hyperplane
of the form D × [a + B(t), b + B(t)] (see Section 7 below for the precise results). This
result is an extension of a deterministic result obtained by Giga, Ohnuma, and Sato [13]. In
fact, our proof crucially relies on their result, which we combine with the stability properties
of the level set PDE to obtain our convergence (in particular, both the spatial modulus and
monotonicity results are needed). Note that the presence of the noise term allows to slightly
improve their result, since they only obtained convergence in Hausdorff distance under an
additional condition. Similar results have also been obtained in the stochastic PDE literature
in the simpler case of periodic graphs and by different methods in [6, 7].

1.3. Organization of the paper. In Section 2, we introduce some preliminary objects,
state the main assumptions, and define the notion of viscosity solution to (1.1). Section 3
is devoted to the proof of the comparison principle when H is smooth (C2). The case of
nonsmooth H is dealt with in the following sections: in Section 4, we define a family of
test functions and derive their properties, and in Section 5 we use these results to prove
the well-posedness theorems. The case of geometric equations requires a slightly different
family of test functions to deal with the singularity in the second-order part of the equation,
and is treated in Section 6. In Section 7 we apply our results to the long-time behaviour of
a stochastically perturbed mean curvature flow in a domain. Section 8 contains a discussion
of some possible extensions and open questions. Finally, in the Appendix, we prove some
auxiliary results from the pathwise viscosity solution theory used throughout the paper, such
as consistency and stability properties.

1.4. Notation. We denote by · the usual scalar product in Rd and | · | the associated
Euclidean norm.

Sd is the space of d × d symmetric matrices, equipped with the norm ∥X∥ :=
max|v|=1 |Xv · v|. Id is the identity matrix (its dimension will be clear from the context).

Given a convex function ψ : Rd → R, we let ∂ψ(x) be its sub-differential at a point x ∈
Rd , and ψ∗(p) := supx∈Rd (⟨p,x⟩ − ψ(x)) its convex conjugate.

We let Df,D2f denote respectively the gradient and Hessian of a function f . If the ar-
guments of f are (x, t), Df and D2f will always be understood as being only w.r.t. the x
variable.
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∥ · ∥∞,A is the supremum norm for functions defined over a set A.
(B)USC(A), (B)LSC(A), (B)UC(A) are respectively (bounded) upper semi-continuous,

lower semi-continuous and uniformly continuous from A to R. F ∗, F∗ are the upper and
lower semi-continuous envelope of a function F (there is a minor clash of notation with the
convex conjugate, which one we mean will be clear from the context).

We let C0([0, T ],Rm) = {ζ ∈ C([0, T ],Rm) s.t. ζ(0) = 0}.

2. Preliminaries.

2.1. The domain. We assume throughout that

(2.1)

{
" ⊂ Rd is convex and open with a C1-boundary, and
the outward normal n(x) is uniformly continuous in x ∈ ∂".

At times, we will impose a stronger convexity assumption on " (see (4.9) for instance).
In view of (2.1), there exists ψ : Rd → R such that

(2.2)

⎧
⎪⎪⎨

⎪⎪⎩

ψ ∈ C2(
Rd)

is convex, ∥Dψ∥∞ + ∥∥D2ψ
∥∥∞ < ∞,

infψ = −1, lim
|x|→+∞

ψ(x) = +∞ and

Dψ(x) · n(x) ≥ 1 for all x ∈ ∂".

Indeed, let ρ : Rd → R be the signed distance function to ", negative in the interior of "
and positive in the exterior. Then we may take ψ to be a regularization (by convolution with
a standard mollifier, e.g.) of the function 2(ρ ∨ −1). If " is unbounded, the penalization

property for large x can be ensured by adding a term of the form ε
√

1 + |x|2, with ε taken
sufficiently small that the desired inequality on ∂" is still satisfied by ψ .

The global bounds on the gradient and Hessian of ψ in (2.2) imply that its convex conju-
gate satisfies

(2.3)

{
ψ∗ is finite only in a fixed compact set K ⊂ Rd , and, for some fixed κ > 0,
D2ψ∗ ≥ κId in the sense of distributions on K .

2.2. The nonlinearity F . The second order dependence in the equations will be deter-
mined by a function F satisfying

F ∈ C
(
Sd,Rd,R,Rd, [0, T ])

(2.4)
is uniformly continuous in (r, x, t) for bounded (X,p),

r )→ F(X,p, r, x, t)
(2.5)

is nonincreasing for all (X,p, x, t) ∈ Sd × Rd × Rd × [0, T ],
and

(2.6)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

for all R,C > 0, there exists ωR,C : [0,∞) → [0,∞)

such that lim
r→0+

ωR,C(r) = 0

and, for all p,q ∈ Rd , −R ≤ r ≤ s ≤ R, x, y ∈ Rd , t ∈ [0, T ], δ,η > 0,
and X,Y ∈ Sd satisfying

−C

δ

(
Id 0
0 Id

)

≤
(
X 0
0 −Y

)

≤ C

δ

(
Id −Id

−Id Id

)

+ η

(
Id 0
0 Id

)

,

we have F(X,p, r, x, t) − F(Y, q, s, y, t)

≤ ωR,C

( |x − y|2 + |p − q|2
δ

+ (
1 + |p| + |q|)|x − y| + (s − r) + η

)
.



1736 P. GASSIAT AND B. SEEGER

The condition (2.6) is a general assumption on the coupled dependence of F on the derivative
variables (X,p) and the environment variables (x, t). Such a requirement is usual in the
theory of fully nonlinear second order equations; cf. [5], (3.10), (3.14). One difference is that
the modulus in (2.6) accounts for different values in the gradient variable p.

We note our assumptions encompass all “standard” examples of nonlinearities that we
list now, referring to [5] and the references therein for details. For instance, (2.6) is clearly
satisfied if F is independent of p and x, nondecreasing in X ∈ Sd , and nonincreasing in u,
or, more generally for F with a separated dependence, that is, if F is given, for F0 and F1
satisfying appropriate conditions, by

F(X,p, r, x, t) = F1(X, r, t) + F0(p, r, x, t).

A more nontrivial example of coupling is given by

F(X,p,x, t) = tr
[
a(p, x, t)X

]
,

where a = σσ t for some σ ∈ C0,1(Rd × Rd;Rd×m). Finally, other examples can be gener-
ated by observing that (2.4)–(2.6) are closed under the inf and sup operattions. That is, if
(Fαβ)α∈A,β∈B satisfy the assumptions uniformly in α and β , then the same is true for

inf
α∈A

sup
β∈B

Fαβ sup
β∈B

inf
α∈A

Fαβ .

Later in the paper, motivated by geometric examples in which F has a singularity at p = 0,
we allow for F to be discontinuous at p = 0. Although general dependence on all variables
can be treated with similar assumption to those above, for brevity and simplicity of presenta-
tion, we focus then on F depending only on X and p, which still allows for the treatment of
the nonlinearity arising from perturbed mean curvature flow, that is,

F(X,p) = tr
[(

Id − p ⊗ p

|p|2
)
X

]
.

2.3. Definition of solutions. An important feature in the study of fully nonlinear equa-
tions on domains is the need to understand the boundary conditions in a weak sense. Indeed,
consider the initial value problem

(2.7)

⎧
⎪⎪⎨

⎪⎪⎩

∂tu = |∂xu| in (−1,1) × [0, T ],
∂xu · ν = 0 on ∂(−1,1) × [0, T ], and
u(x,0) = x in (−1,1)

(here ν(1) = 1 and ν(−1) = −1). It turns out that the unique viscosity solution (obtained, for
instance, from a vanishing viscosity limit) is given by u(x, t) = min{x + t,1}, which does
not satisfy the Neumann condition at the left endpoint −1. Instead, on the boundary {−1,1},
u satisfies the subsolution property

min
{
∂tu − |∂xu|, ∂xu · ν} ≤ 0

and the supersolution property

max
{
∂tu − |∂xu|, ∂xu · ν} ≥ 0.

Observe that, although ∂xu(−1, t) · ν(−1) = −1 < 0, the boundary supersolution property is
still satisfied, because (∂tu − |∂xu|)(−1, t) = 0.

The nature of the definition of pathwise viscosity solutions rests on appropriate classes of
test functions, which, in turn, is determined by the regularity of the Hamiltonian H .
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2.3.1. Smooth Hamiltonians. We shall first assume that

(2.8) H ∈ C2(
Rd;Rm)

and sup
p∈Rd

∣∣D2H(p)
∣∣ < ∞.

The method of characteristics then yields, for any φ ∈ C2(Rd), a number h > 0, depending
only on ∥D2H∥∞ and ∥D2φ∥∞, and, for any t0 > 0, a solution $ ∈ C((t0 − h, t0 + h) ∩
[0, T ],C2(Rd)) of

(2.9) d$ =
m∑

i=1

Hi(D$) · dζ i in Rd × (t0 − h, t0 + h)

satisfying $(·, t0) = φ. The solution of (2.9) is understood in the sense of continuous exten-
sion of the map ζ )→ $, and in fact, because H is independent of x, $ can be obtained by
composing the solution operators for the Hamilton–Jacobi equations associated to the Hamil-
tonians (H i)mi=1 with increments of the path ζ (see Lemma 3.1 below).

Following [21], we use test functions satisfying (2.9) in order to adapt the notion of vis-
cosity solutions for the Neumann problem to the “rough” setting:

DEFINITION 2.1. A function u ∈ USC(" × [0, T ]) (resp. LSC) is a sub- (resp. super-)
solution of (1.1) if, whenever µ ∈ C1((0, T )), $ is a smooth-in-space solution of (2.9), and
u(x, t)−$(x, t)−µ(t) achieves a local maximum (minimum) at some (x0, t0) ∈ "̄× (0, T ],
then

⎧
⎪⎪⎨

⎪⎪⎩

µ′(t0) − F
(
D2$(x0, t0),D$(x0, t0), u(x0, t0), x0, t0

) ≤ 0 if x0 ∈ " and
min

{
µ′(t0) − F

(
D2$(x0, t0),D$(x0, t0), u(x0, t0), x0, t0

)
,

D$(x0, t0) · n(x0)
} ≤ 0 if x0 ∈ ∂"

(resp.
⎧
⎪⎪⎨

⎪⎪⎩

µ′(t0) − F
(
D2$(x0, t0),D$(x0, t0), u(x0, t0), x0, t0

) ≥ 0 if x0 ∈ " and
max

{
µ′(t0) − F

(
D2$(x0, t0),D$(x0, t0), u(x0, t0), x0, t0

)
,

D$(x0, t0) · n(x0)
} ≥ 0 if x0 ∈ ∂".

A function u ∈ UC(" × [0, T ]) is called a solution if it is both a sub- and super-solution.

2.3.2. Nonsmooth Hamiltonians. We next relax (2.8) and assume that

for each i = 1,2, . . . ,m, there exist convex Hi
1,H

i
2 : Rd → R such that

Hi = Hi
1 − Hi

2.
(2.10)

Even when " = Rd , (2.10) is the weakest possible assumption for which (1.1) is well-posed
for any given initial datum and path; see [22, 32].

For such Hamiltonians, it is no longer possible, in general, to find local-in-time solutions
of (2.9) that are C2 in space. However, through a different procedure, one can build local-in-
time, C1,1-in-space solutions (see Lemma 2.4 below). If H satisfies (2.10) and F ≡ 0, then
Definition 2.1 can still be used to define solutions using such test functions. However, when
F is nontrivial, we are forced to generalize the definition.

We use the fact (see [32], Theorem 7.1) that, if H satisfies (2.10), then, for any φ ∈
UC(Rd), there exists a unique pathwise viscosity solution $ ∈ UC(Rd × [0, T ]), satisfy-
ing $(·,0) = φ, of

(2.11) d$ =
m∑

i=1

Hi(D$) · dζ i in Rd × [0, T ].
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Below, we also allow for discontinuous F . We do this to allow for the study of geometric
equations in Section 6.

DEFINITION 2.2. A function u ∈ USC(" × (0, T )) is called a sub-solution of (1.1) if,
whenever $ ∈ UC(Rd × (0, T )) is a pathwise viscosity solution of (2.11), the function

u(ξ, t) := max
x∈"

(
u(x, t) − $(x − ξ, t)

)
, (ξ, t) ∈ Rd × (0, T )

is a viscosity sub-solution of

sup
x∈A+

ξ,t

min
{
ut (ξ, t) − F ∗(

D2
ξξu(ξ, t),Dξu(ξ, t), u(ξ, t) + $(x − ξ, t), x, t

)
,

Dξu(ξ, t) · n(x)
} ≤ 0, (ξ, t) ∈ Rd × (0, T ),

where A+
ξ,t := arg max"(u(·, t) − $(· − ξ, t)).

A function u ∈ LSC(" × (0, T )) is called a super-solution of (1.1) if, whenever $ ∈
UC(Rd × (0, T )) is a pathwise viscosity solution of (2.11), the function

u(ξ, t) := min
x∈"

(
u(x, t) − $(x − ξ, t)

)
, (ξ, t) ∈ Rd × (0, T )

is a viscosity super-solution of

inf
x∈A−

ξ,t

max
{
ut (ξ, t) − F∗

(
D2

ξξu(ξ, t),Dξu(ξ, t), u(ξ, t) + $(x − ξ, t), x, t
)
,

Dξu(ξ, t) · n(x)
} ≥ 0, (ξ, t) ∈ Rd × (0, T ),

where A−
ξ,t := arg min"(u(·, t) − $(· − ξ, t)).

Finally, u ∈ UC(" × [0, T ]) is called a solution if it is both a sub- and super-solution.

REMARK 2.3. If A+
ξ,t or A−

ξ,t are empty, then the corresponding inequality is vacuous.
Moreover, if, for fixed (ξ, t) ∈ Rd × [0, T ], the set A+

ξ,t ∩ ∂" (resp. A−
ξ,t ∩ ∂") is empty, then

the quantity Du(ξ, t) · n(x) is understood to be +∞ (resp. −∞) in the verification of the
sub-(resp. super-) solution inequality; that is, the boundary condition is not checked in that
case.

2.4. Construction of test functions for nonsmooth Hamiltonians. We now describe the
general method for constructing C1,1-test functions for use in Definition 2.2, which is based
on the Hopf formula for solutions of Hamilton–Jacobi equations; see [19]. This construction
below is also used in [30]. We also record an important Hessian bound for such solutions,
which will be a key part of the proofs for second-order equations.

Throughout the paper, for H satisfying (2.10), we fix convex Hi
1,H

i
2 such that Hi =

Hi
1 − Hi

2, and we define the convex function

(2.12) G :=
m∑

i=1

(
Hi

1 + Hi
2
)
.

Observe that

(2.13) G +
m∑

i=1

θ iH i is convex whenever θ1, θ2, . . . , θm ∈ [−1,1].



THE NEUMANN PROBLEM FOR FULLY NONLINEAR SPDE 1739

LEMMA 2.4. Assume that γ > 0, A is a positive symmetric matrix, and L : Rd → R is
such that D2L ≥ A in the sense of distributions. For (x, τ ) ∈ Rd × Rm, define

$(x, τ ) := sup
p∈Rd

{

p · x − L(p) − γG(p) +
m∑

i=1

τiH
i(p)

}

.

Then $ ∈ C1,1(Rd × (−γ ,γ )m), 0 ≤ D2$ ≤ A−1 in the sense of distributions, and

∂τi$(x, τ ) = Hi(Dx$(x, τ )
)

for i = 1,2, . . . ,m, (x, τ ) ∈ Rd × (−γ ,γ )m.

When constructing particular test functions in Section 4, the specific uniformly con-
vex function L is chosen so that $ has similar behavior to the convex conjugate L∗(x) =
supp∈Rd {p · x − L(p)}.

PROOF OF LEMMA 2.4. For τ ∈ (−γ ,γ )m, set

L̃(p, τ ) := L(p) + γG(p) −
m∑

i=1

τiH
i(p).

Then, in view of (2.13), L̃(·, τ ) is uniformly convex and D2L̃(·, τ ) ≥ A. It follows that,
for every x ∈ Rd , the supremum in the definition of $(x, τ ) is attained for a unique value
p(x, τ ) ∈ Rd , which is equivalent to x ∈ ∂L̃(p(x, τ ), τ ), as well as p(x, τ ) ∈ ∂$(x, τ ). The
uniqueness of p(x, τ ) then implies that $ is differentiable in x ∈ Rd , with Dx$(x, τ ) =
p(x, τ ).

Fix x, x̂ ∈ Rd . Then

L̃
(
p(x̂, τ ), τ

) ≥ L̃
(
p(x, τ ), τ

) + x · (
p(x̂, τ ) − p(x, τ )

)

+ 1
2
A

(
p(x, τ ) − p(x̂, τ )

) · (
p(x, τ ) − p(x̂, τ )

)

and

L̃
(
p(x, τ ), τ

) ≥ L̃
(
p(x̂, τ ), τ

) + x̂ · (
p(x, τ ) − p(x̂, τ )

)

+ 1
2
A

(
p(x, τ ) − p(x̂, τ )

) · (
p(x, τ ) − p(x̂, τ )

)
.

Adding the two inequalities yields

A
(
p(x, τ ) − p(x̂, τ )

) · (
p(x, τ ) − p(x̂, τ )

) ≤ (
p(x, τ ) − p(x̂, τ )

) · (x − x̂).

The method of Lagrange multipliers gives, for any X ∈ Rd ,

max
{
P · X : P ∈ Rd and AP · P ≤ P · X} = A−1X · X,

and therefore
(
p(x, τ ) − p(x̂, τ )

) · (x − x̂) ≤ A−1(x − x̂) · (x − x̂).

This implies that D2φ ≤ A−1, as desired.
We next claim that p is Lipschitz in τ . Let θ > 0 be the smallest eigenvalue of A. Fix

h ∈ Rm. Then

L̃
(
p(x, τ +h), τ

) ≥ L̃
(
p(x, τ ), τ

) + x · (p(x, τ +h)−p(x, τ )
) + θ

2

∣∣p(x, τ +h)−p(x, τ )
∣∣2
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and

L̃
(
p(x, τ ), τ + h

) ≥ L̃
(
p(x, τ + h), τ + h

) + x · (
p(x, τ ) − p(x, τ + h)

)

+ θ

2

∣∣p(x, τ + h) − p(x, τ )
∣∣2.

Adding the two inequalities gives

θ
∣∣p(x, τ + h) − p(x, τ )

∣∣2 ≤ h · [
H

(
p(x, τ + h)

) − H
(
p(x, τ )

)]
.

We conclude that p is locally Lipschitz in τ , in view of the fact that H is locally Lipschitz
in p.

Finally, the uniform convexity of L̃ and the definition of $ imply

$(x, τ ) + h · H (
p(x, τ + h)

) − θ

2

∣∣p(x, τ + h) − p(x, τ )
∣∣2 ≤ $(x, τ + h)

≤ $(x, τ ) + h · H (
p(x, τ + h)

)
.

Because p is Lipschitz in τ , this implies that ∂τ$(x, τ ) = H(p(x, τ )) = H(Dx$(x, τ )). !

3. Smooth Hamiltonians. Throughout this section, we assume that " satisfies (2.1), H

satisfies (2.8), and ζ ∈ C([0, T ],Rm), and we study the well-posedness of the initial value
problem for (1.1).

3.1. A particular test function. For i = 1,2, . . . ,m, let (Si
+(τ ))τ∈R and (Si

−(t))t∈R be
the solution operators for respectively

∂U

∂τ
= Hi(DxU) and

∂U

∂τ
= −Hi(−DyU),

that is, U(x, y, τ ) = Si
±(τ )U0(x, y) solves the corresponding equation with U(x, y,0) =

U0(x, y). Define also Si
d(τ ) = Si

+(τ ) ◦ Si
−(τ ).

By the method of characteristics, for any φ ∈ C2(Rd × Rd) with ∥D2φ∥∞ < ∞, there
exists τ0 > 0, depending only on ∥D2φ∥∞ and maxm

i=1 ∥D2Hi∥∞, such that, for all τ ∈
(−τ0, τ0) and i = 1,2, . . . ,m, Si

±(τ )φ ∈ C2(Rd ×Rd). Moreover, the Poisson bracket of any
two of the Hamiltonians

{
(p, q) )→ Hi(p),H i(−q), i = 1,2, . . . ,m

}

is 0. This implies that the corresponding Hamiltonian flows commute, and, in particular, gives
the following result.

LEMMA 3.1. The solution operators S1
±, S2

±, . . . , Sm
± all commute for smooth initial data

and sufficiently short time. In particular, if φ ∈ C2(Rd × Rd), ∥D2φ∥∞ < ∞, and

$(x, y,σ, τ ) =
m∏

i=1

Si
+(σi )S

i
−(τi)φ(x, y), x, y ∈ Rd,σ, τ ∈ Rm,

then there exists τ0 > 0, depending only on ∥D2H∥∞ and ∥D2φ∥∞, such that, for i =
1,2, . . . ,m,

∂σi$ = Hi(Dx$) and ∂τi$ = −Hi(−Dy$) in Rd × Rd × (−τ0, τ0)
m × (−τ0, τ0)

m.
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We now define, for x, y ∈ Rd and δ, ε > 0,

ψδ,ε(x, y) := 1
2δ

|x − y|2 + εψ(x) + εψ(y),

where ψ is as in (2.2), and, for σ, τ ∈ Rm,

(3.1) $δ,ε(x, y,σ, τ ) :=
m∏

i=1

Si
+(σi )S

i
−(τi )ψδ,ε(x, y).

LEMMA 3.2. There exists c0 > 0 depending only on ∥ψ∥C2 and ∥D2H∥∞ such that, if
γδ = c0δ, then the following hold:

(i) For all 0 < δ, ε < 1, the function (3.1) belongs to C2(Rd × Rd × (−γδ,γδ)
m ×

(−γδ,γδ)
m), and, for all i = 1,2, . . . ,m,

{
∂σi$δ,ε = Hi(Dx$δ,ε) and ∂τi$δ,ε = −Hi(−Dy$δ,ε)

in Rd × Rd × (−γδ,γδ)
m × (−γδ,γδ)

m.

(ii) There exists C > 0, independent of δ or ε, such that, for all (x, y,σ ) ∈ Rd × Rd ×
(−γδ,γδ)

m,

$δ,ε(x, y,σ,σ ) ≥ −Cε + |x − y|2
2δ

and $δ,ε(x, y,σ,σ ) ≥ −Cε + εψ(x) + εψ(y).

(iii) If rε > 0 satisfies limε→0 rε = 0 and R > 0, then, for fixed δ > 0,

lim
ε→0

sup
{∣∣∣∣$δ,ε(x, y,σ,σ ) − |x − y|2

2δ

∣∣∣∣ : σ ∈ (−γδ,γδ)
m, |x − y| ≤ R,

εψ(x) + εψ(y) ≤ rε

}
= 0.

(iv) There exists c1 > 0 such that, for all σ ∈ (−γδ,γδ), 0 < δ, ε < 1, and x, y ∈ " with
|x − y| ≤ 1,

{
Dx$δ,ε(x, y,σ,σ ) · n(x) ≥ c1ε if (x, y) ∈ ∂" × " and
Dy$δ,ε(x, y,σ,σ ) · n(y) ≥ c1ε if (x, y) ∈ " × ∂".

REMARK 3.3. In the proof of the comparison principle below, the test function will be
evaluated at points where x and y are close, depending on δ. Therefore, for δ sufficiently
small, the condition |x − y| ≤ 1 is easily satisfied.

PROOF OF LEMMA 3.2. The regularity claimed in part (i) is a consequence of the method
of characteristics and the fact that ∥D2H∥∞ < ∞ and, for 0 < ε < 1,

∥∥D2ψδ,ε

∥∥∞ ≤ 1
δ

+ 2
∥∥D2ψ

∥∥∞.

The fact that $δ,ε satisfies the equations in part (i) follows from Lemma 3.1. In particular, if
we set

$̃(x, y,σ ) := $δ,ε(x, y,σ,σ ),

then, for all i = 1,2, . . . ,m,

∂$̃

∂σi
= Hi(Dx$̃) − Hi(−Dy$̃).
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The inequalities in part (ii) are then an easy consequence of the comparison principle and the
fact that |x − y|2/2δ exactly solves the equation.

To prove the next two parts, we look more closely at the formula from the solution arising
from the method of characteristics. Namely, for any fixed x, y ∈ ", there exist unique x̃, ỹ ∈
Rd such that

x = x̃ −
m∑

i=1

DHi
(

x̃ − ỹ

δ
+ εDψ(x̃)

)
σi , y = ỹ −

m∑

i=1

DHi
(

x̃ − ỹ

δ
− εDψ(ỹ)

)
σi ,

Dx$δ,ε(x, y,σ,σ ) = Dxψδ,ε(x̃, ỹ) = x̃ − ỹ

δ
+ εDψ(x̃),

Dy$δ,ε(x, y,σ,σ ) = Dyψδ,ε(x̃, ỹ) = − x̃ − ỹ

δ
+ εDψ(ỹ),

and

$δ,ε(x, y,σ,σ ) = ψδ,ε(x̃, ỹ) +
m∑

i=1

σi
[
Hi(Dxψδ,ε(x̃, ỹ)

) − Hi(−Dyψδ,ε(x̃, ỹ)
)

− DHi(Dxψδ,ε(x̃, ỹ)
) · Dxψδ,ε(x̃, ỹ)

+ DHi(Dyψδ,ε(x̃, ỹ)
) · Dyψδ,ε(x̃, ỹ)

]
.

If, as in part (ii), |x − y| ≤ R and εψ(x) + εψ(y) ≤ rε , then, for some C = Cδ > 0,

|x̃ − ỹ| ≤ R +Cε,
∣∣(x̃ − ỹ)− (x − y)

∣∣ ≤ Cε and − 2ε ≤ εψ(x̃)+ εψ(ỹ) ≤ rε +Cε.

Using this in the formula for $δ,ε(x, y,σ,σ ) then gives the desired limit.
Suppose now that, as in part (iv), we assume x ∈ ∂" and y ∈ " with |x − y| ≤ 1, and let

σ ∈ (−γδ,γδ)
m. Then, for some constant C depending on ∥Dψ∥∞ and the local bounds for

DH and D2H ,

|x − x̃| ∨ |y − ỹ| ≤ Cγδ

δ
and

∣∣x − y − (x̃ − ỹ)
∣∣ ≤ Cγδε

δ
.

The property (2.2) and the convexity of " yield, for some further C̃ > 0,

Dx$δ,ε(x, y,σ,σ ) · n(x) ≥ x − y

δ
· n(x) + εDψ(x) · n(x) − C̃γδε

δ
≥ ε(1 − C̃c0).

Shrinking c0 further if necessary gives the result for Dx$δ,ε , and the argument for Dy$δ,ε is
similar. !

3.2. The comparison principle: First order equations. We now prove a comparison prin-
ciple for the first order problem

(3.2)

⎧
⎪⎪⎨

⎪⎪⎩

du =
m∑

i=1

Hi(Du) · dζ i in " × (0, T ],

Du · n = 0 on ∂" × (0, T ].

THEOREM 3.4. Let u ∈ BUSC(" × [0, T ]) and v ∈ BLSC(" × [0, T ]) be respectively
a bounded sub- and super-solution of (3.2) in the sense of Definition 2.1. Then

sup
(x,t)∈"×[0,T ]

(
u(x, t) − v(x, t)

) ≤ sup
x∈"

(
u(x,0) − v(x,0)

)
.
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An important role in the proof of Theorem 3.4 is played by the doubled equation

(3.3) d$ =
m∑

i=1

(
Hi(Dx$) − Hi(−Dy$)

) · dζ i in Rd × Rd × [0, T ].

LEMMA 3.5. Assume that u ∈ USC(" × [0, T ]) and v ∈ LSC(" × [0, T ]) are respec-
tively a sub- and super-solution of (3.2). Fix 0 ≤ a < b ≤ T and let $ ∈ C([a, b],C2(")) be
a solution of (3.3) such that

lim
|x−y|→+∞

min
t∈[a,b]

$(x, y, t) = +∞,(3.4)

sup
x,y∈"

(
u(x, t) − v(y, t) − $(x, y, t)

)

> sup
x,y∈",|x−y|>1/2

(
u(x, t) − v(y, t) − $(x, y, t)

)
for all t ∈ [a, b],

(3.5)

and, uniformly for t ∈ [a, b] and x, y ∈ " with |x − y| ≤ 1,

(3.6) Dx$(x, y, t) · n(x) > 0 if x ∈ ∂" and Dy$(x, y, t) · n(y) > 0 if y ∈ ∂".

Then [a, b] ∋ t )→ supx,y∈"(u(x, t) − v(y, t) − $(x, y, t)) is nonincreasing.

PROOF. Fix t0 ∈ (a, b] and set φ := $(·, ·, t0). Then, by Lemma 3.1, for t sufficiently
close to t0,

$(·, ·, t) =
m∏

i=1

Si
d

(
ζ i
t −ζ i

t0

)
φ =

m∏

i=1

Si
+

(
ζ i
t −ζ i

t0

)
Si

−
(
ζ i
t −ζ i

t0

)
φ =

m∏

i=1

Si
−(ζt −ζt0)S

i
+(ζt −ζt0)φ.

Define

7(x, y, s, t) :=
m∑

i=1

Si
+

(
ζ i
s − ζ i

t0

)
Si

−
(
ζ i
t − ζ i

t0

)
φ(x, y).

By Lemma 3.1, there exists ν > 0 sufficiently small such that 7 is C2 in x and y for s, t ∈
(t0 − ν, t0 + ν).

To establish the result, it suffices to show that

(3.7)

⎧
⎪⎨

⎪⎩

(s, t) )→ sup
x,y∈"

(
u(x, s) − v(y, t) − 7(x, y, s, t)

)

is nonincreasing in both s, t ∈ (t0 − ν, t0 + ν) if ν is sufficiently small.

By (3.5), if ν is sufficiently small, then the supremum in (3.7) may be restricted to |x −y| ≤ 1.
It then suffices to show that, for fixed (y, t) ∈ " × (t0 − ν, t0 + ν) with |x − y| ≤ 1,

s )→ sup
x∈"

(
u(x, s) − $(x, y, s, t)

)
is nonincreasing

and, for fixed (x, s) ∈ " × (t0 − ν, t0 + ν) with |x − y| ≤ 1,

t )→ inf
y∈"

(
v(y, t) + $(x, y, s, t)

)
is nondecreasing.

We note that the above supremum and infimum are both attained, in view of (3.4). Also, if
ν is sufficiently small, then the same boundary behavior in (3.6) is satisfied. The claim then
follows from Definition 2.1. !
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PROOF OF THEOREM 3.4. Assume by contradiction that the claim is false. Then, for
sufficiently small δ > 0 and µ > 0,

[0, T ] ∋ t )→ sup
x,y∈"

(
u(x, t) − v(y, t) − 1

2δ
|x − y|2

)
− µt

attains a maximum at some t0 ∈ (0, T ].
Because (1/2δ)|x − y|2 solves (3.3), we have, for all x, y, t ,

1
2δ

|x − y|2 =
m∏

i=1

Si
d

(
ζ i
t − ζ i

t0

)(
(1/2δ)| · − · |2)

(x, y).

Let $δ,ε be defined as in (3.1), and let hδ > 0 be such that

max
|t−t0|<hδ

max
i=1,2,...,m

∣∣ζ i
t − ζ i

t0

∣∣ < γδ,

where γδ is as in Lemma 3.2. The inequalities in Lemma 3.2(ii) imply that, for any t ∈
(t0 − hδ, t0 + hδ), there exists a maximum point (xε, yε) ∈ " × " of

(x, y) )→ u(x, t) − v(y, t) − $δ,ε(x, y, ζt − ζt0, ζt − ζt0)

such that, if δ is sufficiently small, then

sup
x,y∈",|x−y|>1/2

{
u(x, t) − v(y, t) − $δ,ε(x, y, ζt − ζt0, ζt − ζt0)

}

< u(xε, t) − v(yε, t) − $δ,ε(xε, yε, ζt − ζt0, ζt − ζt0),

and there exists rε
ε→0−−→ 0, independent of t ∈ (t0 −hδ, t0 +hδ), such that εψ(xε)+εψ(yε)) ≤

rε .
Lemma 3.2(iii) then implies that, for sufficiently small ε depending on δ,

[0, T ] ∋ t )→ max
x,y∈"

(
u(x, t) − v(y, t) − $δ,ε(x, y, ζt − ζt0, ζt − ζt0)

) − µt − |t − t0|2
2

achieves a maximum at some tε such that limε→0 tε = t0. Shrinking ε if necessary, again
depending on δ, we have tε ∈ (t0 − hδ, t0 + hδ). It is now a consequence of Lemmas 3.5 and
3.2(i),(iv) that µ + tε − t0 ≤ 0. Sending ε → 0 gives the contradiction µ ≤ 0. !

3.3. The comparison principle: Second order equations. We now turn to the comparison
principle for the second order problem

(3.8)

⎧
⎪⎪⎨

⎪⎪⎩

du = F
(
D2u,Du,u, x, t

)
dt +

m∑

i=1

Hi(Du) · dζ i in " × (0, T ],

Du · n = 0 on ∂" × (0, T ],

where F satisfies (2.4)–(2.6).

THEOREM 3.6. Let u ∈ BUSC(" × [0, T ]) and v ∈ BLSC(" × [0, T ]) be respectively
a bounded sub- and super-solution of (3.8). Then

max
(x,t)∈"×[0,T ]

(
u(x, t) − v(x, t)

) ≤ max
x∈"

(
u(x,0) − v(x,0)

)
.
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An important ingredient in the proof of this comparison principle is a generalization of the
so-called “theorem of sums” [5], Theorem 3.2, from the theory of viscosity solutions to the
pathwise setting. This is Proposition A.5 in the Appendix below.

PROOF OF THEOREM 3.6. We assume without loss of generality that u(·,0) ≤ v(·,0).
The general case can always be reduced to this setting because, in view of (2.5), ũ(·, t) =
u(·, t) − supx(u(x,0) − v(x,0))+ is a sub-solution of (5.1) and ũ(·,0) ≤ v(·,0).

We now assume by contradiction that the claim is false. Then, for sufficiently small µ > 0
and δ > 0,

[0, T ] ∋ t )→ sup
x,y∈"

(
u(x, t) − v(y, t) − 1

2δ
|x − y|2

)
− µt

attains a positive maximum at some t0 ∈ (0, T ]. Invoking Lemma 3.2 and arguing as in the
proof of Theorem 3.4, we have that, for sufficiently small ε > 0,

"×"× [0, T ] ∋ (x, y, t) )→ u(x, t)− v(y, t)−$δ,ε(x, y, ζt − ζt0, ζt − ζt0)−µt − |t − t0|2
2

achieves a maximum at some (xε, yε, tε) such that limε→0 tε = t0, u(xε, tε) > v(yε, tε), and
|xε − yε| ≤ 1. Lemma 3.2(iv) implies that if xε ∈ ∂", then

Dx$δ,ε(xε, yε, ζtε − ζt0, ζtε − ζt0) · n(xε) > 0,

and if yε ∈ ∂", then

Dy$δ,ε(xε, yε, ζtε − ζt0, ζtε − ζt0) · n(yε) > 0.

For sufficiently small ε (depending on δ) we also have |tε − t0| ≤ hδ , where hδ is such that

max
t∈(t0−hδ,t0+hδ)

max
i=1,2,...,m

∣∣ζ i
t − ζ i

t0

∣∣ < γδ

and γδ is as in Lemma 3.2.
By Lemma 3.2 and Proposition A.5, there exist Xδ,ε, Yδ,ε ∈ Sd such that

−
(∥∥D2$δ,ε(xε, yε, tε)

∥∥ + 1
δ

)(
Id 0
0 Id

)

≤
(
Xδ,ε 0

0 −Yδ,ε

)
≤ D2$δ,ε(xε, yε, tε) + δ

[
D2$δ,ε(xε, yε, tε)

]2

and

µ + tε − t0 ≤ F
(
Xδ,ε,Dx$δ,ε(xε, yε, tε), u(xε, tε), xε, tε

)

− F
(
Yδ,ε,−Dy$δ,ε(xε, yε, tε), v(yε, tε), yε, tε

)
.

Sending ε → 0 along some sub-sequence, we have tε → t0 and (Xδ,ε, Yδ,ε)
ε→0−−→ (Xδ, Yδ),

where Xδ, Yδ ∈ Sd satisfy

−3
δ

(
Id 0
0 Id

)
≤

(
Xδ 0
0 −Yδ

)
≤ 3

δ

(
Id −Id

−Id Id

)
.

Then, for some modulus ρδ : [0,∞) → [0,∞) depending on δ, in view of (2.4), (2.5), and
(2.6),

µ ≤ F
(
Xδ,Dx$δ,ε(xε, yε, tε), u(xε, tε), xε, tε

)

− F
(
Yδ,−Dy$δ,ε(xε, yε, tε), v(yε, tε), yε, tε

) + ρδ(ε)

≤ ωR
(∣∣Dx$δ,ε(xε, yε, tε) + Dy$δ,ε(xε, yε, tε)

∣∣

+ (
1 + ∣∣Dx$δ,ε(xε, yε, tε)

∣∣ + ∣∣Dy$δ,ε(xε, yε, tε)
∣∣)|xε − yε|

) + ρδ(ε),
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where R > 0 is a bound for u and v. By the method of characteristics, there exist unique
x̃ε, ỹε ∈ Rd such that

Dx$δ,ε(xε, yε, tε) = x̃ε − ỹε

δ
+ εDψ(x̃ε) and

Dy$δ,ε(xε, yε, tε) = − x̃ε − ỹε

δ
− εDψ(ỹε),

and therefore, for fixed δ, as ε → 0, Dx$δ,ε(xε, yε, tε) + Dy$δ,ε(xε, yε, tε) → 0.
Define

Aδ := arg max
"×"

{
(x, y) )→ u(x, t0) − v(y, t0) − 1

2δ
|x − y|2

}
.

Standard arguments from the theory of viscosity solutions (see for instance [5], Lemma 3.1)
yield that limδ→0 sup(x,y)∈Aδ

|x−y|2
δ = 0. Upon sending ε → 0, we reach the contradiction

0 < µ ≤ sup
x,y∈Aδ

ωR

( |x − y|2
δ

+ |x − y|
)

δ→0−−→ 0. !

3.4. Existence and path stability. We now establish the existence of a (unique) solution
of either of the initial value problems for (3.2) or (3.8).

THEOREM 3.7. Assume " satisfies (2.1), H satisfies (2.8), ζ ∈ C([0, T ],Rm), and F
satisfies (2.4), (2.5), and (2.6). Then, for any u0 ∈ BUC("), there exists a unique solution of
(3.8) with u(·,0) = u0 in the sense of Definition 2.1.

PROOF. Let (ζ n)n∈N ⊂ C1([0, T ],Rm) be a smooth approximation of ζ as n → ∞, and,
for n ∈ N, let un be the unique viscosity solution of the boundary/initial-value problem

(3.9)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂un

∂t
= F

(
D2un,Dun,un, x, t

) + H
(
Dun) · ζ̇ n

t in " × (0, T ],
Dun · n = 0 on ∂" × (0, T ],
un(·,0) = u0 on " × {0}.

By Proposition A.2, un is a solution of (3.9) in the sense of Definition 2.1. The comparison
principle Theorem 3.6 implies that, for some C > 0 and for all n ∈ N and (x, t) ∈ "× [0, T ],

un(x, t) ≤ ∥u0∥∞," + Ct +
m∑

i=1

Hi(0)ζ n,i(t),

because, in view of (2.4), the right-hand side is a super-solution of (3.8) for sufficiently large
C > 0. Therefore,

u⋆(x, t) := lim sup
(x′,t ′)→(x,t),n→∞

un(
x′, t ′

)

is bounded and upper-semicontinuous, and, in view of Proposition A.3, is a sub-solution of
(3.8) in the sense of Definition 2.1, and u⋆(·,0) ≥ u0 on ". We claim that u⋆(·,0) = u0.
To see this, let φ ∈ C2

b(") be such that u0 ≤ φ in " and Dφ · n > 0 on ". The method of
characteristics yields δ > 0, depending only on φ and not on n, and $n ∈ C([0, T ],C2("))
such that

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂$n

∂t
=

m∑

i=1

Hi(D$n) · ζ̇ n,i in " × [0, δ),

D$n · n > 0 on ∂" × [0, δ),

$n(·,0) = φ on " × {0}.
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Then, by (2.4), for some sufficiently large constant C > 0 independent of n, $n(x, t) + Ct is
a super-solution of (3.9), and, therefore,

un(x, t) ≤ $n(x, t) + Ct in " × [0, δ).

Sending n → ∞ and (x ′, t ′) → (x,0) along an appropriate sequence then yields u⋆(x,0) ≤
φ(x) for x ∈ ". Because φ is arbitrary, we conclude that u⋆(·,0) = u0 as desired.

We similarly have that the lower half-relaxed limit u⋆ is a bounded super-solution of (3.8)
with u⋆(·,0) = u0. The comparison principle now yields u⋆ ≤ u⋆, and therefore, because
u⋆ ≤ u⋆ by definition, we conclude that u⋆ = u⋆ =: u is a solution. !

REMARK 3.8. The equality of u⋆ and u⋆ in the above proof implies additionally that un

converges locally uniformly to u.

With exactly the same argument, we achieve the following stability result:

THEOREM 3.9. For (ζ n)n∈N ⊂ C([0, T ],Rm) and (un
0)n∈N ⊂ BUC("), let (un)n∈N ⊂

BUC(" × [0, T ]) be the corresponding solutions of (3.8). If, for some ζ ∈ C([0, T ],Rm)

and u0 ∈ BUC("),

lim
n→∞

(∥∥ζ n − ζ
∥∥∞,[0,T ] + ∥∥un

0 − u0
∥∥∞,"

) = 0,

then, as n → ∞, un converges locally uniformly to the solution u of (3.8).

4. Nonsmooth Hamiltonians: Test functions. The focus of this and the next section is
the study of (1.1) when H is not C2. In this case, the method of characteristics is not available,
and we make use of Lemma 2.4 to construct test functions with the desired properties. The
proofs of well-posedness results, using these test functions, appear in the next section.

It turns out to be very difficult to construct the desired type of penalizing test function
under only the assumptions that the domain be convex and the Hamiltonian be, component
by component, a difference of convex functions. Therefore, we consider the following three
separate settings:

• " is a half space,
• " has a quantified convexity assumption, or
• H is radial.

In the last case, we may take H(p) = |p|, which is used in the analysis of the geometric
equations in Sections 6 and 7.

Throughout, for H satisfying (2.10) and i = 1,2, . . . ,m, we fix convex Hi
1,H

i
2 such that

Hi = Hi
1 − Hi

2. We will also impose the growth assumption

(4.1) ess sup
p∈Rd

max
i=1,2,...,m

|DHi
1(p)| + |DHi

2(p)|
1 + |p| < ∞.

This implies that the convex functions Hi
1 and Hi

2 grow at most quadratically as |p| → ∞,
and are bounded below by affine functions. The same is then also true for the convex func-
tion G from (2.12). In particular, there exists C > 0 such that, for all θ = θ1, θ2, . . . , θm) ∈
[−1,1]m, there exists νθ ∈ Sd−1 such that

(4.2) C(νθ · p − 1) ≤ G(p) +
m∑

i=1

θiH
i(p) ≤ C

(
1 + |p|2

2

)
for all p ∈ Rd .
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REMARK 4.1.

(i) The quadratic growth assumption for H can, in principle, be generalized, in which
case the quadratic term |p|2 in (4.5) below is replaced with a different power. Some sort of
growth assumption is required, however, in order to perform a quantitative study of the test
functions that are defined in what follows.

(ii) If H ∈ C2(Rd) with ∥D2H∥∞ < ∞, then H = H 1 − H 2 with

H 1(p) = H(p) + ∥D2H∥∞
2

|p|2,

and then H 1 and H 2 satisfy (4.1).

Throughout this section, we say a constant is universal if it depends only on d , the con-
stants appearing in (4.1) and (4.2), and the domain.

4.1. The penalizing test function and properties. For δ > 0, let γδ > 0 satisfy

(4.3) 0 < γδ ≤ δ for all δ ∈ (0,1),

and let ℓ : Rd → R be such that

(4.4) ℓ is convex and 0 ≤ ℓ(p) ≤ |p| for all p ∈ Rd .

Both γδ and ℓ will be further specified, depending on the scenario.
For z ∈ Rd , and ρ ∈ (−3γδ,3γδ)

m, we define

(4.5) φδ(z,ρ) := sup
p∈Rd

{

p · z − δ

( |p|2
2

+ ℓ(p)

)
+

m∑

i=1

ρiH
i(p) − 3γδG(p)

}

.

LEMMA 4.2. The function φδ belongs to C1,1(Rd × (−3γδ,3γδ)
m) and, for all i =

1,2, . . . ,m,

∂φδ

∂ρi
= Hi(Dzφδ) in Rd × (−3γδ,3γδ)

m.

Moreover, there exists a universal constant C > 0 such that, for all δ ∈ (0,1), z ∈ Rd , and
ρ ∈ (−3γδ,3γδ)

m,

[(|z| − δ)+]2

2(1 + C)δ
− Cδ ≤ φδ(z,ρ) ≤ 1

2δ
|z|2 + Cδ

and

∣∣Dφδ(z,ρ)
∣∣ ≤ C

(
1 + |z|

δ

)
.

PROOF. The regularity and the satisfaction of the equations are consequences of
Lemma 2.4.

By (4.2), we have, for all ρ ∈ (−3γδ,3γδ)
m and p ∈ Rd and for some C > 0 and νρ ∈

Sd−1,

−Cγδ + Cγδνρ · p ≤ −
m∑

i=1

ρiH
i(p) + 3γδG(p) ≤ Cγδ + 1

2
Cγδ|p|2.
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The upper bound is then proved by computing, with (4.3), for some universal C > 0 that may
change line to line,

φδ(z,ρ) ≤ sup
p∈Rd

{
p · z − δ

2
|p|2 + Cγδνρ · p

}
+ Cγδ

= 1
2δ

|z + Cγδνρ |2 + Cγδ ≤ 1
2δ

(|z| + Cγδ
)2 + Cγδ ≤ |z|2

2δ
+ Cδ,

and, for the lower bound,

φδ(z,ρ) ≥ sup
p∈Rd

{
p · z − δ + Cγδ

2
|p|2 − δ|p|

}
− Cγδ

≥ [(|z| − δ)+]2

2(δ + Cγδ)
− Cγδ ≥ [(|z| − δ)+]2

2(1 + C)δ
− Cδ.

In view of (4.2), we note that, increasing C if necessary, if |p| > C(1 + |z|/δ), then

p · z − δ

( |p|2
2

+ ℓ(p)

)
+

m∑

i=1

ρiH
i(p) − 3γδG(p) < φδ(z,ρ),

and so the maximum in the definition of φδ must be attained for |p| ≤ C(1+|z|/δ). This com-
pletes the proof of the bound for Dφ(z,ρ), as the unique maximum p = p(z,ρ) = Dφδ(z,ρ).

!

Now, for δ, ε > 0, x, y ∈ ", and σ, τ,ρ ∈ (−γδ,γδ)
m, we define

$δ,ε(x, y,σ, τ,ρ)

:= sup
p,u,v∈Rd

{

(p + u) · x − (p − v) · y − δ

( |p|2
2

+ ℓ(p)

)

− εψ∗
(

u

ε

)
− εψ∗

(
v

ε

)
+

m∑

i=1

(
σiH

i(p + u) − τiH
i(p − v) + ρiH

i(p)
)

− γδ
(
G(p + u) + G(p − v) + G(p)

)
}

,

(4.6)

where ψ is as in (2.2).
Recall that φ∗ = +∞ outside of a compact set K , and therefore, the supremum in (4.6)

may be restricted to p,u, v ∈ Rd such that, for some universal constant, |u| ≤ Cε and |v| ≤
Cε.

LEMMA 4.3. The function $δ,ε defined in (4.6) satisfies the following:

(i) For all δ, ε ∈ (0,1), $δ,ε ⊂ C1,1(" × " × (−γδ,γδ)
m × (−γδ,γδ)

m × (−γδ,γδ)
m),

and, for all i = 1,2, . . . ,m,
⎧
⎪⎨

⎪⎩

∂$δ,ε

∂σi
= Hi(Dx$δ,ε) and

∂$δ,ε

∂τi
= −Hi(−Dy$δ,ε)

in " × " × (−γδ,γδ)
m × (−γδ,γδ)

m × (−γδ,γδ)
m.

(ii) For some universal C > 0 and for all x, y ∈ ", σ, τ,ρ ∈ (−γδ,γδ)
m, and δ, ε ∈ (0,1),

$δ,ε(x, y,σ, τ,ρ) ≥ εψ(x) + εψ(y) − Cγδ.
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(iii) If rε > 0 is such that limε→0 rε = 0 and R > 0, then, for all δ > 0,

lim
ε→0

sup
{∣∣$δ,ε(x, y,σ, τ,ρ) − φδ(x − y,σ − τ + ρ)

∣∣ :

|x − y| ≤ R, εψ(x) + εψ(y) ≤ rε,σ, τ,ρ ∈ (−γδ,γδ)
m} = 0.

(iv) For δ, ε ∈ (0,1), σ, τ,ρ ∈ (−γδ,γδ)
m, and κ > 0 as in (2.3),

D2
(x,y)$δ,ε(·, ·,σ, τ,ρ) ≤ 1

δ

(
Id −Id

−Id Id

)
+ ε

κ

(
Id 0
0 Id

)
.

PROOF. Part (i) is a consequence of Lemma 2.4, and part (ii) follows from the estimate,
for all x, y ∈ Rd and σ, τ,ρ ∈ (−γδ,γδ)

m,

$δ,ε(x, y,σ, τ,ρ) ≥ sup
u,v∈εK

{
u · x + v · y − εψ∗

(
u

ε

)
− εψ∗

(
v

ε

)}
− Cγδ

= εψ(x) + εψ(y) − Cγδ.

To prove part (iii), we first estimate from below (taking u = v = 0 and using ψ∗(0) = 1),

$δ,ε(x, y,σ, τ,ρ) ≥ φδ(x − y,σ − τ + ρ) − 2ε.

We use the sub-additivity of the supremum to obtain the upper bound

$δ,ε(x, y,σ, τ,ρ) ≤ sup
p∈Rd ,u,v∈εK

{

p · (x − y) − δ

( |p|2
2

+ ℓ(p)

)

−
m∑

i=1

(
σiH

i(p + u) − τiH
i(p − v) + ρiH

i(p)
)

− γδ
(
G(p + u) + G(p − v) + G(p)

)
}

+ εψ(x) + εψ(y).

(4.7)

By Young’s inequality, (4.2), and (4.3), if |x − y| ≤ R, p ∈ Rd and u, v ∈ εK , then, for some
universal C > 0,

p · (x − y) − δ

( |p|2
2

+ ℓ(p)

)
−

m∑

i=1

(
σiH

i(p + u) − τiH
i(p − v) + ρiH

i(p)
)

− γδ
(
G(p + u) + G(p − v) + G(p)

) ≤ R|p| − δ

4
|p|2 + Cδ.

It follows that, for some CR > 0, the supremum on the right-hand side of (4.7) may be re-
stricted to |p| ≤ CR . Therefore,

$δ,ε(x, y,σ, τ,ρ) ≤ φδ(x − y,σ − τ + ρ) + CRε + εψ(x) + εψ(y),

and the result easily follows.
Finally, to prove part (iv), we rewrite, for some convex L,

$δ,ε(x, y,σ, τ,ρ)

= sup
p,u,v

{
u · x + v · y − δ

|p|2
2

− εψ∗
(

u − p

ε

)
− εψ∗

(
v + p

ε

)
− L(p,u, v)

}
.
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In view of (2.3), the map

δ
|p|2

2
+ εψ∗

(
u − p

ε

)
+ εψ∗

(
v + p

ε

)
+ L(p,u, v)

is uniformly convex, and its Hessian is bounded from below by the matrix

Bδ,ε := δ

⎛

⎝
Id 0 0
0 0 0
0 0 0

⎞

⎠ + κ

ε

⎡

⎣

⎛

⎝
Id −Id 0

−Id Id 0
0 0 0

⎞

⎠ +
⎛

⎝
Id 0 Id
0 0 0
Id 0 Id

⎞

⎠

⎤

⎦ ,

whose inverse is

Cδ,ε := B−1
δ,ε = 1

δ

⎛

⎝
Id Id −Id
Id Id −Id

−Id −Id Id

⎞

⎠ + ε

κ

⎛

⎝
0 0 0
0 Id 0
0 0 Id

⎞

⎠ .

It therefore follows as in Lemma 2.4 that, for any x, x̂, y, ŷ ∈ Rd ,
(
Dx$δ,ε(x, y, ·) − Dx$δ,ε(x̂, ŷ, ·)) · (x − x̂) + (

Dy$δ,ε(x, y, ·) − Dx$δ,ε(x̂, ŷ, ·)) · (y − ŷ)

≤ Cδ,ε

⎛

⎝
0

x − x̂
y − ŷ

⎞

⎠ ·
⎛

⎝
0

x − x̂
y − ŷ

⎞

⎠ = Aδ,ε

(
x − x̂
y − ŷ

)
·
(
x − x̂
y − ŷ

)
,

where the matrix Aδ,ε is exactly as on the right-hand side of the inequality in part (iv). !

We next prove, in the three aforementioned settings, that $δ,ε satisfies the strict boundary
inequalities

(4.8)

{
Dx$δ,ε(x, y,σ, τ,ρ) · n(x) > 0 if x ∈ ∂" and
Dy$δ,ε(x, y,σ, τ,ρ) · n(y) > 0 if y ∈ ∂"

if σ, τ,ρ (which represent the increments of paths) belong to sufficiently small intervals
(−γδ,γδ)

m, and if x and y are sufficiently close. It makes sense to consider the latter re-
striction, because, in view of Lemma 4.2, in the proof of the comparison principle and related
results, we will consider x, y ∈ " satisfying |x − y| = O(δ1/2), with the proportionality con-
stant depending on the bounds for the given sub- and super-solution (in fact we will have
|x − y| = o(δ1/2), but it is hard to explicitly control the rate at which δ−1/2|xδ − yδ| goes to
0 for such points).

As we explain with the next lemma, the condition |x − y| = O(δ1/2) implies some control
on the size of the unique maximizer p in (4.6).

LEMMA 4.4. Assume (2.10), (4.1), (4.3), and (4.4). Then there exists universal K > 0
such that, for all δ, ε ∈ (0,1), σ, τ,ρ ∈ (−γδ,γδ)

m, and x, y ∈ " satisfying, for some M ≥ 1,
|x − y| ≤ Mδ1/2, if (p,u, v) is the unique maximizer in the formula for $δ,ε(x, y,σ, τ,ρ),
then |p| ≤ KMδ−1/2.

PROOF. If, for some K ≥ 2, |p| > KMδ−1/2, then the lower bound in (4.2) gives C > 0
such that

$δ,ε(x, y,σ, τ,ρ)

≤ (p + u) · x − (p − v) · y − δ

2
|p|2 − εψ∗

(
u

ε

)
− εψ∗

(
v

ε

)
+ Cδ

(
1 + |p|)

≤ Mδ1/2|p| − δ

4
|p|2 + εψ(x) + εψ(y) + C
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< M2
(
K − K2

4

)
+ εψ(x) + εψ(y) + C,

which, in view of Lemma 4.3(ii), is a contradiction for sufficiently large K . !

The next result gives some more detail on the maximizers p,u, v in the definition of $δ,ε:

LEMMA 4.5. Assume (2.10), (4.1), (4.3), and (4.4), and let δ, ε ∈ (0,1), σ, τ,ρ ∈
(−γδ,γδ)

m, x, y ∈ ", M ≥ 1, and |x − y| ≤ Mδ1/2. Then there exists a universal constant
C > 0 and w1,w2 ∈ Rd such that, if (p,u, v) ∈ R3d is the unique maximizer in (4.6), then

u = εDψ(x) + w1, v = εDψ(y) + w2, and |w1| + |w2| ≤ CεMγδδ
−1/2.

Moreover, if ℓ is differentiable at p, then there exists w3 ∈ Rd such that

p = x − y

δ
− Dℓ(p) + w3 and |w3| ≤ Mγδδ

−3/2.

Finally, if Hi
1 and Hi

2 are globally Lipschitz for all i = 1,2, . . . ,m, then w1,w2,w3 satisfy

|w1| + |w2| ≤ Cεγδ and |w3| ≤ Cγδδ
−1.

PROOF. We have

x ∈ ∂

(

εψ∗
( ·

ε

)
−

m∑

i=1

σiH
i(p + ·) + γδG(p + ·)

)

(u).

We use the additivity of the sub-differential (see for instance [15]) to deduce that

x ∈ (
∂ψ∗)(u

ε

)
+ ∂

(

γδG(p + ·) −
m∑

i=1

σiH
i(p + ·)

)

(u),

and so, by (4.1) and Lemma 4.4, there exists w ∈ Rd with |w| ≤ CMγδδ
−1/2 such that u =

εDψ(x +w). The result for u now follows from the fact that Dψ is Lipschitz. The arguments
for v and p are similar, and the statement for globally Lipschitz Hamiltonians follows easily
from the fact that the bound p in Lemma 4.4 no longer needs to be taken into account above.

!

We now prove the strict boundary inequalities for $δ,ε in the cases where " is a half space,
" is convex in a quantifiable way, or H is radial. Throughout, we always assume (2.10), (4.1),
(4.3), and (4.4). The last two assumptions are further specified in the three different cases.

4.2. The half space. We set

" = {
x ∈ Rd : x · e1 > 0

}
,

where e1 = (1,0,0, . . . ,0); here n(x) = −e1 for all x ∈ ∂" = {x ∈ Rd : x1 = 0}.

LEMMA 4.6. Let M ≥ 1 and set ℓ(p) = |p · e1|. Then there exists a universal constant
c0 ∈ (0,1) such that, if γδ = c0M

−1δ3/2, then, for all δ, ε ∈ (0,1), σ, τ,ρ ∈ (−γδ,γδ)
m, and

|x − y| ≤ Mδ1/2, then (4.8) holds. If Hi
1 and Hi

2 are globally Lipschitz for i = 1,2, . . . ,m,
then the same is true if γδ = c0δ.
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PROOF. We only prove the first inequality in (4.8), as the argument for the second is
similar.

Fix x ∈ ∂" and y ∈ " be such that |x − y| ≤ Mδ1/2, and fix σ, τ,ρ ∈ (−γδ,γδ)
m. Let

p,u, v uniquely attain the maximum in (4.6), so that Dx$δ,ε(x, y,σ, τ,ρ) = p + u.
By Lemma 4.5, for some C > 0,

u · n(x) ≥ εDψ(x) · n(x) − CεMγδδ
−1/2 ≥ ε

(
1 − Cc0δ

1/2)
.

Taking c0 sufficiently small yields u · n(x) > 0, and so it suffices to prove that p · n(x) =
−p · e1 ≥ 0. We are done if p · e1 = 0. On the other hand, if p · e1 ≠ 0, then Lemma 4.5 gives

p = x − y

δ
− sgn(p · e1)e1 + O

(
Mγδδ

−1/2)
.

Assuming by contradiction that p · n(x) = −p · e1 < 0, we find that

p = x − y

δ
− e1 + O

(
Mγδδ

−3/2)
,

and so, for some C > 0, p · e1 ≤ −1 + Cc0. This is negative upon shrinking c0, which is a
contradiction. If the Hi

1,H
i
2 are globally Lipschitz, the argument follows in the same way.

!

REMARK 4.7. When d = 1 (i.e., when " is the half-line), we may also take γδ = c0δ
in general. Indeed, in that case, ∂" = {0} and n(0) = −1, and the maximizer p satisfies
p · n(x) = −p, and thus, if p · n(x) < 0, then

|p| = p = x − y

δ
− sgnp + O

(
γδδ

−1(
1 + |p|)) ≤ −1 + Cc0

(
1 + |p|).

Rearranging terms and shrinking c0 gives the contradiction in this case.

4.3. Quantified convexity assumption. We now assume some control on the convexity of
", namely,

(4.9)

{
there exist θ > 0 and q ≥ 2 such that, for all x ∈ ∂" and y ∈ ",

n(x) · (x − y) ≥ θ |x − y|q .

LEMMA 4.8. Assume " satisfies (4.9), ℓ(p) = |p|, and M ≥ 1. Then there exists univer-
sal c0 ∈ (0,1) depending on the parameters θ and q , such that, if γδ = c0M

−1δq+ 1
2 , then,

for all δ, ε ∈ (0,1), σ, τ,ρ ∈ (−γδ,γδ)
m, and |x − y| ≤ Mδ1/2, (4.8) holds. If Hi

1,H
i
2 are

globally Lipschitz for all i = 1,2, . . . ,m, then the same is true with γδ = c0δ
q .

PROOF. Once again, we only prove the first inequality in (4.8), and we do so under the
more general growth assumption (4.1), because the argument runs similarly if Hi

1,H
i
2 are

globally Lipschitz.
Fix x ∈ ∂" and y ∈ " satisfying |x − y| ≤ Mδ1/2, and σ, τ,ρ ∈ (−γδ,γδ)

m, and let p, u,
and v be the unique optimizers in the definition of $δ,ε . We want to prove that (p+u) ·n(x) >
0.

Invoking Lemma 4.5 again gives

u = ε
[
Dψ(x) + O

(
Mγδδ

−1/2)]
and v = ε

[
Dψ(y) + O

(
Mγδδ

−1/2)]
.

In particular, taking c0 sufficiently small yields u · n(x) > 0. Thus, if p = 0, we are done.
Assume then that p ≠ 0, and suppose for the sake of contradiction that p · n(x) < 0. Then

p = x − y

δ
− p

|p| + O

(
Mγδ

δ3/2

)
,
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and taking the scalar product with p
|p| implies that |x−y|

δ ≥ 1 − O(Mγδ

δ3/2 ), so, shrinking c0 if
necessary, |x − y| ≥ δ/2.

On the other hand, by (4.9),

p · n(x) ≥ (x − y) · n(x)

δ
− p

|p| · n(x) + O

(
Mγδ

δ3/2

)

≥ θ
|x − y|q

δ
+ O

(
Mγδ

δ3/2

)
≥ θ

2q
δq−1 − O

(
Mγδ

δ3/2

)
.

The right-hand side is positive if c0 is sufficiently small, and a contradiction is reached. !

4.4. Radial Hamiltonians. We return to the setting where " is C1 and convex, but we
make the assumption that

(4.10) H(p) = h
(|p|) for some h ∈ C2([0,∞)

,Rm).

Then H as in (4.10) satisfies (2.10) and (4.1). Indeed, for i = 1,2, . . . ,m, we write

Hi
1(p) = hi

1
(|p|) := hi(|p|) + C

(|p| + |p|2)
and Hi

2(p) = hi
2
(|p|) := C

(|p| + |p|2)
.

The function Hi
2 is convex, and, for sufficiently large C depending on ∥hi∥C2 ,

D2Hi
1(p) = [(

hi)′′(|p|) + 2C
] p

|p| ⊗ p

|p| +
[
(hi)′(|p|) + C

|p| + 2C

](
Id − p

|p| ⊗ p

|p|
)

≥ 0.

Let us write G(p) = g(|p|), that is, for r ≥ 0, g(r) = ∑m
i=1(h

i
1(r) + hi

2(r)).
We once more consider the test function (4.6) with ℓ(p) = |p|, which we write as

$δ,ε(x, y,σ, τ,ρ)

:= sup
p,u,v

{

(p + u) · x − (p − v) · y − δ

( |p|2
2

+ |p|
)

− εψ∗
(

u

ε

)
− εψ∗

(
v

ε

)

+
m∑

i=1

(
σih

i(|p + u|) − τih
i(|p − v|) + ρih

i(|p|))

− γδ
(
g
(|p + u|) + g

(|p − v|) + g
(|p|))

}

.

(4.11)

LEMMA 4.9. Assume H satisfies (4.10). Then there exist universal constants δ0, ε0,
c0, ν0 ∈ (0,1) such that, if γδ = c0M

−1δ3/2, then, for all δ ∈ (0, δ0), ε ∈ (0, ε0), σ, τ,ρ ∈
(−γδ,γδ)

m, and x, y ∈ " such that |x − y| ≤ min{Mδ1/2,ν0}, (4.8) holds. If hi
1, h

i
2 are glob-

ally Lipschitz for i = 1,2, . . . ,m, then the same is true with γδ = c0δ.

PROOF. Fix x, y,σ, τ,ρ as in the statement of the lemma, and let p,u, v be the unique
maximizers in the definition of $δ,ε . We need to show that (p + u) · n(x) > 0.

Lemma 4.5 gives

u = ε
[
Dψ(x) + O

(
γδMδ−1/2)]

and v = ε
[
Dψ(y) + O

(
γδMδ−1/2)]

,

so that taking c0 sufficiently small yields u · n(x) > ε
2 , and, thus, for some universal c > 0,

u

|u| · n(x) > c.

If ν0 is sufficiently small (depending on ∥D2ψ∥∞), then also (u + v) · n(x) > 0. Therefore,
if p = 0 or p = v, we are done, so assume otherwise.
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Let us next rule out the case that p = −u. In view of Lemma 4.5 and the fact that p ≠ 0,

(4.12) p = x − y

δ
− p

|p| + O

(
Mγδ

δ3/2

)
,

and so plugging in p = −u gives

−u = x − y

δ
+ u

|u| + O

(
Mγδ

δ3/2

)
.

Taking the scalar product with n(x) yields

−ε

2
≥ −u · n(x) ≥ x − y

δ
· n(x) + u

|u| · n(x) + O

(
Mγδ

δ3/2

)
≥ c − O

(
Mγδ

δ3/2

)
,

which is a contradiction if c0 and ε0 are sufficiently small. Therefore, p ≠ −u.
Using now that p ≠ 0, p ≠ −u, and p ≠ v, we may write

p = x − y

δ
− p

|p| −
(

γδ

δ
g′(|p + u|) − 1

δ

m∑

i=1

σi
(
hi)′(|p + u|)

)
p + u

|p + u|

−
(

γδ

δ
g′(|p − v|) + 1

δ

m∑

i=1

τi
(
hi)′(|p − v|)

)
p − v

|p − v|

−
(

γδ

δ
g′(|p|) − 1

δ

m∑

i=1

ρi
(
hi)′(|p|)

)
p

|p| .

Note that the three terms in parentheses are all nonnegative.
Assume for the sake of contradiction that (p + u) · n(x) ≤ 0. This implies that p · n(x) <

−cε. Moreover,

|v − u| ≤ ε
∣∣Dψ(y) − Dψ(x)

∣∣ + O
(
εMγδδ

−1/2) ≤ O
(
ε(ν0 + c0δ)

)
,

and so, once more shrinking ν0 and c0, we also have (p + v) · n(x) ≤ 0. We conclude that

(p + u) · n(x) ≥ ϵ
(
1 − O

(
Mγδδ

−1/2))
,

which is a contradiction for sufficiently small c0. We conclude that (p + u) · n(x) > 0. The
argument is similar for the other inequality. !

We now strengthen the assumption (2.10) for the radial Hamiltonians, and assume

(4.13) Hi is convex for all i = 1,2, . . . ,m.

In this case, we will be able to lengthen some time intervals, from one side, for which the
above properties of $δ,ε hold. We shall use this observation to prove monotonicity in the path
variable for (1.1) when H is radial and convex.

We first note that, if each Hi is convex, we may take Hi
1 = Hi and Hi

2 = 0, so that G =∑m
i=1 Hi . Then (4.2) can be refined to, for some universal C > 0,

(4.14)

⎧
⎪⎪⎨

⎪⎪⎩

0 ≤ G(p) +
m∑

i=1

θiH
i(p) ≤ C|1 + θ |(|p| + |p|2)

for all p ∈ Rd and θ = (θ1, θ2, . . . , θm) ∈ [−1,∞)m.

The notation 1 + θ means (1 + θ1,1 + θ2, . . . ,1 + θm).
It is immediate that (4.14) can be used to generalize Lemma 4.2 and obtain the following

result:
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LEMMA 4.10. The function φδ belongs to C1,1(Rd ×(−∞,3γδ)
m, and satisfies the same

equations as in Lemma 4.2 in that domain. Moreover, there exists a universal C > 0 such that,
for all δ ∈ (0,1), z ∈ Rd , ν ∈ (0,1), and ρ ∈ (−ν,3γδ)

m,

[(|z| − C(δ + ν))+]2

2(1 + C)(δ + ν)
≤ φδ(z,ρ) ≤ |z|2

2δ
.

We similarly analyze the test function $δ,ε from (4.11), which now takes the form

$δ,ε(x, y,σ, τ,ρ)

:= sup
p,u,v

{

(p + u) · x − (p − v) · y − δ

( |p|2
2

+ |p|
)

− εψ∗
(

u

ε

)
− εψ∗

(
v

ε

)

−
m∑

i=1

(
(γδ − σi )h

i(|p + u|) + (γδ + τi )h
i(|p − v|) + (γδ − ρi)h

i(|p|))
}

.

(4.15)

LEMMA 4.11. Assume that H satisfies (4.10) and (4.13). Then the results of Lemma 4.3
continue to hold if, for any fixed ν ∈ (0,1), the variable ρ is everywhere allowed to belong to
(−ν,γδ)

m.

PROOF. In view of (4.14), arguing just as in Lemma 2.4, we have $δ,ε ∈ C1,1(Rd ×Rd ×
(−γδ,γδ)

m × (−γδ,γδ)
m × (−ν,γδ)

m), with the equation in Lemma 4.3(i) being satisfied in
the new, larger domain. The estimate (4.14) also leads easily to the bounds and limits in
Lemma 4.3(ii), (iii) (note that we use H(0) = 0), and (iv), again all satisfied on the new
domains. !

Finally, we show that the boundary behavior from Lemma 4.9 can also be established on a
longer interval.

LEMMA 4.12. Assume that H satisfies (4.10) and (4.13). Then the conclusions of
Lemma 4.9 continue to hold if we impose |x − y| ≤ ν0, γδ = c0δ

2, and ρ is allowed to belong
to (−∞,γδ).

PROOF. First, for x, y,σ, τ,ρ as in the statement of the lemma, we note that, if p,u, v
are the unique maximizers in the definition of $δ,ε(x, y,σ, τ,ρ), then we have |p| ≤ C/δ for
some universal K > 0, the argument following exactly as in Lemma 4.4 and using the lower
bound in (4.14).

We next note that the conclusions of Lemma 4.5 regarding u and v continue to hold, and,
therefore,

u = ε
[
Dψ(x) + O

(
γδδ

−1)]
and v = ε

[
Dψ(y) + O

(
γδδ

−1)]
.

Arguing just as in Lemma 4.9, we thus have, for sufficiently small c0 and ν0, u · n(x) ≥ cε,
u
|u| · n(x) ≥ c, and (u + v) · n(x) > 0, from which we can assume without loss of generality
that p ≠ 0 and p ≠ v. Then, with a similar argument as for Lemma 4.5,

p = x − y

δ
−

(

1 +
m∑

i=1

(γδ − ρi )
(
hi)′(|p|)

)
p

|p| + O

(
γδ

δ2

)
.

Note that

1 +
m∑

i=1

(γδ − ρi )
(
hi)′(|p|) ≥ 0,

so that we may argue as before that, if ε0 is sufficiently small, then p ≠ −u. The rest of the
argument follows in exactly the same way as the rest of the proof of Lemma 4.9. !
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5. Nonsmooth Hamiltonians: Well-posedness. Making use of the test functions ana-
lyzed in the previous section, we now prove well-posedness results for the Neumann problem

(5.1)

⎧
⎪⎪⎨

⎪⎪⎩

du = F
(
D2u,Du,u, x, t

)
dt +

m∑

i=1

Hi(Du) · dζ i in " × (0, T ],

Du · n = 0 on ∂" × (0, T ],

with a non-C2 Hamiltonian, making use of the test functions analyzed in the previous sec-
tion. As mentioned there, the results here apply when " is a half-space, " has a quantified
convexity assumption, or H is radial.

Just as in the previous section, a constant C is called universal if it depends only on ", F ,
or H .

5.1. A general estimate. We first prove a general estimate for the difference of a sub-
and super-solution, with two different driving paths and with a doubling in the space variable,
with penalization provided by the function φδ from (4.5). This will be used to prove existence,
uniqueness, and precise stability estimates in the path variable, as well as a uniform modulus
of continuity in space for the solutions that does not depend on the path.

PROPOSITION 5.1. Assume that " satisfies (2.1), H satisfies (2.10) and (4.1), and F
satisfies (2.4), (2.5), and (2.6). Let ζ,η ∈ C0([0, T ],Rm), and assume u ∈ BUSC("×[0, T ])
and v ∈ BLSC(" × [0, T ]) are respectively a bounded sub- and super-solution of (5.1)
corresponding to ζ and η. Then there exist universal constants 0 < c0 ≤ 1 ≤ C0 such that, if

M := C0
(∥u∥∞ + ∥v∥∞ + 1

)1/2;
if one of the following holds:

(i) " is a half space, δ ∈ (0,1), and γδ = c0M
−1δ3/2;

(ii) " satisfies the uniform convexity condition (4.9), δ ∈ (0,1), and γδ = c0M
−1δq+ 1

2 ,
or

(iii) H satisfies the radial condition (4.10), δ ∈ (0, c0M
−2), and γδ = c0M

−1δ3/2;

and if T > 0 is such that

(5.2) max
t∈[0,T ]

max
i=1,2,...,m

∣∣ζ i
t − ηi

t

∣∣ < γδ,

then, for some ωδ > 0 depending on u and v such that limδ→0 ωδ = 0,

sup
(x,y,t)∈"×"×[0,T ]

{(
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

)
+

}

≤ sup
x,y∈"

{(
u(x,0) − v(y,0) − φδ(x − y,0)

)
+

} + ωδt.

The proof of Proposition 5.1 has many similarities with that of Proposition A.5 in the Ap-
pendix, but with some key differences due to the fact that the test-functions are not necessarily
smooth.

PROOF OF PROPOSITION 5.1. Without loss of generality, it suffices to consider the case
where u(x,0) − v(y,0) − φδ(x − y,0) ≤ 0. One can always reduce to this case in general by
defining ũ(·, t) = u(·, t)−supx,y(u(x,0)−v(y,0)−φδ(x−y,0))+ and noting that ũ is again
a sub-solution in view of the monotonicity of F (2.5), while the lower bound in Lemma 4.2
implies ∥ũ∥∞ ≤ 2∥u∥∞ + ∥v∥∞ + C.
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Assume for the sake of contradiction that, for some µ > 0,

[0, T ] ∋ t )→ sup
x,y∈"

((
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

)
+

) − µt

attains a strict maximum at t̂ > 0. In particular, u(x, t) − v(y, t) − φδ(x − y, ζt − ηt ) is not
everywhere nonpositive and, for t sufficiently close to t̂ ,

sup
x,y∈"

((
u(x, t) − v(y, t)

) − φδ(x − y, ζt − ηt )
)
+)

= sup
x,y∈"

(
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

)
.

Moreover, the upper and lower bound on φδ imply that there exists rδ > 0 such that r2
δ /δ

δ→0−−→
0 and, for all t ∈ [0, T ], the supremum may be restricted to |x − y| < rδ .

Let $δ,ε be the test function defined in (4.6) with ℓ(p) = |p ·e1| if case (i) holds and ℓ(p) =
|p| if (ii) or (iii) hold. Then Lemma 4.2 and Lemma 4.3(ii),(iii) imply that, for sufficiently
small ε, depending on δ,

" × " × [0, T ] ∋ (x, y, t) )→ (
u(x, t) − v(y, t) − $δ,ε(x, y, ζt − ζt̂ ,ηt − ηt̂ , ζt̂ − ηt̂ )

)
+ − µt

attains a maximum at (xε, yε, tε) ∈ " × " × (0, T ] with limε→0 tε = t̂ , so that we can ensure
that, for all sufficiently small ε depending on δ,

(5.3) u(xε, tε) − v(yε, tε) − $δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ ) > 0

and

max
i=1,2,...,m

∣∣ζ i
tε

− ζ i
t̂

∣∣ ∨ ∣∣ηi
tε

− ηi
t̂

∣∣ < γδ.

Moreover,

(5.4) lim
ε→0

(
εψ(xε) + εψ(yε)

) = 0,

and, for sufficiently small ε, C0 ≥ 1 may be chosen (so as to determine M) such that |xε −
yε| ≤ Mδ1/2.

Set

pε := Dx$δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ ),

qε := Dy$δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ ),

and

Aδ,ε := 1
δ

(
Id −Id

−Id Id

)
+ ε

(
1 + 1

κ

)(
Id 0
0 Id

)
.

Then, by Lemma 4.3(iv), for all x, y ∈ ",

$δ,ε(x, y, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ )

≤ $δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ )

+ pε · (x − xε) + qε · (y − yε)

+ 1
2
Aδ,ε

(
x − xε

y − yε

)
·
(
x − xε

y − yε

)
,

(5.5)

with equality if and only if x = xε and y = yε .
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We next claim, shrinking c0 and ε if necessary, that

(5.6) pε · n(xε) > 0 if xε ∈ ∂" and qε · n(yε) > 0 if yε ∈ ∂".

Indeed, in either case (i) or (ii), the claim is a consequence of respectively Lemma 4.6 or
Lemma 4.8. In the radial case, that is, if (iii) holds, then the restriction on δ implies also that
|x − y| ≤ c

1/2
0 . Thus, further shrinking c0, we have both δ ∈ (0, δ0) and |x − y| ≤ ν0, where

δ0 and ν0 are as in Lemma 4.9. The claim is then proved by further shrinking ε if necessary.
Appealing to Lemma A.1, we further develop the inequality (5.5) with extra variables ξ

and η:

$δ,ε(x, y, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ )

≤ $δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ )

+ pε · (x − xε − ξ) + qε · (y − yε − η)

+
(1

δ
+ ∥Aδ,ε∥

)(|x − xε − ξ |2 + |y − yε − η|2)

+ pε · ξ + qε · η + 1
2

(
Aδ,ε + δA2

δ,ε

)(
ξ
η

)
·
(
ξ
η

)
,

(5.7)

with equality at (x, y, ξ,η) = (xε, yε,0,0).
Let Sζ (·, tε) and Sζ (·, tε) denote the solution operators for the Hamilton–Jacobi part of the

equation on Rd , driven by respectively ζ and η. Then, for any function ψ(x, y) = f (x) −
g(y), the solution of

d7 =
m∑

i=1

(
Hi(Dx7) · dζ i − Hi(−Dy7) · dηi), 7(·, ·, tε) = ψ

satisfies 7(x, y, t) = Sζ (t, tε)f (x) − Sη(t, tε)g(y). Using the monotonicity of the solution
operators, we have, for all t close enough to t̂ (including tε),

$δ,ε(x, y, ζt − ζt̂ ,ηt − ηt̂ , ζt̂ − ηt̂ ) − $δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ )

≤ Sζ (tε, t)

(
pε · (· − xε) +

(1
δ

+ ∥Ãδ,ε∥
)
| · −xε|2

)
(x − ξ)

− Sη(tε, t)

(
−qε · (· − yε) −

(1
δ

+ ∥Ãδ,ε∥
)
| · −yε|2

)
(y − η)

+ pε · ξ + qε · η + 1
2
Bδ,ε

(
ξ
η

)
·
(
ξ
η

)
,

where

Bδ,ε := Aδ,ε + δA2
δ,ε + ε

(
Id 0
0 Id

)
,

with equality only if (x, y, t, ξ,η) = (xε, yε, tε,0,0).
We now set

7+(x, t) = Sζ (tε, t)

(
pε · (· − xε) +

(1
δ

+ ∥Aδ,ε∥
)
| · −xε|2

)
(x),

7−(y, t) = Sη(tε, t)

(
−qε · (· − yε) −

(1
δ

+ ∥Aδ,ε∥
)
| · −yε|2

)
(y),

u(ξ, t) := max
x∈"

{
u(x, t) − 7+(x − ξ, t)

}
,
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and

v(η, t) := min
y∈"

{
v(y, t) − 7−(y − η, t)

}
.

Then

u(ξ, t) − v(η, t) − pε · ξ − qε · η − 1
2
Bδ,ε

(
ξ
η

)
·
(
ξ
η

)
− µt

attains a strict maximum at (ξ,η, t) = (0,0, tε).
Note that we have ensured that, in the definition of u(0, tε), the maximum is reached only

at x = xε . Therefore, for (ξ, t) in a neighborhood of (0, tε), the arg max defining u(ξ, t)
contains only points close to xε . We make the same comments about yε and the arg min of
v(η, t) for (η, t) close to (0, tε). Moreover, pε · n(x) > 0 and qε · n(y) whenever xε or yε

belong to the boundary of " and whenever x is close to xε and y is close to yε .
It follows from Definition 2.2 that, in a neighborhood of (0, tε), u is a subsolution of

∂tu ≤ F(D2u,Du,u, ξ, t) v is a supersolution of ∂t v ≥ G(D2v,Dv, v,η, t), where

F(X,p, r, ξ, t) = inf
x∈arg maxu(·,t)−7+(·−ξ,t)

F
(
X,p, r + 7+(x − ξ, t), x, t

)

and

G(Y, q, s,η, t) = sup
y∈arg minv(·,t)−7−(·−η,t)

F
(
Y,q, s + 7−(y − η, t), y, t

)
.

In particular, for some C > 0, ∂u/dt ≤ C and ∂v/dt ≥ −C in a neighborhood of (0, tε).
We now appeal directly to [4], Theorem 7, and find that there exist a, b ∈ R and Xε, Yε ∈

Sd such that (a,pε,Xε) ∈ P+
u(0, tε), (b, qεYε) ∈ P−

v(0, tε) (the definitions of the limiting
sub- and superjets being recalled in the Appendix below), a − b = µ, and, for some universal
constant C > 0,

−C

δ

(
Id 0
0 Id

)
≤

(
Xε 0
0 −Yε

)
≤ Bδ,ε + B2

δ,ε ≤ C

δ

(
Id −Id

−Id Id

)
+ Cε

(
Id 0
0 Id

)
.

By the continuity of F , we thus have

µ ≤ F
(
Xε,pε, u(xε, tε), xε, tε

) − F
(
Yε,−qε, v(yε, tε), yε, tε

)

≤ F
(
Xε,pε, v(yε, tε) + $δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ ), xε, tε

)

− F
(
Yε,−qε, v(yε, tε), yε, tε

)
,

where the last inequality follows from (2.5) and (5.3). Note that, in view of Lemma 4.2,
Lemma 4.3(iii), and (5.4),

$δ,ε(xε, yε, ζtε − ζt̂ ,ηtε − ηt̂ , ζt̂ − ηt̂ ) ≤ r2
δ

2δ
+ Cδ + ω̃δ,ε,

where, for fixed δ, limε→0 ω̃δ,ε = 0. It then follows from assumption (2.6) on F that, for some
R,C > 0 independent of δ and ε, for all sufficiently small ε,

µ ≤ ωM,C

(
r2
δ + |pε − qε|2

δ
+ (

1 + |pε| + |qε|
)
rδ + r2

δ

2δ
+ Cδ + ω̃δ,ε + Cε

)
.

By Lemma 4.2, along a subsequence as ε → 0, pε and −qε converge to some p̂ satisfying
|p̂| ≤ C(1 + rδ/δ). Therefore, sending ε → 0, we obtain, redefining C if necessary,

µ ≤ ωM,C

(
Crδ + C

r2
δ

δ
+ Cδ

)
=: ωδ.

We thus reach a contradiction for any µ > ωδ . !



THE NEUMANN PROBLEM FOR FULLY NONLINEAR SPDE 1761

REMARK 5.2. If F is independent of u and x, then we may take ωδ = 0 in the statement
of Proposition 5.1. Indeed, after the use of [4], Theorem 7, in the above proof, we have
µ ≤ F(Xε,pε, tε) − F(Yε, qε, tε), and, upon sending ε → 0 along some subsequence, we
have Xε → X and Yε → Y where X ≤ Y . This gives the contradiction µ ≤ 0.

5.2. Wellposedness. We now use Proposition 5.1 to prove the existence, uniqueness, and
stability of solutions to (5.1), assuming that H satisfies (2.10) and (4.1), F satisfies (2.4),
(2.5), and (2.6), and " satisfies (2.1), as well as one of the following: " is a half space, "
satisfies (4.9), or H satisfies (4.10).

5.2.1. The comparison principle. The first use of Proposition 5.1 is to prove the compar-
ison principle.

THEOREM 5.3. Fix ζ ∈ C([0, T ],Rm), and let u ∈ BUSC(" × [0, T ]) and v ∈
BLSC(" × [0, T ]) be respectively a bounded sub- and super-solution of (5.1). Then

sup
(x,t)∈"×[0,T ]

{(
u(x, t) − v(x, t)

)
+

} ≤ sup
x∈"

{(
u(x,0) − v(x,0)

)
+

}
.

PROOF. Setting ζ = η, we note that (5.2) is satisfied. Then, for the values of δ and γδ

specified by Proposition 5.1, we have

sup
(x,y,t)∈"×"×[0,T ]

{(
u(x, t) − v(y, t) − φδ(x − y,0)

)
+

}

≤ sup
x,y∈"

{(
u(x,0) − v(y,0) − φδ(x − y,0)

)
+

} + ωδt.

Sending δ → 0 and invoking Lemma 4.2 immediately yields the result. !

5.2.2. Existence and stability. Just as in Section 3, the comparison principle implies the
existence of a unique solution of the the initial value problem, as well the continuity of the
solution map ζ )→ u.

COROLLARY 5.4. Under the same conditions as Theorem 5.3, for any u0 ∈ BUC(")
and ζ ∈ C([0, T ],Rm), there exists a unique solution of (5.1) with u(·,0) = u0. Moreover,
if, for n ∈ N, ζ n ∈ C([0, T ],Rm), un

0 ∈ BUC("), and, as n → ∞, ζ n converges to ζ and un
0

converges to u0 uniformly, then, if un is the corresponding solution of (1.1), then, as n → ∞,
un converges locally uniformly to u.

PROOF. As in the proof of Theorem 3.7, the argument rests on showing that the half-
relaxed limit u⋆, which is a sub-solution, satisfies u⋆(·,0) ≤ u0 (and a similar statement for
the lower half-relaxed limit u⋆).

Fix x0 ∈ " and let φ ∈ C2(Rd) be convex and such that u0 ≤ φ and u0(x0) = φ(x0).
Then, by Lemma 2.4, there exists δ > 0, independent of n, and a family ($n)n∈N ⊂
C([0, δ],C1,1(Rd)) of solutions of

d$n =
m∑

i=1

Hi(D$n) · dζ i,n in Rd × [0, δ] and $n(·,0) = φ.

Moreover, there exists C > 0 independent of n such that 0 ≤ D2$n ≤ C. Therefore, for
some C̃ > 0 independent of n, $n(x, t) + C̃t is a super-solution of (5.1) corresponding to
the path ζ n. We conclude as in the proof of Theorem 3.7 that u⋆(·,0) ≤ φ, and, in particular,
u⋆(x0,0) ≤ φ(x0) = u0(x0). The result now follows because x0 was arbitrary. !
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5.3. Further results for homogenous F . We next prove some further properties of solu-
tions under the additional assumption that F depends only on D2u and Du, that is,

(5.8) F ∈ C
(
Sd × Rd)

is nondecreasing in X ∈ Sd .

We first record some simple bounds for the unique solution.

LEMMA 5.5. Let u0 ∈ BUC(") and ζ ∈ C0([0, T ],Rm), and let u be the unique solu-
tion of (5.1) with u(·,0) = u0. Then

sup
(x,t)∈"×[0,T ]

∣∣∣∣∣u(x, t) −
m∑

i=1

Hi(0)ζ i (t) − F(0,0)t

∣∣∣∣∣ ≤ ∥u0∥∞.

PROOF. This is a consequence of the comparison principle Theorem 5.3, as well as the
fact that (x, t) )→ ±∥u0∥∞ + ∑m

i=1 Hi(0)ζ i (t) + F(0,0)t are solutions of (5.1). !

5.3.1. Path stability. The existence result in the previous sub-section was derived from
the stability of the solution operator for (5.1) in the path variable. In this section, we make
this more quantitative when F satisfies (5.8).

THEOREM 5.6. Fix u0 ∈ BUC(Rd). Then there exists a modulus of continuity ω :
[0,∞) → [0,∞) such that, if ζ 1, ζ 2 ∈ C0([0, T ],Rm) and if u1, u2 are the corresponding
solutions of (5.1), then

∥∥u1 − u2∥∥∞,"×[0,T ] ≤ ω
(∥∥ζ 1 − ζ 2∥∥∞,[0,T ]

)
.

PROOF. We first note that we may assume that H(0) = 0 and F(0,0) = 0. Otherwise,
we may replace uj , j = 1,2, with

ũj (x, t) = uj (x, t) −
m∑

i=1

Hi(0)ζ j,i(t) − F(0,0)t.

We also prove the result for u0 ∈ C0,1("). The general result then follows by replacing u0 by
Lipschitz approximations and using the contractive property of the solution operator implied
by the comparison principle.

By Lemma 5.5,
∥∥u1∥∥∞,"×[0,T ] ∨ ∥∥u2∥∥∞,"×[0,T ] ≤ ∥u0∥∞,",

and so the value M in Proposition 5.1 depends only on ∥u0∥∞.
Let δ0 > 0 be such that the conclusion of Proposition 5.1 holds for 0 < δ < δ0. We first

assume that ζ 1 and ζ 2 satisfy ∥ζ 1 − ζ 2∥∞,[0,T ] < γδ0 , with γδ = c0M
−1δr , the exact value of

r being specified in Proposition 5.1. By Lemma 4.2 and Proposition 5.1 (recall that ωδ = 0
by Remark 5.2), we then have, for all (x, t) ∈ " × [0, T ], for all δ ∈ (0, δ0) with γδ > ∥ζ 1 −
ζ 2∥∞,[0,T ],

u1(x, t) − u2(x, t) ≤ φδ
(
0, ζ 1

t − ζ 2
t

) + sup
x,y∈"

{
u1(x,0) − u2(y,0) − φδ(x − y,0)

}

≤ Cδ + sup
x,y∈"

{
L|x − y| − (|x − y| − Cδ)2

+
δ

}

≤ CLδ.
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We conclude that, for some constant C > 0 depending only on u0, and after applying the
same argument with the roles of u1 and u2 reversed,

∥∥u1 − u2∥∥∞,[0,T ] ≤ C
∥∥ζ 1 − ζ 2∥∥1/r

∞,[0,T ]

whenever ∥ζ 1 − ζ 2∥∞,[0,T ] ≤ γδ0 .
Suppose now that, for some N = 2,3, . . ., (N − 1)γδ0 < ∥ζ 1 − ζ 2∥∞,[0,T ] ≤ Nγδ0 . Then

iterating the above result gives

∥∥u1 − u2∥∥∞,[0,T ] ≤ CN

(∥ζ 1 − ζ 2∥∞,[0,T ]
N

)1/r

≤ CN1− 1
r
∥∥ζ 1 − ζ 2∥∥1/r

∞,[0,T ].

We conclude since

N ≤ 1 + ∥ζ 1 − ζ 2∥∞,[0,T ]
c0M−1δr

0
. !

5.3.2. Continuity estimates. Another consequence of the homogeneity assumption (5.8)
is the continuity of solutions of (1.1) in the space variable, depending only on the initial
datum u0, and not on the path ζ or time t > 0.

THEOREM 5.7. Fix u0 ∈ BUC("). Then there exists a modulus of continuity ω :
[0,∞) → [0,∞) such that, for any ζ ∈ C([0, T ],Rm), if u is the unique solution of (1.1)
with u(·,0) = u0, then, for all t ∈ [0, T ], u(·, t) is ω-continuous.

PROOF. We may assume without loss of generality that u0 is Lipschitz with constant
L > 0. The general result follows from approximating u0 and using the contractive property
of the equation. As in the proof of Theorem 5.6, we may also assume that H(0) = 0 and
F(0,0) = 0.

In view of Lemma 4.2, taking u = v and ζ = η in Proposition 5.1, and noting ωδ = 0 in
view of Remark 5.2, yields, for all t ∈ [0, T ] and δ sufficiently small, depending possibly on
∥u0∥∞,

u(x, t) − u(y, t) ≤ φδ(x − y,0) + sup
x,y∈"

{
u0(x) − u0(y) − φδ(x − y,0)

}

≤ C
|x − y|2

δ
+ Cδ + max

r≥0

{
Lr − Cr2

2δ

}

= C
|x − y|2

δ
+ Cδ.

If x and y are sufficiently close, we may take δ ≈ |x − y| to conclude that u is locally Lips-
chitz, and thus globally Lipschitz because the constant does not depend on x or y. !

5.3.3. Monotonicity in the path variable. The comparison principle, Theorem 5.3, im-
plies that the solution operator for (1.1) is order-preserving in the initial data. Under the
additional assumption that F satisfy (5.8) and H be radial and convex, it turns out that the
same is true in the path variable.

THEOREM 5.8. Assume that H satisfies (4.10) and (4.13). Let u0 ∈ BUC(") and
ζ 1, ζ 2 ∈ C0([0, T ],Rm) satisfy ζ 1,i ≤ ζ 2,i for all i = 1,2, . . . ,m, and let u1, u2 ∈ BUC("×
[0, T ]) be the corresponding solutions of (5.1). Then u1 ≤ u2 on " × [0, T ].
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To prove Theorem 5.8, we need the following variation of Proposition 5.1:

PROPOSITION 5.9. If H satisfies (4.10) and (4.13), then the conclusions of Proposi-
tion 5.1 continue to hold if the condition on γδ in (iii) is replaced with γδ = c0δ

2, and, for
some sufficiently small universal θ0 ∈ (0,1), (5.2) is replaced with

(5.9) ηt − θ0M
−2 ≤ ζt ≤ ηt + γδ for all t ∈ [0, T ].

PROOF. Most of the proof goes just as in that of Proposition 5.1, in view of Lemma 4.11.
The key difference is in establishing the boundary condition (5.6). In view of the estimate for
φδ in Lemma 4.10, the points xε and yε satisfy, for sufficiently small ε,

|xε − yε| ≤ M(δ + ηtε − ζtε)
1/2 ≤ (c0 + θ0)

1/2.

Shrinking θ0 and c0, if necessary, the right-hand side is less than ν0, where ν0 is as in
Lemma 4.12. Therefore, (5.6) holds, and the rest of the argument goes through just as in
the proof of Proposition 5.1. !

PROOF OF THEOREM 5.8. We have H(0) = 0, and we may assume also without loss of
generality that F(0,0) = 0. Then, as in previous proofs, the value M depends only on ∥u0∥∞.

By Proposition 5.9, there exists a constant θ̃0 > 0 depending on universal quantities and
∥u0∥∞ such that, if −θ̃0 ≤ ζ 1 − ζ 2 ≤ 0, then, for all δ > 0 sufficiently small, γδ = c0δ

2, and
(x, t) ∈ " × [0, T ],

u1(x, t) − u2(x, t) ≤ sup
x,y

{
u0(x) − u0(y) − φδ(x − y, ζt − ηt )

}
.

Sending δ → 0, we have u1 ≤ u2. For arbitrary paths satisfying ζ 1 ≤ ζ 2, the result may be
iterated. !

6. Geometric equations. We now turn to the study of geometric equations. We assume
that H is positively 1-homogenous, that is,

(6.1) H(λp) = λH(p) for all p ∈ Rd,λ > 0.

Such an H satisfies the difference-of-convex-functions property (2.10) if, for instance, H is
C2 in a neighborhood of Sd−1 (see [20], Appendix B), in which case Hi

1 and Hi
2 are also both

1-homogenous (and therefore, so is G in (2.12)). In fact, such Hamiltonians are also globally
Lipschitz. We then note that level-set equations dealing with first-order geometric motions
are already covered by the results in Section 5. We focus here on second-order problems, for
which

(6.2)

⎧
⎪⎪⎨

⎪⎪⎩

F ∈ C
(
Sd × (

Rd\{0})) is nondecreasing in the Sd variable and
F(λX + µp ⊗ p,λp) = λF(X,p)

for all (X,p) ∈ Sd × Rd,λ > 0, and µ ∈ R.

Functions satisfying (6.2) are allowed to have a singularity at p = 0. Note, however, that (6.2)
implies that F(0, ·) is continuous at p = 0:

(6.3) F ∗(0,0) = F∗(0,0) = 0.

A standard example is

F(X,p) = tr
[(

Id − p

|p| ⊗ p

|p|
)
X

]
,

which is the nonlinearity from the level-set equation for perturbed mean curvature flow, and
which is the focus of the application in the next section.
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6.1. Test functions. We construct a particular test function much in the same way as in
Section 4. The key difference is that its Hessian vanishes, as ε → 0, whenever its gradient
does (see Lemma 6.2(iv) below). This is done in order to deal with the singularity of the
nonlinearity F .

We first define, for δ ∈ (0,1) and γδ as in (4.3),

(6.4) φδ(z,ρ) = sup
p

{

p · z − 3δ

4
|p|4/3 − δ|p| +

m∑

i=1

ρiH
i(p) − 3γδG(p)

}

,

and, for ε ∈ (0,1), G as in (2.12), and ψ as in (2.2),

$δ,ε(x, y,σ, τ,ρ)

= sup
p,u,v

{

(p + u) · x − (p − v) · y − 3δ

4
|p|4/3 − δ|p| − εψ∗

(
u

ε

)
− εψ∗

(
v

ε

)

−
m∑

i=1

(
σiH

i(p + u) − τiH
i(p − v) + ρiH

i(p)
)

− γδ
(
G(p + u) + G(p − v) + G(p)

)
}

.

(6.5)

In view of the positive 1-homogeneity of H (and therefore G), we have, for some C > 0, for
all ρ ∈ (3γδ,3γδ)

m, and for some νρ ∈ Sd−1,

−Cγδ(p · νρ − 1) ≤ 3γδG(p) −
m∑

i=1

ρiH
i(p) ≤ Cγδ|p|.

We then have the following, which is proved exactly as in Lemma 4.2.

LEMMA 6.1. The function φδ in (6.5) belongs to C1,1(Rd × (−3γδ,3γδ)
m), and there

exists C > 0 such that, for all δ ∈ (0,1), z ∈ Rd , and ρ ∈ (−3γδ,3γδ)
m,

(6.6)
[(|z| − Cδ)+]4

4δ3 ≤ φδ(z,ρ) ≤ [(|z| − δ)+]4

4δ3 .

Analogously to Lemma 4.3, we can prove the following properties of $δ,ε:

LEMMA 6.2. The function $δ,ε defined in (6.5) satisfies the following:

(i) For all δ, ε ∈ (0,1), $δ,ε ∈ C1,1(Rd ×Rd ×(−γδ,γδ)
3m), and, for all i = 1,2, . . . ,m,

∂$δ,ε

∂σi
= Hi(Dx$δ,ε) and

∂$δ,ε

∂τi
= −Hi(−Dy$δ,ε)

in Rd × Rd × (−γδ,γδ)
3m.

(ii) For some C > 0 and for all x, y ∈ ", σ, τ,ρ ∈ (−γδ,γδ)
m, and δ, ε ∈ (0,1),

$δ,ε(x, y,σ, τ,ρ) ≥ εψ(x) + εψ(y) − Cγδ.

(iii) If R > 0 and rε > 0 is such that limε→0 rε = 0, then, for all δ > 0,

lim
ε→0

sup
{∣∣$δ,ε(x, y,σ, τ,ρ) − φδ(x − y,σ − τ + ρ)

∣∣ :

|x − y| ≤ R, εψ(x) + εψ(y) ≤ rε,σ, τ,ρ ∈ (−γδ,γδ)
m} = 0.
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(iv) For δ, ε > 0, there exists a continuous, nonnegative symmetric matrix-valued map

" × " × (−γδ,γδ)
3 ∋ (x, y,σ, τ,ρ) )→ Aδ,ε(x, y,σ, τ,ρ)

such that, for σ, τ,ρ ∈ (−γδ,γδ)
m and almost every x, y ∈ ",

0 ≤ D2
(x,y)$(x, y,σ, τ,ρ) ≤ Aδ,ε(x, y,σ, τ,ρ),

and, uniformly for bounded x, y ∈ Rd and σ, τ,ρ ∈ (−3γδ,3γδ)
3,

lim sup
ε→0

Aδ,ε(x, y,σ, τ,ρ) ≤ 3
δ

∣∣Dφδ(x − y,σ − τ + ρ)
∣∣2/3

(
Id −Id

−Id Id

)
.

PROOF. We first prove item (iv). This establishes the C1,1-regularity, and part (i) is
then a consequence of Lemma 2.4. Parts (ii) and (iii) then follow exactly as in the proof
of Lemma 4.3.

We rewrite, for some convex function L : R3d → R,

$δ,ε(x, y,σ, τ,ρ)

= sup
p,u,v

{
u · x + v · y − 3δ

4
|p|4/3 − εψ∗

(
u − p

ε

)
− εψ∗

(
v + p

ε

)
− L(p,u, v)

}
.

Define

L(p,u, v) := 3δ

4
|p|4/3 + εψ∗

(
u − p

ε

)
+ εψ∗

(
v + p

ε

)
+ L(p,u, v).

Then L is strictly convex and, for p ≠ 0,

D2L(p,u, v) ≥

⎛

⎜⎜⎝

δ

3
|p|−2/3Id 0 0

0 0 0
0 0 0

⎞

⎟⎟⎠ + κ

ε

⎡

⎣

⎛

⎝
Id −Id 0

−Id Id 0
0 0 0

⎞

⎠ +
⎛

⎝
Id 0 Id
0 0 0
Id 0 Id

⎞

⎠

⎤

⎦

=: Bδ,ε
(|p|).

We compute, for r ≥ 0,

Cδ,ε(r) := Bδ,ε(r)
−1 = 3r2/3

δ

⎛

⎝
Id Id −Id
Id Id −Id

−Id −Id Id

⎞

⎠ + ε

κ

⎛

⎝
0 0 0
0 Id 0
0 0 Id

⎞

⎠ .

It follows that, for any (x, y,σ, τ,ρ) ∈ "
2 × (−γδ,γδ)

3, a unique maximum (p,u, v) =
(p,u, v)(x, y,σ, τ,ρ) is attained, with D$δ,ε(x, y,σ, τ,ρ) = (u, v). Moreover, for bounded
x and y, the maximizers p, u, and v belong to a bounded set, over which L is uniformly
convex. It then follows as in Lemma 2.4 that (p,u, v) is Lipschitz in (x, y,σ, τ,ρ).

Fix (x, y), (x̂, ŷ) ∈ "
2 and σ, τ,ρ ∈ (−γδ,γδ)

m, and write

(p,u, v) = (p,u, v)(x, y,σ, τ,ρ)and(p̂, û, v̂) = (p,u, v)(x̂, ŷ,σ, τ,ρ).

Assume first that p = p(x, y,σ, τ,ρ) ≠ 0. Then, if (x̂, ŷ) is sufficiently close to (x, y), it is
also the case that p̂ ≠ 0. We have

L(p̂, û, v̂) ≥ L(p,u, v) + x · (û − u) + y · (v̂ − v) + 1
2
Bδ,ε

(|p| ∨ |p̂|)
⎛

⎝
p̂ − p
û − u
v̂ − v

⎞

⎠ ·
⎛

⎝
p̂ − p
û − u
v̂ − v

⎞

⎠
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and

L(p,u, v) ≥ L(p̂, û, v̂) + x̂ · (u − û) + ŷ · (v − v̂) + 1
2
Bδ,ε

(|p| ∨ |p̂|)
⎛

⎝
p̂ − p
û − u
v̂ − v

⎞

⎠ ·
⎛

⎝
p̂ − p
û − u
v̂ − v

⎞

⎠ .

Adding the two inequalities yields

Bδ,ε
(|p| ∨ |p̂|)

⎛

⎝
p̂ − p
û − u
v̂ − v

⎞

⎠ ·
⎛

⎝
p̂ − p
û − u
v̂ − v

⎞

⎠ ≤ (û − u) · (x̂ − x) + (v̂ − v) · (ŷ − y),

and so, just as in the proof of Lemma 2.4,

(û − u) · (x̂ − x) + (v̂ − v) · (ŷ − y) ≤ Bδ,ε
(|p| ∨ |p̂|)−1

⎛

⎝
0

x̂ − x
ŷ − y

⎞

⎠ ·
⎛

⎝
0

x̂ − x
ŷ − y

⎞

⎠

= Aδ,ε
(|p| ∨ |p̂|)

(
x̂ − x
ŷ − y

)
·
(
x̂ − x
ŷ − y

)
,

where

Aδ,ε(r) := 3r2/3

δ

(
Id −Id

−Id Id

)
+ ε

κ

(
Id 0
0 Id

)
.

We conclude that

lim sup
(x̂,ŷ)→(x,y)

[(
Dx$δ,ε(x̂, ŷ,σ, τ,ρ) − Dx$δ,ε(x, y,σ, τ,ρ)

) · (x̂ − x)

+ (
Dy$δ,ε(x̂, ŷ,σ, τ,ρ) − Dy$δ,ε(x, y,σ, τ,ρ)

) · (ŷ − y)
]

≤ Aδ,ε
(∣∣p(x, y,σ, τ,ρ)

∣∣)
(
x̂ − x
ŷ − y

)
·
(
x̂ − x
ŷ − y

)
,

which means that

D2
(x,y)$δ,ε(x, y,σ, τ,ρ) ≤ Aδ,ε

(∣∣p(x, y,σ, τ,ρ)
∣∣).

If p(x, y,σ, τ,ρ) = 0, in which case B(|p|) = B(0) is not well defined, a similar argument
may be applied as above by replacing B(|p|) by B(M−1) for arbitrarily large M , then letting
M → ∞ in the last step.

Finally, uniformly for bounded (x, y) ∈ "
2 and (σ, τ,ρ) ∈ (−γδ,γδ)

3, the unique maxi-
mizer (p,u, v) = (pε, uε, vε) for $δ,ε satisfies

lim
ε→0

(pε − uε) = lim
ε→0

(pε + vε) = 0 and lim
ε→0

uε = − lim
ε→0

vε = Dφδ(x − y,σ − τ + ρ),

from which the result follows. !

As in Section 4, we require certain strict inequalities to hold on the boundary, and we split
into two cases, depending on whether " is more quantifiably convex or H is radial.

LEMMA 6.3. Assume that " satisfies (4.9). Then there exists a universal c0 ∈ (0,1) such
that, if γδ = c0δ

q , then, for all ε, δ ∈ (0,1), σ, τ,ρ ∈ (−γδ,γδ)
m, and x, y ∈ ", (4.8) holds.

PROOF. For x ∈ ∂", y ∈ ", and (σ, τ,ρ) ∈ (−γδ,γδ)
3, let u, v,p be the unique maxi-

mizers in the definition in (6.5). Then Dx$δ,ε(x, y,σ, τ,ρ) = p + u. Recalling that H and
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G are uniformly Lipschitz, we see that u = εD7(x) + O(εγδ), so, for δ ∈ (0,1) and c0
sufficiently small, u · n(x) > 0.

We may therefore assume without loss of generality that p ≠ 0. Assume for the sake of
contradiction that (p + u) · n(x) < 0, which, in particular, implies that p · n(x) < 0. We first
note that

x − y = δ|p|−2/3p + δ
p

|p| + O(γδ),

so that (upon taking the scalar product with p
|p| )

|x − y|
δ

≥ 1 − O(γδ/δ).

Shrinking c0 if necessary, we have |x − y| ≥ cδ. On the other hand, because p · n(x) < 0,

θ |x − y|q ≤ (x − y) · n(x) ≤ O(γδ).

Combining these two facts yields, for some universal C > 0, δq ≤ Cc0δ
q , which is a contra-

diction if c0 is sufficiently small. The other inequality is proved similarly. !

We now drop the assumption (4.9), letting " be an arbitrary C1 convex domain, and as-
sume that H is radial. Because H is one-homogenous, this simply reduces to taking m = 1,
and, after a renormalization, H(p) = |p|. We then consider the test function

$δ,ε(x, y,σ, τ,ρ)

= sup
p,u,v

{
(p + u) · x − (p − v) · y − 3δ

4
|p|4/3 − δ|p| − εψ∗

(
u

ε

)
− εψ∗

(
v

ε

)

− (γδ − ρ)|p| − (γδ − σ )|p + u| − (γδ + τ )|p − v|
}
,

(6.7)

where ψ is as in (2.2). We also note that φδ takes the form

(6.8) φδ(z,ρ) = sup
p

{
p · z − 3δ

4
|p|4/3 − (δ + 3γδ − ρ)|p|

}
= 1

4δ3

[(|z| − δ − 3γδ + ρ
)
+

]4
.

LEMMA 6.4. The function (6.7) satisfies the conclusions of Lemma 6.2 with everywhere
ρ being allowed to belong to (−∞,γδ). Moreover, there exist c0,ν0, ε0 ∈ (0,1) sufficiently
small that, if γδ = c0δ, then, for all δ ∈ (0,1), ε ∈ (0, ε0), σ, τ ∈ (−γδ,γδ), ρ ∈ (−∞,γδ),
and x, y ∈ " with |x − y| ≤ ν0,

Dx$δ,ε(x, y,σ, τ,ρ) · n(x) > 0 if (x, y) ∈ ∂" × "

and

Dy$δ,ε(x, y,σ, τ,ρ) · n(y) > 0 if (x, y) ∈ " × ∂".

PROOF. The argument that we may take ρ ∈ (−∞,γδ) is just as in the proof of
Lemma 4.11.

Assume now that x ∈ ∂", y ∈ " with |x − y| ≤ ν0, and (σ, τ ) ∈ (−γδ,γδ)
2 and ρ ∈

(−∞,γδ). Let u, v,p be the unique maximizers. Then Dx$δ,ε(x, y,σ, τ,ρ) = p + u. We
can write

u = ε
[
Dψ(x) + O(γδ)

]
and v = ε

[
Dψ(y) + O(γδ)

]
,

and therefore, shrinking ν0, there exists c > 0 such that both u · n(x) ≥ cε and v · n(x) ≥ cε.
If p = 0 or p = v, we are done, and so we assume without loss of generality that p ≠ 0 and
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p ≠ v. Moreover, just as in the proof of Lemma 4.9, we have u
|u| · n(x) ≥ c for a possibly

different value of c > 0.
We next rule out the equality p = −u. Note that there exists w ∈ Rd and C > 0 indepen-

dent of δ and ε such that |w| ≤ Cγδ , and

p = 1
δ3

∣∣∣∣x − y − δ
p

|p| + w

∣∣∣∣
2(

x − y − δ
p

|p| + w

)
.

Therefore, if p = −u, we have

(6.9) −u = 1
δ3

∣∣∣∣x − y + δ
u

|u| + w

∣∣∣∣
2(

x − y + δ
u

|u| + w

)
.

We first estimate

cε ≤ |u| = 1
δ3

∣∣∣∣x − y + δ
u

|u| + w

∣∣∣∣
3
,

so that
∣∣∣∣x − y + δ

u

|u| + w

∣∣∣∣ ≥ c1/3δε1/3.

On the other hand, taking the scalar product of (6.9) with n(x) gives, for some constants
C̃, c̃ > 0,

−cε ≥ −u · n(x) ≥ 1
δ3

(
c1/3δε1/3)2(

cδ − w · n(x)
) ≥ c̃ε2/3(1 − Cc0).

This is a contradiction if c0 and ε0 are sufficiently small.
Now using the fact that p ≠ 0, p ≠ u, and p ≠ −v, we write

p = 1
δ3

∣∣∣∣x − y + δ
u

|u| + O(γδ)

∣∣∣∣
2

×
(
x − y − (δ + γδ − ρ)

p

|p| − (γ − σ )
p + u

|p + u| − (γ + τ )
p − v

|p − v|
)
.

If (p + u) · n(x) ≤ 0, then, as in the proof of Lemma 4.9, we have p · n(x) ≤ −cε and
(p + v) · n(x) ≤ 0. Taking the scalar product above with n(x) then yields p · n(x) ≥ 0, which
is a contradiction, and we conclude. !

6.2. Well-posedness results. We next prove results similar to Proposition 5.1 for solu-
tions of the geometric equation

(6.10)

⎧
⎪⎪⎨

⎪⎪⎩

du = F
(
D2u,Du

)
dt +

m∑

i=1

Hi(Du) · dζ i in " × (0, T ],

Du · n = 0 on ∂" × (0, T ).

We first consider the case of a domain with quantified convexity.

PROPOSITION 6.5. Assume that " satisfies (2.1) and (4.9); H satisfies (2.10) and
(6.1); and F satisfies (6.2). If ζ,η ∈ C([0, T ],Rm) and u ∈ BUSC(" × [0, T ]) and v ∈
BLSC("× [0, T ]) are respectively a bounded sub- and super-solution of (6.10) correspond-
ing to ζ and η, then, for all δ ∈ (0,1), if

max
t∈[0,T ]

|ζt − ηt | ≤ γδ,
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then

sup
(x,y,t)∈"×"×[0,T ]

{
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

}

≤ sup
(x,y)∈"

{
u(x,0) − v(y,0) − φδ(x − y, ζ0 − η0)

}
.

PROOF. If the result is false, then, for sufficiently small µ > 0,

[0, T ] ∋ t )→ sup
x,y∈"

{
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

} − µt

attains a maximum at t0 ∈ (0, T ].
Arguing exactly as in the proof of Proposition 5.1, using Lemmas 6.2 and 6.3, we have the

following: for ε > 0, there exist (xε, yε, tε) ∈ " × " × [0, T ] and, for λ > 0, Xλ,ε, Yλ,ε ∈ Sd

such that, along a particular subsequence, limε→0 tε = t0, limε→0(xε − yε) = z ∈ Rd , and
limε→0(Xλ,ε, Yλ,ε) = (Xλ, Yλ), where

(6.11) −
(1

λ
+ ∥∥Ãδ(z)

∥∥
)(

Id 0
0 Id

)
≤

(
Xλ 0
0 −Yλ

)
≤ Ãδ(z) + λÃδ(z)

2;

and

µ ≤ F ∗(Xλ,ε,pε) − F∗(Yλ,ε,−qε).

Here,

pε = Dx$δ,ε(xε, yε, ζtε − ζt0,ηtε − ηt0, ζt0 − ηt0),

qε = Dy$δ,ε(xε, yε, ζtε − ζt0,ηtε − ηt0, ζt0 − ηt0),

and

Ãδ(z) = 3
δ

∣∣Dφδ(z, ζt0 − ηt0)
∣∣2/3

(
Id −Id

−Id Id

)
.

Sending ε → 0 along a particular subsequence yields

µ ≤ F ∗(
Xλ,Dφδ(z, ζt0 − ηt0)

) − F∗
(
Yλ,Dφδ(z, ζt0 − ηt0)

)
.

We consider two cases: if Dφδ(z, ζt0 − ηt0) ≠ 0, then (6.11) implies that Xλ ≤ Yλ and so
µ ≤ 0, a contradiction. Otherwise, if Dφδ(z, ζt0 − ηt0) = 0, then Ãδ(z) = 0, and we have

µ ≤ F ∗(Xλ,0) − F∗(Yλ,0).

Then by (6.11), as λ → +∞, (Xλ, Yλ) → (0,0), which once again yields µ ≤ 0 in view of
(6.3). !

The same result holds when H(p) = |p| and " is merely C1 and convex, and we are able
to improve in terms of the condition on ζ and η:

PROPOSITION 6.6. Assume that " satisfies (2.1); H(p) = |p|; and F satisfies (6.2). If
ζ,η ∈ C([0, T ],Rm) and u ∈ BUSC(" × [0, T ]) and v ∈ BLSC(" × [0, T ]) are respec-
tively a bounded sub- and super-solution of (6.10) corresponding to ζ and η, then, for some
universal c0 ∈ (0,1), if

0 < δ < c0
(
1 + ∥u∥∞,"×[0,T ] + ∥v∥∞,"×[0,T ]

)−3
,
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γδ = c0δ, and

ηt − ν0

4
≤ ζt ≤ ηt + γδ for all t ∈ [0, T ],

where ν0 is as in Lemma 6.4, then

sup
(x,y,t)∈"×"×[0,T ]

{
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

}

≤ sup
(x,y)∈"

{
u(x,0) − v(y,0) − φδ(x − y, ζ0 − η0)

}
.

PROOF. The proof is almost identical to the proof of Proposition 6.5, this time applying
Lemma 6.4 instead of Lemma 6.3 (in particular, note that the lower bound on ζ − η need not
shrink with δ).

The only difference is that the points xε, yε ∈ " must satisfy |xε −yε| ≤ ν0 in order for the
conclusions of Lemma 6.4 to hold. Therefore, in order to carry out the arguments as in the
proof of Proposition 6.5, it is sufficient to show that, if |x − y| > ν0

2 , then, for all t ∈ [0, T ],
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt ) < sup

x,y∈"

{
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

}
.

Indeed, by (6.8), if x, y ∈ " and |x − y| > ν0
2 , then, if c0 is sufficiently small, then, for some

universal c1 > 0,

u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

≤ u(x, t) − v(y, t) − 1
4δ3

(|x − y| − δ − 3γδ + ζt − ηt
)4
+

≤ u(x, t) − v(y, t) − 1
4δ3

(
ν0

4
− 4δ

)4

+

≤ u(x, t) − v(y, t) − c1

δ3 ,

while

sup
x,y∈"

{
u(x, t) − v(y, t) − φδ(x − y, ζt − ηt )

} ≥ u(x, t) − v(x, t).

The inequality thus holds if c0 is sufficiently small. !

Just as in Section 5, Propositions 6.5 and 6.6 lead to the well-posedness of the level-set
equation (6.10).

THEOREM 6.7. Assume that " satisfies (2.1), H satisfies (2.10) and (6.1), F satisfies
(6.2), and one of the following: " satisfies (4.9), or H is radial.

(i) If ζ ∈ C([0, T ],Rm) and u ∈ BUSC(" × [0, T ]) and v ∈ BLSC(" × [0, T ]) are
respectively a bounded sub- and super-solution of (6.10), then

sup
(x,t)∈[0,T ]

{
u(x, t) − v(x, t)

} ≤ sup
x∈"

{
u(x,0) − v(x,0)

}
.

(ii) If u0 ∈ BUC(") and ζ ∈ C([0, T ],Rm), then there exists a unique solution u ∈
BUC(" × [0, T ]) of (6.10) with u(·,0) = u0. Moreover, ∥u∥∞,"×[0,T ] ≤ ∥u0∥∞,", and the
modulus of continuity of u(·, t) is independent of t > 0 and ζ .
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(iii) For any u0 ∈ BUC("), there exists a modulus of continuity ω : [0,∞) → [0,∞) such
that, for any ζ 1, ζ 2 ∈ C0([0, T ],Rm), if u1, u2 ∈ BUC(" × [0, T ]) are the corresponding
solutions of (6.10), then

∥∥u1 − u2∥∥∞,"×[0,T ] ≤ ω
(∥∥ζ 1 − ζ 2∥∥∞,[0,T ]

)
.

We finish with a monotonicity property for solutions of (6.10), when H(p) = |p|.

THEOREM 6.8. Assume H(p) = |p|, fix u0 ∈ BUC(") and ζ,η ∈ C([0, T ],R), and
assume that ζ· − ζ0 ≤ η· − η0. Then, if u and v are the corresponding solutions of (6.10), we
have u ≤ v in " × [0, T ].

PROOF. Upon adding a constant to ζ or η, we may assume without loss of generality that
ζ0 = η0. It also suffices to prove the result when ζ and η satisfy − ν0

4 ≤ ζ −η ≤ 0, where ν0 is
as in Proposition 6.6, since the result can be iterated for ζ and η an arbitrarily large distance
away.

In that case, Proposition 6.6 gives, for all sufficiently small δ,

u(x, t) − v(x, t) ≤ sup
x,y∈"

(
u0(x) − u0(y) − φδ(x − y,0)

)
.

Sending δ → 0 gives u ≤ v. !

As a limiting case of the above result, we can obtain an inequality relating solutions of
(6.10) with solutions obtained from solving the equations involving F and H separately.
This will be useful in Section 7 below.

Let SF (t), S±H (t), t ≥ 0, denote the viscosity-solution semigroups associated to the Neu-
mann problems for the nonlinearities F and ±H on ".

COROLLARY 6.9. Assume " satisfies (2.1), F satisfies (6.2), and H(p) = |p|. Fix u0 ∈
BUC("), ξ ∈ C([0, T ],R), and let u ∈ BUC(" × [0, T ]) be the solution of (6.10). Then,
for all t ≥ 0,

SH

(
ξ(t) − min

[0,t]
ξ
)

◦ SF (t) ◦ S−H

(
−min

[0,t]
ξ
)
u0

≤ u(t, ·) ≤ S−H

(
max
[0,t]

ξ − ξ(t)
)

◦ SF (t) ◦ SH

(
max
[0,t]

ξ
)
u0.

PROOF. The first inequality follows from applying (formally) Theorem 6.8 with ζ given
by

ζ(s) =

⎧
⎪⎪⎨

⎪⎪⎩

ξ(0), s = 0,

min
[0,t]

ξ, s ∈ (0, t),

ξ(t), s = t.

Since ζ is not continuous, one cannot apply this result directly, but taking smooth approxi-
mations (ζ n)n∈N such that ζ ≤ ζ n ≤ ξ and, as n → ∞, ζ n decreases pointwise to ζ . If, for
n ∈ N, vn is the solution of (6.10) corresponding to ζ n, then vn ≤ u by Theorem 6.8. The
convergence as n → ∞ of vn(t, ·) to the left-hand-side of the above inequality can then be
obtained by the stability of viscosity solutions and a simple time-reparametrization argument
(as in [11], Proposition 4.9). !
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7. Long time behaviour of perturbed mean curvature flow. Throughout this section
we fix " = D × R, where D is a bounded, C1, convex domain in Rd−1. We will write
elements of " as x = (x′, xd), x′ ∈ D and xd ∈ R.

We consider the level set equation for perturbed mean curvature flow in " with right angle
boundary equation, namely, the initial value problem

(7.1)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

du = tr
[
D2u

(
Id − Du ⊗ Du

|Du|2
)]

dt + |Du| · dξ(t) on " × [0,+∞),

u(x,0) = u0(x) on ",

∂nu = 0 on × ∂" × [0,+∞),

where u0 is a continuous function on ", such that

α ≤ u0 ≤ β, u0
(
x′, xd

) = α for xd ≤ a, u0
(
x′, xd

) = β for xd ≥ b,

where α < β and a < b are fixed.
By Theorem 6.7, there exists a unique solution of (7.1) which satisfies, for t ≥ 0,

(7.2) u(·, t) = α on D × (−∞, a − ξ(t)], u(·, t) = β on D × [b − ξ(t),+∞)
.

Our main result in this section is then the following.

THEOREM 7.1. Let ξ = B(ω) ∈ C([0,∞),R) be a Brownian motion sample path. Then,
almost surely, there exists a nondecreasing continuous function v̂ : R → R, such that, letting

v(x, t) = v̂
(
xd + B(t)

)
,

it holds that

(7.3) lim
t→∞

∥∥u(·, t) − v(·, t)∥∥∞ = 0.

In addition, for each c ∈ (α,β), it holds that

(7.4) lim
t→∞ distH

(
*c

u(·,t),*
c
v(·,t)

) = 0,

where *c
w := {x ∈ ",w(x) = c} are the level sets and distH is the Hausdorff distance.

In the deterministic case (B ≡ 0), a similar result was obtained by [13], and in fact
our proof heavily relies on their result. Due to the noise term, our conclusions are slightly
stronger: we obtain that the limit is monotone in xd , so that in particular almost every level
set will converge to a hyperplane perpendicular to the boundary of D. In addition, we obtain
convergence of all level sets in Hausdorff distance, whereas in [13], this was only proven for
level sets such that the limit is a (finite union of) hyperplane(s).

The idea of proof is as follows:

• First, on arbitrary long intervals, the noise will be small. Hence we can directly appeal to
the deterministic result (and the continuity of the solution map) to obtain that u is close to
a stationary solution after these intervals (and remains so at later times), and this stationary
solution is of the form v = v(xd).

• Second, due to the dB term, any stationary solution will be nondecreasing for large times.
This is due to the fact that large negative excursions of B will “fill up” any hole in the
sub-level sets.
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• Finally, we need to prove the convergence of level sets in Hausdorff distance. One direc-
tion is clear from convergence of u, and for the other direction we need to check that the
“fat” level sets cannot have holes (of a nonnegligible size) for large times. Such holes are
unstable in the sense that if the driving noise has a large increment over a small interval,
the hole becomes large and invades the level set (see Lemma 7.5 below for a precise state-
ment). Using the strong Markov property and the full support of Brownian paths, by a
Borel–Cantelli argument such events will happen almost surely for arbitrary large times,
so that holes cannot survive in the large time limit. In this part of the argument we need
to use the monotonicity result (Corollary 6.9) which allows us to compare the level sets
of solutions to (7.1) with level sets following successively the deterministic and stochastic
parts of the equation.

It is natural to ask to which extent the Brownian structure is actually needed, and if the
results would still hold, for example, with B a sample path of fractional Brownian motion
(fBm). The convergence of the function u (7.3), only requires the first two steps above (more
precisely, this requires the finiteness of the sequences tn, t ′n defined in (7.6)–(7.7)), and will
hold for example for (almost) any fBm path with arbitrary regularity. The proof of the con-
vergence in Hausdorff distance (7.4), however, is more probabilistic and requires the strong
Markov property, so that it is not clear if it could be extended to fBm paths.

We now pass to the details of the proof.

LEMMA 7.2. Let

K(u0) = {
u
(·, · − ξ(t), t

)
, u is the solution of (7.1) for some ξ ∈ C

([0, t])}.
Then K(u0) is compact in C(").

PROOF. Note that the elements of K(u0) are constant outside of D × [a, b] and take
values in [α,β]. Compactness is then a consequence of Theorem 6.7, since elements of K(u0)
share the same modulus of continuity. !

LEMMA 7.3. For each ε > 0, there exists T > 0 sufficiently large and η > 0 sufficiently
small such that for each u ∈ K(u0), there exists v(x) = v̂(xd) with ∥ST,ξ (u) − v∥ ≤ ε for
each ∥ξ∥ ≤ η.

PROOF. For a fixed u, and ξ = 0, this is the main result in [13]. The existence of T and
η which are uniform over elements of K(u0) follows from the compactness of that set and
continuity of SF . !

We also have the following result.

LEMMA 7.4. Let v0(x) = v̂0(xd), where v̂0 is continuous with values in [α,β], v̂0 = α
on (−∞, a] and = β on [b,+∞).

Let v be the solution to (7.1) starting from v0. Then v(x, t) = v̂(xd, t) where v̂ = v̂(r, t)
solves

dv̂ = |∂r v̂| · dξ(t) on R × (0,∞), v̂(·,0) = v̂0.

In addition, let t̂ = inf{t,max[0,t] ξ − min[0,t] ξ = b−a
2 }. Then

v̂(·, t̂) is nondecreasing

and

(7.5) ∀t ≥ t̂ , v̂(r, t) = v̂
(
r + ξ(t) − ξ(t̂), t̂

)
.
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PROOF. First, one checks that v̂(xd, t) satisfies (7.1) (i.e., classical if ξ is smooth, and
the general case follows by stability), and it follows that it is equal to v.

Let us now prove monotonicity of v̂(·, t̂). Assume first that ξ attains its maximum at time
t̂ , and let t∗ in [0, t̂] such that ξ(t∗) = min[0,t̂] ξ . It follows from Corollary 2.8 in [12] and the
representation of the deterministic semigroup for H(p) = |p| that

v̂(r, t̂) = max
|s−r|≤ b−a

2

v̂(s, t∗).

Using the fact that v̂(·, t∗) is equal to α or β outside of an interval of length (b − a), one
checks that the right-hand side above is nondecreasing in r . The case where ξ attains its
minimum at time t̂ is similar, replacing the maximum by a minimum in the formula above.

Finally, (7.5) follows by noting that the right-hand side is a nondecreasing solution to
dv̂ = (∂r v̂) · dξ(t) = |∂r v̂| · dξ(t). !

We can now proceed with the proof of (7.3). Let Tn, ηn be obtained from applying
Lemma 7.3 to a fixed sequence εn → 0. We then let

(7.6) tn = inf{t ≥ Tn : osc[t−Tn,t] B ≤ ηn},
and

(7.7) t ′n = inf
{
t ≥ tn : osc[tn,t] B ≥ (b − a)/2

}

and note that tn, t
′
n are finite a.s. by an easy consequence of the Borel–Cantelli lemma. Now

Lemma 7.3 guarantees that at time tn, u is εn-close of a function of xd , and by Lemma 7.4 at
time t ′n it is εn-close to a function v̂n which is a nondecreasing function of xd .

Now we turn to the proof of (7.4).
We let S±H , SF be the viscosity semigroups (with homogeneous Neumann boundary con-

ditions) associated to ±H(p) = ±|p| and F(p,A) = tr[A(Id − p⊗p
|p|2 )]. In view of Corol-

lary 6.9, we have the following: if u is the solution to (7.1), then

(7.8) u(·, t) ≥ SH

(
ξ(t) − min

[0,t]
ξ
)
SF (t)S−H

(
−min

[0,t]
ξ
)
u0.

Further note that S±H admit the following simple expression

(7.9) SH (t)u(x) = sup
|y−x|≤t,y∈"

u(y), S−H(t)u(x) = inf
|y−x|≤t,y∈"

u(y).

This follows from the representation of S±H in terms of control problems with reflecting
trajectories (e.g., [18]), and the convexity of " ensures that in fact reflection is never optimal.

LEMMA 7.5. For all r > 0, there exists h, ε > 0, such that if for some y ∈ ", c ∈ (α,β),

u(·, t) > c on B(y, r) ∩ ", min
[t,t+h]

Bt,· ≥ −ε, Bt,t+h ≥ ε−1,

then

u(·, t + h) > c on
{(

x′, xd
) ∈ ", xd − Bt,t+h ≥ yd − r

2

}
.

PROOF. The estimate (7.8) together with (7.9) implies that

u(·, t) > c on B(y, r) ⇒ u(·, t + h) > c on B(y,R)

with

R = Bt,t+h − min
[t,t+h]

Bt,· + φ
(
r + min

[t,t+h]
Bt,·, h

)
,
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where φ is the solution to ∂1φ = − d
φ with φ(0, r) = r (which is how the radius of a sphere

evolves with mean curvature flow), under the condition that φ(r + min[t,t+h] Bt,·, h) ≥ 0.
Then it is clear that for h and min[t,t+h] Bt,· small enough, R ≥ r

2 + Bt,t+h, and then that,
since D is bounded, for R large enough,

{
xd ≥ yd + R − r

2

}
⊂ B(y,R) ∪ (

D × [
β − B(t + h),+∞))

,

and the claim follows. !

We now resume the proof of (7.4). Recall that

(7.10) distH
(
*c

u(·,t),*
c
v(·,t)

) = sup
x∈*c

u(·,t)
dist

(
x,*c

v(·,t)
) + sup

x∈*c
v(·,t)

dist
(
x,*c

u(·,t)
)
,

where dist(x,A) = infy∈A |x − y|. The convergence of the first term to 0 for arbitrary c is a
simple consequence of the uniform convergence of u to v and the fact that v is a continuous,
monotonous function of xd . In order to show that the second term also converges to 0, we set

m+(t, c) = sup
{
xd ∈ R : ∃x′ ∈ D,u

(
x′, xd, t

) = c
}
,

and

m−(t, c) = inf
{
xd ∈ R : ∃x′ ∈ D,u

(
x′, xd, t

) = c
}
.

Note that for each c, m+(t, c) − m−(t, c) is nonincreasing in t and converges as t → ∞.
In addition, one has

*c
v(·,t) ⊂ D × [

m−(t, c),m+(t, c)
]
.

Indeed, assume for instance that c = v(x, t) = v̂(xd + B(t)) but m+(t, x) < xd . This means
that infy∈D u(y, xd, t) = c + δ for some δ > 0, and by comparison with stationary solutions
this yields

∀s ≥ t, u(x − Bt,s, s) ≥ c + δ, v(x − Bt,s, s) = c,

which contradicts uniform convergence of u to v.
In order to prove that the second term of (7.10) converges to 0, it will therefore be sufficient

to prove that

∀r > 0,∃T (r),∀t ≥ T (r),∀y = (
y′, yd

)

with m−(t, c) ≤ yd ≤ m+(t, c), B(y, r) ∩ *c
u(·,t) ≠∅.

(7.11)

In order to prove (7.11) we proceed by contradiction, and assume that there exists a se-
quence of stopping times τk → ∞ and ck ∈ [α,β] s.t.

∃y(k) = (
y′(k), y

(k)
d

)
with m−(τk, ck) ≤ y

(k)
d ≤ m+(τk, ck), B

(
y(k), r

) ∩ *
ck
u(·,τk)

= ∅.

We also assume (w.l.o.g. by symmetry) that u(·, τk) > ck on B(y(k), r). We then fix h, ε > 0
given by Lemma 7.5, and let

Ak =
{

min
[τk,τk+h]

Bτk,· ≥ −ε,Bτk,τk+h ≥ ε−1
}
.

By the strong Markov property and the Borel–Cantelli lemma applied to the events Ak , almost
surely, there exists a subsequence k′ s.t.

u(·, τk′ + h) > ck′ on
{(

x′, xd
)
, xd − Bτk′ ,τk′+h ≥ yd − r

2

}
,
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which further implies that

(7.12)
(
m+ − m−)

(τk′ + h, ck′) ≤ (
m+ − m−)

(τk′, ck′) − r

2
.

Further note that if r > m+(t, c) − m−(t, c), then ∀y = (y′, yd) with m−(t, c) ≤ yd ≤
m+(t, c),B(y, r) ∩ *c

u(t,·) ≠ ∅ (this follows from a simple continuity argument since in that
case u(y′, yd + r, t) > c > u(y′, yd − r, t)). In addition, the fact that u converges uniformly
to a monotonous function of xd implies that

{
c : lim

t→∞m+(t, c) − m−(t, c) > r
}

is finite,

so that taking a further subsequence if necessary we also have ck′ ≡ c. But then (7.12) is in
contradiction with the fact that (m+ − m−)(t, c) converges as t → ∞. This concludes the
proof of (7.11).

8. Possible extensions and open questions. We discuss in this section possible relax-
ations of the assumptions we made throughout the paper, and outline the difficulties that
would arise.

8.1. On equations with x-dependent Hamiltonians. We focus in this paper on spatially
homogeneous Hamiltonians H . The case of x-dependent H is much more demanding tech-
nically, even without boundary conditions, and requires some care on the assumptions, see
for instance [8, 12, 28, 32]. Unlike in the x-independent case, where we can deal with any
continuous signal ζ , the regularity of the signal plays a role in the x-dependent case (this is
not surprising, since this is already the case for ODEs, as made very explicit in Lyons’ rough
path theory [27]). We therefore expect that extending the results of this paper to x-dependent
Hamiltonians would be a highly nontrivial task.

In relation to this question, an important remark concerns the case of linear transport equa-
tions, for which specific difficulties arise in the Neumann case. Indeed, recall that the charac-
teristics corresponding to these boundary conditions are solutions to reflected ODEs. It was
shown recently by the first author [10] that such equations are ill-posed (i.e., may have mul-
tiple solutions) in the case of rough driving signals (less regular than Brownian motion). At
the PDE level, the example from that paper shows that solutions u = u(x, y, t) to

du = −ux dt + (xuy + yux) dζ on R+ × R × (0, T ),

u(·, ·,0) = u0, ux = 0 on {0} × R × (0, T )

can develop discontinuities immediately (if ζ is rough enough), even if u0 is smooth. While
the case of transport equations is rather special (the Hamiltonian H is far from coercive), this
example may nevertheless hint at specific difficulties that could arise when trying to extend
the results in this paper to x-dependent equations, which could not be limited to the tech-
nicalities already present in the full space or periodic case. (Note that in the deterministic
viscosity theory, such discontinuities only happen in the case of Dirichlet boundary condi-
tions, for which comparison theorems are known to be much more delicate to establish than
for the Neumann case).

On the positive side, we nevertheless remark that it is possible to obtain the continuity of
the solution map ζ )→ u in some particular nonlinear x-dependent examples. In the case of
one-dimensional ζ , and convex H , it was shown in [12] (in the full space case) using the
control problem associated to the PDE, that the map ζ )→ u is uniformly continuous (see
also [31], Appendix A). This gives in particular a simple way of obtaining the continuity of
the map ζ )→ u (under more general assumptions than what is usually needed for the PDE
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theory). One could obtain similar results in the case of Neumann boundary conditions (the
control problem now corresponding to so-called reflected ODEs), for some rather special
choices of Hamiltonians (namely, those for which the optimal trajectories are in fact never
reflected). We refrain from giving more details here, but it would apply for instance to Hamil-
tonians of the form H(x,Du) = a(x)|Du|, which arise in front propagation.

8.2. On more general boundary conditions. In the deterministic case, it is known that
comparison holds for much more general Neumann boundary conditions than the homoge-
neous case considered here. These can take the form

(8.1) G(x,Du) = 0 on ∂",

where G only needs to satisfy a condition of the type DpG · n ≥ c > 0 on ∂". This includes
for instance the case of so-called capillary boundary conditions, where

(8.2) G(x,p) = p · n(x) − θ |p|,
with θ ∈ (0,1), which are relevant when considering the motion of hypersurfaces which
intersect the boundary of the domain at a prescribed angle arccos(θ). (We refer to e.g., [1, 2,
17] for precise statements).

In this paper, we only consider the case of homogeneous linear Neumann conditions. The
test functions that we construct are indeed restricted to this case, and their definition would
need significant modifications to treat (8.1) (or even linear but not homogeneous Neumann
conditions). Again, we note that this is a delicate issue due to the x-dependence implicit in
the fact that we work in a domain.

An exception would be the case of the half-space (already considered in Section 4.2
above). In that case, since n is constant on the boundary, it should be rather straightforward
to combine our construction with classical arguments (such as [1]) to obtain well-posedness
under boundary conditions of the form (8.2) (note that x-dependence then disappears).

8.3. More general domains. In this text, we only consider convex domains, and in the
case where the Hamiltonian is nonsmooth (and not radial), we actually restrict ourselves to
either the half-space or strictly convex domains. It seems likely that the main results should
still hold for arbitrary C1 convex domains, possibly with a suitable modification of the test-
functions, but we have not been able to find a proof of this fact.

Another important question is whether convexity of the domain is actually necessary.
As explained in the Introduction, our proof completely breaks down if this assumption is
dropped. It is not clear whether this is purely a technical point, or if in fact there are non-
convex domains in which comparison does not hold for the kind of problems we consider
here.

APPENDIX: PROPERTIES OF PATHWISE VISCOSITY SOLUTIONS

In this appendix, we isolate and prove some of the general properties and results con-
cerning pathwise viscosity solutions used throughout the paper. The proofs of the statements
here contain idiosyncrasies particular to the setting of the Neumann problem; however, ignor-
ing these particular points, they are also valid in the full-space setting, and so this appendix
acts additionally as a source for detailed explanations of some of the unique aspects of the
pathwise viscosity solution theory, whose statements are found in many other works on the
subject.

It turns out that, if H is smooth and satisfies (2.8) (and, therefore, also (2.10)), then Def-
initions 2.1 and 2.2 are equivalent. We omit the proof of this fact, since it is similar to the
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proof of Proposition A.2 below. Therefore, throughout this section, we work only with Defi-
nition 2.2.

We often use the following lemma, which is used throughout the literature on viscosity
solutions of second-order equations in order to linearize certain quadratic expressions.

LEMMA A.1. Let n ∈ N, A ∈ Sn, X,; ∈ Rn, and δ > 0. Then

1
2
AX · X ≤ 1

2
(
A + δA2)

; · ; + 1
2

(
∥A∥ + 1

δ

)
|X − ;|2.

PROOF. A Taylor expansion around ; yields

1
2
AX · X ≤ 1

2
A; · ; + A; · (X − ;) + 1

2
∥A∥|X − ;|2.

By Young’s inequality,

A; · (X − ;) ≤ δ

2
∥A;∥2 + 1

2δ
|X − ;|2,

and the result follows from the fact that ∥A;∥2 = A2; · ;. !

The next proposition that the definition of pathwise viscosity solutions (with Neumann
boundary conditions) is consistent with the classical one when the driving path is smooth.

PROPOSITION A.2. Assume H satisfies (2.10), ζ ∈ C1([0, T ],Rm), and u ∈ (USC,
LSC) UC(Rd × [0, T ]). Then u is a (sub-, super-) solution of (1.1) in the sense of Defi-
nition 2.2 if and only if u is a classical viscosity (sub-, super-) solution of (1.1).

PROOF. We prove the equivalence for sub-solutions only; the other statements have sim-
ilar proofs.

Assume first that u is a classical viscosity sub-solution, let $ ∈ UC(Rd ×[0, T ]) be a path-
wise viscosity solution of (2.11) (because ζ ∈ C1([0, T ],Rm), this is equivalent to being a
classical viscosity solution; see [32]), and define u as in Definition 2.2. Let φ : Rd × [0, T ] →
R be C2 in space and C1 in time, and assume that u(ξ, t) − φ(ξ, t) attains a local maximum
at (ξ0, t0) ∈ Rd × [0, T ]. Using standard arguments from the theory of viscosity solutions, we
may assume, without loss of generality, that the maximum is strict and t0 < T .

Fix x0 ∈ A+
ξ0,t0

and assume either that x0 /∈ ∂", or that x0 ∈ ∂" and

(A.3) Dφ(ξ0, t0) · n(x0) > 0.

Fix ε > 0 and δ > 0. Then

(x, ξ, s, t) )→ u(x, s) − $(x − ξ, t) − φ

(
ξ,

s + t

2

)
− ε

2
|x − x0|2 − |s − t |2

2δ

attains a local maximum at some (xδ, ξδ, sδ, tδ) ∈ " × Rd × [0, T ] × [0, T ] such that, for any
fixed ε > 0,

(A.4) lim
δ→0

(xδ, ξδ, sδ, tδ) = (x0, ξ0, t0, t0).

In particular, u(x, s) − ψδ(x, s) attains a local maximum at (xδ, sδ), where

ψδ(x, s) := φ

(
x − xδ + ξδ,

s + tδ

2

)
+ ε

2
|x − x0|2 + |s − tδ|2

2δ
.
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If x0 /∈ ∂", then, for sufficiently small δ, xδ /∈ ∂". Otherwise, if x0 ∈ ∂" and xδ ∈ ∂", then,
in view of (A.3) and (A.4), for sufficiently small δ and 0 < ε < 1,

Dψδ(xδ, sδ) · n(xδ) =
(
Dφ

(
ξδ,

sδ + tδ

2

)
+ ε(xδ − x0)

)
· n(xδ) > 0,

and, therefore,the definition of viscosity solutions yields

∂ψδ(xδ, sδ)

∂s
≤ F ∗(

D2ψδ(xδ, sδ),Dψδ(xδ, sδ), , u(xδ, sδ), xδ, tδ
)

+
m∑

i=1

Hi(Dψδ(xδ, sδ)
)
ζ̇ (sδ),

that is,
sδ − tδ

δ
+ 1

2
∂φ

∂t

(
ξδ,

sδ + tδ

2

)

≤ F ∗
(
D2φ

(
ξδ,

sδ + tδ

2

)
+ εId,Dφ

(
ξδ,

sδ + tδ

2

)
+ ε(xδ − x0), u(xδ, sδ), xδ, sδ

)

+
m∑

i=1

Hi
(
Dφ

(
ξδ,

sδ + tδ

2

)
+ ε(xδ − x0)

)
ζ̇ i (sδ).

(A.5)

We also have that

(η, t) )→ $(η, t) + φ

(
xδ − η,

sδ + t

2

)
+ |sδ − t |2

2δ

attains a minimum at (η, t) = (xδ − ξδ, tδ), which means that

(A.6)
sδ − tδ

δ
− 1

2
∂φ

∂t

(
ξδ,

sδ + tδ

2

)
≥

m∑

i=1

Hi
(
Dφ

(
ξδ,

sδ + tδ

2

))
ζ̇ i (tδ).

Subtracting (A.6) from (A.5), sending first δ → 0 and then ε → 0, we obtain the desired
inequality

∂φ

∂t
(ξ0, t0) ≤ F ∗(

D2φ(ξ0, t0),Dφ(ξ0, t0), u(x0, t0), x0, t0
)
.

Conversely, assume that u satisfies the sub-solution inequality from Definition 2.2. Let φ :
Rd × [0, T ] → R be C2 in x and C1 in t , and assume that u(x, t) − φ(x, t) attains a local
maximum in "× [0, T ] at (x0, t0). As is standard from the viscosity solution theory, we may
assume without loss of generality that φ takes the form, for some p ∈ Rd , A ∈ Sd , and a ∈ R,

φ(x, t) = p · (x − x0) + 1
2
A(x − x0) · (x − x0) + a(t − t0),

and the maximum is strict over " × [0, t0]. We shall also assume that x0 ∈ ∂" (otherwise the
argument below is identical) and suppose that p · n(x0) > 0.

Lemma A.1 yields, for any ε > 0 and ξ ∈ Rd ,

1
2
A(x − x0) · (x − x0) ≤ 1

2
(
A + εA2)

ξ · ξ + λε

2
|x − x0 − ξ |2,

where λε := ∥A∥ + ε−1. Defining also Aε := A + εA2 + εId, we find that

(x, ξ, t) )→ u(x, t) − p · (x − x0 − ξ) − λε

2
|x − x0 − ξ |2 − p · ξ − 1

2
Aεξ · ξ − a(t − t0)

attains a strict maximum in " × Rd × [0, t0] at (x0,0, t0).
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Define

ψε(x) := p · (x − x0) + λε

2
|x − x0|2,

which is convex, and, for γ > 0, define

ψε,γ (x) := (
ψ∗

ε + γG
)∗

(x) = sup
q∈Rd

{
q · x − ψ∗

ε (q) − γG(q)
}
,

where G is as in (2.12). Then, for fixed ε > 0, as γ → 0, ψε,γ converges locally uniformly
to ψε , and so

(x, ξ, t) )→ u(x, t) − ψε,γ (x − ξ) − p · ξ − 1
2
Aεξ · ξ − a(t − t0)

attains a maximum at some (xγ , ξγ , tγ ) ∈ " × Rd × [0, t0] such that limγ→0(xγ , ξγ , tγ ) =
(x0,0, t0).

Let hγ > 0 be such that sup|s−t |≤hγ
maxi=1,2,...,m |ζ i

s − ζ i
t | < γ , fix 0 < h < hγ , and define

$(x, t) := sup
q∈Rd

{

q · x − ψ∗
ε (q) − γG(q) +

m∑

i=1

Hi(q)
(
ζ i
t − ζ i

tγ −h

)
}

.

Then Lemma 2.4 implies that $ ∈ C1,1(Rd × [tγ − h, tγ ]) and

∂$

∂t
=

m∑

i=1

Hi(D$)ζ̇ i (t) in Rd × [tγ − h, tγ ].

Moreover, as γ → 0, $ converges locally uniformly to ψε .
Let µ ∈ C1([tγ − h, tγ ]) and suppose that

u(x, t) − $(x − ξ, t) − p · ξ − 1
2
Aεξ · ξ − µ(t)

attains a maximum in " × Rd × [tγ − h, tγ ] at some (x̃γ , ξ̃γ , t̃γ ) such that t̃γ > tγ − h. Note
first that, if x̃γ ∈ ∂" and γ is sufficiently small, then the gradient in ξ satisfies (p + Aεξ̃γ ) ·
n(x̃γ ) > 0. Therefore, by Definition 2.2,

µ′(t̃γ ) ≤ F ∗(
Aε,p + Aεξ̃γ , u(x̃γ , t̃γ ), x̃γ , t̃γ

) ≤ sup
(x,ξ)∈a(t̃γ )

F ∗(
Aε,p + Aεξ, u(x, t̃γ ), x, t̃γ

)
,

where, for t ∈ [tγ − h, tγ ],

a(t) := arg max
(x,ξ)

{
u(x, t) − $(x − ξ, t) − p · ξ − 1

2
Aεξ · ξ

}
.

This is a contradiction if

µ(t) >

∫ t

tγ −h
sup

(x,ξ)∈a(s)
F ∗(

Aε,p + Aεξ, u(x, s), x, s
)
ds,

and therefore we find that

u(xγ , tγ ) − $(xγ − ξγ , tγ ) − p · ξγ − 1
2
Aεξγ · ξγ

≤ sup
(x,ξ)∈"×Rd

{
u(x, tγ − h) − ψε,γ (x − ξ) − p · ξ − 1

2
Aεξ · ξ

}

+
∫ tγ

tγ −h
sup

(x,ξ)∈a(s)
F ∗(

Aε,p + Aεξ, u(x, s), x, s
)
ds.
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We also have, for all (x, ξ) ∈ Rd × ",

u(x, tγ −h)−ψε,γ (x −ξ)−p ·ξ − 1
2
Aεξ ·ξ +ah ≤ u(xγ , tγ )−ψε,γ (xγ −ξγ )− 1

2
Aεξγ ·ξγ .

Combining the last two inequalities and rearranging terms yields

ah ≤
∫ tγ

tγ −h
sup

(x,ξ)∈a(s)
F ∗(

Aε,p + Aεξ, u(x, s), x, s
)
ds + $(xγ − ξγ , tγ ) − ψε,γ (xγ − ξγ ).

Dividing by h and sending h → 0 gives

a ≤ sup
(x,ξ)∈a(tγ )

F ∗(
Aε,p + Aε, ξ, u(x, tγ ), x, tγ

) +
m∑

i=1

Hi(Dψε,γ (xγ − ξγ , tγ )
)
ζ̇ i (tγ ).

We conclude, upon sending γ → 0 and then ε → 0, that a ≤ F ∗(A,p,u(x0, t0), x0, t0) +∑m
i=1 Hi(p)ζ̇ i (t0), as desired. !

We next discuss the stability of sub- and super-solutions under half-relaxed limits. A con-
sequence of the following result is the local-uniform stability of solutions.

Given a sequence (un)n∈N : Rd × [0, T ] → R, we define the upper- and lower- half-relaxed
limits

u⋆(x, t) := lim
N→∞

sup
{
un(y, s) : n ≥ N, |y − x| + |s − t | ≤ 1

N

}
and

u⋆(x, t) := lim
N→∞

inf
{
un(y, s) : n ≥ N, |y − x| + |s − t | ≤ 1

N

}
.

Note the difference between u⋆ and u∗ (resp. u⋆ and u∗), where the latter is the upper (lower)
semi-continuous envelope of the fixed function u. Roughly speaking, in the half-relaxed lim-
its above, the lim sup- and lim inf- operations are performed simultaneously in Rd × [0, T ]
and as n → ∞ (see [5], Section 6).

We then have the following stability result.

PROPOSITION A.3. Assume H satisfies (2.10), {(ζ n)n∈N, ζ } ⊂ C0([0, T ],Rm), and, as
n → ∞, ζ n converges uniformly to ζ . Let (un)n∈N ⊂ USC(Rd × [0, T ]) (resp. LSC(Rd ×
[0, T ])) be a sequence of sub- (resp. super-)solutions of (1.1) corresponding to the sequence
(ζ n)n∈N. Then u⋆ (resp. u⋆) belongs to USC(Rd × [0, T ]) (resp. LSC(Rd × [0, T ])) if it is
finite, and is a sub- (resp. super-)solution of (1.1) corresponding to ζ .

PROOF. We prove only the sub-solution statement, as the super-solution one is similar.
Let $ be as in Definition 2.2, define

u(ξ, t) := sup
x∈"

{
u⋆(x, t) − $(x − ξ, t)

}
, (ξ, t) ∈ Rd × [0, T ],

and assume that, for some smooth φ, u(ξ, t) − φ(ξ, t) attains a strict maximum at (ξ0, t0).
Choose x0 ∈ A+

ξ0,t0
and M > 0, and let $̃ be the solution of (2.11) such that $̃(·, t0) =

$(·, t0) + M| · −x0|. Then $̃ ≥ $, and if M is sufficiently large, then

lim
|x|→∞

inf
t∈[0,T ]

$̃(x, t) = +∞,

which is a consequence of the estimates in [32], Theorem 7.2. We then have that

u⋆(x, t) − $̃(x − ξ, t) − φ(ξ, t)
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attains a strict maximum at (x0, ξ0, t0).
For n ∈ N, let $n solve

d$n =
m∑

i=1

Hi(D$n)
dζ n,i in Rd × [0, T ],$n(·, t0) = $̃(·, t0).

Then

lim
|x|→+∞

inf
n∈N

inf
t∈[0,T ]

$n(x, t) = +∞,

and limn→∞ $n = $̃ locally uniformly in Rd × [0, T ].
Let (xn, ξn, tn) be a maximum point of un(x, t)−$n(x − ξ, t)−φ(ξ, t), and let (y,η, s) ∈

" × Rd × [0, T ] be a limit point as n → ∞ (the set of limit points is nonempty in view of
the uniform-in-n growth of $n as |x| → ∞). Let (x̃n, t̃n) be any sequence such that

lim
n→∞(x̃n, t̃n) = (x0, t0) and lim

n→∞un(x̃n, t̃n) = u⋆(x0, t0).

Sending n → ∞ in the inequality

un(x̃n, t̃n) − $n(x̃n − ξ0, t̃n) − φ(ξ0, t̃n) ≤ un(xn, tn) − $n(xn − ξn, tn) − φ(ξn, tn)

gives

u⋆(x0, t0) − $(x0 − ξ0, t0) − φ(ξ0, t0) ≤ u⋆(y, s) − $(y − ξ0, s) − φ(ξ0, s),

which, in view of the strictness of the maximum, means that (y, s) = (x0, t0), and thus the
full sequence (xn, tn) converges, as n → ∞, to (x0, t0).

Applying the sub-solution property to each un, noting that, for sufficiently large n,
Dφ(ξn, tn) · n(xn) > 0, we find that

φt (ξn, tn) ≤ F ∗(
D2φ(ξn, tn),Dφ(ξn, tn), u

n(xn, tn), xn, tn
)
,

and so sending n → ∞ gives the desired solution inequality

φt (ξ0, t0) ≤ F ∗(
D2φ(ξ0, t0),Dφ(ξ0, t0), u

⋆(x0, t0), x0, t0
)
. !

The final result of the appendix is a doubling variables lemma, which is the second-order
analogue of Lemma 3.5. Before we state it, we introduce the notions of parabolic sub- and
super-jets, as well as their limiting counterparts (see [5] for e.g.,): for (x, t) ∈ " × (0, T ) and
u ∈ USC(" × (0, T )),

P+u(x, t) :=
{
(a,p,X) ∈ R × Rd × Sd :

u
(
x′, t ′

) ≤ u(x, t) + p · (
x′ − x

) + 1
2
X

(
x′ − x

) · (
x′ − x

)

+ a
(
t ′ − t

) + o
(∣∣x′ − x

∣∣2 + ∣∣t ′ − t
∣∣) as

(
x′, t ′

) → (x, t)

}
;

for u ∈ LSC(" × (0, T )),

P−u(x, t) :=
{
(a,p,X) ∈ R × Rd × Sd :

u
(
x′, t ′

) ≥ u(x, t) + p · (
x′ − x

) + 1
2
X

(
x′ − x

) · (
x′ − x

)

+ a
(
t ′ − t

) + o
(∣∣x′ − x

∣∣2 + ∣∣t ′ − t
∣∣) as

(
x′, t ′

) → (x, t)

}
;
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and for u ∈ USC(" × (0, T )) (resp. LSC(" × (0, T ))),

P±
u(x, t) :=

{
(a,p,X) ∈ R × Rd × Sd : ∃(

(xn, tn)
)
n∈N ⊂ " × (0, T ) and, for n ∈ N,

(an,pn,Xn) ∈ P±u(xn, tn)

such that lim
n→∞(xn, tn, an,pn,Xn) = (x, t, a,p,X)

}
.

We will make use of the following version of the Ishii lemma from the theory of viscosity
solutions:

LEMMA A.4. Let u ∈ USC(Rd ×[0, T ]) and v ∈ LSC(Rd ×[0, T ]), assume there exists
C > 0 such that, in the sense of distributions,

D2u ≥ −CId, D2v ≤ CId,
∂u

∂t
≤ C and

∂v

∂t
≥ −C.

Define w(x, y, t) = u(x, t) − v(y, t), and assume that, for some (x0, y0, t0) ∈ Rd × Rd ×
[0, T ], a ∈ R, p,q ∈ Rd , and A ∈ S2d , we have (a, (p, q),A) ∈ P+w(x0, y0, t0). Then there
exist X,Y ∈ Sd and α,β ∈ R such that (α,p,X) ∈ P+

u(x0, t0), (β,−q,Y ) ∈ P−
v(y0, t0),

α − β = a, and

−C

(
Id 0
0 Id

)
≤

(
X 0
0 −Y

)
≤ A.

We omit the proof of Lemma A.4, because it follows exactly as in [4], Theorem 7. The
only difference is that u and −v are already assumed to be semi-convex, and it is not required
to regularize u or v in the space variable via sup- (resp. inf-) convolution. This accounts for
the upper and lower bounds for the matrix in the statement of the lemma.

PROPOSITION A.5. Assume that u ∈ USC(" × [0, T ]) and v ∈ LSC(" × [0, T ]) are
respectively a sub- and super-solution of (3.8). For 0 ≤ a < b ≤ T , let $ ∈ C([a, b],C2("))
be a solution of (3.3) and ψ ∈ C1([a, b]), and assume that

" × " × [a, b] ∋ (x, y, t) )→ u(x, t) − v(y, t) − $(x, y, t) − ψ(t)

attains a maximum at (x0, y0, t0) with t0 > a,

(A.7)

{
Dx$(x0, y0, t0) · n(x) > 0 if x0 ∈ ∂", and
Dy$(x0, y0, t0) · n(y) > 0 if y0 ∈ ∂".

Set φ := $(·, ·, t0). Then, for every δ > 0, there exist Xδ, Yδ ∈ Sd such that

−
(∥∥D2φ(x0, y0)

∥∥ + 1
δ

)(
Id 0
0 Id

)
≤

(
Xδ 0
0 −Yδ

)

≤ D2φ(x0, y0) + δ
(
D2φ(x0, y0)

)2
(A.8)

and

ψ ′(t0) ≤ F
(
Xδ,Dxφ(x0, y0), u(x0, t0), x0, t0

) − F
(
Yδ,−Dyφ(x0, y0), v(y0, t0), y0, t0

)
.

The proof of Proposition A.5 is similar to the uniqueness proof in [24] (see also [32]), but
we have succeeded in simplifying many of the arguments. Additional technicalities also arise
in order to deal with the boundary condition.
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PROOF OF PROPOSITION A.5. By subtracting a constant, we may also assume with-
out loss of generality that φ(x0, y0) = 0. Set p := Dxφ(x0, y0), q := Dyφ(x0, y0), A :=
D2φ(x0, y0), and a := ψ ′(t0), and fix ε > 0. Then, for some r > 0 and for all (x, y) ∈
Br(x0) × Br(y0),

φ(x, y) ≤ p · (x − x0) + q · (y − y0) + 1
2
(A + εI )(x − x0, y − y0) · (x − x0, y − y0).

In view of (A.7), if x0 ∈ ∂", then p · n(x0) > 0, and if y0 ∈ ∂", then q · n(y0) > 0.
We use the inequality in Lemma A.1 arising from Young’s inequality, with n = 2d , A =

A + εI := Aε , X = (x − x0, y − y0), and ; = (ξ,η). Setting Aδ,ε = Aε + δA2
ε , this yields,

for all (x, y, ξ,η) ∈ Br(x0) × Br(y0) × Rd × Rd ,

φ(x, y) ≤ p · (x − x0 − ξ) + q · (y − y0 − η)

+ 1
2

(
∥Aε∥ + 1

δ

)(|x − x0 − ξ |2 + |y − y0 − η|2)

+ p · ξ + q · η + 1
2
Aδ,ε(ξ,η) · (ξ,η).

We introduce the shorthand

S±(t, t0) :=
m∏

i=1

Si
±

(
ζ i
t − ζ i

t0

)
and Sd(t, t0) :=

m∏

i=1

Si
d

(
ζ i
t − ζ i

t0

)
.

If f,g ∈ C2(Rd) and ψ(x, y) := f (x)+g(y), then, for all (x, y) ∈ Rd ×Rd and t sufficiently
close to t0, depending on ∥D2f ∥∞ and ∥D2g∥∞,

Sd(t, t0)ψ̃(x, y) = S+(t, t0)f (x) + S−(t, t0)g(y).

Then, if h is sufficiently small, we can define, for (x, y, ξ,η, t) ∈ Br(x0) × Br(y0) × Rd ×
Rd × (t0 − h, t0 + h),

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

$+(x, ξ, t) := S+(t, t0)

(
p · (· − x0 − ξ) + 1

2

(
∥Aε∥ + 1

δ

)
| · −x0 − ξ |2

)
(x),

$−(y,η, t) := S−(t, t0)

(
q · (· − y0 − η) + 1

2

(
∥Aε∥ + 1

δ

)
| · −y0 − η|2

)
(y),

u(ξ, t) := sup
x∈Br(x0)

(
u(x, t) − $+(x, ξ, t)

)
, and

v(η, t) := inf
y∈Br(y0)

(
v(y, t) + $−(y,η, t)

)
.

It then follows that

u(ξ, t) − v(η, t) − p · ξ − q · η − 1
2
Aδ,ε(ξ,η) · (ξ,η) − a(t − t0) − ε

2
|t − t0|2

attains a local maximum at (ξ,η, t) = (0,0, t0) in Rd × Rd × (t0 − h, t0 + h).
If x0 ∈ ∂" (so that p · n(x0) > 0), then, shrinking h and r if necessary, we have, for

(x, ξ, t) ∈ Br(x0) × Br(0) × (t0 − h, t0 + h), the strict inequality Dx$+(x, ξ, t) · n(x) > 0,
with a similar comment for when y0 ∈ ∂".

Both D2$+ and D2$− are continuous on Rd × Rd × (t0 − h, t0 + h), and, therefore,

Ch := sup
(x,ξ,t)∈Br(x0)×Rd×(t0−h,t0+h)

∥∥D2
ξ$+(x, ξ, t)

∥∥

∨ sup
(y,η)∈Br(y0)×Rd×(t0−h,t0+h)

∥∥D2
η$−(y,η, t)

∥∥ < ∞,
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with limh→0 Ch = ∥Aε∥ + 1
δ . Then u and v are respectively semiconvex and semiconcave in

the spatial variable, and, in the distributional sense, D2
ξu ≥ −ChId and D2

ηv ≤ ChId.
Next, observe that, if h is sufficiently small, then, for all t ∈ (t0 −h, t0 +h), the supremum

and infimum in the definitions of respectively u and v are achieved for some x(t) ∈ Br(x0)
and y(t) ∈ Br(y0). This is because, for t = t0, the extrema are attained uniquely at respec-
tively x = x0 and y = y0 because of the addition of εId to A.

Fix s ∈ (t0 −h, t0 +h) and ξ ∈ Br(0), and assume, for some α > 0, that u(ξ, t)−αt attains
a maximum at some t̄ ∈ (s, t0 + h]. Then, for some x̄ ∈ Br(x0),

u(x, t) − $(x, ξ, t) − αt

attains a local maximum at (x̄, t̄). Note that, if x0 ∈ ∂" and x̄ ∈ ∂", then we have ensured
that Dx$(x̄, ξ, t̄) · n(x̄) > 0, and, therefore, Definition 2.1 yields

α ≤ F
(
D2

x$(x̄, ξ, t̄),Dx$(x̄, ξ, t̄), u(x̄, t̄), x̄, t̄
)
.

In view of (2.4), this is a contradiction for sufficiently large α, depending on bounds for u,
D$, and D2$. It follows that, for some α0 > 0, ∂u/∂t ≤ α0 as a distribution on Br(0) ×
(t0 − h, t0 + h), and, similarly, there exists β0 > 0 such that ∂v/∂t ≥ −β0 on Br(0) × (t0 −
h, t0 + h).

It is now a consequence of Lemma A.4 that there exist Xδ,ε, Yδ,ε ∈ Sd and α,β ∈ R such
that (α,p,Xδ,ε) ∈ P+

u(0, t0), (β,−q,Yδ,ε) ∈ P−
v(0, t0), α − β = a, and

(A.9) −Ch

(
Id 0
0 Id

)
≤

(
Xδ,ε 0

0 −Yδ,ε

)
≤ Aδ,ε.

Then, for all n ∈ N, there exist (ξn,ηn, sn, tn) ∈ Rd × Rd × (t0 −h, t0 + h) × (t0 − h, t0 + h),
(αn,pn,Xδ,ε,n) ∈ P+u(ξn, sn), and (βn, qn, Yδ,ε,n) ∈ P−v(ηn, tn) such that

lim
n→∞(Xδ,ε,n, Yδ,ε,n,pn, qn,αn,βn, ξn,ηn, sn, tn) = (Xδ,ε, Yδ,ε,p, q,α,β,0,0, t0, t0).

Let

xn ∈ arg max
x∈Br(x0)

(
u(x, sn) − $+(x, ξn, sn)

)
and yn ∈ arg min

y∈Br(y0)

(
v(y, tn) + $−(y,ηn, tn)

)
.

Observe that (xn, yn) → (0,0) as n → ∞. Indeed, if (x, y) is a limit point of ((xn, yn))n∈N,
then

u(x, t0) − v(y, t0) − p · x − q · y − 1
2

(
∥Aε∥ + 1

δ

)(|x|2 + |y|2)

attains a maximum in Br(x0) × Br(y0) at (x, y), and, therefore, (x, y) = (0,0). Thus, if n
is large enough, xn ∈ Br(x0) and yn ∈ Br(y0). Moreover, if x0 ∈ ∂", then, for n sufficiently
large, if also xn ∈ ∂", then Dx$

+
n (xn, sn) · n(xn) > 0, and a similar remark holds if y0 ∈ ∂"

and yn ∈ ∂" for some sufficiently large n.
Definition 2.2 now yields

αn − βn ≤ F
(
Xδ,ε,n,pn,u(xn, sn), xn, sn

) − F
(
Yδ,ε,n, qn, v(yn, tn), yn, tn

)
,

and sending n → ∞ then implies that

a ≤ F
(
Xδ,ε,p,u(0, t0),0, t0

) − F
(
Yδ,ε, q, v(0, t0),0, t0

)
.

As ε → 0, along an appropriate subsequence, Xδ,ε and Yδ,ε converge to some matrices
Xδ, Yδ ∈ Sd satisfying (A.9) with right-hand side Aδ . The proof is finished upon sending
h → 0. !
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